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Introduction and general preliminaries

1.1 Introduction

The understanding of the dynamics and geometry of elliptic functions
rapidly develops since the papers [17], [18] and [15] have been published. Al-
though these functions are relatively ’regular’, they manifest such unexpected
features as the fact that the Hausdorff dimension of their Julia set is always
larger than 1 (see [17]) or, in the non-recurrent case, that the correspond-
ing Hausdorff measure always vanishes whereas the packing measure, in the
absence of parabolic points, is finite and positive.

In this manuscript we provide a systematic exposition of the geometric
measure theory and ergodic theory of regular pseudo-nonrecurrent elliptic
functions. In spite of possible associations steaming from the name, this is
not a narrow class of functions. Just the opposite, it contains for example all
hyperbolic and critically finite elliptic functions, and many more. In contrast
to [18] we now allow critical points to land at poles and to escape to infinity.
Unlike to [18], we treat in the present manuscript the conjugacy problem
resulting in the complete rigidity theorem (Theorem 6.1) primarily saying that
a Lipschitz conjugacy on Julia sets always extends to an affine conjugacy on
C. Its proof, although sharing some general features with the case of rational
functions and conformal expanding repellers, is more subtle and involved. As
one of the steps in its proof we establish in Theorem 6.3 real-analyticity of
the Radon-Nikodym derivative of the of the invariant measure µ with respect
to the conformal measure m.

As has been said our exposition is more systematic and elaborated than
that in [18]. It deals with a larger class of functions, contains new material,
new proofs, and improves many arguments used in [18].

We have already mentioned geometry (Hausdorff and packing measures)
and rigidity. The third theme of the manuscript is the measurable dynamics
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with respect to the h-conformal measure m, where h is the Hausdorff dimen-
sion of the Julia set. The concept of conformal measure, essentially purely
dynamical, and its weaker version like semi-conformality and almost confor-
mality form the main technical tool employed in our manuscript. In particular
we provide a refined proof of the existence, uniqueness and continuity of an
h-conformal measure. This measure plays an essential role in showing that
Hh(J(f)) = 0 and, in the absence of parabolic periodic points, this measure
turns out to coincide with the packing measure Πh up to a multiplicative
constant, i.e. although dynamically defined it gets purely geometrical charac-
terization.

As we have said, the third theme of our manuscript is the measurable dy-
namics with respect to the h-conformal measure m. We prove the existence of
an ergodic conservative σ-finite measure µ equivalent to m. Developing this
direction, we study points of finite and infinite condensation of the measure µ,
the concepts introduced in [33]. After collecting some basic facts about these
points we show in Section 5 that ∞ is always a point of finite condensation,
perhaps the most interesting fact about the measure µ. In the next subsec-
tion we relate points of infinite condensation with the set Ω(f) of rationally
indifferent periodic points, providing in particular some sufficient conditions
(Ω(f) = ∅) for the invariant measure µ to be finite. At the end of this section
we deal with parabolic points themselves.

1.2 General preliminaries

All the points (numbers) appearing in this paper are complex unless it is clear
from the context that they are real. In particular x and y are always assumed
to be complex numbers and not the real and imaginary parts of a complex
number. Given a set A ⊂ C and r > 0, the symbol Be(A, r) denotes the
Euclidean open r-neighborhood of the set A. Throughout the entire paper f∗,
diams and Bs(A, r) denote respectively the derivatives, diameters and open
r-neighborhoods of the set A defined by means of the spherical metric whereas
f ′ and diame are considered in the Euclidean sense. The spherical distance
between any two points x and y in C is denoted by |x − y|∗. We emphasize
that when calculating f∗, we consider the spherical metric in the domain and
in the codomain.

Definition 1.1 . If H : D → C is an analytic map, z ∈ C, and r > 0, then
by

Comp(z,H(z),H, r)

we denote the connected component of H−1(Be(H(z), r)) that contains z.
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Suppose now that c is a critical point of an analytic map H : D → C.
Then there exists R = R(H, c) > 0 and A = A(H, c) ≥ 1 such that

A−1|z − c|pc ≤ |H(z)−H(c)| ≤ A|z − c|pc

and
A−1|z − c|pc−1 ≤ |H ′(z)| ≤ A|z − c|pc−1

for every z ∈ Comp(c,H(c),H,R), and that

H(Comp(c,H(c),H,R)) = Be(H(c), R),

where pc = p(H, c) is the order of H at the critical point c. In particular

Comp(c,H(c),H,R) ⊂ Be(c, (R/A)1/pc).

Moreover, by taking R > 0 sufficiently small, we can ensure that the two above
inequalities hold for every z ∈ Be(c, (R/A)1/pc) and the ball Be(c, (R/A)1/pc)
can be expressed as a union of pc closed topological disks with smooth bound-
aries and mutually disjoint interiors such that the map H restricted to each
of these interiors, is injective.

Koebe’s 1
4 -Theorem. If z ∈ C, r > 0 and H : Be(z, r) → C is an arbitrary

univalent analytic function, then H(Be(z, r)) ⊃ Be(H(z), 4−1|H ′(z)|r).

Koebe’s Distortion Theorem, I (Euclidean version). There exists a
function k : [0, 1) → [1,∞) such that for any z ∈ C, r > 0, t ∈ [0, 1) and any
univalent analytic function H : Be(z, r) → C we have that

sup{|H ′(w)| : w ∈ Be(z, tr)} ≤ k(t) inf{|H ′(w)| : w ∈ Be(z, tr)}.

We put K = k(1/2).

Koebe’s Distortion Theorem, I (spherical version). Given a number
s > 0 there exists a function ks : [0, 1) → [1,∞) such that for any z ∈ C,
r > 0, t ∈ [0, 1) and any univalent analytic function H : Bn(z, r) → C such
that the complement C \H(Bn(z, r)) contains a spherical ball of radius s we
have

sup{|H∗(w)| : w ∈ Bn(z, tr)} ≤ ks(t) inf{|H∗(w)| : w ∈ Bn(z, tr)}.

Bn stands in here for either Euclidean or spherical ball (if z 6= ∞).

The following is a straightforward consequence of these two distortion
theorems.
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Lemma 1.2 Suppose that D ⊂ C is an open set, z ∈ D and H : D → C is
an analytic map which has an analytic inverse H−1

z defined on Be(H(z), 2R)
for some R > 0. Then for every 0 ≤ r ≤ R

Be(z,K−1r|H ′(z)|−1) ⊂ H−1
z (Be(H(z), r)) ⊂ Be(z,Kr|H ′(z)|−1).

Lemma 1.3 Suppose that D ⊂ C is an open set, z ∈ D and H : D → C is
an analytic map which has an analytic inverse H−1

z defined on Bs(H(z), 2R)
for some R > 0 avoiding a spherical ball of some radius s. Then for every
0 ≤ r ≤ R

Bs(z, k−1
s (1/2)r|H∗(z)|−1) ⊂ H−1

z (Bs(H(z), r)) ⊂ Bs(z, ks(1/2)r|H∗(z)|−1).

We also use the following more geometric versions of Koebe’s Distortion
Theorems involving moduli of annuli.

Koebe’s Distortion Theorem, II (Euclidean version). There exists a
function w : (0,+∞) → [1,∞) such that for any two open topological disks
Q1 ⊂ Q2 with Mod(Q2 \ Q1) ≥ t and any univalent analytic function H :
Q2 → C we have

sup{|H ′(ξ)| : ξ ∈ Q1} ≤ w(t) inf{|H ′(ξ)| : ξ ∈ Q1}.

Koebe’s Distortion Theorem, II (spherical version). Given a number
s > 0 there exists a function ws : (0,+∞) → [1,∞) such that for any two
open topological disks Q1 ⊂ Q2 with Mod(Q2 \ Q1) ≥ t and any univalent
analytic function H : Q2 → C such that the complement C \H(Q2) contains
a ball of radius s we have

sup{|H∗(ξ)| : ξ ∈ Q1} ≤ ws(t) inf{|H∗(ξ)| : ξ ∈ Q1}.

Given an analytic function H defined throughout a region D ⊂ C, we put

Crit(H) = {z ∈ D : H ′(z) = 0}.

In the sequel we require the following technical lemma proven in [32] as
Lemma 2.11.

Lemma 1.4 Suppose that an analytic map Q ◦H : D → C, a radius R > 0
and a point z ∈ D are such that
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(a)
Comp(H(z), Q(H(z)), Q, 2R) ∩ Crit(Q) = ∅

and
Comp(z,Q ◦H(z), Q ◦H,R) ∩ Crit(H) 6= ∅.

(b) If c belongs to the last intersection and

diame

(
Comp(z,Q ◦H(z), Q ◦H,R)

)
≤ (AR(H, c))1/pc

then
|z − c| ≤ KA2|(Q ◦H)′(z)|−1R.

Proof. In view of Lemma 1.2

Comp(H(z), Q(H(z)), Q,R) ⊂ Be(H(z),KR|Q′(H(z))|−1).

So, since H(c) ∈ Comp(H(z), Q(H(z)), Q,R), we get

H(c) ∈ Be(H(z),KR|Q′(H(z))|−1).

Thus, using this and (b) we obtain

A−1|z − c|pc ≤ |H(z)−H(c)|
≤ KR|Q′(H(z))|−1

= KR|(Q ◦H)′(z)|−1|H ′(z)|
≤ KR|(Q ◦H)′(z)|−1A|z − c|pc−1.

So, |z − c| ≤ KA2|(Q ◦H)′(z)|−1R.

Lemma 1.5 Let µ and ν be Borel probability measures on Y , a bounded subset
of a Euclidean space. Suppose that there is a constant M > 0 and for every
point x ∈ Y there is a decreasing to zero sequence {rj(x) : j ≥ 1} of positive
radii such that for all j ≥ 1 and all x ∈ Y

µ(Be(x, rj(x)) ≤Mν(Be(x, rj(x)).

Then the measure µ is absolutely continuous with respect to ν and the Radon-
Nikodym derivative dµ/dν ≤ CM , where C is a universal constant depending
only on the dimension of the Euclidean space under consideration.

Proof. Consider a Borel set E ⊂ Y and fix ε > 0. Since limj→∞ rj(x) = 0
and since ν is regular, for every x ∈ E there exists a radius r(x) being of
the form rj(x) such that ν(

⋃
x∈E Be(x, r(x)) \E) < ε. Now, by the Besicovič

theorem (see [14]) we can choose a countable subcover {Be(xi, ri(x))}∞i=1 from
the cover {Be(xi, ri(x))}x∈E of E, of multiplicity bounded by some constant
C ≥ 1, independent of the cover. Therefore, we obtain
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µ(E) ≤
∞∑

i=1

µ(Be(xi, ri(x)))

≤M
∞∑

i=1

ν(Be(xi, ri(x)))

≤MCν
( ∞⋃
i=1

Be(xi, ri(x)))

≤MC(ε+ ν(E)).

Letting ε ↘ 0 we obtain µ(E) ≤ MCν(E). Thus µ is absolutely continuous
with respect to ν with the Radon-Nikodym derivative bounded by MC.

Frequently in order to denote that a Borel measure µ is absolutely contin-
uous with respect to ν we write µ ≺ ν. We do not use any special symbol to
record equivalence of measures (mutual absolute continuity).

Given a σ-finite measure space (X,F , µ) a measurable almost everywhere
defined, transformation T : X → X i said to be ergodic with respect to µ, or µ
is said to be ergodic with respect to T , if and only if µ(A) = 0 or µ(X \A) = 0
whenever the measurable set A is T -invariant, meaning that T−1(A) = A. The
measure µ is said to be conservative with respect to T or T conservative with
respect to µ if and only if for every measurable set A with µ(A) > 0,

µ({z ∈ X :
∞∑

n=0

1A ◦ Tn(z) < +∞}) = 0.

Finally, the measure µ is said to be T -invariant, or T is said to preserve
the measure µ if and only if µ ◦ T−1 = µ. It follows from Birkhoff’s Ergodic
Theorem that every finite ergodic T -invariant measure µ is conservative, for
infinite measures this is not longer true. Finally, two ergodic invariant mea-
sures defined on the same σ-algebra are either singular or they coincide up to
a multiplicative constant.

By writing A � B we mean that there exists a positive constant C such
that A ≤ CB for all A and B under consideration. Then A � B means that
B � A, and A � B says that A � B and B � A.

1.3 Preliminaries concerning iteration of meromorphic
functions

The Fatou set F (f) of a meromorphic function f : C→ C is defined in exactly
the same manner as for rational functions; F (f) is the set of points z ∈ C such
that all the iterates are defined and form a normal family on a neighborhood
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of z. The Julia set J(f) is the complement of F (f) in C. Thus, F (f) is
open; J(f) is closed; F (f) is completely invariant while f−1(J(f)) ⊂ J(f)
and f(J(f)) = J(f) ∪ {∞}. For a general description of the dynamics of
meromorphic functions see e.g. [6]. We note that it easily follows from Montel’s
criterion of normality that if f : C→ C has at least one pole which is not an
omitted value, then

J(f) =
⋃
n≥0

f−n(∞).

In further sections we will be dealing with the points

I∞(f) = {z ∈ C : z ∈
⋃
n≥0

f−n(∞) or lim
n→∞

fn(z) = ∞}

escaping to ∞ under iterates of f . Let us now provide two related concepts,
which play the central role in the approach undertaken in this paper. If t ≥ 0,
then a measurems supported on J(f) is said to be a spherical semi t-conformal
for f : C→ C, if

ms(f(A)) ≥
∫

A

|f∗|t dms (1.1)

for every Borel set A ⊂ J(f) such that f |A is injective and ms is said to be a
spherical t-conformal for f : C→ C if

ms(f(A)) =
∫

A

|f∗|t dms (1.2)

for these sets A. Notice that the σ-finite measure me determined by the re-
quirement that

dme

dms
(z) = (1 + |z|2)t (1.3)

has the property that

me(f(A)) =
∫

A

|f ′|tdme

for this set A as above. It will be called an Euclidean t-conformal measure. In
particular for every w ∈ Λ we get that∫

A

|f ′|tdme = me(f(A)) = me(f(A+ w)) =
∫

A+w

|f ′|tdme.

Since the derivative f ′ is periodic with respect to the lattice Λ, we thus get
the following.

Proposition 1.6 The Euclidean t-conformal measure me is Tw-invariant for
every w ∈ Λ, where Tw : C 7→ C is the translation about the vector w given by
the formula Tw(z) = z + w.
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As an immediate consequence of this proposition, we get the following.

Corollary 1.7 For every r > 0,

M(t, r) = inf{me(Be(z, r)) : z ∈ J(f)} > 0.

In the sequel we respect the convention that the spherical conformal mea-
sure (or their weaker versions) are labeled with the subscript ’s’ whereas
Euclidean conformal measures (and their weaker versions) are labeled with
the subscript ’e’. If no subscript is used, the conformal measure under con-
sideration can be spherical as well as Euclidean.
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The dynamics of pseudo non-recurrent elliptic
functions

2.1 Preliminary results concerning elliptic functions

As indicated in the introduction, throughout this paper f : C → C is a
non-constant elliptic function. Every such function is doubly periodic and
meromorphic. In particular, there exist two vectors w1, w2, Im(w1

w2
) 6= 0, such

that for every z ∈ C and n,m ∈ Z,

f(z) = f(z +mw1 + nw2).

The set
Λ = {mw1 + nw2 : m,n ∈ Z }

is called the lattice of the elliptic function f . This object is independent of the
choice of its generators w1 and w2. We call two points z and w equivalent and
we write z ∼ w if w − z ∈ Λ, the lattice associated with the elliptic function
f . Let

R = {t1w1 + t2w2 : 0 ≤ t1, t2 ≤ 1}

be the basic fundamental parallelogram of f . It follows from the periodicity of
f that f(C) = f(R). Therefore f(C), as a closed and open subset of the con-
nected set C is equal to C. This means that each elliptic function is surjective.
It also follows from the periodicity of f that

f−1(∞) =
⋃

m,n∈Z

(
R∩ f−1(∞) +mw1 + nw2

)
.

For every pole b of f let qb denote its multiplicity. We define

q := sup{qb : b ∈ f−1(∞)} = max{qb : b ∈ f−1(∞) ∩R}.

For every r > 0 let Br = {z ∈ C : |z| > r}. Given b ∈ f−1(∞) let Bb(r)
be the connected component of f−1(Br) containing b. More generally, given
k ≥ 1 and b ∈ f−k(∞), let Bk

r (b) be the connected component of f−k(Br)
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containing b. Let T ≥ 1 be so large that all components Bb(T ), b ∈ f−1(∞),
are mutually disjoint.

Recall that Crit(f) is the set of critical points of f i.e.

Crit(f) = {z : f ′(z) = 0}.

Its image, f(Crit(f)), is called the set of critical values of f . Since R∩Crit(f)
is finite and since f(Crit(f)) = f(R ∩ Crit(f)), the set of critical values
f(Crit(f)) is also finite. Thus, if R > T is large enough, say R ≥ R0, then BR

contains no critical values of f , all sets Bb(R) are simply connected, mutually
disjoint, and there exists A1 = A1(f, b) ≥ 1 such that for z ∈ Bb(R)

A−1
1 |z − b|−qb ≤ |f(z)| ≤ A1|z − b|−qb . (2.1)

If U ⊂ BR \ {∞} is an open simply connected set, then all the holomorphic
inverse branches f−1

b,U,1, . . . , f
−1
b,U,qb

of f are well-defined on U , there exists
A2 = A2(f, b) ≥ 1 such that for every 1 ≤ j ≤ qb and all z ∈ U we have

A−1
2 |z|−

qb+1
qb ≤ |(f−1

b,U,j)
′(z)| ≤ A2|z|−

qb+1
qb . (2.2)

Therefore (cf. [17]),

(2A2)−1 |z|
qb−1

qb

|b|2
≤ (2A2)−1 |z|

qb−1
qb

1 + |b|2
≤ |(f−1

b,U,j)
∗(z)|

≤ 2A2
|z|

qb−1
qb

1 + |b|2
≤ 2A2

|z|
qb−1

qb

|b|2
,

(2.3)

where the first left and the second right inequality sign we wrote assuming in
addition that |b| is large enough, say |b| ≥ R1 > R0. We denote

A(f, b) = max{A1(f, b), A2(f, b)} (2.4)

for b ∈ f−1(∞). A straightforward observation from the local behavior around
poles is that for every k ≥ 1 there exist constants Lk ≥ 1 and Rk > 0 such
that for all b ∈ f−k(∞) and all R ≥ Rk, we have

L−1
k R

− 1
qb

k ≤diame(Bk
b (R)) ≤ LkR

− 1
qb

k ,

L−1
k R

− 1
qb

k (1 + |b|2)−1 ≤diams(Bk
b (R)) ≤ LkR

− 1
qb

k (1 + |b|2)−1.

(2.5)

Frequently, we will write L for L1.

By HD(X) we denote the Hausdorff dimension of the set X. Its formal
definition and some relevant properties are given in Section 3. We make the
frequent use of the following fact, proven in [17].
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Theorem 2.1 If f : C→ C is an arbitrary elliptic function, then

HD(J(f)) >
2q
q + 1

≥ 1,

where, we recall, q = sup{qb : b ∈ f−1(∞)} = max{qb : b ∈ R ∩ f−1(∞)}.

Since the proof uses the theory of infinite conformal iterated function sys-
tems, it will not be repeated here.

2.2 Local behavior around parabolic fixed points

In this section f : C → C is an arbitrary elliptic function of degree ≥ 2;
in fact all the results stated here are of local character and are true for all
meromorphic functions. In particular, the map f is not assumed yet to be
critically pseudo non-recurrent. In what follows we basically summarize the
results concerning local behavior around parabolic fixed points which have
been proved in [1], [10], and [11]. Although they were formulated and proved
in the context of parabolic rational maps, that is, assuming that the Julia
set contains no critical points, nevertheless they and their proofs are of local
character and, in particular, extend to the class of all elliptic functions. Let
Ω(f) denote the set of rationally indifferent periodic points of f . Throughout
this section ω is a simple parabolic fixed point of f , that is f(ω) = ω and
f ′(ω) = 1.

First note that on a sufficiently small open neighborhood V of ω a holo-
morphic inverse branch f−1

ω : V → C of f which sends ω to ω is well defined.
Moreover, V can be taken so small that on V the transformation f−1

ω can be
expressed in the form

f−1
ω (z) = z − a(z − ω)p+1 + a2(z − ω)p+2 + a3(z − ω)p+3 + . . . (2.6)

where a 6= 0 and p = p(ω) is a positive integer. Thus

f−1
ω (z)− ω = z − ω − a(z − ω)p+1 + a2(z − ω)p+2 + a3(z − ω)p+3 + . . .

Consider the set {z : a(z − ω)p ∈ R and a(z − ω)p > 0}. This set is the union
of p rays beginning in ω and forming angles which are integer multiples of
2π/p. Denote these rays by L1, L2, . . . , Lp. For 1 ≤ j ≤ p, 0 < r ≤ ∞ and
0 ≤ α < 2π, let Sj(r, α) ⊂ V be the set of those points z lying in the open
ball Be(ω, r) for which the angle between the rays Lj and the interval which
joins the points ω and z does not exceed α. Using (2.6), an easy computation
shows that there are α > 0 and θ(ω) > 0 such that

|f−1
ω (z)− ω| < |z − ω| and |(f−1

ω )′(z)| < 1 (2.7)



12 2 The dynamics of pseudo non-recurrent elliptic functions

for every ω 6= z ∈ S1(θ(ω), α) ∪ . . . ∪ Sp(θ(ω), α). The following version of
Fatou’s flower theorem, (see [1], [5], [25]) shows that the Julia set J(f) ap-
proaches the fixed point ω tangentially to the lines L1, L2, . . . , Lp. This can
be precisely formulated as follows.

Lemma 2.2 (Fatou’s flower theorem) For every α > 0 there exists
0 < r1(ω, α) ≤ θ(ω) such that

J(f) ∩Be(ω, r1(ω, α)) ⊂ S1(r1(ω, α), α) ∪ . . . ∪ Sp(r1(ω, α), α).

Since the Julia set J(f) is fully invariant (f−1(J(f)) = J(f) and f(J(f)) =
J(f)∪{∞}), we conclude from this lemma and (2.7) that for every 0 < θ1(ω) ≤
θ(ω), we have

f−1
ω (J(f) ∩Be(ω, θ1(ω))) ⊂ J(f) ∩Be(ω, θ1(ω)). (2.8)

Thus all iterates f−n
ω : J(f) ∩ Be(ω, θ1(ω)) → J(f) ∩ Be(ω, θ1(ω)), n =

0, 1, 2, . . . are well defined. From Lemma 2.2 and (2.8) we obtain

∀α > 0 ∃r2(ω, α) > 0 ∀1 ≤ j ≤ p

f−1
ω (Sj(r2(ω, α), α) ∩ J(f)) ⊂ Sj(r2(ω, α), α).

(2.9)

Put

θ = θ(f, ω) = min{θ1(ω), r1(ω, α), r2(ω, α) : ω ∈ Ω(f)}. (2.10)

Then, it follows from (2.7) and Lemma 2.2 that for every z ∈ J(f)∩Be(ω, θ),

lim
n→∞

f−n
ω (z) = ω. (2.11)

In fact, it can be proved that this convergence is uniform on compact sub-
sets of Be(ω, θ) ∩ J(f) \ {ω}. See (2.13) for even stronger result. By precise
computations one can prove the following.

Lemma 2.3 For every τ > 0 sufficiently small and every z ∈ J(f)∩Be(ω, θ)

f−1
ω (Be(z, τ |z − ω|)) ⊂ Be(f−1

ω (z), τ |f−1
ω (z)− ω|).

This lemma immediately leads to the following.

Lemma 2.4 For every τ > 0 sufficiently small, every z ∈ J(f) ∩ Be(ω, θ)
and every n ≥ 0 there exists a unique holomorphic inverse branch

f−n
ω : Be(z, 2τ |z − ω|) → Be(f−n

ω (z), 2τ |f−n
ω (z)− ω|)

of fn which sends z to f−n
ω (z).
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The following two results were proved in [1] (cf. Proposition 8.3 and The-
orem 8.4) and in [10] (cf. Lemma 1).

Lemma 2.5 For every z ∈ J(f) ∩ Be(ω, θ) there exists C(z) ≥ 1 such that
for every n ≥ 1

C(z)n−
p+1

p ≤ |(f−n
ω )′(z)|, |(f−n

ω )∗(z)| ≤ C(z)n−
p+1

p (2.12)

and
lim

n→∞
|f−n

ω (z)− ω|n1/p = (|a|p)−1/p. (2.13)

Lemma 2.6 For every z ∈ J(f) ∩ Be(ω, θ) there exists constants C(z) ≥ 1
such that for every n ≥ 1

lim
n→∞

|f−n
ω (z)− ω|n1/p = (|a|p)−1/p (2.14)

uniformly on compact subsets of Be(ω, θ) ∩ J(f) \ {ω}.

Lemma 2.7 Let m be a semi t-conformal measure for f . Then for every
R > 0 there exists a constant C = C(t, ω,R) ≥ 1 such that for every 0 < r ≤ R

m(Be(ω, r) \ {ω})
rαt(ω)

,
m(Bs(ω, r) \ {ω})

rαt(ω)
≤ C,

where αt(ω) = t+ p(ω)(t− 1). If m is t-conformal, then in addition

m(Be(ω, r) \ {ω})
rαt(ω)

,
m(Bs(ω, r) \ {ω})

rαt(ω)
≥ C−1.

Proof. In view of (1.3) it suffices to prove this lemma for the Euclidean measure
me. Take R > 0 so small that Be(ω,R) ⊂ Be(ω, θ) and let

P = J(f) ∩ {z : R(2‖f ′‖)−1 ≤ |z − ω| ≤ R},

where ‖f ′‖ = sup{|f ′(z)|} (the supremum is taken over a compact neighbor-
hood Be(ω, θ) ∩ J(f)). Let

δ = τ inf{|z − ω| : z ∈ P} > 0.

Since P is compact, there are finitely many points z1, . . . , zq in P , such that

P ⊂ J(f) ∩
(
Be(z1, δ) ∪ . . . ∪Be(zq, δ)

)
,

and we may assume that δ is so small that
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f−n
ω (Be(zi, δ)) ∩Be(zi, δ) = ∅

for i = 1, . . . , q and n = 1, 2, . . .. Fix a constant c1 > max{(|a|p)−1/p, (|a|p)1/p}
and for every n ≥ 1 define

Pn = {z ∈ Be(ω, θ) ∩ J(f) : c−1
1 n−1/p ≤ |f−n

ω (z)− ω| ≤ c1n
−1/p}.

By the local behavior of f around a parabolic point we conclude that for every

z ∈ (Be(ω,R) \ {ω}) ∩ J(f)

there exists l ≥ 0 such that

R(2‖f ′‖)−1 < |f l(z)− ω| < R,

i.e. f l(z) ∈ P . Therefore, the set

J(f) ∩ {z : R(2‖f ′‖)−1 < |z − ω| < R}

is non-empty (Be(ω,R) ∩ (J(f) \ {ω}) is non-empty since J(f) is perfect).
Moreover, since it is open in J(f), we deduce that for some 1 ≤ j ≤ q the set
Be(zj , δ) ∩ P has non-empty interior in J(f). Hence

M = me(Be(zj , δ) ∩ P ) > 0.

By Lemma 2.6 there is n0 ≥ 1 such that f−n
ω (z) ∈ Pn for every n ≥ n0 and

z ∈ P . In other words this means that Pn ⊃ f−n
ω (P ) for n ≥ n0. Thus

Be(ω, c1n−1/p) ⊃
∞⋃

k=n

Pk ⊃
∞⋃

k=n

f−k
ω (P ) ⊃

∞⋃
k=n

q⋃
i=1

f−n
ω (Be(zi, δ) ∩ P ).

On the other hand, for any z ∈ Be(ω,R) \ {ω} let l(z) ≥ 0 be the smallest
integer such that f l(z) ∈ P . Take n1 ≥ n0 so large that if z ∈ Be(ω, c1n

−1/p
1 ),

then l(z) ≥ n0. Consider now any z ∈ J(f)∩Be(ω, c1n−1/p)\{ω} with n ≥ n1.
Since l(z) ≥ n0 and f l(z)(z) ∈ P we conclude that z = f

−l(z)
ω (f l(z)(z)) ∈ Pl(z).

Therefore c−1
1 l(z)−1/p ≤ c1n

−1/p and consequently l(z) ≥ c−2p
1 n. Hence

J(f)∩Be(ω, c1n−1/p) ⊂ {ω}∪
⋃

l≥c−2p
1 n

f−l
ω (P ) = {ω}∪

q⋃
i=1

⋃
l≥c−2p

1 n

f−l
ω (Be(zi, δ)).

Since the sets {f−n
ω (J(f) ∩ Be(zj , δ))}, n = 1, 2, . . ., are mutually disjoint,

it follows from Koebe’s Distortion Theorem, I (Euclidean version) and the
semi-conformality of the measure m that

me

(
Be(ω, c1n−1/p) \ {ω}

)
≤ me

( q⋃
i=1

⋃
l≥c−2p

1 n

f−l
ω,i(Be(zi, δ))

)
≤ qKtCt

0

∑
l≥c−2p

1 n

l−
p+1

p t ≤ C ′(n−1/p)αt(ω)
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where C ′ > 0 denotes some constant and where C0 = max{C(z1), . . . , C(zq)}.
If, in addition, me is t-conformal we have

me

(
Be(ω, c1n−1/p) \ {ω}

)
≥

∞∑
k=n

me(f−k
ω (Be(zj , δ) ∩ P )

≥
∞∑

k=n

K−tC(zj)−t(k−
p+1

p )tM

≥MK−tC(zj)−t
2n∑

k=n

(k−
p+1

p )t

≥MK−tC(zj)−tn((2n)−
p+1

p t)

= 2−
p+1

p tMK−hC(zj)−t(n−1/p)αt(ω).

