TRANSVERSAL FAMILIES OF SKEW-PRODUCT AXIOM A
ENDOMORPHISMS

EUGEN MIHAILESCU AND MARIUSZ URBANSKI

ABSTRACT. We study families of Axiom A skew products with the transversality condition
and in particular, the Hausdorff dimension of their fibers, by using thermodynamical
formalism. The maps we consider can be non-invertible, and the study of their dynamics
is influenced greatly by this fact.

We introduce and employ probability measures (constructed from equilibrium measures
on the natural extension), which are supported on the fibers of the skew product. A
stronger condition, that of Uniform Transversality is then considered in order to obtain
a general formula for Hausdorff dimension of fibers for all base points and almost all
parameters.

In the end we study a large class of examples of transversal Axiom A families which
locally depend linearly on the parameters, and also another class of examples related to
complex dynamics.

1. TRANSVERSAL FAMILIES OF SKEW-PRODUCT AXIOM A ENDOMORPHISMS

Recall from [6] that a continuous self-map f: X — X of a compact metric space (X, p) is
called open distance expanding, provided that f is open, Lipschitz continuous, and there
are three constants n > 0, ¥ > 1 and an integer k > 1, such that p(f*(x), f*(2)) > yp(z, 2)
whenever p(z,z) < n. It is fairly easy to see that changing the metric p in a bi-Lipschitz
manner, we may assume without loss of generality that k = 1. There is an abundance of
open distance expanding maps. We want to bring reader’s attention now to one particular
class of them, called expanding repellers. Let U be a bounded open subset of a Euclidean
space R? with some p > 1.

A map f: U — RP is called an expanding repeller if and only if the following conditions
are satisfied.

i) f:U — RPis a C'*7 endomorphism.
i) X =2, f™U) is a compact f-invariant (f(X) = X) subset of U. The map
f: X — X is transitive.
iii) The map f : X — X is infinitesimally expanding, i.e. there exists k > 1 such that
for all z € X and for all v € R, we have || D, f*(v)|| > 2||v]].

Clearly, f : X — X is an open distance (with respect to the Euclidean metric) expanding
map.
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Start with f : X — X an open distance expanding map and suppose it is transitive.
Let V' be a bounded quasi-convex open subset of R?, ¢ > 1. Being D-quasiconvex (with
some D > 1) means that the internal distances are not bigger than Euclidean distances
multiplied by D. In what follows quasi-convexity will be used only when the Mean Value
Inequality is to be applied. So, in order to simplify notation, we will assume in the sequel
that V' is convex.

Suppose now that for all z € X there exists a _C’”V conformal endomorphism ¢, : V — V
conformally extendable to a neighborhood of V' with the following properties.

(a) k:=sup{|(¢.)'(v)| : (z,y) € X ><_V} < 1.

(b) £ :=inf{[(¢2)'(y)] : (x,y) € X x V} >0.
If the conditions (a) and (b) are satisfied, then the map F': U x V' — RP x V given by the
formula

F(z,y) = (f(z), ¢(y))

is called a skew-product Axiom A fiberwise conformal endomorphism provided that it is
Lipschitz continuous (with respect to the sum metric on X x R?) and the map (z,y) —
(f(x),¢.(y)) is also Lipschitz continuous. Denote the common Lipschitz constant by L.

Set
- rexm=Un U o

n=-—o00 zeX n=0zef~ n(x)

where ¢7 = ¢pn-1(,) 0 Ppa-10...0¢, : V — V and F"(z,y) = (f"(x), ¢2(y)); A is called
the basic set of the endomorphism f. Obviously

f(A)CA and f( )CYf()

where

Let f : X — X be the Rokhlin’s natural extension (projective limit) of the endomorphism
f:X — X. For every n >0 let p, : X — X be the projection onto nth coordinate of X.
Put

and define the map F': A — A by the formula
F(&,y) = (F(&), b2, (9))-

Notice that the map F:A—Aisa homeomorphism and the mapping
(@nsyn)o”) = ((Tn, Y0)o7)

is a homeomorphism from A, the Rokhlin’s natural extension of A, to A which establishes
a canonical topological conjugacy between the map F : A — A and the map F:A— A
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Note that for every & € X, {on (V)}oo, is descending (as ¢7"! = ¢ o ¢, .,) sequence of

Tn+1
compact sets whose diameters, by condition (e) converge to 0. Hence, the intersection

N7
is a singleton, and denote its only element by 7(Z). So, we have defined a map

X V.
It is easy to see that for every x € X,

(pg ' (2)) = Ya.

Endow X with a metric 5 defined as follows.
= Z K" (X, 2n).
n=0
We shall prove the following.

Proposition 1.1. The map 7: X — V is Lipschitz continuous.
Proof. We shall first prove the following formula by induction

(1.1) %, (w) — L, (w)]| SZFJH%H o0 (W) = ¢y (027 (w)) ]

foralln > 1, allw e V and all Z, 2 € X. Indeed, for n = 1 we even have equality. Suppose
the formula is true for some n > 1. Using the Mean Value Inequality we then get

H¢n+1 n+1 H
J,’n+1 Zn+1 -

= ||¢%. ¢xn+1( W) = & (Dz0ss (W) + G5 (P21 (W) = DL (¢, (W) ||
H¢ (¢mn+1 ))_ Zn(¢2n+1 w))H—i—qu (¢Zn+1 ))_ Zn(¢2n+1(w))H

n—

S Kn”¢xn+l(w) - ¢Zn+1 ’ + Z H¢IJ+1 ¢" - 1(¢Zn+1(w))) ¢ZJJrl (¢" - 1(¢Zn+1(w))) H
= K" Hgbmnﬂ( ¢Zn+1 ‘ + Z K’ HQS%H Zn+1 ) ¢Z]+1( Zn+1(w)) H

—ZFJH%H 1 (W) = Gay. (6277, (w))]|

The inductive proof of formula (1.1) is complete. Continuing the estimates in this formula,
we obtain

n—1 e’}
@5, (w) — &2 (w)|| < L Y W p(xjs1, zj41) < Lp Y K p(x541, 2j11).
=0 j=0
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So, letting n — oo, we get

Pz, %)

17(Z) = 7 (I < Le ) W p(j41,2501) < L

Jj=0

We are done. O

For every continuous potential g : X — R let P(g) = P( 1, g) be the topological pressure
of g with respect to the dynamical system fX — X. For the topological pressure and its
basic propersties see for ex. [1] and [6]. Now consider the potential ( = (p : X — R given
by the formula

((7) = log |41, (m(3))|
This potential is Holder continuous because of Proposition 1.1. It is easy to see that the
function t — P( f ,tC) is convex, Lipschitz continuous, strictly decreasing, and

tlizn P(f,t¢) = 400 and tliin P(f,t¢) = —co.

