Rigidity of Infinite one-dimensional Iterated Function Systems

Pawel Hanus and Mariusz Urbański^1

Department of Mathematics, University of North Texas, Denton, TX 76203-5118, USA e-mail: urbanski@unt.edu

Abstract. In [MU] there has been introduced and developed the concept of infinite conformal iterated function systems. In this paper we consider 1-dimensional systems. We provide necessary and sufficient conditions for such systems to be bi-Lipschitz equivalent. We extend to such systems the concept of scaling functions and we pay special attention to the real-analytic systems.

1Supported by TARP Grant 003594-017

§1. Preliminaries. In [MU] we have provided the framework to study infinite conformal iterated function systems. Let us recall this notion assuming that X is a 1-dimensional interval. Let I be a countable index set with at least two elements and let S = {ϕ_i : X → X : i ∈ I} be a collection of injective contractions from X into X for which there exists 0 < s < 1 such that ρ(ϕ_i(x), ϕ_i(y)) ≤ sρ(x, y) for every i ∈ I and for every pair of points x, y ∈ X. Thus, the system S is uniformly contractive. Any such collection S of contractions is called an iterated function system. We are particularly interested in the properties of the limit set defined by such a system. We can define this set as the image of the coding space under a coding map as follows. Let I^∗ = ⋃ n≥1 I^n, the space of finite words, and for ω ∈ I^n, n ≥ 1, let ϕ_ω = ϕ_{ω1} ∘ ϕ_{ω2} ∘ · · · ∘ ϕ_{ωn} . If ω ∈ I^∗ ∪ I^∞ and n ≥ 1 does not exceed the length of ω, we denote by ω|_n the word ω_1ω_2 . . . ω_n. Since given ω ∈ I^∞, the diameters of the compact sets ϕ_{ω|n} (X), n ≥ 1, converge to zero and since they form a descending family, the set_∞ ⋂ n=0 ϕ_{ω|n} (X) is a singleton and therefore, denoting its only element by π(ω), defines the coding map π : I^∞ → X. The main object of our interest will be the limit set

J = π(I^∞) = ⋃ ω∈I1 ∞⋂ n=1 ϕ_{ω|n}(X),

Observe that J satisfies the natural invariance equality, J = ⋃ i∈I ϕ_i(J). Notice that if I is finite, then J is compact and this property fails for infinite systems. An iterated function system S = {ϕ_i : X → X : i ∈ I}, is said to satisfy the Open Set Condition if there exists a nonempty open set U ⊂ X (in the topology of X) such that ϕ_i(U) ⊂ U for every i ∈ I and ϕ_i(U) ∩ ϕ_j (U) = ∅ for every pair i, j ∈ I, i ≠ j. An iterated function system S, satisfying the Open Set Condition is said to be conformal (c.i.f.s.) if the following conditions are satisfied. (a) U = Int(X).

(b) There exists an open connected set X ⊂ V ⊂ IR such that all maps ϕ_i, i ∈ I, extend to C^1 diffeomorphisms on V .

(c) Bounded Distortion Property(BDP). There exists K ≥ 1 such that |ϕ^′_ω(y)| ≤ K|ϕ^′_ω(x)| for every ω ∈ I^∗ and every pair of points x, y ∈ V , where |ϕ^′_ω(x)| means the norm of the derivative.

Notice that for simplicity and clarity of our exposition we assumed the open set U appearing in the open set condition to be Int(X). As was demonstrated in [MU], conformal iterated function systems naturally break into two main classes, irregular and regular. This dichotomy can be determined from either the existence of a zero of a natural pressure function or, equivalently, the existence of a conformal measure. The topological pressure function, P is defined as follows. For every integer n ≥ 1 define

ψ_n(t) = ∑ ω∈I^n ||ϕ^′_ω||^t.

and P (t) = lim_{n→∞} 1 n log ψ_n(t).

For a conformal system S, we sometimes set ψ_S = ψ_1 = ψ. The finiteness parameter, θ_S, of the system S is defined by inf{t : ψ(t) < ∞} = θ_S. In [MU], it was shown that the topological pressure function P (t) is non-increasing on [0, ∞), strictly decreasing, continuous and convex on [θ, ∞) and P (1) ≤ 0. Of course, P (0) = ∞ if and only if I is infinite. In [MU] (see Theorem 3.15) we have proved the following characterization of the Hausdorff dimension of the limit set J, which will be denoted by HD(J) = h_S .