The proof is finished observing that limn→∞
(n+1)−1/p

n−1/p = 1.

2.3 Basic properties of critically pseudo non-recurrent
elliptic functions

We say that the elliptic function f : C→ C is (critically) pseudo non-recurrent
if the following conditions are satisfied.

(1) If c ∈ Crit(f) ∩ J(f), then either
(1a) ω-limit set ω(c) is a compact subset of C (i.e. ∞ /∈ ω(c)) and c /∈ ω(c)

or
(1b) c ∈

⋃
n≥1 f

−n(∞), or
(1c) limn→ ∞ fn(c) = ∞,
and

(2) if c ∈ Crit(f)∩F (f), then there exists either an attracting periodic point
ω of f or a rationally indifferent periodic point ω of f such that

ω(c) ⊂ {fn(w), n ≥ 0}.

We will frequently write critically pseudo non-recurrent as well as pseudo
non-recurrent, and in each case this will refer to functions defined above.

Definition 2.8 The set of critical points captured respectively by (1a), (1b)
and (1c) will be refereed to as Critc(f), Critp(f) and Crit∞(f).

For every c ∈ Critp(f) let n(c) ≥ 2 be the only integer such f j(c) is well
defined for all 0 ≤ j ≤ n(c) and fn(c) = ∞. Set
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PCc(f) =
⋃

c∈Critc(f)

{f j(c) : j ≥ 1}

PC0
c(f) = Critc(f) ∪ PCc(f),

PCp(f) =
⋃

c∈Critp(f)

{f j(c) : 1 ≤ j ≤ n(c)− 1},

PC0
p(f) = Critp(f) ∪ PCp(f),

PC∞(f) =
⋃

c∈Crit∞(f)

{f j(c) : j ≥ 1},

PC0
∞(f) = Crit∞(f) ∪ PC∞(f),

PC(f) := PCc(f) ∪ PCp(f) ∪ PC∞(f),

PC0(f) := PC0
c(f) ∪ PC0

p(f) ∪ PC0
∞(f).

(2.15)

It immediately follows from this definition that c /∈ ω(c) for all c ∈
Crit(f) ∩ J(f). For every c ∈ Crit∞(f) let

qc = lim sup
n→∞

qbn , (2.16)

where fn(c) is near the pole bn and, we recall, qbn
is its multiplicity, pc was

defined just after Definition 1.1. Let

l∞ = max{pcqc : c ∈ Crit∞(f)}

(if Crit∞(f) = ∅, l∞ = 0). Our main hypothesis is that

h >
2l∞
l∞ + 1

(2.17)

and then the pseudo non-recurrent function f : C→ C is called regular.

This assumption is needed in order to show that the h-conformal measure
constructed in Lemma 4.3 is atomless. This is a prerequisite for, essentially
all, our considerations concerning geometric measures (Hausdorff and packing)
and measurable dynamics with respect to the measure class generated by the
conformal measurem. The place in the paper from which we do need regularity
is the proof of Lemma 4.26.

Therefore, for every c ∈ Crit∞(f), h > 2pcqc

pcqc+1 . Hence

pc − 1
pc

h < (qc + 1)h− 2qc.

So there exists h− ∈ (1, h) such that

pc − 1
pc

h− < (qc + 1)h− − 2qc, (2.18)
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and therefore there exists κc > 0 such that

pc − 1
pc

h− < κc < (qc + 1)h− − 2qc. (2.19)

The right-hand side of this formula is equivalent to the following(
h− − κc

2− κc

)(
qc + 1
qc

)
> 1. (2.20)

For any set A ⊂ C, let
O+(A) =

⋃
n≥0

fn(A).

Similarly as in the paper [17] the basic technical tool for our approach in
this paper is formed by an appropriate version of Mañe’s Theorem. Let us
recall that we proved in [18] the following theorem.

Theorem 2.9 Let f : C→ C be an elliptic function and Ω(f) denote the set
of rationally indifferent periodic points of f . If a point x ∈ J(f) \Ω(f) is not
contained in the ω-limit set of a recurrent critical point, then for every ε > 0
there exists a neighborhood U of x such that

(a) For all n ≥ 0, every connected component of f−n(U) has Euclidean diam-
eter ≤ ε;

(b) There exists N > 0 such that for all n ≥ 0 and every connected component
V of f−n(U), the degree of fn

|V is ≤ N .

We first prove a version of Przytycki’s lemma from [27] for the sake of
completeness, since it forms the first step in the proof of Theorem 2.9 and
since there are places, where one has to proceed more subtly than in the case
of rational functions.

Lemma 2.10 For every integer K ≥ 0 and every 0 < λ < 1, the following
holds. For every ε > 0 and every κ > 0, there exists δ0 = δ0(K, ε, λ, κ) > 0
such that for every δ ≤ δ0 and every x ∈ C at the distance at least κ away
from the set of parabolic points and attracting points, for every n ≥ 0 and
every connected component W = Comp(f−n(Be(x, δ))) such that fn

|W has
at most K critical points counted with multiplicities, for every component
W ′ = Comp(f−n(B′)) in W , for the disc B′ = Be(x, λδ) we have

diame(W ′) ≤ ε

and diame(W ′) → 0 for n→∞ uniformly (i.e., independently of the choices
of B and W ′).
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Proof. Suppose, on the contrary, that there exist a sequence {xn}∞n=1 of
points in a distance at least κ apart from the set of parabolic points and
attracting points, a sequence δn ↘ 0, a sequence of components Wn =
Comp(f−kn(Be(xn, δn))) with kn → ∞, as n → ∞ such that the num-
ber of critical points of each map fkn on Wn is bounded by K and W ′

n,
the sequence associate to Wn as in the statement of the lemma, such that
limn→∞ diame(W ′

n) 6= 0. Then for each n, there exists L = L(n), 0 ≤ L ≤ K,
such that there is no critical value of fkn

|Wn
in

P (n) := Be

(
xn, δn

(
λ+ (1− λ)

L+ 1
K + 1

))
\Be

(
xn, δn

(
λ+ (1− λ)

L

K + 1

))
.

Without loss of generality, we may assume that all the components W ′
n inter-

sect the fundamental region R. Put

W (1)
n := Comp

(
f−kn

(
Be

(
xn, δn

(
λ+ (1− λ)

L(n)
K + 1

))))

W (2)
n := Comp

(
f−kn

(
Be

(
xn, δn

(
λ+ (1− λ)

L(n) + 1
K + 1

))))
the components containing W ′

n,

Pn := W (2)
n \W (1)

n

and for every 0 ≤ m ≤ kn, i = 1, 2,

W (i)
n,m = fkn−m(W (i)

n ), Pn,m := fkn−m(Pn) = W (2)
n,m \W (1)

n,m.

For each n, let m = m(n) ≤ kn be the least integer such that

diame(W (1)
n,m) ≥ inf{diste(c1, c2); c1, c2 ∈ Crit(f), c1 6= c2}.

So for every 0 ≤ t < m(n), the set Pn,t is a topological annulus. That is
so because at each step back by f−1 from Pn,t−1 to Pn,t there is at most
one branch point for f−1 from W

(i)
n,t−1 to W (i)

n,t, i = 1, 2. Now, all the annuli
Pn,m(n)−1’s have moduli bounded below by 2−K(1−λ) 1

K+1 . Since in addition
all the components W ′

n intersect the fundamental region R, it follows from
Montel’s Theorem that there exists a topological (maybe not geometric) an-
nulus P contained in all Pn,m(n)−1’s for a subsequences ns, which bounds a
topological disk D. So D ⊂W

(2)
ns,m(ns)−1. Hence

fm(ns)−1(D) ⊂ Be(xn, δn).

Passing yet to another subsequence, we may assume that the sequence
{xn}∞n=1 converges to a point y ∈ C at distance at least κ apart from the
set of parabolic points and attracting points. Thus the family of functions
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{fm(ns)−1(D) → C}∞s=1 is equicontinuous and consequently D cannot inter-
sect the Julia set J(f). If they were contained in a preimage of a Siegel disk
or a Herman ring, the limit of diameters of iterates fm(ns)−1(D) would be
positive. Thus D is contained in the basin of attraction to an attracting pe-
riodic orbit or a parabolic periodic orbit. In either case, the limit of the sets
fm(ns)−1(D) would be contained in either an attracting periodic orbit or a
parabolic periodic orbit. Since this limit would coincide with y, we get a con-
tradiction. The proof is complete.

Remark 2.11 Obviously this lemma remains true (with the proof requiring
only minor modifications) if, instead of the disk Be(x, δ), one takes the square
centered at x and with edges of length δ. This is the version we will need in
the next theorem.

Proof of Theorem 2.9. The core of the theorem is (a), from which the
property (b) follows easily. Given an open set U ⊂ C, denote c(U, n) the
set of connected components of f−n(U). Observe that V ∈ c(U, n) implies
f j(V ) ∈ c(U, n− j) for all 0 ≤ j ≤ n. If V ∈ c(U, n) define

∆(V, n) = #{ξ ∈ V ; (fn)′(ξ) = 0},

counted with algebraic multiplicity. A square is the set S of the form

S = {z ∈ C : |Re(z − p)| < δ, |Im(z − p)| < δ }.

The point p is the center and δ is its radius. Let S be a square with center p
and radius δ, given k > 0, denote by Sk the square with center p and radius kδ.

(a) If S is a square with radius δ, denote by L(S) the family of squares
contained in S3/2 − S and having radius δ/4. Denote by L∗(S) the family
of squares S3/2

0 with S0 ∈ L(S). Suppose that x is not a parabolic point and
does not belong to the ω-limit set of recurrent critical point. Then there exists
δ0 > 0 such that

(1) there is no critical point c of f such that there exists 0 ≤ n1 ≤ n2 satisfying

|fn1(c)− c| < δ0 and |fn2(c)− x| < δ0;

(2) |x− p| > 10δ0 for every parabolic or attracting periodic point p.

Given ε > 0, take ε1 > 0 satisfying

(3) 0 < ε1 < min{ε/10, δ0/10};
(4) if U is an open connected set with diame(U) ≤ 2ε1, then diame(W ) ≤ δ0

for all W ∈ c(U, 1).

Let N0 be the number of equivalence classes of the relation ∼ between critical
points of f . Take N1 > 2 such that



20 2 The dynamics of pseudo non-recurrent elliptic functions

(5) If S is a square and V ∈ c(S, n) satisfies ∆(V, n) ≤ N0+1, then the number
of connected components of f−n(S2/3) contained in V is ≤ N1.

Finally, let δ be given by

(6) δ = min{δ0/10, ε1/10, δ(2N0, ε1/20N1, 2/3, δ0)}, where

δ(2N0, ε1/20N1, 2/3, δ0)

was produced in Lemma 2.10.

Let S0 be the square of center x and radius δ. Suppose that Theorem 2.9(a)
fails for U = S0. Then there exists n > 0 and V ∈ c(S0, n) with diame(V) ≥
ε ≥ 10ε1. On the other hand, by (6), diame(S0) = 2

√
2δ < 3δ < ε1. Hence

there exists an integer n0 ≥ 0 such that there exists V0 ∈ c(S3/2
0 , n0) satisfying

(7) diame(f−(n0−i)(S0) ∩ f i(V0)) ≤ ε1 for all 1 ≤ i ≤ n0, and
(8) diame(f−n0(S0) ∩ V0) > ε1.

Since diame(S0) < ε1 it follows that n0 > 0. Now, starting with S0 we shall
construct a sequence of squares S0, S1, S2, . . . and strictly positive integers
n0 ≥ n1 ≥ n2 . . . satisfying

(9) Sj+1 ∈ L∗(Sj) and
(10) there exists Vj ∈ c(S3/2

j , nj) such that

diame(f (−nj−i)(Sj) ∩ f i(Vj)) ≤ ε1

for all 1 ≤ i ≤ nj and

diame(f−nj (Sj) ∩ Vj) > ε1.

From (7) and (8), it follows that S0 satisfies (10). If we construct such a
sequence of squares and integers, then Theorem 2.9 will be proved by contra-
diction because the condition n0 ≥ n1 ≥ n2 . . . ≥ nm ≥ . . . > 0 implies that
nj = ni for all ≥ i for a certain i. But (a) implies that the radius of Sj is
( 3
8 )jδ; in particular diam(Sj) → 0 when j → +∞. But by (10),

ε1 < diame(f−nj (Sj) ∩ Vj) = diame(f−ni(Sj) ∩ Vj),

Vj ∈ c(S3/2
j , nj) = c(S3/2

j , ni).

Taking j → +∞, and recalling that i is fixed and limj→∞ diame(Sj) = 0, we
conclude that the inequality above cannot hold.

The sequence {Sj} and {nj} will be constructed by induction starting with
S0. Suppose Si and ni are constructed for 0 ≤ i ≤ j. To find Sj+1 and nj+1,
we begin by observing that from (a) it follows that if p ∈ S ∈ L∗(Sj), then,
by the contraction of the squares Si,
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|p− x| ≤
j∑

i=0

diame(Si) =
j+1∑
i=0

(
3
8

)i

diame(S0) = 2
√

2
j+1∑
i=0

(
3
8

)i

δ ≤ 4
√

2δ.

Hence, if a point q satisfies diste(q, S) ≤ δ0, we have

|q − x| ≤ 4
√

2δ + δ0 ≤ 2δ0.

By (2), this means that

(11) diste(q, S) > δ0 for all S ∈ L∗(Sj) and all parabolic or attracting periodic
point q.

For the induction step (i.e., the construction of Sj+1 and nj+1), we shall
use the following lemma.

Lemma 2.12 If U ⊂ C is an open neighborhood of x and V ∈ c(U, n) satisfies

diame(f i(V )) ≤ δ0, 0 ≤ i ≤ n,

then
∆(V, n) ≤ N0.

Proof. If ∆(V, n) ≥ N0 + 1, there exists N0 + 1 different points xi, 1 ≤ i ≤
N0+1, in V such that (fn)′(xj) = 0. This means that for each 1 ≤ i ≤ N0+1,
there exist 1 ≤ mi < n, such that fmi(xi) is a critical point. Recalling that
N0 is the number of the equivalence classes of the equivalence relation ∼, we
see that there exist two different points in the set {xi; 1 ≤ i ≤ N0 +1}, which
we denote by x1, x2, and two critical points c1 and c2 in the same equivalence
class of the equivalence relation ∼, such that fm1(x1) = c1 and fm2(x2) = c2.
Assume without loss of generality that 0 ≤ m1 ≤ m2. Then by the choice of
δ0, m1 < m2 and

|fm2−m1(c2)− c2| = |fm2−m1(c1)− c2| = |fm2(x1)− fm2(x2)|
≤ diame(fm2(V )) ≤ δ0

and

|fn−m2(c2)− x| = |fn−m2(fm2(x2))− x| = |fn(x2)− x| ≤ δ0,

contradicting property (1) of δ0.

Now, to find Sj+1 and nj+1 we first claim that there exists S ∈ L(Sj)
which for some 0 < n ≤ nj has V ∈ c(S, n) with diame(V ) ≥ ε1/10N1.
Suppose that the claim is false. Then, for all 1 ≤ i ≤ nj ,
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diame(f i(Vj)) ≤ diame

(
f−(nj−i)(Sj) ∩ f i(Vj)

)
+ sup{diame(W ); W ∈ c(S, nj − i), S ∈ L(Sj)}
≤ ε1 + ε1/10N1 ≤ 2ε1.

From this inequality applied to i = 1 and property (4), we have

diame(Vj) ≤ δ0.

Moreover, since 2ε1 ≤ δ0 (by (3)),

diame(f i(Vj)) ≤ δ0

for all 1 ≤ i ≤ nj , hence for all 0 ≤ i ≤ nj . By Lemma 2.10, this proves that
∆(Vj , nj) ≤ N0. Then, since Vj ∈ c(S2/3

j , nj) it follows from (5), (11) and
Lemma 2.10 that

[W ∈ c(Sj , nj),W ⊂ Vj ] ⇒ diame(W ) ≤ ε1/10N1.

Moreover, by the way N1 was chosen, we have

#{W ∈ c(Sj , nj);W ⊂ Vj} ≤ N1

and we assume that

[S ∈ L(Sj), G ∈ c(S, nj)] ⇒ diame(G) ≤ ε/10N1.

Now observe that Vj is the union of sets G ∈ c(S, nj), G ⊂ Vj , S ∈ L(Sj) and
the sets W ∈ c(Sj , nj),W ⊂ Vj . Moreover, for any two sets W ′, W ′′ in this
family there exist W ′ = W0,W1, . . . ,Wk = W ′′ in c(Sj , nj) and contained in
Vj such that for all 0 ≤ i < k there exist Si ∈ L(Sj) and Ui ∈ c(Si, nj) such
that U i ∩W i 6= ∅ and U i ∩W i+1 6= ∅. Then

diame(Vj) ≤ N1 (ε1/10N1 + ε1/10N1) = ε1/5,

contradicting the last inequality in condition (10). This completes the proof
of the claim. Now we can take S ∈ L(Sj) such that diame(V ) ≥ ε/10N1 for
some V ∈ c(S, n), 0 ≤ n ≤ nj . Take Ṽ ∈ c(S3/2, n) containing V . Suppose
that ∆(Ṽ , n) ≤ N0. Then by Lemma 2.10 and condition (6)

diame(V ) ≤ ε1/20N1,

since V ∈ c((S3/2)2/3, n) and is contained in Ṽ . This contradicts the fact that

diame(V ) ≥ ε1/10N1

and proves ∆(Ṽ , n) ≥ N0 + 1. From Lemma 2.12, it follows that

diame(f i(Ṽ )) > δ0
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for some 0 ≤ i ≤ n. Now we define Sj+1 = S3/2. Then f i(Ṽ ) ∈ c(S3/2, n− i)
and diame(f i(Ṽ )) > δ0 ≥ 10ε1. Moreover, diame(Sj+1) ≤ 2δ < ε1. Then
there exists 0 ≤ nj+1 ≤ n− i ≤ nj − i and Vj+1 ∈ c(Sj+1, nj+1) such that

diame(f−nj+1(Sj+1) ∩ Vj+1) > ε1

and
diame(f−nj+1+i(Sj+1) ∩ f i(Vj+1)) ≤ ε1.

Observe that nj+1 > 0 since diame

(
Sj+1

)
< 2δ < ε1. This completes the

construction of the sequence {Sj} and {nj} and the proof of part (a) of The-
orem 2.9. Property (b) of Theorem 2.9 follows from (a) and Lemma 2.12.

As its rather straightforward consequence, in exactly the same way as
Theorem 2.7 from [18] one can prove the following.

Theorem 2.13 Let f : C → C be a critically pseudo non-recurrent elliptic
function. If X ⊂ J(f)\Ω(f) is a closed subset of C, then for every ε > 0 there
exists δ > 0 such that for every x ∈ X and every n ≥ 0, all the connected
components of f−n(Be(x, δ)) have Euclidean diameters ≤ ε.

Since this theorem forms an extremely important tool in our paper and
promptly distinguishes the class of critically pseudo non-recurrent elliptic
functions from among all other elliptic functions, we would like to provide
a few words of comment. First, Mañe’s original most general result is this.

Theorem 2.14 Suppose that f : C → C is a rational function of degree
d ≥ 2. Suppose also that x ∈ J(f) is not a rationally indifferent periodic point
nor does x belong to the ω-limit set of any recurrent critical point. Then for
every ε > 0, there exists δ > 0 such that for every n ≥ 0 all the connected
components of f−n(Bs(x, δ)) have spherical diameters ≤ ε.

It is easy to see that in the context of rational functions Theorem 2.13
follows from Theorem 2.14 if C is replaced by C and Euclidean diameters are
replaced by spherical ones. We also observe that Theorem 2.13 follows easily
from Theorem 2.9, the elliptic counterpart of Theorem 2.14, as long as the set
X ⊂ J(f) \Ω(f) is assumed to be a compact subset of the complex plane C.
The proof that Theorem 2.13 is also true for closed, not compact, subsets of
C results from its ”compact” part as follows. Suppose that X ⊂ J(f) \Ω(f)
is a closed subset of C. Let

∆ = diste(Ω(f), f−1(∞)) > 0.
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In view of (2.2) and (2.5) there exists R > 0 so large that if |f(z)| ≥ R/2,
then for some b ∈ f−1(∞), z ∈ Bb(R/2)

|f ′(z)| ≥ 2 and diame(Bb(R/2)) ≤ ∆/2. (2.21)

Consider now the compact set

Y = X ∪ (J(f) \Be(Ω(f),∆/2)) \BR

and the corresponding number 0 < δ ≤ min{ε, R/2} ascribed to Y and the
number min{ε, R/2} according to the ”compact” part of Theorem 2.13. In
order to complete the proof it suffices to show that if x ∈ BR, then the
Euclidean diameter of each connected component Cn(x) of f−n(Be(x, δ)) does
not exceed ε for every ε > 0. Indeed, fix w ∈ f−n(x)∩Cn(x) and let 1 ≤ k ≤ n
be the least integer such that fn−k(w) /∈ BR provided it exists. Otherwise,
set k = n. We shall show by mathematical induction that

diame

(
fn−j(Cn(x))

)
≤ δ ≤ min{ε, R/2} (2.22)

for every 0 ≤ j ≤ k. For j = 0, this formula is true since fn(Cn(x)) = Be(x, δ).
Suppose that it is true for some 0 ≤ j ≤ k− 1. Since fn−j(w) ∈ BR and since
diame(fn−j(Cn(x))) ≤ R/2, we conclude that

fn−j(Cn(x)) ⊂ BR/2. (2.23)

It therefore follows from the first part of formula (2.21) that

diame

(
fn−(j+1)(Cn(x))

)
≤ 1

2
diame

(
fn−j(Cn(x))

)
≤ δ.

This proves formula (2.22). In the case when k = n, the result follows from
(2.22). Otherwise, it follows from (2.23) and the second part of formula (2.21)
that

fn−k(Cn(x)) ⊂ C \Be(Ω(f),∆/2).

Since we also know that fn−k(w) /∈ BR, we conclude that fn−k(w) ∈ Y , we
see that diame(Cn(x)) ≤ min{ε, R/2} ≤ ε. We are done.

Now we shall collect all the other results from Section 2.3 of [18] formulated
in the context of critically pseudo non-recurrent functions. The proofs requires
no modifications. As a consequence of Theorem 2.13 we prove the following.

Corollary 2.15 Let f : C → C be a critically pseudo non-recurrent elliptic
function. If X ⊂ J(f)∪{∞}\Ω(f) is compact, then for every ε > 0 there exists
δ > 0 such that for every x ∈ X and every n ≥ 0, all connected components
of f−n(Bs(x, δ)) have Euclidean diameters ≤ ε.



2.3 Basic properties of critically pseudo non-recurrent elliptic functions 25

Proof. Apply Theorem 2.13 for the set f−1(∞) and given ε > 0. This gives
us the corresponding number δ1 > 0. Taking now ξ > 0 so small that each
connected component of f−n(Bs(∞, ξ)) is contained in Be(b, δ1) for some pole
b ∈ f−1(∞) consider the set Y = X \ Bs(∞, ξ). Since Y is a compact subset
of C, it follows from Theorem 2.13 that there exists δ2 > 0 such that for every
x ∈ Y and every n ≥ 0 all the connected components of f−n(Bs(x, δ)) have
Euclidean diameters ≤ ε. Consider a finite cover

{Bs(x1, δ2), . . . , Bs(xk, δ2), Bs(∞, ξ)}

of X, where xj ∈ Y for all j = 1, 2, . . . , k. Taking as δ half of the Lebesgue
number of this cover (see [20]) finishes the proof.

Let

θ = θ(f) = min
{
min{θ(fa, ω) : ω ∈ Ω(f)}, 1

2
diste(Ω(f),Crit(f))

}
> 0,

(2.24)
where a ≥ 1 is so large that all parabolic points of fa are simple and the
numbers θ(fa, ω) are defined in (2.10). We denote

A = A(f) = max{A(f, c), A(f, b) : c ∈ Crit(f), b ∈ f−1(∞) }, (2.25)

where A(f, c) was defined just after Definition 1.1, A(f, b) was defined in (2.4).
Recall from Section 2 that two points z and w are equivalent and write z ∼ w
if w−z ∈ Λ, the lattice associated to the elliptic function f . Obviously, z ∼ w
implies that O+(z) = O+(w) and ω(z) = ω(w). Since the set Crit(f) ∩ R is
finite, our assumptions on the set of critical points Crit(f) imply that each of
the following three numbers below is positive.

min{diste(c,O+(f(c)) : c ∈ Crit(f)}
min{(A(f, c)R(f, c))1/pc : c ∈ Crit(f)}
min{|c− c′| : c, c′ ∈ Crit(f) and c 6= c′},

where pc = p(f, c) is the order of the critical point c of f . Both, pc and R(f, c),
were defined just after Definition 1.1. Fix a positive constant

β < θ/2 (2.26)

smaller than those three numbers. Since f contains no recurrent critical points,
it follows from Theorem 2.13 that there exists 0 < γ < 1/4 such that if n ≥ 0
is an integer, z ∈ J(f) and fn(z) /∈ Be(Ω(f), θ), then

diame

(
Comp(z, fn(z), fn, 2γ)

)
< β. (2.27)

From now on fix also 0 < τ < θ−1 min{β, 2γ} so small as required in
Lemma 2.4 for every ω ∈ Ω(f) and so small that for every z ∈ J(f)

diame

(
Comp(z, f(z), f, θτ)

)
< min{β, 2γ}. (2.28)
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Lemma 2.16 If n ≥ 0 is an integer, η > 0, z ∈ J(f) and for every k ∈
{0, 1, . . . , n}

diame

(
Comp(fk(z), fn(z), fn−k, η)

)
≤ β,

then each connected component Comp(fk(z), fn(z), fn−k, η) contains at most
one critical point of f and the equivalence class of each critical point intersects
at most one of these components.

Proof. The first part is obvious by the choice of β. In order to prove the second
part suppose that

c1 ∈Crit(f) ∩ Comp(fk1(z), fn(z), fn−k1 , η),

c2 ∈Comp(fk2(z), fn(z), fn−k2 , η)

and c1 ∼ c2, where 0 ≤ k1 < k2 ≤ n. But then

fk2−k1(c2) = fk2−k1(c1) ∈ Comp(fk2(z), fn(z), fn−k2 , η)

so |fk2−k1(c2)− c2| < β, contrary to the choice of β.

Let κ =
(
Πc∈Crit(f)∩Rpc

)−1.

Lemma 2.17 If z ∈ J(f), fn(z) /∈ Be(Ω(f), θ), then

Mod
(
Comp(z, fn(z), fn, 2γ)\Comp(z, fn(z), fn, γ)

)
≥ κ log 2/#(Crit(f)∩R).

Proof. By Lemma 2.16 there exists a geometric annulus

R ⊂ Be(fn(z), 2γ) \B(fn(z), γ)

centered at fn(z) of modulus log 2/#(Crit(f) ∩R) such that

f−n(R) ∩ Comp(z, fn(z), fn, 2γ) ∩ Crit(fn) = ∅.

Since covering maps increase moduli of annuli at most by factors equal to
their degrees, we conclude that

Mod
(
Comp(z, fn(z), fn, 2γ) \ Comp(z, fn(z), fn, γ)

)
≥ Mod(Rn)

≥
(

log 2
#(Crit(f) ∩R)

)(
Πc∈Crit(f)∩Rpc

)−1

=
κ log 2

#(Crit(f) ∩R)
,

(2.29)

where Rn ⊂ Comp(z, fn(z), fn, 2γ) is the connected component of
f−n(Be(fn(z), 2γ)) enclosing Comp(z, fn(z), fn, γ).

As an immediate consequence of this lemma and Koebe’s Distortion The-
orem, II (Euclidean version) we get the following.
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Lemma 2.18 Suppose that z ∈ J(f) and fn(z) /∈ Be(Ω(f), θ). If 0 ≤ k ≤ n
and fk : Comp(z, fn(z), fn, 2γ) → Comp(fk(z), fn(z), fn−k, 2γ) is univalent,
then

|(fk)′(y)|
|(fk)′(x)|

≤ const

for all x, y ∈ Comp(z, fn(z), fn, γ), where const is a number depending only
on #(Crit(f) ∩R) and κ.

For A, B, any two subsets of a metric space put

dist(A,B) = inf{dist(a, b) : a ∈ A, b ∈ B}

and
Dist(A,B) = sup{dist(a, b) : a ∈ A, b ∈ B}.

Lemma 2.19 Suppose that z ∈ J(f) and fn(z) /∈ Be(Ω(f), θ). Suppose also
that Q(1) ⊂ Q(2) ⊂ B(fn(z), γ) are connected sets. If Q(2)

n is a connected
component of f−n(Q(2)) contained in Comp(z, fn(z), fn, γ) and Q(1)

n is a con-
nected component of f−n(Q(1)) contained in Q

(2)
n , then

diame

(
Q

(1)
n

)
diame

(
Q

(2)
n

) � diame

(
Q(1)

)
diame

(
Q(2)

) .
Proof. Let 1 ≤ n1 ≤ . . . ≤ nu ≤ n be all the integers k between 1 and n such
that

Crit(f) ∩ Comp(fn−k(z), fn(z), fk, 2γ) 6= ∅.