Thus there exists exactly one ¢ € R, denoted by h, such that P(f, h¢) = 0. Since P(f, 0¢) =

hiop(f) > 0, we see that h > 0. The number h is called Bowen’s stable zero of the basic set
A. Our goal from now on throughout this section is to provide a geometric characterization
of this dimension in the framework of smooth families of skew-product Axiom A fiberwise
conformal endomorphisms.

Endow the space C1*7(V) of all C'*7 differentiable endomorphisms from V into V with
the norm || - ||, given by the formula

1611y = lI2lloo + [16'l]o0 + vy(¢"),
where
vy (¢') = inf{L > 0:[¢'(y) — ¢(x)| < Lly — =|" for all 2,y € V'}.
Obviously C**7(V) endowed with this norm becomes a Banach space. Denote the metric
induced by the norm || - ||, by p,. Now fix d > 1 and an open set W C R? and consider
a family ® = {¢2 : V — V}ousewxx of maps from C'™ (V) satisfying the following
conditions.
(af) Conditions (a) and (b) with the same constants x, x € (0, 1).
(bf) The map (A, x) — ¢ € C1*7 (V) defined on W x X is continuous.
(cf) (Transversality Condition)
V(z € X)V(Ao € W)3(6(z, Ng) > 0)IC, > 0)Y(Z,7 € py*(z)) ¥(r > 0)
v # y1 = la({A € B(Xo, 0(, M) ¢ [Ima() — ma(§)|] < 7}) < Cur?,
where l; denotes the d-dimensional Lebesgue measure on R and 7y : X — V is

the canonical projection induced by the skew-product Axiom A fiberwise conformal
endomorphism F) : U x V : RP x V given by the formula

F,\(x,y) = (f(:l:),@(y))
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Any such family @ is said to be transversal and the canonically induced family ® = {F)} ew
is also called transversal. Transversality will be the crucial issue throughout the paper.
We would like to say that a version of the transversality condition, for iterated function
systems with overlaps, was used, indirectly, for first time in [5] and then subsequently in
[8]. The term transversality was consistently used beginning with the paper [4]. A version
of transversality condition for some skew products appeared in [7]; appropriate dimension
formulae were obtained there.
For all A\, \ € W put

15[l = sup{||63]], : « € X} and 7,(Fx, Fx) = sup{p, (¢}, 93 ) : @ € X}.
Condition (bf) can be now rephrased as follows.
(b’f) The function A — F\, A € W, is continuous.
In order to prove Bowen’s formula for the family ®, we need some auxiliary facts.

Lemma 1.2.
V(n > 0)3(6 > 0)V(Ng € W)V(A € B(Xg,d) NW)V(Z € X)V(n > 0)

1@
=gy =
Proof. Fix y € V. Using the Mean Value Inequality and condition (a), we get
oz () — o (] <
< lga, (e20, () — oo (o, )1+ [1ozs (02, () — o2 (@527 ()]
< ll¢z, —¢A oo + 11(022) llocl 102, () = @227 ()

< llgz, — oalloe + llO2", (y) — 6207, ().
Thus, by induction

oz (y) = deo™ Il < (1= 5) 7 l93, — 628l < (1= K) 715, (Fh, Fyy)-
Hence, for every 0 < k < n, we get that
[1(62) (@2~ () — (@22) (o W)l <
< II(o2,) (27" (w)) — (@22) (on~ W) 1+
(@) (@ ) — (2 )(cﬁ“” W)l

< 1(@2)" = (020) llso + vy (02) ) 027 () = o2 ()"
<Py, Fg) + [ Fool |y (1 = 5) 7703 (Fx, F)

< (1+ (1= 8)7[Fxlly) 2 (Fx, Fa,),

where the last inequality was written assuming that 7. (Fy, F),) < 1. Since log|b/a| <
|b — a|/|b|, we further get using (af) that

(62 ) (62" ()|
lo 77 ok
B (@) (2 ()]

< a1+ (1= R) 7 FL) P (Fx F).



6 EUGEN MIHAILESCU AND MARIUSZ URBANSKI

Using the Chain Rule, we therefore get

1ERY WL _ 1§, 105) (007 0)

~log - = — g — <E N1+ (1= R) [ Fally) P Fy, Fyy)-
o (@™ ) ma T (60) (022" (v))] v ’

In

So, the lemma follows by invoking (b’f), the uniform (decreasing W if necessary) continuity
of the function A — F) and the distortion property of ¢;\n on V. O

Our next auxiliary result is this.

Lemma 1.3. If ® = {F)\}\ew is a transversal family of skew-product Azxiom A fiberwise
conformal endomorphisms, then for every § € (0,q) and for all x € X there ezists a
constant C > 0 such that for all 2,7 € py'(x) with 21 # w;, we have

/ d\
_ — < C.
B(Xo,6(z,)0)) [|a(@) — mA(2)]]°

Proof. Applying the transversality condition (cf), we estimate as follows.

/ dA -
BOws(z0)) ||TA(@) — ma(2)]]°

— /OOO ly ({)\ € B(Xo, 0(x, o)) : XG) _1 PN EIE > t}) dt
— 6/000 La({X € B(Xo,6(, \o)) : ||ma(@) — ma(2)]] < 7«}%«*5*1

é(x, o)
_ 5/0 L({h € B(ho,8(x, M) : [Ima(@) — m(3)]] < r})r '+

+5/Oo La({A € B(Xo, 6(z, M) : [[ma(@) = ma(Z)|| < 7})r 77
4(x, o)

[e.o]

d(x, o)
<008 / L4 4 BLi(B(N, (2, Ao))) / -1y
0 &(z,M\o)

< C18(g = B)71(20(w, X)) "™ + Bla(B(No, 6(z, Ao)))diam (V) ™ < +c0.

