July 17, 2001

Thermodynamic Formalism and Multifractal Analysis of Conformal Infinite Iterated Function Systems

by Pawel Hanus, R. Daniel Mauldin^1 and Mariusz Urbański^1

Department of Mathematics, University of North Texas, Denton, TX 76203-5118, USA Email: pgh0001@jove.acs.unt.edu, mauldin@unt.edu, urbanski@unt.edu Web: http://www.math.unt.edu/∼mauldin, http://www.math.unt.edu/∼urbanski

Abstract. In this paper we develop the thermodynamic formalism for equilibrium states of strongly Hölder families of functions. These equilibrium states are supported on the limit set generated by iterating a system of infinitely many contractions. The theory of these systems was laid out in an earlier paper of the last two authors. The first five sections of this paper except Section 3 are devoted to developing the thermodynamic formalism for equilibrium states of Hölder families of functions. The first three sections provide us with the tools needed to carry out the multifractal analysis for the equilibrium states mentioned above assuming that the limit set is generated by conformal contractions. The theory of infinite systems of conformal contractions is laid out in [MU1]. The multifractal analysis is then given in Section 7. In Section 8 we apply this theory to some examples from continued fraction systems and Apollonian packing.

1Research partially supported by NSF Grant DMS 9801583

§1. Introduction, Preliminaries. The multifractal formalism arose from various considerations in physics and mathematics (see e.g., [Man], [FP], [Gr] and [Ha]). In this last paper a formulation of the secnarios of multifractal theory was elaborated in which there were strong hints of parallels to the theory of statistical physics. Some of the first rigorous mathematical results concerning this formalism are in [CM] and [R]. Since then there have been many papers written verifying some aspects of this formalism. Recently, Pesin presented a general formulation of the setting for multifractal theory [Pe]. Also, many more references concerning this topic may be found in his book. Let us recall the general setting. Let m be a probability measure defined on the Borel subsets of a metric space X. For each number α, let K_α consist of those points x where the measure is scaling pointwise with parameter α or has pointwise dimension α. Let f(α) be the dimension of the set K_α. To say that m has pointwise dimension α at x can be defined in several different ways. One of the simplest is to say that lim_{ε→0} log m(B(x, r))/ log r = α. However, one may want to use the liminf or limsup instead of the limit(if it exists) or one may wish to take these limits only over some natural filtration of sets based at x. Also, one may use various notions of dimension. In this paper we will be concerned with dim_H = HD, Hausdorff dimension. As we have mentioned, the measures for which we carry out the multifractal analysis are equilibrium states for a natural potential function associated with a given infinite iterated function system and an associated family of Hölder continuous weights. This part of the theory, the beginning of the thermodynamic formalism, is given in Sections 2 and 4. In Section 3 we deal with parabolic systems and in Section 4 we compute the Hausdorff dimension of a projected measure by extending the well-known formula of Billingsley. Some parts of the material in the first two sections may also be found in [HU] and in [Ur]. In Section 5 and Section 6, we provide a further development of the thermodynamic formalism by investigating some aspects of the pressure function for potentials and equilibrium measures associated to families of weights which involve two complex parameters. In Section 7, we demonstrate how the multifractal formalism works. We show that for each α there is an auxiliary measure that witnesses the Hausdorff dimension of the set K_α and there is an auxiliary function T or ”temperature” function such that the ”f(α)” curve is the Legendre transform of the temperature function. In Section 7 our considerations show some similarities to those in [PW] (comp. also [Pe] and [PU]). Section 8 contains a detailed analysis of examples coming from the continued fractions algorithm and Apollonian packing constructions.

In [MU1] we have provided the framework to study infinite conformal iterated function systems. We shall recall first this notion and some of its basic properties. Let I be a countable index set with at least two elements and let S = {ϕ_i : X → X : i ∈ I} be a collection of injective contractions from X into X for which there exists 0 < s < 1 such that ρ(ϕ_i(x), ϕ_i(y)) ≤ sρ(x, y) for every i ∈ I and for every pair of points x, y ∈ X. Thus, the system S is uniformly contractive. Any such collection S of contractions is called an iterated function system. We are particularly interested in the properties of the limit set defined by such a system. We can define this set as the image of the coding space under a coding map as follows. Let I^∗ = ⋃ n≥1 I^n, the space of finite words, and for ω ∈ I^n, n ≥ 1, let ϕ_ω = ϕ_{ω1} ∘ ϕ_{ω2} ∘ · · · ∘ ϕ_{ωn} . If ω ∈ I^∗ ∪ I^∞ and n ≥ 1 does not exceed the length of ω, we denote by ω|_n the word ω_1ω_2 . . . ω_n. Since given ω ∈ I^∞, the diameters of the compact sets ϕ_{ω|n} (X), n ≥ 1, converge to zero and since they form a descending family, the set ∞⋂ n=0 ϕ_{ω|n} (X)

is a singleton and therefore, denoting its only element by π(ω), defines the coding map π : I^∞ → X. The main object of our interest will be the limit set

J = π(I^∞) = ⋃ ω∈I^∞ ∞⋂ n=1 ϕ_{ω|n}(X),

Observe that J satisfies the natural invariance equality, J = ⋃ i∈I ϕ_i(J). Notice that if I is finite, then J is compact and this property fails for infinite systems. An iterated function system S = {ϕ_i : X → X : i ∈ I} is said to satisfy the Open Set Condition if there exists a nonempty open set U ⊂ X (in the topology of X) such that ϕ_i(U) ⊂ U for every i ∈ I and ϕ_i(U) ∩ ϕ_j (U) = ∅ for every pair i, j ∈ I, i ≠ j. An iterated function system S satisfying the Open Set Condition is said to be conformal if X ⊂ IR^d for some d ≥ 1 and the following conditions are satisfied. (1a) U = Int_{IR}d (X).

(1b) There exists an open connected setV with X ⊂ V ⊂ IR^d such that all maps ϕ_i, i ∈ I, extend to C^1 conformal diffeomorphisms of V into V .

(1c) There exist γ, l > 0 such that for every x ∈ ∂X ⊂ IR^d there exists an open cone Con(x, γ, l) ⊂ Int(X) with vertex x, central angle of Lebesgue measure γ, and altitude l. (1d) Bounded Distortion Property(BDP). There exists K ≥ 1 such that |ϕ^′_ω(y)| ≤ K|ϕ^′_ω(x)| for every ω ∈ I^∗ and every pair of points x, y ∈ V , where |ϕ^′_ω(x)| means the norm of the derivative.

We note that under these conditions we may exchange the order of the set operations: J = ∞⋂ n=1 ⋃ ω∈I^n ϕ_ω(X).

In fact throughout the whole paper we will need one more condition which (comp. [MU1]) can be considered as a strengthening of (BDP).

(1e) There are two constants L ≥ 1 and α > 0 such that | ||ϕ^′_i(y)| − |ϕ^′_i(x)| | | ≤ L||ϕ^′_i|||y − x|^α.

for every i ∈ I and every pair of points x, y ∈ V . The topological pressure function, P(t), for a conformal iterated function systems is defined as follows.

P(t) = lim_{n→∞} 1 n log ∑ |ω|=n ||ϕ^′_ω||^t

As it was shown in [MU1] there are two disjoint classes of conformal iterated function systems, regular and irregular. A system is regular if there exists t ≥ 0 such that P(t) = 0. Otherwise the system is irregular. Moreover the following property holds.

Theorem 1.1. If S is a conformal iterated function system, then

HD(J) = sup{HD(J_F ) : F ⊂ I, F finite} = inf{t ≥ 0 : P (t) ≤ 0},

where J_F is the limit set associated to the index set F . If a system is regular and P(t) = 0 then t = HD(J).

§2. Thermodynamic formalism for iterated function systems. Let I be a countable alphabet and let Σ = I^∞ be the symbolic coding space equipped with the product topology. Let σ : Σ → Σ be the left shift transformation (cutting out the first coordinate), σ({x_n}^∞_{n=1}) = ({x_n}^∞_{n=2}). Fix β > 0. In this section S = {ϕ_i : X → X : i ∈ I} is a (hyperbolic) iterated function system and F = {f^{(i)} : X → CI : i ∈ I} is a family of continuous functions such that if we define for each n ≥ 1,

V_n(F ) = sup_{ω∈In} sup_{x,y∈X}{|f^{(ω1)}(ϕ_{σ(ω)}(x)) − f^{(ω1)}(ϕ_{σ(ω)}(y))|}e^{β(n−1)},

then the following is satisfied:

(2.1) V_β (F ) = sup_{n≥1}{V_n(F )} < ∞

The collection F is called then a Hölder family of functions (of order β). Denote by ‖ · ‖_0 the supremum norm on the Banach space C(X) and by 11 the function with constant value 1 on X. If in addition to (2.1) we have

(2.2) ∑ i∈I ||e^{f (i)} ||_0 < ∞ or equivalently L_F (11) ∈ C(X),

where L_F (g)(x) = ∑ i∈I e^{f (i)(x)}g(ϕ_i(x)), g ∈ C(X), is the associated Perron-Frobenius or transfer operator, then the family F is called a strongly Hölder family of functions (of order β). In this section we assume that F is a strongly Hölder family of real-valued functions of order β. We have made the conventions that the empty word ∅ is the only word of length 0 and ϕ_∅ = Id_X . Thus, V_1(F ) < ∞ simply means the diameters of the sets f^i(X) are uniformly bounded. Notice that L_F acts on C(X) as a continuous operator and ||L_F ||_0 ≤ ||L_F (11)||_0. Let L^∗_F : C(X)^∗ → C(X)^∗ be the dual operator and define the following map on the space of probability measures on X The map ν → L^∗_F (ν) L^∗_F (ν)(11)

is continuous and therefore in view of the Shauder-Tichonov theorem it has a fixed point, say m_F . Thus

(2.3) L^∗_F (m_F ) = λm_F ,

where λ = L^∗_F (m_F )(11). Following the classical thermodynamic formalism, we define the topological pressure of F by setting

P(F ) = lim_{n→∞} 1 n log ∑ |ω|=n

‖ ‖ ‖ ‖ ‖ exp n∑ j=1 f^{ωj} ∘ ϕ_σj_ω ‖ ‖ ‖ ‖ ‖_0

= lim_{n→∞} 1 n log ∑ |ω|=n exp sup X n∑ j=1 f^{ωj} ∘ ϕ_σj_ω .

Notice also that the limit indeed exists since the logarithm of the partition function

Z_n(F ) = ∑ |ω|=n

‖ ‖ ‖ ‖ ‖ exp n∑ j=1 f^{ωj} ∘ ϕ_σj_ω ‖ ‖ ‖ ‖ ‖_0

is subadditive. Moreover,

P(F ) = inf_{n≥1} { 1 n log Z_n(F ) } . Remark 2.1. With these definitions in mind we see that our development in [MU1] of infinite conformal iterated function systems is in fact a consideration of the Hölder systems of functions tG = {log |ϕ^′_i|^t}_{i∈I} , t ≥ 0. Notice Z_n(tG) = ∑ |ω|=n ||ϕ ′ ω||^t. In particular the pressure function introduced in [MU1] (see also Section 1) is the same as the pressure P(tG). We may refer to G as the natural volume potential.

Given n ≥ 1 and ω ∈ I^n denote ∑_n j=1 f^{(ωj )} ∘ ϕ_σj_ω by S_ω(F ). Let us now show that diam(S_ωF (X)) decreases to 0 at a uniform exponential rate.

Lemma 2.2. For each τ, ω ∈ I^∗, diamS_ωF (ϕ^τ (X)) = sup_{x,y∈ϕτ (X)} |S_ω(F )(x) − S_ω(F )(y)| ≤ V (F )e^β 1 − e^{−β} e^{−β|τ|}.

Proof. Let n = |ω|. Write x = ϕ_τ (u), y = ϕ_τ (w), where u, w ∈ X. By (2.1) we get | | | | | n∑ j=1 f^{(ωj )}(ϕ_σj_ω(x)) − n∑ j=1 f^{(ωj )}(ϕ_σj_ω(y)) | | | | | = | | | | | n∑ j=1 f^{(ωτ)j} ∘ ϕ_σj_{ωτ} (u) − n∑ j=1 f^{(ωτ)j} ∘ ϕ_σj_{ωτ} (w) | | | | | ≤ n∑ j=1 | |f^{(ωτ)j} ∘ ϕ_σj_{ωτ} (u) − f^{(ωτ)j} ∘ ϕ_σj_{ωτ} (w) | |

≤ n∑ j=1 V (F )e^{−β(n+|τ|−j−1)}

≤ V (F )e^β 1 − e^{−β} e^{−β|τ|} The proof is finished. Set Q = exp ( V (F )e^β 1 − e^{−β} ) . In Section 8 we will need a continuity property of topological pressure considered as a function on the space of strongly Hölder families of functions. This property is also interesting itself. So, we introduce a suitable topology in the space of Hölder families of functions by declaring that a sequence {F_n}^∞_{n=1} of Hölder families of functions on X converges to a Hölder family of functions F on X if f^{(i)}n converges uniformly to f^{(i)} for every i ∈ I. We shall prove the following.

Proposition 2.3. The topological pressure defined on the space of all Hölder families of functions is lower semi-continuous.

Proof. Consider F , a Hölder family of functions, and {F_n}^∞_{n=1}, a sequence of Hölder families of functions on X converging to F . Fix k ≥ 1 and ε > 0. Suppose that P(F ) < ∞ (the proof is similar for the opposite case). There exists a finite set E ⊂ I such that 1 k log ∑ ω∈E^k exp(sup S_ω(F )) ≥ 1 k log Z_k(F ) − ε ≥ P(F ) − ε.

Since lim_{n→∞} F_n = F and E is finite, for every n large enough, say n ≥ n_0, we have 1 k log Z_k(F_n) ≥ 1 k log ∑ ω∈E^k exp(sup S_ω(F_n))

≥ 1 k log e^{−εk} ∑ ω∈E^k exp(sup S_ω(F )) ≥ P(F ) − 2ε.

Using Lemma 2.2 we therefore obtain for every n ≥ n_0

P(F_n) = lim_{p→∞} 1 pk log Z_{pk}(F_n) ≥ lim_{p→∞} 1 pk ( log(Q^{−p}Z_k(F_n)^p )

= − log Q k + 1 k log Z_k(F_n) ≥

− log Q k + P(F ) − 2ε.

Letting thus k ↗ ∞ and ε ↘ 0, we finally get lim_{n→∞} P(F_n) ≥ P(F ). The proof is complete.

The orbit sums S_ωF yield a simple expression for L^n_F by a straightforward induction. For every n ≥ 1, L^n_F (g) = ∑ |ω|=n exp S_ω(F ) · (g ∘ ϕ_ω).

We shall prove the following.

Lemma 2.4. The eigenvalue λ (see 2.3) of the dual Perron-Frobenius operator is equal to e^{P(F )}.

Proof. Iterating (2.3) we get

λ^n = λ^nm_F (11) = L^{∗n}_F (11) = ∫ X L^n_F (11)dm_F = ∫ X ∑ |ω|=n exp(S_ω(F )(x)) ≤ ∑ |ω|=n || exp(S_ω(F ))||_0. So, log λ ≤ lim_{n→∞} 1 n log ∑ |ω|=n || exp(S_ω(F ))||_0 = P(F ).

Fix now ω ∈ I^n and take a point x_ω where the function S_ω(F ) takes on its maximum. In view of Lemma 2.2, for every x ∈ X we have ∑ |ω|=n exp(S_ω(F )(x)) ≥ Q^{−1} ∑ |ω|=n exp(S_ω(F )(x_ω)) = Q^{−1} ∑ |ω|=n || exp(S_ω(F ))||_0.

Hence, iterating (2.3) as before,

λ^n = ∫ X ∑ |ω|=n exp(S_ω(F ))dm_F ≥ Q^{−1} ∑ |ω|=n || exp(S_ω(F ))||_0.

So, log λ ≥ lim_{n→∞}^1_n log ∑ |ω|=n || exp(Sω(F ))||0 = P(F ). The proof is finished.

Let L_0 denote the normalized Perron-Frobenius operator, i.e. L_0 = e^{−P(F )}L_F . We shall prove the following.

Proposition 2.5. m_F (J) = 1.

Proof. According to (2.3)

(2.4) L^∗_0(m_F ) = m_F

and consequently L^{∗n}_0 (m_F ) = m_F for all n ≥ 0. We have

(2.5) ∫ X L^n_0 gdm_F = ∫ X ∑ |ω|=n exp ( S_ω(F ) − P(F )n ) · (g ∘ ϕ_ω)dm_F = ∫ X gdm_F

for all n ≥ 0 and all continuous functions g : X → IR. Since this equality extends to all

bounded measurable functions g, we find for all n ≥ 0, all ω ∈ I^n, and all Borel sets A ⊂ X

(2.6)

m_F (ϕ_ω(A)) = ∑ τ∈I^n ∫ exp ( S_τ (F )−P(F )n ) ·11_{ϕω (A)}∘ϕ_τ dm_F ≥ ∫ A exp ( S_ω(F )−P(F )n ) dm_F .

Now, for each n ≥ 1, set X_n = ⋃ |ω|=n ϕω (X). Then 11Xn ∘ ϕω = 11 for all ω ∈ I

n. Thus,

applying (2.5) to the function g = 11_{Xn} and later to the function g = 11, we obtain

m_F (X_n) = ∫ X ∑ |ω|=n exp ( S_ω(F ) − P(F )n ) · (11_{Xn} ∘ ϕ_ω)dm_F

= ∫ X ∑ |ω|=n exp ( S_ω(F ) − P(F )n ) dm_F = ∫ 11dm_F = 1.

Hence m_F (J) = m_F (⋂ n≥1 X_n ) = 1. The proof is complete.

Theorem 2.6. For all n ≥ 1

Q^{−1} ≤ L^n_0 (11) ≤ Q.

Proof. Given n ≥ 1 by (2.5) there exists x_n ∈ X such that L^n_0 (11)(x_n) ≤ 1. It then follows

from Lemma 2.2 that for every x ∈ X, L^n_0 (11) ≤ Q. Similarly, by (2.5) there exists y_n ∈ X

such that L^n_0 (11) ≥ 1. It then follows from Lemma 2.2 that for every x ∈ X, L^n_0 (11) ≥ Q^{−1}.

The proof is finished.

If ω ∈ I^∗ set [ω] = {τ ∈ I^∞ : τ|_{|ω|} = ω}. We shall prove the following.

Lemma 2.7. There exists a unique Borel probability measure m̃_F on I^∞ such that

m̃_F ([ω]) = ∫ exp ( S_ω(F ) − P(F )|ω| ) dm_F for all ω ∈ I^∗.

Proof. In view of (2.5), ∑ |ω|=n ∫ exp ( S_ω(F )−P(F )n ) dm_F = 1 for all n ≥ 1 and therefore

one can define a Borel probability measure m_n on C_n, the algebra generated by the cylinder

sets of the form [ω], ω ∈ I^n, by putting m_n([ω]) = ∫ exp ( S_ω(F ) − P(F )n ) dm_F . Hence, applying (2.5) again we get for all ω ∈ I^n.

m_{n+1}(ω) = ∑ i∈I m_{n+1}([ωi]) = ∑ i∈I ∫ exp ( S_{ωi}(F ) − P(F )(n + 1) ) dm_F

= ∫ ∑ i∈I exp n∑ j=1 f^{(ωj )} ∘ ϕ_σj_{(ωi)} − P(F )n + f^{(i)} − P(F ) dm_F

= ∫ ∑ i∈I exp ( S_ω(F ) ∘ ϕ_i − P(F )n ) exp ( f^{(i)} − P(F ) ) dm_F = ∫ L_0 ( exp(S_ω(F ) − P(F )n) ) dm_F = ∫ exp ( S_ω(F ) − P(F )n ) dm_F = m_n([ω])

and therefore, in view of Kolmogorov’s extension theorem, there exists a unique probability measure m̃_F on I^∞ such that m̃_F ([ω]) = m̃_{|ω|}([ω]) for all ω ∈ I^∗. The proof is complete.

As an immediate consequence of this lemma we see that if R is a collection of incomparable words such that ⋃ ω∈R[ω] = I^∞, then we have (2.7) 1 ≤ ∑ ω∈R || exp ( S_ω(F ) − P(F )|ω| ) ||_0 ≤ Q and Q^{−1} ≤ ∑ ω∈R inf_X exp ( S_ω(F ) − P(F )|ω| ) ≤ 1.

Lemma 2.8. The measures m_F and m̃_F ∘ π^{−1} are equal.

Proof. Let A ⊂ J be an arbitrary closed subset of J and for every n ≥ 1 let A_n = {ω ∈ I^n : ϕ_ω(X) ∩ A ≠ ∅}. In view of (2.5) applied to the characteristic function 11_A we have for all n ≥ 1

m_F (A) = ∑ ω∈I^n ∫ exp ( S_ω(F ) − P(F )|ω| ) (11_A ∘ ϕ_ω) dm_F = ∑ ω∈A_n ∫ exp ( S_ω(F ) − P(F )|ω| ) (11_A ∘ ϕ_ω) dm_F ≤ ∑ ω∈A_n ∫ exp ( S_ω(F ) − P(F )|ω| ) dm_F = ∑ ω∈A_n m̃_F ([ω]) = m̃_F ( ⋃ ω∈A_n [ω] )

Since the family of sets { ⋃ ω∈A_n [ω] : n ≥ 1} is descending and ⋂ n≥1 ⋃ ω∈A_n [ω] = π −1(A), we therefore get m_F (A) ≤ lim_{n→∞} m̃_F (⋃ ω∈A_n [ω] ) = m_F (π^{−1}(A)). Since both measures m_F and m̃_F ∘ π^{−1} are regular (as J is a separable metric space), this inequality extends to the family of all Borel subsets of J. Since both measures are probabilistic we get m_F = m̃_F ∘ π^{−1}. The proof is finished.