Fix 1 ≤ i ≤ u. If j ∈ [ni, ni+1−1] (we set nu+1 = n−1), then by Lemma 2.18
there exists a universal constant T > 0 such that

diame(Q
(1)
j )

diame(Q
(2)
j )

≥ T
diame(Q

(1)
ni )

diame(Q
(2)
ni )

. (2.30)

Since, in view of Lemma 2.16, u ≤ ](Crit(f) ∩ R), in order to conclude the
proof it is enough to show the existence of a universal constant E > 0 such
that for every 1 ≤ i ≤ u

diame(Q
(1)
ni )

diame(Q
(2)
ni )

≥ E
diame(Q

(1)
ni−1)

diame(Q
(2)
ni−1)

.

Indeed, let c be the critical point in Comp(fn−ni(z), fn(z), fni , 2γ) and let pc

be its order. Since both sets Q(1)
ni and Q

(1)
ni are connected, we get for j = 1, 2

that
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diame(Q
(j)
ni−1) � diame(Q(j)

ni
) sup{|f ′(x)| : x ∈ Q(j)

ni
}

� diame(Q(i)
ni

)Diste(c,Q(i)
ni

).

Hence
diame(Q

(1)
ni )

diame(Q
(2)
ni )

�
diame(Q

(1)
ni−1)

Diste(c,Q
(1)
ni )

· Diste(c,Q
(2)
ni )

diame(Q
(2)
ni−1)

≥
diame(Q

(1)
ni−1)

diame(Q
(2)
ni−1)

.

The proof is finished.

2.4 Partial order in Critc(J(f)) and stratifications of
closed forward-invariant subsets of J(f)

In this section all the distances and all closures are understood with respect to
the Euclidean metric and the topology on the Euclidean plane C. In particular
if limn→∞ fn(z) = ∞ or z ∈

⋃∞
n=1 f

−n(∞), then ω(z) = ∅. Also dist(A, ∅) =
0. What concerns critical points all the proofs in Section 2.4 from [18] used
only the fact that c /∈ ω(c) and ω(c) is a compact subset of C for every critical
point c ∈ Crit(f)∩J(f). All these proofs go through unchanged (only Crit(f)
is replaced by Critc(f) and PC(f) is replaced by PC0

c(f) and we collect here
the results and their proofs for the sake of completeness and the convenience
of the reader. Set

Critc(J(f)) = Critc(f) ∩ J(f).

Lemma 2.20 The set ω(Critc(J(f))) is nowhere dense in J(f).

Proof. Suppose that the interior (relative to J(f)) of ω(Critc(J(f))) is
nonempty. Then there exists c ∈ Critc(J(f)) such that ω(c) has nonempty
interior. But then there would exist n ≥ 0 such that fn(ω(c)) = J(f) and,
consequently, ω(c) = J(f). This, however, is a contradiction, as c /∈ ω(c).

Now we introduce in Critc(J(f)) a relation< which, in view of Lemma 2.21
below, is an ordering relation, by putting

c1 < c2 ⇐⇒ c1 ∈ ω(c2). (2.31)

Since c2 ∼ c3 implies ω(c2) = ω(c3), then if c1 < c2 and c2 ∼ c3, then c1 < c3

Lemma 2.21 If c1 < c2 and c2 < c3, then c1 < c3.

Proof. Indeed, we have c1 ∈ ω(c2) ⊂ ω(c3).
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Lemma 2.22 There is no infinite, linear subset of the partially ordered set

(Critc(J(f)), <).

Proof. Indeed, suppose on the contrary that c1 < c2 < . . . is an infinite,
linearly ordered subset of Critc(J(f)). Since the number of equivalency classes
of relation ∼ is equal to #(Critc(J(f)) ∩ R) which is finite, there exist two
numbers 1 ≤ i < j such that ω(ci) = ω(cj). But this implies that ci ∈ ω(cj) =
ω(ci) and we get a contradiction. The proof is finished.

The following observation is a reformulation of the condition that J(f)
contains no recurrent critical points.

Lemma 2.23 If c ∈ Critc(J(f)), then it is not the case that c < c.

Now define inductively a sequence {Cri(f)} of subsets of Critc(J(f)) by
setting Cr0(f) = ∅ and

Cri+1(f) =c ∈ Critc(J(f)) \
i⋃

j=0

Crj(f) : if c′ < c, then c′ ∈ Cr0(f) ∪ . . . ∪ Cri(f)

 .

(2.32)

Lemma 2.24 (a) If c ∈ Cri(f) and c′ ∼ c, then c′ ∈ Cri(f).
(b) The sets {Cri(f)} are mutually disjoint.
(c) ∃p≥1 ∀i≥p+1 Cri(f) = ∅.
(d) Cr0(f) ∪ . . . ∪ Crp(f) = Critc(J(f)).
(e) Cr1(f) 6= ∅.

Proof. Part (a) follows immediately from the definition of the sets Cri and
the fact that two equivalent points have the same ω-limit sets. By definition
Cri+1(f) ∩

⋃i
j=1 Crj(f) = ∅, so disjointness in (b) is clear. As the number of

equivalence classes of the relation ∼ is equal to #(Crit(J(f)) ∩ R, which is
finite, (a) and (b) imply (c). Take p to be the minimal number satisfying (c)
and suppose that c ∈ Critc(J(f)) \

⋃p
j=1 Crj(f). Since Crp+1(f) = ∅, there

exists c′ /∈
⋃p

j=1 Crj(f) such that c′ < c. Iterating this procedure, we would
obtain an infinite sequence of critical points c1 = c > c2 = c′ > c3 > . . .. But
this contradicts Lemma 2.22 proving (d). Now part (e) follows from (c) and
(2.32).

As an immediate consequence of the definition of the sequence {Cri(f)},
we get the following simple lemma.
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Lemma 2.25 If c, c′ ∈ Cri(f), then it is not the case that c < c′.

For each point z ∈ J(f), define the set

Critc(z) = {c ∈ Critc(J(f)) : c ∈ ω(z)}.

Lemma 2.26 If z ∈ J(f) \ I∞(f), then either z ∈
⋃

n≥0 f
−n(Ω(f)) or

ω(z) \ {∞} is not contained in O+(f(Critc(z)) ∪Ω(f).

Proof. Suppose that z /∈
⋃

n≥0 f
−n(Ω(f)) ∪ I∞(f). Then by (2.11) the set

ω(z) \ {∞} is not contained in Ω(f). So, if we suppose that

ω(z) \ {∞} ⊂ O+(f(Critc(z)) ∪Ω(f), (2.33)

then, as ω(z) \ {∞} 6= ∅, we conclude that Crit(z) 6= ∅. Let c1 ∈ Crit(z).
This means that c1 ∈ ω(z); and as c1 /∈ Ω(f), it follows from (2.33) that
there exists c2 ∈ Critc(z) such that either c1 ∈ ω(c2) or c1 = fn1(c2) for some
n1 ≥ 1. Iterating this procedure, we obtain an infinite sequence {cj}∞j=1 such
that for every j ≥ 1, either cj ∈ ω(cj+1) or cj = fnj (cj+1) for some nj ≥ 1.
Consider an arbitrary block ck, ck+1, . . . , cl such that cj = fnj (cj+1) for every
k ≤ j ≤ l − 1 and suppose that

l − (k − 1) ≥ #(Crit(f) ∩R).

Then there are two indexes k ≤ a < b ≤ l such that ca ∼ cb. Then

fna+na+1+...+nb−1(ca) = fna+na+1+...+nb−1(cb) = ca;

and consequently, as

na + na+1 + . . .+ nb−1 ≥ b− a ≥ 1,

ca is a super-attracting periodic point of f . Since ca ∈ J(f), this is a contra-
diction; and in consequence, the length of the block ck, ck+1, . . . , cl is bounded
above by #(Crit(f)∩R). Hence there exists an infinite subsequence {nk}k≥1

such that cnk
∈ ω(cnk+1) for every k ≥ 1 or, equivalently, cnk

< cnk+1 for
every k ≥ 1. This, however, contradicts Lemma 2.22 and we are done.

Recall that the integer p was defined in Lemma 2.24. Define for every
i = 0, 1, . . . , p,

Si(f) = Cr0(f) ∪ . . . ∪ Cri(f) (2.34)

and for every i = 0, 1, . . . , p− 1, consider c′ ∈
⋃

c∈Cri+1(f) ω(c) ∩ Critc(J(f)).
Then there exists c ∈ Cri+1(f) such that c′ ∈ ω(c), which means that c′ < c.
Thus, by (2.32), we get c′ ∈ Si(f). So
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c∈Cri+1(f)

ω(c) ∩ (Critc(J(f)) \ Si(f)) = ∅. (2.35)

Therefore, since the set
⋃

c∈Cri+1(f) ω(c) ⊂ C is compact and Critc(J(f)) \
Si(f) has no accumulation point in C,

δi = diste

( ⋃
c∈Cri+1(f)

ω(c),Critc(J(f)) \ Si(f)
)
> 0. (2.36)

Set

ρ =
1
2

min{δi : i = 0, 1, . . . , p−1, diste (O+(Critc(f)),Critp(f) ∪ Crit∞(f))}.

Fix a closed forward-invariant subset E of J(f) and for every i = 0, 1, . . . , p,
define

Ei(f) = {z ∈ E : diste

(
O+(z),Critc(J(f)) \ Si(f)

)
≥ ρ}.

Let us now prove the following two lemmas concerning the sets Ei(f). Let
Ei = Ei(f), i = 0, . . . , p.

Lemma 2.27 E0 ⊂ E1 ⊂ . . . ⊂ Ep = E.

Proof. Since Si+1(f) ⊃ Si(f), the inclusions Ei ⊂ Ei+1 is obvious. Since
Sp(f) = Critc(J(f)), it holds Ep = E. We are done.

Lemma 2.28 There exists l = l(f) ≥ 1 such that for every i = 0, 1, . . . , p−1,⋃
c∈Cri+1(f)

ω(c) ⊂ O+(f l(Cri+1(f))) ⊂ PCc(f)i ⊂ PC0
c(f)i.

Proof. The left-hand inclusion is obvious regardless whatever l(f) ≥ 1 is.
In order to prove the right-hand inclusion, fix i ∈ {0, 1, . . . , p − 1}. By the
definition of ω-limit sets, there exists li ≥ 1 such that for every c ∈ Cri+1(f)
we have

diste

(
O+(f li(c)),

⋃
c∈Cri+1(f)

ω(c)
)
< δi/2.

Thus, by (2.36),

diste

(
O+(f li(c)),Critc(J(f)) \ Si(f)

)
> δi/2.

Since ρ ≤ δi/2 and since for every z ∈ O+(f li(c)) also O+(z) ⊂ O+(f li(c)),
we therefore get

O+(f l(Cri+1(f))) ⊂ PC0
c(f)i.

So, putting l(f) = max{li : i = 0, 1, . . . , p− 1} the proof is completed.
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2.5 Holomorphic inverse branches

Set
Sing−(f) =

⋃
n≥0

f−n
(
Ω(f) ∪ Crit(J(f)) ∪ f−1(∞)

)
and

I−(f) =
⋃
n≥1

f−n(∞).

For every b ∈ f−1(∞) and every w ∈ Bb(2T ) let f−1
b,w : Be(f(w), T ) 7→

Bb(T ) be the inverse branch of f sending f(w) to w. It follows from (2.2)
(comp. also (2.5)) that there exists constant L ≥ 1 and the following properties
are satisfied.

diame(Bb(T )) ≤ LT−1/qb and Bb(2T ) ⊃ Be(b, L−1T−1/qb) (2.37)

and for every R ∈ (0, T ) sufficiently small

Be

(
w,L−1R|f(w)|−

qb+1
qb

)
⊂ f−1

b,w(Be(f(w), R)) ⊂ Be

(
w,LR|f(w)|−

qb+1
qb

)
⊂ Be(w,R),

(2.38)

where the last inclusion was written assuming that |f(w)| ≥ L
qb+1

qb . Since
there are only finitely many equivalence classes of the relation ∼ generated
by the poles of f , there exists R1 > 0 so small that w ∈ Be(f−1(∞), R1) then
|f(w)| ≥ L.

Using now (2.38) and the right-hand side of (2.37) with T replaced by 2T
a straightforward induction gives the following.

Lemma 2.29 There exists

R2 ∈ (0,min{T, (2LT )−1, R1,
1
2
diste(f−1(∞),Crit(f))}

so small that if z ∈ C, n ≥ 1 and if {f j(z) : 0 ≤ j ≤ n−1} ⊂ Be(f−1(∞), R2)
then there exists a unique holomorphic inverse branch f−n

z : Be(fn(z), R2) →
Be(z,R2) sending fn(z) to z.

Now we shall prove the following.

Lemma 2.30 For every ε > 0 there exists a = a(ε) ≥ 1 such that if
z ∈ C \Be(f−1(∞), ε) then z /∈

⋃∞
j=a+1Be(f j(Crit∞(f)), 5).
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Proof. Suppose on the contrary that there exists ε > 0 for every a ≥ 1
there exists za ∈

⋃∞
j=a+1Be(f j(Crit∞(f)), 5) \ Be(f−1(∞), ε). Since the sets

f j(Crit∞(f)) converge to ∞ when j → ∞, it follows that lima→∞ za = ∞.
But then za ∈ Be(f−1(∞), ε) for all a ≥ 1 large enough. This contradiction
finishes the proof.

Since the sets PCc(f) and PCp(f) are bounded, the number

D =
1
2
Diste(PCc(f) ∪ PCp(f), 0)

is finite. The main result of this section is the following.

Proposition 2.31 If z ∈ J(f) \ Sing−(f) then there exist:

(a) η(z) > 0.
(b) {nj}∞j=1, an increasing sequence of positive integers.
(c) a sequence {xj(z)}∞j=1 ⊂ J(f) \

(
Ω(f) ∪ ω(Crit(z))

)
with the following

properties:
(1) Comp(z, fnj (z), fnj , η(z)) ∩ Crit(fnj ) = ∅.
(2) limj→∞ |fnj (z)− xj(z)| = 0.
(3) If |xj(z)| ≥ 2D for all j ≥ 1, then η(z) ≥ min{2, R2}.
(4) If the sequence {xj(z)}∞j=0 is bounded, then it is constant.
(5) If limj→∞ xj(z) = ∞ and z /∈ I∞(f) then xj(z) ∼ xk(z) for all

j, k ≥ 1.

Proof. If z ∈ I∞(f), equivalently, if limn→∞ diste(fn(z), f−1(∞)) = 0, then
in view of Lemma 2.29 we are done by setting nj = j+u and xj(z) = f j+u(z)
with some u ≥ 0 large enough, so that diste(f j+u(z), f−1(∞)) < R2. So
suppose that there exists an ε > 0 such that the set

S = {k ≥ 0 : diste(fk(z), f−1(∞)) > ε}

is infinite.

Now, suppose that Ad
S , the set of limits points of AS = {fk(z) : k ∈ S} is

unbounded. There exists w ∈ Ad
S and a(ε) ≥ 1 (a(ε) comes from Lemma 2.30)

such that

Be(w, 5) ∩

a(ε)⋃
j=0

f j(Crit∞(f) ∪ PCc(f) ∪ PCp(f)

 = ∅ (2.39)

and |w| ≥ 4D. There also exists an increasing sequence {nj}∞j=1 ⊂ S such that
limj→∞ fnj (z) = w. Disregarding finitely many elements of this sequence, we
may assume without loss of generality that fnj (z) ∈ Be(w,min{1, D}) for all
j ≥ 1. In view of the definition of S, Lemma 2.30, and (2.39), we see that for
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every j ≥ 1 there exists a holomorphic inverse branch f−nj
z : Be(fnj (z), 4) 7→

C sending fnj (z) to z. Because of the same premises w /∈ ω(Crit(f)) and we
are done in this case by setting xj(z) = w for all j ≥ 1 and η(z) = 4.

So, suppose that the set Ad
S is bounded. Assume first that

lim inf
n→∞

diste(fn(z), f−1(∞)) = 0.

Then there exists {kj}∞j=1, an increasing sequence of positive integers such

diste(fkj+1(z), f−1(∞)) > ε (2.40)

(i.e. kj +1 ∈ S, j ≥ 1) and we require fkj (z) to be so close f−1(∞) (assuming
ε > 0 to be sufficiently small) that

|fkj+1(z)| ≥ 4D + 2 (2.41)

for all j ≥ 1. Passing to a subsequence, we may assume without loss of gen-
erality that the sequence {Π(fkj+1(z))}∞j=1 on the torus T converges to the
same point y ∈ T , where Π : C 7→ T = C/ ∼ is the canonical projection
from C onto the torus T . Clearly, there exists a sequence {xj(z)}∞j=1 such
that limj→∞ |fkj+1(z)− xj(z)| = 0 and Π(xj(z)) = y for all j ≥ 1.

Assume first that the sequence {fkj+1(z)}∞j=1 is unbounded. Passing to a
subsequence we may assume without loss of generality that limj→∞ fkj+1(z) =
∞. Then, applying (2.40), Lemma 2.30, (2.41) and the definition of D, we
are done with nj = kj + 1 and η(z) = 2. So, assume that the sequence
{fkj+1(z)}∞j=1 is bounded. We already know that

Be(fkj+1(z), 2) ∩

PCc(f) ∪ PCp(f) ∪
∞⋃

j=a(ε)+1

f j(Crit∞(f))

 = 0.

Since the second component of this intersection is forward-invariant, we con-
clude that no accumulation point of the sequence {fkj−a(ε)(z)}∞j=1 belongs
to

PCc(f) ∪ PCp(f) ∪ PC∞(f) = PC(f).

If the sequence {fkj−a(ε)(z)}∞j=1 is unbounded, we may complete the argument
in exactly the same way as above with kj + 1 replaced by kj − a(ε). If the
sequence {fkj−a(ε)(z)}∞j=1 is bounded, we are immediately done by passing to
a converging subsequence.

So assume that

lim inf
n→∞

diste(fn(z), f−1(∞)) > 0.
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Then lim infn→∞ |fn(z)| <∞ and the ω-limit set is compact in the plane C.
In view of Lemma 2.26 there exists x ∈ ω(z) \ (Ω(f)∪O+(f(Crit(z))∪{∞}).
The number

η =
1
2
diste(x,Ω(f) ∪O+(f(Crit(z)))

is positive since ω(Crit(z)) is a compact subset of C and Ω(f) is finite. Then
there exists an infinite increasing sequence {mj}j≥1 such that

lim
j→∞

fmj (z) = x (2.42)

and
Be(fmj (z), η) ∩

⋃
n≥1

fn(Crit(z)) = ∅. (2.43)

Now we claim that there exists η(z) such that for every j ≥ 1 large enough

Comp(z, fmj (z), fmj , η(z)) ∩ Crit(fmj ) = ∅. (2.44)

Otherwise we would find an increasing to infinity subsequence {mji
} of {mj}

and a decreasing to zero sequence of positive numbers ηi such that ηi < η and

Comp(z, fmji (z), fmji , ηi) ∩ Crit(fmji ) 6= ∅.

Let c̃i ∈ Comp(z, fmji (z), fmji , ηi)∩Crit(fmji ). Then there exists ci ∈ Crit(f)
such that fpi(c̃i) = ci for some 0 ≤ pi ≤ mji

− 1. Since the set f−1(x)
is at a positive distance from Ω(f) and since ηi → 0, it follows from The-
orem 2.13 that limi→∞ c̃i = z. Since z /∈

⋃
n≥0 f

−n(Crit(f)), it implies
that limi→∞ pi = ∞. But then using Theorem 2.13 again and the formula
fpi(c̃i) = ci we conclude that the set of all accumulation points of the se-
quence {ci} is contained in ω(z). Hence, passing to a subsequence, we may
assume that the limit c = limi→∞ ci exists. But since c ∈ ω(z), since ω(z) is a
compact subset of C and since ∞ is the only accumulation point of Crit(f),
we conclude that the sequence ci is eventually constant. Thus, dropping some
finite number of initial terms, we may assume that this sequence is constant.
This means that ci = c for all i = 1, 2, . . .. Since c = fpi(c̃i), we get

|fmji (z)− fmji
−pi(c)| = |fmji (z)− fmji (c̃i)| < ηi.

Since limi→∞ ηi = 0 and since ω(z) is a compact subset of C, we conclude
that

lim
i→∞

|fmji (z)− fmji
−pi(c)| = 0.

Since c ∈ Crit(z), in view of (2.43) this implies that mji −pi ≤ 0 for all i large
enough. So, we get a contradiction as 0 ≤ pi ≤ mji

− 1 and (2.44) is proved.
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In particular for every j ≥ 1 there exists f−nj
z : Be(xj(z), η(z)) 7→ C.

With the notation of this proposition, for every j ≥ 1, let Tj : C → C be a
translation Tj(w) = w + xj(z).

We shall prove the following.

Lemma 2.32 With the assumptions and notations from Proposition 2.31 the
family Fz := {f−nj

z ◦ Tj : Be(0, η(z)) → C, j ≥ 1} is normal and all its limit
functions are constant.

Proof. Decreasing η(z) if necessary, we can always find a periodic orbit of f of
period ≥ 3 disjoint from all the balls Be(xj(z), η(z)). Then this orbit is also
disjoint from all the sets

f−nj
z ◦ Tj(Be(0, η(z)) = f−nj

z ◦ Tj(Be(xj(z), η(z))).

Hence, by Montel’s Theorem, Fz is a normal family. If there were non-constant
limit functions of the family Fz, then there would exists a radius r > 0 and
an increasing subsequence {njk

}∞k=1 such that

T−1
jk

◦ fnjk (Be(z, r)) ⊂ Be(0, η(z))

or equivalently
fnjk (Be(z, r)) ⊂ Tjk

(Be(0, η(z))).

Passing yet to another subsequence, we may assume without loss of generality
that

C \
∞⋃

k=1

Tjk
(Be(0, η(z)))

has a non-empty interior, and consequently contains at least three points.
Thus the family

{fnjk : Be(z, r) → C}∞k=1

would be normal, contrary to the fact z ∈ J(f). We are done.

As an immediate consequence of this lemma, we get the following.

Corollary 2.33 If z ∈ J(f) \ Sing−(f) and the sequence {nj} is taken from
Proposition 2.31, then

lim
k→∞

|(fnjk )′(z)| = ∞.
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Conformal measures

3.1 Preliminaries from geometric measure theory

Given a subset A of a metric space (X, d), a countable family {B(xi, ri)}∞i=1

of open balls centered at the set A is said to be a packing of A if and only if
for any pair i 6= j

d(xi, xj) > ri + rj .

Given t ≥ 0, the t-dimensional outer Hausdorff measure Ht(A) of the set
A is defined as

Ht(A) = sup
ε>0

inf
{ ∞∑

i=1

rt
i

}
,

where infimum is taken over all countable covers {Ai}∞i=1 by the sets Ai,
i = 1, 2, . . ., with diameters ri ≤ ε.

The t-dimensional outer packing measure Πt(A) of the set A is defined as

Πt(A) = inf
∪Ai=A

{∑
i

Πt
∗(Ai)

}
(Ai are arbitrary subsets of A), where

Πt
∗(A) = sup

ε>0
sup
{ ∞∑

i=1

rt
i

}
.

Here the second supremum is taken over all packings {B(xi, ri)}∞i=1 of the set
A by open balls centered at A with radii which do not exceed ε. These two
outer measures define countable additive measures on Borel σ-algebra of X.

The definition of the Hausdorff dimension HD(A) of the set A is the fol-
lowing

HD(A) = inf{t : Ht(A) = 0} = sup{t : Ht(A) = ∞}.
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Let ν be a Borel probability measure on X which is positive on open sets.
Define the function ρ = ρt(ν) : X × (0,∞) → (0,∞) by

ρ(x, r) =
ν(B(x, r))

rt
.

The key facts from the geometric measure theory, needed in the sequel, are in-
cluded in the following two theorems. These are easy consequence of Besicovič
covering theorem (see [14]).

Theorem 3.1 Let X = Rn for some n ≥ 1. Then there exists a constant b(n)
depending only on n with the following properties. If A is a Borel subset of
Rn and C > 0 is a positive constant such that

(1) for all (but countably many) x ∈ A

lim sup
r→0

ρ(x, r) ≥ C−1,

then for every Borel subset E ⊂ A we have Ht(E) ≤ b(n)Cν(E) and, in
particular, Ht(A) <∞,
or

(2) for all x ∈ A
lim sup

r→0
ρ(x, r) ≤ C−1,

then for every Borel subset E ⊂ A we have Ht(E) ≥ Cν(E).

Theorem 3.2 Let X = Rn for some n ≥ 1. Then there exists a constant b(n)
depending only on n with the following properties. If A is a Borel subset of
Rn and C > 0 is a positive constant such that

(1) for all x ∈ A
lim inf

r→0
ρ(x, r) ≤ C−1,

then for every Borel subset E ⊂ A we have Πt(E) ≥ Cb(n)−1ν(E),
or

(2) for all x ∈ A
lim inf

r→0
ρ(x, r) ≥ C−1,

then Πt(E) ≤ Cν(E) and, consequently, Πt(A) <∞.
(1’) If ν is non–atomic then (1) holds under the weaker assumption that the

hypothesis of part (1) is satisfied on the complement of a countable set.
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3.2 Support of conformal measure

From now on throughout this section and the entire paper Ht
e stands for the

t-dimensional Hausdorff measure on C with respect to the Euclidean metric
whereas Ht

s refers to its spherical counterpart. The same convention is applied
to the packing measures Πt

e and Πt
s. Note that the measures Ht

e and Ht
s as

well as Πt
e and Πt

s are equivalent with Radon-Nikodym derivative bounded
away from zero and ∞ on compact subsets of C. In particular the Hausdorff
dimension of any subset A of C has the same value no matter whether cal-
culated with respect to the Euclidean or spherical metric; it will be denoted
in the sequel simply by HD(A). If Ht or Πt will be endowed neither with the
subscript ’e’ nor ’s’, it will refer to Euclidean as well as spherical measures.
We set

h = HD(J(f)).

Lemma 3.3 If m is a t-conformal measure, either Euclidean or spherical,
then t ≥ HD(J(f)) and Ht|J(f) is absolutely continuous with respect to m i.e.
Ht|J(f) ≺ m.

Proof. Since the measures me and ms are equivalent as well as Ht
e and Ht

s are,
it suffices to prove the lemma for Euclidean measures me and Ht

e. Now, fix
z ∈ J(f) \ Sing−(f). Let the sequence {nj}∞j=1, associated to z, comes from
Proposition 2.31. It follows from Koebe’s Distortion Theorem, I (Euclidean
version) that

f−nj
z (Be(fnj (z), η(z)) ⊂ Be(z, 4−1Kη(z)|(fnj )′(z)|−1).

Applying Koebe’s Distortion Theorem, I (Euclidean version) again, Corol-
lary 1.7 and conformality of the measure m, we thus get

me

(
Be(z, 4−1Kη(z)|(fnj )′(z)|−1)

)
≥ K−t|(fnj )′(z)|−tme(Be(fnj (z), η(z)/4))

≥ K−t|(fnj )′(z)|−tM(t, η(z)/4)

= M(t, η(z)/4)K−2t4tη(z)−t(4−1Kη(z)|(fnj )′(z)|−1)t.

Thus

lim sup
r→0

me(Be(z, r))
rt

≥M(t, η(z)/4)(4−1K2η(z))−t

and we are done because of Theorem 3.1 (1).

The next lemma we will need, proven in [18] as Lemma 3.4, required in fact
no assumptions about elliptic function in question (except non-constantness)
and we state it below with proof.

Lemma 3.4 If m is a t-conformal measure for f : C→ C, then
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m(I∞(f) \ I−(f)) = 0.

Even more, there exists R > 0 such that

m({z : lim inf
n→∞

|fn(z)| > R}) = 0.

Proof. It suffices to prove the lemma for the spherical measure ms. Let b be
a pole of f : C → C. We shall obtain first an upper estimate on ms(Bb(R))
similar to the second inequality in (2.5). And indeed, covering BR \ {∞} by
two simply connected domains

B+
R = {z ∈ BR \ {∞} : Imz > 0} and B1

R = {z ∈ BR \ {∞} : Imz < 1}

we obtain

ms(Bb(R) \ {b}) ≤
qb∑

j=1

∫
B+

R

|(f−1

b,B+
R ,j

)∗|tdms +
qb∑

j=1

∫
B1

R

|(f−1

b,B−
R ,j

)∗|tdms.

Using now (2.3), we obtain∫
B+

R

|(f−1

b,B+
R ,j

)∗|tdms �
∫

B+
R

(
1

1 + |b|2
|z|

qb−1
qb

)t

dms(z)

=
1

(1 + |b|2)t

∫
B+

R

|z|
qb−1

qb
t
dms(z)

≤ (1 + |b|2)−t

∫
B+

R

|z|
q−1

q tdms(z).