D

Lemma 1.4. Given €,a > 0 put n = fij’rgg“ and take 6 = 6(n) coming from Lemma 1.2

ascribed to n. Then for all Z € X and alln > 0,

n ats n a
A=l <6 = [[(¢22™) |l > < [[(&5)'[] %

In



Proof. Applying Lemma 1.2, we get
@Y1 < exp (o + )@y
< exp(m(a + 3))r 1@ 1%
= exp(— log rn) k3" (627 1% = 11627 %

D

For every A € W denote by h) the Bowen’s stable zero of the basic set A. We now shall
prove a technical fact, which will easily imply our main result.

Lemma 1.5. Suppose that & = {F\}xew is a transversal family of skew-product Aziom A
fiberwise conformal endomorphisms. Then for all x € X we have
(a)
V(Ao € W)V(e > 0)3(5 > 0)
HD(Y)\,x> 2 min{h)\oa q} — €
forlg-a.e. A € B(\o,0) and
(b) If hy, > q, then there exists § > 0 such that
lq(YAJ) >0
forlg-a.e. X € B(\g,0).

Proof. Put h = min{h,,,q}. Since the potential hy,(r, is Holder continuous, there
exists a unique equilibrium (Gibbs) state p for this potential and the dynamical system
f+ X — X. Since f: X — X is a distance expanding map, for every r > 0 sufficiently
small, say r € (0,R], every z € X and every n > 0 there exists a unique continuous
inverse branch f;" : B(f"(z),r) — X of f™ sending f"(z) to z. We now want to look
at the Gibbs measure p in greater detail. A straightforward adaptation of the proof of
Lemma 1.6, p.11 in [1] results in the existence of a Holder continuous function (. that is
cohomologous to hy,( R, and depends only on the Oth coordinate, in particular (, can be
regarded as a Holder continuous function defined on X. Then p = fiy, where py is the
Gibbs (equilibrium) state for the potential (; : X — R. Also puop,! = pu, for all n > 0,
and P(¢}) = P(hAOCFAO) =0. Let £, : C(X) — C(X) be the Perron-Frobenius operator
determined by the potential ¢} : X — R. It is then well-known (see [6], Ch. 4 for ex.) that

there exists m,, a Borel probability measure on X being a fixed point of the dual operator
L C*(X) — C*(X). This means that

m(f(A)) :/€_C+dm+

A

whenever A is a Borel subset of X such that f|4: A — f(A) is one-to-one. In particular,
for every x € X, every r € (0, R] and every Borel set A C B(f™(x),r)

(1.2) m (f,"(A)) = /AGXP(SnCJr o fi")dmy < exp(SnCy(x))my(A),
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where the universal comparability constant is independent of r, x and n. Since (see [6],

Ch.4) the Radon-Nikodym derivative ;T’,‘L—i is a continuous function bounded away from zero

and infinity, we get, using (1.2) and cohomology of (; and hy,(r, , for every r € (0, ],
every z € X and all n > 0 that

p(pnt o f7M(B(f(2),m) = fir (pn 0 21 (B(f(2),7))) = iy (f7(B(f"(2),7)))
= my (f7(B(f"(2),7)))
= exp(SnCy () my (B(f"(2),7))
(1.3) = exp (haSulry, (2)) 4 (B(f"(2), 7))

= |62 o2 i 0 55 (B (2),7)
= (@2 [|™ oo (BU™(2),1),

where Z was an arbitrary auxiliary point in p;'(z) and all the comparability constants
appearing in this calculation are independent of r, z and n. Now, fix x € X, r € (0, R],
n>0and &€ f"(x). Put

(1.4) Mm,n(g) = lim

This formula defines a probability measure on the finite set f~"(z). Since for all n > 1 and
all z € f~(=Y(a),

om0 1) = S pea(w)= 3 =1 (" (B(z, 1))

wefi(z) = R C))
=T (u(pg () D nlon (£ (B, )
wef1(2)

=Tm(u(pg ) | U et (fa"(B(x,r))

0 wef1(2)
—u(pt (7B, )
—1
0 1(pg ! (z,7)))
= HUzn—1 (Z>7

the sequence (umn)jo is consistent with respect to the sequence of maps (f : f™"(z) —
f*("*l)(x))(;o in the sense of Definition 3.6.3 from [3]. It therefore follows from Daniel-
Kolmogorov Consistency Theorem (Proposition 3.6.4 in [3]) that there exists a measure p,
on py ' (x) such that i, op;* = p,., for all n > 0. Hence it follows from (1.3) and (1.4) that
forallz € X, allr > 0,alln >0 and all £ € f~"(z), we have

(e (fe"(B(z, 1))

(1.5) tz(p, () = lim 1(po ' B(z,r)))

and the universal comparability constant is independent of r, x, n and &.

A0,
= (@) I
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Given € > 0, let 0 < § = min{d(n), 5(x, Ao)}, where = =51%6% comes from Lemma 1.4

with @ = h — . By the potential-theoretic characterization of Hausdorff dimension (see
[2]), it suffices to prove that

LA PRE-STE
Vxv |lw — 2||"=*
d ~ o~
:// N/J/Q(wazz — <+OO,
pal(I)Xpal(I) ||7T)\(U)) - 7T)\(Z)||

where 11y = p1, X j, is the product measure on py*(x) x py*(z). And in turn, in order to
prove (1.6), it is enough to show that

/ R.(\)d\ < 400.
(X0,9)

(1.6)

For every n > 1 and every £ € f~"(x), let

Ae = {(0,2) € pyH(z) x py () s w, = 2, = € and Wpy1 # 2Zne1 )
By the Mean Value Inequality, we get for all (@, Z) € A, that

) (@) = m(f I = 1™~ (ma(@)) = (65™) ~H (ma(2)
| < [[(@™) I Hlma (@) — ma(2)]]-

By Lemma 1.4, we have

(1.8) (@™ I1"=2 = [[(ge™™) 1'% = [I(@") ||~ 2.

