Dec 31, 1998

Hausdorff measures versus equilibrium states of conformal infinite iterated function systems

Mariusz Urbański^1

Department of Mathematics, University of North Texas, Denton, TX 76203-5118, USA e-mail: urbanski@unt.edu

Abstract. In this paper, similarly as in [HU] and [HMU], we introduce and develope the ergodic theory of Hölder systems of functions. In the context of conformal infinite iterated function systems we prove the volume lemma, the Billingsley type result, for the Hausdorff dimension of the projection onto the limit set of a shift invariant measure. Our central result is to demonstrate in this context the appearence for equilibrium states the ”singularity-absolute contnuity” dichotomy observed in [PUZ,I] and [PUZ,II] (comp. also [DU1] and [DU2]) in the setting of rational functions of the Riemann sphere.

1Research partially supported by NSF Grant DMS 9801583.

§1. Introduction, Preliminaries. The main goal of this paper is to develope the ergodic theory of Hölder systems of functions (comp. also [HU] and [HMU]) and to demonstrate in the context of conformal infinite iterated function systems the existence of phenomena observed in [PUZ,I] and [PUZ,II] (comp. also [DU1] and [DU2]) in the setting of rational functions of the Riemann sphere. Let us recall now that in [MU1] we have provided the framework to study conformal infinite iterated function systems. In order to recall this notion and its basic properties let X be a nonempty compact subset of a Euclidean space IR^d. Let I be a countable index set with at least two elements and let S = {ϕ_i : X → X : i ∈ I} be a collection of injective contractions from X into X for which there exists 0 < s < 1 such that ρ(ϕ_i(x), ϕ_i(y)) ≤ sρ(x, y) for every i ∈ I and for every pair of points x, y ∈ X. Thus, the system S is uniformly contractive. Any such collection S of contractions is called a hyperbolic iterated function system. We are particularly interested in the properties of the limit set defined by such a system. We can define this set as the image of the coding space under a coding map as follows. Let I^∗ = ⋃ n≥1 I^n, the space of finite words, and for ω ∈ I^n, n ≥ 1, let ϕ_ω = ϕ_{ω1} ∘ ϕ_{ω2} ∘ · · · ∘ ϕ_{ωn} . If ω ∈ I^∗ ∪ I^∞ and n ≥ 1 does not exceed the length of ω, we denote by ω|_n the word ω_1ω_2 . . . ω_n. Since given ω ∈ I^∞, the diameters of the compact sets ϕ_{ω|n} (X), n ≥ 1, converge to zero and since they form a descending family, the set ∞⋂ n=0 ϕ_{ω|n} (X)

is a singleton and therefore, denoting its only element by π(ω), defines the coding map π : I^∞ → X. The main object of our interest will be the limit set

J = π(I^∞) = ⋃ ω∈I^∞ ∞⋂ n=1 ϕ_{ω|n}(X),

Observe that J satisfies the natural invariance equality, J = ⋃ i∈I ϕ_i(J). Notice that if I is finite, then J is compact. However, our main interest concerns systems S which are infinite.

An iterated function system S = {ϕ_i : X → X : i ∈ I}, is said to satisfy the Open Set Condition (abbreviated (OSC)) if there exists a nonempty open set U ⊂ X (in the topology of X) such that ϕ_i(U) ⊂ U for every i ∈ I and ϕ_i(U) ∩ ϕ_j (U) = ∅ for every pair i, j ∈ I, i ≠ j. A hyperbolic iterated function system S satisfying (OSC), is said to be conformal (c.i.f.s.) if the following conditions are satisfied.

(a) X is a compact connected subset of a Euclidean space IR^d and U = Int_{IR}d (X). (b) There exist α, l > 0 such that for every x ∈ ∂X ⊂ IR^d there exists an open cone Con(x, u_x, α, l) ⊂ Int(X) with vertex x, direction vector u_x, central angle of Lebesgue measure α, and altitude l.

(c) There exists an open connected set X ⊂ V ⊂ IR^d such that all maps ϕ_i, i ∈ I, extend to C^{1+ε} diffeomorphisms on ϕ_i : V → V and are conformal on V .

(d) Bounded Distortion Property(BDP). There exists K ≥ 1 such that |ϕ^′_ω(y)| ≤ K|ϕ^′_ω(x)| for every ω ∈ I^∗ and every pair of points x, y ∈ V , where |ϕ^′_ω(x)| means the norm of the derivative.

We provide below without proofs all the geometrical consequences of the bounded distortion property (d) derived in [MU1]. We have for all words ω ∈ I^∗ and all convex subsets C of V (BDP1) diam(ϕ_ω(C)) ≤ ||ϕ^′_ω||diam(C) and (BDP2) diam(ϕ_ω(V )) ≤ D||ϕ^′_ω||,

where the norm ||·|| is the supremum norm taken over V and D ≥ 1 is a universal constant. Moreover,

(BDP3) diam(ϕ_ω(X)) ≥ D^{−1}||ϕ^′_ω|| and (BDP4) ϕ_ω(B(x, r)) ⊃ B(ϕ_ω(x), K^{−1}||ϕ^′_ω||r), for every x ∈ X, every 0 < r ≤ dist(X, ∂V ), and every word ω ∈ I^∗. Also, there exists 0 < β ≤ α such that for all x ∈ X and for all words ω ∈ I^∗

(BDP5) ϕ_ω(Int(X)) ⊃ Con ( ϕ_ω(x), β, D^{−1}||ϕ^′_ω|| ) ⊃ Con ( ϕ_ω(x), β, D^{−2}diam(ϕ_ω(V )) ) , where Con ( ϕ_ω (x), β, D^{−1}||ϕ^′_ω|| ) and Con ( ϕ_ω(x), β, D^{−2}diam(ϕ_ω(V )) ) denote some cones with vertices at ϕ_ω(x), angles β, and altitudes D^{−1}||ϕ^′_ω|| and D^{−2}diam(ϕ_ω(V )) respectively. Frequently, refering to (BDP) we will mean either (BDP) itself or one of the properties (BDP1)-(BDP5). We will need also the following result stated in [MU1] as Lemma 2.6, where S^{d−1} is the d − 1-dimensional unit sphere containd in IR^d and λ_{d−1} is the d − 1- dimensional Lebesgue measure in IR^d.

Lemma 1.1. If S is a conformal iterated function system, then for every x ∈ X and every integer n ≥ 1, we have #π^{−1}_n (x) ≤ λ_{d−1}(S^{d−1})/β. In particular, S is uniformly pointwise finite. More precisely sup_{x∈X} #{i ∈ I : x ∈ ϕ_i(X)} ≤ λ_{d−1}(S^{d−1})/β < ∞.

Our paper is organized as follows, In the second section which is introductory but interesting itself, similarly as in [HU] and [HMU], we introduce and develope the ergodic theory of Hölder systems of functions proving basic theorems concerning topological pressure, Perron-Frobenius operator, conformal and invariant measures and equilibrium states. The third section, similarly as in [HMU] is devoted to prove the volume lemma in our setting, the result proved many times in various contexts beginning from the classical work of Billingsley. The 4th section dealing with the Ionescu-Tulcea and Marinescu theorem and its spectral consequences improves on some considerations from [DU1] and [DU2]. Section 5 is modelled mainly on Section 3 of [DU1] and is devoted to derive stochastic consequences of the Ionescu-Tulcea and Marinescu theorem. The last section, Section 6, containing central conclusions combines and developes the approach from [DU1], [PUZ,I], and [PUZ,II] and adjusts it to the context of conformal iterated function systems.

§2. Thermodynamic formalism for iterated function systems. As in the previous section let I be a countable alphabet, let I^∗ = ⋃ n≥1 I^n be the space of all finite words and let Σ = I^∞ be the infinitely dimensional shift space equipped with the product topology. Denote by σ : Σ → Σ be the shift transformation (cutting out the first coordinate), σ({x_n}^∞_{n=1}) = ({x_n}^∞_{n=2}). We also consider σ : I^∗ → I^∗ ∪ {∅} defined similarly, σ(ω_1ω_2, . . . , ω_n) = (ω_2, . . . , ω_n), σ(ω_1) = ∅. Fix β > 0. In this section S = {ϕ_i : X → X : i ∈ I} is a hyperbolic iterated function system and ϕ = {ϕ^{(i)} : X → IR : i ∈ I} is a family of continuous functions such that if

V_n(ϕ) = sup_{ω∈In} sup_{x∈X}{|ϕ^{(ω1)}(ϕ_{σ(ω)}(x)) − ϕ^{(ω1)}(ϕ_{σ(ω)}(y))|}e^{βn},

then

(2.1) V_β (ϕ) = sup_{n≥1}{V_n(ϕ)} < ∞

and L_ϕ(11) ∈ C(X), where 11 is the function identically equal to 1 and

L_ϕ(ψ)(x) = ∑ i∈I e^{ϕ(i)(x)}ψ(ϕ_i(x)), ψ ∈ C(X),

is the associated Perron-Frobenius operator. The family ϕ is then called a Hölder system of functions of order β. Notice that then L_ϕ acts on C(X) as a continuous operator and ||L_ϕ||_0 ≤ L_ϕ(11). Let L^∗_ϕ : C(X)^∗ → C(X)^∗ be the dual operator and following [Bo] define the following map on the space of probability measures on X:

ν → L^∗_ϕ(ν) L^∗_ϕ(ν)(11)

This map is continuous and therefore in view of the Shauder-Tichonov theorem it has a fixed point, say m_ϕ. Thus

(2.2) L^∗_ϕ(m_ϕ) = λm_ϕ, where λ = L^∗_ϕ(m_ϕ)(11). Following the classical thermodynamic formalism we define the

topological pressure of ϕ by setting

P(ϕ) = lim_{n→∞} 1 n log ∑ |ω|=n

‖ ‖ ‖ ‖ ‖ exp n∑ j=1 ϕ^{ωj} ∘ ϕ_σj_ω ‖ ‖ ‖ ‖ ‖_0

= lim_{n→∞} 1 n log ∑ |ω|=n exp sup X n∑ j=1 ϕ^{ωj} ∘ ϕ_σj_ω ,

where ‖ · ‖_0 denotes the supremum norm. Notice also that the limit above exists indeed

since the partition function

Z_n(ϕ) = log ∑ |ω|=n

‖ ‖ ‖ ‖ ‖exp n∑ j=1 ϕ^{ωj} ∘ ϕ_σj_ω ‖ ‖ ‖ ‖ ‖ 0 is subadditive. Given n ≥ 1 and ω ∈ I^n denote ∑_n j=1 ϕ^{(ωj )} ∘ ϕ_σj_ω : X → IR by S_ω(ϕ) :

X → IR. Let us then prove the following.

Lemma 2.1. If x, y ∈ ϕ_τ (X) for some τ ∈ I^∗, then for all ω ∈ I^∗ |S_ω(ϕ)(x) − S_ω(ϕ)(y)| ≤ V (ϕ) 1 − e^{−β} e^{−β|τ|} Proof. Let n = |ω|. Write x = ϕ_τ (u), y = ϕ_τ (w), where u, w ∈ X. By (2.1) we get | | | | | n∑ j=1 ϕ^{(ωj )}(ϕ_σj_ω(x)) − n∑ j=1 ϕ^{(ωj )}(ϕ_σj_ω(y)) | | | | | = | | | | | n∑ j=1 ϕ^{(ωτ)j} ∘ ϕ_σj_{ωτ} (u) − n∑ j=1 ϕ^{(ωτ)j} ∘ ϕ_σj_{ωτ} (w) | | | | | ≤ n∑ j=1 | | |ϕ^{(ωτ)j} ∘ ϕ_σj_{ωτ} (u) − ϕ^{(ωτ)j} ∘ ϕ_σj_{ωτ} (w) | | |

≤ n∑ j=1 V (ϕ)e^{−β(n+|τ|−j)}

≤ V (ϕ) 1 − e^{−β} e^{−β|τ|} The proof is finished.

Remark. We allow in Lemma 2.1 τ to be the empty word ∅. Then ϕ_∅ = Id_X and |∅| = 0. Set Q = exp ( V (ϕ) 1 − e^{−β} ) .

We shall prove the following.

Lemma 2.2. The eigenvalue λ (see 2.2) of the dual Perron-Frobenius operator is equal to e^{P(ϕ)}.

Proof. Iterating (2.2) we get

λ^n = λ^nm_ϕ(11) = L^{∗n}_ϕ (11) = ∫ X L^n_ϕ(11)dm_ϕ = ∫ X ∑ |ω|=n exp(S_ω(ϕ)(x)) ≤ ∑ |ω|=n || exp(S_ω(ϕ))||_0. So, log λ ≤ lim_{n→∞} 1 n log ∑ |ω|=n || exp(S_ω(ϕ))||_0 = P(ϕ).

Fix now ω ∈ I^n and take a point x_ω where the function S_ω(ϕ) takes on its maximum. In view of Lemma 2.1, for every x ∈ X we have ∑ |ω|=n exp(S_ω(ϕ)(x)) ≥ Q^{−1} ∑ |ω|=n exp(S_ω(ϕ)(x_ω)) = Q^{−1} ∑ |ω|=n || exp(S_ω(ϕ))||_0.

Hence, iterating (2.2) as before,

λ^n = ∫ X ∑ |ω|=n exp(S_ω(ϕ))dm_ϕ ≥ Q^{−1} ∑ |ω|=n || exp(S_ω(ϕ))||_0.

So, log λ ≥ lim_{n→∞}^1_n log ∑ |ω|=n || exp(Sω(ϕ))||0 = P(ϕ). The proof is finished.

Let L_0 denote the normalized Perron-Frobenius operator, i.e. L_0 = e^{−P(ϕ)}L_ϕ. We shall prove the following.