Looking at the first line of this formula with a pole b of maximal multiplicity
q, we see that the integral

∫
B+

R
|z|

q−1
q tdms(z) is finite and even more:

lim
R→∞

∫
B+

R

|z|
q−1

q tdms(z) = 0. (3.1)

Similarly, the integral
∫

B1
R
|z|

q−1
q tdms(z) is finite and it also converges to 0 as

R→∞. Putting

ΣR = max

{∫
B+

R

|z|
q−1

q tdms(z),
∫

B1
R

|z|
q−1

q tdms(z)

}
we therefore conclude that

ms(Bb(R) \ {b}) ≤ 2qΣR(1 + |b|2)−t ≤ 2qΣR|b|−2t. (3.2)

Now the argument goes essentially in the same way as in [17]. We present it
here for the sake of completeness. We take R2 ≥ R1 defined in Section 2.1 so
large that
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LR
− 1

qb < R0 (3.3)

for all poles b ∈ BR2 and all R ≥ R2. Given two poles b1, b2 ∈ B2R2 we denote
by f−1

b2,b1,j : Be(b1, R0) → C all the holomorphic inverse branches f−1
b2,B(b1,R0),j

.
It follows from (2.5) and (3.3) that

f−1
b2,b1,j

(
Be(b1, R0)

)
⊂ Bb2(2R2 −R0) ⊂ Bb2(R2) ⊂ Be(b2, R0). (3.4)

Set
IR(f) = {z ∈ C : ∀n≥0 |fn(z)| > R}.

Since the series
∑

b∈f−1(∞)\{0} |b|−s converges for all s > 2 and since by
Lemma 3.3 and Theorem 2.1 (comp. Theorem 3 from [17]), t ≥ h > 2q

q+1 ,
there exists R3 ≥ R2 such that

q(2A2)t
∑

b∈BR3∩f−1(∞)

|b|−
q+1

q t ≤ 1/2, (3.5)

where A2 was defined in (2.2) and (2.3). Consider R ≥ 4R3. Put

I = f−1(∞) ∩B(R/2).

Since R/2 + R0 ≤ R/2 + R3 < R/2 + R/2 = R, it follows from (3.4), (2.5)
and (3.3) that for every l ≥ 1 the family Wl defined as{

f−1
bl,bl−1,jl

◦ f−1
bl−1,bl−2,jl−1

◦ . . . ◦ f−1
b2,b1,j2

◦ f−1
b1,b0,j1

(
Bb0(R/2) \ f−1(∞)

)}
,

where bi ∈ I : 1 ≤ ji ≤ qbi
, i = 0, 1, . . . , l, is well-defined and covers IR(f).

Applying (2.3) and (3.2) we may now estimate as follows.

ms(IR(f)) ≤

≤
∑
bl∈I

qbl∑
jl=1

. . .
∑
b1∈I

qb1∑
j1=1

∑
b0∈I

ms

(
f−1

bl,bl−1,jl
◦ f−1

bl−1,bl−2,jl−1
◦ . . . ◦ f−1

b2,b1,j2
◦ f−1

b1,b0,j1

(
Bb0(R/2)

))

≤
∑
bl∈I

qbl∑
jl=1

. . .
∑
b1∈I

qb1∑
j1=1

∑
b0∈I

||
(
f−1

bl,bl−1,jl
◦ f−1

bl−1,bl−2,jl−1
◦ . . . ◦ f−1

b2,b1,j2
◦ f−1

b1,b0,j1

)∗|Bb0 (R/2)||t∞

×ms

(
Bb0(R/2)

)
≤
∑
bl∈I

qbl∑
jl=1

. . .
∑
b1∈I

qb1∑
j1=1

∑
b0∈I

(2A2)lt

 |bl−1|
qbl

−1

qbl

|bl|2


t

·

 |bl−2|
qbl−1

−1

qbl−1

|bl−1|2


t

. . .

 |b0| qb1
−1

qb1

|b1|2

t

× (2qΣR)t 1
|b0|2t

= (2qΣR)t(2A2)lt
∑
bl∈I

qbl∑
jl=1

. . .
∑
b1∈I

qb1∑
j1=1

∑
b0∈I

|bl|−2t
(
|bl−1|−

q+1
q t . . . |b0|−

q+1
q t
)
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≤ (2qΣR)t(2A2)lt
∑
bl∈I

qbl∑
jl=1

. . .
∑
b1∈I

qb1∑
j1=1

∑
b0∈I

(
|bl|−

q+1
q t|bl−1|−

q+1
q t . . . |b0|−

q+1
q t
)

≤ (2qΣR)t(2A2)lt

(∑
b∈I

|b|−
q+1

q t

)l

ql

≤ (2qΣR)t

q(2A2)t
∑

b∈BR3∩f−1(∞)

|b|−
q+1

q t

l

.

Applying (3.5) we therefore get ms(IR(f)) ≤ (2qΣR)t2−l. Letting l → ∞ we
therefore get ms(IR(f)) = 0. Since ms ◦ f−1 ≺ ms and since

{z : lim inf
n→∞

|fn(z)| > R} =
∞⋃

j=0

f−j(IR(f)),

we conclude that
ms

(
{z : lim inf

n→∞
|fn(z)| > R}

)
= 0.

We are done.
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Hausdorff, packing and conformal measures

In this chapter Hh
s and Πh

s denote respectively the Hausdorff and packing
measures considered with respect to the spherical metric on C. Our aim here
is to prove first the existence of an h-conformal measure, its atomless and
ultimately the following main result.

Theorem 4.1 Let f : C→ C be a regular pseudo non-recurrent elliptic func-
tion. If h = HD(J(f)) = 2, then J(f) = C. If h < 2, then

(a) Hh
s (J(f)) = 0.

(b) Πh
s (J(f)) > 0.

(c) Πh
s (J(f)) = ∞ if and only if Ω(f) 6= ∅.

As an immediate consequence of this theorem, we get the following.

Corollary 4.2 If Ω(f) = ∅, then the Euclidean h-dimensional packing mea-
sures Πh

e is finite on each bounded subsets of J(f).

4.1 Existence of conformal measures

Now we consider the situation where H : U1 → U2 is an analytic map of
open subsets U1, U2 of the complex plane C. We say that given t ≥ 0, the
Borel measure ν finite on bounded sets of C is an Euclidean semi t-conformal
measure if and only if

ν(H(A)) ≥
∫

A

|H ′|t dν

for every Borel subset A of U1 such that H|A is one-to-one and is called
t-conformal if the “≥” sign can be replaced by an “=” sign.
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Notice that if ms is a spherical semi t-conformal measure for f : J(f) →
J(f) ∪ {∞}, then the measure me = (1 + |z|2)tms is Euclidean semi t-
conformal, i.e.

me(f(A)) ≥
∫

A

|f ′|tdme

for every Borel set A ⊂ J(f) such that f |A is 1-to-1. If m is t-conformal, then
so is me in the obvious sense. The measure me is called the Euclidean version
of m. Obviously me is equivalent to m and is finite on bounded subsets of C.

Let
I−(f) =

⋃
n≥1

f−n(∞).

Our main technical concept, also interesting on its own, is a conformal
measure. We prove first its existence.

Lemma 4.3 If f : C → C is a pseudo non-recurrent function, then there
exists an h-conformal measure m for f whose atoms are contained in

I−(f) ∪
∞⋃

n=0

f−n(Crit(J(f))).

Proof. We shall construct an h-conformal measure with required properties
by utilizing the methods of K(V ) sets developed in [9], comp. [19]. In order
to begin, we call Y ⊂ {∞} ∪ Ω(f) ∪

⋃
n≥1 f

n(Crit(J(f))) is a crossing set if
Y is finite and the following four conditions are satisfied.

(y1) ∞ ∈ Y .
(y2) Y ∩ {fn(x) : n ≥ 1} is a singleton for all x ∈ Crit(J(f)).
(y3) Y ∩ Crit(f) = ∅.
(y4) Ω(f) ⊂ Y .

Since f(Crit(f)) is finite, crossing sets do exists. Let V ⊂ C be an open
neighborhood of Y such that

Crit(J(f)) ∩ ∂V = ∅. (4.1)

Define

K(V ) = J(f) ∩
⋂
n≥0

f−n(C \ V ) = {z ∈ J(f) : ∀n ≥ 0 fn(z) /∈ V }.

Obviously f(K(V )) ⊂ K(V ). Since f : C → C is continuous and V is open,
we see that K(V) is a closed subset of C. Since V ∩K(V ) = ∅ and ∞ ∈ V ,
K(V ) is bounded. Thus, K(V ) is a compact set. Applying Lemma 9.2 from
[19] with X = K(V ) and U(f) = C, we directly obtain a number s(V ) ∈ [0, h]
and a Borel probability measure mV supported on K(V ) such that
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mV (f(A)) ≥
∫

A

|f∗|s(V )dmV

for every special set A ⊂ C and

mV (f(A)) =
∫

A

|f∗|s(V )dmV

for every special set A ⊂ C \ V . From now on throughout the entire paper we
fix a crossing set Y and we consider an open neighborhood V ⊂ C of Y such
that the closure of V is disjoint from at least one fundamental parallelogram
of f . All other neighborhoods of Y considered in this article will be always
assumed to be contained in this set V .

An Euclidean semi t-conformal measureme is said to be almost t-conformal
if

me(f(A)) =
∫

A

|f ′|tdme

for every Borel set A ⊂ J(f) such that f |A is 1-to-1 and A∩V = ∅. Hence for
every Borel set A such that f |A is 1-to-1 and A∩ V = ∅ and for every w ∈ Λ,
we have∫

A

|f ′|tdme = me(f(A)) = me(f(A+ w)) ≥
∫

A+w

|f ′|tdme, (4.2)

and the last inequality sign becomes an equality either if in addition (A+w)∩
V = ∅ or if me is a t-conformal measure, and we assume only that f |A is 1-to-
1. Since f ′ is periodic with respect to the lattice Λ, all the above statements
and assumptions lead to the following.

Lemma 4.4 For every w ∈ Λ, every Borel set A ⊂ C such that A ∩ V = ∅
and every almost t-conformal measure m

me(A+ w) ≤ me(A). (4.3)

If either in addition (A+w)∩V = ∅ or if m is h-conformal and we assume only
that f |A is 1-to-1, then this inequality becomes an equality. For every r > 0
there exists M(r) ∈ (0,∞) independent of any almost t-conformal measure m
such that

me(F ) ≤M(r) (4.4)

for every Borel set F ⊂ C with the diameter ≤ r. If in addition m is h-
conformal, then for every R > 0 there exist constants Q(R) and Qh(R) such
that

me(Be(x, r)) ≥ Q(R)r2 ≥ Qh(R)rh (4.5)

for all x ∈ J(f) and all r ≥ R.
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Proof. Inequality (4.3) as well as its equality counterpart are an immediate
application of (4.2). Formula (4.4) follows directly from (4.3) and the fact that
V is disjoint from at least one fundamental parallelogram. The second part
of formula (4.5) is clear. In order to prove the first one, fix a fundamental
parallelogram R and notice that

T (R) = inf{me(B(z,R)) : z ∈ J(f) ∩R} > 0.

Hence, if
R ≤ r ≤ 4diame(R),

then for any x ∈ J(f),

me(Be(x, r)) ≥ me(Be(x,R)) ≥ T (R) =
T (R)
r2

r2 ≥ 1
16

T (R)
diam2

e(R)
r2,

and we are done in this case. So suppose that r ≥ 4diam(R). Then each ball
Be(x, r) contains at least( √

2r
2diame(R)

)2

=
r2

2diam2
e(R)

non-overlapping Λ-congruent copies of R. Therefore,

me(Be(x, r)) ≥
r2

2diam2
e(R)

me(R) =
me(R)

2diame(R)
r2.

We are done.

Taking the neighborhood V with sufficiently small diameter, we see that
the limit set JS defined on page 274 of [17] is branchwise (in the sense of Ap-
pendix 1 of [19]) and contained in K(V ). It therefore follows from Lemma 9.3
in [19] that s(V ) ≥ HD(JS). Hence, the last inequality in the proof of Theo-
rem 1.1 in [17] gives that s(V ) ≥ h∗, with some h∗ > 1.

1 < h∗ < s(V ) ≤ h. (4.6)

Fix from now (Vn)∞n=1, a descending sequence of neighborhood of Y satisfying
(4.1) and such that diams(Vn) ≤ 1

n . In view of (4.6), passing to a subsequence,
we may assume without loss of generality that the sequence (s(Vn))∞n=1 con-
verges. Denote its limit by s(Y ). We then have

1 < h∗ ≤ s(Y ) ≤ h. (4.7)

Passing yet to another subsequence, we may assume, that the sequence
(mVn)∞n=1, treated as probability measure on the compact space C, converges
weakly to a Borel probability measure mY on C. We shall prove the following.
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Lemma 4.5 If s(V ) is an accumulation point of the sequence s(Bs(Y, 1
n )),

then s(Y ) ∈ (0, h] and there exists a Borel probability measure mY (an appro-
priate weak accumulation point on J(f) with the following properties.

(a) mY (f(A)) ≥
∫

A
|f∗|dmY for every special set A ⊂ C.

(b) mY (f(A)) =
∫

A
|f∗|dmY for every special set A ⊂ C \ Y .

(c) mY (∞) = 0.

Proof. Following the hints to the proof of Lemma 3.3 in [9] without (a’) and
(d), and with Γ = Y , it is not hard to see that conditions (a) and (b) are
satisfied. We shall prove that (c) holds. Set

ms
n = mVn

, n ≥ 1,

and
me

n = (mVn
)e, sn = s(Vn).

For every k ≥ 0 consider Sk, the square centered at the origin whose edges are
parallel to the coordinates axises are of length 2k. Since by Lemma 3.7 in [18]
and by (4.6), each measure ms

n is almost conformal with an exponent in [1, h],
and since each ’annulus’ Ak = Sk+1 \ Sk is a union of a 3 × 4k unit squares,
it follows from (a) and (b), which say that ms

n is almost sn-conformal, and
from (4.6) that for all k ≥ 1 and all n ≥ 1

me
n(Ak) ≤ 3M(1)4k.

Consequently

ms
n(Ak) ≤ 3M(1)4k

(1 + 4k)sn
≤ 3M(1)4k

4ksn
≤ 3M(1)4k

4kh∗
= 3M(1)4(1−h∗)k.

Since h∗ > 1 (see again (4.6)), we thus get for all j ≥ 1 and all n ≥ 1 that

ms
n(Sj+1) = ms

n(
∞⋃

k=j

Ak) =
∞∑

k=j

ms
n(Ak) ≤

∞∑
k=j

3M(1)4(1−h∗)k

= 3M(1)(1− 41−h∗)−14(1−h∗)j .

Hence mY (∞) = 0 and we are done.

Lemma 4.6 We have mY (Ω(f))) = 0.

Proof. Indeed, fix ω ∈ Ω(f). Take a ≥ 1 so large that fa(ω) = ω and
(fa)′(ω) = 1. It then follows from Lemma 2.5 and Lemma 2.6 that there
exists a compact set Fω ⊂ (Be(ω, θ) \ {ω})∩ J(f) and a constant C ≥ 1 such
that for every k ≥ 1 and all z ∈ Fω, we have

C−1k−
p(ω)+1

p(ω) ≤ |(f−ak
ω )∗(z)| ≤ Ck−

p(ω)+1
p(ω) (4.8)
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and for every n ≥ 1, there exists kn ≥ 1 such that

J(f) ∩Be

(
ω,

1
n

)
⊂

∞⋃
j=kn

f−aj
ω (Fω) and lim

n→∞
kn = ∞. (4.9)

As in the proof of the previous lemma denote m|Vn
by ms

n and s(Vn) by sn.
It therefore follows from Lemma 4.5, (4.9), (4.8) and (4.6) that for all n ≥ 1
and all l ≥ 1.

ms
n

(
Be

(
ω,

1
l

))
≤

∞∑
j=kl

ms
n(f−aj

ω (Fω))

≤ C
p(ω)+1

p(ω) sn

∞∑
j=kl

j−
p(ω)+1

p(ω) sn

≤ C
p(ω)+1

p(ω) s(Y )
∞∑

j=kl

j−h∗ .

Consequently

mY

(
Be

(
ω,

1
l

))
≤ C

p(ω)+1
p(ω) s(Y )

∞∑
j=kl

j−h∗ .

Since liml→∞ kl = ∞, we infer mY (Ω(f)) = 0.

Now, we are in position to complete easily the proof of Lemma 4.3. Let

m := mY .

It follows from the definition of Ω(f), Lemma 4.5, Lemma 4.6, and Corol-
lary 2.33 that mY (Y ) = 0. Therefore, since in addition, f(Ω(f)) = Ω(f), in
order to prove s(Y )-conformality of the measure m, it suffices to show that

m(f(Y \Ω(f))) = 0.

But if y ∈ Y \ (Ω(f) ∪ {∞}), then by our definition of Y , y /∈ Sing−(f);
and the formula m(f(y)) = 0 immediately follows from Corollary 2.33, the
formula

m(fn(f(y)) ≥ |(fn)∗(f(y))|s(Y )m(f(y))

and (4.7). Thus the s(Y )-conformality of m is proved; and, in addition, all
the atoms of m must be contained in J(f) \Ω(f). In view of Lemma 4.5 and
Lemma 3.3, s(Y ) = h. Applying now Lemma 3.4 and Corollary 2.33 we see
that all atoms of m must be contained in

I−(f) ∪
⋃
n≥0

f−n(Crit(f)).

The proof is complete.
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4.2 Special facts from the geometric measure theory

We provide in this subsection some more technical facts taken from Section 2,
Section 3 and Section 4 of [32].

Definition 4.7 Given r > 0 and L > 0 a point x ∈ C is said to be (r, L)-
t-upper estimable if ρ(x, r) ≤ L and is said to be (r, L)-t-lower estimable if
ρ(x, r) ≥ L. We will frequently abbreviate the notation writing (r, L)-t-u.e.
for (r, L)-t-upper estimable and (r, L)-t-l.e. for (r, L)-t-lower estimable. We
also say that the point x is t-upper estimable (t-lower estimable) if it is (r, L)-
t-upper estimable ((r, L)-t-lower estimable) for some L > 0 and all r > 0
sufficiently small.

Definition 4.8 Given r > 0, σ > 0 and L > 0 the point x ∈ X is
said to be (r, σ, L)-t-strongly lower estimable, or shorter (r, σ, L)-t-s.l.e. if
ν(Be(y, σr)) ≥ Lrt for every y ∈ Be(x, r).

Lemma 4.9 If z is (r, σ, L)-t-s.l.e., then every point x ∈ Be(z, r/2) is
(r/2, 2σ, 2tL)-t-s.l.e..

Proof. Let x ∈ Be(z, r/2). Then x ∈ Be(z, r) and therefore

ν(Be(x, 2σ(r/2))) = ν(Be(x, σr)) ≥ Lrt = 2tL(r/2)t.

Lemma 4.10 If x is (r, σ, L)-t-s.l.e., then for every 0 < u ≤ 1 it is
(ur, σ/u, Lu−t)-t-s.l.e..

Proof. If y ∈ Be(x, ur), then y ∈ Be(x, r) and therefore

ν(Be(y, (σ/u)ur)) = ν(Be(y, σr)) ≥ Lrt = Lu−t(ur)t.

We would like to finish this part with the following obvious statement.

Lemma 4.11 If ν is positive on nonempty open sets, then for every r > 0
there exists E(r) ≥ 1 such that every point x ∈ X is (r, E(r))-t-u.e. and
(r, E(r)−1)-t-l.e..

The following lemma is a straightforward consequence of Koebe’s Distor-
tion Theorem, I (Euclidean version).
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Lemma 4.12 Let νe be a Euclidean semi t-conformal measure. Suppose that
D ⊂ C is an open set, z ∈ D and H : D → C is an analytic map which has
an analytic inverse H−1

z defined on Be(H(z), 2R) for some R > 0. Then for
every 0 ≤ r ≤ R

K−tνe(Be(z,K−1r|H ′(z)|−1)) ≤ |H ′(z)|−tνe(Be(H(z), r)).

If, in addition, νe is t-conformal, then also

|H ′(z)|−tνe(Be(H(z), r)) ≤ Ktνe(Be(z,Kr|H ′(z)|−1)).

Lemma 4.13 Suppose that νe is a Euclidean t-conformal measure. Suppose
that D ⊂ C is an open set, z ∈ D and H : D → C is an analytic map which
has an analytic inverse H−1

z defined on Be(H(z), 2R) for some R > 0. If the
point H(z) is (r, σ, L)-t-s.l.e., where r ≤ R/2 and σ ≤ 1, then the point z is
(K−1|H ′(z)|−1r,K2σ, L)-t-s.l.e..

Proof. In this proof we apply Lemma 4.12 several times without special indi-
cating. Consider

x ∈ Be(z,K−1r|H ′(z)|−1).

Then H(x) ∈ Be(H(z), r) and therefore νe(Be(H(x), σr)) ≥ Lrt. Since

Be(H(x), σr) ⊂ Be(H(z), 2r) ⊂ Be(H(z), R)

we have

H−1
z

(
Be(H(x), σr)

)
⊂ Be(x,Kσr|H ′(z)|−1) = Be(x,K2σ(K−1|H ′(z)|−1r)).

Thus

νe

(
Be(x,K2σ(K−1|H ′(z)|−1r)) ≥ K−t|H ′(z)|−tLrt = L(K−1|H ′(z)|−1r)t.

The proof is finished.

Lemma 4.14 Suppose that νe is a Euclidean t-conformal measure. Let c be a
critical point of an analytic map H : D → C. If 0 < r ≤ R(H, c) and H(c) is
(r, L)-t-l.e., then c is ((Ar)1/pc , A−2tL)-t-l.e., where A was defined in (2.25),
pc is the order of H at the critical point c.

Proof. By Definition 1.1 we get Be(H(c), r) = H(Comp(c,H(c),H, r)). If

x ∈ Comp(c,H(c),H, r)

then A−1|x−c|pc ≤ |H(x)−H(c)| < r which implies that x ∈ Be(c, (Ar)1/pc).
Thus Be(H(c), r) ⊂ H(Be(c, (Ar)1/pc) and therefore
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Lrt ≤ νe(Be(H(c), r))

≤ νe

(
H(Be(c, (Ar)1/pc))

)
≤
∫

Be(c,(Ar)1/pc )

|H ′(z)|t dνe(z)

≤
∫

Be(c,(Ar)1/pc )

At(|z − c|pc−1)t dνe(z)

≤ At(Ar)
pc−1

pc
tνe(Be(c, (Ar)1/pc)).

So, νe(Be(c, (Ar)1/pc)) ≥ A−2tL((Ar)1/pc)t.

Lemma 4.15 Let c be a critical point of an analytic map H : D → C. Let
νe be a Euclidean semi t-conformal measure such that νe(c) = 0. If 0 < r ≤
R(H, c) and H(c) is (s, L)-t-u.e. for all 0 < s ≤ r, then c is(

(A−1r)1/pc , q(2A2)t(2t/pc − 1)−1L
)
− t− u.e.,

where A was defined in (2.25), pc is the order of H at the critical point c.

Proof. Take any s ≤ r. then H(Be(c, (A−1s)1/pc)) ⊂ Be(H(c), r). Therefore,
setting R(c, a, b) = {z : a ≤ |z − c| < b}, abbreviating

R(c, 2−1/pc(A−1s)1/pc , (A−1s)1/pc)

by R(c) and using the decomposition of B(c, (A−1s)1/pc) described after Def-
inition 1.1 we obtain

Lst ≥ νe(Be(H(c), s))

≥ νe

(
H(Be(c, (A−1s)1/pc))

)
= p−1

c

∫
Be(c,(A−1s)1/pc )

|H ′(z)|t dνe(z)

≥ p−1
c

∫
R(c)

|H ′(z)|t dνe(z)

≥ p−1
c A−t(2−1A−1s)

pc−1
pc

tνe(R(c)).

So, νe

(
R(c, 2−1/pc(A−1s)1/pc , (A−1s)1/pc)

)
≤ pc2t(1− 1

pc
)A2tL((A−1s)1/pc)t and

therefore

νe

(
Be(c, (A−1r)1/pc)

)
= νe

( ∞⋃
n=0

R
(
c, 2−

n+1
pc (A−1r)1/pc , 2−

n
pc (A−1r)1/pc)

)
=

∞∑
n=0

νe

(
R(c, 2−

1
pc (A−12−nr)1/pc , (A−12−nr)1/pc)

)
≤ pc(21− 1

pc A2)tL
∞∑

n=0

(A−12−nr)t/pc
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= pc(21− 1
pc A2)t L

1− 2−
t

pc

((A−1r)1/pc)t

= pc(2A2)t(2t/pc − 1)−1L((A−1r)1/pc)t.

The proof is finished.

Lemma 4.16 Suppose that νe is a Euclidean t-conformal measure. Let c be
a critical point of an analytic map H : D → C. If 0 < r ≤ 1

3R(H, c), 0 <

σ ≤ 1 and H(c) is (r, σ, L)-t-s.l.e, then c is ((A−1r)1/pc , σ̃, L̃)-t-s.l.e, where
σ̃ = (2pc+1KA2σ)1/pc , L̃ = Lmin{K−t, (A2σ)

1−pc
pc

t}, A was defined in (2.25)
and pc is the order of H at the critical point c.

Proof. Let x ∈ Be(c, (A−1r)1/pc). If σ̃(A−1r)1/pc ≥ 2|x− c|, then

Be(x, σ̃(A−1r)1/pc) ⊃ Be(c, σ̃(A−1r)1/pc/2)

= Be(c, (2K)1/pc(Aσr)1/pc)

⊃ Be(c, (Aσr)1/pc).

It follows from assumptions that H(c) is (σr, σ−tL)-l.e. and therefore, in view
of Lemma 4.14 the critical point c is ((Aσr)1/pc , A−2tσ−tL)-l.e.. Thus

νe

(
Be(x, σ̃(A−1r)1/pc)

)
≥ A−2tσ−tL(Aσr)t/pc

= (A2σ)
1−pc

pc
tL((A−1r)1/pc)t.

(4.10)

So, suppose that
σ̃(A−1r)1/pc < 2|x− c|. (4.11)

Since c is a critical point we have

|H ′(x)| ≥ A−1|x− c|pc−1 ≥ A−1σ̃pc−1(A−1r)
pc−1

pc 21−pc ,

which means that

σ̃(A−1r)1/pc ≥ A−1σ̃p
cA

−1r21−pc |H ′(x)|−1

= 4Kσr|H ′(x)|−1 ≥ Kσr|H ′(x)|−1.
(4.12)

In view of (4.11)

|H(x)−H(c)| ≥ A−1|x− c|pc ≥ A−12−pc σ̃pcA−1r = 2Kσr ≥ 2σr

which implies that
H(c) /∈ Be(H(x), 2σr). (4.13)

Since |H(x)−H(c)| ≤ A|x−c|pc ≤ R/3, we haveBe(H(x), 2σr) ⊂ Be(H(c), R).
So, (4.13) implies the existence of a holomorphic inverse branch H−1

x :
Be(H(x), 2σr) → C of H which sends H(x) to x. Since, by assumptions H(x)
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is (σr, σ−tL)-l.e, it follows from Lemma 4.13 that x is (Kσr|H ′(x)|−1, (K2σ)−tL)-
l.e.. Thus, using (4.12) we get

νe

(
Be(x, σ̃(A−1r)1/pc)

)
≥ νe

(
Be(x,Kσr|H ′(x)|−1))

≥ (K2σ)−tL(Kσr|H ′(x)|−1)t

≥ K−tLrtA−t|x− c|(1−pc)t

≥ K−tL(A−1r)t(A−1r)
1−pc

pc
t

= K−tL((A−1r)1/pc)t.

In view of this and (4.10) the proof is completed.

Lemma 4.17 Suppose that νe is a Euclidean t-conformal measure. Then for
every R > 0 and every 0 < σ ≤ 1 there exists L = L(ω,R, σ) > 0 such that
for every 0 < r ≤ R every point ω ∈ Ω(f) is (r, σ, L)-αt(ω)-s.l.e. with respect
to the measure me.

Proof. Let z ∈ Be(ω, r). If σr ≥ 2|z − ω|, then Be(z, σr) ⊃ Be

(
ω, σ

2 r
)

and
therefore by Lemma 2.7

νe(Be(z, σr)) ≥ C(R/2)
(σ

2
r
)αt(ω)

=
(σ

2

)αt(ω)

C(R/2)rαt(ω). (4.14)

In order to deal with the opposite case first notice that always

Be(z, σr) ⊃ Be(z, σ|z − ω|)

and therefore by Lemma 4.6 in [32] we have

νe(Be(z, σr)) ≥ C−1(σ)|z − ω|αt(ω).

As σr < 2|z − ω|, it implies that

νe(Be(z, σr)) ≥ C−1(σ)
(σ
2
)αt(ω)

rαt(ω).

So, putting

L(ω,R, σ) = (σ/2)αt(ω) min{C(R/2), C−1(σ)}

finishes the proof.

4.3 Conformal measure and holomorphic inverse
branches

Let m be an almost t-conformal measure and let me be its Euclidean version.
The upper estimability and strongly lower estimability will be considered in



54 4 Hausdorff, packing and conformal measures

this section with respect to the measure me. When we speak about lower
estimability we assume more, that the measure m is t-conformal. Since the
number of parabolic points is finite, passing to an appropriate iteration, we as-
sume in this and the next section without loosing generality that all parabolic
points of f are simple. Consider a forward f -invariant closed subset E of C
such that

||f ′||E := sup{|f ′(z)| : z ∈ E} < +∞.

Such sets will be called f -pseudo-compact. Obviously, each f -invariant com-
pact subset E of C is f -pseudo-compact. Recall that θ was defined in (2.10),
αt(ω) in Lemma 2.7 and that τ > 0 is so small as required in Lemma 2.3.

The proofs of Proposition 4.15 and Proposition 4.16 from [18] carry out
verbatim to our case and we bring them here up for the sake of completeness
and convenience of the reader.