Recall that σ : I^∞ → I^∞ denotes the left shift map (cutting out the first coordinate) on the coding space I^∞. Also recall that a measure preserving endomorphism is said to be completely ergodic if and only if all its (positive) iterates are ergodic. Now we shall prove that the shift map σ : I^∞ → I^∞ has a unique invariant (completely ergodic) probability measure equivalent with m̃_F .

Theorem 2.9. There exists a unique σ-invariant probability measure μ̃_F absolutely continuous with respect to m̃_F . Moreover, μ̃_F is equivalent with m̃_F , Q^{−1} ≤ dμ̃_F /dm̃_F ≤ Q and the dynamical system σ : I^∞ → I^∞ is completely ergodic with respect to the measure μ̃_F .

Proof. The proof follows the argument given in [HU]. First notice that, using (2.6) and Lemma 2.2, for each ω ∈ I^∗ and each n ≥ 0 we get

m̃_F (σ^{−n}([ω])) = ∑ τ∈I^n m̃_F ([τω]) = ∑ τ∈I^n ∫ | exp ( S_{τω}(F ) − P(F )|τω| ) dm_F ≥ ∑ τ∈I^n Q^{−1}|| exp ( S_τ (F ) − P(F )|τ| ) ||_0 ∫ exp ( S_ω(F ) − P(F )|ω| ) dm_F = Q^{−1} ∫ exp ( S_ω(F ) − P(F )|ω| ) dm_F ∑ τ∈I^n || exp ( S_τ (F ) − P(F )|τ| ) ||_0 ≥ Q^{−1}m̃_F ([ω])m̃_F (I^∞) = Q^{−1}m̃_F ([ω]) and m̃_F (σ^{−n}([ω])) = ∑ τ∈I^n m̃_F ([τω]) = ∑ τ∈I^n ∫ exp ( S_{τω}(F ) − P(F )|τω| ) dm_F ≤ ∑ τ∈I^n || exp ( S_τ (F ) − P(F )|τ| ) ||_0 ∫ exp ( S_ω(F ) − P(F )|ω| ) dm_F = ∫ exp ( S_ω(F ) − P(F )|ω| ) dm ∑ τ∈I^n || exp ( S_τ (F ) − P(F )|τ| ) ||_0 ≤ Qm̃_F ([ω]). Let now L be a Banach limit defined on the Banach space of all bounded sequences of real numbers. For the definition and basic properties of Banach limits see for ex. the book [Co] by conway. We define μ([ω]) = L ( (m̃_F (σ^{−n}([ω])))_{n≥0} ) . Hence Q^{−1}m̃_F ([ω]) ≤ μ([ω]) ≤ Qm̃_F ([ω]) and therefore it is not difficult to check that the formula μ(A) = L ( (m̃_F (σ^{−n}(A)))_{n≥0} ) defines a finite non-zero finitely additive measure on Borel sets of I^∞ satisfying Q^{−1}m̃_F (A) ≤ μ(A) ≤ Qm̃_F (A). Using now a theorem of Calderon (Theorem 4.13 of [Fr]) and its proof one constructs a Borel probability (σ-additive) measure μ̃_F on I^∞ satisfying the formula

Q^{−1}m̃_F (A) ≤ μ̃_F (A) ≤ Qm̃_F (A)

with, perhaps, a larger constant Q. Thus, to complete the proof of our theorem we only need to show complete ergodicity of μ̃_F or equivalently of m̃_F . Toward this end take a

Borel set A ∈ I^∞ with m̃_F (A) > 0. Using Lemma 2.7 and Lemma 2.2 it is straightforward

to check that for every ω ∈ I^∗, m̃_F (ωA) ≥ Q^{−1}|| exp ( S_ω(F ) − P(F )|ω| ) ||_0m̃_F (A) > 0.

Hence, since the nested family of sets {[τ] : τ ∈ I^∗} generates the Borel σ-algebra on I^∞,

for every n ≥ 0 and every ω ∈ I^n we can find a subfamily Z of I^∗ consisting of mutually

incomparable words and such that A ⊂ ⋃ {[τ] : τ ∈ Z} and ∑ τ∈Z m̃_F ([ωτ]) ≤ 2m̃_F (ωA), where ωA = {ωρ : ρ ∈ A}. Then

m̃_F ( σ^{−n}(A) ∩ [ω] ) = m̃_F (ωA) ≥ 1 2 ∑ τ∈Z m̃_F ([ωτ]) = 1 2 ∑ τ∈Z ∫ | exp ( S_{ωτ} (F ) − P(F )|ωτ| ) dm_F ≥ 1 2 Q^{−1}|| exp ( S_ω(F ) − P(F )|ω| ) ||_0 ∑ τ∈Z ∫ | exp ( S_τ (F ) − P(F )|τ| ) dm_F ≥ 1 2 Q^{−1} ∫ exp ( S_ω(F ) − P(F )|ω| ) dm_F ∑ τ∈Z m̃_F ([τ]) ≥ 1 2 Q^{−1}m̃_F ([ω])m̃_F ( ( ⋃ {[τ] : τ ∈ Z} ) ≥ 1 2 Q^{−1}m̃_F (A)m̃_F ([ω]).

Therefore m̃_F ( σ^{−n}(I^∞\B)∩[ω] ) = m̃_F ( [ω]\σ^{−n}(B)∩[ω] ) = m̃_F ([ω])−m̃_F ( σ^{−n}(B)∩[ω] ) ≤ ( 1−(2Q)^{−1}m̃_F (B) ) m̃_F ([ω]). Hence for every Borel set B ⊂ I^∞ with m̃_F (B) < 1, for every

n ≥ 0, and for every ω ∈ I^n we get

(2.8) m̃_F (σ^{−n}(B) ∩ [ω] ) ≤ ( 1 − (2Q)^{−1}(1 − m̃_F (B)) ) m̃_F ([ω]).

In order to conclude the proof of the complete ergodicity of σ fix r ≥ 1, and suppose that

σ^{−1}(B) = B with 0 < m̃_F (B) < 1. Put γ = 1 − (2Q)^{−1}(1 − m̃_F (B)). Note that 0 < γ < 1.

In view of (2.8), for every ω ∈ (I^r)^∗ we get m̃_F (B ∩[ω]) = m̃_F (σ^{−|ω|}(B)∩[ω] ) ≤ γm̃_F ([ω]).

Take now η > 1 so small that γη < 1 and choose a subfamily R of (I^r)^∗ consisting of

mutually incomparable words and such that B ⊂ ⋃ {[ω] : ω ∈ R} and m̃_F (⋃ {[ω] : ω ∈ R} ) ≤ ηm̃_F (B). Then m̃_F (B) ≤ ∑ ω∈R m̃_F (B ∩ [ω]) ≤ ∑ ω∈R γm̃_F ([ω]) = γm̃_F (⋃ {[ω] : ω ∈ R} ) ≤ γηm̃_F (B) < m̃_F (A). This contradiction finishes the proof.

Remark. Using the results about the Perron-Frobenius operator proven in Section 6, one

can demonstrate similarly as in [Bo] that the dynamical system (σ, μ̃_F ) is weakly-Bernoulli

and the weak-Bernoulli generator is provided by the partition into initial cylinders of length

1. This property implies all kinds of mixing. For further stochstic features of the dynamical

system (σ, μ̃_F ) the reader may consult [Ur].

Theorem 2.10. m_F is the only probability measure m satisfying L^∗_0(m) = m.

Proof. Since m_F satisfies this equality we are only left to prove its uniqueness. So, let m_1

be another such a measure and let m̃_1 be the probability measure produced in Lemma 2.7

applied to the measure m_1. Then for every ω ∈ I^∗ we have Q^{−1} ≤ m̃_1([ω])/m̃_F ([ω]) ≤ Q,

whence m̃_1 and m̃_F are equivalent and the Radon-Nikodym derivative ρ satisfies Q^{−1} ≤ ρ ≤ Q. We also have m̃_F ([σ(ω)]) = ∫ exp ( S_{σ(ω)}(F ) − P(F )|σ(ω)| ) dm_F and

m̃_F ([ω]) = ∫ exp ( S_ω(F ) − P(F )|ω| ) dm_F = ∫ exp ( f^{(ω1)}(ϕ_{σ(ω)}(x)) − P(F ) ) exp ( S_{σ(ω)}(F )(x) − P(F )|σ(ω)| ) dm_F (x) and hence

inf{exp ( f^{(ω1)}(x) − P(F ) ) : x ∈ ϕ_{σ(ω)}(X)}m̃_F ([σ(ω)]) ≤ m̃_F ([ω])

≤ sup{exp ( f^{(ω1)}(x) − P(F ) ) : x ∈ ϕ_{σ(ω)}(X)}m̃_F ([σ(ω)]). Since f^{(ω1)} is a continuous function on X we thus obtain that for every ω ∈ I^∞

(2.9) lim_{n→∞} m̃_F ( [ω|_n] ) m̃_F ( [σ(ω)|_{n−1}] ) = exp ( f^{(ω1)}(π(σ(ω))) − P(F ) )

and the same formula is true with m̃_F replaced by m̃_1. In view of Theorem 2.9 there exists a set of points ω ∈ I^∞ with m̃_F measure 1 for which the Radon-Nikodym derivatives ρ(ω) and ρ(σ(ω)) both are defined. Let ω ∈ I^∞ be such a point. Then using (2.9) and its version for m̃_1 we obtain ρ(ω) = lim_{n→∞} ( m̃_1 ( [ω|_n] ) m̃_F ( [ω|_n] ) ) = lim_{n→∞} ( m̃_1 ( [ω|_n] ) m̃_1 ( [σ(ω)|_{n−1}] ) · m̃_1 ( [σ(ω)|_{n−1}] ) m̃_F ( [σ(ω)|_{n−1}] ) · m̃_F ( [σ(ω)|_{n−1}] ) m̃_F ( [ω|_n] ) )

= exp ( f^{(ω1)}(π(σ(ω))) − P(F ) ) ρ(σ(ω)) exp ( f^{(ω1)}(π(σ(ω))) − P(F ) = ρ(σ(ω))

But since, in view of Theorem 2.9, σ is ergodic with respect to m̃_F , we conclude that ρ is m̃_F -almost everywhere constant. Since m̃_1 and m̃_F are both probabilistic, m̃_1 = m̃_F . So, an application of Lemma 2.8 finishes the proof.

A Borel probability measure m is said to be F -conformal provided it is supported on J, for every Borel set A ⊂ X

(2.10) m(ϕ_ω(A)) = ∫ A exp ( S_ω(F ) − P(F )|ω| ) dm, ∀ω ∈ I^∗ and (2.11) m(ϕ_ω(X) ∩ ϕ_τ (X)) = 0

for all incomparable ω, τ ∈ I^∗. A simple inductive argument shows that instead of (2.10) and (2.11) it is enough to require that for every Borel set A ⊂ X

(2.10’) m(ϕ_i(A)) = ∫ A exp ( S_ω(F ) − P(F ) ) dm, ∀i ∈ I and (2.11’) m(ϕ_i(X) ∩ ϕ_j (X)) = 0

for all i, j ∈ I, i ≠ j. A straightforward calculation shows that each F -conformal measure is a fixed point of the normalized dual operator L^∗_0. We shall now provide some sufficient conditions for the existence (and uniqueness) of F -conformal measures. In fact we shall show that every measure satisfying one of these conditions and fulfilling slightly weaker requirements than being a fixed point of the dual operator L^∗_0 is F -conformal. Our first condition comes from the following definition. Namely, we say that an iterated function system {ϕ_i : i ∈ I} satisfies the strong separation condition if ϕ_i(X) ∩ ϕ_j (X) = ∅ for all i, j ∈ I, i ≠ j. Our second condition is just conformality.

Lemma 2.11. Suppose that the iterated function system {ϕ_i : i ∈ I} satisfies the strong separation condition or it is conformal. Then Borel probability measure ν on X is F - conformal if and only if

(2.12) ν(ϕ_ω(A)) ≥ ∫ A exp ( S_ω(F ) − P(F ) ) dν for all ω ∈ I^∗ and for all Borel subsets A of X.

Proof. That an F -conformal measure satisfies the requirements appearing in this lemma follows from its definition and Proposition 2.5. In order to prove the harder part, first we shall show that condition (2.11) is satisfied, then that ν(J) = 1, and finally that (2.10) holds. If the system satisfies the strong separation condition, then (2.11) is immediate. So, assume that it is conformal and suppose on the contrary that ν(ϕ_ρ(X) ∩ ϕ_τ (X)) > 0 for some two incomparable words ρ, τ ∈ I^∗. We may assume without loosing generality that ρ and τ are of the same length, say q ≥ 1. Let E = ϕ_ρ(X) ∩ ϕ_τ (X) and for every n ≥ 1, let E_n = ⋃ ω∈I^n ϕω(E). Since each element of En admits at least two different codes of

length n + q which agree on the initial segment of length n, it follows from Lemma 2.6 of [MU1] that ⋂_∞ k=1 ⋃_∞ n=k E_n = ∅. On the other hand, by (2.12) and Theorem 2.6, we get ν(E_n) ≥ Q^{−2}ν(E), thus ν (⋂_∞ k=1 ⋃_∞ n=k E_n ) ≥ Q^{−2}ν(E) > 0. This contradiction shows that

(2.13) ν(ϕ_ρ(X) ∩ ϕ_τ (X)) = 0

for all incomparable words ρ, τ ∈ I^∗. From now on the proof runs simultaneously for conformal systems and those satisfying the strong separation condition. In order to show that ν(J) = 1 suppose to the contrary that ν(X \J) > 0. In view of (2.13) for all ω ∈ I^∗ we have ν(ϕ_ω(X \J)∩J) = ν (⋃ τ∈I^{|ω|} ϕω (X \J)∩ϕτ (J) ) ≤ ∑ τ∈I^{|ω|} ν(ϕω(X \J)∩ϕτ (J)) = 0. Hence setting E_n = ⋃ ω∈I^n ϕω(X \ J) we get ν ( J ∩ ⋃ n≥1 E_n ) = 0. On the other hand, by (2.12) and Theorem 2.6, ν(E_n) ≥ Q^{−2}ν(X \ J) and therefore ν (⋂_∞ k=1 ⋃_∞ n=k E_n ) ≥ Q^{−2}ν(X \ J) > 0. Moreover ∞⋂ k=1 ∞⋃ n=k E_n ⊂ ∞⋂ k=1 (^∞⋃ n=k ⋃ ω∈I^n ϕ_ω(X) ) = ∞⋂ k=1 ⋃ ω∈I^k ϕ_ω(X) = J.

Combining the formulae occuring at the ends of the last three sentences we fall into a contradiction which proves that ν(J) = 1.

Now we need and we are in position to prove, that the measure m_F is F -conformal. Indeed, m_F satisfies (2.12). Moreover, using (2.13), (2.4), and Lemma 2.7, given an integer n ≥ 1, we can write 1 = m_F (X) = m_F (⋃ ω∈I^n ϕω(X) ) = ∑ ω∈I^n mF (ϕω(X)) ≥ ∑ ω∈I^n ∫ exp ( S_ω(F ) − P(F )|ω| ) dm_F = 1. Therefore, m_F (ϕ_ω(X)) = ∫ exp ( S_ω(F ) − P(F )|ω| ) dm_F for all ω ∈ I^n. Fixing now ω ∈ E^∗, define two finite measures m_1 and m_2 on X in the following way: m_1(A) = ∫ A exp ( S_ω(F )−P(F )|ω| ) dm_F and m_2(A) = m_F (ϕ_ω(A)).

Since we know that m_1(X) = m_2(X) and m_1(A) ≤ m_2(A) for all Borel sets A, we conclude that m_1 = m_2. Hence, conformality of m_F is proved.

Let us now return to the measure ν. We shall show that m_F is absolutely continuous with respect ν. Indeed, it follows from F -conformality of m_F and Lemma 2.2 that Q^{−1}|| exp ( S_ω(F ) − P(F )|ω| ) ||_0 ≤ m_F (ϕ_ω(X)) ≤ || exp ( S_ω(F ) − P(F )|ω| ) ||_0 for all ω ∈ I^∗.

Since, by the assumptions, ν(ϕ_ω(X)) ≥ Q^{−1} exp ( S_ω(F ) − P(F )|ω| ) , we therefore obtain m_F (ϕ_ω(X)) ≤ Qν(ϕ_ω(X)). So, using (2.13), we conclude that m_F is absolutely continuous with respect to ν and ρ = dm_F /dν ≤ Q ν-a.e. Repeating essentially the argument from the proof of Theorem 2.10 to show that ρ is almost everywhere constant, we proceed as follows. In view of Lemma 2.8 and Theorem 2.9 there exists a set of points ω ∈ I^∞ with m̃_F measure 1 for which the Radon-Nikodym derivatives ρ ∘ π(ω) and ρ ∘ π(σ(ω)) both are defined. Let ω ∈ I^∞ be such a point. Then ρ ∘ π(ω) = lim_{n→∞} ( m_F (ϕ_{ω|n} (X)) ν(ϕ_{ω|n} (X)) )

= lim_{n→∞} ( m_F (ϕ_{ω|n} (X)) m_F (ϕ_{σ(ω)|n−1} (X)) · m_F (ϕ_{σ(ω)|n−1} (X)) ν(ϕ_{σ(ω)|n−1} (X)) · ν(ϕ_{σ(ω)|n−1} (X)) ν(ϕ_{ω|n} (X)) )

≤ lim_{n→∞} ∫ ϕ_{σ(ω)|n−1} (X) exp(f (ω_1)) dm F m_F (ϕ_{σ(ω)|n−1} (X)) · ρ(π(σ(ω)))·

· lim_{n→∞} ν ( ϕ_{σ(ω)|n−1} (X) ) ∫ ϕ_{σ(ω)|n−1} (X) exp(f (ω_1)(x)) dν(x)

= exp(f^{(ω1)}(π(σ(ω))ρ(π(σ(ω))) ( exp(f^{(ω1)}(π(σ(ω)) )_{−1} = ρ(π(σ(ω))) So, by Birkhoff’s ergodic theorem, ρ ∘ π(ω) is m̃_F -a.e. constant and so is the Radon- Nikodym derivative ρ : J → [0, ∞). Keep the same symbol ρ for this value. Since both measures m and ν are probabilistic, ρ ≥ 1. In the proof of the previous theorem we were done at this point concluding that ρ = 1 since μ^{(1)}_F and μ^{(2)}_F were equivalent. Here an additional argument is needed. And indeed, if ρ > 1, m_F -almost everywhere, define the set Z = {x ∈ J : ρ(x) = 0}. Then ν(Z) = 1 − 1/ρ > 0. We claim that

(2.14) ν((J \ Z) ∩ ϕ_ω(Z)) = 0

for all ω ∈ I^∗. Indeed, if ν((J \ Z) ∩ ϕ_ω(Z)) > 0 for some ω ∈ I^∗, then m_F (ϕ_ω(Z)) ≥ m_F ((J \ Z) ∩ ϕ_ω(Z)) = ν((J \ Z) ∩ ϕ_ω(Z))/ρ > 0 which by F -conformality of m_F implies that m_F (Z) > 0. This contradiction finishes the proof of (2.14). But now it follows from (2.14) that the probability measure ν|_Z /ν(Z) satisfies (2.12). Hence, from what has been proved we conclude that m_F is absolutely continuous with respect to ν|_Z /ν(Z). This however contradicts the definition of the set Z and finishes the proof.

Corollary 2.12. m_F is the only probability measure satisfying L^∗_0(m_F ) = m_F and m_F is F -conformal. Also, m_F -almost every point x ∈ J has a unique representation in the form x = π(ω), ω ∈ I^∞, that is π^{−1}(x) is a singleton. In particular in view of Theorem 2.9 and Lemma 2.8, the measure μ_F = μ̃_F ∘π^{−1} is equivalent to m_F with bounded Radon-Nikodym derivatives.

Let us recall that in [MU1] we have in fact introduced the measures m_{hG}, μ_{hG}, m̃_{hG} and μ̃_{hG}, where tG as in Remark 2.1 is the family {t log |ϕ^′_i|}_{i∈I} and h = HD(J) is the Hausdorff dimension of the limit set J. We called there the measure m_{hG} simply h-conformal. Since P(hG) = 0, the formula (2.10) takes on in this case the following form

(2.15) m_{hG}(ϕ_ω(A)) = ∫ A |ϕ^′_ω|^hdm_{hG}. We end this section by further investigating the measures m̃_F and μ̃_F . In order to do this we introduce a potential function or amalgamated function, f, induced by the family of functions F as follows: f : I^∞ → IR is defined by setting

f(ω) = f^{(ω1)}(π(σ(ω))).

Our convention will be to use lower case letters for the potential function corresponding to a given Hölder system of functions. Given n ≥ 1 we set S_nf = n−1∑ j=0 f ∘ σ^j . It follows from Lemma 2.7, Theorem 2.9 and Lemma 2.2 that for every ω ∈ I^∞ and every n ≥ 1 (2.16) Q^{−1} ≤ m̃_F ([ω|_n]) exp(S_nf(ω) − P(F )n) ≤ Q and (2.16’) Q^{−2} ≤ μ̃_F ([ω|_n]) exp(S_nf(ω) − P(F )n) ≤ Q^2 In fact (see Proposition 2.13 below) the measure μ̃_F is the only invariant measure satisfying a condition slightly weaker than (2.16’).