Proposition 2.3. m_ϕ(J) = 1. Proof. Since by (2.2) and Lemma 2.2

(2.3) L^∗_0(m_ϕ) = m_ϕ

and consequently L^{∗n}_0 (m_ϕ) = m_ϕ for all n ≥ 0, we have

(2.4) ∫ X ∑ |ω|=n exp ( S_ω(ϕ) − P(ϕ)n ) · (f ∘ ϕ_ω)dm_ϕ = ∫ X fdm_ϕ for all n ≥ 0 and all continuous functions f : X → IR. Since this equality extends to all bounded measurable functions f, we get

(2.5) m_ϕ(A) = ∑ τ∈I^n ∫ exp ( S_τ (ϕ)−P(ϕ)n ) ·11_{ϕω (A)} ∘ϕ_τ dm_ϕ ≥ ∫ A exp ( S_ω(ϕ)−P(ϕ)n ) dm_ϕ for all n ≥ 0, all ω ∈ I^n, and all Borel sets A ⊂ X, where 11_E is the characteristic function

of the set E. Now, for each n ≥ 1 set X_n = ⋃ |ω|=n ϕω (X). Then 11Xn ∘ ϕω = 11 for all

ω ∈ I^n. Thus apllying (2.4) to the function f = 11_{Xn} and later to the function f = 11, we

obtain

m_ϕ(X_n) = ∫ X ∑ |ω|=n exp ( S_ω(ϕ) − P(ϕ)n ) · (11_{Xn} ∘ ϕ_ω)dm_ϕ

= ∫ X ∑ |ω|=n exp ( S_ω(ϕ) − P(ϕ)n ) dm_ϕ = ∫ 11dm_ϕ = 1.

Hence m_ϕ(J) = m_ϕ (⋂ n≥1 X_n ) = 1. The proof is complete.

Theorem 2.4. For all n ≥ 1

Q^{−1} ≤ L^n_0 (11) ≤ Q.

Proof. Given n ≥ 1 by (2.4) there exits x_n ∈ X such that L^n_0 (11)(x_n) ≤ 1. It then follows

from Lemma 2.1 that for every x ∈ X, L^n_0 (11) ≤ Q. Similarly by (2.4) there exists y_n ∈ X

such that L^n_0 (11) ≥ 1. It then follows from Lemma 2.1 that for every x ∈ X, L^n_0 (11) ≥ Q^{−1}.

The proof is finihed.

If ω ∈ I^∗ set [ω] = {τ ∈ I^∞ : τ|_{|ω|} = ω}. We shall prove the following.

Lemma 2.5. There exixts a unique Borel probability measure m̃_ϕ on I^∞ such that

m̃_ϕ([ω]) = ∫ exp ( S_ω(ϕ) − P(ϕ)|ω| ) dm_ϕ for all ω ∈ I^∗.

Proof. In view of (2.4), ∫ exp ( S_ω(ϕ) − P(ϕ)n ) dm_ϕ = 1 for all n ≥ 1 and therefore one can

define a Borel probability measure m_n on C_n, the algebra generated by the cylinder sets

of the form [ω], ω ∈ I^n, putting m_n([ω]) = ∫ exp ( S_ω(ϕ) − P(ϕ)n ) dm_ϕ. Hence, applying

(2.4) again we ge for all ω ∈ I^n.

m_{n+1}([ω]) = ∑ i∈I m_{n+1}([ωi]) = ∑ i∈I ∫ exp ( S_{ωi}(ϕ) − P(ϕ)(n + 1) ) dm_ϕ

= ∫ ∑ i∈I exp n∑ j=1 ϕ^{(ωj )} ∘ ϕ_σj_{(ωi)} − P(ϕ)n + ϕ^{(i)} − P(ϕ) dm_ϕ

= ∫ ∑ i∈I exp ( S_ω ∘ ϕ_i − P(ϕ)n ) exp ( ϕ^{(i)} − P(ϕ) ) dm_ϕ = ∫ L_0 ( exp(S_ω(ϕ) − P(ϕ)n) ) dm_ϕ = ∫ exp ( S_ω(ϕ) − P(ϕ)n ) dm_ϕ = m_n([ω])

and therefore in view of Kolmogorov’s extension theorem there exists a unique probability

measure m̃_ϕ on I^∞ such that m̃_ϕ([ω]) = m̃_{|ω|}([ω]) for all ω ∈ I^∗. The proof is complete.

As an immediate consequence of this lemma and Lemma 2. 1we see that if R is a collection of incomparable words such that ⋃ ω∈R[ω] = I^∞, then we have (2.5) 1 ≤ ∑ ω∈R || exp ( S_ω(ϕ) − P(ϕ)|ω| ) ||_0 ≤ Q and Q^{−1} ≤ ∑ ω∈R inf_X exp ( S_ω(ϕ) − P(ϕ)|ω| ) ≤ 1. Lemma 2.6. The measures m_ϕ and m̃_ϕ ∘ π^{−1} are equal.

Proof. Let A ⊂ J be an arbitrary closed subset of J and for every n ≥ 1 let A_n = {ω ∈ I^n : ϕ_ω(X) ∩ A ≠ ∅}. In view of (2.4) applied to the characteristic function 11_A we have for all n ≥ 1

m_ϕ(A) = ∑ ω∈I^n ∫ exp ( S_ω(ϕ) − P(ϕ)|ω| ) (11_A ∘ ϕ_ω) dm_ϕ = ∑ ω∈A_n ∫ exp ( S_ω(ϕ) − P(ϕ)|ω| ) (11_A ∘ ϕ_ω) dm_ϕ ≤ ∑ ω∈A_n ∫ exp ( S_ω(ϕ) − P(ϕ)|ω| ) dm_ϕ = ∑ ω∈A_n m̃_ϕ([ω]) = m̃_ϕ ( ⋃ ω∈A_n [ω] )

Since the family of sets { ⋃ ω∈A_n [ω] : n ≥ 1} is descending and ⋂ n≥1 ⋃ ω∈A_n [ω] = π −1(A) we therefore get m_ϕ(A) ≤ lim_{n→∞} m̃_ϕ (⋃ ω∈A_n [ω] ) = m̃_ϕ(π^{−1}(A)). Since both measures m_ϕ and m̃_ϕ ∘ π^{−1} are regular (as J is a metric separable space), this inequality extends to the family of all Borel subsets of J. Since both measures are probabilistic we get m_ϕ = m̃_ϕ ∘ π^{−1}. The proof is finished.

Let us recall that in the beginning of this section by σ : I^∞ → I^∞ we have denoted the left shift map (cutting out the first coordinate) on I^∞. We also recall that a measure preserving endomorphism is said to be totally ergodic if and only if all its (positive) iterates are ergodic. Now we shall prove that the shift map σ : I^∞ → I^∞ has a unique invariant (totally ergodic) probability measure equivalent with m̃_ϕ.

Theorem 2.7. There exists a unique σ-invariant probability measure μ̃_ϕ absolutely continuous with respect to m̃_ϕ. Moreover μ̃_ϕ is equivalent with m̃_ϕ, Q^{−1} ≤ dμ̃_ϕ/dm̃_ϕ ≤ Q and the dynamical system σ : I^∞ → I^∞ is totally ergodic with respect to the mesure μ̃_ϕ. Proof. First notice that, using Lemma 2.5 and Lemma 2.1, for each ω ∈ I^∗ and each n ≥ 0 we have

m̃_ϕ(σ^{−n}([ω])) = ∑ τ∈I^n m̃_ϕ([τω]) = ∑ τ∈I^n ∫ | exp ( S_{τω}(ϕ) − P(ϕ)|τω| ) dm_ϕ ≥ ∑ τ∈I^n Q^{−1}|| exp ( S_τ (ϕ) − P(ϕ)|τ| ) ||_0 ∫ exp ( S_ω(ϕ − P(ϕ)|ω| ) dm_ϕ = Q^{−1} ∫ exp ( S_ω(ϕ − P(ϕ)|ω| ) dm_ϕ ∑ τ∈I^n || exp ( S_τ (ϕ − P(ϕ)|τ| ) ||_0 ≥ Q^{−1}m̃_ϕ([ω])m̃_ϕ(I^∞) = Q^{−1}m̃_ϕ([ω]) and m̃_ϕ(σ^{−n}([ω])) = ∑ τ∈I^n m̃_ϕ([τω]) = ∑ τ∈I^n ∫ exp ( S_{τω}(ϕ − P(ϕ)|τω| ) dm_ϕ ≤ ∑ τ∈I^n || exp ( S_τ (ϕ − P(ϕ)|τ| ) ||_0 ∫ exp ( S_ω(ϕ) − P(ϕ)|ω| ) dm_ϕ = ∫ exp ( S_ω(ϕ) − P(ϕ)|ω| ) dm_ϕ ∑ τ∈I^n || exp ( S_τ (ϕ) − P(ϕ)|τ| ) ||_0 ≤ Qm̃_ϕ([ω]). Let now L be a Banach limit defined on the Banach space of all bounded sequences

of real numbers. We define μ([ω]) = L ( (m̃_ϕ(σ^{−n}([ω])))_{n≥0} ) . Hence Q^{−1}m̃_ϕ([ω]) ≤

μ([ω]) ≤ Qm̃_ϕ([ω]) and therefore it is not difficult to check that the formula μ(A) = L ( (m̃_ϕ(σ^{−n}(A)))_{n≥0} ) defines a finite non-zero finitely additive measure on Borel sets of

I^∞ satisfying Q^{−1}m̃_ϕ(A) ≤ μ(A) ≤ Qm̃_ϕ(A). Using now a Calderon’s theorem (see The-

orem 3.13 of [Fr]) and its proof, one constructs a Borel probability (σ-additive) measure

μ̃_ϕ on I^∞ satisfying the formula

Q^{−1}m̃_ϕ(A) ≤ μ̃_ϕ(A) ≤ Qm̃_ϕ(A)

for all Borel sets A ⊂ I^∞ with perhaps a larger constant Q. Thus, to complete the proof of

our theorem we only need to show the total ergodicity of μ̃_ϕ or equivalently of m̃_ϕ. Toward

this end take a Borel set A ∈ I^∞ with m̃_ϕ(A) > 0. Using Lemma 2.5 and Lemma 2.1

it is straightforward to check that for every ω ∈ I^∗, m̃_ϕ(ωA) ≥ Q^{−1}|| exp ( S_ω(ϕ) − P(ϕ)|ω| ) ||_0m̃_ϕ(A) > 0, where ωA = {ωρ : ρ ∈ A}. Hence, since the nested family of

sets {[τ] : τ ∈ I^∗} generates the Borel σ-algebra on I^∞, for every n ≥ 0 and every ω ∈ I^n

we can find a subfamily Z of I^∗ consisting of mutually incomparable words and such that A ⊂ ⋃ {[τ] : τ ∈ Z} and ∑ τ∈Z m̃_ϕ([ωτ]) ≤ 2m̃_ϕ(ωA). Then m̃_ϕ ( σ^{−n}(A) ∩ [ω] ) = m̃_ϕ(ωA) ≥ 1 2 ∑ τ∈Z m̃_ϕ([ωτ]) = 1 2 ∑ τ∈Z ∫ | exp ( S_{ωτ} (ϕ − P(ϕ)|ωτ| ) dm_ϕ ≥ 1 2 Q^{−1}| exp ( S_ω(ϕ − P(ϕ)|ω| ) ||_0 ∑ τ∈Z ∫ | exp ( S_τ (ϕ − P(ϕ)|τ| ) dm_ϕ ≥ 1 2 Q^{−1} ∫ exp ( S_ω(ϕ − P(ϕ)|ω| ) dm ∑ τ∈Z m̃_ϕ([τ]) ≥ 1 2 Q^{−1}m̃_ϕ([ω])m̃_ϕ ( ( ⋃ {[τ] : τ ∈ Z} ) ≥ 1 2 Q^{−1}m̃_ϕ(A)m̃_ϕ([ω]).

Therefore m̃_ϕ ( σ^{−n}(I^∞\A)∩[ω] ) = m̃_ϕ ( [ω]\(σ^{−n}(A)∩[ω]) ) = m̃_ϕ([ω])−m̃_ϕ ( σ^{−n}(A)∩[ω] ≤ ( 1 − (2Q)^{−1}m̃_ϕ(A) ) m̃_ϕ([ω]). Hence for every Borel set B ⊂ I^∞ with m̃_ϕ(B) < 1, for every

n ≥ 0, and for every ω ∈ I^n we get

(2.6) m̃_ϕ(σ^{−n}(B) ∩ [ω] ) ≤ ( 1 − (2Q)^{−1}(1 − m̃_ϕ(B)) ) m̃_ϕ([ω]).

In order to conclude the proof of the complete ergodicity of σ fix r ≥ 1, and suppose that

σ^{−r}(B) = B with 0 < m̃_ϕ(B) < 1. Put γ = 1 − (2Q)^{−1}(1 − m̃_ϕ(B)). Note that 0 < γ < 1.

In view of (2.6), for every ω ∈ (I^r)^∗ we get m̃_ϕ(B ∩ [ω]) = m̃_ϕ(σ^{−|ω|}(B) ∩ [ω] ) ≤ γm̃_ϕ([ω]).

Take now η > 1 so small that γη < 1 and choose a subfamily R of (I^r)^∗ consisting of

mutually incomparable words and such that B ⊂ ⋃ {[ω] : ω ∈ R} and m̃_ϕ (⋃ {[ω] : ω ∈ R} ) ≤ ηm̃_ϕ(B). Then m̃_ϕ(B) ≤ ∑ ω∈R m̃_ϕ(B ∩ [ω]) ≤ ∑ ω∈R γm̃_ϕ([ω]) = γm̃_ϕ (⋃ {[ω] : ω ∈ R} ) ≤ γηm̃_ϕ(B) < m̃_ϕ(B). This contradiction finishes the proof.

Theorem 2.8. m_ϕ is the only probability measure m satisfying L_0(m) = m.