Proposition 4.18 Fix an f-pseudo-compact subset E of J(f). Let z ∈ E,
λ > 0 and let 0 < r ≤ τθ||f ′||−1

E λ−1 be a real number. Suppose that at least
one of the following two conditions is satisfied:

z ∈ E \
⋃
n≥0

f−n(Crit(J(f))

or
z ∈ E and r > τθ||f ′||−1

E λ−1 inf{|(fn)′(z)|−1 : n = 1, 2, . . .}.

Then there exists an integer u = u(λ, r, z) ≥ 0 such that

r|(f j)′(z)| ≤ λ−1θτ

for all 0 ≤ j ≤ u and the following four conditions are satisfied.

diame

(
Comp(f j(z), fu(z), fu−j , r|(fu)′(z)|)

)
≤ β (4.15)

for every j = 0, 1, . . . , u.
For every η > 0 there exists a continuous function t 7→ Bt = Bt(λ, η) > 0,

t ∈ [0,∞), (independent of z, n, and r) and such that if fu(z) ∈ Be(ω, θ) for
some ω ∈ Ω(f), then

fu(z) is (ηr|(fu)′(z)|, Bt)− αt(ω)-u.e. (4.16)

and there exists a function Wt = Wt(λ, η) : (0, 1] → (0, 1] (independent of z,
n, and r) such that if fu(z) ∈ Be(ω, θ) for some ω ∈ Ω(f), then for every
σ ∈ (0, 1]

fu(z) is (ηr|(fu)′(z)|, σ,Wt(σ))− αt(ω)-s.l.e. (4.17)

If fu(z) /∈ Be(Ω(f), θ), then formulas (4.16) and (4.17) are also true with

αt(ω) replaced by t. (4.18)
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Proof. Suppose first that

sup{λr|(f j)′(z)| : j ≥ 1} > θτ ||f ′||−1
E

(which implies that ||f ′||E ≥ 1) and let n = n(λ, z, r) ≥ 0 be a minimal integer
such that

λr|(fn)′(z)| > θτ min{1, ||f ′||−1
E }. (4.19)

Then n ≥ 1 (due to the assumption imposed on r) and also

λr|(fn)′(z)| ≤ θτ. (4.20)

If fn(z) /∈ Be(Ω(f), θ) set u = u(λ, r, z) = n. The items (4.16), (4.17) and
(4.18) are obvious in view of our assumptions imposed on E.

Suppose that fn(z) ∈ Be(Ω(f), θ), say fn(z) ∈ Be(ω, θ), ω ∈ Ω(f). Let
0 ≤ k = k(λ, z, r) ≤ n be the smallest integer such that f j(z) ∈ Be(Ω(f), θ)
for every j = k, k + 1, . . . , n. Consider all the numbers

ri = |f i(z)− ω||(f i)′(z)|−1,

where i = k, k + 1, . . . , n. Put ||f ′||+E =
(
min{1, ||f ′||−1

E }
)−1

. By (4.19) we
have

rn = |fn(z)− ω||(fn)′(z)|−1 ≤ θ||f ′||+Eθ
−1τ−1λr = ||f ′||+Eτ

−1λr

and therefore there exists a minimal k ≤ u = u(λ, r, z) ≤ n such that
ru ≤ ||f ′||+Eτ−1λr. In other words

|fu(z)− ω| ≤ ||f ′||+Eτ
−1λr|(fu)′(z)|. (4.21)

If sup{λr|(f j)′(z)| : j ≥ 1} ≤ θτ ||f ′||−1
E , then it follows from Corollary 2.33

that z ∈
⋃

j≥0 f
−j(Ω(f)). Define then u(λ, z, r) = k(λ, z, r) to be the minimal

integer j ≥ 0 such that f j(z) ∈ Ω(f) and put ω = fu(z). Notice that in this
case formulas (4.20) and (4.21) are also satisfied. Our further considerations
are valid in both cases. First note that by (4.21) we have

Be(fu(z), ηr|(fu)′(z)|) ⊂ Be(ω, (1 + ||f ′||+Eτ
−1η−1λ)ηr|(fu)′(z)|) (4.22)

and in view of Lemma 2.7 and (4.20)

me

(
Be(fu(z), ηr|(fu)′(z)|)

)
≤ C(1 + ||f ′||+Eτ

−1η−1λ)αt(ω)(ηr|(fu)′(z)|)αt(ω).

So, item (4.16) is proved. Also applying (4.21), Lemma 4.17, Lemma 4.9 and
4.20) we see that the point fu(z) is(
||f ′||+Eτ

−1λr|(fu)′(z)|, στ ||f ′||−1
E ηλ−1, 2αt(ω)L(ω, 2||f ′||+Eθ, στ(2||f

′||+E)−1ηλ−1
)

−αt(ω)-s.l.e. So, if ||f ′||+Eτ−1λ ≥ η, then by Lemma 4.10, fu(z) is
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ηr|(fu)′(z)|, σ, (2||f ′||+Eτ

−1λη−1)αt(ω)L(ω, 2||f ′||+Eθ, στ(2||f
′||E)−1η)λ−1

)
−αt(ω)-s.l.e. If instead ||f ′||Eτ−1λ ≤ η, then again it follows from (4.21),
Lemma 4.17, Lemma 4.9 and (4.20) that the point fu(z) is(

ηr|(fu)′(z)|, σ, 2αt(ω)L(ω, 2θτλ−1η, σ/2)
)

−αt(ω)-s.l.e.. So, part (4.17) is also proved.

In order to prove (4.15) suppose first that u = k. In particular this is the
case if z ∈

⋃
j≥0 f

−j(Ω(f)). Then

Comp(fk−1(z), fk(z), f, r|(fu)′(z)|) ⊂ Comp(fk−1(z), fk(z), f, θτ)

and by the choice of k and (2.7) we have fk−1(z) /∈ Be(Ω(f), θ). Therefore
(4.15) follows from the choice of τ (see (2.28) and (2.27)).

If u > k (so the first case holds), then ru−1 > ||f ′||Eτ−1λr and by (2.7)
we get

ru =
|fu(z)− ω|
|fu−1(z)− ω|

|f ′(fu−1(z))|−1ru−1 ≥ ‖f ′‖−1
E ru−1 ≥ τ−1λr.

So, λr|(fu)′(z)| ≤ τ |fu(z)−ω| and applying Lemma 2.4 and (2.7) u−k times
we conclude that for every k ≤ j ≤ u

diame

(
Comp(f j(z), fu(z), fu−j , λr|(fu)′(z)|)

)
≤ θτ < β.

And now for j = k − 1, k − 2, . . . , 1, 0, the same argument applies as in the
case u = k.

Proposition 4.19 Fix an f-pseudo-compact subset E of J(f). Let ε and
λ be both positive numbers such that ε < λmin{1, τ−1, θ−1τ−1γ}. If
0 < r < τθ||f ′||−1

E λ−1 and z ∈ E \ Crit(J(f)), then there exists an integer
s = s(λ, ε, r, z) ≥ 1 with the following three properties.

|(fs)′(z)| 6= 0. (4.23)

Let u = u(λ, r, z) be defined in Proposition 4.18. If u = u(λ, r, z) is well-
defined, then s ≤ u(λ, r, z).
If either u is not defined or s < u, then there exists a critical point c ∈ Crit(f)
such that

|fs(z)− c| ≤ εr|(fs)′(z)|. (4.24)

In any case

Comp
(
z, fs(z), fs, (KA2)−12−#(Crit(f)∩R)εr|(fs)′(z)|

)
∩ Crit(fs) = ∅,

(4.25)
where A was defined in (2.25).
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Proof. Since z /∈ Crit(J(f)) and in view of Proposition 4.18, there exists a
minimal number s = s(λ, ε, r, z) for which at least one of the following two
conditions is satisfied

|fs(z)− c| ≤ εr|(fs)′(z)| (4.26)

for some c ∈ Crit(J(f)) or

u(λ, r, z) is well-defined and s(λ, ε, r, z) = u(λ, r, z). (4.27)

Since |(fs)′(z)| 6= 0, the parts (4.23) and (4.24) are proved.

In order to prove (4.25) notice first that no matter which of the two num-
bers s is, in view of Proposition 4.18 we always have

εr|(fs)′(z)| ≤ ελ−1θτ. (4.28)

Let us now argue that for every 0 ≤ j ≤ s

diame

(
Comp(fs−j(z), fs(z), f j , εr|(fs)′(z)|)

)
≤ β. (4.29)

Indeed, if s = u, it follows immediately from Proposition 4.18 and (4.15) since
ε ≤ λ. Otherwise |fs(z) − c| ≤ εr|(fs)′(z)| ≤ ελ−1θτ < θ and therefore, by
(2.24), fs(z) /∈ Be(Ω(f), θ). Thus (4.29) follows from (2.27).

Now by (4.29) and Lemma 2.16, there exists 0 ≤ p ≤ #(Crit(f) ∩ R), an
increasing sequence of integers 1 ≤ k1 < k2 < . . . < kp ≤ s and mutually
distinct critical points c1, c2, . . . , cp of f such that

{cl} = Comp(fs−kl(z), fs(z), fkl , εr|(fs)′(z)|) ∩ Crit(f) (4.30)

for every l = 1, 2, . . . , p and if j /∈ {k1, k2, . . . , kp}, then

Comp(fs−j(z), fs(z), f j , εr|(fs)′(z)|) ∩ Crit(f) = ∅. (4.31)

Setting k0 = 0 we shall show by induction that for every 0 ≤ l ≤ p

Comp(fs−kl(z), fs(z), fkl , (KA2)−12−lεr|(fs)′(z)|) ∩ Crit(fkl) = ∅. (4.32)

Indeed, for l = 0 there is nothing to prove. So, suppose that (4.32) is true for
some 0 ≤ l ≤ p− 1. Then by (4.31)

Comp(fs−(kl+1−1)(z), fs(z), fkl+1−1, (KA2)−12−lεr|(fs)′(z)|)∩Crit(fkl+1−1) = ∅.

So, if

cl+1 ∈ Comp(fs−kl+1(z), fs(z), fkl+1 , (KA2)−12−(l+1)εr|(fs)′(z)|)

then by Lemma 1.4 applied for holomorphic maps H = f , Q = fkl+1−1 and
the radius R = (KA2)−12−(l+1)εr|(fs)′(z)| < γ we get
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|fs−kl+1(z)− cl+1| ≤ KA2|(fkl+1)′(fs−kl+1(z))|−1(KA2)−12−(l+1)εr|(fs)′(z)|
= 2−(l+1)εr|(fs−kl+1(z))′|
≤ εr|(fs−kl+1)′(z)|

which contradicts the definition of s and proves (4.32) for l+ 1. In particular
it follows from (4.32) that

Comp(z, fs(z), fs, (KA2)−12−#(Crit(f)∩R)εr|(fs)′(z)|) ∩ Crit(fs) = ∅.

The proof is finished.

We will also need the following similar result.

Lemma 4.20 Assume Ω(f) = ∅. Then there exist two constants a, ξ > 0 such
that the following holds. Suppose that z ∈ J(f) \

⋃∞
n=0 f

−n({∞} ∪ Crit(f)).
Suppose also that r ∈ (0, γ(aξ)−1). Then there exists s ≥ 0 with the following
properties

(a) raξ|(fs)′(z)| ≥ γ or
(b) raξ|(fs)′(z)| < γ

and
(c) there exists a critical point c ∈ Crit(J(f)) such that |(fs)(z) − c| <

rξ|(fs)′(z)| or
(d) there exists a pole b ∈ f−1(∞) such that |(fs)(z)− b| < rξ|(fs)′(z)|.

In either case

Comp(z, fs(z), fs, 2ξr|(fs)′(z)|) ∩ Crit(fs) = ∅.

Proof. Put a = 2KA22](Crit(f)∩R), where A was defined in (2.25). Fix ρ ∈
(0, 1/2) so small that for every w ∈ (C\Crit(f)∪f−1(∞)), the map f restricted
to the set

Be(w, 2ρdiste(w,Crit(f) ∪ f−1(∞))

is one-to-one. Set ξ = 2−4ρ. Take λ > 0 in Proposition 4.19 such that ε > 0
appearing there can be taken to be equal to aξ. In view of Corollary 2.33 there
exists a least integer n ≥ 0 such that raξ|(fn)′(z)| ≥ γ, where γ was defined
in (2.27). Since r < γ(aξ)−1, we see that n ≥ 1. If there exists an integer
0 ≤ j ≤ n− 1 satisfying (c) or (d), take s to be the least one. Otherwise take
s = n. By the definition of n, it follows from (2.27) that

diame(Comp(z, fk(z), fk, 2ξr|(fk)′(z)|)) < β

for all k = 0, . . . , n − 1. Thus, we see that (4.29) is satisfied if s ≤ n− 1 and
the proof of the last formula in our lemma is complete by verbatim repetition
of the fragment of the proof of the Lemma 4.19 from ”Now by (4.29)” till its
end. If s = n, the same argument shows that
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Comp(z, fn−1(z), fn−1, 2ξr|(fn−1)′(z)|) ∩ Crit(fn−1) = ∅. (4.33)

By the choice ξ and the definition of n we also know that the map fn−1 re-
stricted to the ball Be(fn−1(z), 16ξr|(fn−1)′(z)|) is injective. Thus by Koebe’s
1
4 -Theorem

f(Be(fn−1(z), 16ξr|(fn−1)′(z)|) ⊃ Be(fn(z), 4ξr|(fn)′(z)|),

and therefore

Comp(fn−1(z), fn(z), f, 2ξr|(fn−1)′(z)|) ⊂ Be(fn−1(z), 16ξr|(fn−1)′(z)|).

Combining this with (4.33) and injectivity of f restricted to

Be(fn−1(z), 16ξr|(fn−1)′(z)|),

we conclude that

Comp(z, fn(z), fn, 2ξr|(fn)′(z)|) ∩ Crit(fn) = ∅.

We are done.

4.4 Conformal measure; continuity, uniqueness,
ergodicity and conservativity

Let ms be a Borel probability measure on C and let me be its Euclidean
version, i.e.

dme

dms
(z) = (1 + |z|2)t.

We prove from the following.

Lemma 4.21 If z ∈ J(f), rn ↘ 0 and

M ≤ lim inf
n→∞

r−t
n me(Be(z, rn)) ≤ lim sup lim inf

n→∞
r−t
n me(Be(z, rn)) ≤M,

then

lim sup
n→∞

ms

(
Bs(z, (2(1 + |z|2))−1rn

)
((2(1 + |z|2))−1rn)t

≤ 2tM

and

lim inf
n→∞

ms

(
Bs(z, 2(1 + |z|2)−1rn

)
(2(1 + |z|2)−1rn)t

≥ 2−tM.
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Proof. Since for every r > 0 sufficiently small

Be(z, 2−1(1 + |z|2)−1r) ⊂ Bs(z, r) ⊂ Be(z, 2(1 + |z|2)r)

and since

lim
r↘0

me(Be(z, r))
ms(Be(z, r))

= (1 + |z|2)t,

we get

lim sup
n→∞

ms

(
Bs(z, (2(1 + |z|2))−1rn

)
((2(1 + |z|2))−1rn)t

≤ lim
n→∞

ms(Be(z, rn))
2−t(1 + |z|2)−trt

n

= 2tM

and

lim inf
n→∞

m
(
Bs(z, 2(1 + |z|2)−1rn

)
(2(1 + |z|2)−1rn)t

≥ lim
n→∞

ms(Be(z, rn))
2t(1 + |z|2)−trt

n

= 2−tM.

We are done.

Our first goal is to show that the h-conformal measure m proven to exist
in Lemma 4.3 is atomless and that Hh

s (J(f)) = 0 if h < 2. We will consider
almost t-conformal measures ν with t ≥ 1. The notion of upper estimability
introduced in Definition 4.7 is considered with respect to the Euclidean almost
t-conformal measure νe. Recall that l = l(f) ≥ 1 is the integer claimed in
Lemma 2.28 and put

Rl(f) = inf{R(f j , c) : c ∈ Crit(f) and 1 ≤ j ≤ l(f)}
= min{R(f j , c) : c ∈ Crit(f) ∩R and 1 ≤ j ≤ l(f)} <∞

(4.34)

and

Al(f) = sup{A(f j , c) : c ∈ Crit(f) and 1 ≤ j ≤ l(f)}
= max{A(f j , c) : c ∈ Crit(f) ∩R and 1 ≤ j ≤ l(f)},

(4.35)

where the numbers R(f j , c) and A(f j , c) are defined just after Definition 1.1.
Since

O+(f(Critc(J(f))))

is a compact f -invariant subset of C (so disjoint from f−1(∞)) and since

PC0
c(f) = O+(Critc(J(f))) = Critc(J(f)) ∪O+(f(Critc(J(f)))),

we have the following straightforward but useful fact.

Lemma 4.22 The set PC0
c(f) is f-pseudo-compact.
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Recall for the needs of the two next lemmas that the sequence {Cri(f)}
was defined inductively by the formula (2.34) and the sequence Si(f) was
defined by the formula (2.34).

Since the number of equivalence classes of the relation ∼ is finite, looking
at Lemma 2.28 and Lemma 4.4, the following lemma follows immediately from
Lemma 4.15.

Lemma 4.23 If R(u)
i > 0 is a positive constant and t 7→ C

(u)
t,i ∈ (0,∞),

t ∈ [1,∞), is a continuous function such that all points z ∈ PC0
c(f)i are

(r, C(u)
t,i )-t-u.e. with respect to any Euclidean almost t-conformal measure νe

(with t ≥ 1) for all 0 < r ≤ R
(u)
i , then there exists a continuous function

t 7→ C̃
(u)
t,i > 0, t ∈ [1,∞), such that all critical points c ∈ Cri+1(f) are

(r, C̃(u)
t,i )-t-u.e. with respect to any Euclidean almost t-conformal measure νe

for all 0 < r ≤ A−1
l R

(u)
i .

In the above lemma the superscript u stands for ”upper”. In the lemma
below it has the same connotation. The number u is also used to denote the
value of the function u(λ, r, z) defined in Proposition 4.18. This should not
cause any confusion.

Lemma 4.24 If R(u)
i,1 > 0 is a positive constant and t 7→ C

(u)
t,i,1 ∈ (0,∞),

t ∈ [1,∞), is a continuous function such that all critical points c ∈ Si(f)
are (r, C(u)

t,i,1)-t-u.e. with respect to any Euclidean almost t-conformal measure

νe (with t ≥ 1) for all 0 < r ≤ R
(u)
i,1 , then there exist a continuous function

t 7→ C̃
(u)
t,i,1 > 0, t ∈ [1,∞), and R̃(u)

i,1 > 0 such that all points z ∈ PC0
c(f)i are

(r, C̃(u)
t,i,1)-t-u.e. with respect to any Euclidean almost t-conformal measure νe

(with t ≥ 1) for all 0 < r ≤ R̃
(u)
i,1 .

Proof. We shall show that one can take

R̃
(u)
i,1 = min

{
τθλ−1||f ′||−1

PC0
c(f)i

, R
(u)
i,1 , 1

}
and

C̃
(u)
t,i,1 = max{K22tC

(u)
t,i,1,K

2tBt}.

Indeed, denote #(Crit(f)∩R) by #. Put ε = 2K(KA2)2#, A was defined in
(2.25), and then choose λ > 0 so large that

ε < λmin
{
1, τ−1, θ−1τ−1 min{ρ,R(u)

i,1 /2}
}
. (4.36)
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Consider 0 < r ≤ R̃
(u)
i,1 and z ∈ PC0

c(f)i. If z ∈ Crit(J(f)), then z ∈
Critc(J(f)) and z ∈ Si(f), and we are therefore done. Thus, we may assume
that z /∈ Crit(J(f)). Let s = s(λ, ε, r, z). By the definition of ε,

2Kr|(fs)′(z)| = (KA2)−12−#εr|(fs)′(z)|. (4.37)

Suppose first that u(λ, r, z) is well defined and s = u(λ, r, z). Then by item
(4.16) in Proposition 4.18 or by item (4.18) in Proposition 4.18, applied with
η = 2K, we see that the point fs(z) is (2Kr|(fs)′(z)|, Bt)-t-u.e. Using (4.37),
we obtain from item (4.25) in Proposition 4.19 and Lemma 4.12 that the point
z is (r,K2hBt)-t-u.e..

If either u is not defined or s < u(λ, r, z), then in view of item (4.25)
in Proposition 4.19, there exists a critical point c ∈ Critc(J(f)) such that
|fs(z)− c| ≤ εr|(fs)′(z)|. Since s ≤ u, by Proposition 4.18 and (4.36) we get

2Kr|(fs)′(z)| ≤ εr|(fs)′(z)| < min{ρ,R(u)
i,1 /2}. (4.38)

Since z ∈ PC0
c(f)i, this implies that c ∈ Si(f). Therefore using (4.38), the

assumptions of Lemma 4.24, and (4.37) and then applying item (4.25) in
Proposition 4.19 (remember that by Lemma 4.22 the set PC0

c(f) is f -pseudo-
compact) and Lemma 4.12, we conclude that z is (r,K22tC

(u)
t,i,1)-t-u.e. The

proof is complete.

For k ≥ 1 recall that for any pole b of fk, the number qb denotes its
multiplicity and Bk

b (R) is the connected component of f−k(BR) containing
b. We have proved Lemma 4.21 in [18] with no assumptions on the elliptic
functions. In fact, the following more general lemma is true (with the same
proofs), where f−1 replaced by f−k.

Lemma 4.25 If b ∈ f−k(∞), k ≥ 1, if νe is a Euclidean almost t-conformal
measure with t > 2qb

qb+1 such that νe(b) = 0, and if m is the h-conformal
measure proven to exist in Lemma 4.3, then

νe(Bk
b (R)) � R

2− qb+1
qb

t

and
me(B(b, r)) � r(qb+1)h−2qb

for all 0 < r � 1, where Bk
b (R) is the connected component of f−k(BR).

Proof. It follows from Lemma 4.4 that me({z ∈ C : R ≤ |z| < 2R}) � R2

and νe({z ∈ C : R ≤ |z| < 2R}) � R2 for all R > 0 large enough. It therefore
follows from (2.2) that

me(Bk
b (R) \Bk

b (2R)) � R2R
− qb+1

qb
h (4.39)
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and
νe(Bk

b (R) \Bk
b (2R)) � R2R

− qb+1
qb

t
. (4.40)

Now fix r > 0 so small that R = (r/Lk)−qb is large enough for formulas (4.39)
and (4.40) to hold. Using (2.5) and (4.40), we get

νe(Bk
b (R)) =νe

⋃
j≥0

(Bk
b (2jR) \Bk

b (2j+1R))


=

∞∑
j=0

νe(Bk
b (2jR) \Bk

b (2j+1R))

�
∞∑

j=0

(2jR)2(2jR)−
qb+1

qb
t

= R
2− qb+1

qb
t
∞∑

j=0

2j(2− qb+1
qb

t)

= L
qb(2−

qb+1
qb

t)

k r(qb+1)t−2qb

∞∑
j=0

2j(2− qb+1
qb

t)

� r(qb+1)t−2qb ,

where the last comparability sign holds since qb+1
qb

t > 2. We are done with the
first part of our lemma. Now replace νe by me and t by h (which is greater
than 2qb

qb+1 by Theorem 2.1 in the above formula. In this case, the ’�’ sign can
by (4.39) be replaced by the comparability sign ’�’; since the first equality
sign becomes ’≥’ (we do not ruled out the possibility that me(b) > 0 yet) and
me(B(b, r)) ≥ ν(Bb(R)), we are also done in this case.

From now onwards, in all our considerations, we assume f : C→ C to be
a regular pseudo non-recurrent elliptic function.

We shall prove now the following.

Lemma 4.26 The h-conformal measure m for f : J(f) → J(f)∪{∞} proven
to exist in Lemma 4.3 is atomless.

Proof. By induction on i = 0, 1, . . . , p, it follows from Lemma 4.24 (this lemma
provides the base of inductions as S0(f) = ∅ and simultaneously contributes
to the inductive step), Lemma 4.23 and Lemma 2.27 that there exists a con-
tinuous function t → Ct ∈ (0,∞), t ∈ [1,∞), such that if ν is an arbitrary
almost t-conformal measure on J(f), then

νe(B(x, r)) ≤ Ctr
t (4.41)
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for all x ∈ PC0
c(f) and all r ≤ r0 for some r0 > 0 sufficiently small. Consider

now the almost sn-conformal measure ms
n = mVn

, introduced in the beginning
of the proof of Lemma 4.5, where sn = s(Vn). Letting n → ∞ and recalling
that ms is a weak limit of measures ms

n, we see from formula (4.41) that

me(B(x, r)) ≤ Chr
h (4.42)

for all x ∈ PC0
c(f) and all r ≤ r0. It now follows from Lemma 4.21 that

lim sup
r↘0

ms(B(x, r)
rh

≤ 2hCh (4.43)

for all x ∈ PC0
c(f). In particular, ms(Crit(f)) = 0; consequently,

ms

(⋃
n≥0

f−n(Crit(f))
)

= 0. (4.44)

Now fix k ≥ 1, b ∈ f−k(∞) and u ∈
(

2qb

qb+1 , h
)
. Consider all integers n ≥ 1

so large that sn ≥ u. Since me
n(f−k(∞)) ≤ me

n(f−k(Vn)) = 0, it follows from
Lemma 4.25 that

me
n(Bk

b (R)) � R
2− qb+1

qb
sn ≤ R

2− qb+1
qb

u
.

Hence me(b) = 0. Since ms and me are equivalent on C, this gives ms(b) = 0.
Consequently ms(f−1(∞)) = 0 and ms(Critp(f)) = 0. Since sn ↗ h and since
h− < h (h− was defined in (2.18)), disregarding finitely many j′s, we may
assume without loss of generality that

sj > h− (4.45)

for all j ≥ 1. Fix c ∈ Crit∞(f). Fix also j ≥ 1 and put t := sj . Since
limn→∞ fn(c) = ∞, there exists k ≥ 1 such that qbn

≤ qc (where bn ∈ f−1(∞)
is near fn(c), qc was defined in (2.16)) and

|fn(c)| > max{1, 2Diste(0, f(Crit(f))} (4.46)

for all n ≥ k. Put a = fk(c) (we may need in the course of the proof k ≥ 1 to
be bigger). We recall that κc was defined in (2.19).

We shall prove the following.

Claim 1. There exists a constant c1 ≥ 1, independent of j, such that

me
j(Be(a, r)) ≤ c1r

κc

for all r > 0 small enough independently of j.
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Proof. Put q = qc. In view of (4.46) for every n ≥ 1 there is a well-defined
holomorphic inverse branch f−1

n : Be(fn(a), 1
2 |f

n(a)|) → C of sending fn(a)
to fn−1(a). Let bn ∈ f−1(∞) be the unique pole (assuming k 6= 1 is large
enough) such that

|fn(a)− bn| ≤ ∆� 1.

Then, by Lemma 1.2

f−1
n

(
Be

(
fn(a),

1
4
|fn(a)|

))
⊂ Be

(
fn−1(a),

K

4
|fn(a)||f ′(fn−1(a))|−1

)
⊂ Be(fn−1(a), C|fn(a)||fn(a)|−

q+1
q )

= Be(fn−1(a), C|fn(a)|−
1
q )

⊂ Be

(
fn−1(a),

1
2
|fn−1(a)|

)
with some C > 0, where the last inclusion was written assuming that
|fn−1(a)| ≥ 2c1|fn(a)|−

1
q which we can assume that to hold for all n ≥ k

large enough. So, the composition

f−n
a = f−1

1 ◦ f−1
2 ◦ . . . ◦ f−1

n : Be

(
fn(a),

1
4
|fn(a)|

)
→ C

sending fn(a) to a is well-defined and this is a holomorphic branch of f−n.
Take 0 < r < 1

16 |a| and let n+ 1 ≥ 1 be the least integer such that

r|(fn+1)′(a)| ≥ 1
16
|fn+1(a)|.

Such integer exists since |f ′(z)| � |f(z)|
qb+1

qb if z is near a pole b. By definition
n ≥ 0, and since r < 1

16 |a|, we have

r|(fn)′(a)| < 1
16
|(fn)(a)|.

Then by 1
4 -Koebe’s Distortion Theorem

Be(a, r) ⊂ f−n
a (Be(fn(a), 4r|(fn)′(a)|)). (4.47)

Now we consider three cases determined by the value of r|(fn)′(a)|.

Case 1. ∆ ≤ r|(fn)′(a)| < 1
16 |f

n(a)|.

In view of (4.47) and Koebe’s Distortion Theorem along with almost con-
formality of the measure me

j , we get that
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me
j(Be(a, r)) ≤ Kt|(fn)′(a)|−tme

j(Be(fn(a), 4r|(fn)′(a)|))
� Kt|(fn)′(a)|−t(4r|(fn)′(a)|)2

� r2|(fn)′(a)|2−t.

(4.48)

Put
qn = qbn .

Since t > h− (see formula (4.45)) and qn ≤ qc, it follows from (2.20) that(
t− κc

2− κc

)(
qn + 1
qn

)
> 1.

Hence,
|fn(a)| <|fn(a)|

t−κc
2−κc

qn+1
qn

�|f ′(fn−1(a))|
t−κc
2−κc

�|(fn)′(a)|
t−κc
2−κc

=|(fn)′(a)||(fn)′(a)|
t−2

2−κc .

Combining this and Case 1 assumption, we get

r <
1
16
|(fn)′(a)|−1|fn(a)| � |(fn)′(a)|

t−2
2−κc .