Proposition 2.13. μ̃_F is the only shift-invariant measure on I^∞ satifying (2.16’) with Q^2 replaced by an arbitrary constant C ≥ Q^2 and P(F ) replaced by an arbitrary constant P.

Proof. In view of (2.16’) we only need to prove that if a shift-invariant measure μ satisfies (2.16’) with a constant C ≥ 1, then μ = μ̃_F . And indeed, we than have for every ω ∈ I^∞ and every n ≥ 1

(2.17) Q^{−2}C^{−1} exp ( P − P(F ))n) ) ≤ μ([ω|_n]) μ̃_F ([ω|_n])

≤ Q^2C exp ( P − P(F )n ) . Suppose first that P < P(F ). We would then have

1 = μ(I^∞) = ∑ |τ|=n μ([τ]) ≤ Q^2C exp ( P − P(F )n )

which gives contradiction for n ≥ 1 large enough. So, P ≥ P(F ). Similarly we demonstrate that P(F ) ≥ P . Thus P = P(F ). But then (2.17) implies that the measures μ and μ̃_F are equivalent. Since, by Theorem 2.9, measure μ̃_F is ergodic, we finally conclude that μ = μ̃_F and the proof is complete.

We now need the following technical result.

Lemma 2.14. The following three conditions are equivalent: (a) ∫ I^∞ −fdμ̃F < ∞. (b) ∑ i∈I inf(−f|_{[i]}) exp(inf f|_{[i]}) < ∞.

(c) H_{μ̃F} (α) < ∞, where α = {[i] : i ∈ I} is the partition of I^∞ into initial cylinders of length 1.

Proof. (a) ⇒ (b). Suppose that ∫ −fdμ̃_F < ∞. This means that ∑ i∈I ∫ [i] −fdμ̃_F < ∞ and consequently ∞ > ∑ i∈I inf(−f|_{[i]}) ∫ [i] dμ̃_F = ∑ i∈I inf(−f|_{[i]}) ∫ [i] (dμ̃_F /dm̃_F )dm̃_F ≥ Q^{−1} ∑ i∈I inf(−f|_{[i]})m̃_F ([i]) = Q^{−1} ∑ i∈I inf(−f|_{[i]}) ∫ X exp(f^{(i)}(x) − P(F ))dm_F (x)

= Q^{−1}e^{−P(F )} ∑ i∈I inf(−f|_{[i]}) ∫ X exp(f^{(i)}(x))dm_F (x).

Thus, ∞ > ∑ i∈I inf(−f|_{[i]}) ∫ X exp(f^{(i)}(x))dm_F (x) ≥ ∑ i∈I inf(−f|_{[i]}) exp(inf_X (f^{(i)}) = ∑ i∈I inf(−f|_{[i]}) exp(inf f|_{[i]}).

(b) ⇒ (c). Suppose that ∑ i∈I inf(−f|_{[i]}) exp(inf f|_{[i]}) < ∞. We shall show that H_{μ̃F} (α) < ∞. By definition,

H_{μ̃F} (α) = ∑ i∈I −μ̃_F ([i]) log μ̃_F ([i]) ≤ ∑ i∈I −Q^{−1}m̃_F ([i]) ( log m̃_F ([i]) − log Q ) .

But, ∑ i∈I −Q^{−1}m̃_F ([i])(− log Q) = Q^{−1} log Q, so it suffices to show that ∑ i∈I −m̃_F ([i]) log m̃_F ([i]) < ∞.

However, ∑ i∈I −m̃_F ([i]) log m̃_F ([i]) = ∑ i∈I −m̃_F ([i]) log (∫ X exp ( f^{(i)} − P(F ) ) ) dm_F ≤ ∑ i∈I −m̃_F ([i])(inf_X f^{(i)} − P(F )).

Since ∑ i∈I m̃_F ([i])P(F ) = P(F ), it suffices to show that ∑ i∈IN −m̃F ([i]) infX f (i) < ∞. And indeed, ∑ i∈I −m̃_F ([i]) inf_X f^{(i)} = ∑ i∈I m̃_F ([i]) sup_X (−f^{(i)}) ≤ ∑ i∈I m̃_F ([i]) ( inf_X (−f^{(i)}) + log Q ) .

Since ∑ i∈I m̃_F ([i]) log Q = log Q, it is enough to show that ∑ i∈I m̃_F ([i]) inf_X (−f^{(i)}) < ∞.

In fact, ∑ i∈I m̃_F ([i]) inf_X (−f^{(i)}) = ∑ i∈I inf_X f^{(i)} − P(F )) inf_X (−f^{(i)})

≤ e^{−P(F )}Q ∑ i∈I exp(inf_X (f^{(i)})) inf_X (−f^{(i)}).

But, since L_F (11) ∈ C(X), f^{(i)} are negative everywhere for all i large enough, say i ≥ k. Then using Lemma 2.2 again we get ∑ i≥k m̃_F ([i]) inf_X (−f^{(i)}) ≤ e^{−P(F )}Q ∑ i≥k exp(inf_X (f^{(i)})) inf_X (−f^{(i)})

which is finite due to our assumption. Hence, ∑ i∈IN m̃F ([i]) infX (−f (i)) < ∞. (c) ⇒ (a). Suppose that H_{μ̃F} (α) < ∞. We need to show that ∫ −fdμ̃_F < ∞. We have

∞ > H_{μ̃F} (α) = ∑ i∈I −m̃_F ([i]) log ( m̃_F ([i]) ) ≤ ∑ i∈I −m̃_F ([i]) ( inf(f|_{[i]} − P(f) − log Q) ) .

Hence, ∑ i∈I −m̃_F ([i]) inf(f|_{[i]}) < ∞ and therefore ∫ −fdμ̃_F = ∑ i∈I ∫ [i] −fdμ̃_F ≤ ∑ i∈I sup(−f|_{[i]})m̃_F ([i]) = ∑ i∈I − inf(f|_{[i]})m̃_F ([i]) < ∞.

The proof is complete.

Let us note some further properties of the potential or amalgamation function. Since F = {f^{(i)} : i ∈ I} is a Hölder system of functions of order β, the amalgamated function f : I^∞ → IR is Hölder continuous of order β meaning that

V_β (f) = sup_{n≥1}{e^{βn}V_n(f)} < ∞,

where V_n(f) = sup{|f(ω) − f(τ)| : ω|_n = τ|_n}. It is easy to see that

P(F ) = lim_{n→∞} 1 n log ∑ |ω|=n exp sup τ∈[ω] n−1∑ j=0 f ∘ σ^j(τ) ,

where the topological pressure P(F ) has been defined at the beginning of the section. Frequently we will also write P(f) for P(F ) as well as m_f , m̃_f , μ_f and μ̃_f for m_F , m̃_F , μ_F and μ̃_F respectively. It is also not difficult to check (see [HU]) that formula (2.15) gives the same value as the definition introduced by Sarig in [Sa]. Therefore, it follows from Theorem 3 of [Sa] that

(2.18) sup{h_μ(σ) + ∫ fdμ} = P(F ) = P(f), where the supremum is taken over all σ-invariant probability measures such that ∫ −fdμ < ∞. We call a σ-invariant probability measure μ an equilibrium state of the potential f, or equivalently of the family F , if ∫ −fdμ < +∞ and (2.19) h_μ(σ) + ∫ fdμ = P(F ). Given ω ∈ I^∗, say ω ∈ I^n by σ^{−n}_ω : I^∞ → I^∞ we denote the map defined by the formula σ^{−n}_ω (τ) = ωτ. Notice that σ^{−n}_ω is a continuous branch of σ^n. Given a Borel probability shift-invariant measure μ on I^∞ we call the function J_μ : I^∞ → [1, +∞] the Jacobian of the shift map σ with respect to the measure μ if for every Borel set A ⊂ I^∞

μ(σ^{−1}_i (A)) = ∫ A 1 J_μ ∘ σ^{−1}_i dμ.

By L_μ : L^∞ → L^∞ we denote the Perron-Frobenius operator of the measure μ, i.e. the operator defined by the formula

L_μ(g)(ω) = ∑ i∈I J_μ(iω)g(iω).

We shall prove the following.

Lemma 2.15. If μ is an equilibirum state for the shift map σ : I^∞ → I^∞ and potential f such that ∫ −fdμ < +∞, then J_μ = ρ ∘ σ ρ · exp(P(f) − f)

μ almost everywhere, where ρ = dμ̃_F /dm̃_F is the density function introduced in Theorem 2.9.

Proof. Let H_0 be the space of all bounded real-valued continuous functions on I^∞ and let L : H_0 → H_0 be the Perron-Frobenius operator defined by formula L(g)(ω) = ∑ τ∈σ^{−1}(ω) exp ( f(τ) − P(F ) ) f(τ) = ∑ i∈I exp ( f(iω) − P(F ) ) f(iω).

The density ρ = dm̃u_F /dm̃_F existing due to Theorem 2.9 is its fixed point and according to Theorem 5.2 of [Ur] ρ has a version in H_0, even Hölder continuous. Therefore, using inequality x ≥ 1 + log x we can write 1 = ∫ 1dμ = ∫ L(ρ) ρ dμ = ∫ L_μ ( ρ · exp(f − P(F )) J^{−1}_μ · ρ ∘ σ ) dμ = ∫ ρ · exp(f − P(F )) J^{−1}μ · ρ ∘ σ dμ ≥ 1 + ∫ log ( ρ · exp(f − P(F )) J^{−1}μ · ρ ∘ σ ) dμ = 1 + ∫ log ρdμ − ∫ log ρ ∘ σdμ + ∫ (f − P(F ))dμ + ∫ log J_μdμ = 1 + ∫ fdμ − P(F ) + h_μ(σ) = 1.

Notice that we were in position to write the inequality sign and the equality sign following it since by our assumptions ∫ fdμ is finite and since log J_μ is a non-negative function. Since x = 1 + log x if and only if x = 1, we conclude from this display that^{ρ·exp(f−P(F ))}_{J −1μ ·ρ∘σ} = 1 μ a.e.. The proof is complete.

Theorem 2.16. If ∑ i∈I inf(−f|_{[i]}) exp(inf f|_{[i]}) < ∞, then μ̃_F is a unique equilibrium state of the potential f.

Proof. It follows from Lemma 2.14 that ∫ −fdμ̃_F < ∞. To show that μ̃_F is an equilibrium state of the potential f consider α = {[i] : i ∈ I}, the partition of I^∞ into initial cylinders of length one. By Lemma 2.14, H_{μ̃F} (α) < ∞. Applying the Breiman-Shanon-McMillan theorem and the Birkhoff ergodic theorem, we find for μ̃_F -a.e. ω ∈ Σ

h_{μ̃F} (σ) ≥ h_{μ̃F} (σ, α) = lim_{n→∞} −1 n log μ̃_F ([ω|_n])

= lim_{n→∞} −1 n log (∫ exp ( S_ω(F )(x)dμ_F − P(F )n ) )

= lim_{n→∞} −1 n log ∫ exp (^{n−1}∑ j=0 f(σ^j(ω|_nτ))dμ_F (τ) − P(F )n )

≥ lim sup n→∞ −1 n log ∫ exp (^{n−1}∑ j=0 f(σ^j(ω)) + log Q − P(F )n )

= lim_{n→∞} −1 n n−1∑ j=0 f(σ^j(ω)) + P(F ) = − ∫ fdμ̃_F + P(F ).

Hence h_{μF} (σ) + ∫ fdμ̃_F ≥ P(F ), which in view of (2.18) implies that μ̃_F is an equilibrium state for the potential f. We shall now prove that μ is the only equilibrium state for f. So, suppose that μ is an equilibrium state. Fix ω ∈ I^∗, say ω ∈ I^n. It the follows from Lemma 2.15, Lemma 2.2 and formula (2.16’) that for every γ ∈ [ω] we get

μ([ω]) = μ(σ^{−n}_ω (I^∞)) = ∫ J^{−1}_μ (ωτ)J^{−1}_μ (σ(ωτ)) . . . J^{−1}_μ (σ^{n−1}(ωτ))dμ(τ) = ∫ ρ(ωτ) ρ(σ(ωτ)) exp(f(ωτ) − P(F )) ρ(σ(ωτ)) ρ(σ^2((ωτ)) exp(f(σ(ωτ)) − P(F )) . . . . . . ρ(σ^{n−1}(ωτ)) ρ(σ^n((ωτ)) exp(f(σ^{n−1}(ωτ)) − P(F )n)dμ(τ) = ∫ ρ(ωτ) ρ(τ) exp(S_nf(ωτ) − P(F )n) ≤ Q^2 ∫ exp(S_nf(ωτ) − P(F )n)

≤ Q^3 exp(S_nf(γ) − P(F )n) ≤ Q^5μ̃_F ([ω]).

Hence, the invariant measure μ is absolutely continuous with respect to ergodic invariant measure μ̃_F . The proof is finished.

We say that two amalgamated functions (of two Hölder systems of functions) f, g : I^∞ → IR are cohomologous in a class H if there exists a function : I^∞ → IR such that g − f = u − u ∘ σ. We would like to end up this section with Theorem 2.17 whose proof analogous to the proof of Theorem 1.28 in [Bo] we provide for the sake of completeness.

Theorem 2.17. Suppose that F = {f^{(i)}}_{i∈I} and G = {g^{(i)}}_{i∈I} are two Hölder systems of functions. Then the following conditions are equivalent: (1) μ̃_F = μ̃_G.

(2) There exists a constant R such that S_nf(ω) − S_ng(ω) = nR if only σ^n(ω) = ω.

(3) The difference f − g is cohomologous to a constant in the class of bounded Hölder continuous functions.

(4) The difference g − f is cohomologous to a constant in the class of bounded continuous functions.

(5) There exist constants S and T such that for every ω ∈ I^∞ and every n ≥ 1 |S_nf(ω) − S_ng(ω) − Sn| ≤ T. If these conditions are satisfied then R = S = P(F ) − P(G).

Proof. (1) ⇒ (2). It follows from (2.16’) that Q^{−4} ≤ exp ( S_kf(ω) − P(F )k) ) exp ( S_kg(ω) − P(g)k) ) ≤ Q^4 for every ω ∈ I^∞ and every k ≥ 1. Suppose now that σ^n(ω) = ω. Then for every k = ln, l ≥ 1, Q^{−4} ≤ exp ( l(S_nf(ω) − S_ng(ω)) − (P(F ) − P(G))n ) ≤ Q^4. Hence, there exists a constant T ≥ 0 such that l|S_nf(ω) − S_ng(ω) − (P(F ) − P(G))n| ≤ T and therefore, letting l ↗ ∞, we conclude that S_nf(ω)−S_ng(ω) = (P(F )−P(G))n. Thus, putting R = P(F ) − P(G) completes the proof of the implication (1) ⇒ (2). (2) ⇒ (3). Define η = f − g − R and fix a point τ ∈ I^∞ transitive for the shift map σ : I^∞ → I^∞. Put

Γ = {σ^k(τ) : k ≥ 1}

and define the function u : Γ → IR by setting

u(σ^k(τ)) = k−1∑ j=0 η(σ^j (τ)).

Note that the function u is well-defined since all points σ^k(τ), k ≥ 1, are mutually distinct.

Taking the minimum of exponents we may assume that both families F and G form Hölder

systems of functions of the same order β. Fix now k ≥ 1 and consider periodic point

ω = (τ|_k)^∞. Then by our assumption

|u(σ^k(τ)| = | | | | | k−1∑ j=0 ( η(σ^j(τ)) − (f(σ^j(ω)) − g(σ^j(ω)) ) + Rk | | | | |

= | | | | | k−1∑ j=0 ( (f(σ^j(τ)) − f(σ^j(ω))) − (g(σ^j(τ)) − g(σ^j(ω))) ) | | | | | ≤ k−1∑ j=0 |f(σ^j(τ)) − f(σ^j(ω))| + k−1∑ j=0 |g(σ^j(τ)) − g(σ^j(ω))|

≤ k−1∑ j=0 V_β(f)e^{−β(k−j)} + k−1∑ j=0 V_β (g)e^{−β(k−j)}

≤ (V_β (f) + V_β (g)) e^{−β} 1 − e^{−β} < ∞. (2.20)

Assume now σ^k(τ)|_r = σ^l(τ)|_r for some k < l and some r ≥ 1. Let ω = τ|_k(σ^k(τ)|_{l−k})^∞.

By our assumption ∑_{l−1} j=k η(σ^j(ω)) = 0. Hence,

|u(σ^l(τ)) − u(σ^k(τ))| = | | | | | l−1∑ j=k η(σ^j(τ)) | | | | | = | | | | | l−1∑ j=k η(σ^j(τ)) − η(σ^j(ω)) | | | | | ≤ l−1∑ j=k ( |f(σ^j(τ)) − f(σ^j(ω))| + |g(σ^j(τ)) − g(σ^j(ω))| )

≤ l−1∑ j=k (V_β (f) + V_β(g))e^{−β(r+l−j−1)}

≤ e^{−βr}(V_β(f) + V_β (g)) ∞∑ j=0 e^{−βj} =

V_β (f) + V_β (g) 1 − e^{−β} e^{−βr} (2.21)

In particular it follows from (2.21) that u is uniformly continuous on Γ. Since Γ is a

dense subset of I^∞ we therefore conclude that u has a unique continuous extension on I^∞.

Moreover, it follows from (2.20) and (2.21) that u is bounded and Hölder continuous. The

proof of the implication (2) ⇒ (3) is therefore complete.

Now, the implications (3) ⇒ (4) and (4) ⇒ (5) are obvious.

(5) ⇒ (1). It follows from (5) and (2.16’) that for every ω ∈ I^∗, say ω ∈ I^n

(2.22) Q^{−4}e^{−T} exp ( (S + P(G) − P(F ))n ) ≤ μ̃_F ([ω])

μ̃_G([ω])

≤ Q^4e^T exp ( (S + P(G) − P(F ))n ) .

Suppose that S ≠ P(F ) − P(G). Without loosing generality we may assume that S < P(F ) − P(G). But then it would follow from (2.22) that that for every n ≥ 1

1 = μ̃_F (I^∞) = ∑ |ω|=n μ̃_F ([ω]) ≤ Q^4e^T exp ( (S + P(G) − P(F ))n )

which gives contradiction for n ≥ 1 large enough. Hence S = P(F ) − P(G). But then (2.22) implies that the measures μ̃_F and μ̃_G are equivalent. Since, in view of Theorem 2.9 these measures are ergodic, they must conincide. The proof of the implication (5) ⇒ (1) and simultaneously of the whole Theorem 2.17 is complete.

§3. Parabolic systems. In this section we recall from [MU3] the concept of conformal parabolic iterated function systems and employing the construction of the associated hyperbolic system, we demonstarate how to reduce the theory of Hölder families of functions for parabolic systems to the corresponding theory of hyperbolic systems. The significance of this section lies on the level of geometric features of the measures m_F and μ_F and not on the level of their abstract properties. In Section 7 we will develop the multifractal analysis of conformal hyperbolic iterated function systems, and using the result this section, we will apply the results of Section 7 to study geometry of equilibrium states (μ_F ) of parabolic systems in Section 8. Let us recall the setting from [MU3]. Let X be a compact connected subset of a Euclidean space IR^d. Suppose that we have countably many conformal maps ϕ_i : X → X, i ∈ I, where I has at least two elements satisfying the following conditions (1) (Open Set Condition) ϕ_i(Int(X)) ∩ ϕ_j (Int(X)) = ∅ for all i ≠ j. (2) |ϕ^′_i(x)| < 1 everywhere except for finitely many pairs (i, x_i), i ∈ I, for which x_i is the unique fixed point of ϕ_i and |ϕ^′_i(x_i)| = 1. Such pairs and indices i will be called parabolic and the set of parabolic indices will be denoted by Ω. All other indices will be called hyperbolic.

(3) ∀n ≥ 1 ∀ω = (ω_1, ..., ω_n) ∈ I^n if ω_n is a hyperbolic index or ω_{n−1} ≠ ω_n, then ϕ_ω extends conformally to an open connected set V ⊂ IR^d and maps V into itself.

(4) If i is a parabolic index, then ⋂ n≥0 ϕ_in (X) = {x_i} and the diameters of the sets ϕ_in (X) converge to 0.

(5) (Bounded Distortion Property) ∃K ≥ 1 ∀n ≥ 1 ∀ω = (ω_1, ..., ω_n) ∈ I^n ∀x, y ∈ V if ω_n is a hyperbolic index or ω_{n−1} ≠ ω_n, then |ϕ^′_ω(y)| |ϕ^′_ω(x)| ≤ K. (6) ∃s < 1 ∀n ≥ 1 ∀ω ∈ I^n if ω_n is a hyperbolic index or ω_{n−1} ≠ ω_n, then ||ϕ^′_ω|| ≤ s.

(7) (Cone Condition) There exist α, l > 0 such that for every x ∈ ∂X ⊂ IR^d there exists an open cone Con(x, α, l) ⊂ Int(X) with vertex x, central angle of Lebesgue measure α, and altitude l.

(8) There are two constants L ≥ 1 and α > 0 such that | ||ϕ^′_i(y)| − |ϕ^′_i(x)| | | ≤ L||ϕ^′_i|||y − x|^α, for every i ∈ I and every pair of points x, y ∈ V .