Proof. Since m_ϕ satisfies this equality we are only left to prove its uniqueness. So, let m_1

be another such a measure and let m̃_1 be the probability measure produced in Lemma 2.5

applied to the measure m_1. Then for every ω ∈ I^∗ we have Q^{−1} ≤ m̃_1([ω])/m̃_ϕ([ω]) ≤ Q,

whence m̃_1 and m̃_ϕ are equivalent and the Radon-Nikodym derivative ρ =^{dm̃1}_{dm̃ϕ} satisfies

Q^{−1} ≤ ρ ≤ Q. We also have m̃_ϕ([σ(ω)]) = ∫ exp ( S_{σ(ω)}(ϕ)−P(ϕ)|σ(ω)| ) dm_ϕ and therefore

m̃_ϕ([ω]) = ∫ exp ( S_ω(ϕ) − P(ϕ)|ω| ) dm_ϕ = ∫ exp ( ϕ^{(ω1 )}(ϕ_{σ(ω)}(x)) − P(ϕ) ) exp ( S_{σ(ω)}(ϕ)(x) − P(ϕ)|σ(ω)| ) dm_ϕ(x). Hence

inf{exp ( ϕ^{(ω1 )}(x) − P(ϕ) ) : x ∈ ϕ_{σ(ω)}(X)}m̃_ϕ([σ(ω)]) ≤ m̃_ϕ([ω])

≤ sup{exp ( ϕ^{(ω1)}(x) − P(ϕ) ) : x ∈ ϕ_{σ(ω)}(X)}m̃_ϕ([σ(ω)]). Since ϕ^{(ω1 )} is a continuous function on X we thus obtain that for every ω ∈ I^∞

(2.7) lim_{n→∞} m̃_ϕ ( [ω|_n] ) m̃_ϕ ( [σ(ω)|_{n−1}] ) = exp ( ϕ^{(ω1)}(π(σ(ω))) − P(ϕ) )

and the same formula is true with m̃_ϕ replaced by m̃_1. In view of Theorem 2.7 there exists

a set of points ω ∈ I^∞ with m̃_ϕ measure 1 for which the Radon-Nikodym derivatives ρ(ω)

and ρ(σ(ω)) both are defined. Let ω ∈ I^∞ be such a point. Then using (2.7) and its

version for m̃_1 we obtain ρ(ω) = lim_{n→∞} ( m̃_1 ( [ω|_n] ) m̃_ϕ ( [ω|_n] ) ) = lim_{n→∞} ( m̃_1 ( [ω|_n] ) m̃_1 ( [σ(ω)|_{n−1}] ) · m̃_1 ( [σ(ω)|_{n−1}] ) m̃_ϕ ( [σ(ω)|_{n−1}] ) · m̃_ϕ ( [σ(ω)|_{n−1}] ) m̃_ϕ ( [ω|_n] ) )

= exp ( ϕ^{(ω1 )}(π(σ(ω))) − P(ϕ) ) ρ(σ(ω)) exp ( ϕ^{(ω1)}(π(σ(ω))) − P(ϕ) = ρ(σ(ω))

But since, in view of Theorem 2.7, σ is ergodic with respect to m̃_ϕ, we conclude that ρ

is m̃_ϕ-almost everywhere constant. Since moreover m̃_1 and m̃_ϕ are both probabilistic and

equivalent, m̃_1 = m̃_ϕ. So, applying Lemma 2.6 finishes the proof.

We call a Borel probability measure m on J, ϕ-conformal if

(2.8) m(ϕ_ω(X)) = ∫ exp ( S_ω(ϕ) − P(ϕ)|ω| ) dm, ω ∈ I^∗ and (2.9) m(ϕ_ω(X) ∩ ϕ_τ (X)) = 0

for all incomparable words ω, τ ∈ I^∗. Notice that in fact it suffices to require (2.8) and (2.9) to hold for words of length 1. Now we shall prove the existence (and uniqueness) of ϕ-conformal measures. In fact we shall show that every measure fulfilling slightly weaker requirements than being a fixed point of the dual operator L^∗_0, is conformal.

An iterated function system {ϕ_i : i ∈ I} by definition does not have ovrlaps if ϕ_i(X) ∩ ϕ_j (X) = ∅ for all i, j ∈ I, i ≠ j.

Lemma 2.9. Suppose that the iterated function system {ϕ_i : i ∈ I} does not have overlaps or it is conformal. A Borel probability measure ν on X is ϕ-conformal if and only if ν(ϕ_ω (A)) ≥ ∫ A exp ( S_ω(ϕ) − P(ϕ) ) dν for all ω ∈ I^∗ and for all Borel subsets A of X.

Proof. That conformal measures satisfy the requirements appearing in this lemma follows immediately from their definition. In order to prove the harder part first we shall show that condition (2.9) is satisfied, then that ν(J) = 1, and finally that (2.8) holds. If the system does not have overlaps then (2.9) is immediate. So, suppose that it is conformal and suppose on the contrary that ν(ϕ_ρ(X) ∩ ϕ_τ (X)) > 0 for some q ≥ 1 and two distinct words ρ, τ ∈ I^q. Let E = ϕ_ρ(X) ∩ ϕ_τ (X) and for every n ≥ 1 let E_n = ⋃ ω∈I^n ϕω(E). Since each element of E_n admits at least two different codes of length n + q which agree on the initial segment of length n, it follows from Lemma 1.1 that ⋂_∞ k=1 ⋃_∞ n=k E_n = ∅. On the other hand, by (2.5) and Lemma 1.1, we get ν(E_n) ≥ Q^{−1}βλ_{d−1}S^{d−1}ν(E), thus ν (⋂_∞ k=1 ⋃_∞ n=k E_n ) ≥ Q^{−1}βλ_{d−1}S^{d−1}ν(E) > 0. This contradiction shows that

(2.10) ν(ϕ_ρ(X) ∩ ϕ_τ (X)) = 0

for all incomparable words ρ, τ ∈ I^∗. From now on the proof runs simultaneously for confromaI systems and those without overlaps. In order to show that ν(J) = 1 suppose to the contrary that ν(X \ J) > 0. In view of (2.10) for all ω ∈ I^∗ we have ν(ϕ_ω(X \ J) ∩ J) = ν (⋃ τ∈I^{|ω|} ϕω(X \ J) ∩ ϕτ (J) ) ≤ ∑ τ∈I^{|ω|} ν(ϕω(X \ J) ∩ ϕτ (J)) = 0. Hence setting E_n = ⋃ ω∈I^n ϕω(X \ J) we get ν ( J ∩ ⋃ n≥1 E_n ) = 0. On the other hand, as above, ν(E_n) ≥ Q^{−1}ν(X \ J) (because of (2.10) we could skip the factor βλ^{−1}_{d−1}(S^{d−1}) here) and therefore ν (⋂_∞ k=1 ⋃_∞ n=k E_n ) ≥ K^{−δ}ν(X \ J) > 0. Moreover ∞⋂ k=1 ∞⋃ n=k E_n ⊂ ∞⋂ k=1 (^∞⋃ n=k ⋃ ω∈I^n ϕ_ω(X) ) = ∞⋂ k=1 ⋃ ω∈I^k ϕ_ω(X) = J. Combining the formulae occuring at the ends of the last three sentences we fall into a contradiction which proves that ν(J) = 1.

Now we need and we are in position to prove, that the measure m_ϕ is ϕ-conformal. Indeed, m_ϕ satisfies all conditions placed in the right-hand side of Lemma 2.9. Moreover, using (2.10), (2.3), and Lemma 2.5, given an integer n ≥ 1, we can write 1 = m_ϕ(X) = m_ϕ (⋃ ω∈I^n ϕω(X) ) = ∑ ω∈I^n mϕ(ϕω(X)) ≥ ∑ ω∈I^n ∫ exp ( S_ω(ϕ) − P(ϕ)|ω| ) dm_ϕ = 1.

Therefore m_ϕ(ϕ_ω(X)) = ∫ exp ( S_ω(ϕ) − P(ϕ)|ω| ) dm_ϕ for all ω ∈ I^n. Define now two finite measures m_1 and m_2 on X in the following way: m_1(A) = ∫ exp ( S_ω(ϕ) − P(ϕ)|ω| ) dm_ϕ and m_2(A) = m_ϕ(ϕ_ω(A)). Since we know that m_1(X) = m_2(X) and m_1(A) ≤ m_2(A) for all Borel sets A, we conclude that m_1 = m_2. Hence, conformality of m_ϕ is proved. Let us now return to the measure ν. We shall show that m_ϕ is absolutely continuous with respect ν. Indeed, it follows from conformality of m_ϕ and (BDP) that Q^{−1}|| exp ( S_ω(ϕ) − P(ϕ)|ω| ) ||_0 ≤ m_ϕ(ϕ_ω(X)) ≤ || exp ( S_ω(ϕ) − P(ϕ)|ω| ) ||_0 for all ω ∈ I^∗. Since, by the assumptions, ν(ϕ_ω (X)) ≥ Q^{−1}|| exp ( S_ω(ϕ)−P(ϕ)|ω| ) ||_0, we therefore obtain m_ϕ(ϕ_ω(X)) ≤ Qν(ϕ_ω(X)). So, using (2.10), we conclude that m_ϕ is absolutely continuous with respect to ν and ρ = dm_ϕ/dν ≤ Q ν-a.e.. Repeating essentially the argument from the proof of Theorem 2.8 to show that ρ is almost everywhere constant, we proceed as follows. In view of Lemma 2.6 and Theorem 2.7 there exists a set of points ω ∈ I^∞ with m̃_ϕ measure 1 for which the Radon-Nikodym derivatives ρ ∘ π(ω) and ρ ∘ π(σ(ω)) both are defined. Let ω ∈ I^∞ be such a point. Then ρ ∘ π(ω) = lim_{n→∞} ( m_ϕ(ϕ_{ω|n} (X)) ν(ϕ_{ω|n} (X)) )

= lim_{n→∞} ( m_ϕ(ϕ_{ω|n} (X)) m_ϕ(ϕ_{σ(ω)|n−1} (X)) · m_ϕ(ϕ_{σ(ω)|n−1} (X)) ν(ϕ_{σ(ω)|n−1} (X)) · ν(ϕ_{σ(ω)|n−1} (X)) ν(ϕ_{ω|n} (X)) )

≤ lim_{n→∞} ∫ ϕ_{σ(ω)|n−1} (X) exp(ϕ (ω_1 ) − P(ϕ)) dm ϕ m_ϕ(ϕ_{σ(ω)|n−1} (X)) · ρ(π(σ(ω)))·

· lim_{n→∞} ν ( ϕ_{σ(ω)|n−1} (X) ) ∫ ϕ_{σ(ω)|n−1} (X) exp(ϕ (ω_1 )(x) − P(ϕ)) dν(x)

= exp(ϕ^{(ω1)}(π(σ(ω))) − P(ϕ))ρ(π(σ(ω))) ( exp(ϕ^{(ω1)}(π(σ(ω))) − P(ϕ)) )_{−1} = ρ(π(σ(ω))) So, by the Birkhoff ergodic theorem, ρ ∘ π(ω) is m_ϕ-a.e. constant and so is the Radon- Nikodym derivative ρ : J → [0, ∞). Keep the same symbol ρ for this value. Since both measures m and ν are probabilistic, ρ ≥ 1. In the proof of the previous theorem we were done at this point concluding that ρ = 1 since m̃_1 and m̃_ϕ were equivalent. Here an additional argument is needed. And indeed, if ρ > 1 m_ϕ-almost everywhere, define the set Z = {x ∈ J : ρ(x) = 0}. Then ν(Z) = 1 − 1/ρ > 0. We claim that

(2.11) ν((J \ Z) ∩ ϕ_ω(Z)) = 0

for all ω ∈ I^∗. Indeed, if ν((J \ Z) ∩ ϕ_ω(Z)) > 0 for some ω ∈ I^∗, then m_ϕ(ϕ_ω(Z)) ≥ m_ϕ((J \ Z) ∩ ϕ_ω(Z)) = ρν((J \ Z) ∩ ϕ_ω(Z)) > 0 which by conformality of m_ϕ implies that m_ϕ(Z) > 0. This contradiction finishes the proof of (2.11). But now it follows from (2.11) that the probability measure ν|_Z /ν(Z) satisfies the assumptions of the right-hand side of Lemma 2.9, hence from what has been proved we conclude that m_ϕ is absolutely continuous with respect to ν|_Z /ν(Z). This however contradicts the definition of the set Z and finishes the proof.

Corollary 2.10. m_ϕ is the only probability measure satisfying L^∗_0(m_ϕ) = m_ϕ and m_ϕ is ϕ-conformal. Also m_ϕ-almost every point x ∈ J has a unique representation in the form x = π(ω), ω ∈ I^∞, that is π^{−1}(x) is a singleton. In particular in view of Theorem 2.7 and Lemma 2.6 the measure μ_ϕ = μ̃_ϕ∘π^{−1} is equivalent with m_ϕ with bounded Radon-Nikodym derivatives.

In the and of this section we further investigate the σ-invariant measure μ̃_ϕ introduced in Theorem 2.7. Let ρ =^{dμ̃ϕ}_{dm̃ϕ} . We begin with the following technical result.

Lemma 2.11. The following 3 conditions are equivalent (a) ∫ −ϕdμ̃_ϕ < ∞. (b) ∑ i∈I inf(−ϕ|_{[i]}) exp(inf ϕ|_{[i]}) < ∞.

(c) H_{μ̃ϕ} (α) < ∞, where α = {[i] : i ∈ I} is the partition of I^∞ into initial cylinders of length 1.

Proof. Suppose that ∫ −ϕdμ̃_ϕ < ∞. It means that ∑ i∈I ∫ [i] −ϕdμ̃_ϕ < ∞ and consequently, using Theorem 2.7 and Lemma 2.5, we get ∞ > ∑ i∈I inf(−ϕ|_{[i]}) ∫ [i] dμ̃_ϕ = ∑ i∈I inf(−ϕ|_{[i]}) ∫ [i] ρdm̃_ϕ ≥ Q^{−1} ∑ i∈I inf(−ϕ|_{[i]})m̃_ϕ([i]) = Q^{−1} ∑ i∈I inf(−ϕ|_{[i]}) ∫ X exp(ϕ^{(i)}(x) − P(ϕ))dm_ϕ(x)

= Q^{−1}e^{−P(ϕ)} ∑ i∈I inf(−ϕ|_{[i]}) ∫ X exp(ϕ^{(i)}(x))dm_ϕ(x)

Thus ∞ > ∑ i∈I inf(−ϕ|_{[i]}) ∫ X exp(ϕ^{(i)}(x))dm_ϕ(x) ≥ ∑ i∈I inf(−ϕ|_{[i]}) exp(inf_X (ϕ^{(i)}) = ∑ i∈I inf(−ϕ|_{[i]}) exp(inf ϕ|_{[i]}).