Hence, changing the order of integration, using (1.7), (1.8) and Lemma 1.3 (f™(w))o =

E= ()0, (F7(@)1 = was1 # znp1 = (FT"(E)h), we get
(1.9)

R, (N)d\ =
B(Xo,9)

N s o s
Py (@) xpg t(x) Aoa)HW/\(~)—7T/\(5)Hh_E o

-3 2 // /M X >—dju< s a2

n=0g¢cf—n
e—h d\ d , 0.3
<§£€fz // / a A (f=7(0)) — ma(f~(2))||h—¢ H2(, 2)
s 7 L N
< ;gefz // H H /B(AO,CS) ||7T)\(f7"(u~})) —Wk(ffn(g))Hhisd/’L ( ) )

230> // @2y 50 dpin (1, 2).

n=0¢ef~"(z)
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Now, using (1.5), we can continue (1.9) as follows (A¢ C p;*(€)).

/B(Aoa /\_<Z Z // HQSA(W H%M;l(p;l(f))dm

n=0 e f~—(x)

DR D (0 (9)ma(Ae)
n=0 gef—(x)
2

and we are done with part (a).

(b) Put n = % and determine 6 = d(n) by Lemma 1.4 with @ = 1 and ¢ replaced by
0

e/hy,. We use the same setup and notation as in the proof of part (a); in particular u
denotes the same Gibbs state. For every A\ € B(\,9), let

-1
Uy = [by O Ty .

It suffices to show that vy << [,. We shall prove that
= / /Q(V,\, 2)dvy(z)d\ = / / D(vy, z)dvy(2)d\ < oo,
B()o,9) B(Xo,0) JV

D(vy, z) = lim inf M

r\0 rd

where

Having this, we will have D(vy,2) < +oo for vy-a.e. 2z € V and Theorem 2.12 in [2]
will imply that v, is absolutely continuous with respect to [,. So, starting the proof that
R < 00, we apply Fatou’s lemma to get

(1.10) Rghm\iglf/ /de(z)dx
r Xo,0) JV

Now, use the definition of vy to change the variable, write v)(B(z,7)) as an integral of the
characteristic function, and change the variable once again to obtain

/‘/V,\(B(z,r))dw\(z) - /1( oo (B, ) Yo7 ()

) L (o) (Pt © 3 ()it 073 (2)
//Pol(w)Xpol(x) U (B(WA(Z),T))

= 1 BEX:||mA (W) =75 (2 T d/,LQ(Uj,E)
//pol(:t)xpol(:t) {weX:||my(0)—mr(Z)]|<r}
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Inserting this to (1.10) and changing the order of integration, gives

R< limiglfr*q // la({X € B(Xo,0) : ||[ma(@) — mA(2)|| < r})dps(w, 2)
™ Py (x)Xpy ()

= linint - 333 // Li(TA € B(o,d) : [Ima(@) — m(3)]] < r})dua(, 2).

n=0¢ef~"(z)

By (1.7), Lemma 1.4 with a = 1 and ¢ replaced by €/h,,, and (cf), we get for all (w0, Z) € A
that

La({} € B(Xo,9) : [|ma(@0) — m(2)]| < r}) <
< la({A € B(ho,8) « [lma(f (@) = m(f @) < rll(6g"Y1I7)

<1a(D3 € B0 Im(F (@) = @I < w1
< gy ).

Thus
> // e,
n=0¢ef~"(x)
<> Y e <1+ﬁ>m
n=0¢ef~"(a)
< Z Z )\on ( Jrzh,\ )Iu2(p—1(£))
n=0¢cf~ "(:v)

But it follows from (1.5) that

gy 7)< gm0 (i)

2

= (@[ (20" [ o
o (NTCASSEIE
< k2N p, N (E)):
Hence,
R<Z Z muxpn )= r¥palpy' (@) =) w7 <
n=0 ¢ef-n n=0 n=0
We are done. ]

We are now in position to provide a short simple proof of the following main result of this
section.
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Theorem 1.6. Suppose that & = {F)\} ew is a transversal family of skew-product Aziom
A fiberwise conformal endomorphisms. Then the function A\ — hy is continuous on W and
for all x € X there exists a Borel set W,, C W such that l;(W \ W) =0 and

(a)

(b)

HD(Y) ) = min{h,, ¢} for all A € W,.

ld({)\ e W :hy> q and ld(Y)\@) > 0}) = ld({)\ e W :hy > q})

Proof. Continuity of the function A\ +— h, is an immediate consequence of the ther-
modynamic formalism for Smale’s spaces (f : X — X) and condition (bf). Inequality
HD(Y).) < min{h,, ¢} is known for all skew-product Axiom A fiberwise conformal endo-
morphisms. Proving (a) suppose for the contrary that for some = € X, [4(Z) > 0, where
Z ={\ € W : HD(Y,.) < min{hy,q}}. Then there is ¢ > 0 such that {4(Z.) > 0, where
Z. ={X € W : HD(Y,,) < min{h,, ¢} — 2¢}. Let Ay be a Lebesgue density point of Z..
So, there exists dy > 0 such that for each ¢ € (0, &),

(1.11) 14(Z. 0 B(Xo,6)) > 0.

By the continuity of the function A — min{hy, ¢} there exists ; € (0,dy) such that
min{hy, ¢} < min{h,,,q}+¢ for all A € B(Ag, d1). Combining this with (1.11), we conclude
that

la({\ € B(X\y,6) : HD(Y) ;) < min{hy,,q} —¢}) >0
for all § < ;. This directly contradicts item (a) of Lemma 1.5, and the proof of item (a)
of our present theorem is complete. To finish the proof, that is to demonstrate item (b),
note that it directly follows from item (b) of Lemma 1.5. We are done. O

An interesting question arises of when we can find a universal set W’ of full measure in W
such that item (a) holds for all z € X and all A € W’. We provide below two sufficient
conditions.

Corollary 1.7. Suppose that ® = {F)\}xew is a transversal family of skew-product Aziom
A fiberwise conformal endomorphisms and the function x — HD(Y),), v € X, is upper
semi-continuous, for all X € W. Then the function X\ — hy is continuous on W and there
exists a measurable set W' C W such that lo(W \ W') =0 and

HD(Y),) = min{hy, ¢}
for all\ € W' and all x € X.