Theorem 1.1. HD(J) = sup{HD(J_F ) : F ⊂ I is finite} = inf{t : P (t) ≤ 0}. If P (t) = 0, then t = HD(J).

We called the system S regular provided that there is some t such that P (t) = 0. It follows from [MU] that t is unique. Also, the system is regular if and only if there is a t-conformal measure. Recall that a Borel probability measure m is said to be t-conformal provided m(J) = 1 and for every Borel set A ⊂ X and every i ∈ I

m(ϕ_i(A)) = ∫ A |ϕ^′_i|^t dm and m(ϕ_i(X) ∩ ϕ_j (X)) = 0,

for every pair i, j ∈ I, i ≠ j. We recall also (see [MU, Theorem 3.8]) that there exists an invariant measure μ (in the sense that for every measurable set A, μ( ⋃ i∈IN ϕi(A)) = μ(A) equivalent with m.

Finally, we call two iterated function systems {f_i : X → X, i ∈ IN} and {g_i : Y → Y, i ∈ IN} topologically conjugate if and only if there exists a homeomorphism h : X → Y such that h ∘ f_i = g_i ∘ h for all i ∈ IN. Then by induction we easily get that h ∘ f_ω = g_ω ∘ h for every finite word ω.

§2. General Systems. The main result of this section is the following

Theorem 2.1. Suppose that F = {f_i : X → X, i ∈ IN) and G = (g_i : Y → Y, i ∈ IN) are two topologically conjugate one-dimensional conformal iterated function systems. Then the following 4 conditions are equivalent.

(1) ∃S ≥ 1 ∀ω ∈ IN^∗ S^{−1} ≤ diam(g_ω(Y )) diam(f_ω(X)) ≤ S. (2) |g^′_ω(y_ω)| = |f^′_ω(x_ω)| for all ω ∈ IN^∗, where x_ω and y_ω are the only fixed points of f_ω : X → X and g_ω : Y → Y respectively. (3) ∃E ≥ 1 ∀ω ∈ IN^∗ E^{−1} ≤ ||g^′_ω|| ||f^′_ω|| ≤ E. (4) For every finite subset T of IN, HD(J_{G,T} ) = HD(J_{F,T} ) and the conformal measures m_{G,T} and m_{F,T} ∘ h^{−1} are equivalent.

Suppose additionally that both systems F and G are regular. Then the following condition is also equivalent with the four conditions above.

(5) HD(J_G) = HD(J_F ) and the conformal measures m_G and m_F ∘ h^{−1} are equivalent. Proof. Let us first demonstrate that conditions (2) and (3) are equivalent. Indeed, suppose that (2) is satisfied and let K_F and K_G denote the distortion constants of the systems F and G respectively. Then for all ω ∈ IN^∗, ||g^′_ω|| ≤ K_G|g^′_ω(y_ω)| = K_G|f^′_ω(x_ω)| ≤ K_G||f^′_ω|| and similarly ||f^′_ω|| ≤ K_F ||g^′_ω||. So suppose that (3) holds and (2) fails, that is that there exists ω ∈ IN^∗ such that |g^′_ω(y_ω)| ≠ |f^′_ω(x_ω)|. Without loosing generality we may assume that |g^′_ω(y_ω)| < |f^′_ω(x_ω)|. For every n ≥ 1 let ω^n be the concatenation of n words ω. Then g_ωn (y_ω) = g^n_ω(y_ω) = y_ω and similarly f_ωn (x_ω) = x_ω. So, x_ωn = x_ω = π_F (ω^∞) and y_ωn = y_ω = π_G(ω^∞). Moreover |g^′_ωn (y_ω)| = |g^′_ω(y_ω)|^n and |f^′_ωn (x_ω)| = |f^′_ω(x_ω)|^n. Hence lim_{n→∞} |g^′_ωn (y_ω)| |f^′_ωn (x_ω)| = 0.

On the other hand, by (3) and the Bounded Distortion Property |g^′_ωn (y_ω)| |f^′_ωn (x_ω)| ≥ K^{−1}_G ||g^′_ωn || ||f^′_ωn || ≥ E^{−1}K^{−1}_G for all n ≥ 1. This contradiction finishes the proof of equivalence of conditions (2) and (3). Since the equivalence of (1) and (3) is immediate, the proof of the equivalence of conditions (1)-(3) is finished. We shall now prove that (3) ⇒ (5). Indeed, it follows from (3) that E^{−1}ψ_{G,n}(t) ≤ ψ_{F,n}(t) ≤ Eψ_{G,n}(t) for all t ≥ 0 and all n ≥ 1. Hence P_G(t) = P_F (t) and therefore by Theorem 1.1, HD(J_G) = HD(J_F ). Denote this common value by h. Although we keep the same symbol for the homeomprphism establishing conjugacy between the systems F and G, it will never cause misunderstandings.