Now suppose that ∑ i∈I inf(−ϕ|_{[i]}) exp(inf ϕ|_{[i]}) < ∞. We shall show that H_{μ̃ϕ} (α) < ∞.

So, using Theorem 2.7 again,

H_{μ̃ϕ} (α) = ∑ i∈I −μ̃_ϕ([i]) log μ̃_ϕ([i]) ≤ ∑ i∈I −Q^{−1}m̃_ϕ([i]) ( log m̃_ϕ([i]) − log Q ) .

But ∑ i∈I −Q^{−1}m̃_ϕ([i])(− log Q) = Q^{−1} log Q, so it suffices to show that ∑ i∈I −m̃_ϕ([i]) log m̃_ϕ([i]) < ∞.

But ∑ i∈I −m̃_ϕ([i]) log m̃_ϕ([i]) = ∑ i∈I −m̃_ϕ([i]) log (∫ X exp ( ϕ^{(i)} − P(ϕ) ) ) dm_ϕ ≤ ∑ i∈I −m̃_ϕ([i])(inf_X (ϕ^{(i)}) − P(ϕ)).

But ∑ i∈I m̃_ϕ([i])P(ϕ) = P(ϕ), so it suffices to show that ∑ i∈IN −m̃ϕ([i]) infX (ϕ (i)) < ∞. And indeed, ∑ i∈I −m̃_ϕ([i]) inf_X (ϕ^{(i)}) = ∑ i∈I m̃_ϕ([i]) sup_X (−ϕ^{(i)}) ≤ ∑ i∈I m̃_ϕ([i]) ( inf_X (−ϕ^{(i)}) + log Q ) .

Since ∑ i∈I m̃_ϕ([i]) log Q = log Q, it is enough to show that ∑ i∈I m̃_ϕ([i]) inf_X (−ϕ^{(i)}) < ∞.

And indeed, ∑ i∈I m̃_ϕ([i]) inf_X (−ϕ^{(i)}) = ∑ i∈I ∫ exp ( ϕ^{(i)} − P(ϕ) ) dm_ϕ inf_X (−ϕ^{(i)})

But since L_ϕ(11) ∈ C(X), ϕ^{(i)} are negative everywhere for all i large enough, say i ≥ k. Then using Lemma 2.1 again we get ∑ i≥k m̃_ϕ([i]) inf_X (−ϕ^{(i)}) ≤ e^{−P(ϕ)}Q ∑ i≥k exp(inf_X (ϕ^{(i)})) inf_X (−ϕ^{(i)})

which is finite due to our assumption. Hence, ∑ i∈IN m̃ϕ([i]) infX (−ϕ (i)) < ∞. . Finally suppose that H_{μ̃ϕ} (α) < ∞. We need to show that ∫ −ϕdμ̃_ϕ < ∞. We have ∞ > H_{μ̃ϕ} (α) = ∑ i∈I −μ̃_ϕ([i]) log ( μ̃_ϕ([i]) ) ≤ ∑ i∈I −Qm̃_ϕ([i]) ( inf(ϕ|_{[i]}) − P(ϕ) − 2 log Q) ) .

Hence ∑ i∈I −m̃_ϕ([i]) inf(ϕ|_{[i]}) < ∞ and therefore ∫ −ϕdμ̃_ϕ = ∑ i∈I ∫ [i] −ϕdμ̃_ϕ ≤ ∑ i∈I sup(−ϕ|_{[i]})m̃_ϕ([i]) = ∑ i∈I − inf(ϕ|_{[i]})m̃_ϕ([i]) < ∞.

The proof is complete.

Abusing a little bit notation we can define a function ϕ : I^∞ → IR by setting

ϕ(ω) = ϕ^{(ω1 )}(π(σ(ω))).

Since {ϕ^{(i)} : i ∈ I} is a Hölder system of functions of order β, ϕ is a Hölder continuous function of order β meaning that V_β(ϕ) = sup_{n≥1}{e^{βn}V_n(ϕ)} < ∞, where V_n(ϕ) = sup{|ϕ(ω) − ϕ(τ)| : ω|_n = τ|_n}. It is easy to see that

(2.12) P(ϕ) = lim_{n→∞} 1 n log ∑ |ω|=n exp sup τ∈[ω] n−1∑ j=0 ϕ ∘ σ^j (τ) ,

where the topological pressure P(ϕ) has been defined at the beginning of the section. It is also not difficult to check (see [HU] and [MU2]) that formula (2.12) gives the same value as the definition introduced by Sarig in [Sa]. Therefore, it follows from Theorem 3 of [Sa] that sup{h_μ(σ) + ∫ ϕdμ} = P(ϕ), where the supremum is taken over all σ-invariant probability measures such that ∫ −ϕdμ < ∞. We call a σ-invariant probability measure μ an equilibrium state of the potential ϕ if h_μ(σ) + ∫ ϕdμ = P(ϕ). We shall prove the following.

Theorem 2.12. If ∑ i∈I inf(−ϕ|_{[i]}) exp(inf ϕ|_{[i]}) < ∞, then μ̃_ϕ is an equilibrium state of the potential ϕ satisfying ∫ −ϕdμ̃_ϕ < ∞. Proof. It follows from Lemma 2.11 that ∫ −ϕdμ̃_ϕ < ∞. To show that μ̃_ϕ is an equilibrium state of the potential ϕ consider α = {[i] : i ∈ I}, the partition of I^∞ into initial cylinders of length one. By Lemma 2.11, H_{μ̃ϕ} (α) < ∞. Applying the Breiman-Shanon- McMillan theorem, the Birkhoff ergodic theorem, and using Theorem 2.7 and Lemma 2.5, we therefore get for μ̃_ϕ-a.e. ω ∈ Σ

h_{μ̃ϕ} (σ) ≥ h_{μ̃ϕ} (σ, α) = lim_{n→∞} −1 n log(μ̃_ϕ([ω|_n]))

= lim_{n→∞} −1 n log (∫ exp ( S_ω(ϕ) − P(ϕ)n ) dm_ϕ )

= lim_{n→∞} −1 n log ∫ exp (^{n−1}∑ j=0 ϕ(σ^j (ω|_nτ))dm̃_ϕ(τ) − P(ϕ)n )

≥ lim inf n→∞ −1 n log exp (^{n−1}∑ j=0 ϕ(σ^j (ω)) − log Q − P(ϕ)n )

= lim_{n→∞} −1 n n−1∑ j=0 ϕ(σ^j(ω)) + P(ϕ) = − ∫ ϕdμ̃_ϕ + P(ϕ).

Hence h_{μϕ} (σ) + ∫ ϕdμ̃_ϕ ≥ P(ϕ), which in view of the variational principle (see Theorem 3 in [Sa]) implies that μ̃_ϕ is an equilibrium state for the potential ϕ. The proof is finished.

§3. Volume Lemma. Recal that if ν is a finite Borel measure on X, then HD(ν), the Hausdorff dimension of ν, is the infimum of Hausdorff dimensions of sets of ful measure ν. From now on throughout the whole paper we assume that the system {ϕ_i : i ∈ I} is conformal. By α = {[i] : i ∈ I} we denote the partition of I^∞ into initial cylinders of length 1. If μ is a Borel shift-invariant ergodic probability measure on I^∞ by h_μ(σ) we denote its entropy with respect to the shift map σ and by χ_μ(σ) = ∫ gdμ its characteristic Lyapunov exponent, where g(ω) = − log |ϕ^′_{ω1} (π(σ(ω)))|. Note that g(ω) ≥ − log s for all ω ∈ I^∞ and therefore χ_μ(σ) ≥ − log s > 0. In this section we shall prove the following.

Theorem 3.1.(Volume Lemma) Suppose that μ is a Borel shift-invariant ergodic probability measure on I^∞ such that

(3.1) μ ∘ π^{−1} ( ϕ_ω(X) ∩ ϕ_τ ( X) ) = 0 for all incomparable words ω, τ ∈ I^∗. If (a) the series ∑ i∈I −μ([i]) log(||ϕ^′_i||_0) converges and H_μ(α) < ∞ or (b) H_μ(α) < ∞ and χ_μ(σ) < ∞

then HD(μ ∘ π^{−1}) = h_μ(σ) χ_μ(σ) , where H_μ(α) is the entropy of the partition α with respect to the measure μ. Proof. If (a) holds then the series ∑ i∈I −μ([i]) log(||ϕ^′_i||_0) converges and, using (BDP), we conclude that the function g is integrable. So, in case (a) the assumptions of (b) are also satisfied and from now on we assume that (b) holds. Since H_μ(α) < ∞ and α is a generating partition, the entropy h_μ(σ) = h_μ(σ, α) ≤ H_μ(α) is finite. Thus, in view of the Birkhoff ergodic theorem and the Breimann-Shannon-McMillan theorem there exists a set I_0 ⊂ I^∞ such that μ(I_0) = 1,

(3.2) lim_{n→∞} 1 n n−1∑ j=0 g ∘ σ^j(ω) = χ_μ(σ) and lim_{n→∞}

− log(μ([ω|_n]) n = h_μ(σ)

for all ω ∈ I_0. Fix now ω ∈ I_0 and η > 0. For r > 0 let n = n(ω, r) ≥ 0 be the least integer such that ϕ_{ω|n} (X) ⊂ B(π(ω), r). Then log ( μ ∘ π^{−1}(B(π(ω), r)) ) ≥ log ( μ ∘ π^{−1}(ϕ_{ω|n} (X)) ) ≥ log(μ([ω|_n]) ≥ −(h_μ(σ) + η)n for every r > 0 small enough (which implies that n = n(ω, r) is large enough) and diam ( ϕ_{ω|n−1} (X) ) ≥ r. The last inequality along with (BDP) imply that

log r ≤ log ( diam(ϕ_{ω|n−1} (X)) ) ≤ log ( DK|ϕ^′_{ω|n−1} (π(σ^{n−1}(ω)))| )

≤ log(DK) + n−1∑ j=1 log |ϕ^′_{ωj} (π(σ^j(ω)))| ≤ log(DK) − (n − 1)(χ_μ(σ) − η)

for all r > 0 small enough. Therefore, for these r log ( μ ∘ π^{−1}(B(π(ω), r)) ) log r ≤ −(h_μ(σ) + η)n log(DK) − (n − 1)(χ_μ(σ) − η) = h_μ(σ) + η − log(DK) n +^{n−1}_n (χ_μ(σ) − η) .

Hence letting r → 0, and consequently n(ω, r) → ∞, we obtain

lim sup r→0 log ( μ ∘ π^{−1}(B(π(ω), r)) ) log r ≤ h_μ(σ) + η χ_μ(σ) − η . Since η was an arbitrary positive number we finitely obtain

lim sup r→0 log ( μ ∘ π^{−1}(B(π(ω), r)) ) log r ≤ h_μ(σ) χ_μ(σ) for all ω ∈ I_0. Hence (see [Ma], [PU]), as μ ∘ π^{−1}(π(I_0)) = 1, HD(μ ∘ π^{−1}) ≤ h_μ(σ)/χ_μ(σ). Let now J_1 ⊂ J be an arbitrary Borel set such that μ ∘ π^{−1}(J_1) > 0. Fix η > 0. In view of (3.2) and Jegorov’s theorem there exist n_0 ≥ 1 and a Borel set J̃_2 ⊂ π^{−1}(J_1) such that μ(J̃_2) > μ(π^{−1}(J_1))/2 > 0,

(3.3) μ([ω|_n]) ≤ exp ( (−h_μ(σ) + η)n )

and |ϕ^′_{ω|n} (π(σ^n(ω))| ≥ exp ( (−χ_μ(σ) − η)n ) for all n ≥ n_0 and all ω ∈ J̃_2. Due to the (BDP), the last inequality implies that there exists n_1 ≥ n_0 such that

(3.4) diam ( ϕ_{ω|n} (X) ) ≥ (DK)^{−1}e^{(−χμ (σ)−η)n} ≥ e^{−(χμ(σ)+2η)n} for all n ≥ n_1 and all ω ∈ J̃_2. Given now 0 < r < exp(−(χ_μ(σ) + 2η)n_1 ) and ω ∈ J̃_2 let n(ω, r) ≥ 0 be the least number n such that diam ( ϕ_{ω|n+1} (X) ) < r. Using (3.4) we deduce that n(ω, r) + 1 > n_1, hence n(ω, r) ≥ n_1 and diam ( ϕ_{ω|n} (X) ) ≥ r. In view of Lemma 2.7 of [MU1] there exists a universal constant L ≥ 1 such that for every ω ∈ J̃_2 and 0 < r < exp(−(χ_μ(σ) + 2η)n_1 ) there exist k ≤ L points ω^{(1)}, . . . , ω^{(k)} ∈ J̃_2 such that π(J̃_2) ∩ B(π(ω), r) ⊂ ⋃_k j=1 ϕ_ω(j)_{|n(ω(j),r)} (X). Let μ̃ = μ|_{J̃2} be the restriction of the measure

μ to the set J̃_2. Using (3.1), (3.3) and (3.4) we get

μ̃ ∘ π^{−1}(B(π(ω), r)) ≤ k∑ j=1 μ ∘ π^{−1} ( ϕ_ω(j)_{|n(ω(j),r)} (X) ) = k∑ j=1 μ ( [ω^{(j)}|_{n(ω}(j)_{,r)}] )

≤ k∑ j=1 exp ( (−h_μ(σ) + η)n(ω^{(j)}, r) )

= k∑ j=1 ( exp ( −(χ_μ(σ) + 2η)(n(ω^{(j)}, r) + 1) ))^{n(ω(j),r)} n(ω(j),r)+1 ·^{−hμ (σ)+η} −(χμ (σ)+2η)

≤ k∑ j=1 diam ( ϕ_ω(j)_{|n(ω(j),r)+1} (X) )^{n(ω(j),r)} n(ω(j),r)+1 ·^{hμ(σ)−η} χμ (σ)+2η ≤ k∑ j=1 r n(ω(j),r) n(ω(j),r)+1 ·^{hμ (σ)−η} χμ (σ)+2η

≤ Lr^{hμ (σ)−2η} χμ(σ)+2η , where the last inequality sign was written assuming n_1 so large that^{n1}_{n1+1} ·^{hμ(σ)−η}_{χμ(σ)+2η} ≥

h_μ (σ)−2η χ_μ(σ)+2η . Hence (see [Ma],[PU]), HD(J1) ≥ HD(π(

J̃_2)) ≥^{hμ (σ)−2η}

χ_μ(σ)+2η and since η was an

arbitrary number HD(J_1) ≥^{hμ(σ)}_{χμ(σ)} . Thus HD(μ ∘ π^{−1}) ≥^{hμ(σ)}_{χμ(σ)} and the proof is complete.