We call such a system of maps S = {ϕ_i : i ∈ I} a subparabolic iterated function system. If Ω ≠ ∅, we call this system parabolic. I has been proved in [MU3] that lim_{n→∞} sup_{|ω|=n}{diam(ϕ_ω(X))} = 0. So, the projection π : I^∞ → X and consequently also the limit set π(I^∞), are well defined. Let us now recall the main construction from [MU3]. So, consider the system S^∗ generated by I_∗, the set of maps of the form ϕ_in_j , where n ≥ 1, i ∈ Ω, i ≠ j, and the maps ϕ_k, where k ∈ I \ Ω. It immediately follows from our assumptions that the following is true.

Theorem 3.1. The system S^∗ is a hyperbolic conformal iterated function system.

We recall that J^∗ is the limit set generated by the system S^∗. The proof of the following result (see [MU3]) is straightforward.

Lemma 3.2. The limit sets J and J^∗ of the systems S and S^∗ respectively differ only by a countable set. In fact, J^∗ ⊂ J and J \ J^∗ ⊂ {ϕ_ωi^∞ : ω ∈ I^∗, i ∈ Ω}.

Let now F = {f^{(i)}}_{i∈I} be a Hölder family of functions of an order β > 0 for the iterated function system S = {ϕ_i}_{i∈I} . We define the family F^∗ for the system S^∗ by setting

f^{(i)}_∗ = f^{(i)}

if i is a hyperbolic index of I and

f^{(inj)}_∗ = f^{(j)} + n−1∑ k=0 f^{(i)} ∘ ϕ_in_j − P(F )(n + 1)

if n ≥ 1, i ∈ Ω and j ∈ I \ {i}. We start we with te following.

Theorem 3.3. If F is a Hölder family of functions of order β > 0 for the system S, then F^∗ is a Hölder family of functions of order β > 0 for the system S^∗ and P_S∗ (F^∗) = 0. Proof. Since |ω|_∗ ≤ |ω| for every ω ∈ I^∗_∗ , in order to check (2.1) we only need to estimate from above the numbers |f^{(inj)}(ϕ_ω(x)) − f^{(inj)}(ϕ_ω(y))| for all n ≥ 1, all i ∈ Ω, all j ∈ I \ {i}, and all ω ∈ I^∗_∗ . And indeed, applying Lemma 2.2 we get

|f^{(inj)}(ϕ_ω(x)) − f^{(inj)}(ϕ_ω(y))| = |S_{(i}n_{j)}(F )(ϕ_ω(x)) − S_{(i}n_{j)}(F )(ϕ_ω(y))| ≤ V_β (F )e^β 1 − e^{−β} e^{−β|ω|} ≤ V_β (F )e^β 1 − e^{−β} e^{−β|ω|∗} . So, |f^{(inj)}(ϕ_ω(x)) − f^{(inj)}(ϕ_ω(y))|e^{β|ω|∗} ≤ V_β (F )e^β 1 − e^{−β} . And therefore V (F^∗) ≤

V_β (F )e^β 1 − e^{−β} . Let us now verify condition (2.2). In view of Lemma 2.7 and Lemma 2.2 we can write ∑ i∈I\Ω ||e^{f (i)} ||_0 + ∑ i∈Ω ∑ j≠i ∑ n≥1 ||e^{f (inj)∗} ||_0 =

= ∑ i∈I\Ω ||e^{f (i)} ||_0 + ∑ i∈Ω ∑ j≠i ∑ n≥1 ‖ ‖ ‖ ‖ exp(f^{(j)} + n−1∑ k=0 f^{(i)} ∘ ϕ_in_j − P(F )(n + 1) ) ‖ ‖ ‖ ‖_0 ≤ ∑ i∈I\Ω ||e^{f (i)} ||_0 + ∑ i∈Ω ∑ j≠i ∑ n≥1 ‖ ‖exp(S_{in j} (F ) − P(F )(n + 1)) ‖ ‖_0

≤ ∑ i∈I\Ω ||e^{f (i)} ||_0 + ∑ i∈Ω ∑ j≠i ∑ n≥1 Qm̃_F ([i^nj]) ≤ ∑ i∈I\Ω ||e^{f (i)} ||_0 + Qm̃_F ([i^nj]) ≤ ∑ i∈I\Ω ||e^{f (i)} ||_0 + Q < ∞

So, F^∗ is a Hölder family of functions of order β and we are only left to show that P_S∗ (F^∗) = 0. The proof uses the argument similar as above. First notice that if ω ∈ I^∗_∗ and ωω is the word ω written in the alphabet I, then

(3.1) S_ω(F^∗) = S_ω(f) − P(F )|ω|.

Hence,

Z_n(F^∗) = log ∑ |ω|_∗=n || exp S_ω(F^∗)||_0 = log ∑ |ω|_∗=n || exp ( S_ω(f) − P(F )|ω| ) .

Therefore, using Lemma 2.2 and Lemma 2.7 we conclude that

Z_n(F^∗) ≤ log Q + ∑ |ω|_∗=n m̃_F ([ω]) ≤ log Q + m(I^∞) ≤ 1 + log Q and similarly Z_n(F^∗) ≥ 1 − log Q. Thus

P_S∗ (F^∗) = lim_{n→∞} 1 n Z_n(F^∗) = 0.

The proof is complete.

Notice now that in Section 2 we have not really used the hyperbolicity of the iterated function system considered, but only the fact that the intersections ⋂ n≥1 ϕ_{ω|n} (X) are singletons. Therefore, given a parabolic system S and a Hölder family of functions F , we, in particular, can speak about the measures m̃_F , μ̃_F and m_F . Notice however that the measure m_F is defined as the fixed point of the normalized Perron-Frobenius operator and we do not claim that it is conformal. Since the map I^∞_∗ → I^∞, ω → ω, is injective, we can consider I^∞_∗ as a subset of I^∞. Since I^∞ \ I^∞_∗ = {ωi^∞ : ω ∈ I^∗, i ∈ Ω} is a countable set, since the measure μ̃_F is ergodic (see Theorem 2.9), and since, by (2.16’), the topological support of μ_F is equal to I^∞, we conclude that μ̃_F (I^∞ \I^∞_∗ ) = 0. Thus, with regard to the measures μ̃_F , m̃_F , μ̃_F ∗ , m̃_F ∗ we can identify the sets I^∞ and I^∞_∗ . We are now in position to prove the following.

Theorem 3.4. Suppose that F = {f^{(i)}}_{i∈I} is a Hölder family of functions of the parabolic system S and that F^∗ is the corresponding family of functions for te system S^∗. Then (a) m̃_F = m̃_F ∗ . (b) m_F = m_F ∗ .

(c) The measures μ̃_F and μ̃_F ∗ are equivalent with uniformly bounded Radon-Nikodym derivatives.

Proof. It immediately follows from Lemma 2.7, Lemma 2.2 and (3.1) that the measures m̃_F and m̃_F ∗ are equivalent, and moreover, the Radon-Nikodym derivative ρ =^{dm̃F ∗}_{dm̃F} is uniformly bounded away from zero and infinity. The item (c) of our theorem is now an immediate consequence of Theorem 2.9. In view of ergodicity of the dynamical system (σ^∗, μ̃_F ∗ ) in order to prove part (a), it is sufficient to show that the Radon-Nikodym derivative ρ =^{dmF ∗}_{dm̃F} is constant on almost all forward trajectories under the shift map σ^∗. The idea is to apply (2.9) for the maps σ^∗ and σ and to proceed further similarly as in the proof of Theorem 2.10. And indeed, applying first (2.9) for all ω ∈ I^∞_∗ and the shift map σ^∗, we get for every n ≥ 1 lim_{n→∞} m̃_F ∗ ([ω|^∗_n]) m̃_F ∗ ([σ^∗ω|^∗_{n−1}])

= exp ( f^{(ω1)}_∗ (π(σ^∗ω)) ) = exp ( S_{ω1} (f)(σ^{|ω1|}) − P(F )|ω_1| ) . Applying in turn (2.9) ω_1| times to the shift map σ, we get for every n ≥ 1 lim_{n→∞} m̃_F ([ω|_n]) m̃_F ([σ^|ω_1|(ω)|_{n−1}])

= exp ( S_{ω1} (f)(σ^{|ω1|}) − P(F )|ω_1| )

where n = ∑_n i=1 |ω_i|, i ∈ I_∗. Hence, for every ω ∈ I^∞_∗ dm̃_F ∗ dm̃_F ∗ ∘ σ^∗ (ω) = dm_F dm̃_F ∘ σ^∗ (ω) /∈ {0, ∞}.

Therefore, ρ(ω) = dm̃_F ∗ dm̃_F (ω) = dm̃_F ∗ dm̃_F ∗ ∘ σ^∗ (ω) · dm̃_F ∗ ∘ σ^∗ dm̃_F ∘ σ^∗ (ω) · dm̃_F ∘ σ^∗ dm̃_F (ω) = dm̃_F ∗ dm̃_F (σ^∗ω) = ρ(σω) Thus the proof of item (a) is complete. Part (b) is an immediate application of (a) and Lemma 2.8.

§4. Volume Lemma. Throughout this section we assume that the system F = {ϕ_i : i ∈ I} is conformal. Recall that if ν is a finite Borel measure on X, then HD(ν), the Hausdorff dimension of ν, is the minimum of Hausdorff dimensions of sets of full ν measure. By α = {[i] : i ∈ I}, we denote the partition of I^∞ into initial cylinders of length 1. If μ is a Borel shift-invariant ergodic probability measure on I^∞, by h_μ(σ) we denote its entropy with respect to the shift map σ and by χ_μ(σ) = ∫ ζdμ > 0 its characteristic Lyapunov exponent, where ζ(ω) = − log |ϕ^′_{ω1} (π(σ(ω)))|. In this section we shall prove the following.

Theorem 4.1.(Volume Lemma) Suppose that μ is a Borel shift-invariant ergodic probability measure on I^∞ such that

(4.1) μ ∘ π^{−1} ( ϕ_ω(X) ∩ ϕ_τ ( X) ) = 0 for all incomparable words ω, τ ∈ I^∗. If H_μ(α) < ∞, then

HD(μ ∘ π^{−1}) = h_μ(σ) χ_μ(σ) , where H_μ(α) is the entropy of the partition α with respect to the measure μ and we put

h_μ(σ)

∞ = 0.

Proof. Supposing the series ∑ i∈I −μ([i]) log(||ϕ^′_i||_0) converges, using (BDP), we conclude that the function ζ is integrable. Since H_μ(α) < ∞ and α is a generating partition, the entropy h_μ(σ) = h_μ(σ, α) ≤ H_μ(α) is finite. Thus, in view of the Birkhoff ergodic theorem and the Breimann-Shannon-McMillan theorem there exists a set I_0 ⊂ I^∞ such that μ(I_0) = 1,

(4.2) lim_{n→∞} 1 n n−1∑ j=0 ζ ∘ σ^j(ω) = χ_μ(σ) and lim_{n→∞}

− log(μ([ω|_n]) n = h_μ(σ)

for all ω ∈ I_0. Fix now ω ∈ I_0 and η > 0. For r > 0 let n = n(ω, r) ≥ 0 be the least integer such that ϕ_{ω|n} (X) ⊂ B(π(ω), r). Then log ( μ∘π^{−1}(B(π(ω), r)) ) ≥ log ( μ∘π^{−1}(ϕ_{ω|n} (X)) ) ≥ log(μ([ω|_n]) ≥ −(h_μ(σ) + η)n for every r small enough (which implies that n = n(ω, r) is large enough) and diam ( ϕ_{ω|n−1} (X) ) ≥ r. The last inequality implies that

log r ≤ log ( diam(ϕ_{ω|n−1} (X)) ) ≤ log ( D|ϕ^′_{ω|n−1} (π(σ^{n−1}(ω)))| )

≤ log D + n−1∑ j=1 log |ϕ^′_{ωj} (π(σ^j(ω)))| ≤ log D − (n − 1)(χ_μ(σ) − η)

for all r small enough. Therefore, for these r log ( μ ∘ π^{−1}(B(π(ω), r)) ) log r ≤ −(h_μ(σ) + η)n log D − (n − 1)(χ_μ(σ) − η) = h_μ(σ) + η

− log D

n +^{n−1}_n (χ_μ(σ) − η) .

Hence letting r → 0, and consequently n → ∞, we obtain

lim sup r→0 log ( μ ∘ π^{−1}(B(π(ω), r)) ) log r ≤ h_μ(σ) + η χ_μ(σ) − η . Since η was an arbitrary positive number we finally obtain

lim sup r→0 log ( μ ∘ π^{−1}(B(π(ω), r)) ) log r ≤ h_μ(σ) χ_μ(σ) for all ω ∈ I_0. Hence (see [Ma], [PU]), as μ ∘ π^{−1}(π(I_0)) = 1, HD(μ ∘ π^{−1}) ≤ h_μ(σ)/χ_μ(σ). Let now J_1 ⊂ J be an arbitrary Borel set such that μ ∘ π^{−1}(J_1) > 0. Fix η > 0. In view of (4.2) and Jegorov’s theorem there exist n_0 ≥ 1 and a Borel set J̃_2 ⊂ π^{−1}(J_1) such that μ(J̃_2) > μ(π^{−1}(J_1))/2 > 0,

(4.3) μ([ω|_n]) ≤ exp ( (−h_μ(σ) + η)n )

and |ϕ^′_{ω|n} (π(σ^n(ω))| ≥ exp ( (−χ_μ(σ) − η)n ) for all n ≥ n_0 and all ω ∈ J̃_2. Due to the (BDP), the last inequality implies that there exists n_1 ≥ n_0 such that

(4.4) diam ( ϕ_{ω|n} (X) ) ≥ D^{−1}e^{(−χμ (σ)−η)n} ≥ e^{−(χμ (σ)+2η)n} for all n ≥ n_1 and all ω ∈ J̃_2. Given now 0 < r < exp(−(χ_μ(σ) + 2η)n_1 ) and ω ∈ J̃_2 let n(ω, r) be the least number n such that diam ( ϕ_{ω|n+1} (X) ) < r. Using (4.4) we deduce that n(ω, r) + 1 > n_1, hence n(ω, r) ≥ n_1 and diam ( ϕ_{ω|n} (X) ) ≥ r. In view of Lemma 2.7 of [MU] there exists a universal constant L ≥ 1 such that for every ω ∈ J̃_2 and 0 < r < exp(−(χ_μ(σ) + 2η)n_1 ) there exist k ≤ L points ω^{(1)}, . . . , ω^{(k)} ∈ J̃_2 such that π(J̃_2) ∩ B(π(ω), r) ⊂ ⋃_k j=1 ϕ_ω(j)_{|n(ω(j),r)} (X). Let μ̃ = μ|_{J̃2} be the restriction of the measure μ to the set J̃_2. Using (4.1), (4.3) and (4.4) we get

μ̃ ∘ π^{−1}(B(π(ω), r)) ≤ k∑ j=1 μ ∘ π^{−1} ( ϕ_ω(j)_{|n(ω(j),r)} (X) ) = k∑ j=1 μ ( [ω^{(j)}|_{n(ω}(j)_{,r)}] )

≤ k∑ j=1 exp ( (−h_μ(σ) + η)n(ω^{(j)}, r) )

= k∑ j=1 ( exp ( −(χ_μ(σ) + 2η)(n(ω^{(j)}, r) + 1) ))^{n(ω(j),r)} n(ω(j),r)+1 ·^{−hμ (σ)+η} −(χμ (σ)+2η)

≤ k∑ j=1 diam ( ϕ_ω(j)_{|n(ω(j),r)+1} (X) )^{n(ω(j),r)} n(ω(j),r)+1 ·^{hμ(σ)−η} χμ (σ)+2η ≤ k∑ j=1 r n(ω(j),r) n(ω(j),r)+1 ·^{hμ (σ)−η} χμ (σ)+2η

≤ Lr^{hμ (σ)−2η} χμ(σ)+2η , where the last inequality sign was written assuming n_1 so large that^{n1}_{n1+1} ·^{hμ(σ)−η}_{χμ(σ)+2η} ≥

h_μ (σ)−2η χ_μ(σ)+2η . Hence (see [Ma], [PU]) HD(J1) ≥ HD(π(

J̃_2)) ≥^{hμ (σ)−2η}

χ_μ(σ)+2η and since η was an

arbitrary number HD(J_1) ≥^{hμ(σ)}_{χμ(σ)} . Thus HD(μ ∘ π^{−1}) ≥^{hμ(σ)}_{χμ(σ)} and the proof is complete.

Remark 4.2. Note that proving HD(μ ∘ π^{−1}) ≤^{hμ (σ)}_{χμ(σ)} we did not use the property μ([ω]) = μ ∘ π^{−1}(ϕ_ω(X)), ω ∈ I^∗, which is equivalent with (4.1).

Remark 4.3. Note that the proof of Theorem 4.1 actually shows that the measure μ ∘ π^{−1} has pointwise dimension^{hμ(σ)}_{χμ(σ)} . This implies that every set with positive mesure has Hausdorff dimension at least this large.

Remark 4.4. Note that it is in fact sufficient to assume in Theorem 4.1 that H_μ(α^q) < ∞ for some q ≥ 1.

As an immediate consequence of Theorem 4.1 and Remark 4.4 we get the following.

Corollary 4.5. If F = {f^{(i)} : i ∈ I} is a strongly Hölder family of functions and the series ∑ ω∈I^q −m̃_F (ϕ_ω(X)) log(m̃_F (ϕ_ω(X)))

converges for some q ≥ 1, then

HD(m_F ) = HD(μ_F ) = h_{μ̃F} (σ) χ_{μ̃F} (σ) .

We would like to end this short section with the proof of the following.

Theorem 4.6. Suppose that {ϕ_i}_{i∈I} is a regular conformal system such that χ_{μ̃−hζ} < ∞. Suppose also that μ is a Borel ergodic probability shift-invariant measure on I^∞ such that H_μ(α) < ∞. If HD(μ ∘ π^{−1}) = h := HD(J), then μ̃ = μ̃_{−hζ} .

Proof. If χ_μ = ∞, then it follows from Remark 4.2 that h = HD(μ ∘ π^{−1}) = 0 which is a contradiction. So, χ_μ < ∞ and it follows from Remark 4.2 that h_μ − hχ_μ ≥ 0. Since, in view of Theorem 3.15 of [MU1], P(−hζ) = P(h) = 0, we therefore deduce from (2.18), Lemma 2.14 and Theorem 2.16 with f = −hζ, that μ = μ_{−hζ} . The proof is complete.

Corollary 4.7. Suppose that {ϕ_i}_{i∈I} is a regular conformal system such that χ_{μ̃−hζ} < ∞. Suppose also that F = {f^{(i)} : i : i ∈ I}, is a strongly Hölder family of functions satisfying the asumptions of Corollary 4.5 (or equivalently H_{μ̃F} (α) < ∞). If HD(μ_F ) = h := HD(J), then μ̃_F = μ̃_{−hζ} and the difference between the amalgamated function f : I^∞ → IR and the function −hζ : I^∞ → IR is cohomologous to a constant in the class of bounded Hölder continuous functions on I^∞.

Proof. Since μ_F = μ̃_F ∘π^{−1}, all the asuumptions of Theorem 4.6 are satisfied. It therefore follows from this theorem that μ̃_F = μ̃_{−hζ} . As an immediate application of Theorem 2.17 we now conclude that f + hζ is cohomologous to a constant in the class of bounded Hölder continuous functions. The proof is complete.

§5. Ionescu-Tulcea and Marinescu inequality. In this section we come back to the setting of general hyperbolic iterated function systems explored in Section 2. We first consider the natural extension of the operator L_0 to the space of bounded measurable functions. Let

H_0 = {g : g is a bounded function on J and g ∘ π is continuous on I^∞}.

Note that H_0 is a Banach space equipped with the uniform norm ||·||_0 and H_0 ⊃ C_b(J), the space of bounded continuous functions on J. It can happen that H_0 = C_b(J). This would be the case for example if the map π were an open map. However, the map π is generally not open. For instance, if π were open, then according to a classical theorem of Sierpinski, J would be a G_δ set and there are examples where J is not a G_δ set [MU1, Ex. 5.1]. Thus, H_0 is, in general, a proper enlargement of C_b(J). Let us note a simple property of H_0. If g ∈ H_0 and ω ∈ I^∗, then g ∘ ϕ_ω ∈ H_0, since for each τ ∈ I^∞, (g ∘ ϕ_ω)(τ) = g ∘ π(ωτ). Also, for every α > 0, let H_α = {g ∈ H_0 : V_α(g) < ∞}, where

V_α(g) = sup { |g ∘ π(ω) − g ∘ π(τ)| d_α(ω, τ) : ω, τ ∈ I^∞, ω ≠ τ and ω_1 = τ_1 }

and d_α(ω, τ) = e^{−αk}, where k is the maximal integer such that ω|_k = τ|_k. Since π : I^∞ → J is a surjection each H_α is a Banach space with norm ||·||_α defined by ||g||_α = ||g||_0 +V_a(g).

Theorem 5.1. Let F = {f^{(i)} : i ∈ I} be Hölder system of functions of order β. The normalized operator L_0 : H_0 → H_0 preserves the space H_β . Moreover, there are constants 0 < γ < 1 and C > 0 and some q_0 ∈ N such that if q ≥ q_0, then for every g ∈ H_β ||L^q_0(g)||_β ≤ γ||g||_β + C||g||_0. Proof. Let g ∈ H_0 and let n ≥ 1, we have

L^n_0 (g)(x) = ∑ ω∈I^n exp(S_ω(F ) − P(F ))(x)g(ϕ_ω(x)). So, L^n_0 (g)(π(x)) = ∑ ω∈I^n exp(S_ω(F ) − P(F )n)(π(x))g(ϕ_ω(π(x))).