Suppose now that both systems are regular (in fact assuming (3) regularity of one of these systems implies regularity of the other). Then for every ω ∈ IN^∗ (K_F E)^{−h} ≤ K^{−h}_F ||f^′_ω||^h ||g^′_ω||^h ≤ m_F (f_ω(J_F )) m_G(g_ω(J_G)) ≤ ||f^′_ω||^h K^{−h}_G ||g^′_ω||^h ≤ (EK_G)^h.

So, the measures m_G and m_F ∘ h^{−1} are equivalent, and even more (K_F E)^{−h} ≤ dm_G dm_F ∘ h^{−1} ≤ (EK_G)^h. Let us show now that (5) ⇒ (3). Indeed, if (5) is satisfied then the measure μ_F ∘ h^{−1} is equivalent with μ_G. Since additionally μ_F ∘ h^{−1} and μ_G are both ergodic (see Theorem 3.8 of [MU], they are equal. Hence ||g^′_ω||^h ≍ ∫ |g^′_ω|^h dm_G = m_G(g_ω(J_G)) ≍ μ_G(g_ω(J_G))

= μ_F ∘ h^{−1} = μ_F (f_ω(J_F )) ≍ m_F (f_ω(J_F )) = ∫ |f^′_ω|^h dm_F ≍ ||f^′_ω||^h, and raising the first and the last term of this sequence of comparabilities to the power 1/h, we finish the proof of the implication (5) ⇒ (3).

The equivalence of (4) and conditions (1) - (3) is now a relatively simple corollary. Indeed, to prove that (3) implies (4) fix a finite subset T of IN. By (3) E^{−1} ≤ ||f^′_ω||/||g^′_ω|| ≤ E for all ω ∈ T^∗, and as every finite system is regular, the equivalence of measures m_{G,T} and m_{F,T} ∘ h^{−1} follows from the equivalence of conditions (3) and (5) applied to the systems {f_i : i ∈ T } and {g_i : i ∈ T }. If in turn (4) holds and ω ∈ IN^∗, then ω ∈ T^∗, where T is the (finite) set of letters making up the word ω and the measures m_{G,T} and m_{F,T} ∘ h^{−1} are equivalent. Hence, by the equivalence of (2) and (5) applied to the systems {f_i : i ∈ T } and {g_i : i ∈ T } we conclude that |g^′_ω(y_ω)| = |f^′_ω(x_ω)|. Thus (2) follows and the proof of Theorem 2.1 is finished. ♣

We say that a conformal system {ϕ_i : X → X : i ∈ IN} is of bounded geometry if and only if there exists C ≥ 1 such that for all i, j ∈ IN, i ≠ j

max{diam(ϕ_i(X)), diam(ϕ_j (X))} ≤ Cdist ( ϕ_i(X), ϕ_j(X) ) . The next theorem provides a sufficient and necessary condition for two systems of bounded geometry to be bi-Lipschitz equivalent.

Theorem 2.2. If both systems {f_i : X → X : i ∈ IN} and {g_i : Y → Y : i ∈ IN} are of bounded geometry, then the topological conjugacy h : J_f → J_g is bi-Lipschitz continuous if and only if the following two conditions are satisfied.

(a) Q^{−1} ≤ diam(f_ω(X)) diam(g_ω(Y )) ≤ Q for some Q ≥ 1 and all ω ∈ IN^∗.

(b) C^{−1} ≤ dist ( g_i(Y ), g_j(Y ) ) dist ( f_i(X), f_j(X) ) ≤ C for some C ≥ 1 and all i, j ∈ IN, i ≠ j.