Remark 3.2. Note that proveing HD(μ ∘ π^{−1}) ≤^{hμ (σ)}_{χμ(σ)} we did not use the property μ([ω]) = μ ∘ π^{−1}(ϕ_ω(X)), ω ∈ I^∗, which is equivalent with (3.1).

Corollary 3.3. If {ϕ_i : i ∈ I} is a Hölder system of functions and the series ∑ i∈I −m_ϕ(ϕ_i(X)) log(||ϕ^′_i||_0) and ∑ i∈I −m_ϕ(ϕ_i(X)) log(m_ϕ(ϕ_i(X)))

converge, then

HD(m_ϕ) = HD(μ_ϕ) = h_μ(σ) χ_μ(σ) . Proof. The proof is an immediate consequence of Theorem 3.1, Lemma 2.6, and Corollary 2.10.

§4. Ionescu-Tulcea and Marinescu theorem. Let

H_0 = {f : I^∞ → CI : f is bounded and continuous}

and for every α > 0 let H_α = {f ∈ H_0 : V_α(f) < ∞}, where V_α(f) = sup { |f(ω) − f(τ)| d_α(ω, τ) : ω, τ ∈ I^∞, ω ≠ τ and ω_1 = τ_1 }

and d_α(ω, τ) = e^{−αk}, k - the maximal integer such that ω|_k = τ|_k. Notice that H_0 is a Banach space with the supremum norm || · ||_0 and each H_α is a Banach space with the norm || · ||_α defined by the formula ||f||_α = ||f||_0 + V_a(f). Now we introduce the main object of this section, the normalized Perron-Frobenius operator L_0 : H_0 → H_0 defined as follows.

L_0(f)(ω) = ∑ τ∈σ^{−1}(ω) exp ( ϕ(τ) − P(ϕ) ) f(τ) = ∑ i∈I exp ( ϕ(iω) − P(ϕ) ) f(iω),

where, let us recall from Section 2, ϕ(τ) = ϕ^{(τ1)}(π(σ(τ))).

Theorem 4.1. The normalized operator L_0 : H_0 → H_0 preserve the space H_β and moreover there exist constants 0 < γ < 1, C > 0, and an integer q ≥ 1 such that for every f ∈ H_β ||L^q_0(f)||_β ≤ γ||f||_β + C||f||_0. Proof. Let τ, ρ ∈ I^∞, τ|_k = ρ|_k and τ_{k+1} ≠ ρ_{k+1} for some k ≥ 1. Then for every n ≥ 1

L^n_0 (f)(ρ) − L^n_0 (f)(τ) = ∑ ω∈I^n exp(S_nϕ(ωρ) − P(ϕ))f(ωρ) − ∑ ω∈I^n exp(S_nϕ(ωτ) − P(ϕ))f(ωτ) = ∑ ω∈I^n exp(S_nϕ(ωρ) − P(ϕ)) ( f(ωρ) − f(ωτ) )

+ ∑ ω∈I^n f(ωτ) ( exp(S_nϕ(ωρ) − P(ϕ)) − exp(S_nϕ(ωτ) − P(ϕ)) ) (4.1)

But |f(ωρ) − f(ωτ)| ≤ V_β (f)e^{−β(n+k)} and therefore employing Theorem 2.4 and the definition of ϕ, we obtain ∑ ω∈I^n exp(S_nϕ(ωρ) − P(ϕ)n)|f(ωρ) − f(ωτ)| ≤ V_β (f)e^{−β(n+k)}Q ≤ e^{−βn}Q||f||_βd_β (ρ, τ) (4.2)

Now notice that there exists a constant M ≥ 1 such that |1 − e^x| ≤ M|x| for all x with |x| ≤ e^{−β} log Q. Since by Lemma 2.1, |S_nϕ(ωρ) − S_nϕ(ωτ)| ≤ e^{−βk} log Q ≤ e^{−β} log Q we can estimate as follows. | exp(S_nϕ(ωρ) − P(ϕ)n) − exp(S_nϕ(ωτ) − P(ϕ)n)| = exp(S_nϕ(ωρ) − P(ϕ)n)|1 − exp(S_nϕ(ωτ) − S_nϕ(ωρ))| ≤ M exp(S_nϕ(ωρ) − P(ϕ)n)|S_nϕ(ωρ) − S_nϕ(ωτ)| ≤ M exp(S_ϕ(ωρ) − P(ϕ)n) log Qe^{−βk} = M log Q exp(S_nϕ(ωρ) − P(ϕ)n)d_β(ρ, τ)

Hence, using Theorem 2.4 again, we get ∑ ω∈I^n |f(ωτ)|| exp(S_nϕ(ωρ) − P(ϕ)n) − exp(S_nϕ(ωτ) − P(ϕ)n)| ≤ ||f||_0M log Qd_β(ρ, τ) ∑ ω∈I^n exp(S_nϕ(ωρ) − P(ϕ)n) ≤ MQ log Q||f||_0d_β(ρ, τ) Combining this inequality, (4.2) and (4.1), we finally get |L^n_0 (f)(ρ) − L^n_0 (f)(τ)| ≤ e^{−βn}Q||f||_βd_β (ρ, τ) + MQ log Q||f||_0d_β(ρ, τ). Taking now n so large that γ = e^{−βn}Q < 1 finishes the proof.

Applying now the theorem of Ionescu-Tulcea and Marinescu (see [IM], comp. [PU]) and Theorem 2.7 we shall prove the following.

Theorem 4.2. If L_0 is the normalized operator, then (a) λ = 1 is the only eigenvalue of modulus 1 for L_0 : H_0 → H_0 and its eigenspace E has dimension 1. In fact, ψ =^{dμ̃ϕ}_{dm̃ϕ} has a version in H_β and E = CIψ (b) L_0 = P + S, where P : H_0 → E is a projector from H_0 to E, P ∘ S = S ∘ P = 0 and sup_{n≥1} ||S^n||_0 < ∞.

(c) S acts on H_β and there exist constants M > 0 and 0 < γ_1 < 1 such that ||S^n||_β ≤ Mγ^n_1 for every n ≥ 1.

Proof. Since, by the Ascoli-Arzela theorem the unit ball in H_β is compact as a subset of H_0, Theorem 4.1 and Theorem 2.4 complete the demostration that the assumptions of the Ionescu-Tulcea and Marinescu theorem (see [IM]) are satisfied. The latter claims that σ(L_0) ∩ S^1 is finite, consists, say, of elements λ_1, λ_2, . . . , λ_q, and for every n ≥ 1

L^n_0 = q∑ i=1 λ^n_i P_i + S^n,

where P_i : H_0 → E_i, i = 1, 2, . . . , q, are projectors onto eigenspaces E_i of eigenvalues λ_i respectively, P_i ∘ S = S ∘ P_i, P_i ∘ P_j = 0 for all i ≠ j, and S has the properties listed in part (b) and part (c) of Theorem 4.2. It now follows from the theory of positive operators on latices (see [Sch]) that each eigenvalue λ_i is a root of unity. We shall first show that

(4.3) H_β ∩ q⨁ i=1 E_i ≠ {0}.

Indeed, suppose on the contrary that the above intersection is equal to {0}. Since 11 ∈ H_β , then on the one hand ∫ L_0(11)dm̃_ϕ = ∫ 11dm̃_ϕ = 1 for all n ≥ 1 and on the other hand lim_{n→∞} ||L^n(11)||_0 = lim_{n→∞} ||S^n(11)||_0 = 0 which implies that lim_{n→∞} ∫ L_0(11)dm̃_ϕ = 0.

This contradiction finishes the proof of (4.3). Choose now r ≥ 1 so that λ^r_i = 1 for all i = 1, 2, . . . , q. and consider an arbitrary f ∈ ⨁_q i=1 E_i. Then L^r_0(f) = f and consequently L^r_0(Re(f)) = Re(f) and L^r_0(Im(f)) = Im(f). Writing u = Re(f) (resp. u = Im(f))we have

L^r_0(u) = u.

Let M be so large that u + Mψ > 0 and let ψ̃ = u + Mψ ∫ (u + Mψ)dm̃_ϕ .

Then, using Theorem 2.7 we conclude that L^r_0(ψ̃) = ψ̃ m̃_ϕ-a.e., ψ̃ > 0, and ∫~ ψdm̃_ϕ = 1.

Hence the probability measure ψ̃m̃_ϕ is equivalent with μ̃_ϕ and σ^r-invariant. Thus, it follows from the total ergodicity of the shift map σ with respect to the measure μ̃_ϕ, proven in Theorem 2.7, that ψ̃m̃_ϕ = μ̃_ϕ = ψm̃_ϕ. Hence, ψ̃ = ψ m̃_ϕ-a.e. Therefore u + Mψ = ψ ∫ (u + Mψ)dm̃_ϕ m_ϕ-a.e. and consequently

(4.4) u = (∫ (u + Mψ)dm̃_ϕ − M ) ψ. This completes the part (a) of Theorem 4.2 (To observe that ψ has a version in H_β take an arbitrary f ∈ H_β ∩ ⨁_q i=1 E_i\{0} whose existence follows from (4.3). Then at least one of the functions Re(f) or Im(f) does not vanish and since both Re(f), Im(f) ∈ H_β ∩ ⨁_q i=1 E_i\{0}, the claim follows from (4.4)) and part (b) and (c) follow now immediately from the Ionescu- Tulcea and Marinescu theorem. The proof is complete.

§5. Stochastic laws. In this section we closely follow §3 of [DU1]. Let Γ be a finite or countable measurable partition of a probability space (Y, F, ν) and let S : Y → Y be a measure preserving transformation. For 0 ≤ a ≤ b ≤ ∞, set Γ^b_a = ⋁ a≤l≤b S −lΓ. The measure ν is said to be absolutely regular with respect to the filtration defined by Γ, if there exists a sequence β(n) ↓ 0 such that ∫ Y sup_a sup A∈Γ^∞_{a+n} |ν(A|Γ^a_0) − ν(A)|dν ≤ β(n).

The numbers β(n), (n ≥ 1), are called coefficients of absolute regularity. Let α be the partition of I^∞ into initial cylinders of length 1. Using Theorem 4.2, Theorem 2.7, and proceeding exactly as in the proof of [Ry, §3 Theorem 5] we derive the following (with the notation of previous sections).

Theorem 5.1. The measure μ̃_ϕ is absolutely regular with respect to the filtration defined by the partition α. The coefficients of absolute regularity decrease to 0 at an exponential rate.

It follows from this theorem that the theory of absolutely regular processes applies ([IL], [PS]). We sketch this application briefly. We say that a measurable function f : I^∞ → IR belongs to the space L^∗(σ) if there exist constants α, γ, M > 0 such that ∫ ‖f‖^{2+α}_0 dμ̃_ϕ < ∞ and ∫ ‖f − E_{μ̃ϕ} ( f|(α)^n ) ‖^{2+α}_0 dμ̃_ϕ ≤ Mn^{−2−γ} for all n ≥ 1, where E_{μ̃ϕ} ( f|(α)^{n−1} ) denotes the conditional expectation of g with respect to the partition (α)^{n−1} and the measure μ̃_ϕ. L^∗(σ) is a linear space. It follows from Theorem 4.1, [IL] and [PS] that with μ̃_ϕ(f) = ∫ f dμ̃_ϕ the series

σ^2 = σ^2(f) = ∫ I^∞ (f − μ̃_ϕ(f))^2 dμ̃_ϕ + 2 ∞∑ n=1 ∫ I^∞ (f − μ̃_ϕ(f))(f ∘ σ^n − μ̃_ϕ(f)) dμ̃_ϕ is absolutely convergent and non–negative. The reader should not be confused by two different meanings of the symbol σ: the number defined above and the shift map. If σ^2 > 0, then the process (f ∘ σ^n : n ≥ 1) satisfies the central limit theorem and an a.s. invariance principle. The latter theorem means that one can redefine the process (f ∘ σ^n : n ≥ 1) on some probability space on which there is defined a standard Brownian motion (B(t) : t ≥ 0) such that for some λ > 0 ∑ 0≤j≤t [ f ∘ σ^j − μ̃_ϕ(f) ] − B(σ^2t) = O(t^{12 −λ}) μ̃_ϕ a.e.

Let h : [1, ∞) −→ IR be a positive non–decreasing function. The function h is said to belong to the lower class if ∫_∞ 1 h(t) t exp ( − 1 2 h(t)^2 ) dt < ∞ and to the upper class if ∫_∞ 1 h(t) t exp ( − 1 2 h(t)^2 ) dt = ∞. Well known results for Brownian motion imply (see Theorem A in [PS]) the following.

Theorem 5.2. If f ∈ L^∗(σ) and σ^2(f) > 0 then μ̃_ϕ ( {ω ∈ I^∞ : n−1∑ j=0 ( f(σ^j(ω)) − μ̃_ϕ(f) ) > σ(f)h(n) √ n for infinitely many n ≥ 1} )

= { 0 if h belongs to the lower class, 1 if h belongs to the upper class.