Therefore r2−κc � |(fn)′(a)|t−2, or equivalently r2|(fn)′(a)|2−t � rκc . To-
gether with (4.48), we obtain

me
j(B(a, r)) � rκc .

Case 2. |fn(a) − bn| ≤ 32A
qmin+1

qmin r|(fn)′(a)| < 32A
qmin+1

qmin ∆, where A was
defined in (2.25) and qmin is the minimal order of all critical points and poles.

Put c = 32A
qmin+1

qmin . Then

Be(fn(a), 4r|(fn)′(a)|) ⊂ Be(bn, (4 + c)r|(fn)′(a)|) ⊂ Be(bn, (4 + c)∆)

and it follows from Lemma 4.25 that

me
j(Be(fn(a), 4r|(fn)′(a)|)) � (4r|(fn)′(a)|)(qn+1)t−2qn .

Thus
me

j(Be(a, r)) ≤ Kt|(fn)′(a)|−t(4r|(fn)′(a)|)(qn+1)t−2qn

� r(qn+1)t−2qn |(fn)′(a)|(t−2)qn

≤ r(qn+1)t−2qn .

But, as qn ≤ qc and t > h−, it follows from (2.19) that
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(qn + 1)t− 2qn ≥ (qn + 1)t− 2qc > κc

and therefore
me

j(B(a, r)) ≤ rκc .

It remains to consider

Case 3. r|(fn)′(a)| < 1
32A

− qmin+1
qmin |fn(a)− bn|.

But then

r|(fn+1)′(a)| = r|(fn)′(a)||f ′(fn(a))|

<
1
32
A
− qmin+1

qmin |fn(a)− bn|(A|fn+1(a)|)
qn+1

qn

≤ 1
32
A
− qmin+1

qmin A
1

qn
+1|fn+1(a)|

≤ 1
32
|fn+1(a)|

≤ 1
16
|fn+1(a)|

contrary to the definition of n. So, Claim 1 is proved.

The last step of our proof is to demonstrate the following.

Claim 2. There exist c2 ≥ 1 and R > 0, all independent of j, such that

me
j(Be(c, r)) ≤ c2r

pcκc+h(1−pc)

for all j ≥ 1 and for all r ≤ R, where pc is the order of critical point c of the
map fk.

Proof. Let p := pc ≥ 2. There exists R > 0 so small that

fk(Be(c), R) ⊂ Be(fk(c), 2−4|fk(c)|)

and that there exists M ≥ 1 such that

M−1|z − c|p ≤ |fk(z)− fk(c)| ≤M |z − c|p

and
M−1|z − c|p−1 ≤ |(fk)′(z)| ≤M |z − c|p−1

for all z ∈ Be(c,R). Thus, for all k ≥ 0 and all r ≤ R

fk(A(c, 2−(l+1)r, 2−lr)) ⊂ A(fk(c);M−1rp2−p(l+1),Mrp2−pl).
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Since the map fk
|Be(c,R) is p-to-one, using almost conformality of the measure

me
j and the right-hand side of (2.19), we get that

me
j(A(fk(c);M−1rp2−p(l+1),Mrp2−pl))

≥ 1
p
M−h(2−(l+1)r)t(p−1)me

j(A(c, 2−(l+1)r, 2−lr))

≥ p−1M−h(2−(l+1)r)h(p−1)me
j(A(c, 2−(l+1)r, 2−lr)).

Applying Claim 1, we therefore get

me
j(Be( c, r)) =

∞∑
l=0

me
j(A(c, 2−(l+1)r, 2−lr))

≤ pMhrh(1−p)
∞∑

l=0

2h(p−1)(l+1)me
j(A(fk(c);M−1rp2−p(l+1),Mrp2−pl))

≤ pMhc12h(p−1)rh(1−p)
∞∑

p=0

2h(p−1)l(Mrp2−pl)κc

= p2h(p−1)c1M
h+κcrh(1−p)+pκc

∞∑
l=0

2(h(p−1)−pκc)l

= p2h(p−1)c1M
h+κc(1− 2h(p−1)−pκc)−1rpκc+h(1−p),

where writing the last equality sign we used the fact that pκc + h(1− p) > 0
equivalent to the left-hand side of (2.19). Repeating again that pκc+h(1−p) >
0, Claim 2 implies that the limiting measure m does not charge the critical
point c, and we are done.

The argument from the beginning of the proof of this lemma, based on
Lemma 4.24 and Lemma 4.23 gives the following,

Lemma 4.27 The set PC0
c(f) is uniformly h-upper estimable.

Denote by Tr(f) ⊂ J(f) the set of all transitive points of f , that is the set
of points in J(f) such that O+(z) = J(f).

Theorem 4.28 There exists a unique atomless t-conformal measure m for
f : J(f) → J(f) ∪ {∞}. Then t = h, m is ergodic conservative and all other
conformal measures are purely atomic, supported on Sing−(f) with exponents
larger than h. Consequently m(Tr(f)) = 1.
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Proof. In view of Lemma 4.26 there exists an atomless h-conformal measure
m for f : J(f) → J(f) ∪ {∞}. Suppose that νe is an arbitrary Euclidean
t-conformal measure for f and some t ≥ 0. By Lemma 3.3, t ≥ h. Fix z ∈
J(f)\ (I∞(f)∪Sing−(f)). Then in view of Proposition 2.31 there exist points
xj = xj(z) ∈ J(f) and an increasing sequence {nk}∞k=1 such that x(z) =
limk→∞ fnk(z) and xj ∼ xk for all j, k ≥ 1. Define for every l ≥ 1

Zl = {z ∈ J(f) \ (I∞(f) ∪ Sing−(f)) : |x(z)| ≤ l and η(z) ≥ 1/l},

fix l ≥ 1 and z ∈ Zl. Consider for k large enough the sets

f−nk
z

(
Be

(
x,

1
4l

))
and f−nk

z

(
Be

(
x,

1
4Kl

))
,

where f−nk
z is the holomorphic inverse branch of fnk defined on Be(x, 1

2l ) and
sending fnk(z) to z. Using conformality of the measure ν along with Koebe’s
Distortion Theorem, I (Euclidean version) we easily deduce now that

B(νe, l)−1c|(fnk)′(z)|−h ≤ νe

(
Be(z, c|(fnk)′(z)|−1)

)
≤ B(νe, l)c|(fnk)′(z)|−h

(4.49)
for all k ≥ 1 large enough, where K ≥ 1 is the constant appearing in the
Koebe’s Distortion theorem and ascribed to the scale 1/2 and c > 0 is some
constant comparable with 1. Fix now E, an arbitrary bounded Borel set con-
tained in Zl. Since me is regular, for every x ∈ E there exists a radius r(x) > 0
of the form from (4.49) such that

me(
⋃

x∈E

Be(x, r(x)) \ E) < ε. (4.50)

Now by the Besicovič theorem (see [14]) we can choose a countable subcover

{Be(xi, r(xi))}∞i=1,

r(xi) ≤ ε, from the cover {Be(x, r(x))}x∈E of E, of multiplicity bounded
by some constant C ≥ 1, independent of the cover. Therefore by (4.49) and
(4.50), we obtain

νe(E) ≤
∞∑

i=1

νe(Be(xi, r(xi))) ≤ B(νe, l)
∞∑

i=1

r(xi)t

≤ B(νe, l)B(me, l)
∞∑

i=1

r(xi)t−hme(Be(xi, r(xi)))

≤ B(νe, l)B(me, l)Cεt−hme(
∞⋃

i=1

Be(xi, r(xi)))

≤ CB(νe, l)B(me, l)εt−h(ε+me(E)).

(4.51)

In the case when t > h, letting ε↘ 0 we obtain νe(Zl) = 0. Since
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J(f) \ (I∞(f) ∪ Sing−(f)) =
∞⋃

l=1

Zl,

we therefore get
νe

(
J(f) \ (I∞(f) ∪ Sing−(f))

)
= 0

which by Lemma 3.4 implies that νe(Sing−(f)) = 1 and the last part of our
theorem is proved . Suppose now that t = h. Since, in view of Lemma 3.4,

νe(I∞(f) \ I−(f)) = me(I∞(f)) = 0,

using (4.51) and letting l↗∞, we conclude that

νe|J(f)\Sing−(f) ≺ me|J(f)\Sing−(f) � ms|J(f)\Sing−(f).

Exchanging the roles of me and νe we infer that the measures νe|J(f)\Sing−(f)

and ms|J (f)\Sing−(f) are equivalent. Suppose that νe(Sing−(f)) > 0. Then
there exists

y ∈ Crit(J(f)) ∪Ω(f) ∪ f−1(∞)

such that ms(y) > 0. But then∑
ξ∈y−

|(fn(ξ))∗(ξ)|−h <∞,

where y− =
⋃

n≥0 f
−n(y) and for every ξ ∈ y−, n(ξ) is the least integer n ≥ 0

such that fn(ξ) = y. Hence,

νy =

∑
ξ∈y− |(fn(ξ))∗(ξ)|−hδξ∑
ξ∈y− |(fn(ξ))∗(ξ)|−h

is a spherical h-conformal measure supported on y− ⊂ Sing−(f). This contra-
dicts the proven fact that the measures νy|J(f)\Sing−(f) and ms|J (f)\Sing−(f)

are equivalent and ms(J(f) \ Sing−(f)) = 1. Thus νe and ms are equivalent.

Let us now prove that any h-conformal measure νs is ergodic. Indeed,
suppose to the contrary that f−1(G) = G for some Borel set G ⊂ J(f) with
0 < νs(G) < 1. But then the two conditional measures νG and νJ(f)\G

νG(B) =
νs(B ∩G)
νs(G)

, νJ(f)\G(B) =
νs(B ∩ J(f) \G)
νs(J(f) \G)

would be h-conformal and mutually singular; a contradiction.

If now νs is again an arbitrary spherical h-conformal measure, then by a
simple computation based on the definition of conformal measures we see that
the Radon-Nikodym derivative φ = dνs/dms is constant on grand orbits of
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f . Therefore by ergodicity of ms we conclude that φ is constant ms-almost
everywhere. As both ms and νs are probability measures, it implies that φ = 1
a.e., hence νs = ms.

Let us show now that m is conservative. We shall prove first that every
forward invariant (f(E) ⊂ E) subset E of J(f) is either of measure 0 or 1.
Indeed, suppose to the contrary that 0 < m(E) < 1. Since

m(I∞(f) ∪ Sing−(f)) = 0,

it suffices to show that

m(E \ (I∞(f) ∪ Sing−(f))) = 0.

Denote by Z the set of all points z ∈ E \ (I∞(f) ∪ Sing−(f))) such that

lim
r→0

me(B(z, r) ∩ (E \ (I∞(f) ∪ Sing−(f))))
me(B(z, r))

= 1. (4.52)

In view of the Lebesgue density theorem (see for example Theorem 2.9.11 in
[12]), me(Z) = me(E). Since me(E) > 0 we find at least one point z ∈ Z.
Since

z ∈ J(f) \ (I∞(f) ∪ Sing−(f)),

let x ∈ J(f), η(z) > 0, and an increasing sequence {nk}∞k=1 be given by
Proposition 2.31. Put

δ = η(z)/8.

Suppose that me(Be(x, δ) \E) = 0. By conformality of me, me(f(Y )) = 0 for
all Borel sets Y such that me(Y ) = 0. Hence,

0 = me

(
fn(Be(x, δ) \ E)

)
≥ me

(
fn(Be(x, δ)) \ fn(E)

)
≥ me

(
fn(Be(x, δ)) \ E

)
≥ me

(
fn(Be(x, δ)

)
−me(E)

(4.53)

for all n ≥ 0. Since J(f) =
⋃

n≥1 f
−n(∞), for some p ≥ 2, the image

fp−1(Be(x, δ)) contains an open neighborhood of ∞. Thus, it contains at least
one (in fact infinitely many) copy of the fundamental parallelogram R and
consequently fp(Be(x, δ)) = C . In particular me

(
fp(Be(x, δ))

)
= 1. Then

(4.53) implies that 0 ≥ 1 − me(E) which is a contradiction. Consequently
me(Be(x, δ) \ E) > 0. Hence for every j ≥ 1 large enough,

me

(
Be(fnj (z), 2δ) \ E

)
≥ me

(
Be(x, δ) \ E

)
> 0.

Therefore, as f−1(J(f) \E) ⊂ J(f) \E, the standard application of Koebe’s
Distortion Theorem, I (Euclidean version) and Lemma 4.12 shows that

lim sup
r→0

me(B(z, r) \ E)
me(B(z, r))

> 0
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which contradicts (4.52). Thus either me(E) = 0 or me(E) = 1.

Now conservativity is straightforward. One needs to prove that for every
Borel set B ⊂ J(f) with m(B) > 0 one has m(G) = 0, where

G = {x ∈ J(f) :
∑
n≥0

χB(fn(x)) < +∞}.

Indeed, suppose that m(G) > 0 and for all n ≥ 0 let

Gn ={x ∈ J(f) :
∑
k≥n

χB(fn(x)) = 0}

={x ∈ J(f) : fk(x) /∈ B for all k ≥ n}.

Since G =
⋃

n≥0Gn, there exists k ≥ 0 such that m(Gk) > 0. Since all the
sets Gn are forward invariant we conclude that m(Gk) = 1. But on the other
hand all the sets f−n(B), n ≥ k, are of positive measure and are disjoint from
Gk. This contradiction finishes the proof of conservativity of m. Consequently
m(Tr(f)) = 1. We are done.

4.5 Hausdorff measure

The proof of part (a) of Theorem 4.1. Let m be the unique h-conformal
atomless measure proven to exist in Theorem 4.28. Consider an arbitrary point
z ∈ Tr(f). Since f is regular pseudo non-recurrent, there exists

b ∈
∞⋃

j=1

f−j(∞) \O+(Crit(f)),

say b ∈ f−k(∞) \O+(Crit(f)). Hence, there exists γ > 0 such that

Be(b, γ) ∩O+(Crit(f)) = ∅. (4.54)

Since z ∈ Tr(f), there exists an infinite increasing sequence {nj}∞j=0 such that

lim
j→∞

fnj (z) = b and |fnj (z)− b| < γ/4 (4.55)

for every j ≥ 1. It follows from this and (4.54) that for every j ≥ 1 there
exists a holomorphic inverse branch

f−nj
z : Be(fnj (z), 3γ/4) → C

of fnj sending fnj (z) to z. Using now Koebe’s Distortion Theorem I, (Eu-
clidean version), Lemma 4.12 and Lemma 4.25, we conclude that
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me

(
z,Be

(
K|(fnj )′(z)|−12|fnj (z)− b|

))
≥ me

(
Be

(
fnj (z), 2|fnj (z)− b|

))
|(fnj )′(z)|−h

≥ me

(
Be(b, |fnj (z)− b|)

)
|(fnj )′(z)|−h

� |fnj (z)− b|(qb+1)h−2qb |(fnj )′(z)|−h

=
(
K|(fnj )′(z)|−1|fnj (z)− b|

)h
K−h|fnj (z)− b|qb(h−2).

Since h < 2, using (4.55), this implies that

lim
r→0

r−hme(Be(z, r)) = ∞.

Hence
Hh

e (Tr(f)) = 0

in view of Theorem 3.1 (1). Since by Theorem 4.28 me(J(f) \ Tr(f)) = 0, it
follows from Lemma 3.3 that Hh

e (J(f) \ Tr(f)) = 0. In conclusion

Hh
e (J(f)) = 0,

which completes the proof.

4.6 Packing measure I

Proposition 4.29 The conformal measure m is absolutely continuous with
respect to the packing measure Πh and moreover, the Radon-Nikodym deriva-
tive dms/dΠ

h is uniformly bounded away from infinity. In particular

Πh(J(f)) > 0.

Proof. Since
J(f) ∩ ω

(
Crit(f) \ Crit(J(f))

)
= Ω(f),

we conclude from Lemma 2.20 that there exists y ∈ J(f) at a positive distance,
say 8η, fromO+(Crit(f)). Fix z ∈ Tr(f). Then there exists an infinite sequence
nj ≥ 1 of increasing integers such that fnj (z) ∈ Be(y, η). Therefore

Be(fnj (z), 4η) ∩O+(Crit(f)) = ∅

and consequently

Comp(z, fnj (z), fnj , η/2) ∩ Crit(fnj ) = ∅.

Hence, it follows from Lemma 1.2 and Lemma 4.12 that

lim inf
r→0

me(Be(z, r))
rh

≤ B
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for some constant B ∈ (0,∞) and all z ∈ Tr(f). Applying Lemma 4.21 we
therefore get that

lim inf
r→0

ms(Bs(z, r))
rh

≤ 2hB.

Hence, by Theorem 3.2(1), the measure ms|Tr(f) is absolutely continuous with
respect to Πh

s |Tr(f). Since, by Theorem 4.28, ms(J(f) \ Tr(f)) = 0, we are
done.

Lemma 4.30 If Ω(f) 6= ∅, then Πh
s (J(f)) = +∞.

Proof. Fix ξ ∈ Ω. Since ⋃
n≥0

f−n(ξ)

is dense in J(f) and, by Lemma 2.20, ω(Crit(f)) is nowhere dense in J(f),
there exist an integer s > 0, a real number η > 0, and a point

y ∈ f−s(ξ) \Be

(⋃
n≥0

fn(Crit(f)), η
)
.

Since by Theorem 2.1, h > 1, it follows from Lemma 2.7 and Lemma 4.15 (y
may happen to be a critical point of fs!) that

lim inf
r→0

me(Be(y, r))
rh

= 0. (4.56)

Consider now a transitive point z ∈ J(f), i.e. z ∈ Tr(f). Then there exists an
infinite increasing sequence nj = nj(z) ≥ 1 of positive integers such that

lim
j→∞

|fnj (z)− y| = 0 and rj = |fnj (z)− y| < η/7

for every j = 1, 2, . . .. By the choice of y, for all j ≥ 1 there exist holomorphic
inverse branches

f−nj
z : Be(fnj (z), 6rj) → C

sending fnj (z) to z. So, applying Lemma 1.2 and Lemma 4.12 with R = 3rj ,
we conclude from (4.56) that

lim inf
r→0

me(Be(z, r))
rh

= 0.

Applying Lemma 4.21, we conclude that the same formulas remain true with
me replaced by ms and Be(z, r) by Bs(z, r). Therefore, it follows from Theo-
rem 4.28 (ms(Tr(f)) = 1) and Theorem 3.2(1) that Πh

s (J(f)) = +∞. We are
done.
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4.7 Packing measure II

From now on let m denote the unique atomless h-conformal measure proven
to exist in Theorem 4.28. Our aim in this section is to show that in the absence
of parabolic points the h-dimensional Euclidean packing measure is finite on
bounded subsets of J(f) and Πh

s (J(f)) <∞.

Recall that the numbers Rl(f) and Al(f) have been defined by formulas
(4.34) and (4.35) respectively. Since the number of equivalence classes of the
relation ∼ is finite, looking at Lemma 2.28 and Lemma 4.4, the following
lemma (where the superscript l indicates that we mean the “lower” estimates)
follows immediately from Lemma 4.16.

Lemma 4.31 If C(l)
i > 0, 0 < R

(l)
i ≤ Rl(f)/3, and 0 < σ ≤ 1 are three real

numbers such that all points z ∈ PC0
c(f)i are (r, σ, C(l)

i )-h-s.l.e. with respect
to the measure me, then there exists C̃(l)

i > 0 such that all critical points
c ∈ Cri+1(f) are (r, σ̃, C̃(l)

i )-h-s.l.e. with respect to the measure me for all
0 < r ≤ Al(f)−1R

(l)
i , where σ̃ was defined in Lemma 4.16.

Let us prove the following.

Lemma 4.32 Suppose that Ω(f) = ∅. Assume that C(l)
i,1 > 0, R(l)

i,1 > 0 and
0 < σ ≤ 1 are three real numbers such that all critical points c ∈ Si(f)
are (r, σ, C(l)

i,1)-h-s.l.e. with respect to the measure me for all 0 < r ≤ R
(l)
i,1.

Then there exist C̃(l)
i,1 > 0, R̃(l)

i,1 > 0 and such that all points z ∈ PC0
c(f)i are

(r, 8K3A22#(Crit(f)∩R)σ, C̃
(l)
i,1)-h-s.l.e. with respect to the measure me for all

0 < r ≤ R̃
(l)
i,1, where A was defined in (2.25).

Proof. Recall that by Lemma 4.22 the set PC0
c(f) is f -pseudo-compact. We

shall show that this time one can take

R̃
(l)
i,1 = min{τθ||f ′||−1λ−1, R

(l)
i,1, 1} and C̃

(l)
i,1 = (8(KA2)2#)

h
C

(l)
i,1 ,

where ||f ′|| = ||f ′||
PC0

c(f)
i

. Indeed, denote again #(Crit(f) ∩ R) by #. Take

ε = 4K(KA2)2# and then choose λ > 0 so large that

ε < λmin
{

1, τ−1, θ−1τ−1 min{ρ,R(l)
i,1/2}

}
. (4.57)

Consider 0 < r ≤ R̃
(l)
i,1 and z ∈ PC0

c(f)i. If z ∈ Critc(J(f)), then z ∈ Si(f) and
we are done. Thus, we may assume that z /∈ Critc(J(f)), then z /∈ Crit(J(f)).
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Let s = s(λ, ε, r, z). By the definition of ε

4Kr|(fs)′(z)| = (KA2)−12−#εr|(fs)′(z)|. (4.58)

Suppose first that u(λ, r, z) is well defined and s = u(λ, r, z). Then by item
(4.17) in Proposition 4.18, applied with η = K, we see that the point

fs(z) is (Kr|(fs)′(z)|, σ/K2,Wh(σ/K2))− h-s.l.e..

Using (4.58) it follows from item (4.25) in Proposition 4.19 and Lemma 4.13
that the point z is (r, σ,Wh(σ/K2))-h-s.l.e.. If either u is not defined or s ≤
u(λ, r, z), then in view of item (4.24) in Proposition 4.19, there exists a critical
point c ∈ Crit(f) such that

|fs(z)− c| ≤ εr|(fs)′(z)|.

Since s ≤ u, by Proposition 4.19 and (4.57) we get

|fs(z)− c| ≤ εr|(fs)′(z)| < min{ρ,R(l)
i,1/2}. (4.59)

Since z ∈ PC0
c(f)i it implies that c ∈ Si(f). Therefore, by the assumptions of

Lemma 4.32 and by (4.59) we conclude that c is (2εr|(fs)′(z)|, σ, C(l)
i,1)-h-s.l.e..

Consequently, in view of Lemma 4.9, the point fs(z) is (εr|(fs)′(z)|, 2σ, 2hC
(l)
i,1)-

h-s.l.e.. So, by Lemma 4.10 this point is

(Kr|(fs)′(z)|, 2σε/K, (2εK−1)hC
(l)
i,1)− h-s.l.e.

Using now formula (4.58) and item (4.25) in Proposition 4.19 along with
the fact that Kε−1 < 1 we have from Lemma 4.13 that the point z is
(r, 2Kεσ, (2εK−1)hC

(l)
i,1)-h-s.l.e.. The proof is completed.

As a fairly straightforward consequence of these two lemmas we get the
following.

Lemma 4.33 With some R > 0 and some G > 0 each point of PC0
c(f)i (in

particular each point of Critc(f)) is (r, 1/2, G)-h-s.l.e. for every r ∈ [0, R].

Proof. Since S0(f) = ∅, starting with σ > 0 as small as we wish, it immediately
follow from Lemma 4.32, Lemma 4.31 and Lemma 2.27 by induction on i =
0, 1, . . . , p that all the points of Si(f) and PC0

c(f)i are (r, 1/2, G)-h-s.l.e. with
same G,R > 0 and all r ∈ [0, R]. We are done.

This lemma and Lemma 4.25, taken together, give the following.
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Lemma 4.34 Every point of the set Crit(J(f))∪ f−1(∞) is h-s.l.e. with σ ∈
(0, 1) arbitrary.

Fix c ∈ Crit∞(f). Since limn→∞ fn(c) = ∞, there exists k ≥ 1 such that
qbn ≤ qc (where bn ∈ f−1(∞) is near fn(c), qc was defined in (2.16)) and

|fn(c)| > max{1, 2Diste(0, f(Crit(f))} (4.60)

for all n ≥ k. Put a = fk(c) (we may need in the course of the proof k ≥ 1 to
be bigger).

We shall prove the following.

Lemma 4.35 There exists a constant c1 ≥ 1, such that

me(Be(a, r)) ≥ c−1
1 rh

for all r > 0 small enough.

Proof. Put q = qc. In view of (4.60) for every n ≥ 1 there is a well-defined
holomorphic inverse branch

f−1
n : Be(fn(a),

1
2
|fn(a)|) → C

of sending fn(a) to fn−1(a). Let bn ∈ f−1(∞) be the unique pole (assuming
k 6= 1 is large enough) such that

|fn(a)− bn| ≤ ∆� 1.

Then, by Koebe’s Distortion Theorem, I (Euclidean version)

f−1
n

(
Be

(
fn(a),

1
4
|fn(a)|

))
⊂ Be

(
fn−1(a),

K

4
|fn(a)||f ′(fn−1(a))|−1

)
⊂ Be(fn−1(a), c|fn(a)||fn(a)|−

q+1
q )

= Be(fn−1(a), c|fn(a)|−
1
q )

⊂ Be

(
fn−1(a),

1
4
|fn−1(a)|

)
,

where c > 0 is a constant and the last inclusion was written assuming that

|fn−1(a)| ≥ 4c|fn(a)|−
1
q

which we can assume that to hold for all n ≥ k large enough. So, the compo-
sition
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f−n
a = f−1

1 ◦ f−1
2 ◦ . . . ◦ f−1

n : Be

(
fn(a),

1
4
|fn(a)|

)
→ C

sending fn(a) to a is well-defined and this is holomorphic branch of f−n. Take
0 < r < K

8 |a| and let n+ 1 ≥ 1 be the least integer such that

r|(fn+1)′(a)| ≥ K

8
|fn+1(a)|.

Such integer exists since |f ′(z)| � |f(z)|
qb+1

qb if z is near a pole b. By definition
n ≥ 0 and, since r < K

8 |a|, we have

r|(fn)′(a)| < K

8
|(fn)(a)|.

Then by Koebe’s Distortion Theorem, I (Euclidean version)

Be(a, r) ⊃ f−n
a (Be(fn(a),K−1|(fn)′(a)|). (4.61)

Now we consider three cases determined by the value of r|(fn)′(a)|.

Case 1. ∆ ≤ r|(fn)′(a)| < K
8 |f

n(a)|.

In view of (4.60) and Koebe’s Distortion Theorem, I (Euclidean version)
along with almost conformality of the measure me, we get that

me(B(a, r)) ≥ K−h|(fn)′(a)|−hme(Be(fn(a), 4r|(fn)′(a)|))
� K−h|(fn)′(a)|−h(4r|(fn)′(a)|)2

� |(fn)′(a)|−h(4r|(fn)′(a)|)h

= 4hrh.

(4.62)

and we are done in this case.

Case 2. |fn(a) − bn| ≤ 32A
qmin+1

qmin r|(fn)′(a)| < 32A
qmin+1

qmin ∆, where A was
defined in (2.25).

It follows from Lemma 4.25 that

me(Be(fn(a),K−1|(fn)′(a)|)) � (K−1|(fn)′(a)|)h.

Thus
me(Be(a, r)) ≥ K−h|(fn)′(a)|−h(K−1|(fn)′(a)|)h � rh.

And we are done in this case.

It remains to consider
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Case 3. r|(fn)′(a)| < 1
8A

− qmin+1
qmin K|fn(a)− bn|.

But then

r|(fn+1)′(a)| = r|(fn)′(a)||f ′(fn(a))|

<
K

8
A
− qmin+1

qmin |fn(a)− bn|(A|fn+1(z)|)
qn+1

qn

≤ K

8
A
− qmin+1

qmin A
1

qn
+1|fn+1(a)|

≤ K

8
|fn+1(a)|

contrary to the definition of n. So this case is ruled out and lemma is proved.

We are ready to prove the following.

Theorem 4.36 If Ω(f) = ∅ then the h-dimensional packing measure Πh
e of

every bounded Borel subset of J(f) is finite and Πh
s (J(f)) <∞.

Proof. Consider arbitrary point

z ∈ J(f) \
∞⋃

n=0

f−n({∞} ∪ Crit(f))

and a radius r ∈ (0, γ(aξ)−1). Let s ≥ 0, associated to the point z and the
radius r/ξ, come from Lemma 4.20. If the case (a) of this lemma holds, then
we have from Lemma 1.2 and Lemma 4.12 that

me(Be(z, r)) ≥ K−h|(fs)′(z)|−hme(Be(fs(z),K−1r|(fs)′(z)|)
� K−h|(fs)′(z)|−h(K−1r|(fs)′(z)|)2

� rh(r|(fs)′(z)|2−h � rh.

(4.63)

If the case (b) of this lemma holds, then applying this lemma along with
Lemma 4.34 (with σ ≤ K−1ξ), we get that

me(Be(z, r)) ≥ K−h|(fs)′(z)|−hme(Be(fs(z),K−1r|(fs)′(z)|)
� K−4|(fs)′(z)|−h(K−1r|(fs)′(z)|)h � rh.