Proof. First notice that (a) and (b) remain true, with modified constants Q and C if necessary, if X is replaced by J_F and Y is replaced by J_G respectively. Suppose now that x ∈ f_i(J_F ) and y ∈ f_j(J_F ) with i ≠ j. Then

|h(y) − h(x)| ≤ diam(g_i(J_G)) + dist(g_i(J_G), g_j(J_G)) + diam(g_j(J_g)) ≤ Qdiam(f_i(J_F )) + Cdist(f_i(J_F ), f_j(J_F )) + Qdiam(f_j (J_F )) ≤ 2QCdist(f_i(J_F ), f_j(J_F )) + Cdist(f_i(J_F ), f_j(J_F )) ≤ (2Q + 1)Cdist(f_i(J_F ), f_j(J_F )) ≤ (2Q + 1)C|y − x| Suppose in turn that x ≠ y both belong to the same element f_k(J_F ). Then there exist ω ∈ I^∗ (|ω| ≥ 1) and i ≠ j ∈ IN such that x, y ∈ f_ω(J_F ), x ∈ f_{ωi}(J_F ) and y ∈ f_{ωj}(J_F ). From what has been proved so far we know that |g^{−1}_ω (h(y)) − g^{−1}_ω (h(x))| ≤ (2Q + 1)C|f^{−1}_ω (y) − f^{−1}_ω (x)|. Since |y − x| ≍ ||f^′_ω|||f^{−1}_ω (y) − f^{−1}_ω (x)| and |h(y) − h(x)| ≍ ||g^′_ω|||g^{−1}_ω (h(y)) − |g^{−1}_ω (h(x))|, we get |h(y) − h(x)| ⪯ ||g^′_ω|| ||f^′_ω|| |y − x|. In the same way we show that h^{−1} is Lipshitz continuous which completes the proof of the first part of our theorem.

So suppose now that h is bi-Lipshitz continuous. We shall show that conditions (a) and (b) are satisfied. Indeed, to prove (a) suppose that a and b are taken so that |h(a) − h(b)| ≥ 1 2 diam(g_ω(J_G)). Then diam(g_ω(J_G)) ≤ 2|h(a) − h(b)| ≤ 2L|a − b| ≤ 2Ldiam(f_ω(J_F )), where L is a Lipshitz constant of h and h^{−1}. In the same way it can be shown that diam(f_ω(J_F )) ≤ 2Ldiam(g_ω(J_G)) which completes the proof of property (a). In order to prove the right-hand side of property (b) we proceed as follows. Fix i, j ∈ IN, i ≠ j and a ≠ b ∈ J_F . Then

dist(g_i(Y ), g_j(Y )) ≤ dist(g_i(J_G), g_j(J_G)) ≤ |g_i(h(a)) − g_j (h(b))| ≤ L|f_i(a) − f_j(b)| ≤ L ( diam(f_i(X)) + dist(f_i(X), f_j(X)) + diam(f_j(X)) ) ≤ L(2C + 1)dist(f_i(X), f_j(X)),

where the last inequality we wrote due to boundedness of geometry of the system {f_i : i ∈ IN}. The proof is finished. ♣

Remark 2.3. Notice that Theorem 2.1 nd Theorem 2.2 remain true without assuming that the phase space X is one-dimensional. We only need to know that the maps ϕ_i, ff_i and g_i are conformal and the assumption (2.7)of [MU] is satisfied.

Remark 2.4. Suppose now that the maps i → ϕ_i(X) are monotone, that is suppose that for all i and j, i < j implies ϕ_i(X) < ϕ_j (X). We claim that then the bounded geometry of the system is equivalent with the following weaker condition

max{diam(ϕ_i(X), diam(ϕ_{i+1}(X)} ≤ Cdist(ϕ_i(X), ϕ_{i+1}(X)).

Indeed, if i < j, then

max{diam(ϕ_i(X), diam(ϕ_j (X)} ≤ max_{i≤k≤j−1}{max{diam(ϕ_k(X)), diam(ϕ_{k+1}(X))}}

≤ max i≤k≤j−1 {Cdist(ϕ_k(X), ϕ_{k+1}(X))} ≤ Cdist(ϕ_i(X), ϕ_j(X)), where writing the last inequality we used the monotonicity of the map i → ϕ_i(X). The opposite implication is obvious.

Remark 2.5. If both maps i → f_i(X) and i → g_i(X) are monotone, then condition (2.b) from Theorem 2.2 can be replaced by the following.