Our last goal in this section is to provide a sufficient condition for the functions ϕ and g : I^∞ → IR to belong to the space L^∗(σ), where, we recall, g(ω) = − log |ϕ^′_{ω1} ∘ π ∘ σ(ω)| Lemma 5.3. Each Hölder continuous function which has some finite moment greater than 2 belongs to L^∗(σ).

Proof. It suffices to show that any Hölder continuous function ψ : Σ → IR satisfies the requirement ∫ ‖ψ − E_{μ̃ϕ} ( ψ|(α)^n ) ‖^3_0 dμ̃_ϕ ≤ Mn^{−2−γ} which will finish the proof. So, given n ≥ 1 suppose that ω, τ ∈ A for some A ∈ α^n. In particular ω|_n = τ|_n. Hence |ψ(ω) − ψ(τ)| ≤ V_β (ψ)e^{−βn} which means that ψ(τ) − V_β (ψ)e^{−βn} ≤ ψ(ω) ≤ ψ(τ) + V_β (ψ)e^{−βn}. Integrating these inequalities against the measure μ̃_ϕ and keeping ω fixed, we obtain ∫ A ψdμ̃_ϕ − V_β(ψ)e^{−βn}μ̃_ϕ(A) ≤ ψ(ω)μ̃_ϕ(A) ≤ ∫ A ψdμ̃_ϕ + V_β (ψ)e^{−βn}μ̃_ϕ(A). Dividing these inequalities by μ̃_ϕ(A) we deduce that | | |ψ(ω) − 1 μ̃_ϕ(A) ∫ A ψdμ̃_ϕ | | | ≤ V^β(ψ)e^{−βn}. Thus ∫ ‖ψ(ω) − E_{μ̃ϕ} ( ψ|(α)^n ) ‖^3_0 dμ̃_ϕ ≤ V_β (ψ)^3e^{−3βn} and we are done.

§6. Refined Geometry. Let ψ = ϕ + κg − P(ϕ), where κ = HD(μ_ϕ) and, as in the previous section, g(ω) = − log |ϕ^′_{ω1} ∘ π ∘ σ(ω)|. Throughout the whole section we assume that ∫ |ϕ|^{2+γ} dμ̃_ϕ < ∞ and ∫ |ϕ|^{2+γ} dμ̃_ϕ < ∞ for some γ > 0. In view of Lemma 5.3 and since L^∗(σ) is a linear space, ψ ∈ L^∗(σ) and, in particular σ^2 = σ^2(ψ) exists. The following lemma has been proved in [DU1] as Lemma 4.3. We provide its formulation and short proof for the sake of completeness.

Lemma 6.1. Let η, χ > 0 and let ρ : [(χ + η)^{−1}, ∞) → IR_+ belong to the upper (lower) class. Let θ : [(χ + η)^{−1}, ∞) → IR_+ be a function such that lim_{t→∞} ρ(t)θ(t) = 0. Then there exists an upper (lower) class function ρ_+ : [1, ∞) → IR_+, (ρ_− : [1, ∞) → IR_+) with the following properties.

(a) ρ(t(χ + η)) + θ(t(χ + η)) ≤ ρ_+(t), (t ≥ 1) (b) ρ(t(χ − η)) − θ(t(χ − η)) ≥ ρ_−(t), (t ≥ 1). Proof. Since lim_{t→∞} ρ(t)θ(t) = 0, there exists a constant M such that (ρ(t) + θ(t))^2 ≤ ρ(t)^2 + M. Let ρ belong to the upper class. Then t → ρ(t/(χ + η)) also belongs to the upper class. Hence we may assume that χ + η = 1. Define

ρ_+(t)^2 = inf{u(t)^2 : u is non-decreasing and u(t) ≥ ρ(t) + θ(t)}.

Then ρ_+(t) ≥ ρ(t) + θ(t) for t ≥ 1 and ρ_+ is non-decreasing. Since ρ_+(t)^2 ≤ ρ(t)^2 + M, we also get ∫_∞ 1 ρ_+(t) t exp ( −(1/2)ρ^2_+(t))dt ≥ exp(−M/2) ∫_∞ 1 ρ_+(t) t exp ( −(1/2)ρ^2(t))dt = ∞.

The proof in the case of a function of the lower class is similar.

A function h : [1, ∞) → IR_+ is said to be slowly growing if h(t) = o(t^α) for all α > 0. Let

χ = χ_{μ̃ϕ} (σ) = ∫ gdμ̃_ϕ. First we shall prove the main geometrical lemma.

Lemma 6.2. (Refined Volume Lemma) Suppose that σ^2 = σ^2(ψ) > 0. If a slowly

growing function h belongs to the upper class, then for μ_ϕ-a.e. x ∈ J,

lim sup r→0 μ_ϕ(B(x, r)) r^κ exp ( σχ^{−1/2}h(− log r) √ − log r ) = ∞. If, on the other hand, h belongs to the lower class, then for every ε > 0 there exists a Borel

set J_ε ⊂ J such that μ_ϕ(J_ε) ≥ 1 − ε, and there exists a constant k(ε) ≥ 1 such that for all

x ∈ J_ε and all 0 < r ≤ 1/k(ε) μ_ϕ(J_ε ∩ B(x, r)) r^κ exp ( σχ^{−1/2}h(− log r) √ − log r ) ≤ ε. Proof. Given x = π(ω) ∈ J and r > 0 let n = n(ω, r) be the least integer such that

ϕ_{ω|n} (X) ⊂ B(x, r). Then r ≤ diam(ϕ_{ω|n−1} (X)) and m_ϕ(B(x, r)) ≥ m_ϕ(ϕ_{ω|n} (X)) = ∫ X exp ( S_{ω|n} (ϕ) − P(ϕ)n)(z)dm_ϕ(z). Hence,

(6.1) m_ϕ(B(x, r)) r^κ exp ( σχ^{−1/2}h(− log r) √ − log r ) ≥

≥ ∫ X exp ( S_{ω|n} (ϕ) − P(ϕ)n)(z)dm_ϕ(z) r^κ exp ( σχ^{−1/2}h(− log r) √ − log r ) ≥ Q^{−1} exp ( S_{ω|n} (ϕ) − P(ϕ)n)(x) r^κ exp ( σχ^{−1/2}h(− log r) √ − log r ) ≥ Q^{−1} exp ( S_{ω|n} (ϕ) − P(ϕ)n)(x) diam(ϕ_{ω|n−1} (X))^κ exp ( σχ^{−1/2}h(− log r) √ − log r )

≥ Q^{−1} exp (∑_{n−1} j=0 ϕ ∘ σ^j(ω) − P(ϕ)n ) D^κ exp ( −κ ∑_{n−2} j=0 g ∘ σ^j(ω) ) exp ( σχ^{−1/2}h(− log r) √ − log r )

= exp (∑_{n−1} j=0 (ϕ ∘ σ^j(ω) + κg ∘ σ^j(ω)) − P(ϕ)n − σχ^{−1/2}h(− log r) √ − log r − κg(σ^{n−1}(ω)) ) QD^κ , where the second inequality is true due to Lemma 2.1. In view of the Birkhoff ergodic

theorem there exists a Borel set Y_1 ⊂ I^∞ of μ̃_ϕ measure 1 such that for every η > 0, every

ω ∈ Y_1 and every n large enough, say n ≥ n_1(ω, η)

(6.2) − log r ≤ − log ( diam(ϕ_{ω|n} (X)) ) + log 2 ≤ (χ + η)n.

In fact, in what follows we will need a better upper estimate on − log r. In order to provide it notice that in view of Lemma 6.1 the function g is a member of L^∗(σ). Let τ^2 denote the assymptotic variance of g. If τ^2 = 0, then by [IL] g is cohomologous to the constant χ by an L^1 couboundary. It turns out that the following proof, where we assume τ^2 > 0 becomes much simpler when τ^2 = 0. Since the function t → 2 √ t log log t belongs to the lower class there exists Y_2 ⊂ Y_1 of μ̃_ϕ measure 1 such that for all ω ∈ Y_2, τ_1 > τ, and all n large enough, say n ≥ n_2(ω) ≥ n_1(ω, η),

− log r ≤ − log ( diam(ϕ_{ω|n} (X) ) + log 2 ≤ log D + log 2 + n−1∑ j=0 g(σ^j(ω)) ≤ χn + 2τ √ n log log n + log D + log 2 ≤ χn + 2τ_1 √ n log log n

(6.3) It is a simple exercise in the measure theory to check that if t > 0 and ∫ |f|^tdμ < ∞, then for every a > 0, μ(|f| ≥ a) ≤ a^{−t} ∫ |f|^tdμ. Since by our assumptions ∫ |g|^{2+4γ}dμ̃_ϕ < ∞ for some 0 < γ < 1/2, for all η > 0 we get μ̃_ϕ ( {ω ∈ I^∞ : κ|g(ω)| ≥ σ(h((χ + η)n) √ n)^{1−γ} } ) ≤ ( σ(h((χ + η)n) √ n)^{1−γ} )_{−2−4γ} ∫ |g|^{2+4γ}dμ̃_ϕ. Since for every n ≥ 1, h((χ + η)n) ≥ h(χ + η) > 0,^1_2 (1 − γ)(−2 − 4γ) < −1 and the measure μ̃_ϕ is σ-invariant, we get ∞∑ n=1 μ̃_ϕ ( {ω ∈ I^∞ : κ|g(σ^{n−1}(ω))| ≥ σ(h((χ + η)n) √ n)^{1−γ} } )

≤ ∞∑ n=1 ( σ(h((χ + η)n) √ n)^{1−γ} )_{−2−4γ} ∫ |g|^{2+4γ}dμ̃_ϕ < ∞ Therefore, in view of the Borel Canteli lemma there exists a set Y_3 ⊂ Y_2 of μ̃_ϕ measure 1 such that for all ω ∈ Y_3 there exists n_3(ω) ≥ n_2(ω) such that for all n ≥ n_3(ω) (6.4) κ|g(σ^{n−1}(ω))| ≤ σ(h((χ + η)n) √ n)^{1−γ} . Combining this, (6.3), (6.2) and (6.1) we get for all a < 0

(6.5) m_ϕ(B(x, r))e^{σan1/4} r^κ exp ( σμ^{−1/2}_χ h(− log r) √ − log r ) ≥

≥ 1 QD^κ exp (_{n−1}∑ j=0 ψ ∘ σ^j(ω) − σχ^{−1/2}h((χ + η)n) √ χn + 2τ_1 √ n log log n−

− σ(h((χ + η)n) √ n)^{1−γ} ) e^{σan1/4}

= 1 QD^κ exp (_{n−1}∑ j=0 ψ ∘ σ^j(ω) − σ √ n ( h((χ + η)n) √ 1 + 2τ_1 χ √ log log n n − an^{−1/4}+

+ h((χ + η)n) √ n)^{1−γ} n^{−γ/2} ))

Now, consider the function

θ(t) = h(t) 1 + 2τ1 χ √ log log(t(χ + η)^{−1} t(χ + η)^{−1} − 1 − a(t(χ + η)^{−1})^{−1/4} + h(t)^{1−γ} (t(χ + η)^{−1})^{γ/2} .

So, θ(t) > 0 and since h(t) is slowly growing, lim_{t→∞} h(t)θ(t) = 0. Therefore it follows from Lemma 6.1(a) that there exists h_+(t) in the upper class such that h_+(t) ≥ h(t(χ + η)) + θ(t(χ + η)). Since, by Theorem 2.12 and Theorem 3.1, ∫ ψdμ̃ϕ = ∫ ϕdμ̃_ϕ +^{hμ̃ϕ}_χ χ − P(ϕ) = ∫ ϕdμ̃_ϕ + h_{μ̃ϕ} − P(ϕ) = 0, it follows from Theorem 5.2 that for infinitely many n’s 0 ≤ n−1∑ j=0 ψ ∘ σ^j(ω) − σ √ nh_+(n) ≤ n−1∑ j=0 ψ ∘ σ^j(ω) − σ √ n ( h(n(χ + η)) + θ(n(χ + η)) )

≤ n−1∑ j=0 ψ ∘ σ^j(ω) − σ √ n ( h(n(χ + η)) √ 1 + 2τ_1 χ √ log log n n − an^{−1/4} + h((χ + η)n)^{1−γ}n^{−γ/2} ) . Combining this and (6.3) we see that m_ϕ(B(x, r)) r^κ exp ( σχ^{−1/2}h(− log r) √ − log r ) ≥ (QD^κ)^{−1} exp ( −σan^{1/4}) for μ̃_ϕ almost all ω and infiniteley many n’s provided they are of the form n(ω, r). But since there exists n_3(ω) such that each n ≥ n_3(ω) is of the form n(ω, r), fixing a < 0, we eventually get

lim sup r→0 m_ϕ(B(x, r)) r^κ exp ( σχ^{−1/2}h(− log r) √ − log r ) = ∞. for μ_ϕ a. e. x ∈ J. Since, by Corollary 2.10, μ_ϕ and m_ϕ are equivalent with bounded Radon-Nikodym derivatives, the proof of the first part of Lemma 6.2 is complete. Let us now prove the second part of the lemma. For every ω ∈ I^∞ and every r > 0 let n = n(ω, r) ≥ 0 be the least integer n such that diam(ϕ_{ω|n+1} (X)) < r. Clearly lim_{r→0} n(ω, r) = ∞ and therefore there exists r_1(ω) such that for all 0 < r ≤ r_1(ω)

(6.6) diam(ϕ_{ω|n} (X)) ≥ r.

Fix now ω ∈ I^∞ and 0 < r ≤ r_1(ω). By Lemma 2.5 and Lemma 2.1 we get

m̃_ϕ([ω|_n]) = ∫ X exp ( S_{ω|n} (ϕ) − P(ϕ)n ) dm_ϕ ≤ Q exp ( S_{ω|n} (ϕ)(π(σ^n(ω))) − P(ϕ)n )

= Q exp n−1∑ j=0 ϕ ∘ σ^j(ω) − P(ϕ)n .