Since this is a uniformly convergent series of functions in H_0, L^n_0 (g) ∈ H_0. Now assume that g ∈ H_β . Let x = π(τ), y = π(ρ), τ, ρ ∈ I^∞, τ|_k = ρ|_k and τ_{k+1} ≠ ρ_{k+1} for some k ≥ 1. Then for every n ≥ 1

L^n_0 (g)(y) − L^n_0 (g)(x) = ∑ ω∈I^n exp(S_ω(F ) − P(F )n)(y)g(ϕ_ω(y)) − ∑ ω∈I^n exp(S_ω(F ) − P(F )n)(x)g(ϕ_ω(x)) = ∑ ω∈I^n exp(S_ω(F ) − P(F )n)(y) ( g(ϕ_ω(y)) − g(ϕ_ω(x)) )

+ ∑ ω∈I^n g(ϕ_ω(x)) ( exp(S_ω(F ) − P(F )n)(y) − exp(S_ω(F ) − P(F )n)(x) )

But |g(ϕ_ω(y))−g(ϕ_ω(x))| ≤ V_β (g)e^{−β(n+k)} and therefore employing Theorem 2.6 and using Lemma 2.2 we obtain ∑ ω∈I^n exp(S_ω(F ) − P(F )n)(y) ( g(ϕ_ω(y)) − g(ϕ_ω(x)) ) ≤ V_β (g)e^{−β(n+k)}Q ≤ e^{−βn}Q||g||_βd_β (ρ, τ) (5.1)

Now notice that there exists a constant M ≥ 1 such that |1 − e^x| ≤ M|x| for all x with |x| ≤ e^{−β} log Q. Since by Lemma 2.2, |S_ω(F )(x) − S_ω(F )(y)| ≤ e^{−βk} log Q ≤ e^{−β} log Q, we can make the following estimates:

| exp(S_ω(F ) − P(F )n)(y) − exp(S_ω(F ) − P(F )n)(x)| = exp(S_ω(F ) − P(F )n)(y)|1 − exp(S_ω(F )(x) − S_ω(F )(y))| ≤ M exp(S_ω(F ) − P(F )n)(y)|S_ω(F )(x) − S_ω(F )(y)| ≤ M exp(S_ω(F ) − P(F )n)(y) log Qe^{−βk} = M log Q exp(S_ω(F ) − P(F )n)(y)d_β(ρ, τ)

Thus, using Theorem 2.6, ∑ ω∈I^n g(ϕ_ω(x)) ( exp(S_ω(F ) − P(F )n)(y) − exp(S_ω(F ) − P(F )n)(x) )

≤ M||g||_0 log Qd_β(ρ, τ) ∑ ω∈I^n exp(S_ω(F ) − P(F )n)(y) ≤ MQ log Q||g||_0d_β (ρ, τ) Combining this inequality and (5.1) we finally get |L^n_0 (g)(y) − L^n_0 (g)(x)| ≤ e^{−βn}Q||f||_βd_β (ρ, τ) + MQ log Q||f||_0d_β(ρ, τ). Taking now n so large that γ = e^{−βn}Q < 1 finishes the proof.

If the unit ball in H_β were compact as a subset of the Banach space H_0 with the supremum norm || · ||_0, we could use now the famous Ionescu-Tulcea and Marinescu Theorem (see [ITM]) to establish some useful spectral properties of the Perron-Frobenius operator L_0. But this ball is compact only in the topology of uniform convegence on compact subsets of E^∞ and we need to proceed in a different way. This has been done in Section 4 of [MU5] (see especially Theorem 4.4) and as a result we get the following.

Theorem 5.2. Let F = {f^{(i)} : i ∈ I} be Hölder system of functions of order β and let L_0 be the associated normalized operator, then (a) λ = 1 is the only eigenvalue of modulus 1 for L_0 : H_0 → H_0 and its eigenspace E has dimension 1. In fact, ψ =^{dμ̃F}_{dm̃F ∘π−1} (which is well defined m_F a.e.) has a version in H_β and E = CIψ.

(b) L_0 = P + S, where P : H_0 → E is a projector from H_0 to E, P ∘ S = S ∘ P = 0 and sup_{n≥1} ||S^n||_0 < ∞.

(c) S acts on H_β and there exist constants M > 0 and 0 < γ_1 < 1 such that ||S^n||_β ≤ Mγ^n_1 for every n ≥ 1.

§6. Analytical properties of topological pressure and Perron-Frobenius operator. In this section S = {ϕ_i : X → X : i ∈ I} is a regular conformal iterated function system and Ψ = {ψ^{(i)} : X → IR : i ∈ I} is a Hölder family of functions of order β > 0. We begin with the following.

Lemma 6.1. Suppose that Ψ = {ψ^{(i)} : X → IR : i ∈ I} is a Hölder family of functions of order β. Then for each R > 0, there exists a constant M = M(Ψ, R) > 0 such that |e^{zψ(i)(y)} − e^{zψ(i)(x)}| ≤ M|e^{zψ(i)(x)}||ψ^{(i)}(y) − ψ^{(i)}(x)| for all z ∈ B(0, R) ⊂ CI, all i ∈ I and all x, y ∈ X.

Proof. Considering the Taylor series expansion of the function e^w we see that there exists a constant M_1(R) such that |e^w − 1| ≤ M_1(R)|w| for every w ∈ B ( 0, RV_β(Ψ ) . Since |zψ^{(i)}(y) − zψ^{(i)}(x)| < RV_β(Ψ ) , we therefore get |e^{zψ(i)(y)}−e^{zψ(i)(x)}| = |e^{zψ(i)(x)}| | |e_{zψ}^{(i)}_{(y)−zψ}^{(i)}_{(x)} − 1 | | ≤ |e_{zψ}^{(i)}_{(x)}|M_1(R)R|ψ_{(i)}(y)−ψ_{(i)}(x)|

Thus the proof is complete by setting M = M_1(R)R.

Lemma 6.2. If Ψ is a Hölder family of functions and ∑ i∈I e^{sup(tψ(i))} < ∞ for all t > t_0 ≥ 0, then ∑ i∈I ||(ψ^{(i)})||^2_0||e^{tψ(i)} ||_0 < ∞

for all t > t_0.

Proof. Fix t_0 < t_1 < t and x ∈ X. By our assumption, lim_{i→∞} sup(ψ^{(i)}) = −∞. Since sup_{i∈I} (sup(ψ^{(i)}) − inf(ψ^{(i)})) ≤ V_β (Ψ) < ∞, except for finitely many i ∈ I, we have ||ψ^{(i)}||^2_0 = (inf ψ^{(i)})^2 ≤ e^{(t1−t) inf ψ(i)} ≤ e^{(t−t1)Vb(Ψ)}e^{(t1 −t) sup ψ(i)} . Hence, for these i

||(ψ^{(i)})||^2_0||e^{tψ(i)} ||_0 = ||(ψ^{(i)})||^2_0||e^{t sup ψ(i)} ≤ ||e^{t1 sup ψ(i)}

and the proof is complete.

Consider now two Hölder families of functions F = {f^{(i)} : X → CI}_{i∈I} and Ψ = {ψ^{(i)} : X → IR}_{i∈I} both of order β. Of course, for all t ∈ CI, the family {f^{(i)} + tψ^{(i)}}_{i∈I} is also Hölder with order β. Let

θ(Ψ, F ) = max { inf{t ∈ IR : ∑ i∈I e^{t sup ψ(i)} < ∞},

inf{t ∈ IR : ∑ i∈I exp ( sup(Ref^{(i)}) + sup(tψ^{(i)}) ) < ∞ } .

Then for all t ∈ CI with Re(t) > θ(Ψ), we may consider the operator L_t : H_0 → H_0 defined by the formula L_t(g)(x) = ∑ i∈I exp ( f^{(i)}(x) + tψ^{(i)}(x) ) g(ϕ_i(x)). By Theorem 5.1, L_t preserves the space H_β . Denote by L(H_β) the Banach space of bounded linear opertors on H_β. We shall prove the following.

Lemma 6.3. Suppose that {i : sup(ψ_i) > 0} is finite. Then for all t_0 with Re(t_0) > θ(Ψ, F ), the function t → L_t ∈ L(H_β) is well-defined and differentiable in a neighbourhood of t_0 ∈ CI. Moreover, the derivative dL_t dt (t_0) is given by the formula dL_t dt (t_0)(g)(x) = ∑ i∈I exp ( f^{(i)}(x) + t_0ψ^{(i)}(x) ) ψ^{(i)}(x)g(ϕ_i(x)).

Proof. Fix t ∈ CI with Re(t) > θ(Ψ, F ) ≥ 0. Assume additionally that |t − t_0| ≤ δ_1, where 0 < δ_1 ≤ 1 is so small that Re(t_0) − δ_1 > θ(Ψ). For each x ∈ X, we have

e^{tψ(i)(x)} − e^{t0ψ(i)(x)} t − t_0 − ψ^{(i)}(x)e^{t0ψ(i)(x)} = e^{t0ψ(i)(x)} ( e^{(t−t0)ψ(i)(x)} − 1 t − t_0 − ψ^{(i)}(x) )

= e^{t0ψ(i)(x)} (_∞ ∑ n=1 ψ^{(i)}(x)^{(n+1)} (n + 1)!

(t − t_0)^n )

= e^{t0ψ(i)(x)}(t − t_0) ∞∑ n=0 ψ^{(i)}(x)^{(n+2)} (n + 2)!

(t − t_0)^n

= e^{t0ψ(i)(x)}(t − t_0) ∞∑ n=0 (ψ^{(i)}(x))^2 (n + 1)(n + 2) ψ^{(i)}(x)^n n! (t − t_0)^n.

(6.1)

Therefore,

| e^{tψ(i)(x)} − e^{t0ψ(i)(x)} t − t_0 − ψ^{(i)}(x)e^{t0ψ(i)(x)}| ≤ e^{sup(Re(t0ψ(i)))}|t − t_0|||ψ^{(i)}||^2_0 ∞∑ n=0 ||ψ^{(i)}||^n_0 n! |t − t_0|^n = |t − t_0|e^{sup(Re(t0 ψ(i)))}||ψ^{(i)}||^2_0e^{||ψ(i)||0|t−t0|}. (6.2)

By our assumptions there exists a finite set F ⊂ I such that sup(ψ^{(i)}) ≤ 0 for all i ∈ I \ F . Then for every i ∈ I \ F we get

e^{Re(t0 ) sup(ψ(i))}||ψ^{(i)}||^2_0e^{||ψ(i)||0δ1} ≤ e^{Re(t0)Vβ (Ψ)}||ψ^{(i)}||^2_0e^{Re(t0) inf(ψ(i))}e^{− inf(ψ(i))δ1} = e^{Re(t0)Vβ (Ψ)}||ψ^{(i)}||^2_0 exp ( (Re(t_0) − δ_1) inf(ψ^{(i)}) ) . Since Re(t_0) > θ(Ψ, F ), the set {i ∈ I : sup(Ref^{(i)}) + sup(tψ^{(i)}) > 0} is finite. Since moreover, Re(t_0) − δ_1 > θ(Ψ), it therefore follows from Lemma 6.2 that the number Z = ∑ i∈I e^{sup(Re(f (i)))}e^{Re(t0) sup(ψ(i))}||ψ^{(i)}||^2_0e^{||ψ(i)||0δ1} < ∞

is finite. Define now the operator ∂ by the formula ∂(g)(x) = ∑ i∈I exp ( f^{(i)}(x) + t_0ψ^{(i)}(x) ) ψ^{(i)}(x)g(ϕ_i(x)).

By Lemma 6.2, ∂ acts on the space H_0. As the first step towards proving Lemma 6.3 we

shall show that ∂ is the partial derivative of the function (q, t) → L_t ∈ L(H_0) with respect

to the variable t at the point t_0. To show this, first fix ε > 0 and then set

δ_2 = min { δ_1, ε 2Z } .

Using (6.1) and the definition of Z, for any function g ∈ H_0, every x ∈ X and every t ∈ CI

with |t − t_0| < δ_2, we get

| | | L^t(g)(x) − L^{t0} (g)(x) t − t_0 − ∂(g)(x) | | |

= | | | ∑ i∈I ( exp ( f^{(i)}(x) + tψ^{(i)}(x) ) − exp ( f^{(i)}(x) + t_0ψ^{(i)}(x) t − t_0 − exp ( f^{(i)}(x) + t_0ψ^{(i)}(x) ) ψ^{(i)}(x)) ) g(ϕ_i(x)) | | | | = | | | | ∑ i∈I e^{f (i)(x)} ( e^{tψ(i)(x)} − e^{t0ψ(i)(x)} t − t_0 − ψ^{(i)}(x)e^{t0ψ(i)(x)} ) g(ϕ_i(x)) | | | |

≤ ∑ i∈I e^{(sup Re(f (i)(x)))} | | | | e^{tψ(i)(x)} − e^{t0ψ(i)(x)} t − t_0 − ψ^{(i)}(x)e^{t0ψ(i)(x)} | | | | ||g||_0 ≤ |t − t_0|Z||g||_0 ≤ δ_2||g||_0 ≤ ε 2 ||g||_0.

Hence,

(6.3) | | | | | | L_t(g) − L_{t0} (g) t − t_0 − ∂(g) | | | | | |_0 ≤ ε 2 ||g||_0.

We shall now deal with the technically more complicated task concerning the Hölder norm.

As a byproduct we shall prove that ∂ acts on the space H_β . So, fix g ∈ H_β and x = π(ω), y = π(τ) ∈ J. We then have

L_t(g)(y) − L_{t0} (g)(y) − L_t(g)(x) + L_{t0} (g)(x) − (∂(g)(y) − ∂(g)(x))(t − t_0) = ∑ i∈I ( exp ( f^{(i)}(y) + tψ^{(i)}(y) ) − exp ( f^{(i)}(y) + t_0ψ^{(i)}(y) )) g(ϕ_i(y)) − ( exp ( f^{(i)}(x) + tψ^{(i)}(x) ) + exp ( f^{(i)}(x) + t_0ψ^{(i)}(x) )) g(ϕ_i(x)) + ( −ψ^{(i)}(y) exp ( f^{(i)}(y) + t_0ψ^{(i)}(y) )) g(ϕ_i(y)) + ψ^{(i)}(x) exp ( f^{(i)}(x) + t_0ψ^{(i)}(x) )) g(ϕ_i(x)) ) (t − t_0) ) = ∑ i∈I e^{f (i)(y)}g(ϕ_i(y)) ( e^{tψ(i)(y)} − e^{t0ψ(i)(y)} − ψ^{(i)}(y)e^{t0ψ(i)(y)}(t − t_0) )

− ∑ i∈I e^{f (i)(x)}g(ϕ_i(x)) ( e^{tψ(i)(x)} − e^{t0ψ(i)(x)} − ψ^{(i)}(x)e^{t0ψ(i)(x)}(t − t_0) )

= ∑ i∈I e^{f (i)(y)} ( g(ϕ_i(y)) − g(ϕ_i(x)) )( e^{tψ(i)(y)} − e^{t0ψ(i)(y)} − ψ^{(i)}(y)e^{t0ψ(i)(y)}(t − t_0) )

+ ∑ i∈I g(ϕ_i(x)) ( e^{f (i)(y)}(e^{tψ(i)(y)} − e^{t0ψ(i)(y)} − ψ^{(i)}(y)e^{t0ψ(i)(y)}(t − t_0))

− e^{f (i)(x)}(e^{tψ(i)(x)} − e^{t0ψ(i)(x)} − ψ^{(i)}(x)e^{t0ψ(i)(x)}(t − t_0) )) (6.4)

Let |t − t_0| < δ_2. Applying (6.2) along with the definition of Z, we can estimate from

above the absolute value of the first sum of the last formula of (6.4) as follows.

Σ_1 = | ∑ i∈I e^{f (i)(y)} ( g(ϕ_i(y)) − g(ϕ_i(x)) )( e^{tψ(i)(y)} − e^{t0ψ(i)(y)} − ψ^{(i)}(y)e^{t0ψ(i)(y)}(t − t_0) ) | ≤ ZV_β (g)d_β(ω, τ)|t − t_0|^2. (6.5)

Write now the second sum Σ_2 of the last formula of (6.4) as follows

Σ_2 = ∑ i∈I g(ϕ_i(x)) ( e^{f (i)(y)} − e^{f (i)(x)} )( e^{tψ(i)(y)} − e^{t0ψ(i)(y)} − ψ^{(i)}(y)e^{t0ψ(i)(y)}(t − t_0) )

+ ∑ i∈I g(ϕ_i(x))e^{f (i)(x)} ( e^{tψ(i)(y)} − e^{t0ψ(i)(y)} − ψ^{(i)}(y)e^{t0ψ(i)(y)}(t − t_0) − ( e^{t0ψ(i)(x)} − ψ^{(i)}(x)e^{t0ψ(i)(x)}(t − t_0) )) . (6.6)

Now, using (6.2) and Lemma 6.1, the absolute value of the first sum in Σ_2 can be estimated

from above as follows

Σ_3 := | ∑ i∈I g(ϕ_i(x)) ( e^{f (i)(y)} − e^{f (i)(x)} )( e^{tψ(i)(y)} − e^{t0ψ(i)(y)} − ψ^{(i)}(y)e^{t0ψ(i)(y)}(t − t_0))| ≤ ||g||_0 ∑ i∈I Me^{sup(Re(f (i)))}|f^{(i)}y − f^{(i)}x||e^{tψ(i)(y)} − e^{t0ψ(i)(y)} − ψ^{(i)}(y)e^{t0ψ(i)(y)}(t − t_0)| ≤ MZ||g||_0|V_β (F )d_β(ω, τ)|t − t_0|^2 (6.7) where M = M(F, 1) is the number produced in Lemma 6.1. Now, in view of (6.1), we can make the following estimate of the second sum in (6.6)

Σ_4 := ∑ i∈I g(ϕ_i(x))e^{f (i)(x)} ( e^{tψ(i)(y)} − e^{t0ψ(i)(y)} − ψ^{(i)}(y)e^{t0ψ(i)(y)}(t − t_0) − ( e^{tψ(i)(x)} − e^{t0ψ(i)(x)} − ψ^{(i)}(x)e^{t0ψ(i)(x)}(t − t_0) ))

= ∑ i∈I g(ϕ_i(x))e^{f (i)(x)} ( (t − t_0)^2e^{t0ψ(i)(y)} ∞∑ n=0 (ψ^{(i)}(y))^2 (n + 1)(n + 2) · (ψ^{(i)}(y))^n n! (t − t_0)^n

− (t − t_0)^2e^{t0ψ(i)(x)} ∞∑ n=0 (ψ^{(i)}(x))^2 (n + 1)(n + 2) · (ψ^{(i)}(x))^n n! (t − t_0)^n )

= ∑ i∈I (t − t_0)^2g(ϕ_i(x))e^{f (i)(x)} ( ( e^{t0ψ(i)(y)} − e^{t0ψ(i)(x)} )

· (ψ^{(i)}(y))^2 ∞∑ n=0 1 (n + 1)(n + 2)

(ψ^{(i)}(y))^n n! (t − t_0)^n

+ e^{t0ψ(i)(x)} ∞∑ n=0 (ψ^{(i)}(y))^{n+2} − (ψ^{(i)}(x))^{n+2} (n + 2)!

(t − t_0)^n ) . (6.8)

We next estimate the two sums in (6.8). Using Lemma 6.1, (6.1) and the definition of Z, we get with P = M(Ψ, |t_0|)

Σ_5 := | | | ∑ i∈I (t − t_0)^2g(ϕ_i(x))e^{f (i)(x)} ( e^{t0ψ(i)(y)} − e^{t0ψ(i)(x)} ) ·

· (ψ^{(i)}(y))^2 ∞∑ n=0 1 (n + 1)(n + 2)

(ψ^{(i)}(y))^n n! (t − t_0)^n | | | | ≤ ≤ |t − t_0|^2||g||_0 ∑ i∈I e^{sup(Re(f (i)(x))}P e^{sup(Re(t0ψ(i)))}|ψ^{(i)}(y) − ψ^{(i)}(x)|||ψ^{(i)}||^2_0 ∞∑ n=0 |ψ^{(i)}(y))|^n n! |t − t_0|^n ≤ |t − t_0|^2V_β(Ψ)d_β (ω, τ)||g||_0P ∑ i∈I e^{sup(Re(f (i)(x))}||ψ^{(i)}||^2_0e^{sup(Re(t0ψ(i)))}e^{|ψ(i)(y)||t−t0|} ≤ |t − t_0|^2V_β(Ψ)d_β (ω, τ)||g||_0P ∑ i∈I e^{sup(Re(f (i))}||ψ^{(i)}||^2_0e^{sup(Re(t0ψ(i)))}e^{||ψ(i)||0|t−t0|} ≤ ZMP ||g||_0V_β (Ψ)d_β(ω, τ)|t − t_0|^2

Finally, we estimate the second sum in (6.8): | | | ∑ i∈I (t − t_0)^2g(ϕ_i(x))e^{f (i)(x)}e^{t0ψ(i)(x)} ∞∑ n=0 (ψ^{(i)}(y))^{n+2} − (ψ^{(i)}(x))^{n+2}

(n + 2)!