Combining this and (4.63), completes the proof of the first part because
of Theorem 3.2(a). Since Πh

e (A) = Πh
e (A + w) for every ω ∈ Λ and since

dΠh
s

dΠh
e
(z) = (1 + |z|2)−h, we get with R = 4diam(R) that
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Πh
s (J(f)) =

∞∑
k=0

Πh
s (A(0, 2kR, 2k+1R)) +Πh

s (Be(0, R))

� Πh
e (Be(0, R)) +

∞∑
k=0

Πh
e (A(0, 2kR, 2k+1R))R−2h4−hk

� Πh
e (Be(0, R)) +

∞∑
k=0

(2kR)2R−2h4−hk

= Πh
e (Be(0, R)) +R(2(1−h)

∞∑
k=0

4(1−h)k < +∞.

since h > 1. We are done.

Proposition 4.37 If HD(J(f)) = 2, then J(f) = C.

Proof. Since Π2
e and l2, the two-dimensional Lebesgue measure on C coincide

up to a multiplicative constant, it follows from (already proved) Theorem 4.1
(b) that if h = 2, then l2(J(f)) > 0. So, in order to prove our proposition
it suffices to show that if J(f)  C, then l2(J(f)) = 0. So, suppose that
J(f) 6= C. By Corollary 1.3 in [17], l2(I∞(f)) = 0. Thus, we are to show that

l2(J(f)) \ (I∞(f) ∪ Sing−(f)) = 0.

Let for any l ≥ 1 the set Zl have the same meaning as in the proof of Theo-
rem 4.28. Since J(f) is a nowhere dense subset of C, there exists ε > 0 such
that for every y ∈ Be(0, 2l) there exists yε ∈ Be(y, 1

2l ) such that

Be(yε, ε) ⊂ Be

(
y,

1
2l

)
\ J(f). (4.64)

Keep the notation from the proof of Theorem 4.28. Fix arbitrary z ∈ Zl. Dis-
regarding finitely many iterates we may assume without loss of generality that
fnk(z) ∈ Be(0, 2l) for al k ≥ 1. By Koebe’s Distortion Theorem (Euclidean
version), Koebe’s 1

4 -Theorem and (4.64), we have

f−nk
z (Be(fnk(z), ε)) ⊂ f−nk

z (Be(fnk(z), (2l)−1) \ J(f))

⊂ Be(z,K|(fnk)′(z)|−1(2l)−1) \ J(f)

and

f−nk
z (Be(fnk(z)ε, ε)) ⊃ Be(f−nk

z (fnk(z)ε),
1
4
ε|(fnk(z))′(z)|−1).

Therefore, we see that

l2(Be(z,K|(fnk)′(z)|−1(2l)−1) \ J(f))
l2(Be(z,K|(fnk)′(z)|−1(2l)−1))

≥
(
εl

2K

)
> 0.
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So, z is not a Lebesgue’s density point for Zl, and therefore l2(Zl) = 0. Hence

l2(J(f) \ (I∞(f) ∪ Sing−(f)) = l2(
∞⋃

l=1

Zl) = 0,

and we are done.

Theorem 4.1 is now a logical consequence of Section 4.5, Proposition 4.29,
Lemma 4.30 and Theorem 4.36.





5

Invariant measures

In this section we deal with σ-finite invariant measures equivalent to the con-
formal measure m. We prove their existence, ergodicity, conservativity and
we detect the points around which these measures are finite or infinite. This
allows us to provide sufficient conditions for their finiteness.

In order to prove Theorem 5.2 below we apply a general sufficient condition
for the existence of σ-finite absolutely continuous invariant measure proven
in [23]. In order to formulate this condition suppose that X is a σ-compact
metric space, ν is a Borel probability measure on X, positive on open sets,
and that a measurable map f : X → X is given with respect to which measure
ν is quasi-invariant, i.e.

ν ◦ f−1 ≺ ν.

Moreover we assume the existence of a countable partition α = {An : n ≥ 0}
of subsets of X which are all σ-compact and of positive measure ν. We also
assume that

ν(X \
⋃
n≥0

An) = 0,

and if additionally for all m,n ≥ 1 there exists k ≥ 0 such that

ν(f−k(Am) ∩An) > 0,

then the partition α is called irreducible. Martens’ result comprising Propo-
sition 2.6 and Theorem 2.9 of [23] reads as follows.

Theorem 5.1 Suppose that α = {An : n ≥ 0} is an irreducible partition for
T : X → X. Suppose that T is conservative and ergodic with respect to the
measure ν. If for every n ≥ 1 there exists Kn ≥ 1 such that for all k ≥ 0 and
all Borel subsets A of An

K−1
n

ν(A)
ν(An)

≤ ν(f−k(A))
ν(f−k(An))

≤ Kn
ν(A)
ν(An)

,
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then T has a σ-finite T -invariant measure µ that is absolutely continuous with
respect to ν. In addition, µ is equivalent to ν, conservative and ergodic, and
unique up to a multiplicative constant. Moreover, for every Borel set A ⊂ X

µ(A) = lim
n→∞

∑n
k=0 ν(f

−k(A))∑n
k=0 ν(f−k(A0))

.

From now on throughout the section ms stands for the unique h-conformal
measure.

The first result of this section is the following.

Theorem 5.2 There exists a σ-finite f-invariant measure µ that is absolutely
continuous with respect to the h-conformal measure ms. In addition, µ is
equivalent to ms, ergodic and conservative.

Proof. Let ξ ∈ C be a periodic point of f with some period p ≥ 3. We put

P3(f) = O+(f(Crit(f))) ∪ {ξ, f(ξ), . . . , fp−1(ξ)}.

Since O+(f(Crit(f)) is a forward-invariant nowhere-dense subset of J(f) and
since the h-conformal measure ms is positive on nonempty open subsets of
J(f), it follows from ergodicity and conservativity of ms (see Theorem 4.28)
that

ms(O+(f(Crit(f)))) = 0.

Since ms has no atoms (see Theorem 4.28) we therefore obtain that

ms(P3(f)) = 0.

We shall now construct the partition α of the set J(f)\P3(f). We shall check
next that it satisfies the assumptions of Theorem 5.1. We first define the
family of balls {

Be

(
z,

1
2
diste(z, P3(f))

)}
z∈J(f)\P3(f)

.

This family obviously covers J(f) \ P3(f). Since J(f) \ P3(f) is an open set,
it is a Lindelöf space, and therefore we can choose a countable subcover of
J(f) \ P3(f), which we denote by{

Be

(
zi,

1
2
diste

(
zi, P3(f)

))}∞
i=1

.

We inductively define a partition A = {Ai}∞i=0 of J(f) \ P3(f) as follows. Let

A0 = Be

(
z0,

1
2
diste(z0, P3(f))

)
.
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Assume that we have defined the sets A1, . . . , An such that

Aj ⊂ Be

(
zj ,

1
2
diste(zj , P3(f))

)
and

IntAj 6= ∅.

Then An+1 we define as

An+1 = Be

(
zn+1,

1
2
diste(zn+1, P3(f))

)
\

n⋃
j=1

Aj .

The set An+1 is disjoint from the sets A1, . . . , An and

An+1 ⊂ Be

(
zn+1,

1
2
diste(zn+1, P3(f))

)
\

n⋃
j=1

Be

(
zj ,

1
2
diste(zj , P3(f))

)
.

Thus either An+1 = ∅ or IntAn+1 6= ∅ and we remove all the empty sets.
We shall now check that the partition is irreducible. And indeed, it follows

from the construction of the sets {Ai}∞i=0 and continuity of the measure m
that it suffices to demonstrate that if z ∈ J(f), r > 0 and K ⊂ C is a compact
set, then there exists n ≥ 1 such that

fn

Be(z, r) \
⋃
k≥0

f−k(∞)

 ⊃ K \
⋃
k≥0

f−k(∞).

Since the set of repelling periodic points is dense in the Julia set ([2], comp.
[6]), there thus exists a periodic point x ∈ Be(z, r), say of period q ≥ 1.
Since x is repelling there exists s > 0 so small that Be(x, s) ⊂ Be(z, r) and
fq(Be(x, s)) ⊃ Be(x, s). Since⋃

j≥1

fqj(Be(x, s)) ⊃ C,

since K is a compact subset of C and since {fqj(Be(x, s))}∞j=1 is an increasing
family of open sets, there thus exists k ≥ 1 such that fqk(Be(x, s)) ⊃ K.

Let us check now the distortion assumption of Theorem 5.1. And indeed,
in view of Koebe’s Distortion Theorem, I (spherical version) there exists a
constant K̂ ≥ 1 such that if

f−n
∗ : Be

(
zi,diste(zi, P3(f))

)
→ C

is a holomorphic branch of f−n, then for every k ≥ 0 and all x, y ∈ Ak we
have

|(f−n
∗ )∗(y)|

|(f−n
∗ )∗(x)|

≤ K̂, (5.1)
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where Ak ⊂ Be

(
zi,

1
2diste (zi, P3(f))

)
. We therefore obtain for all Borel sets

A,B ⊂ Ak with ms(B) > 0 and all n ≥ 0 that

ms(f−n
∗ (A))

ms(f−n
∗ (B))

=

∫
A
|(f−n

∗ )∗|hdms∫
A
|(f−n

∗ )∗|hdms

≤
supAk

{|(f−n
∗ )∗|h}ms(A)

infAk
{|(f−n

∗ )∗|h}ms(B)

≤ K̂hms(A)
ms(B)

,

and similarly
ms(f−n

∗ (A))
ms(f−n

∗ (B))
≥ K̂−hms(A)

ms(B)
.

Since by Theorem 4.28 the measure is conservative ergodic, all the assump-
tions of Theorem 5.1 have been checked and we are done.

The following lemma easily follows from Theorem 5.1.

Lemma 5.3 For every n ≥ 0 we have 0 < µ(An) <∞.

We say that the f -invariant measure µ produced in Theorem 5.2 is of finite
condensation at x ∈ J(f) if and only if there exists an open neighborhood V
of x such that µ(V ) < ∞. Otherwise µ is said to be of infinite condensation
at x. We respectively say that x is a point of finite or infinite condensation of
µ. We end this subsection with the following obvious results.

Lemma 5.4 If x is a point of infinite condensation of µ, then each point of
the closure {fn(x) : n ≥ 0} is also of infinite condensation of µ.

Lemma 5.5 The set of points of infinite condensation of the measure µ is
contained in the union O+(Crit(f)) ∪Ω(f) ∪ {∞}.

Proof. If
z /∈ O+(Crit(f)) ∪Ω(f) ∪ {∞},

then by local finiteness of the family {An : n ≥ 0} there exist an open neigh-
borhood V of z and an integer k ≥ 0 such that ms

(
V \

⋃k
j=0Aj

)
= 0. Hence,

in view of Lemma 5.3 and Theorem 5.2 (µ ≺ ms) we get

µ(V ) ≤
k∑

j=0

µ(Aj) <∞.
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The proof is finished.

Fix w ∈ J(f) \ Be(Ω(f), θ) and an open Jordan domain Q ⊂ Be(w, 2γ).
A sequence {Qn}∞n=0 of connected components of inverse images of f−n(Q)
is called ω-nested if f(Qn+1) = Qn for all n ≥ 0. We start with the following
simple fact.

Lemma 5.6 All the sets Qn, n ≥ 0, are open Jordan domains.

Proof. Suppose that the lemma is not true and let n ≥ 0 be the least integer
such that Qn is not a Jordan domain. Then n ≥ 1 and Qn−1 is a Jordan
domain. Since Qn is a connected component of f−1(Qn−1), the set Qn must
contain a critical point of f , say c. Since Qn ⊂ Be(c, η) and

Be(c, η) ∩ f−1(∞) = ∅,

it follows from the Maximal Modulus Principle that Qn is simply-connected.
This finishes the proof.

Let Crith(f) be the set of all critical points of f that are h-upper estimable.
The key fact for what will follow is this.

Lemma 5.7 For every ξ > 0 there exists a constant Tξ ≥ 1 with the following
properties. Let w ∈ J(f) \Be(Ω(f), θ), let Q ⊂ Be(w, γ) be a Jordan domain
with diame(Q) ≥ ξ, and let {Qn}∞n=0 be a w-nested sequence of connected
components of the sets f−n(Q). For every n ≥ 0 let Wn be the connected
component of f−n(Be(w, 2γ)) containing Qn. If

(Crit(f) \ Crith(f)) ∩
∞⋃

n=1

Wn = ∅,

then
me(Qn) ≤ Th

ξ diamh
e (Qn)

for all n ≥ 0.

Proof. Since M2γ = sup{me(Be(x, 2γ)) : x ∈ J(f)} <∞, we get

me(Q) ≤M2γ =
M2γ

ξh
ξh ≤ M2γ

ξh
diamh

e (Q). (5.2)

Fix k ≥ 0 and n ≥ 0. Suppose that Wk+n contains no critical points of fn.
It then follows from Koebe’s Distortion Theorem, II (Euclidean version) and
(2.29) (note that also Q ⊂ (Be(w, γ)) that
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me(Qk+n) ≤ sup{|(fn)′(z)|−h : z ∈ Qk+n}me(Qk)

≤ Kh
∗ inf{|(fn)′(z)|−h : z ∈ Qk+n}me(Qk)

≤ Kh
∗

diamh
e (Qk+n)

diamh
e (Qk)

me(Qk)

≤ Kh
∗
me(Qk+n)
diamh

e (Qk)
diamh

e (Qk+n),

(5.3)

with an appropriate universal Kh
∗ ≥ 1. Now suppose that Wk+1 contains a

critical point c of f . By (2.27) and Lemma 2.16, c is the only critical point of
f in Wk+1. Suppose first that

diste(f(c), Qk) ≥ 4diame(Qk).

Fix z ∈ Qk. Then Qk ⊂ Be(z,diame(Qk)),

f(Crit(f)) ∩Be(z, 2diam(Qk)) = ∅

(assuming that γ, η > 0 sufficiently small), which makes other (finitely many)
critical values lying sufficiently far apart from f(c). Hence denoting by

f−1
∗ : Be(z, 2γdiame(Q)) → C

the holomorphic inverse branches of f whose image covers Qk, using Koebe’s
Distortion Theorem, II (Euclidean version) we estimate similarly as above

me(Qk+1) ≤ sup{|(f−1
∗ )′(x)|h : x ∈ Qk+1}me(Qk)

≤ Kh inf{|(f−1
∗ )′(x)|h : x ∈ Qk+1}me(Qk)

≤ Kh diamh
e (Qk+1)

diamh
e (Qk)

me(Qk)

≤ Kh me(Qk)
diamh

e (Qk)
diamh

e (Qk+1).

(5.4)

Now, assume that
diste(f(c), Qk) ≤ 4diame(Qk). (5.5)

We thus get that Qk ⊂ Be(f(c), 5diame(Qk)), and therefore

Qk+1 ⊂ Be(c, A(5diame(Qk))1/pc).

Hence, making use of h-upper estimability of the point c, we get that

me(Qk+1) ≤ L(A(5diame(Qk))1/pc)h. (5.6)

It follows from (5.5) that
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Diste(c,Qk+1) ≤ A(Diste(f(c), Qk))1/pc

≤ A(diste(f(c), Qk) + diame(Qk))1/pc

≤ A(5diame(Qk))1/pc .

Therefore

diame(Qk) ≤ diame(Qk+1)A(Diste(c,Qk+1))pc−1

≤ A251/pcdiame(Qk+1)diam
pc−1

pc
e (Qk).

Thus
diam1/pc

e (Qk) ≤ A251/pcdiame(Qk+1).

Inserting this to (5.6), we get that

me(Qk+1) ≤ L(25)h/pcA3h/pcdiamh
e (Qk+1).

Applying this, (5.2) (5.3), (5.4) and making use of Lemma 2.16 along with
(2.27), a straightforward inductive argument yields that for every j ≥ 1

me(Qj) ≤ [L((25A3)1/pcKK∗)h]]M2γξ
−hdiamh

e (Qj).

We are done.

As an immediate consequence of this lemma, Lemma 2.19 and Koebe’s
Distortion Theorem, II (Euclidean version) we obtain the following.

Lemma 5.8 Let w ∈ J(f) \ Be(Ω(f), θ), let V ⊂ Be(w, γ) be a Jordan do-
main with diame(V ) ≥ ξ, let U be a Jordan domain contained in V . Let
{Vn}∞n=0 be a w-nested sequence of connected components of f−n(V ) and
let {Un}∞n=0, with Un ⊂ Vn, be a w-nested sequence of connected compo-
nents of f−n(U). For every n ≥ 0 let Wn be the connected component of
f−n(Be(w, 2γ)) containing Vn. Suppose that

(Crit(f) \ Crith(f)) ∩
∞⋃

n=1

Wn = ∅

and that there exists a Jordan domain Ũ such that U ⊂ Ũ ⊂ V and Ũ ∩
PC(f) = ∅. Then

me(Un) ≥ (2γTξ)−hdiamh
e (U),

and the same inequality remains true (perhaps with a larger constant on the
right-hand side) with me replaced by ms since the diameter of the sets are
bounded by β.

Now we can take the first fruit of this lemma.
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Proposition 5.9 All the points of the set PC0
c(f) \ Ω(f) are of finite con-

densation with respect to the invariant measure µ.

Proof. Take an arbitrary point w ∈ PC0
c(f) \ Ω(f). Assuming θ > 0 to be

small enough, we will have w /∈ Be(Ω(f), θ). Fix V ⊂ Be(w, γ), a round
open neighborhood of w disjoint from PCp(f) ∪ PC∞(f). Since PC0

c(f) is a
nowhere dense subset of J(f), we may assume without loss of generality that
A0, the set coming from Theorem 5.2 is an open ball centered at the point of
J(f)\PC0

c(f), such that 2A0 ⊂ V and 2A0∩PC(f) = ∅. Invoking Lemma 4.27
it immediately from Lemma 5.8 that

ms(f−n(A0) ∩ Vn) ≥ Λξms(Vn)

for every n ≥ 0, where Vn is a connected component of f−n(V ) and

Λξ � (2γTξ)−hdiamh
e (A0). (5.7)

Therefore, summing over all connected components Vn of f−n(V ), we obtain

ms(f−n(A0)) = ms(f−n(A0) ∩ f−n(V )) ≥ Λξms(f−n(V )).

Consequently ∑k
n=0ms(f−n(V ))∑k
n=0ms(f−n(A0))

≤ Λ−1
ξ ,

and invoking the formula for the measure µ, stated in Theorem 5.1 we conclude
that µ(V ) <∞, which finishes the proof.

Lemma 5.10 All the points of the set PC0
p(f) ∪ PC0

∞(f) are of finite con-
densation with respect to the measure µ.

Proof. Fix a point w ∈ PC0
p(f) ∪ PC0

∞(f). There exists j ≥ 0 so large that

f−j(w) ∩ (O+(Crit(f)) ∪Ω(f)) = ∅.

Therefore, taking θ > 0 and γ > 0 small enough, there exists open disk V
centered at w with the following properties:

a) For every z ∈ f−j(w), diste(z,Ω(f)) > θ.
b) For every z ∈ f−j(w), if Vz is the connected component of f−j(V ) con-

taining z, then Vz is Jordan domain and Vz ⊂ (Be(z, γ)).
c)
⋃

z∈f−j(w)Be(z, 2γ) ∩ PC(f) = ∅.

We may assume without loss of generality A0 to be a round disk centered
(at the point of J(f)) such that 2A0 ⊂ V and 2A0 ∩ PC(f) = ∅. It follows
from condition (c) that
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Crit(f) ∩
⋃

z∈f−j(w)

∞⋃
n=0

f−n(Be(z, 2γ)) = ∅.

So, we may apply Lemma 5.8 to the pairs (Uz, Vz), z ∈ f−j(w), where Uz are
the connected components of f−j(A0) contained in Vz, to get, similarly as in
the proof of Proposition 5.9, that for every z ∈ f−j(w) and every n ≥ 0,

n∑
i=0

ms(f−i(Vz)) ≤ Λ−1
w

n∑
i=0

ms(f−i(Ûz)),

where Ûz, z ∈ f−j(w), is the union of all components of f−j(A0) contained
in Vz, and Λw ≤ 1 is a universal constant depending on w. Summing over all
z ∈ f−j(w), we thus get

j+n∑
i=j

ms(f−i(V )) =
n∑

i=0

ms(f−i(f−j((V )))

≤ Λ−1
w

j+n∑
i=j

ms(f−i(A0)).

Since both
∑j−1

i=0 ms(f−i(A0)) and
∑j−1

i=0 ms(f−i(V )) are finite, we thus get

lim
n→∞

∑n
i=0ms(f−i(V ))∑n
i=0ms(f−i(A0))

≤ Λ−1
w .

So µ(V ) <∞, and we are done.

As an immediate consequence of this lemma, Proposition 5.9 and Lemma 5.5
we get the following.

Theorem 5.11 The set of points of infinite condensation of the measure µ
is contained in Ω(f) ∪ {∞}.

Now we will deal with point ∞. We shall prove the following.

Proposition 5.12 If Crit∞(f) ⊂ Crith(f), then ∞ is a point of finite con-
densation of the invariant measure µ.

Proof. Fix R > 0 so large that for each f−1(BR) ∩ PC0
c(f) = ∅ and for every

pole b ∈ f−1(∞), Vb, the connected component of f−1(BR) containing b, is a
Jordan domain disjoint from Be(Ω(f), θ) and is contained in Be(b, γ). Assume
without loss of generality that A0 is a round disk centered at a point of J(f)
such that 2A0 ⊂ BR and 2A0 ∩ PC(f) = ∅. Notice that



92 5 Invariant measures

ξ := inf{diame(Vb) : b ∈ f−1(∞)} > 0.

For every b ∈ f−1(∞) let Ab
0 be a connected component of f−1(A0) contained

in Vb and let 2Ab
0 be the connected component of f−1(2A0) containing Ab

0.
Since the set P1 := PC(f)∩f−1(∞) is finite, proceeding as in the second part
of the proof of Lemma 5.10 with the pair (A0, V ) replaced by (Ab

0, Vb), we see
that there exists k ≥ 0 such that for all n ≥ 0∑

b∈P1

k+n∑
j=k

ms(f−j(Vb)) ≤ Λ−1
ξ

∑
b∈P1

n∑
j=k

ms(f−j(Ab
0)). (5.8)

Where Λξ was defined in (5.7). Since Crit∞(f) ⊂ Crith(f), it directly follows
from Lemma 5.8 that for all j ≥ 0,

ms(f−j(Ab
0) ∩ Vb,j) ≥ Λξms(Vb,j)

for all b ∈ P2 := f−1(∞) \ P1. Summing over all connected components Vb,j

of f−1(Vb), we thus get that ms(f−j(Ab
0)) ≥ Λξms(f−j(Vb)). Hence, for all

n ≥ 0, ∑
b∈P2

n∑
j=0

ms(f−j(Vb)) ≤ Λ−1
ξ

∑
b∈P2

n∑
j=0

ms(f−j(Ab
0)).

Adding this inequality and (5.8) side by side, we get that
n∑

j=0

ms(f−j(BR))− F ≤ Λ−1
ξ

n∑
j=0

ms(f−j(A0))−G

with positive numbers F and G independent of n. Thus, the formula for the
invariant measure µ stated in Theorem 5.1, yields that µ(BR) ≤ Λ−1

ξ < ∞.
We are done.

Corollary 5.13 If f : C → C is a critically pseudo non-recurrent elliptic
function and Crit∞(f) ∪ Ω(f) = ∅, then the invariant measure µ, equivalent
to the conformal measure ms (which in this case coincide with the packing
measure Πh), is finite.

and

Corollary 5.14 If f : C → C is a critically pseudo non-recurrent elliptic
function whose Julia set is equal to the entire complex plane C, then there
exists a unique Borel probability f-invariant measure µ equivalent to the planar
Lebesgue measure on C.

Proof. Since Ω(f) = ∅ and Crit2(f) = Crit(f), there existence of µ follows im-
mediately from Theorem 5.11 and Proposition 5.12. Uniqueness is guaranteed
by Theorem 5.2.



6

Rigidity

In this section we extend the rigidity theorem proved in [28] for tame rational
function and in [31] for holomorphic expanding repellers, to the class of regular
pseudo non-recurrent elliptic functions.

Our ultimate goal in this section is to prove the following rigidity theorem.

Theorem 6.1 Suppose that f and g are two regular pseudo non-recurrent
elliptic functions. Let h : J(f) → J(g) be a homeomorphism conjugating f to
g, namely h ◦ f = g ◦ h on J(f). Then the following conditions (1)-(6) are
equivalent.

1) h extends to an affine conjugacy from C to C between f : C → C and
g : C→ C.

2) h extends to a conformal homeomorphism conjugating f and g on neigh-
borhoods of J(f) and J(g) in C .

3) h extends to a real-analytic diffeomorphism conjugating f and g on neigh-
borhoods of J(f) and J(g) in C .

4) The homeomorphisms h : J(f) → J(g) and h−1 : J(g) → J(f) are Lips-
chitz continuous.

5) For every periodic point z of f , say of period p, |(fp)′(z)| = |(gp)′(h(z))|.
6) The measure class of mf is transported under h to the measure class of

mg.

For this we need to know that the JacobianDµ = dµ◦f
dµ is real analytic. This

in turn requires to know that the Radon-Nikodym derivative dµ
dme

(equivalently
dµ

dms
) is real-analytic, the fact interesting itself. This is our aim now. The

first step toward this end is to project the dynamics as well as conformal
and invariant measures to the torus C/ ∼. We shall describe this procedure
now. Indeed, let T = C/ ∼ be the quotient space of C with respect to the
equivalence relation∼, i.e. the torus generated by the lattice Λ. LetΠ : C→ T
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be the corresponding canonical projection. Put T̂ = Π(C\f−1(∞)). Since the
elliptic function f : C \ f−1(∞) → C respects the equivalence relation ∼, it
induces a holomorphic map f̂ : T̂ → T and the following diagram commutes

C \ f−1(∞)
f
−→ C

Π
y yΠ
T̂

f̂
−→ T .

Let Ĵ = Π(J(f)) ⊂ T . Define the probability measure m̂ on Ĵ by the
formula

m̂(A) := me(Π−1(A) ∩R).

This definition is in fact independent of the choice of the fundamental region
R, and the measure m̂ is clearly h-conformal with respect to the map f̂ .
Because the above diagram commutes the Borel probability measure

µ̂ := µ ◦Π−1

(µ̂(J(f)) = 1) is f̂ -invariant, and since µ is equivalent to me, µ̂ is equivalent
to m̂. We shall prove the following.

Lemma 6.2 The Radon-Nikodym derivative ρ̂ = dµ̂
dm̂ has a real analytic

extension on a neighborhood of Ĵ \Π(PC(f)) in T .

Proof. Since the measure me is ergodic and conservative (Theorem 4.28), so
is the measure m̂. Since we have bounded distortion on the complement of
Π(PC(f)) by Koebe’s Distortion Theorem, the assumption of Theorem 5.1
are satisfied for the dynamical system f̂ : Ĵ → Ĵ and the conformal measure
m̂. Therefore,

ρ̂(z) = lim
n→∞

a−1
n

n∑
k=0

∑
ξ∈f̂−k(z)

|(f̂k)′(ξ)|−h (6.1)

for every z ∈ Ĵ \Π(PC(f)), where an =
∑n

k=0 m̂(f̂−k(A0)) with some set A0

as required in Theorem 5.1. Fix such an arbitrary point z ∈ Ĵ \ Π(PC(f))
and take r = r(z) > 0 so small that

B(z, 2r) ∩Π(PC(f)) = ∅.

We can assume without loss of generality that A0 ⊂ B(z, r). For every k ≥ 0
and every ξ ∈ f̂−k(z), let f̂−k

ξ : B(z, 2r) → T be the unique holomorphic
inverse branch of f̂k defined on B(z, 2r) and determined by the requirement
f̂−k

ξ (z) = ξ. Now embed C into C2 by the formula x+ iy → (x, y) ∈ C2. For
every ξ ∈ f̂−k(z) consider the map gξ : B(z, 2r) → C defined as follows
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gξ(w) =
(f̂−k

ξ )′(w)

(f̂−k
ξ )′(z)

.

Since the ball B(z, 2r) is simply connected, since the Jacobian gξ nowhere
vanishes on B(z, 2r) and since gξ(z) = 1, there exists log gξ : B(z, 2r) → C,
a unique holomorphic branch of logarithm gξ such that log gξ(z) = 0. By the
Koebe’s Distortion Theorem, I (Euclidean version) and Koebe’s Distortion
Theorem for arguments ([16] vol. II, Cor. p. 353), there exists a constant K̂
such that | log gξ| ≤ K̂ throughout B(z, r). Expand log gξ into its Taylor series

log gξ =
∞∑

n=0

un(w − z)n.

By Cauchy’s estimates
|un| ≤ K̂/rn, n ≥ 0. (6.2)

For every point x+ iy ∈ B(z, 2r), we can write

Re log gξ(x+ iy) = Re

( ∞∑
n=0

un ((x− Rez) + i(y − Imz))n

)

=
∞∑

p,q=0

Re
(
up+q

(
p+ q

q

)
iq
)

(x− Rez)p(y − Imz)q

=
∑

cp,q(x− Rez)p(y − Imz)q.

In view of (6.2) we can have

|cp,q| ≤ K̂r−(p+q)2p+q.

Hence Re log gξ extends, by the same power series expansion∑
cp,q(x− Rez)p(y − Imz)q,

to the polydisc DC2(z, r/3) and its modulus is bounded there from above by
4K̂. Denote this extension by R̂e log gξ. Now, for every n ≥ 0 consider the
function bn : B(z, 2r) → C given by the formula

bn(w) = a−1
n

n∑
k=0

∑
ξ∈f̂−k(z)

|(f̂−k
ξ )′(w)|h.