Hence

(6.7) m̃_ϕ([ω|_n]) r^κ exp ( σχ^{−1/2}h(− log r) √ − log r ) ≤

≤ Q exp (∑_{n−1} j=0 ϕ ∘ σ^j (ω) − P(ϕ)n ) diam^κ(ϕ_{ω|n+1} (X)) exp ( σχ^{−1/2}h(− log r) √ − log r )

≤ Q exp (∑_{n−1} j=0 ϕ ∘ σ^j(ω) − P(ϕ)n ) D^{−κ}|ϕ^′_{ω|n+1} (π(σ^{n+1}(ω)))| exp ( σχ^{−1/2}h(− log r) √ − log r )

= QD^κ exp n−1∑ j=0 ϕ ∘ σ^j(ω) + κ n∑ j=0 g ∘ σ^j(ω) − P(ϕ)n − σχ^{−1/2}h(− log r) √ − log r

= QD^κ exp n−1∑ j=0 ϕ ∘ σ^j(ω) − σχ^{−1/2}h(− log r) √ − log r + κg ∘ σ^n(ω) .

In view of the Birkhoff ergodic theorem there exists a Borel set Y_1 ⊂ I^∞ of μ̃_ϕ measure 1 such that for every η > 0, every ω ∈ Y_1 and every n large enough, say n ≥ n_1(ω, η)

(6.8) − log r ≥ − log ( diam(ϕ_{ω|n} (X)) ) ≥ (χ − η)n. In fact, in what follows we will need a better upper estimate on − log r. In order to provide it notice that in view of Lemma 6.1 the function g is a member of L^∗(σ). Let τ^2 denote the assymptotic variance of g. If τ^2 = 0, then by [IL] g is cohomologous to the constant χ by an L^1 couboundary. It turns out that the following proof, where we assume τ^2 > 0 becomes much simpler when τ^2 = 0. Since the function t → 2 √ t log log t belongs to the lower class there exists Y_2 ⊂ Y_1 of μ̃_ϕ measure 1 such that for all ω ∈ Y_2, τ_1 > τ, and all n large enough, say n ≥ n_2(ω) ≥ n_1(ω, η),

− log r ≥ − log ( diam(ϕ_{ω|n} (X) ) ≥ − log(DK) + n−1∑ j=0 g(σ^j(ω)) ≥ χn − 2τ √ n log log n − log(DK) ≥ χn − 2τ_1 √ n log log n.

(6.9)

The same argument as that leading to (6.4) shows that there exists a Borel set Y_3 ⊂ Y_2 of μ̃_ϕ measure 1 such that for all ω ∈ Y_3 there exists n_3(ω) ≥ n_2(ω) such that for all n ≥ n_3(ω), κ|g(σ^n(ω))| ≤ σ(h((χ − η)n) √ n)^{1−γ} . Combining this, (6.7), (6.8) and (6.9) we get for all a > 0 m̃_ϕ([ω|_n])e^{σan1/4} r^κ exp ( σχ^{−1/2}h(− log r) √ − log r )

≤ QD^κ exp (_{n−1}∑ j=0 ϕ ∘ σ^j (ω) − σχ^{−1/2}h((χ − η)n) √ χn − 2τ_1 √ n log log n+

+ σ(h((χ − η)n) √ n)^{1−γ} ) e^{σan1/4}

= QD^κ exp (_{n−1}∑ j=0 ψ ∘ σ^j (ω) − σ √ n ( h((χ − η)n) √ 1 − 2τ_1 χ √ log log n n −

− an^{−1/4} − h((χ − η)n) √ n)^{1−γ}n^{−γ/2} )) (6.10)

Now, consider the function

θ(t) = h(t) 1 − 1 − 2τ_1 χ √ log log(t(χ − η)^{−1} t(χ − η)^{−1} + a(t(χ − η)^{−1})^{−1/4} + h(t)^{1−γ} (t(χ − η)^{−1})^{γ/2} .

So, θ(t) > 0 and since h(t) is slowly growing, lim_{t→∞} h(t)θ(t) = 0. Therefore it follows from Lemma 6.1(b) that there exists h_−(t) in the lower class such that h_−(t) ≤ h(t(χ−η))− θ(t(χ − η)). Since, by Theorem 2.12 and Theorem 3.1, ∫ ψdμ̃ϕ = ∫ ϕdμ̃_ϕ +^{hμ̃ϕ}_χ χ − P(ϕ) = ∫ ϕdμ̃_ϕ + h_{μ̃ϕ} − P(ϕ) = 0, it follows from Theorem 5.2 that there exists a Borel set Y_4 ⊂ Y_3 of μ̃_ϕ measure 1 such that for all ω ∈ Y_4 and all n large enough, say n ≥ n_4(ω) ≥ n_3(ω)

0 ≥ n−1∑ j=0 ψ ∘ σ^j (ω) − σ √ nh_−(n) ≥ n−1∑ j=0 ψ ∘ σ^j (ω) − σ √ n ( h(n(χ − η)) − θ(n(χ − η)) )

≥ n−1∑ j=0 ψ ∘ σ^j (ω) − σ √ n ( h(n(χ − η)) √ 1 − 2τ_1 χ √ log log n n −

− an^{−1/4} − h((χ − η)n)^{1−γ} n^{−γ/2} ) . Combining this and (6.10) we conclude that for every ω ∈ Y_4 and every n ≥ n_4(ω)

m̃_ϕ([ω|_n] r^κ exp ( σχ^{−1/2}h(− log r) √ − log r ) ≤ QD^κ)e^{−σan1/4} . In other words, for every ω ∈ Y_4 and every r > 0 small enough, say r ≤ r(ω) ≤ r_1(ω),

(6.11) m̃_ϕ([ω|_{n(ω,r)}] r^κ exp ( σχ^{−1/2}h(− log r) √ − log r ) ≤ QD^κ)e^{−σan(ω,r)1/4} .

Fix now ε > 0 and take q so large that QD^κ)e^{−σaq1/4} ≤ ε. Then, since lim_{r↘0} n(ω, r) = ∞, there exists k(ω) ≥ 1 such that for all 0 < r ≤ 1/k(ω), (6.10) holds and n(ω, r) ≥ q. Since

Y_4 = ⋃_∞ k=1{ω ∈ Y_4 : k(ω) ≤ k}, there exists k(ε) so large that if J̃_ε = {ω ∈: Y_4 : k(ω) ≤ k(ε)}, then

(6.12) m̃_ϕ(J \ J̃_ε) ≤ ε.

Moreover for every ω ∈ J̃_ε and every r < 1/k(ε) (so r ≤ 1/k(ω))

(6.13) m̃_ϕ([ω_{n(ω,r)}) r^κ exp ( σχ^{−1/2}h(− log r) √ − log r ) ≤ QD^κe^{−aσn(ω,r)1/4} ≤ QD^κe^{−aσq1/4} ≤ ε. Let J_ε = π(J̃_ε). It then follows from (6.12) and lemma 2.6 that

m_ϕ(J_ε) = m̃_ϕ ∘ π^{−1}(J_ε) = m̃_ϕ ∘ π^{−1}(π(J̃_ε)) ≥ m̃_ϕ(J̃_ε) ≥ 1 − ε.

Now, in view of Lemma 2.7 of [MU1] there exists a universal constant L ≥ 1 such that for every x ∈ J_ε and every < r < 1/k(ε) there exist points ω^{(1)}, ω^{(2)}, . . . , ω^{(L)} ∈ J̃_ε such that J_ε ∩ B(x, r) ⊂ ⋃_L j=1 ϕ_ω(j)_{|n(ω(j),r)} (X). Therefore, by (6.13) m_ϕ(J_ε ∩ B(x, r)) r^κ exp ( σχ^{−1/2}h(− log r) √ − log r ) ≤ L∑ j=1 m_ϕ ( ϕ_ω(j)_{|n(ω(j),r)} (X) ) r^κ exp ( σχ^{−1/2}h(− log r) √ − log r ) ) ≤ Lε. Since the measures μ_ϕ and m_ϕ are equivalent with bounded Radon-Nikodym derivatives, looking at the last two displays we conclude that the proof of the second part of Lemma 6.2 is complete.

For a function h : [1, ∞) → (0, ∞) define for sufficiently small t > 0

h̃(t) = t^κ exp ( σ √ χ h(− log t) √ − log t ) . Theorem 6.3. Suppose that σ^2(ψ) > 0 and that h : [1, ∞) → (0, ∞) is a slowly growing function.

(a) If h belongs to the upper class, then the measures μ_ϕ and H^{h̃} on J are singular. (b) If h belongs to the lower class, then μ_ϕ is absolutely continuous with respect to the Hausdorff measure H^{h̃}.

Proof. Suppose first that h belongs to the upper class. For every n ≥ 1 and every ε > 0, by Lemma 6.2 there exists a Borel set E_n ⊂ J such that μ_ϕ(E_n) > 1 − ε2^{−n} and such that for every x ∈ E_n and some closed ball B(x) centered at x and with diameter < 1/n, μ_ϕ(B(x)) > nh̃(B(x)). By Besicovic’s covering theorem there exists a universal constant C > 0 such that from the cover {B(x) : x ∈ E_n} one can choose a countable subcover {B(x_j) : j ≥ 1} of multiplicity ≤ C. Since for every j ≥ 1, diam(B(x_j)) < 1/n, we get H^{h̃}(E_n, 1/n) ≤ 1 n ∞∑ j=1 μ_ϕ(B(x_j)) ≤ C n μ_ϕ(J) = C n . Setting E_ε = ⋂ n≥1 E_n we then have H^{h̃}(E_ε) = 0 and μ_ϕ(E_ε) ≥ 1 − ε. Finally the set E = ⋃ q≥1 E_{1/q} satisfies H^{h̃}(E) = 0 and μ_ϕ(E) = 1. The proof of item (a) is therefore complete.

Soppose in turn that h belongs to the lower class and consider a Borel set E ⊂ J with μ_ϕ(E) > 0. Take ε = μ_ϕ(E)/2. Then by Lemma 6.2 μ_ϕ(J_ε ∩ E) ≥ μ_ϕ(E) − ε = ε. Fix 0 < δ ≤ 1/k(ε) and consider B = {B(x_i, r_i)}, a cover of J_ε ∩ E by balls centered at points of J_ε ∩ E and with radii ≤ δ. Then by Lemma 6.2 ∑ i h̃(r_i) ≥ 1 ε ∑ i μ_ϕ(J_ε ∩ B(x_i, r_i)) ≥ 1 ε μ_ϕ(J_ε ∩ E) ≥ 1. Hence H^{h̃}_δ (E) ≥ B > 0, where B is a universal constant (see [Ma], comp. [PU]). Thus H^{h̃}(E) ≥ B > 0 and we are done.

Remark. Taking h := 0 it follows from Theorem 6.3(a) that the measure μ_ϕ is singular with respect to the κ-dimensional Hausdorff measure H^κ on J.

We say that two functions f_1, f_2 : I^∞ → IR are cohomologous in a class H if there exists a function u ∈ H such that f_2 − f_1 = u ∘ σ − u.

As a complementary result to Theorem 6.3 we shall prove the following.

Theorem 6.4. If σ^2(ψ) = 0, then κ = HD(μ_ϕ) = HD(J) := h, the functions −hg and ϕ−P(ϕ) are cohomologous in the class of Hölder continuous bounded functions, the system {ϕ_i : i ∈ I} is regular and m_ϕ is equivalent with the h-conformal measure on J, that is with m_{−hg}, with bounded Radon-Nikodym derivatives and the invariant measures μ̃_ϕ and μ̃_{hg} are equal.

In order to prove Theorem 6.4 we need some preparations. First, let α_− be the partition of the two-sided shift space I^Z into elements of the form ω ×I^{{1,2,...}}, where ω ∈ I^{{...,−2,−1,0}}. Given −∞ ≤ m ≤ n ≤ +∞ let ω|^n_m = ω_mω_{m+1} . . . ω_n and let

[ω]^n_m = {τ ∈ I^Z : τ_k = ω_k for all m ≤ k ≤ n}.

Finally let μ_ϕ be Rokhlin’s natural extentsion of the invariant measure μ̃_ϕ onto the twosided shift space I^Z . Let us recall that μ_ϕ is defined on a cylinder C = π^{−1}_{n1} (C_1)∩π^{−1}_{n2} (C_2)∩ . . . ∩ π^{−1}_{nk} (C_k) with n_1 ≤ n_2 ≤ . . . ≤ n_k, by the formula

μ_ϕ(C) = μ̃_ϕ ( σ^{−(n1+1)}(C)|^∞_1 ) , where for every k ∈ ZZ, π_k : I^Z → I is the projection onto the kth coordinate given by the formula π_k(ω) = ω_k and for every set B ⊂ I^Z , B|^∞_1 is the projection of B onto I^{{1,2,...}} denoted also by π(B). Let us recall that the measure μ_ϕ is shift-invariant. We shall prove the following.

Lemma 6.5. If {μ_{α−(ω)} : ω ∈ I^Z } is the Rokhlin canonical system of measures of the measure μ_ϕ on the partition α_−, then for μ_ϕ-a.e. ω ∈ I^Z the conditional measure μ_{α−(ω)} considered on I^{IN} is equivalent with μ̃_ϕ. Moreover, the Radon-Nikodym derivative dμ_{α−(ω)}/dμ̃_ϕ is bounded from above and from below respectively by Q^4 and Q^{−4}.