(t − t_0)^n | | | ≤ |t − t_0|^2||g||_0 ∑ i∈I exp ( sup(Re(f^{(i)}))+

+ sup(Re(t_0ψ^{(i)}) )^∞∑ n=0 |ψ^{(i)}(y) − ψ^{(i)}(x)| (n + 2)||ψ^{(i)}||^{n+1}_0

(n + 2)! |t − t_0|^n

≤ |t − t_0|^2||g||_0 ∑ i∈I exp ( sup(Re(qϕ^{(i)}) + sup(Re(t_0ψ^{(i)}) ) V_β (Ψ)V_β (Ψ)||ψ^{(i)}||_0 ∞∑ n=0 ||ψ^{(i)}||^n_0 n! |t − t_0|^n ≤ |t − t_0|^2V_β (Ψ)d_β (ω, τ)||g||_0 ∑ i∈I exp ( sup(Re(qϕ^{(i)}) + sup(Re(t_0ψ^{(i)} ) ||ψ^{(i)}||_0e^{||ψ(i)||0|t−t0|} ≤ Z^′||g||_0V_β (Ψ)d_β (ω, τ)|t − t_0|^2, where Z^′ has the same meaning as Z with ||ψ^{(i)}||^2_0 replaced by ||ψ^{(i)}||_0. Combining now

the above estimates we get | | | ( L_t(g)(y) − L_{t0} (g)(y) t − t_0 − ∂(g)(y) ) − ( L_t(g)(x) − L_{t0} (g)(x) t − t_0 − ∂(g)(x) )| | | ≤ ≤ ( ZV_β (g) + MZ||g||_0V_β (F ) + P ZV_β (Ψ)||g||_0 + V_β Z^′||g||_0 ) d_β(ω, τ)|t − t_0| ≤ (Z + MZV_β (F ) + ZP V_β (Ψ) + V_β (Ψ)Z^′)||g||_βd_β(ω, τ)|t − t_0| Hence, V_β ( L_t(g) − L_{t0} (g) t − t_0 − ∂(g) )

≤ ( Z + MZV_β (F ) + ZP V_β (Ψ) + V_β (Ψ)Z^′ ) |t − t_0|||g||_β. (6.9)

Taking now

δ_3 = min { δ_2, ( Z + MZV_β (F ) + ZP V_β (Ψ) + V_β(Ψ)Z^′ )_{−1} ε 2 }

and combining (6.9) and (6.3) we conclude that for every t ∈ CI with |t − t_0| < δ_3 and every g ∈ H_β | | | | | | | | L_t(g) − L_{t0} (g) t − t_0 − ∂(g) | | | | | | | |_β ≤ ε||g||^β. Therefore, for these t, | | | | | | | | L_t − L_{t0} t − t_0 − ∂ | | | | | | | |_β ≤ ε. The proof is complete.

Combining Lemma 6.3, Theorem 5.2 (which tells us that 1 is an isolated simple eigenvalue) and the perturbation theory of analytic dependence of an isolated simple eigenvalue (see [Ka]), we get the following.

Theorem 6.4. If Ψ and F are two real-valued Hölder families of functions such that the sets {i ∈ I : sup(ψ^{(i)}) > 0} and {i ∈ I : sup(f^{(i)}) > 0} are finite, then the function (q, t) → P(q, t) = P(qF + tΨ), q ∈ (θ(F ), ∞), t ∈ (θ(Ψ, qF ), ∞) is real-analytic with respect to both variables q and t.

Our next aim is to calculate the partial derivative^{∂P (q,t)}_{∂q} . This is done in the following.

Proposition 6.5. If q_0 ∈ (θ(F ), ∞), F and Ψ are two Hölder families of functions such that q_0F + Ψ is strongly Hölder and ∫ (|f| + |ψ|)dμ̃ < ∞, where μ̃ = μ̃_{q0F +Ψ}, then dP dq (q_0) = ∫ fdμ̃. Proof. By Theorem 6.4 we know that the derivative^{dP}_{dq} (q_0) exists. Since the function q → P(q) is convex, in order to complete the proof is therefore enough to demonstrate that

P(q) ≥ P(q_0) + ∫ fdμ̃(q − q_0) on an open neighbourhood of q_0. An indeed, in view of our assumptions and Theorem 2.16, for every q ∈ IR we have

P(q) ≥ h_{μ̃} + ∫ (qf + ψ)dμ̃ = h_{μ̃} + ∫ (q_0f + ψ)dμ̃ + ∫ fdμ̃(q − q_0) = P(q_0) + ∫ fdμ̃(q − q_0). The proof is complete.

Fix now F, Ψ ∈ H_β , q ∈ (θ(F ), ∞), t ∈ (θ(Ψ, qF ), ∞) and suppose that ∫ (|f| + |ψ|)dμ̃_{q,t} < ∞, where m̃u_{q,t} = μ̃_{qF +tΨ},

Using the notation, ∫ gdμ_{q,t} = μ_{q,t}(g), set σ^2_{q,t}(f, ψ) = ∞∑ k=0 ( μ̃_{q,t}(f · ψ ∘ σ^k) − μ̃_{q,t}(f)μ̃_{q,t}(ψ) ) = ∞∑ k=0 ( μ̃_q(ψ · f ∘ σ^k) − μ̃_{q,t}(f)μ_q(ψ) ) .

If f = ψ we simply write σ^2_{q,t}(f) for σ^2_{q,t}(f, f). The last result in this section is the following.

Proposition 6.6. If q_0 ∈ (θ(F ), ∞), t_0 ∈ (θ(Ψ), ∞) and ∫ (|f| + |ψ|)dμ̃_{q0,t0} < ∞, then ∂^2P ∂q∂t |_{(q0,t0)} = lim_{n→∞} 1 n ∫ S_n(f − ∫ fdμ̃_{q0,t0} )S_n(ψ − ∫ ψdμ̃_{q0,t0} ) = σ^2_{q,t}(f, ψ). Sketch of a proof. We introduce the Perron-Frobenius operator acting on the shift space I^∞ and using Theorem 5.2 we proceed similarly as in the case of a subshift of finite type over a finite alphabet (see [Ru], [PU]).

§7. Multifractal Analysis. In this section S = {ϕ_i : X → X : i ∈ I} is a regular conformal iterated function system such that

(7.1) ϕ_i(X) ∩ ϕ_j (X) is at most countable

for all i ≠ j ∈ I and F = {f^{(i)} : X → IR : i ∈ I} is a strongly Hölder family of functions. Subtracting from each of the functions f^{(i)} the topological pressure of F we may assume that P(F ) = 0. We consider a two-parameter family of Hölder continuous families of functions G_{q,t} = {g^{(i)}_{q,t} := qf^{(i)} + t log |ϕ^′_i|} Let Fin(F ) = {q ∈ IR : L_{qF} (11) < ∞} = {q ∈ IR : P(qF ) < ∞} and θ(F ) = inf Fin(F ).

By the definition of strongly Hölder families of functions, 1 ∈ Fin(F ) and, in particular {i : sup f^{(i)} > 0} is finite. Before dealing with smoothness properties, we shall prove the following result which will be needed in the next section.

Lemma 7.1. The function (q, t) → P(q, t) := P(G_{q,t}) is decreasing with respect to both variables q ≥ 0 and t ≥ 0.

Proof. Consider now two pairs (q_1, t_1) and (q_2, t_2) such that q_1 ≤ q_2 and t_1 ≤ t_2. If P(q_1, t_1) = ∞, there is nothing to be proved. So, suppose that P(q_1, t_1) < ∞. Then G_{q1,t1} is a strongly Hölder family of functions. Since the set {i : sup f^{(i)} > 0} is finite and since all the functions log |ϕ^′_i| are negative, this implies that G_{q2,t2} also forms a strongly Hölder family of functions. It then follows from (2.18) that for every ε > 0 there exists a Borel probability measure μ on I^∞ such that ∫ −(q_2f − t_2ζ)dμ < ∞ (which implies that ∫ −(q_1f − t_1ζ)dμ < ∞) and

P (q_2, t_2) ≤ h_μ + ∫ (q_2f − t_2ζ)dμ + ε

= h_μ + ∫ (q_1f − t_1ζ)dμ + (q_2 − q_1) ∫ fdμ + (t_1 − t_2) ∫ ζdμ + ε ≤ h_μ + ∫ (q_1f − t_1ζ)dμ + ε ≤ P(q_1, t_1) + ε, where the last inequality we wrote due to (2.18). Letting ε ↘ 0 we thus get P(q_2, t_2) ≤ P(q_1, t_1). The proof is complete.

Given q ≥ 0 let

Fin(q) = {t : L_{Gq,t} (11) < ∞} = {t : P(G_{q,t}) < ∞} and let θ(q) = inf Fin(q).

So, θ(q) ≤ θ(S). Notice that if q ∈ Fin(F ), then 0 ∈ Fin(q). We assume that for every q ∈ Fin(F ) there exists u ∈ Fin(q) such that

(7.2) 0 < P(G_{q,u}) < ∞.

We shall prove the following.

Lemma 7.2. If q ∈ Fin(F ), then there exists a unique t = T (q) such that P(G_{q,T (q)}) = 0. In addition T (q) ∈ (θ(q), ∞).

Proof. Fix q > θ(F ). Since for every n ≥ 1 the function t → ∑ |ω|=n || exp (∑_n j=1 ϕ^{ωj}_{q,t} ∘ ϕ_σj_ω ) ||_0, t ∈ Fin(q), is logarithmic convex, the function t → P(G_{q,t}) is convex and hence continuous in (θ(q), ∞). Since 0 < P(G_{q,u}) < ∞ for some u ∈ Fin(q), in order to conclude the proof it therefore suffices to show that the function t → P(G_{q,t}) is strictly decreasing on t ∈ (θ(q), ∞) and lim_{t→+∞} P(G_{q,t}) = −∞. But for every t ≥ u

P(G_{q,t}) = lim_{n→∞} 1 n log ∑ |ω|=n |||ϕ^′_ω|^t exp(S_ω(qF ))||_0

≤ lim_{n→∞} 1 n log ∑ |ω|=n ||ϕ^′_ω||^{t−u}_0 |||ϕ^′_ω|^u exp(S_ω(qF ))||_0

≤ lim inf n→∞ 1 n log ∑ |ω|=n s^{n(t−u)}|||ϕ^′_ω|^u exp(S_ω(qF ))||_0 = (t − u) log s + P(G_{q,u})

Hence t ∈ Fin(q) and moreover, as s < 1, lim_{t→+∞} P(G_{q,t}) = −∞. To prove that P(G_{q,t}) is strictly decreasing consider t > θ(q) and δ > 0. We then have

P(G_{q,t+δ}) = lim_{n→∞} 1 n log ∑ |ω|=n |||ϕ^′_ω|^{t+δ} exp(S_ω(qϕ))||_0

≤ lim_{n→∞} 1 n log ∑ |ω|=n ||ϕ^′_ω||^δ_0|||ϕ^′_ω|^t exp(S_ω(qF ))||_0

≤ lim_{n→∞} 1 n log ( s^{nδ}|||ϕ^′_ω|^t exp(S_ω(qF ))||_0 ) = δ log s + P(G_{q,t}) < P(G_{q,t}).

The proof is complete.

Given q ∈ Fin(F ) and t ∈ Fin(q), let μ_{q,t} = μ_{Gq,t} , μ̃_{q,t} = μ̃_{Gq,t} , m_{q,t} = m_{Gq,t} , m̃_{q,t} = m̃_{Gq,t} and μ_q = μ_{q,T (q)}, μ̃_q = μ̃_{q,T (q)}, m_q = m_{q,T (q)}, m̃_q = m̃_{q,T (q)} and let α(q) = ∫ fdμ̃_q − ∫ ζdμ̃_q if ∫ |f|dμ̃_q < ∞. By (7.1), π : I^∞ → J is 1-to-1, so given x = π(ω) we can speak about x_n and x|_n respectively as ω_n and ω|_n. Given μ, a Borel probability measure on J and x ∈ J we define D_μ(x) = lim inf_{n→∞} log ( μ(ϕ_{x|n} (X)) ) log ( diam(ϕ_{x|n} (X)) ),

D_μ(x) = lim sup_{n→∞} log ( μ(ϕ_{x|n} (X)) ) log ( diam(ϕ_{x|n} (X)) ), and d_μ(x) = lim inf_{r→0} log ( μ(B(x, r)) log r ,

d_μ(x) = lim sup_{r→0} log ( μ(B(x, r)) log r , If D_μ(x) = D_μ(x) we denote the common value by D_μ(x) and if d_μ(x) = d_μ(x), the common value is denoted by d_μ(x). Given α ≥ 0 we define K_μ(α) = {x ∈ J : D_μ(x) = α} and f_μ(α) = HD(K_μ(α)), the Hausdorff dimension of the set K_μ(α). Let k be a strictly convex map on an interval I, hence k^{′′} > 0 wherever this second derivative exists. The Legendre transform of k is the function l of a new variable p defined by l(p) = max_I {px − k(x)} everywhere where the maximum exists. it can be proved that the domain of l is either a point, an interval or a half-line. It is also easy to show that l is strictly convex and that the Legendre transform is involutive. We then say that the functions k and l form a Legendre transform pair. The following theorem (see [Ro] for example) gives a useful characterization of a Legendre transform pair.

Theorem 7.3. Two strictly convex differentiable functions k and l form a Legendre transform pair if and only if l(−k^′(q)) = k(q) − qk^′(q).

Our main result in this section is the following.

Theorem 7.4. Suppose that condition (7.1) is satisfied for all q ∈ Fin(F ). Suppose also that there exists an interval Δ_1 ⊂ Fin(F ) such that 1 ∈ Δ_1 and for every q ∈ Δ_1 and all t in some neighbourhood of T (q) (contained in (θ(q), ∞)), ∫ (|f|^{2+γ} + |ζ|^{2+γ})dμ̃_q < ∞ and ∫ (|f| + |ζ|)dμ̃_{q,t} < ∞. for some γ > 0. Suppose finally that h_{μq} (σ)/χ_{μq} (σ) > θ(S) for all q ∈ Δ_2 ⊂ Δ_1 for some interval Δ_2 ⊂ Δ_1. Then

(a) The number D_{μF} (x) exists for μ_F -a.e. x ∈ J and

D_{μF} (x) = − ∫ fdμ̃_F ∫ ζdμ̃_F . (b) The function T : Δ_1 → IR is real-analytic, T (0) = HD(J), and T^′(q) < 0, T^{′′}(q) ≥ 0 for all q ∈ Δ_1.

(c) For every q ∈ Δ_2, f_{μF} (−T^′(q)) = T (q) − qT^′(q).

(d) If μ̃_F ≠ μ̃_{−HD(J)ζ} , then the function α → f_{μF} (α), α ∈ (α_1, α_2) is real-analytic, where the interval (α_1, α_2), 0 ≤ α_1 < α_2 ≤ ∞ is the range of the function −T^′(q) defined on the interval Δ_2. Otherwise T^′(q) = HD(J) for every q ∈ (θ(F ), ∞).

(e) If μ̃_F ≠ μ̃_{−HD(J)ζ} , then the functions f_{μF} (α) and T (q) form a Legendre transform pair.

(f) For every q ∈ Δ_1 the number T (q) is uniquely determined by the property that there exists a constant C ≥ 1 such that for every n ≥ 1 C^{−1} ≤ ∑ |ω|=n μ̃^q_F ([ω])diam^{T (q)}(ϕ_ω(X)) ≤ C.

Proof. Since 1 ∈ Δ_1 and ∫ |f|dμ̃_F < ∞, part (a) is a combined consequence of Birkhoff’s ergodic theorem (along with (BDP)), the Breimann-McMillan-Shanon theorem and the assumption that P(F ) = 0. We shall now prove part (b). And indeed, since by Proposition 6.5,^{∂P}_{∂t} |_{q,t} = − ∫ ζdμ̃_{q,t} < 0 for every q ∈ Δ_1 and all t in a neighbourhood of q, and since T (q) is uniquely determined by the condition P(q, T (q)) = 0, it follows from Theorem 6.4 and the Implicit Function Theorem that the map q → T (q) is real-analytic on Δ_1. Since the system F is regular, P(−HD(J)ζ) = 0 which means that T (0) = HD(J). It follows from Proposition 6.5 that for every q ∈ Δ_1 0 = dP dq (q, T (q)) = ∂P ∂q |_{(q,T (q))} + ∂P ∂t |_{(q,T (q))}T^′(q) = ∫ ϕdμ̃_q − ∫ gdμ̃_qT^′(q) and therefore

(7.3) T^′(q) = ∫ fdμ̃_q ∫ ζdμ̃_q = −α(q).

Since P(f) = 0 and ∫ fdμ̃_q < ∞, we deduce from Theorem 2.16 that ∫ fdμ̃_q + h_{μ̃q} (σ) ≤ 0 and therefore it follows from (7.3) that T^′(q) ≤ −h_{μ̃q} (σ)/ ∫ ζdμ̃_q ≤ 0. Thus to prove that T^′(q) < 0 it suffices to demonstrate that h_{μ̃q} (σ) > 0. And indeed, in order to see it one can proceed similarly as in [Bo] to show that the dynamical system (σ, μ̃_q) is weakly-Bernoulli and consequently has a positive entropy. Using the results concerning the Perron-Frobenius operator proved in Section 6 one can also similarly as in Lemma 1.14 of [Bo] derive in our context its last display and then proceed inductively with fixed n − s large enough to show that μ̃_q([ω|_n]) converges to zero uniformly exponentially fast which in view of Shanonn- Breimann-McMillan theorem implies that h_{μ̃q} (σ) > 0. Hence, to complete the proof of Theorem 7.4(b) it is left to show that T^{′′}(q) ≥ 0 for all q ∈ Δ_1. This is done in the following.

Lemma 7.5. The function q → T (q), q ∈ Δ_1 is convex. It is not strictly convex if and only if μ̃_f is equal to μ̃_{−HD(J)ζ} . Proof. Differentiating the formula 0 = ∂P(q, t) ∂t |_{(q,T (q))} · T^′(q) + ∂P(q, t) ∂q |_{(q,T (q))} and using Proposition 6.5 we obtain

T^{′′}(q) = − T^′(q)^{2 ∂2P(q,t)}_{∂t2} + 2T^′(q)^{∂2P(q,t)}_{∂q∂t} +^{∂2P(q,t)}_{∂q2} ∂P(q,t) ∂t = T^′(q)^{2 ∂2P(q,t)}_{∂t2} + 2T^′(q)^{∂2P(q,t)}_{∂q∂t} +^{∂2P(q,t)}_{∂q2} χ_{μ̃q} ,

where, let us recall, χ_{μ̃q} = ∫ ζdμ̃_q is the Lyapunov charatceristic exponent of the measure μ̃_q. Invoking Proposition 6.6 we see that

∂^2P ∂t^2 = σ^2_{μ̃q} (−ζ),

∂^2P ∂q∂t = σ^2_{μ̃q} (ζ, f), ∂^2P ∂q^2 = σ^2_{μq} (f).

Hence, we can write

T^′(q)^2

∂^2P ∂t^2 + 2T^′(q)

∂^2P ∂q∂t + ∂^2P ∂q^2 = = T^′(q)^2 ∞∑ k=0 ( μ̃_q(ζ · ζ ∘ σ^k) − χ^2_{μ̃q} ) + T^′(q) ∞∑ k=0 ( μ̃_q(−ζ · f ∘ σ^k)

+ χ_{μ̃q} μ̃_q(f) ) + T^′(q) ∞∑ k=0 ( μ̃_q(f(−ζ ∘ σ^k)) + χ_{μ̃q} μ̃_q(f) ) + ∞∑ k=0 ( μ̃_q(f · f ∘ σ^k) − μ̃_q(f)^2 )

= ∞∑ k=0 μ̃_q ( −T^′(q)ζ(−T^′(q)ζ ∘ σ^k + f ∘ σ^k) )

+ ∞∑ k=0 μ̃_q ( f(−T^′(q)ζ(−T^′(q)ζ ∘ σ^k + f ∘ σ^k) ) − ∞∑ k=0 ( −T^′(q)χ_{μ̃q} + μ̃_q(f)

)_2

= ∞∑ k=0 μ̃_q ( (−T^′(q)ζ + f)(−T^′(q)ζ + f) ∘ σ^k − (−T^′(q)χ_{μ̃q} + μ̃_q(f))^2

= σ^2_{μ̃q} (−T^′(q)ζ + f).

It follows then from (7.3) that ∫ (−T^′(q)ζ + f)dμ̃_q = 0. In view of Proposition 6.6 σ^2_{μ̃q} (−T^′(q)ζ + f) ≥ 0 and it follows from Lemma 6.7 in [Ur] that σ^2_{μ̃q} (−T^′(q)ζ + f) = 0 if and only if the function −T^′(q)ζ + f is cohomologous to 0 in the class of bounded Hölder continuous functions. Therefore T^′(q)ζ is cohomologous to f and, as P(f) = 0, also P(T^′(q)ζ) = 0. Thus, by Theorem 1.1, T^′(q) = −HD(J) and consequently f is cohomologous to the function −HD(J)ζ. This implies that μ̃_f = μ̃_{−HD(J)ζ} , the latter being the equilibrium (invariant Gibbs) state of the potential −HD(J)ζ. The proof is complete.

So, item (b) of Theorem 7.4 is now an immediate consequence of Lemma 7.5. We shall now focus on a contribution toward the proof of part (c)-(e). Given α ≥ 0 we define

K̃(α) = { x ∈ J : lim_{n→∞} ∑_{n−1} j=0 f ∘ σ^j (x) ∑_{n−1} j=0 −ζ ∘ σ^j(x) = α } . We shall prove the following.

Lemma 7.6. For every α ≥ 0, K̃(α) = K_{μf} (α).

Proof. In order to prove this lemma it suffices to show that for all x ∈ J lim_{n→∞} log ( μ_f (ϕ_{x|n} (X)) ) ∑_{n−1} j=0 f ∘ σ^j(x) = 1 and lim_{n→∞} log ( diam(ϕ_{x|n} (X)) ) ∑_{n−1} j=0 −ζ ∘ σ^j(x) = 1.