Proof. Suppose on the contrary that there exists a measurable set W such that I;(W,) >
0 and for every A € W, there exists xy € X such that HD(Y) ;) < min{h,,¢}. Fix B, a
countable base of topology on X. Since the function z +— HD(Y) ,), z € X, is upper semi-
continuous, for every A\ € W, there exists a set By € B such that HD(Y) ;) < min{h,, ¢}
for all € B). For every B € B, let W, (B) = {\ € W, : B = B,}. Since the family B is
countable and l4(W,) > 0, either there exists B € B such that [;(W,(B)) > 0 or W, (B) is
not measurable. Thus, in any case, there exists B € B and a measurable set U C W, (B)
such that [4(U) > 0. Fix z € B. Then HD(Y) .) < min{h,, ¢} for all A € U contrary to
Theorem 1.6(a). We are done. O
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Another way to guarantee the existence of a universal set W' as in the corollary above, is
to strenghten the transversality condition (cf) as follows.
(c’f) (Uniform Transversality Condition) There exists Cy > 0 such that for all z € X,
V2,9 € py ' (x), 21 # y1, and Vr > 0, we have

la(A e W :||ma (&) — m(@)|| < 7) < Corf.

All that has to be done then, is to replace R,(\) in formula (1.6) by sup,cx R.(X). We
thus get the following.

Theorem 1.8. Suppose that ® = {F\}xew is a uniformly transversal family of skew-
product Axiom A fiberwise conformal endomorphisms. Then the function X\ — hy is con-
tinuous on W and there ezists a measurable set W' C W such that lo(W \ W') =0 and

HD(Y),) = min{h,, ¢}
for all \ € W’ and all x € X.

2. EXAMPLES

We shall now describe a vast class of transversal families of skew product Axiom A fiberwise
conformal endomorphisms. We begin with the following elementary auxiliary facts.

Lemma 2.1. For alln > 0,0 >0 and [ > 0 there exists a constant C(n,0,1) > 1 with the
following property. If g : A — R is a C*-differentiable function such that
(a) A is a closed segment of R with |A| <,
(b) 1g'(x)| <0 for allx € A,
(¢) if v € A and |g(z)| < n, then |g'(x)] =,
then for every r > 0,
L({zeA:g(x) <r}) <Cn,0,0r.

Proof. We may assume without loss of generality that » < min{n,{}/2. It follows from
condition (c) that the set g=*(0) is finite. Let a < b be a closest pair of points in this
set. Assume without loss of generality that ¢'(a) > 1. Since g(a) = g(b) = 0, using the
continuity of the function ¢’, we deduce from (c) that there exists a point w € (a, b) such
that g(w) = 7. Fix a minimal w with this property. it then follows from the Mean Value
Theorem that n = g(w) — g(a) < 8lw — a| < 0|b — a|. Hence |b — a| > /6, and therefore

(2.1) #971(0) < 0l/n.

Suppose now that z € A and |g(z)| < r. Assume without loss of generality that 0 < g(z) <
r. Let a < & < z be the largest number such that g(£) = 0 if such a number exists, or else,
let £ = a. In either case 0 < g(t) < r < nand ¢'(t) > n for all t € [¢,z]. By the Mean
Value Theorem there exists u € [€, z] such that r > g(z) — g(§) = ¢'(u)(z — &) > n(z = &).
Thus 2 € (§ — 7,£ + 1) and therefore g~ ([~r,7]) C B(A U g~'(0),7/n). So we conclude

that I, (g7 ([—r,7])) < 297 Y(2 + Oln~)r.
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As a straightforward consequence of this lemma, we get the following.

Lemma 2.2. Let U C R be a compact conver set with diam(U) < [. Suppose that
g : U — R is a C-differentiable function with the following properties.

(a) ﬂ( )‘S@foralleU.
()]fxEUancHg( )|<n,then)— ‘>77

Then for every r > 0,
L({z €U g(x)] <r}) < (2)7C (0,0, D)r.

Proof. Assume without loss of generality that i = d. For every z € R%! let A, =
{t € R : (z,t) € U}. Since U is a convex compact set with diam(U) < [ it follows
that diam(U) < I, where U = {2 € R*' : A, # 0}. Applying Fubini’s Theorem and
Lemma 2.1, we then get that

l({z €U :|g(z)| <r}) :/U]lg—l([ 2)dly(z //T g-1([=r) (@, D) dtdlg_1 ()

= / ll({t €N, gz, t)| < r})dld_l(x) < C(n,0, l)ld_l(U)r
U
< (2diam(0))**C(n, 0, 1)r < (21)*71C(n, 0, 1)r.
We are done. ]

Passing to the actual examples, let f : X — X be a topologically exact open distance
expanding map for which there exist closed mutually disjoint sets X, Xs, ..., X such that
X =UL,X;, f(X;) =X foralli =1,2,... ,dand f|x, is injective for alli = 1,2, ..., d. The
model that we have in mind here is that of an expanding map f : ;U...UI; — [0, 1] where
Ii,..., 1 are closed mutually disjoint subintervals of [0,1], f(/;) = [0,1],Vj, and f|g, is
injective. Then we will take as the compact space X, the set I, = {x € [1U.. . Ul,, f™(z) €
LU...Ul;,¥Ym >0}. So, in this case, X; = LN 1[;,i=1,...,d.

Returning to the general case of the dynamical system f : X — X as above, consider
A= (A1,..., ) € By(0,n) C R, for some small enough 1 > 0, and fix Lipschitz contin-
uous functions ¢q,...,¢q : X x [0,1] x By(0,7) — (0,1). So ¢1,...,¢s are functions of
(x,y,\) € X*:= X x [0,1] x B4(0,n). Let us assume also that ¢1(x,-,-),..., ¢a(x,-,-) are
C? differentiable functions of (y, \), with derivatives in (y, A) depending Lipschitz contin-
uously on (z,y,A), and that there exist constants o,a¢’ > 0 with 0 < o/ < |3%¢z‘| < i on

X* foralli=1,...,d and ya%@y <aon X* foralli,j=1,...,d If ; < 3 on X*, for
1 =1,...,d, then we assume also that 7+ 3 < 1. We define now the parametrized maps
F\: X x [0 1] = X x (0,1) by the formula

F)\(ZE,y) = (f(l‘), Ai + ¢i($,y, )‘))7
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if x € X;,i=1,...,d. Due to the conditions that we imposed on the functions ¢, ..., ¢q4,
one can see that F) is well defined and it is a skew-product Axiom A fiberwise conformal
endomorphism. In this case, ¢3(y) = X + ¢(z,y,A), for € X;,0 = 1,...,d. We see
that 0 < o < [(¢3)'] < 3.2 € X, A € By(0,n), so condition (af) from the definition of
a transversal family is satisfied automatically. For this family, the set of parameters is

W = By(0,1) C R

Theorem 2.3. The family {F\}xep, 0 is uniformly transversal, and therefore, the asser-
tions of Theorem 1.8 hold.