Proof. By the martingale theorem, for μ_ϕ-a.e. ω ∈ I^Z and every Borel set B ⊂ I^Z , μ_{α−(ω)}(B) = lim_{n→∞} μ_ϕ(B ∩ [ω]^0_{−n})

μ_ϕ([ω]^0_{−n}) . It therefore suffices to show that for every τ ∈ I^∗ Q^{−4} ≤ μ_{α−(ω)}([ω|^0_{−∞}τ]) μ_ϕ([τ]) ≤ Q^4. And indeed, in view of Lemma 2.5 and Theorem 2.7 we get

μ_ϕ([ω]^0_{−n}) = μ̃_ϕ(σ^{−(n+1)}([ω]^0_{−n})|^∞_1 ) ≤ Qm̃_ϕ(σ^{−(n+1)}([ω]^0_{−n})|^∞_1 ) = Q ∫ exp ( S_{σ−(n+1)([ω]}0_{−n)|}n+1_1 (ϕ) − P(ϕ)(n + 1) ) dm_ϕ = Q ∫ exp ( S_{ω−n ...ω0} (ϕ) − P(ϕ)(n + 1) ) dm_ϕ ≤ Q exp ( S_{ω−n...ω0} (ϕ) − P(ϕ)(n + 1) ) and putting k = |τ|

μ_ϕ([τ] ∩ [ω]^0_{−n}) = μ̃_ϕ(σ^{−(n+1)}([τ] ∩ [ω]^0_{−n})|^∞_1 )) ≥ Q^{−1}m̃_ϕ(σ^{−(n+1)}([τ] ∩ [ω]^0_{−n})|^∞_1 ))

= Q^{−1} ∫ exp ( S_σ−(n+1)_{([τ]∩[ω]}0_{−n)|}n+1_1 (ϕ) − P(ϕ)(n + 1 + k) ) dm_ϕ = Q^{−1} ∫ exp ( S_{ω−n...ω0τ1...τk} (ϕ) − P(ϕ)(n + 1 + k) ) dm_ϕ ≥ Q^{−1} exp ( inf(S_{ω−n...ω0 τ1...τk} (ϕ)) − P(ϕ)(n + 1 + k) ) ≥ Q^{−1} exp ( inf(S_{ω−n...ω0} (ϕ)) + inf(S_{τ1...τk} (ϕ)) − P(ϕ)(n + 1 + k) ) ≥ Q^{−3} exp ( sup(S_{ω−n...ω0} (ϕ)) − P(ϕ)(n + 1) ) exp ( sup(S_{τ1...τk} (ϕ)) − P(ϕ)k ) . Applying Lemma 2.1 we therefore obtain

μ_ϕ([τ] ∩ [ω]^0_{−n}) μ_ϕ([ω]^0_{−n})

≥ Q^{−3}Q^{−1} exp ( sup S_τ (ϕ) − P(ϕ)k ) = Q^{−4} exp ( sup S_τ (ϕ) − P(ϕ)k ) ≥ Q^{−4}μ_ϕ([τ]). Hence μ_{α−(ω)}([ω|^0_{−∞}τ]) ≥ Q^{−4}μ_ϕ([τ]). Similar computations show that μ_{α−(ω)}([ω|^0_{−∞}τ]) ≤ Q^4μ_ϕ([τ]). The proof is complete.

As an immediate consequence of this lemma we get the following.

Corollary 6.6. If {μ_{α−(ω)} : ω ∈ I^Z } is the Rokhlin canonical system of measures of the measure μ_ϕ on the partition α_−, then for μ_ϕ-a.e. ω ∈ I^Z , supp(μ_{α−(ω)}) = α_−(ω), where α_−(ω) is the only atom of α_− containing ω.

Lemma 6.7. If η : I^∞ → IR is a Hölder continuous function of some order β > 0 such that ∫ |η|^{2+γ} dμ̃_ϕ < ∞, ∫ ηdμ̃_ϕ = 0 and σ^2(η) = 0, then there exists a bounded Hölder continuous function u of order β > 0 such that η = u − u ∘ σ. In particular η turns out to be bounded.

Proof. It follows from Theorem 5.1 and [IL] that there exists u ∈ L_2(μ̃_ϕ) such that

(6.14) η = u − u ∘ σ

μ̃_ϕ a.e. Our aim is to show that u has a Hölder continuous version of order β. We first extend η and u on the two-sided shift space I^Z by declaring

η(ω) = η(ω|^∞_1 ) and u(ω) = u(ω|^∞_1 ).

wherever u(ω|^∞_1 ) is defined. The cohomological equation (6.14) remains satisfied since

(6.15) u(ω) − u ∘ σ(ω) = u(ω|^∞_1 ) − u(σ(ω)|^∞_1 ) = u(ω|^∞_1 ) − u(σ((ω|^∞_1 ))) = η(ω).

In view of Luzin’s theorem there exists a compact set D ⊂ I^Z such that μ_ϕ(D) > 1/2 and the function u|_D is continuous. In view of Birkhoff’s ergodic theorem there exists a Borel set B ⊂ I^Z such that μ_ϕ(B) = 1, for every x ∈ B, σ^n(x) visits D with the asymptotic frequence > 1/2, u is well-defined on ⋃ n∈Z σ^{−n}(B) and (6.14) holds on ⋃ n∈Z σ^{−n}(B). By the definition of conformal measures and by Lemma 6.5 there exists a Borel set F ⊂ I^Z such that μ_ϕ = 1, for all ω ∈ F , μ_{α−(ω)}(B ∩ α_−(ω)) = 1, and supp(μ_{α−(ω)}) = α_−(ω). In particular, for every ω ∈ F , the set B ∩ α_−(ω) is dense in α_−(ω). Fix one ω ∈ F and consider two arbitrary elements ρ, τ ∈ α_−(ω). Then there exists a countinuous increasing to infinity sequence {n_j } such that σ^{−nj} (ρ), σ^{−nj} (τ) ∈ D for all j ≥ 1. Using (6.14) we get |u(ρ) − u(τ)| = | | | | u(σ^{−nj} (ρ)) − n_j∑

k=1 η(σ^{−k}(ρ)) − ( u(σ^{−nj} (τ)) − n_j∑

k=1 η(σ^{−k}(ρ)) )| | | ≤ |u(σ^{−nj} (ρ)) − u(σ^{−nj} (τ))| + n_j∑

k=1 |η(σ^{−k}(ρ)) − u(σ^{−nj} (τ))|. (6.16)

Now, since lim_{j→∞} dist(σ^{−nj} (ρ), σ^{−nj} (τ)) = 0, since both σ^{−nj} (ρ) and σ^{−nj} (τ) belong to D and since u|_D is uniformly continuous (as D is compact), we conclude that lim_{j→∞} |u(σ^{−nj} (ρ)) − u(σ^{−nj} (τ))| = 0. Since η is Hölder continuous of order β, n_j∑

k=1 |η(σ^{−k}(ρ) − u(σ^{−nj} (τ)| ≤ n_j∑

k=1 V_β (η)e^{−βk}d_β (ρ, τ) ≤ V_β e^{−β} 1 − e^{−β} d_β(ρ, τ).

Therefore, it follows from (6.16) that |u(ρ) − u(τ)| ≤ V_β e^{−β} 1 − e^{−β} d_β(ρ, τ). Hence, as α_−(ω) ∩ B is dense in α_−(ω), u has a bounded Hölder continuous extension from α_−(ω)∩B on α_−(ω) = ω ×I^{IN} , where ω = ω|^0_{−∞}. Denote this extension by u : α_−(ω) → IR and for every τ ∈ I^{IN} set u(τ) = u(ωτ). This obviously defines a bounded Hölder continuous function u : I^{IN} → IR. Define now the set B_ω to be determined by the condition ωB_ω = α_−(ω) ∩ B. The function u : I^{IN} → IR is a version of u. Indeed, since μ_{α−(ω)}(ωB_ω) = 1, it follows from Lemma 6.5 that μ̃_ϕ(B_ω) = 1 and additionally, for every τ ∈ B_ω, u(τ) = u(ωτ) = u(τ). Since the measure μ̃_ϕ is shiftinvariant, μ̃_ϕ(B_ω ∩σ^{−1}(B_ω)) = 1. Take now an arbitrary element ρ ∈ B_ω ∩σ^{−1}(B_ω). Then σ(ω) ∈ B_ω and we have η(ρ) = u(ρ)−u(σ(ρ)) = u(ρ)−u(σ(ρ)). But since supp(μ̃_ϕ) = I^{IN} , the set B_ω ∩ σ^{−1}(B_ω) is dense in I^{IN} and therefore η = u − u ∘ σ on I^{IN} . The proof is complete.

Proof of Theorem 6.4. First notice that in view of Theorem 3.1, Theorem 2.12 and Lemma 2.11 ∫ ψdμ̃_ϕ = ∫ ϕdμ̃_ϕ + h_{μ̃ϕ} χ_{μ̃ϕ} χ_{μ̃ϕ} − P(ϕ) = ∫ ϕdμ̃_ϕ + h_{μ̃ϕ} − P(ϕ) = P(ϕ) − P(ϕ) = 0.

Hence the assumptions of Lemma 6.6 are satisfied with η = ψ and therefore there exists a bounded function u ∈ H_β such that ϕ−P(ϕ)+κg = u−u∘σ, that is the functions −κg and ϕ − P(ϕ) are cohomologous in the class of bounded functions of H_β . As we have already pointed out in the paragraph proceeding Theorem 2.12 our definition of pressure coincides with that introduced in [Sa]. That is for every Hölder continuous function f : I^{IN} → IR

P(f) = lim_{n→∞} 1 n log ∑ ω∈Per_i(n) exp n−1∑ j=0 f ∘ σ^j (ω) for every i ∈ I, where Per_i(n) ⊂ I^{IN} is the set of all fixed points ω of σ^n with ω_1 = i. Hence P(−κg) = P(ϕ − P(ϕ) + u ∘ σ − u) = lim_{n→∞} 1 n log ∑ ω∈Per_i(n) exp (^{n−1}∑ j=0 ϕ ∘ σ^j(ω) − P(ϕ) + u ∘ σ^{j+1}(ω) − u ∘ σ^j(ω) )

= lim_{n→∞} 1 n log ∑ ω∈Per_i(n) exp (^{n−1}∑ j=0 (ϕ ∘ σ^j(ω)) + u(σ^n(ω)) − u(ω) ) exp(−P(ϕ)n)

= lim_{n→∞} 1 n log ∑ ω∈Per_i(n) exp (^{n−1}∑ j=0 ϕ ∘ σ^j(ω) ) − P(ϕ) = 0.

Therefore, in the terminology of [MU1] the system {ϕ_i : i ∈ I} is regular and it follows from Theorem 3.15 of [MU1] that κ = HD(J) := h. Thus, it is only left to show that m_ϕ and m_{−hg} are equivalent with bounded Radon-Nikodyn derivatives and μ_ϕ = μ_{−hg}. And indeed, for every ω ∈ I^∗ we have

m̃_ϕ([ω]) = ∫ exp ( S_ω(ϕ) − P(ϕ)|ω| ) dm_ϕ = ∫ exp (^{n−1}∑ j=0 (ϕ ∘ σ^j(ωτ) − P(ϕ) ) dm̃_ϕ(τ)

≍ exp ( sup_{[ω]} n−1∑ j=0 (−κg + u − u ∘ σ) ∘ σ^j) ) = exp ( sup_{[ω]} n−1∑ j=0 (−κg ∘ σ^j + u − u ∘ σ^n) )

≍ exp ( sup_{[ω]} n−1∑ j=0 (−κg ∘ σ^j) ) ≍ m̃_{−hg}([ω])

Hence m̃_ϕ and m̃_{−hg} are equivalent with bounded Radon-Nikodym derivatives. Therefore μ̃_ϕ and μ̃_{−hg} are equivalent and, as ergodic shift-invariant, they must coincide. Since, by lemma 2.6, m_ϕ = m̃_ϕ ∘ π^{−1} and m_{−hg} = m̃_{−hg} ∘ π^{−1}, we conclude that m_ϕ and m_{−hg} are equivalent with bounded Radon-Nikodym derivatives.

[Bo] R. Bowen, Equilibrium states and the ergodic theory for Anosov diffeomorphisms. Lect. Notes in Math. 470, (1975), Springer.

[DU1] M. Denker, M. Urbański, The dichotomy of Hausdorff measures and equilibrium states for parabolic rational maps, in Proceedings of the conference on Ergodic Theory in Güstrow (1990), Lecture Notes in Mathematics, 1514 (1992), 90-110 [DU2] M. Denker, M. Urbański, Relating Hausdorff measures and harmonic measures on parabolic Jordan curves, Journal für die Reine und Angewandte Mathematik, 450 (1994), 181-201 [Fr] N. Friedman, Introduction to Ergodic Theory, New York, Cincinati, Toronto, London, Melbourne, Van Nostrand Reinhold Company, (1970).

[HU] P. Hanus, M. Urbański, Examples of positive recurrent functions, Preprint 1998. [HMU] P. Hanus, D. Mauldin, M. Urbański, Multifractal analysis of conformal infinite iterated function systems, in preparation.

[IL] I. A. Ibragimov, Y. V. Linnik, Independent and stationary sequences of random variables. Wolters–Noordhoff Publ., Groningen 1971.

[IM] C. Ionescu-Tulcea, G. Marinescu, Théorie regodique pour des classes d’operations non-complement continues, Ann. Math. 52, (1950), 140-147.

[Ma] P. Mattila, Geometry of Sets and Measures in Euclidean Spaces, Cambridge Studies in Advanced Mathematics 44, Cambridge University Press, 1995.

[MU1] D. Mauldin, M. Urbański, Dimensions and measures in infinite iterated function systems, Proc. London Math. Soc. (3) 73(1996), 105-154.

[MU2] D. Mauldin, M. Urbański, Parabolic iterated function systems, Preprint 1998.

[PS] W. Philipp, W. Stout, Almost sure invariance principles for partial sums of weakly dependent random variables. Memoirs Amer. Math. Soc. 161 (2), (1975). [PU] F. Przytycki, M. Urbański, Fractals in the Plane - Ergodic Theory Methods, to appear.

[PUZ,I] F. Przytycki, M. Urbański,A. Zdunik, Harmonic, Gibbs and Hausdorff measures on repellers for holomorphic maps I, Ann. of Math. 130 (1989), 1-40. [PUZ,II] F. Przytycki, M. Urbański, A. Zdunik, Harmonic, Gibbs and Hausdorff measures on repellers for holomorphic maps II, Studia Math. 97 (1991), 189 – 225. [Ry] M. Rychlik, Bounded variation and invariant measures, Studia Math. 76, (1983), 69–80.

[Sa] O. M. Sarig, Theormodynamic formalism for countable Markov shifts, to appear Ergod. Th. and Dynam. Sys..