(c) C^{−1} ≤ dist(g_k(Y ), g_{k+1}(Y )) dist(f_k(X), f_{k+1}(X)) ≤ C for some constant C ≥ 1 and all k ∈ IN. Indeed, assuming (2.3) this follows from the following computation.

dist(g_i(Y ), g_j(Y )) = j−1∑ k=i dist(g_k(Y ), g_{k+1}(Y )) + j−1∑ k=i+1 diam(g_k(X))

≤ j−1∑ k=i Cdist(f_k(X), f_{k+1}(X)) + Q j−1∑ k=i+1 diam(f_k(X))

≤ max{C, Q} (_{j−1} ∑ k=i Cdist(f_k(X), f_{k+1}(X)) + j−1∑ k=i+1 diam(f_k(X)) )

= max{C, Q}dist(f_i(X), f_j(X))

§3. Real-analytic systems. We call a 1-dimensional system Φ = {ϕ_i : X → X, i ∈ IN} real analytic if and only if there exists a topological disk D such that all the maps ϕ_i extend in a conformal (so 1-to-1) fashion to D. Let m be the conformal measure associated to the system Φ and let μ be the only probability invariant measure equivalent with m (see [MU,Theorem 3.8], where this measure was denoted by μ^∗). We call the system Φ non-linear (comp. [S1]) if and only if at least one of the Jacobians J_{ϕi} =^{dμ∘ϕi}_{dμ} is not constant. We shall prove the following theorem which is stronger than both Theorem 2.1 and Theorem 2.2.

Theorem 3.1. If both systems {f_i : X → X : i ∈ IN} and {g_i : Y → Y : i ∈ IN} are real-analytic and non-linear, then the following conditions are equivalent. (a) The conjugacy between the systems {f_i : X → X : i ∈ IN} and {g_i : Y → Y : i ∈ IN} is real analytic.

(b) The conjugacy between the systems {f_i : X → X : i ∈ IN} and {g_i : Y → Y : i ∈ IN} is Lipschitz continuous.

(c) |g^′_ω(y_ω)| = |f^′_ω(x_ω)| for all ω ∈ IN^∗, where x_ω and y_ω are the only fixed points of f_ω : X → X and g_ω : Y → Y respectively. (d) ∃S ≥ 1 ∀ω ∈ IN^∗ S^{−1} ≤ diam(g_ω(Y )) diam(f_ω(X)) ≤ S. (e) ∃E ≥ 1 ∀ω ∈ IN^∗ E^{−1} ≤ ||g^′_ω|| ||f^′_ω|| ≤ E. (f) For every finite subset T of IN, HD(J_{G,T} ) = HD(J_{F,T} ) and the measures m_{G,T} and m_{F,T} ∘ h^{−1} are equivalent.

(g) For every finite subset T of IN, the measures m_{G,T} and m_{F,T} ∘ h^{−1} are equivalent. Suppose additionally that both systems F and G are regular. Then the following two conditions are also equivalent with the conditions above.

(h) HD(J_G) = HD(J_F ) and the measures m_G and m_F ∘ h^{−1} are equivalent. (i) The measures m_G and m_F ∘ h^{−1} are equivalent.

Proof. The implication (a) ⇒ (b) is obvious.That (b) ⇒ (c) results from the fact that (b) implies condition (1) of Theorem 2.1 which in view of this theorem is equivalent with condition (2) of Theorem 2.1 which finally is the same as condition (c) of Theorem 3.1 The implications c ⇒ (d) ⇒ (e) ⇒ (h) have been proved in Theorem 2.1. The implication (h) ⇒ (i) is again obvious. Let us now prove that (i) ⇒ (a). As the first step we shall show that if a regular system {ϕ_i : i ∈ IN} is real-analytic, then the Jacobians J_{ϕω} of all the maps ϕ_ω, ω ∈ IN^∗ with respect to the invariant measure μ are also real analytic. Since d(m∘ϕ_ω ) d m = |ϕ^′_ω|^h and since ϕ^′_ω is a real valued, either positive or negative, real analytic function, the function |ϕ^′_ω|^h is also real analytic. Consequently, to check that dμ ∘ ϕ_ω dμ = dμ ∘ ϕ_ω dm ∘ ϕ_ω · dm ∘ ϕ_ω dm · dm dμ = dμ dm ∘ ϕ_ω · dm ∘ ϕ_ω dm · dm dμ is real-analytic it suffices to check that^{dμ}_{dm} is real-analytic. Let D ⊂ CI be the open topological disk claimed in the definition of real analytic systems. Since for each ω ∈ IN^∗, |ϕ^′_ω||_X =^+_− ϕ^′_ω|_X , all the derivatives extend (complex) analytically to the corresponding maps ν(ω)ϕ^′_ω, where ν(ω) ∈ {1, −1}. Given n ≥ 1 consider the series of (complex) analytic functions L^n(1) = ∑ |ω|=n(ν(ω)ϕ ′ ω)^h, where (ν(ω)ϕ^′_ω)^h are well-defined since D is simply connected. Fix x_0 ∈ X. By the Koebe Distortion Theorem and (3.3) of [MU] we can write for all n ≥ 1 and all x ∈ D | | | | | ∑ |ω|=n (ν(ω)ϕ^′_ω)^h | | | | | ≤ ∑ |ω|=n |ϕ^′_ω(x)|^h ≤ K^h ∑ |ω|=n |ϕ^′_ω(x_0)|^h = K^hL^n(1)(x_0) ≤ K^{2h}.