Proof. For every w € X let i(w) € {1,...,d} be uniquely determined by the property
that w € Xj(,). Fix 1 <k < d and a prehistory w € X. We have that

ma(w) =lim(gy, o...0 ¢, )(¢) =y, 0.0, (ma(in)),

where w0, = (wy,, Wp41,-..). Notice also that the limit above is uniform in ¢. So,
0 0
I (O 0 00(0) = 5= Outn) + i (190, A + Dia (102, 1), )
J J
For the derivative of ¢’\ .0 ¢gn with respect to A; we obtain a similar formula, and then
using that |-2- 5, %il < 4i= 1 .,d, one proves that the map A\ — () is differentiable for

every w € X, and the derivative is continuous with respect to w. Let us assume first that
i(wy) # k,¥n > 1. We have then m)(0) = Aj(w,) + @i(w) (w1, Ta(W1), A). Therefore

0 . 0 . 0 . 0
a—/\kﬂ( W) = a—yﬁbi(wl)(whﬂ(wl),)\) a—)\kﬂ( 1) + N 1 Pigwy) (W1, T (1), A).
Hence ]mm(ﬁ))\ < i\%m(wl)] + ]%@(wl)(wl,ﬂ,\(uﬁl), A)|. Thus by induction we get
0 . 1 0 8 N
\a—)\kﬁ(w)’ < 1‘8—)% (1) +\ Diuwr) (W1, TA(W1), A
<10 N+! i (102 (2, ) +
=719 3)\k i(w2) (W2, T W2, @
1 1
<a+ 404 + Eoz + .
4
= - —
3

Let us consider now the case when there exists n > 1 with i(w,) = k, and assume that n
is chosen as the smallest integer with this property (for k> 1 fixed). If i(wy) = k, then

OJI.-Jk

]—7r,\( )| < ]—7?,\(w1)]+04<1+ (1+—\—7T,\(w2)]+04)+04§.. (1+a)-

as one can see by induction, and using the fact that the derivative of the function A — ()
is bounded in @ € X. In the case when i(w;) # k, but there exists n > 2 with i(w,) = k,
we obtain similarly that

1 4 1+«
— — < 1 C— = )
o) < glgam@n)| +a<at 1+a) 5 =a+ s
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In conclusion, in all cases we get

(@) < 21+ a)

3

forall k =1,...,d and all @ € X. Consider now 7,3 € po (), with o1 # 21, and define,
for A € B4(0,n),

g(\) ==ma(2) — A(fi’) = )‘i(21) + 0iiz) (21, TA(Z1), A) = Ni@r) — Picen) (T1, ™A (T1), A)
Let us put k :=i(z) a := i(x1). Then using the estimate obtained above, we infer
that ‘a,\ g N <1+ 04) On the other hand, from the formula

8
3"
9()\ = Ak ¢k(21:7r)\(21)7)\)_)\j_¢j(x1:7r)\(371)7)‘):

we obtain
() =14 Zgulenma(E).A) - —omalE) + ol mal21), )
— = — T — — T —
8)%9 ayk 1, Tal%1), a)\k)\ a)\kk 1, Tal%1),
0 . 0 . 0 -
- a—y%(%l,ﬂ(ﬂﬁl), A) - a—)\kﬁ,\(ﬂﬁl) - a—)\k%(ﬂ?lﬂi\(ﬂ?l): A).
Hence using the above estimate on the supremum of |8%m(w)|, we have
1 4 1 4 2
>1--.-.(1 —a——-2--(1 —a=1-2(1+4
We want 1 > 5(1 +4a), so it is enough to take o < g. Thus we have verified the hypothesis
of Lemma 2.2, and the parametrized family {F\}\en (0, is uniformly transversal. ]

Therefore, we can apply the conclusion of Theorem 1.8 in order to obtain an estimate for
the Hausdorff dimension of the fibers Y) , of Fy; recall that for this family, W = B,4(0,n).

Corollary 2.4. If f : [ U...UI; — [0,1] and X = I, satisfy the assumptions of Theo-
rem 2.3, and if there exist constants a,b with 0 < a < b < 1 such that a < \8%@(95, y, AN <b

for all (x,y,\) € X x [0,1] x Bg(0,n) and i =1,...,d, then there exists a measurable set
W' C W, with lo(W \ W') =0, such that for all x € X, A\ € W' we have:

log d logd
min o8 < HD(Y),) < min< 1, 8
\ log al ’ | log 0]

In particular, one obtains:

(a) HD(Y),) > 0,2 € X, A € W'".

(b) if |a| > é, then HD(Y) ) =1, for allz € X, A € W".

Proof. We notice that, since (\(%) = log|(¢}) (mA(7))], we get loga < (\(Z) < logb,
hence ~ _ -
htop(f|)~() +t10ga S P(fvtC)\) S htop(f|)~() +t10gb

Now, let us recall that hyo,(f|5) = huep(f]x). Also due to the fact that f|y is topologically
conjugated to o4 : 7 — X7, the one-sided shift acting on the full symbol space X7
generated by d symbols, we have that h,,(f|x) = logd. Therefore, using Theorem 2.3, we
obtain the announced estimates of HD(Y) ), for all z € X, and A € W". O
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We will study in the sequel two other types of examples related to complex dynamics,
which satisfy the uniform transversality condition, and hence Theorem 1.8 can be applied
to them. The first such example is the family

F\(z,w) = (f(2),h(z) + %w + Az2)

Here we assume that (z,w) € U x V. C C x C, the set U = A(0,2) is the disk of center
0 and radius 2 in C, the set V C C is open, bounded and convex; assume also that the
function f(z) is close enough to a map of the form z — 2% + ¢, with |c| small, and that
X = J(f), is the Julia set of f (hence f can be considered expanding on X). We will take
also h to be a complex valued Lipschitz continuous map defined in a neighbourhood of X;
then since |h| is bounded on X, we can take the bounded sets V and W C C in such a way
that the map Fy : U x V — C x V is well defined for all A € W; for example one can take
W =A(0,1),V = A(0, M), where M > 2(sup |h| + 2).
X

Theorem 2.5. The parametrized family {F)\}xew, defined above, satisfies the uniform
transversality condition.