And in order to prove the first equality it suffices to demonstrate that lim_{n→∞} log ( m_F (ϕ_{x|n} (X)) ) ∑_{n−1} j=0 f ∘ σ^j (x) = 1 and this follows immediately from Corllary 2.12, (2.8), Lemma 2.2 and the fact that P(F ) = 0. The second inequality to be proved is an immediate consequence of (BDP). The proof is complete.

Lemma 7.7. If x ∈ K̃(α) and

lim inf n→∞ log |ϕ^′_{xn} (σ^n(x))| log |ϕ^′_{x|n−1} (σ^{n−1}(x))| = 0,

then for every q ∈ IR

lim inf n→∞ ( log |ϕ^′_{xn} (σ^n(x))| log |ϕ^′_{x|n−1} (σ^{n−1}(x))| + qf(σ^{n−1}x) log |ϕ^′_{x|n−1} (σ^{n−1}(x))| ) ≤ 0, Proof. If q ≤ 0, then our inequality follows immediately from (2.2), our assumption and the formula lim_{n→∞} log ||ϕ^′_{x|n−1} || = −∞. So, we may assume that q > 0. Let {n_k}^∞_{k=1} be an increasing infinite sequence such that

(7.4) lim_{k→∞} log |ϕ^′_{xnk} (σ^{nk} (x))| log |ϕ^′_{x|nk−1} (σ^{nk−1}(x))| = 0 In order to conclude the proof it suffices to sow that lim_{k→∞} f(σ^{nk−1}x) log |ϕ^′_{x|nk−1} (σ^{nk−1}(x))| ≤ 0. So, suppose on the contrary, that

lim sup k→∞ f(σ^{nk−1}x) log |ϕ^′_{x|nk−1} (σ^{nk−1}(x))| ≥ 2b > 0 for some positive b. Passing to a subsequence of the sequence {n_k}^∞_{k=1} we may assume that the limit lim_{k→∞}^{f(σnk−1x)}

log |ϕ^′_{x|nk−1} (σ^nk^{−1}(x))| exists and is greater than or equal to 2b (perhaps

+∞). This, (7.4) and the fact that x ∈ K̃(α) imply the existence of an integer l_0 ≥ 1 such that for every l ≥ l_0 ∑_l j=0 −f(σ^j x) ∑_l j=0 ζ(σ^jx) ≥ α − b 3 , f(σ^lx) ∑_l j=0 ζ(σ^jx) ≥ b and ∑_l j=0 ζ(σ^jx) ∑_{l+1} j=0 ζ(σ^jx) ≥ 1 − δ, where δ is so small that (α−^b_3 )(1−δ) ≥ α−^b_2 . But then, taking k so large that n_k −2 ≥ l_0, we get ∑_{nk −1} j=0 −f(σ^jx) ∑_{nk −1} j=0 ζ(σ^jx) = ∑_{nk −2} j=0 −f(σ^jx) ∑_{nk −2} j=0 ζ(σ^jx) · ∑_{nk−2} j=0 ζ(σ^jx) ∑_{nk−1} j=0 ζ(σ^jx) + −f(σ^{nk−1}x) ∑_{nk −1} j=0 ζ(σ^jx) ≥ (α − b 3 )(1 − δ) + b ≥ α − b 2 + b = α + b 2 .

This however implies that

lim inf n→∞ ∑_n j=0 −f(σ^jx) ∑_n j=0 ζ(σ^jx) ≥ α + b 2 > α

which is a contradiction since x ∈ K̃(α). The proof is finished.

Lemma 7.8. With the same assumptions as in Theorem 7.4

(a) μ_q(K_{μF} (α(q)) = 1 for all q ∈ Δ_1.

(b) d_{μq} (x) ≤ T (q) + qα(q) for all q ∈ Δ_1 and for every x ∈ K_{μF} (α(q)) but a set of Hausdorff dimension ≤ θ(S).

(c) f_{μF} (α(q)) = T (q) + qα(q) for every q ∈ Δ_2.

Proof. Fix q ∈ Δ_1. Since the functions |f| and |ζ| are integrable with respect to the measure μ_q, the part (a) follows immediately from Lemma 7.6 and Birkhoff’s ergodic theorem. In order to prove part (b) fix x ∈ K_{μF} (α(q)) and r > 0. Let n = n(x, r) be the least integer such that ϕ_{x|n} (X) ⊂ B(x, r). Then μ_q(B(x, r)) ≥ μ_q(ϕ_{x|n} (X) and ϕ_{x|n−1} (X) is not contained in B(x, r). The latter implies that diam ( ϕ_{x|n−1} (X) ) ≥ r. Hence, due to Lemma 2.2 log ( μ_q(B(x, r)) ) log r ≤ log ( μ_q(ϕ_{x|n} (X)) ) log ( diam(ϕ_{x|n−1} (X)) )

≤ T (q) ∑_n j=1 log |ϕ^′_{xj} (σ^j(x))| + q ∑_{n−1} j=0 f ∘ σ^j(x) + M_1 ∑_{n−1} j=1 log |ϕ^′_{xj} (σ^j(x))| + M_2

for some constants M_1 and M_2. Since the range of the function r → n(x, r), r ∈ (0, 1], is of the form IN ∩ [A, ∞), it follows from the last inequality, Lemma 7.7 and Lemma 7.6 that if lim inf n→∞ log |ϕ^′_{xn} (σ^n(x))| log |ϕ^′_{x|n−1} (σ^{n−1}(x))| = 0,

then d_{μq} (x) ≤ T (q) + qα(q). So, consider the set

Bad = { x ∈ J : lim inf_{n→∞} log |ϕ^′_{xn} (σ^n(x))| log |ϕ^′_{x|n−1} (σ^{n−1}(x))| > 0 } .

We shall show that HD(Bad) ≤ θ(S). So, given γ > 0 define

Bad(γ) = { x ∈ J : ∃_{q≥1}∀_{n≥q} log |ϕ^′_{xn} (σ^n(x))| log |ϕ^′_{x|n−1} (σ^{n−1}(x))| ≥ γ } and given n ≥ 1 put

Bad_n(γ) = { x ∈ J : log |ϕ^′_{xk} (σ^k(x))| log |ϕ^′_{x|k−1} (σ^{k−1}(x))| ≥ γ ∀k ≥ n } . Fix η > θ(S). By the definition of θ(S) there exists k ≥ 1 so large that for all l ≥ k

(7.5) ∑ {i∈I:||ϕ^′_i||_0≤Ks^{γl}} ||ϕ^′_i||^η_0 ≤ 1 2 .

Fix n ≥ 1. For every l ≥ p = max{n − 1, k} let Ω_l = {ω ∈ I^l : ϕ_ω(X) ∩ Bad_n(γ) ≠ ∅}. We shall prove by induction that for every l ≥ p

(7.6) ∑ ω∈Ω_l ||ϕ^′_i||^η_0 ≤ ( 1 2 )_{l−p} ∑ ω∈Ω_p ||ϕ^′_i||^η_0,

where as η > θ(S),

(7.7) ∑ ω∈Ω_p ||ϕ^′_i||^η_0 ≤ ∑ ω∈I^p ||ϕ^′_i||^η_0 < ∞.

Indeed, for l = p we have even equality. So, suppose that (7.6) holds for some l ≥ p. Fix ω ∈ Ω_{l+1}. Then ω|_l ∈ Ω_l and there exists x ∈ ϕ_ω(X)∩Bad_n(γ). Since x = ϕ_{x|l+1} (σ^{l+1}(x)), it follows from (7.1) that ω = x|_{l+1}. Since l ≥ n − 1 and x ∈ Bad_n(γ), we therefore get ||ϕ^′_{ωl+1} ||_0 ≤ K|ϕ^′_{ωl+1} (σ^{l+1}(x))| = K|ϕ^′_{xl+1} (σ^{l+1}(x))| ≤ K|ϕ_{x|l} (σ^l(x))|^γ ≤ Ks^{γl}. Thus, using (7.5) and (7.6) for l we can write ∑ ω∈Ω_{l+1} ||ϕ^′_i||^η_0 ≤ ∑ ω∈Ω_l ∑ {i∈I:||ϕ^′_i||_0≤Ks^{γl} } ||ϕ^′_ω||^η_0||ϕ^′_i||^η_0 = ∑ ω∈Ω_l ||ϕ^′_ω||^η_0 ∑ {i∈I:||ϕ^′_i||_0≤Ks^{γl} } ||ϕ^′_i||^η_0

≤ 1 2 ∑ ω∈Ω_l ||ϕ^′_ω||^η_0 = ( 1 2 )_{l+1−p} ∑ ω∈Ω_p ||ϕ^′_i||^η_0.

The inductive proof of (7.6) is finished. By (BDP.2) of [MU1] we therefore get for all l ≥ k ∑ ω∈Ω_l diam^η(ϕ_ω(X)) ≤ D ( 1 2 )_{l−p} ∑ ω∈Ω_p ||ϕ^′_i||^η_0

and using (7.7) we conclude that H^η(Bad_n(γ)) = 0. Thus HD(Bad_n(γ)) ≤ η which implies that HD(Bad_n(γ)) ≤ θ(S). Since Bad(γ) = ⋃ n≥1 Bad_n(γ), HD(Bad(γ)) ≤ θ(S) and since Bad = ⋃ m≥1 Bad(1/m), HD(Bad) ≤ θ(S). The proof of (b) is complete. Since μ_q(K_{μF} (α(q))) = 1, it follows from Corollary 4.5 that f_{μF} (α(q)) = HD(K_{μF} (α(q)) ≥ HD(μ_q) = h_{μq} (σ)/χ_{μ̃q} (σ). Since P(G_{q,T (q)}) = 0, using Theorem 2.16, we continue writing

f_{μF} (α(q)) ≥ h_{μ̃q} (σ) χ_{μ̃q} (σ) = − ∫ g_{q,T (q)}dμ̃_q χ_{μ̃q} (σ) = ∫ (−T (q)ζ + qf)dμ̃_q −χ_{μ̃q} (σ) = −T (q)χ_{μ̃q} (σ) + q ∫ fdμ̃_q −χ_{μ̃q} (σ) = T (q) + qα(q) (7.8)

This proves one half of (c). If now q ∈ Δ_2, then our assumptions give h_{μq} (σ)/χ_{μq} (σ) > θ(S). Applying this along with (a) and (b), it follows from a well-known theorem in the dimension theory (see [Ma], [PU]) that f_{μF} (α(q)) = HD(Kμ_F (α(q))) ≤ T (q)+qα(q). This proves the other part of (c). The proof of Lemma 7.8 is thus complete.

So, part (c) of Theorem 7.4 is an immediate consequence of Lemma 7.8(c) and formula (7.5). Part (d) is a combined consequence of Lemma 7.5 and item (c) of Theorem 7.4. Part (e) of Theorem 7.4 follows from Lemma 7.5, part (c) of Theorem 7.4 and Theorem 7.3. We end up the proof of Theorem 7.4 by demonstrating its item (f). And indeed, since the diameters of the images ϕ_ω(X) tend to zero uniformly (exponentially) fast with respect to the length of ω, we conclude that there exists at most one value t ∈ IR such that for some C ≥ 1 and every n ≥ 1 C^{−1} ≤ ∑ |ω|=n μ^q_F ([ω])diam^t(ϕ_ω(X)) ≤ C.

So, we only need to show that the display appearing in item (f) of Theorem 7.4 is true. And indeed, if ω ∈ I^∗, say |ω| = n and ρ ∈ [ω], then it follows from the definition of measures μ̃_q and μ̃_F that

μ̃_q([ω]) ≍ exp q n−1∑ j=0 f ∘ σ^j (ρ) − T (q) n−1∑ j=0 ζ ∘ σ^j(ρ)

= exp n−1∑ j=0 f ∘ σ^j(ρ) q exp − n−1∑ j=0 ζ ∘ σ^j (ρ) T (q)

≍ μ̃^q_F ([ρ|_n])diam^{T (q)}(ϕ|_{ρ|n} (X)) = μ̃^q_F ([ω])diam^{T (q)}(ϕ|_ω(X)).

Since ∑ |ω|=n μ̃q([ω]) = 1, summing up the above display over all ω ∈ I

n we obtain the desired inequalities. The proof of Theorem 7.4 is complete.

Let us recall that in [MU2] we have introduced the class of absolutely regular conformal iterated function systems S by the requirement that θ(S) = 0. For these systems we can rewrite Theorem 7.4 relaxing the assumption h_{μ̃q} (σ)/χ_{μ̃q} > θ(S) since we already know

(see the paragraph proceeding Lemma 7.5) that the entropy h_{μ̃q} (σ) is always positive. It then reads as follows.

Theorem 7.9. Suppose that condition (7.1) is satisfied for all q ∈ Fin(F ). Suppose also that there exists an interval Δ_1 ⊂ Fin(F ) such that 1 ∈ Δ_1 and for every q ∈ Δ_1 and all t in some neighbourhood of T (q) (contained in (θ(q), ∞)), ∫ (|f|^{2+γ} + |ζ|^{2+γ})dμ̃_q < ∞ and ∫ (|f| + |ζ|)dμ̃_{q,t} < ∞. Suppose finally that the system S is absolutely regular. Then

(a) The number D_{μF} (x) exists for μ_F -a.e. x ∈ J and

D_{μF} (x) = − ∫ fdμ̃_F ∫ ζdμ̃_F . (b) The function T : Δ_1 → IR is real-analytic, T (0) = HD(J), and T^′(q) < 0, T^{′′}(q) ≥ 0 for all q ∈ Δ_1.

(c) For every q ∈ Δ_2, f_{μF} (−T^′(q)) = T (q) − qT^′(q).

(d) If μ̃_F ≠ μ̃_{−HD(J)ζ} , then the function α → f_{μF} (α), α ∈ (α_1, α_2) is real-analytic, where the interval (α_1, α_2), 0 ≤ α_1 < α_2 ≤ ∞ is the range of the function −T^′(q) defined on the interval Δ_2. Otherwise T^′(q) = HD(J) for every q ∈ (θ(F ), ∞).

(e) If μ̃_F ≠ μ̃_{−HD(J)ζ} , then the functions f_{μF} (α) and T (q) form a Legendre transform pair.

(f) For every q ∈ Δ_1 the number T (q) is uniquely determined by the property that there exists a constant C ≥ 1 such that for every n ≥ 1 C^{−1} ≤ ∑ |ω|=n μ^q_F ([ω])diam^{T (q)}(ϕ_ω(X)) ≤ C.

§8. Examples. This section is devoted to explore some concrete examples. We apply the results obtained in Sections 7 and 3 to the infinite systems generated by continued fractions and Apollonian packing. But first we will need the following general result being a straightforward consequence of Theorem 2.4 and formula (7.6).

Lemma 8.1. If the function T determined by the condition P(q, T (q)) = 0 is well-defined on a right-hand side deleted neighbourhood of zero, then

lim_{q↘0} T (q) = HD(J).

Proof. Let h = HD(J). It easily follows from Lemma 7.1 and Lemma 7.2 that the function T (q) is decreasing and T (q) ≤ h for every q ≥ 0. Hence, the limit L = lim_{q↘0} T (q) exists and L ≤ h. Clearly lim_{q↘0} G_{q,T (q)} = G_{0,L} (in the sense describing at the beginning of Section 2. Therefore, applying Proposition 2.3 we get P(G_{0,L}) ≤ lim_{q↘0} P(q, T (q)) = 0, whence L ≥ h. Consequently L = h and the proof is complete.

Although it will turn out that the examples generated by Apollonian packings are easier to deal with and require less delicate analysis than continued fractions, we start with these latter ones. So, we consider the maps {ϕ_i : [0, 1] → [0, 1]}_{i≥1} given by the formulae

ϕ_i(x) = 1 x + i . Their limit set coincides with the set of all irrational numbers contained in the interval [0, 1]. We consider a probability vector P = {p_i}^∞_{i=1} such that p_i > 0 for all i ≥ 1 and then the measure μ_P which is the projection of the Bernoulli measure μ̃_P from the coding space I^∞ to the interval [0, 1]. Let F be the family of functions f^{(i)} = log p_i. Of course F is a strongly Hölder family of functions of any order. Our first aim is notice the following.

Lemma 8.2. We have

μ_P = μ_F = m_F , μ̃_P = μ̃_F = m̃_F and P(qF ) = log ∞∑ i=1 p^q_i .

Proof. We shall first prove the last part of this lemma which is a straightforward calculation. Indeed,

P(qF ) = lim_{n→∞} 1 n log ∑ |ω|=n exp ( sup S_ω(qF ) ) = lim_{n→∞} 1 n log ∑ |ω|=n p_{ω1} p_{ω2} . . . p_{ωn}

= lim_{n→∞} 1 n log (_∞ ∑ i=1 p^q_i )_n = log ∞∑ i=1 p^q_i .

Since P(F ) = 0, it follows from Proposition 2.13 that μ̃_P = μ̃_F . Hence μ_P = μ̃_P ∘ π^{−1} = μ̃_F ∘ π^{−1} = μ_F . Since μ_F = μ_P is obviously atomless, condition (2.11^′) is satisfied by μ_P . Since π : (I^∞, μ̃_P ) → ([0, 1], μ_P ) is a metric isomorphism, it is straightforward to verify condition (2.10’) for the measure μ_P . The last equality left, μ̃_P = m̃_F follows now from Lemma 2.8 and the fact that π is a metric isomorphism. The proof is complete.

Since the measure μ_P is certainly not equal to the Gauss measure, as an immediate consequence of Theorem 4.6, we get the following.

Theorem 8.3. If the entropy H(P ) = − ∑_∞ i=1 p_i log p_i is finite, then HD(μ_P ) < 1.

Our aim now is to provide a sufficient conditions for doing the multifractal analysis of the measure μ_P on some interval Δ̃. We say that the probability vector P satisfies the condition (8.1) if for every q ≥ 0 there exists u ∈ IR such that

(8.1) 1 < ∞∑ i=1 p^q_i (i + 1)^{−2u} < ∞.

We say that the probability vector P satisfies the condition (8.2) if

(8.2) M = sup_{i,j≥1} { − log(p_ip_j ) log(ij + 1) } < ∞ and it satisfies condition (8.3) if

(8.3) L = inf_{i≥1} { − log p_i log(i + 1) } > 0. Theorem 8.4. If the probability vector P = {p_i}^∞_{i=1} satisfies the conditions (8.1)-(8.3) and θ(F ) < (M − L)^{−1}, then there exists a non-degenerate interval Δ̃ ⊂ (0, ∞) such that the function f_{μF} : Δ̃ → [0, 1] is convex and real-analytic.

Proof. W shall verify the assumptions of Theorem 7.4 and construct an appropriate interval Δ_2. As Δ̃, according to Theorem 7.4(d) we will then take the image −T^′(Δ_2). So, we need to check first the assumptions of Lemma 7.2 for every q ≥ 0. Towards this end take u as assured in (8.1). It follows that ∑ i≥1 exp ( q log p_i + u log ||ϕ^′_i|| ) = ∞∑ i=1 p^q_i i^{−2u} ≤ 2^{2u} ∞∑ i=1 p^q_i (i + 1)^{−2u} < ∞.

This implies that u ∈ Fin(q). We also have for all n ≥ 1 Z_n(G_{q,u}) ≥ ∑ |ω|=n p^q_{ω1} p^q_{ω2} . . . p^q_{ωn} (ω_1 + 1)^{−2u}(ω_2 + 1)^{−2u} . . . (ω_n + 1)^{−2u}

= (_∞ ∑ i=1 p^q_i (i + 1)^{−2u} )_n

Hence, due to (8.1),

P(G_{q,u}) = lim_{n→∞} 1 n log Z_n(G_{q,u}) ≥ log (_∞ ∑ i=1 p^q_i (i + 1)^{−2u} ) > 0 So, (7.1) satisfied for all q ≥ 0. We shall now check that for all q ∈ Fin(F ), all t > θ(q) and all η > 0 ∫ |f|^ηdμ̃_{q,t} < ∞ and ∫ |ζ|^ηdμ̃_{q,t} < ∞.

Since μ̃_{q,t} and m_{q,t} are equivalent with Radon-Nikodym derivatives bounded away from zero and infinity, we may replace μ̃_{q,t} with m_{q,t}. So, fix q ∈ Fin(F ), t > θ(q), and take θ(q) < s < t. Then for all i, j ≥ 1 for which ij is large enough, say ij ≥ A, we have (ij)^{−2(t−s)} log^η(ij + 1) ≤ 1. Obviously ∫ |ζ|^ηdμ̃_{q,t} < ∞ if and only if ∑ i,j:ij≥A log^η(ij + 1)m̃_{q,t}([ij]) < ∞. But ∑ i,j:ij≥A log^η(ij + 1)m̃_{q,t}([ij]) ≍ ∑ i,j:ij≥A log^η(ij + 1)p^q_i p^q_j (ij)^{−2t}e^{−2P(qF )}

= e^{−2P(qF )} ∑ i,j:ij≥A log^η(ij + 1)(ij)^{−2(t−s)}p^q_i p^q_j (ij)^{−2s}

≤ e^{−2P(qF )} ∑ i,j:ij≥A ∑ i,j:ij≥A p^q_i p^q_j (ij)^{−2s} < ∞.