Hence, the maps L^n(1) : D → CI form a normal family in the sense of Montel. Since L^n(1)|_X converges to ρ =^{dμ}_{dm} , we conclude more, that L^n(1)|_D converges to an analytic extension of ρ on D. We will keep the same notation ρ for this extension. So, we have proved that all the Jacobians J_{ϕω} =^{dμ∘ϕω}_{dμ} are real-analytic, and in fact extends analytically onto D. Now suppose that condition (i) of Theorem 3.1 is satisfied. Then μ_F = μ_G ∘ h meaning that J_h =^{dμG ∘h}_{dμF} = 1. Since h ∘ f_ω = g_ω ∘ h, the chain rule implies that J_h ∘ f_ω · J_{fω} = J_{gω} ∘ h · J_h and consequently J_{fω} = J_{gω} ∘ h. Let now g_i be the contraction produced by non-linearity. Notice then that J_{gi} has only finitely many extremal points, since otherwise the equation J^′_{gi} = 0 would have an accumulation point in Y which in turn would imply that J_{gi} would be constant on Y , contrary to non-linearity of the system G. Hence J^{−1}_{gi} ∘ J_{fi} is well-defined and 1 − to − 1 on an open set V ⊂ X, and h = J^{−1}_{gi} ∘ J_{fi} on V ∩ J_F . Consider now ω ∈ IN^∗ such that f_ω(X) ⊂ V . Then the map g^{−1}_ω ∘ (J^{−1}_{gi} ∘ J_{fi} ) ∘ f_ω : X → X extends h and is real analytic. So, we have proved that the conditions (a), (b), (c), (d), (e), (h), and (i) are equivalent To complete the proof we need to demonstrate that (f) and (g) are equivalent with conditions (a)-(e). Indeed, the implications (e) ⇒ (f) and (g) ⇒ (c) are proved in exactly the same way as respectively implication (3) ⇒ (4) and (4) ⇒ (2) of Theorem 2.1. Since the implication (f) ⇒ (g) is obvious, the proof is finished. ♣

§4. Scaling functions. From now on we assume that all our systems satisfies condition (a) of Lemma 2.2 of [MU]. This condition reads as follows: There are two constants L ≥ 1 and α > 0 such that

(4.1) | ||ϕ^′_i(y)| − |ϕ^′_i(x)| | | ≤ L||(ϕ^′_i)^{−1}||^{−1}|y − x|^α, for every i ∈ I and every pair of points x, y ∈ V . As a byproduct of the demonstration that (b) ⇒ (c) (p.112 of [MU]) we have shown that for all ω ∈ IN^∗, say ω ∈ IN^n and all x, y ∈ X | log |ϕ^′_ω(y)| − log |ϕ^′_ω(x)| ≤ n∑ j=1 ||(ϕ^′_{ωj} )^{−1}|| · |ϕ^′_{ωj} (y_{n−j} )| − |ϕ^′_{ωj} (x_{n−j} )|, where z_k = ϕ_{ωn}�_{k+1} ∘ . . . ϕ_{ωn} (z). In view of (4.1) this estimate continuous as follows | log |ϕ^′_ω(y)| − log |ϕ^′_ω(x)|| ≤ n∑ j=1 L|y_{n−j} − x_{n−j} |^α

≤ n−1∑ j=0 Ls^{jα}|y − x|^α = L 1 − s^α |y − x|^α (4.2) or equivalently

(4.3) exp ( −L 1 − s^α |y − x|^α ) ≤ |ϕ^′_ω(y)| |ϕ^′_ω(x)| ≤ exp ( L 1 − s^α |y − x|^α )

Now, since for every t sufficiently small |e^t − 1| ≤ 2t, we get (4.4) ||ϕ^′_ω(y)|−|ϕ^′_ω(x)|| = | | | |ϕ^{′ω}(y)| |ϕ^′_ω(x)| − 1 | | | |ϕ^′_ω(x)| ≤ 2L 1 − s^α |y −x|^α|ϕ^′_ω(x)| ≤ 2Ls^n 1 − s^α |y −x|^α In order to define scaling functions we will need the following basic lemma.