Proof. Recall that by our definition, m\(2) = lim, .o @2, 0 @2, 0 ... 0 @2 (¢), where in
general ¢2(w) := h(z) + 3w + Az. Hence

¢;\1 ° @2(0 = h(z1) + %(h(?«é) + %C + Azg) + Az = h(z1) + %h(?«é) + Az + %/\22 + iC-

It can be shown by induction that
1 1 1 1
7T)\(5) = [h(Zfl) + ah(ZQ) + Zh(Zg) + .. ] -+ )\(Zl -+ 52’2 + 12’3 + .. )
Put

1 1 1 1
A(,g) = h(Zl) + ih(ZQ) + Zh(z;g) + ... s and B(,g) =21+ 52’2 + 12’3 + ...,

We shall consider now two prehistories 2,2 € py'(2), with z; # 2. Let g()\) := m\(2) —
m(Z) = A(Z)+ AB(2) — A(Z') — AB(Z'). Let us notice now that since f is close to the map
z — 2%+ ¢, we have J(f) close to the circle S, if ¢ is small enough, and also it follows that
2, is close to —z1; consequently ) & iz or z, & —iz. This means that [z, — 2| ~ V2.
Hence |2 — 2o + 1(2 — z3) +...| < V22 + 3(21+ 122+ ..) <22+ 2.2, where we
assumed that f to be so close to 22 + ¢, and |¢| to be so small that |2} — 25| < /2.2 and
X C A(0,1.1). Thus

|B() — B(#)| > 1.9 — %(\/ﬁ +22)>0.2,

if 2, € X,z =2,z # 2. Therefore if |g(\)| = |A(Z) — A(Z) + A\(B(Z) — B(Z))| < r, then

A(z) — A(%) r T
A BE B S BE =B 02
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whenever z = 2’ and z; # z]. This implies that A € B(g(g)_A(E/)

m, &) Hence

L({\:]g\)| < r}) < 25772

for all » > 0. Thus we proved that the Uniform Transversality Condition is satisfied for
this family. O

Another example, with a more complicated dynamics is presented below. Let us consider
f(z) = 2% + ¢, for || small enough; thus f has a Julia set denoted by X, close to the unit
circle; then we have that f is expanding on X. Assume also that A is a complex valued
Lipschitz continuous function defined on a neighbourhood of X, that 0.4 < |h(z)| < 0.6,
for = € X, and that |h(z) + h(2')| > 2 for 22 = =2 — 2¢,z € X, and |c| small. We take
then A to be a complex parameter with |\ < %, and consider the parametrized family

F\(z,w) = (f(2),h(z) + %IUQ + 2%

Theorem 2.6. In the above setting, for any A from W = {\ € C,|\| < %} and z € X,
the map F\(z,-) defined above, invariates the domain V := {w € C, % < |w| < 1}, and
{F)\}xew satisfies the Uniform Transversality condition.

Proof. Without loss of generality we will assume that ¢ = 0. Due to the way we defined
hand X, we have that |h(z)+tw? +A2%| < 0.6+1 4% < 1for (z,w,\) € X xV xW. Also,
|h(2) + tw? + A2%| > 0.4 — £ — & = 5. Therefore F) preserves the domain V. Let us check
now the other conditions required for Uniform Transversality. Firstly, |2 ¢2| = |22| < 2,
and |2¢3| > £ > 0, for all 2 € X,w € V, where ¢2(w) := h(z) + %2 + Az%. We shall
prove by induction that for all n > 1 there exist functions A,,, B, and C,, such that for all

%= (z,2,%,...) € X, we have
20.00) (w) = An(z) + ABu(z0, A) + wCh (2, w, A).
For n =1, we get ¢2 = h(z1) + Az} %2, so A1(z) = h(z), Bi(z,A) = 2%, Ci(z,w, \) = £.

We want now to calculate the formula for ¢2 o. .. i\n+1 and to get recurrence formulas for
A,, B,,C,. From above,

A A

2,0...0 ZnH(w) =

= Qb?l (An(zn—i—l) + )\Bn(zn-l—lu )‘) + won(zn-‘rlv w, )‘))

1
= h(z1) + A7 + S[An(zn+1) + ABu(2n11, ) + WO, (2n 41, w, A)]?

1
= h(z1) + Az} + 5[An(zn+1)2 + N B, (2041, A)? 4+ 02 Ch (241, w, A)*+
+ 20A, (2011) Br(zna1, A) + 22w B, (2041, A) Cr (2011, w, A) + 24, (2501 wCh(2na1, w, A)]

1 2 A
= h(Zl) + gAn(Z’FL+1)2 + )\[Z% + gAn(Zn+1)Bn(zn+l, )\) + an(Zn+1, )\)2]+
2 2
+ an(ZnJrla w, )\) : [?Bn(szrl: )\) + gAn(ZnJrl) +

wCy(Zp1, W, )\)]
; )
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Thus we obtain the following recurrence formulas, with 2 = (2, 21, ..., 2,,...) € X:

1
AnJrl(ZnJrl) = h(zl) + gAn(ZnJrl)Q:

2 A
Bui1(zns1, A) = 27 + gAn(ZnJrl)Bn(ZnJrla A) + an(ZnJrl: A)?,

Cusr (s, 3) = Culonins ,0) - Co Bl ) + Sy () + L0210
Now we want to prove that sup|A4,| < 0.7,sup|B,| < 1.5,sup|Cpi1| < Lsup|C,|, for
z e X,w e V,x € W. The first two inequlities are satisfied at the level n = 1, due
to our assumptions on Fy. If [4,] < 0.7, then |4, < 0.6 + 2(0.7)? < 0.7. So we
proved the first inequality for all n > 1. Now, assume that |B,| < 1.5; then |B,41| <
1 + =-07-15+ (1 52 = 1+ % + 40 < 1.5. Thus we proved also the inequality
sup|B | < 1.5, Vn > 1. Last, it is clear that [C1] < 1 on V. Assume that |C,| < 1; then
|Chia] < £(5 -3 + 2.0.7+ 5) < 15, and from the recurrence formula for C), 41, we obtam
also sup |C’n+1| < > sup |Cy],¥Vn > 1. This last inequality tells us that sup |C,| — 0 when

n — oQ. Consequently, in general, for z € X, we have
m(Z) = A(Z) + AB(Z,\)

Let us consider now Z, 2 € py*(2) and g(\) := m\(2) — ma(Z) = A(2) — A(Z') + M(B(Z,\) —
B(#,))). We have from the recurrence formulas above that B(Z,\) = 22+ 2 A(2,)B(Z1, \) +

5
2B(%, )% also we have A(Z) = h(z) + +A(%)?. Hence we can deduce

2 A
m(2) = A(Z) + M2 + gA(il)B(il, A) + gB(,zl, A)?)
= A(Z) + Mz}
Similarly we show that

A (Z) = A(Z)+ [P

+ g(h(,@) + %A(@)?) (24 %A(:@)B(@, A+ %B(Eg, M) + %B(El, A

P2 FA)) (5 + 2 AG)B(, N+ 5 B3 AP)+ B A

Therefore, recalling that 22 = 272, we obtain that:
- - 2 -
g\ = A(Z) — AZ) + A{g[(h(Zz)Z% M(z)2) + h(z2) (FA(%) B(, \)+

2B, ) — M)A B ) + B AY) + F AR + SAZ)B(, )+

+ 2B, - éA( DR+ SAGB(EA) + 2 B3N] + S (B3, A - B(Z M)

= A(Z) — AE) + MEI(2)E — h(3)) + D32 0) + B 2 0] + ge(g, ),

ot >

D2, ) = h(z2) (GAG)B( V) + 5 B2 A) — W) CA)B(E ) + 2 B2, A,

E(2,%)\) = éA(Zg)Q(ngr%A(EQ)B(EQ, )\)—i—gB(ig, )\)2)—éA(2’) (24 +§A(z’)B(ZZ, A)+§B(5§, N)?),
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and
s = = \\2 = V)2
G(z,Z,)) = B(21,\)” — B(2, \)

But we can estimate |D(Z, Z’, A)| as follows:

2 1 9
D22, 0)| €206 (5-0.7-15+ 5= 1) <06,

Also we obtain:

[E(Z,2,A)] = 2SHP%A( 2)"(2 + 5A( Z2)B(Z2,A) + %B(izaA)Q)!
1 2 11 o2
<2 (0D (1407154 - o (15)°) < ¢
Notice that
G(Z 7, M) <3,
for all 2,2 € X, A € W, from the estimate for |B, | Combining all the above we obtain
12[(h(z2)23 — h(z4)) + D(2, 7,0 + E(2, 2, N)] + 26(2,7. )| = 2(|h()23 — h(z5)=5]| -
06—2)—1-4-3=2(|h(2)2 — (22)22 |—1)—0.1. Thus since 25 = z; — ¢, we will obtain

|B(2,A) = B(Z', M| = - (\h(22) — h(z5)2y'| —=1) = 0.1> 7 >0,

where v > 0 is small enough, when |c| is small enough and |h(z2) + h(2})| > $ for 25 =
—22 — 2¢, 29 € X. This means that now we can prove Uniform Transversality for F}, as in
the previous Theorem. O

Another example of a complex parametrized family with Uniform Transversality is
F\(z,w) = (22,22 + A2 + Agzw?),
with W = {X = (A, A2) € C*, M| < 5,55 < [Ao] < 3}V i={w € C,§ < |w| < 1.5}.

507 10

Then it can be shown that F)(z,-) : V — V is well defined for z € S*, A\ € W, and
3 k,k € (0,1) such that & < |(¢2)'| < k on V. For this example it can be proved similarly
that {F)}rew is a parametrized family with Uniform Transversality.

Therefore, for all the examples we have given in this section, the conclusions of Theorem 1.8
apply, and we can write, for almost all parameters A, the Hausdorff dimension of all fibers
(thus the stable dimension in our case), by means of the thermodynamic formalism on X.

REFERENCES

[1] R. Bowen, Equilibrium states and the ergodic theory for Anosov diffeomorphisms. Lect. Notes in Math.
470, Springer, 1975.

[2] P. Mattila, Geometry of Sets and Measures in Euclidean Spaces, Fractals and Rectifiability, Cambridge
University Press, 1995.

[3] K. R. Parthasarathy, Introduction to Probability and Measure, Hindustan Book Agency, 2005.

[4] Y. Peres, B. Solomyak, Absolute continuity of Bernoulli convolutions, a simple proof, Math. Res. Lett.
3 (1996), 231-239.

[5] M. Pollicott, K. Simon, The Hausdorf{f dimension of A-expansions with deleted digits. Trans. Amer.
Math. Soc. 347 (1995), 967-983.



21

[6] F. Przytycki, M. Urbanski, Fractals in the Plane - the Ergodic Theory Methods, available on the
web:http://www.math.unt.edu/urbanski, to appear in Cambridge Univ. Press.

[7] K. Simon, Hausdorff dimension for noninvertible maps, Ergodic Theory Dynam. Sys. 13 (1993), 199-
212.

[8] B. Solomyak, On the random series Y An (an Erdos problem). Ann. of Math. 142 (1995), 611-625.

EUGEN MIHAILESCU, INSTITUTE OF MATHEMATICS SIMION STOILOW OF THE ROMANIAN ACADEMY,
P.O Box 1-764, RO 014700, BUCHAREST, ROMANIA

E-mail address: Eugen.Mihailescu@imar.ro

Web: www.imar.ro/~mihailes

MARIUSZ URBANSKI, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NORTH TEXAS, DENTON,
TX 76203-1430, USA

E-mail address: urbanski@unt.edu

Web: www.math.unt.edu/~urbanski