The fact that ∫ |f|^ηdμ̃_{q,t} < ∞ follws now by applying (8.2). So, Δ1 = (θ(F ), ∞) and the function T : (θ(F ), ∞) → IR is real-analytic. We are now only left to show that there exists a non-degenerate interval Δ_2 ⊂ Fin(F ) such that for q ∈ Δ_2, h_{μ̃q} /χ_{μ̃q} > θ(S) = 1/2. At the beginning of this proof we have shown that the function T (q) (determined by the condition P(G_{q,T (q)}) = 0) is well defined for every q ≥ 0. In order to construct the interval Δ_2 we will need the following.

Lemma 8.5. If condition (8.2) is satisfied, then T : (0, ∞) → IR is Lipschitz continuous with a Lipschitz constant bounded from above by M/2.

Proof. Fix q_0 ≥ 0. Consider first the case q ≥ q_0. Then, by Lemma 7.1 T (q) ≤ T (q_0). Fix now u =^1_2 M(q − q_0), where M is taken from condition (8.2). Then, using the bounded distortion property (1d) and (8.2), we can estimate for all n ≥ 1 as follows. Z_{2n}(G_{q,T (q0)−u}) = ∑ |ω|=2n exp ( S_ω(qF ) ) ||ϕ^′_ω||^{T (q0)−u} = ∑ |ω|=2n exp ( S_ω(q_0F ) ) ||ϕ^′_ω||^{T (q0)} exp ( S_ω((q − q_0)F ) ) ||ϕ^′_ω||^{−u} ≥ ∑ |ω|=2n exp ( S_ω(q_0F ) ) ||ϕ^′_ω||^{T (q0)}p^{q−q0}_{ω1} p^{q−q0}_{ω2} . . . p^{q−q0}_{ω2n} K^{−u} inf{|ϕ^′_ω|}^{−u} ≥ K^{−u} ∑ |ω|=2n exp ( S_ω(q_0F ) ) ||ϕ^′_ω||^{T (q0)}Π^n_{j=1}(p_{ω2j−1} p_{ω2j} )^{q−q0} (ω_{2j−1}ω_{2j} + 1)^{2u} ≥ K^{−u}Z_{2n}(G_{q0,T (q0)}). Hence, P(G_{q,T (q0)−u}) ≥ P(G_{q0,T (q0)}) = 0, and therefore, due to Lemma 7.1, T (q) ≥ T (q_0) − u = T (q_0) −^1_2 M(q − q_0). Thus 0 ≤ T (q_0) − T (q) ≤^1_2 M(q − q_0), and we are done in this case.

Consider now the case q ≤ q_0. Then T (q) ≥ T (q_0). Similarly as in the previous case we get for every n ≥ 1

Z_{2n}(G_{q,T (q0)+u}) = ∑ |ω|=2n exp ( S_ω(q_0F ) ) ||ϕ^′_ω||^{T (q0)} exp ( S_ω((q − q_0)F ) ) ||ϕ^′_ω||^u ≤ ∑ |ω|=2n exp ( S_ω(q_0F ) ) ||ϕ^′_ω||^{T (q0)}Π^n_{j=1}(p_{ω2j−1} p_{ω2j} )^{q−q0} (ω_{2j−1}ω_{2j} + 1)^{−2u} ≤ Z_{2n}(G_{q0,T (q0)}). Hence P(G_{q,T (q0)+u}) ≤ P(G_{q0,T (q0)}) = 0, and therefore T (q) ≤ T (q_0)+u = T (q_0)+^1_2 M(q− q_0). Thus 0 ≤ T (q) − T (q_0) ≤^1_2 M(q − q_0), and we are done.

Lemma 8.6. If q ≥ q_0 ≥ 0, then T (q) − T (q_0) ≤ −^1_2 L(q − q_0). Proof. Put u =^1_2 L(q − q_0). Then for every n ≥ 1 and using (8.3), Z_n(G_{q,T (q0)−u}) = ∑ |ω|=n exp ( S_ω(q_0F ) ) ||ϕ^′_ω||^{T (q0)} exp ( S_ω((q − q_0)F ) ) ||ϕ^′_ω||^{−u} ≤ ∑ |ω|=n exp ( S_ω(q_0F ) ) ||ϕ^′_ω||^{T (q0)}Π^n_{j=1}p^{q−q0}_{ωj} (ω_j + 1)^{2u} ≤ Z_n(G_{q0,T (q0)}). Hence, P(G_{q,T (q0)−u}) ≤ P(G_{q0,T (q0)}) = 0, and therefore, due to Lemma 7.1, T (q) ≤ T (q_0) − u = T (q_0) −^1_2 L(q − q_0). The proof is complete.

Concluding the proof of Theorem 8.4 take an arbitrary q ∈ (θ(F ), (M − L)^{−1}). Then it follows from Lemma 8.6 (see also Theorem 7.4(b)) that T^′(q) ≤ −L/2. Combining this fact and (7.6) along with Lemma 8.5, we get for all q ∈ (θ(F ), (M − L)^{−1})

h_{μ̃q} /χ_{μ̃q} ≥ T (0) − 1 2 Mq + 1 2 Lq = 1 − 1 2 (M − L)q > 1 − 1 2 (M − L)(M − L)^{−1} = 1 − 1 2 = 1 2 = θ(S). The proof of Theorem 8.4 is complete.

We shall now provide a class of probability vectors P for which all the assumptions of Theorem 8.4 are satisfied.

Example 8.7. For every s > 1 consider the probability vector P_s = {N^{−1}_s n^{−s}}_{n≥1}, where N_s = ∑_∞ n=1 n^{−s} < ∞. We shall verify that all the assumptions of Theorem 8.4 are satisfied for all s large enough.

And indeed, in order to check condition (8.1), consider the series ∑_∞ i=1 N^{−q}_s i^{−sq}(i+1)^{−(2u)}.

Since one can take u ∈ IR such that qs + 2u > 1 but the difference qs + 2u − 1 > 0 is as small as one wishes, condition (8.1) can be fulfilled. Since for all i, j ≥ 1 − log(N^{−1}_s i^{−s}N^{−1}_s j^{−s}) log(ij + 1) = 2 log N_s + s log(ij) log(ij + 1) ≤ 2 log N_s log 2 + s < ∞, condition (8.2) is also satisfied. In order to verify condition (8.3) and inequality θ(F ) < (M − L)^{−1}, we need to establish first some analytical properties of the functions

f_s(x) =

A_s + s log x log(x + 1) , s > 1, x ≥ 1, where A_s > 0 and lim_{s→∞} A_s = 0. Obviously

(8.4) lim_{x→∞} f_s(x) = s.

Now, df_s dx = s x log(x + 1) −^1_{x+1} (A_s + s log x) log^2(x + 1) = s(x + 1) log(x + 1) − A_sx − sx log x x(x + 1) log^2(x + 1) = sx(log(x + 1) − log x) + s log(x + 1) − A_sx x(x + 1) log^2(x + 1) = sxx^{−1} + s log(x + 1) − A_sx x(x + 1) log^2(x + 1)

(8.5)

for some x ∈ [x, x + 1]. Hence for every x large enough (depending on s)

(8.6) df_s dx (x) < 0. Also^{dfs}_{dx} (1) =^{2s log 2−As}

2 log^2 2 . Hence, for every s large enough

(8.7) df_s dx (1) > 0.

Let us now look at the function

g_s(x) = s(x + 1) log(x + 1) − A_sx − sx log x

and its derivative g^′_s(x) = s log

(_{x+1} x ) − A_s. The derivative g^′_s has at most two pieces of monotonicity, and consequently it may have at most two zeros. In view of (8.6) and (8.7) the function f_s has at least one local extremum and the first one must be a local maximum. Suppose that f_s has a second local extremum. It must be a local minimum and g_s can have no more local extrema. But this contradicts (8.6). Summarizing: For every s > 1 there exists x_s ≥ 1 such that (8a) The function f_s is increasing on the interval [1, x_s].

(8b) At the point x_s the function f_s takes on its global maximum and f_s(x_s) > s. (8c) The function f_s is decreasing on the interval [x_s, ∞) and f_s(x) > s for every x ≥ x_s. Since in addition f_s(1) =^{As}_{log 2} < s for all s large enough (since lim_{s→∞} A_s = 0), we conclude that for every s large enough

(8.8) inf_{x≥1}{f_s(x)} = f_s(1) = A_s log 2 .

Coming back to our probability vector P_s, it follows from (8.8) that for all s large enough L =^{log Ns}_{log 2} > 0 which in particular implies that condition (8.3) is satisfied. So, we are left to show that θ(F_s) < (M − L)^{−1}, and since θ(F_s) = 1/s, it suffices to show that for all s large enough

(8.9) M < log N_s log 2 + s. Fix towards this end 0 < γ < 1. In view of (8.2) it is enough to demonstrate that for all s large enough and all j ≥ 1

2 log N_s + s log j log(j + 1) ≤ γ log N_s log 2 + s or equivalently

2 log 2 log N_s + s log 2 log j ≤ γ log N_s log(j + 1) + s log 2 log(j + 1)

which in turn equivalently means that

(8.10) s log 2(log(j + 1) − log j) + log N_s(γ log(j + 1) − 2 log 2) ≥ 0.

Now, the first summand in this inequality is always positive. The second summand is ≥ 0 as long as j ≥ 4^{1/γ} −1. And since lim_{s→∞} log N_s = 0 and lim_{s→∞} min{s(log(j +1)−log j) : 1 ≤ j ≤ 4^{1/γ} − 1} = ∞, we conclude that (8.10) is satisfied for all s large enough. We are done.

Example 8.8. (Apollonian packing) Consider on the complex plane the three points z_j = e^{2πij/3}, j = 0, 1, 2 and the following additional three points a_0 = √ 3−2, a_1 = (2− √ 3)e^{−πi/3} and a_2 = (2 − √ 3)e^{πi/3}. Let ϕ_0, ϕ_1, and ϕ_2 be the Möbius transformations determined by the following requirements: ϕ_0(z_0) = z_0, ϕ_0(z_1) = a_2, ϕ_0(z_2) = a_1, ϕ_1(z_0) = a_2, ϕ_1(z_1) = z_1, ϕ_1(z_2) = a_0, ϕ_2(z_0) = a_1, ϕ_2(z_1) = a_0, and ϕ_2(z_2) = z_2. Set X = B(0, 1), the closed ball centered at the origin of radius 1. It is straightforward that the images ϕ_0(X), ϕ_1(X) and ϕ_2(X) are mutually tangent (at the points a_0, a_1 and a_2, respectively) disks whose boundaries pass through the triples (z_0, a_1, a_2), (z_1, a_0, a_2) and (z_2, a_0, a_1) respectively. Of course all the three disks ϕ_0(X), ϕ_1(X) and ϕ_2(X) are contained in X and are tangent to X at the points z_0, z_1 and z_2 respectively. Let S = {ϕ_0, ϕ_1, ϕ_2} be the iterated function system on X generated by ϕ_0, ϕ_1 and ϕ_2. Notice that all the maps ϕ_0, ϕ_1 and ϕ_2 are parabolic with parabolic fixed points z_0, z_1 and z_2 respectively. It is not difficult to check that all the requirements of a parabolic system are satisfied. Observe that the limit set J of the parabolic system S coincides with the residual set of the Apollonian packing generated by the curvilinear triangle with vertices z_0, z_1, z_2. In [MU4], using a slightly different iterated function system, we have dealt with geometrical properties of J proving that 1 < h = HD(J) < 2, 0 < H^h(J) < ∞ and P^h(J) = ∞. In [MU4] we studied its dynamical properties, especially the invariant measure equivalent with conformal measure. Here we present its multifractal analysis. So, let us first notice that the system S^∗ is regular. Indeed, we proved in [MU4] that

ϕ^n_0 (z) = ( √ 3 − n)z + n −nz + n + √ 3 and (ϕ^n_0 )^′(z) = 3 (−nz + n + √ 3)^2 . By the symmetry of the situation this implies the existence of a constant C ≥ 1 such that for all i ≠ j and all n ≥ 1

(8.11) C^{−1} 1 n^2 ≤ |(ϕ^n_i ∘ ϕ_j )^′(z)| ≤ C 1 n^2

In particular θ(S^∗) = 1/2. Consider now P = (p_0, p_1, p_2) a probability vector such that p_1p_2p_3 > 0 and then consider the measure μ_P which is the projection of the Bernoulli measure μ̃_P generated by the vector P from the symbolic space {0, 1, 2}^∞ to the limit set S. In [MU4] we have proved the following.

Theorem 8.9. HD(μ_P ) < HD(J).

This theorem also follows from Theorem 4.6 and the results obtained in the proof of Theorem 8.11. Let F be the family of functions f^{(i)} = log p_i, i = 1, 2, 3. Of course F is strongly Hölder family of functions of any positive order. Our first aim is to to prove the following

Lemma 8.10. μ̃_P = μ̃_F = m̃_F , μ_P = μ_F = m_F and P(F ) = 0.

Proof. We repeat word by word (putting q = 1) the proof of Lemma 8.2. until the conclusion that condition (2.10’) is satisfied for the measure μ_P . Then, in view of Lemma 2.11 and Lemma.11, μ_P = m_F . The rest of the proof is the same as in the proof of Lemma 8.2.

Theorem 8.11. If P = (p_0, p_1, p_2) is a probability vector such that p_1p_2p_3 > 0, then there exists a non-degenerate interval Δ̃ ⊂ (0, ∞) such that the function f_{μP} : Δ̃ → (0, ∞) (defined with respect to the system S^∗) is convex and real-analytic. Proof. Let, according to Section 3, the family F^∗ consist of the functions

f^{(inj)}_∗ = log p_j + n log p_i, i ≠ j, n ≥ 1.

Since μ_F = μ̃_F ∘ π^{−1} and μ_F ∗ = μ̃_F ∗ ∘ π^{−1}, it follows from Lemma 8.10 and Theorem 3.4 that f_{μP} = f_{μF ∗} and therefore it suffices to prove Theorem 8.11 for the measure μ_F ∗ . Notice that the corresponding Hölder families G^{(inj)}_{q,t} are defined as follows.

G^{(in j)}_{q,t} = q log p_j + qn log p_i + t log |(ϕ_in_j )^′|.

As in the proof of Theorem 8.4 we shall verify the assumptions of theorem 7.4 and construct an appropriate interval Δ_2. As Δ̃, according to Theorem 7.4(d) we will then take the image −T^′(Δ_2). So, we need to check first the assumptions of Lemma 7.2 for all q ∈ Fin(F^∗). Since_2 ∑ i=0 ∑ i≠j ∑ n≥1 ||e^{f (inj)∗} ||_0 = 2∑ i=0 ∑ i≠j ∑ n≥1 p^q_j p^{qn}_i < ∞ for all q > 0, and is equal to +∞ for q = 0, we conclude that Fin(F^∗) = (0, ∞). Now, for every q > 0 and every t ∈ IR, using (8.11), we get

Z_1(G_{q,t}) = 2∑ i=0 ∑ i≠j ∑ n≥1 p^q_j p^{qn}_i ||(ϕ_in_j )^′||^t_0

≤ C^t 2∑ i=0 ∑ i≠j ∑ n≥1 p^q_j p^{qn}_i n^{−2t} < ∞, (8.12)

so that P(G_{q,t}) < ∞. Also

Z_1(G_{q,t}) ≥ C^{−1}_2 2∑ i=0 ∑ i≠j ∑ n≥1 p^q_j p^{qn}_i n^{−2t} ≥ C^{−1}_2 p^q_0p^{2q}_2 4^{−t}.

Hence lim_{u→−∞} Z_1(G_{q,t}) = +∞, and therefore also lim_{u→−∞} P(G_{q,t}) = +∞. Thus the condition (7.1) is satisfied for all q ∈ Fin(F^∗). We shall now check that ∫ (|f|^η + |ζ|^η)dμ̃_{q,t} < ∞ for all η > 0, all q ∈ Fin(F^∗) and all t > θ(q). In (8.12) we have shown that θ(q) = −∞ for all q > 0. So, fix q ∈ Fin(F^∗) = (0, ∞) and t ∈ IR . Take s < t so small that 2(t − s) > η. Using this, the fact s > θ(q) and (8.11) again, we get ∫ (|f|^η + |ζ|^η)dμ̃_q ≍ ∫ (|f|^η + |ζ|^η)dm̃_q ≍ 2∑ i=0 ∑ i≠j ∑ n≥1 ( (−q log p_j − qn log p_i)^η + (2t log n)^η ) m̃_{q,t}([i^nj])

≍ 2∑ i=0 ∑ i≠j ∑ n≥1 ( (−q log p_j − qn log p_i)^η + (2t log n)^η ) p^q_j p^{qn}_i n^{−2t}

≍ 2∑ i=0 ∑ i≠j ∑ n≥1 ( (−q log p_j − qn log p_i)^η + (2t log n)^η ) n^{−2(t−s)}p^q_j p^{qn}_i n^{−2s} < ∞.

Thus one can take (0, ∞) as Δ_1. We are now only left to demonstrate that there exists a non-degenerate interval Δ_2 ⊂ Fin(F^∗) = (0, ∞) such that h_{μ̃q} /χ_{μ̃q} > θ(S^∗) = 1/2 for all q ∈ Δ_2. And indeed, since HD(J) ≥ 1 (this is obvious; for the much stronger fact that HD(J) > 1 see [MU4] and the references therein), it follows from Lemma 8.1 that there exists an open interval Δ_2 (having zero as its left-hand endpoint) such that T (q) > 1/2 for all q ∈ Δ_2. Combining this fact, formula (7.6) and Theorem 7.4(b), we conclude that h_{μ̃q} /χ_{μ̃q} ≥ T (q) > 1/2 = θ(S^∗) for every q ∈ Δ_2. The proof is complete.

Acknowledgment. The third author is grateful to the IHES for its warm hospitality, where a part of this paper has been written.

References

[Bo] R. Bowen, Equlibrium states and the ergodic theory of Anosov diffeomorphisms, Lect. Notes in Math. 470 (1975), Springer Verlag, New York.

[CM] R. Cawley, R. D. Mauldin, Multifractal decompositions of Moran Fractals, Adv. Math. 92 (1992), 196-236.

[Co] J. Conway, A Course in Functional Analysis, second edition, Springer, New York (1997).

[Fr] N. Friedman, Introduction to Ergodic Theory, New York, Cincinati, Toronto, London, Melbourne, Van Nostrand Reinhold Company, (1970).

[FP] U. Frisch and G. Parisi, On the singularity structure of fully developed turbulence. appendix ato U. Frisch, Fully developed turbulence and intermittency, in “Turbulence and predictability in geophysical fluid dynamcis and climate dynamics,” (Proc. Int. Sch. Phys., “Enrico Fermi,” Course LXXXVIII), 84-88, North-Holland, Amsterdam, 1985. [Gr] P. Grassberger and I. Procaccia, Characterization of strange attractors, Phys. Lett. 50 (1983), 346-349.

[Ha] T. C. Halsey, M. H. Jensen, L. P. Kadanoff, I. Procaccia and B. J. Shraiman, Fractal measures and their singularities: The characterization of strange sets, Phys. Rev. A 33 (1986), 1141-1151.

[HU] P. Hanus, M. Urbański, A new class of positive recurrent functions, Preprint 1998. [IM] C. Ionescu-Tulcea, G. Marinescu, Théorie ergodique pour des classes d’operations non-complement continues, Ann. Math. 52, (1950), 140-147. [Ka] T. Kato, Perturbation theory for linear operators, Springer (1995). [Man] B. B. Mandelbrot, Intermittent turbulence in self-similar cascades: divergence of high moments and dimension of the carrier, J. Fluid Mech. 62 (1974), 331-358. [Ma] P. Mattila, Geometry of sets and measures in Euclidean spaces, Cambridge University Press, 1995.

[MU1] R. D. Mauldin, M. Urbański, Dimensions and measures in infinite iterated function systems, Proc. London Math. Soc. (3) 73 (1996) 105-154.

[MU2] R. D. Mauldin, M. Urbański, Conformal iterated function systems with applications to the geometry of continued fractions, Trans. Amer. Math. Soc. 351 (1999), 4995-5025. [MU3] R. D. Mauldin, M. Urbański, Parabolic iterated function systems, Erg. Th. Dyn. Sys. 20 (2000), 1423-1447.

[MU4] R. D. Mauldin, M. Urbański, Dimension and measures for a curvilinear Sierpinski gasket or Apollonian packings, Adv. in Math. 136 (1998), 26-38.

[MU4] R. D. Mauldin, M. Urbański, Gibbs states on the symbolic space over an infinite alphabet, Isr. J. Math., to appear.

[Pe] Y. B. Pesin, Dimension theory in dynamical systems, Chicago (1997). [PW] Y. B. Pesin, H. Weiss, The multifractal analysis of equilibrium measures for conformal expanding maps and Markov Moran Geometric Constructions, J. Sta. Phys. 86 (1997), 233-275.

[PU] F. Przytycki, M. Urbański, Fractals in the plane - Ergodic theory methods, to appear in the Cambridge University Press, available on Urbański’s webpage. [R] D. Rand, The singularity spectrum for cookie-cutters, Erg. Th. Dyn. Sys. 9 (1989), 155-186.

[Ro] R. Rockafellar, Convex Analysis, Princeton University Press, 1970. [Ru] D. Ruelle: Thermodynamic formalism, Encyclopedia of Math. and Appl., vol. 5, Addison - Wesley, Reading Mass., 1976 [Sa] O. M. Sarig, Theormodynamic formalism for countable Markov shifts, Preprint 1997. [Sc] H. Schaefer: Banach lattices and positive operators. (1974), Springer. [Ur] M. Urbański, Hausdorff measures versus equilibrium states of conformal infinite iterated function systems, Periodica Math. Hung. 37 (1998), 153-205.