Lemma 4.1. If {ϕ_n : X → X : n ≥ 1} is a one-dimensional conformal iterated function system satisfying condition (4.1), then for every closed subinterval K of X and ω ∈ IN^∞ the following limit exists lim_{n→∞} |ϕ_{ωnωn}�_{1...ω0} (K)| |ϕ_{ωnωn}�_{1...ω0} (X)| := S(ω, K) and the convergence is uniform with respect to K, n and ω.

Proof. We shall show that the above sequence satisfies an appropriate Cauchy condition, So, fix k < n. We then have |ϕ_{ωn...ωk ...ω0} (K)| |ϕ_{ωn...ωk ...ω0} (X)| / |ϕ_{ωk ...ω0(K)}| |ϕ_{ωk...ω0} (X)| = |ϕ_{ωn...ωk+1} (ϕ_{ωk...ω0} (K))| |ϕ_{ωk ...ω0} (K)| / |ϕ_{ωn...ωk+1} (ϕ_{ωk ...ω0} (X))| |ϕ_{ωk ...ω0} (X)| = |ϕ^′_{ωn...ωk+1} (x_n)| |ϕ^′_{ωn...ωk+1} (y_n)| (4.5)

for some x_n ∈ ϕ_{ωk ...ω0} (K) and y_n ∈ ϕ_{ωk ...ω0} (X), where the last equality sign we wrote due to the Mean Value Theorem. Denote now |ϕ_{ωj ...ω0} (K)|/|ϕ_{ωj ...ω0} (X)| by a_j . In view of (4.5) and (4.2) we get

| log a_n − log a_k| ≤ L 1 − s^α |x_n − y_n|^α ≤ L 1 − s^α |ϕ_{ωk ...ω0} (X)|^α ≤ L 1 − s^α s^{kα}. Thus the sequence {log a_n}^∞_{n=1} is a Cauchy sequence, and consequently {a_n}^∞_{n=1} itself is a Cauchy sequence too, The proof is finished. ♣

Let ĨN^∞ denote the set of infinite sequences of the form . . . ω_nω_{n−1} . . . ω_1ω_0 and let ĨN_∗ denote the set of all finite words of the form ω_nω_{n−1} . . . ω_1ω_0. Lemma 4.1 allows us to introduce the scaling function (comp. also [S2] and [PT]). In this section we will explore this notion. The weaker scaling function S^w is defined on the space ĨN^∞ × IN, takes values in (0, 1), and is given by the formula

S^w({ω_n}^∞_{n=0}, i) = lim_{n→∞} |ϕ_{ωnωn}�_{1...ω0} (ϕ_i(X))| |ϕ_{ωnωn}�_{1...ω0} (X)| , where the limit exists due to Lemma 4.1.

The stronger scaling function S^s is defined similarly but on the larger space Ñ × (IN ∪ C), where C denotes the set of all connected components of X \ ⋃_∞ i=1 ϕ_i(X). Frequently, given ω ∈ IN^∗ we will consider the function S^s(ω) : (IN ∪ C) → (0, 1) given by the formula S^s(ω)(Z) = S^s(ω, Z), and similarly we define the function S^w(ω). The following theorem is an immediate consequence of Lemma 4.2

Theorem 4.2. Both scaling functions S^w : ĨN^∞ ×IN and S^s : Ñ ×(IN ∪C) are continuous.

We now pass to consider two systems F = {f_i : i ∈ IN} and G = {g_i : i ∈ IN}. Our first theorem about them reads as follows.

Theorem 4.3. If two topologically conjugate 1-dimensional i.f.s. F and G have the same weak scaling functions and condition (b) of Theorem 2.2 is satisfied, then the topological conjugacy is Lipschitz continuous. Conversly, if the topological conjugacy h : J_F → J_G extends in a diffeomorphic fashion onto X, then J_F and J_G have the same strong scaling functions.

Proof. Let us first prove the second part of this theorem. Indeed, let us keep the same notation h for its diffeomorphic extension to X and let D be an arbitrary closed subinterval of X. For ω ∈ Ñ^∞ we can write S(ω, D) S(ω, h(D)) = lim_{n→∞} |f_{ωn...ω0} (D)| |f_{ωn...ω0} (X)| / |g_{ωn...ω0} (h(D))| |g_{ωn...ω0} (Y )| = lim_{n→∞} |f_{ωn...ω0} (D)| |g_{ωn...ω0} (h(D))| / |f_{ωn...ω0} (X)| |g_{ωn...ω0} (Y )| . Now, by the Mean Value Theorem there exist a_n and b_n respectively in f_{ωn...ω0} (D) and in f_{ωn...ω0} (X) such that S(ω, D) S(ω, h(D)) = lim_{n→∞} |f_{ωn...ω0} (D)| |h(f_{ωn...ω0} (D))| / |f_{ωn...ω0} (X)| |h(f_{ωn...ω0} (X))| = lim_{n→∞} h^′(b_n) h^′(a_n) . Since h^′ is uniformly continuous with no zeros and since |b_n − a_n| → 0 the last limit is equal to 1 which finishes the proof of the second part of our theorem. In order to show the first part of this theorem it suffices to show that condition (a) of Theorem 2.2 is satisfied. So, let τ = τ_0 . . . τ_{q−1} be an arbitrary word. Our aim is to show that |(g_τ )^′(h(x_τ ))| = |(f_τ )^′(x_τ )|, where x_τ is the only fixed point of the map f_τ : X → X. First notice that for every n

|g_τ n+1_{τ0} (Y )| |g_τ n_{τ0} (Y )| = |g_τ n+1_{τ0} (Y )| |g_τ n+1 (Y )| · |g_τ n+1 (Y )| |g_τ n_{τ0...τq}�_2 (Y )| · |g_τ n_{τ0...τq}�_2 (Y )| |g_τ n_{τ0...τq}�_3 (Y )| · . . . · |g_τ n_{τ0τ1} (Y )| |g_τ n_{τ0} (Y )| . Hence

(4.6) lim_{n→∞}

|g_τ n+1_{τ0} (Y )| |g_τ n_{τ0} (Y )| = S^w_τ1(τ_0)S^w_τ1_{τ0...τq}�_2 (τ_{q−1})S^w_τ1_{τ0...τq}�_3 (τ_{q−2}) . . . S^w_τ1_{τ0} (τ_1) and similarly

(4.7) lim_{n→∞} f_τ n+1_{τ0} (X)| |f_τ n_{τ0} (X)| = S^w_τ1(τ_0)S^w_τ1_{τ0...τq}�_2 (τ_{q−1})S^w_τ1_{τ0...τq}�_3 (τ_{q−2}) . . . S^w_τ1_{τ0} (τ_1).

Since g_τ n+1_{τ0} (Y ) = g_τ (g_{τnτ0} (Y ) and since f_τ n+1_{τ0} (X) = f_τ (f_{τnτ0} (X)), it follows from the Mean Value theorem that there exists x_n ∈ f_{τnτ0} (X) and y_n ∈ g_{τnτ0} (Y ) such that |g_τ n+1_{τ0} (Y )| = |g^′_τ (y_n)| · |g_{τnτ0} (Y )| and |f_τ n+1_{τ0} (X)| = |f^′_τ (y_n)| · |f_{τnτ0} (X)|. Thus in view of our assumptions and (4.6) and (4.7) we get lim_{n→∞} |g^′_τ (y_n)| |f^′_τ (x_n)| = lim_{n→∞}

|g_τ n+1_{τ0} (Y )| |g_τ n_{τ0} (Y )| / f_τ n+1_{τ0} (X)| |f_τ n_{τ0} (X)| = 1.

Now, a straightforward computation shows that y_n → y_τ and x_n → x_τ , where y_τ and x_τ are fixed points of g_τ and f_τ respectively. Hence |g^′_τ (y_τ )| = |f^′_τ (x_τ )| and equivalence of this condition with condition (1) of Theorem 2.1 finishes the proof. ♣

References

[MU] R.D. Mauldin, M. Urbanski, Dimensions and measures in infinite iterated function systems, Proc. London Math. Soc. (3) 73(1996), 105-154.

[PT] F. Przytycki, F. Tangerman, Cantor sets in the line: Scaling functions of the shift map, Preprint 1992.

[S1] D. Sullivan, Quasiconformal homeomorphisms in dynamics, topology, and geometry, Proc. International Congress of Mathematicians, A.M.S. (1986), 1216-1228. [S2] D. Sullivan, Differentiable structures on Fractal-like sets, Determined by Intrinsic Scaling functions on Dual Cantor sets, The Mathematical Heritage of Herman Weyl, A.S Proc. Symp. Pure Math. 48 (1988).