Each function bn extends to a holomorphic function Bn : DC2(z, 2r) → C as
follows

Bn = a−1
n

n∑
k=0

∑
ξ∈f̂−k(z)

|(f̂k)′(ξ)|−h exp(hR̂e log gξ).
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Since A0 ⊂ B(z, 2r), it follows from (6.1) and Koebe’s Distortion Theorem,
I (Euclidean version) that L = supn≥0{bn(z)} < +∞. Therefore, for every
w ∈ DC2(z, r/3), we get

|Bn(z)| ≤ a−1
n

n∑
k=0

∑
ξ∈f̂−k(z)

|(f̂k)′(ξ)|−h| exp(hR̂e log gξ(w))|

≤ a−1
n

n∑
k=0

∑
ξ∈f̂−k(z)

|(f̂k)′(ξ)|−h exp(h|R̂e log gξ(w)|)

≤ exp(4hK̂)a−1
n

n∑
k=0

∑
ξ∈f̂−k(z)

|(f̂k)′(ξ)|−h

= exp(4hK̂)bn(z)

≤ L exp(4hK̂).

Hence, applying Cauchy’s Integral Formula (in DC2(z, r/2)), we see that the
family {Bn}∞n=0 is equicontinuous on DC2(z, r/4). Thus, we can chose from
{Bn}∞n=0 a subsequence uniformly convergent on DC2(z, r/5). Its limit function

Gz : DC2(z, rz/5) → C

is analytic and
Gz |Ĵ∩DC2 (z,rz/5) = ρ̂|Ĵ∩DC2 (z,rz/5).

So Gz |B(z,rz/5) is a real-analytic extension of ρ̂|Ĵ∩DC2 (z,rz/5). Now, if

B(z, rz/10) ∩B(z′, r′z/10) 6= ∅,

z, z′ ∈ Ĵ \Π(PC(f)), then chose a point

v ∈ B(z, rz/10) ∩B(z′, r′z/10).

We may assume without loss of generality that rz ≤ r′z. Then

z ∈ B
(
z′,

rz
10

+
r′z
10

)
⊂ B(z′, r′z/5).

So, z ∈ B(z, rz/5) ∩B(z′, r′z/5); in particular

Ĵ ∩B(z, rz/5) ∩B(z′, r′z/5) 6= ∅.

Since this intersection is not contained in any real-analytic curve (its Hausdorff
dimension is larger than 1), we thus conclude that

Gz |B(z,rz/5)∩B(z′,r′z/5) = Gz′ |B(z,rz/5)∩B(z′,r′z/5).

In particular,
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Gz |B(z,rz/10)∩B(z′,r′z/10) = Gz′ |B(z,rz/10)∩B(z′,r′z/10).

So, the formula G(w) = Gz(w) if z ∈ Ĵ \Π(PC(f)) and w ∈ B(z, rz/10) pro-
vides a well-defined real-analytic function on

⋃
z∈Ĵ\Π(PC(f))

B(z, rz/10) which

coincides with ρ̂ on Ĵ \Π(PC(f)). We are done.

Now, we can prove one of the main results of this section.

Theorem 6.3 The Radon-Nikodym derivative dµ
dme

has a real-analytic
extension on a neighborhood of J(f) \ PC(f) in C.

Proof. Fix a point z ∈ J(f) \ PC(f) and put Rz = 1
2dist(z,PC(f)). Fix also

a point ξ ∈ f−1(z). Then for every Borel set A ⊂ B(z,Rz), we have

µ(A)
me(A)

=
µ(f−1(A))
me(f−1

ξ (A))

me(f−1
ξ (A))

me(A)

=

∑
ω∈Λ µ(ω + f−1

ξ (A))

me(f−1
ξ (A))

me(f−1
ξ (A))

me(A)

=
µ̂(Π(f−1(A)))
m̂(Π(f−1

ξ (A)))

me(f−1
ξ (A))

me(A)
.

.

Hence, passing to Radon-Nikodym derivatives, we get

dµ

dme
(w) =

dµ̂

dm̂
(Π(f−1

ξ (w)))|(f−1
ξ )′(w)|h

for all w ∈ B(z,Rz) ∩ J(f). Since by Lemma 6.2, the function

w → dµ̂

dm̂
(Π(f−1

ξ (w)))|(f−1
ξ )′(w)|h

is real analytic on some ball B(z, R̂z), 0 < R̂z ≤ Rz, we conclude, exactly as
in the proof of this lemma, that the formula

w → dµ̂

dm̂
(Π(f−1

ξ (w)))|(f−1
ξ )′(w)|h

for z ∈ J(f) \ PC(f) and w ∈ B(z, R̂z/2) gives a real analytic extension of
dµ

dme
onto

⋃
z∈J(f)\PC(f)

B(z, R̂z/2.

Since
dµ ◦ f
dµ

=
dµ

dme
◦ f |f ′|h

(
dµ

dme

)−1

,

as an immediate consequence of Theorem 6.3, we get the following.
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Corollary 6.4 The Jacobian Dµf = dµ◦f
dµ has a real analytic extension on

a neighborhood of J(f) \ (PC(f) ∪ f−1(∞)) in C.

We recall that the sets PC(f) and PC0(f) were defined in (2.15). Let

PS0(f) := PC0(f) ∪ f−1(∞), PS−(f) :=
∞⋃

n=0

f−n
(
PS0(f)

)
.

Given a set A ⊂ C and r > 0 let B(A, r) = {z ∈ C : dist(z,A) < r}. Let
B(A, r) denote its closure. For A being a point this is the closed ball centered
at A and of radius r.

If Y is a subset of C, then we say that u : Y → S1 is an invariant line field

on Y if u(f(x)) =
(

f ′(x)
|f ′(x)|

)2

u(x) for all x ∈ Y ∩ f−1(Y ).

Theorem 6.5 If f : C→ C is a critically pseudo non-recurrent elliptic func-
tion, then no of the following statement is true.

(a) The Jacobian Dµf
: J(f) \ PS0(f) → (0,+∞) is locally constant.

(b) The function log |f ′| : J(f) \ PS0(f) → R is cohomologous to a locally
constant function on J(f) \ PS0(f) in the class of continuous functions
on J(f) \ PS0(f).

(c) There exists a continuous f-invariant line field on J(f) \ PS0(f).
(d) For every n ≥ 1 and every point z ∈ J(f) \ PS−(f),

det(∇(Dµf
◦ fn)(z),∇(Dµf

)(z)) = 0.

Proof. The structure of the proof is to establish the following implications
(a) =⇒ (b), (d) =⇒(a)∨(c) and to show that both (b) and (c) lead to a con-
tradiction.

(a) =⇒(b). Let ρ = dµ
dme

. Since Dµf
= ρ ◦ f |f ′|hρ−1, we get that

logDµf
= log ρ ◦ f + h log |f ′| − log ρ.

Hence
log |f ′| = h−1 logDµf

+ h−1 log ρ− h−1 log ρ ◦ f.

Since ρ : J(f) \ PS0(f) → (0,+∞) is by Theorem 6.3 continuous and since
logDµf

is locally constant by (a), (b) follows.

(d) =⇒ (a) ∨ (c). Suppose first that ∇Dµf
≡ 0 on J(f) \ PS0(f). This of

course equivalently means that Dµf
is locally constant on J(f)\PS0(f) giving
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(a). So, suppose that there exists v ∈ J(f) \ PS0(f) such that ∇Dµf
(v) 6= 0.

Since the gradient ∇Dµf
is locally real-analytic, there thus exists a simply-

connected neighborhood W ⊂ C \ PS0(f) of v ∈ C on which the gradient
nowhere vanishes. Then there exists a continuous function l : W → S1 such
that l(z) is orthogonal to ∇Dµf

(z) at every point z ∈ W . Now, for every

z ∈ J(f) \ PS0(f) there exists n ≥ 0 and ξ ∈W ∩ f−n(z). Then define

l(z) = (fn)′(ξ)l(ξ).

We want to show first that the function l is well-defined on J(f) \PS0(f) i.e.
that if ζ ∈ f−m(z) ∩W , m ≥ 0, then

(fn)′(ξ)l(ξ) = (fm)′(ζ)l(ζ). (6.3)

Suppose on the contrary that (6.3) fails with some z, ξ, ζ as above. Then there
exists a point x ∈ (J(f) \ PS0(f)) ∩W , k ≥ 0, and w ∈ f−k(x) so close to z
that there are two points y1 ∈ f−n(w) and y2 ∈ f−m(w) so close respectively
to ξ and ζ that

(fn)′(y1)l(y1) 6= (fm)′(y2)l(y2).

Hence,
(fk+n)′(y1)l(y1) 6= (fk+m)′(y2)l(y2).

So, either

(fk+n)′(y1)l(y1) 6= l(x) or (fk+m)′(y2)l(y2) 6= l(x). (6.4)

Suppose without loss of generality that the first of these two inequalities
holds. Consider now gradients as horizontal vectors and vectors parallel to
l as vertical ones. The standard inner product becomes then the product of
matrices (horizontal or vertical). Let t be a unit vector parallel to l(x). Since,
by the Chain Rule,

∇(Dµf
◦ fk+n)(y1) = ∇Dµf

(fk+n(y1))(fk+n)′(y1) = ∇Dµf
(x)(fk+n)′(y1)

and since the matrix ((fk+n)′(y1))−1 is symmetric, we get

< ∇(Dµf
◦ fk+n)(y1), ((fk+n)′(y1))−1t >=

< ∇(Dµf
◦ fk+n)(y1)((fk+n)′(y1))−1, t >=

< ∇Dµf
(x), t >= 0.

Combining this and (6.4) we see that l(y1) is not perpendicular to

∇(Dµf
◦ fk+n)(y1).

This means that ∇Dµf
(y1) and ∇(Dµf

◦ fk+n)(y1) are not parallel, or equiv-
alently,
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det(∇(Dµf
◦ fk+n)(y1),∇Dµf

(y1)) 6= 0,

contrary to (d) since y1 /∈ PS−(f). Thus l : J(f)\PS0(f) → S1 is well-defined

and the invariance of the line field u(z) =
(

l(z)
|l(z)|

)2

defined on J(f) \ PS0(f)
is immediate from the definition of l. The implication (d) =⇒(a)∨ (c) is thus
established.

Item (c) leads to a contradiction. By item (c) there exists a continuous
function l : J(f) \ PS0(f) → S1 such that

l(f(z)) = l(z)
(
f ′(z)
|f ′(z)|

)2

(6.5)

for all z ∈ J(f) \ (PS0(f) ∪ f−1(PS0(f))). Fix a pole b ∈ f−1(∞). Let q ≥ 1
be the order of b. Taking R > 0 sufficiently small, there exists r > 0 and a
holomorphic function

A : B(b, r) → {z ∈ C : r < |z| < r−1}

such that
f(z) = A(z)(z − b)−q

for all z ∈ B(b, R). Consequently

f(z) = A(z − w)(z − w − b)−q

for all w ∈ Λ and for all z ∈ B(b+ w,R). So,

f ′(z) = (z − w − b)−q−1(A′(z − w)(z − w − b)− qA(z)).

Therefore,

f ′(z)
|f ′(z)|

=
|z − w − b|q+1

(z − w − b)q+1

A′(z − w)(z − w − b)− qA(z − w)
|A′(z − w)(z − w − b)− qA(z − w)|

. (6.6)

Now note that for every w ∈ Λ with sufficiently large modulus, there exists
zw ∈ B(w + b, R) with a fixed point of f , i.e.

f(zw) = zw. (6.7)

Note also that lim|w|→∞ |zw − (b+ w)| = 0. Therefore,

lim
|w|→+∞

A′(zw − w)(zw − w − b)− qA(zw − w)
|A′(zw − w)(zw − w − b)− qA(zw − w)|

= − A(b)
|A(b)|

. (6.8)

If |w| is large enough, then

zw ∈ J(f) \ (PS0(f) ∪ f−1(PS0(f))),
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and it therefore follows from (6.5) that

(f ′(zw)/|f ′(zw)|)2 = 1.

Hence, combining (6.6) and (6.8), we get that

lim
|w|→∞

(
(zw − w − b)q+1

|zw − w − b|q+1

)2

=
(
A(b)
|A(b)|

)2

.

Thus,

lim
|w|→∞

(zw − w − b)2(q+1)

|zw − w − b|2(q+1)
=
(
A(b)
|A(b)|

)2

. (6.9)

By (6.7), A(zw − w)(zw − w − b)−q = zw, or equivalently, (zw − b − w)q =
A(zw − w)z−1

w . Hence,

(zw − w − b)2q(q+1)

|zw − w − b|2q(q+1)
=
(
A(zw − w)
|A(zw − w)|

)2(q+1)( |zw|
zw

)2(q+1)

.

Since lim|w|→∞(zw − w) = b, inserting this to (6.9), we get that

lim
|w|→∞

(
zw

|zw|

)2(q+1)

=
(
A(b)
|A(b)|

)2

.

This is a contradiction since the set of accumulation points of the sequence(
zw

|zw|

)
w∈Λ

is the entire unit circle S1. We are done.

Item (b) leads to a contradiction. Let N := ](f(Crit(f)). Since
HD(J(f)) > 1, in fact the Hausdorff dimension of every non-empty open sub-
set of J(f) is equal to HD(J(f)) > 1, we conclude that there are closed polygo-
nal arcs γ1, γ̂1, . . . , γN , γ̂N , γN+1, γ̂N+1 consisting of finitely many straight line
segments with the following properties

(i) There exists x ∈ C \
⋃∞

n≥0 f
−n(PS0(f)) such that for all different i, j ∈

{1, . . . , N + 1}, γi ∩ γj = γ̂i ∩ γ̂j = {x}.
(ii) The arcs γ1, γ̂1, . . . , γN , γ̂N are compact.
(iii) The arcs γN+1 and γ̂N+1 are unbounded and γN+1 ∩ γ̂N+1 = {x}.
(iv) For every 1 ≤ j ≤ N the arcs γj and γ̂j have the same endpoints, one of

which belongs to f(Crit(f)), and the intersection γj ∩ γ̂j is a doubleton.
In particular, γj ∪ γ̂j is a closed Jordan curve.

(v) If Q =
⋃N+1

j=1 γj and Q̂ =
⋃N+1

j=1 γ̂j , then each connected component of
C \ (Q ∪ Q̂) intersects J(f).

(vi) f(Crit(f)) is contained in the set of endpoints of γj , j = 1, . . . , N (and
also γ̂j , j = 1, . . . , N).
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Take a fixed (with respect to f) point w ∈ J(f) \PS0(f) (note that there are
infinitely many of such points). Fix also an arbitrary point

ξ0 ∈ J(f) \ (Q ∪ PS0(f))

and an arbitrary radius R > 0 so large, say R ≥ R∗, that B(ξ0, R) \ Q and
B(ξ0, R) \ Q̂ are open topological disks. For every ξ1 ∈ f−1(ξ0) there then
exists a unique holomorphic inverse branch f−1

ξ1
: B(ξ0, R) \ Q → C of f

sending ξ0 to ξ−1. Note that all the sets f−1
ξ1

(B(ξ0, R) \ Q) are uniformly
bounded, have piecewise smooth boundaries and

dist(f−1
ξ1

(B(ξ0, R) \Q), f−1(∞)) > 0.

Recalling also that PCc(f) is bounded and PCp(f) is bounded (even finite),
we thus deduce that for all ξ1 ∈ f−1(ξ0) with sufficiently large modulus (de-
pending on R),

f−1
ξ1

(B(ξ0, R) \Q) ∩ PS0(f) = ∅. (6.10)

Denote by V the unbounded connected component of

C \ f−1
ξ1

(B(ξ0, R) \Q).

Obviously V is an open simply connected set whose boundary is a piecewise
smooth Jordan curve contained in ∂(f−1

ξ1
(B(ξ0, R) \Q)). Fixing ξ1 with suffi-

ciently large modulus, we will also have,

C \ V ∩ PC(f) = ∅.

Then there exists r > 0 such that, for every s ∈ (0, r],

Ws = B(C \ V, s) ⊃ B(f−1
ξ1

(B(ξ0, R) \Q), s)

is a topological disk disjoint from PC(f). Extend now ξ0 and ξ1 to a sequence
ξ = {ξn}∞0 such that f(ξn+1) = ξn for all n ≥ 0 and

lim
n→∞

ξn = w. (6.11)

For every n ≥ 2, let f−(n−1)
n : Wr → C, be the unique holomorphic inverse

branch of fn−1 sending ξ1 to ξn. For every z ∈ Wr put zn = f
−(n−1)
n (z),

n ≥ 2. We now shall show that the series

∞∑
n=2

(log |f ′(ξn)| − log |f ′(zn)|) (6.12)

converges uniformly on Wr/2. Indeed, take arbitrary 1 ≤ k ≤ l. Then by the
Chain Rule
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l∑

j=k+1

(log |f ′(ξj)| − log |f ′(zj)|)

∣∣∣∣∣∣ =
∣∣∣∣∣log

∣∣∣∣∣ (f
−(l−k)
k,l )′(zk)

(f−(l−k)
k,l )′(ξk)

∣∣∣∣∣
∣∣∣∣∣ ,

where f−(l−k)
k,l : f−(k−1)

k (Ws) → C, the unique holomorphic inverse branch

sending ξk to ξl, is equal to f−(l−1)
l ◦ fk−1. Since for all k ≥ 1 large enough

f
−(l−k)
k,l extends univalently (and holomorphically) to B(ξk, 1

2dist(w,PC(f)))
and since limn→∞ |zn− ξn| = 0 uniformly on Wr/2, we conclude from Koebe’s
Distortion Theorem, II (Euclidean version) that

lim
k→∞

sup
z∈Wr/2

sup
l≥k


∣∣∣∣∣∣

l∑
j=k+1

(log |f ′(ξj)| − log |f ′(zj)|)

∣∣∣∣∣∣
 = 0. (6.13)

This means that the sequence of partial sums of the series (6.12) is uniformly
Cauchy (fundamental), and it therefore converges uniformly to a harmonic
function. Thus the function

uR(z) = u(ξ0) + log |f ′(ξ1)| − log |f ′(f−1
ξ1

(z))|

+
∞∑

n=2

(
log |f ′(ξn)| − log |f ′((f−1

ξ1
(z))n)|

) (6.14)

is well defined and harmonic on B(ξ0, R) \ Q. By the assumption (b) there
exists a continuous function u : J(f) \ PS0(f) → R and locally constant
function c : J(f) \ PS0(f) → R such that

log |f ′(z)| = c(z) + u(z)− u(f(z)) (6.15)

for all z ∈ J(f) \ (PS0(f) ∪ f−1(PS0(f))). Consider now the set E ⊂ J(f)
consisting of all those points y for which f−1(y) is not a subset of PS0(f). Note
that J(f) \ E ⊂ f(Crit(f)). Fix x ∈ f−1(y) \ PS0(f). Making use of (6.15),
for points z near x, we deduce that u extends continuously to E. Noting also
that if z ∈ J(f) \PS0(f), then f(z) ∈ E, we further deduce that (6.15) holds
for all z ∈ J(f) \ PS0(f), i.e.

log |f ′(z)| = c(z) + u(z)− u(f(z)). (6.16)

Now using (6.10) and (6.11) we conclude also that there exists R̂Q > 0 so
small that the function c : J(f) \ PS0(f) → R is constant on each set

f−(n−1)
n (B(ξ1, R̂Q)) ∩ (J(f) \ PS0(f))

and on the set
B(ξ1, R̂Q) ∩ (J(f) \ PS0(f)).
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Taking RQ = RQ,ξ ∈ (0, R) so small that

B(ξ0, RQ) ⊂ B(ξ0, R) \Q

and
f−1

ξ1
(B(ξ0, RQ)) ⊂ B(ξ1, R̂Q),

and recalling that

lim
n→∞

u((f−1
ξ1

(z))n) = u(w) = lim
n→∞

u(ξn)

for all z ∈ B(ξ0, R) \ Q, uniformly on B(ξ0, RQ) (apply (6.10) along with
Koebe’s Distortion Theorem, I (Euclidean version) and the standard normal-
ity argument), we conclude from (6.16) and (6.14) that

u(z) = uR(z) (6.17)

for all z ∈ B(ξ0, RQ) ∩ (J(f) \ PS0(f)) and u(z) − uR(z) is locally constant
throughout

(B(ξ0, R) \Q) ∩ (J(f) \ PS0(f)).

Suppose now that 0 < R∗ ≤ R1 ≤ R2. Since, by Theorem 2.1, HD(J(f)) > 1
and PS0(f) is a nowhere dense subset of J(f), J(f)\PS0(f)) is not contained
in any countable union of real-analytic curves. It therefore follows from (6.17)
that uR2 restricted to B(ξ0, R1) \Q coincides with uR1 . Thus, we can define
a harmonic function ũQ : C \Q→ R by the formula ũQ(z) = u|z|+1(z) and it
holds that

ũQ(z) = u(z) (6.18)

for all z ∈ B(ξ0, RQ) ∩ (J(f) \ PS0(f)) and

Claim 1. u(z)−ũQ(z) is locally constant throughout (C\Q)∩(J(f)\PS0(f)).

Using condition (v), we thus conclude that

Claim 2. The function ũQ̂ − ũQ is constant on each connected component of
C \ (Q ∪ Q̂).

Combining Claim 1 again and (6.16), we conclude that ũQ−ũQ◦f−log |f ′|
is locally constant and harmonic on

(C \ (Q ∪ f−1(Q))) ∩ (J(f) \ PS0(f)).

Using the fact that PS0(f) is nowhere dense in J(f), we get the following.
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Claim 3. The function ũQ − ũQ ◦ f − log |f ′| is constant on each connected
component of C \ (Q ∪ f−1(Q)) that intersects J(f)).

Our nearest goal now is to extend this claim to all connected components
of C \ (Q ∪ f−1(Q)). And indeed, consider S, a connected component of

C \ f−1(Q) = f−1(C \Q).

Two connected components S1 and S2 of

C \ (Q ∪ f−1(Q))

contained in S are called equivalent if S1∩S2 is a non-degenerate segment of Q
(since S is simply-connected, the other possibilities are that either S1 ∩ S2 =
∅ or S1 ∩ S2 is a singleton contained in Q). A connected component S′ of
C \ (Q ∪ f−1(Q)) is called tame if the function

ũQ − ũQ ◦ f − log |f ′|

is constant on S′. We shall prove the following.

Claim 4. Suppose S is a connected compact component of C \ f−1(Q). If S1

and S2 are two arbitrary equivalent connected components of C\(Q∪f−1(Q))
contained in S and S1 is tame, then so is S2.

Proof. Let ∆ = S̄1 ∩ S̄2 ⊂ Q. Perturbing ∆ a little bit we can replace it by a
closed segment ∆̂ with the following properties:

- ∆̂ has the same endpoints as ∆.
- Int∆̂ ⊂ S2.
- If Q̂ is obtained from Q by replacing ∆ by ∆̂, then there exists S3, a

connected component of C\(Q̂∪f−1(Q̂)) that has non-empty intersections
with S1 and S2.

Consider S3,1, a connected component of S1 ∩ S3. Then

S3,1 ∪ f(S3,1) ⊂ C \ (Q ∪ Q̂),

and it follows from Claim 2 that ũQ̂− ũQ and ũQ̂◦f− ũQ◦f are both constant
on S3,1. Since S1 is tame, we thus conclude that

ũQ̂ − ũQ̂ ◦ f − log |f ′|

is constant on S3,1, and hence, on S3. Let S3,2 be a connected component of
S3 ∩ S2. As above, ũQ − ũQ̂ and ũQ ◦ f − ũQ̂ ◦ f are both constant on S3,2.
Therefore

ũQ − ũQ ◦ f − log |f ′|
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is constant on S3,2 and hence, S2 is tame. The proof of Claim 4 is complete.

Since each connected component S of

C \ f−1(Q) = f−1(C \Q)

intersects the Julia set J(f), the component S contains at least one tame, con-
nected component of C \ (Q ∪ f−1(Q)). Since in addition, any two connected
components S′ and S′′ of C \ (Q ∪ f−1(Q)) contained in S can be connected
by a sequence S′ = S1, S2, . . . , Sk = S′′ of components of C \ (Q ∪ f−1(Q))
contained in S such that any two consecutive are equivalent, we thus conclude
from Claim 4 the following.

Claim 5. The function ũQ − ũQ ◦ f − log |f ′| is constant on each connected
component of C \ (Q ∪ f−1(Q)).

Define Sing+(ũQ) and Sing−(ũQ), the sets of singularities of ũQ as follows.

Sing+(ũQ) = {w ∈ C : lim sup
z→w

ũQ(z) = +∞}.

and
Sing−(ũQ) = {w ∈ C : lim inf

z→w
ũQ(z) = −∞}.

It immediately follows from Claim 2 that

Sing+(ũQ) ∪ Sing−(ũQ) ⊂ {x} ∪ f(Crit(f)). (6.19)

Since the family of closures of connected components of C \ (Q ∪ f−1(Q)) is
locally finite, as an immediate consequence of Claim 5, we get the following.

f((Sing+(ũQ) \ f−1(∞)) ∪ (Crit(f) \ Sing−(ũQ))) ⊂ Sing+(ũQ) (6.20)

and
f−1(Sing+(ũQ)) ⊂ Sing+(ũQ) ∪ Crit(f). (6.21)

Now, since the set f(Crit(f)) is finite, for every point w ∈ f(Crit(f)) there
exists

z ∈ (Crit(f) \ ({x} ∪ f(Crit(f)))) ∩
∞⋃

n=1

f−n(w).

It then follows from (6.19) that z /∈ Sing−(ũQ). Hence, using (6.20), we see
that f(z) ∈ Sing+(ũQ). Since there is n ≥ 1 such that w = fn(z), applying
(6.20) n− 1 times, we conclude that w ∈ Sing+(ũQ). So, we have proved the
following.

f(Crit(f)) ⊂ Sing+(ũQ). (6.22)
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Claim 6. The set
⋃∞

n=0 f
n(f(Crit(f)) is finite.

Proof. Suppose on the contrary that this union is infinite. Since the set
f(Crit(f)) is finite, there thus exists w ∈ f(Crit(f)) such that all the points
fn(w), n ≥ 0, are mutually distinct. If then follows from (6.22) and (6.20)
that

{fn(w)}∞n=0 ⊂ Sing+(ũQ).

Since, by (6.19), the set Sing+(ũQ) is finite, we get a contradiction which
finishes the proof.

Due to Non-Wandering Theorem [4] and classification of periodic compo-
nents of the Fatou set F (f) given in [3], as an immediate consequence of this
claim, we get the following.

Claim 7. Either f has a superattracting periodic orbit or else J(f) = C.

Consider now two cases.

Case 1. The elliptic map f : C→ C has a critical periodic point c.

By (6.22) and (6.20) both points c and f(c) belong to Sing+(ũQ) (the whole
forward orbit of c does). Since Sing+(ũQ)∪Sing−(ũQ) is finite by (6.19), since
[c], the equivalence class of c with respect to the relation ∼, is infinite, there
exists

w ∈ [c] \ (Sing+(ũQ) ∪ Sing−(ũQ)).

There then exist two constants C1, C2 ∈ R, λ ∈ Λ, and a sequence {wn}∞n=1

with the following properties:

(α) ∀n ≥ 1 wn /∈ Sing+(ũQ) ∪ Sing−(ũQ),
(β) limn→∞ wn = w and limn→∞(wn + λ) = c,
(γ) ũQ(wn)− ũQ(f(wn))− log |f ′(wn)| = C1, (Claim 5)
(δ) ũQ(wn + λ)− ũQ(f(wn + λ))− log |f ′(wn + λ)| = C2, (Claim 5)
(ε) limn→∞ ũQ(wn + λ) = ∞.

Since f(wn + λ) = f(wn) and f ′(wn + λ) = f ′(wn), (γ) and (δ) imply that
ũQ(wn + λ) = ũQ(wn) + C2 − C1. Since w /∈ Sing+(ũQ), we conclude that

limn→∞ũQ(wn + λ) = C2 − C1 + limn→∞ũQ(wn) <∞,

contrary to (ε). The Case 1 is ruled out.

Case 2. J(f) = C

By Claim 6 the set C \ PS0(f) is connected, and therefore, the locally
constant function c : C \ PS0(f) → R is constant, say equal to c. By Claim 6
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there exists a sequence {zn}∞1 of points in C \ PS0(f) with the following
properties

lim
n→∞

zn = ∞

and f(zn) = zn for all n ≥ 1. Since limn→∞ f(zn) = ∞, it follows that

lim
n→∞

dist(zn, f
−1(∞)) = 0,

and therefore limn→∞ log |f ′(zn)| = ∞, contrary to (6.16) from which follows
that log |f ′(zn)| = c(zn) = c. We are done.

We will prove the chain of implications (2) ⇒ (3) ⇒ (4) . . . ⇒ (6) of
Theorem 6.1.

We will frequently apply the following easy fact.

Lemma 6.6 Every homeomorphism h : X → Y , where X and Y are closed
subsets of C, is uniformly continuous with respect to the spherical metric on
C.

Proof. If one of the sets X or Y is compact, then so is the other, and we
are done. So, we may assume that neither X nor Y are compact. It suf-
fices to show that the map ĥ : X ∪ {∞} → Y ∪ {∞}, determined by the
requirements ĥ|X = h and ĥ(∞) = ∞, is continuous at ∞. To prove this
suppose for the contrary that ĥ is not continuous at ∞. This means that
there exists a sequence (xn)∞n=0 ⊂ X converging to ∞ such that (ĥ(xn))∞n=0

does not converge to ∞. Passing to a subsequence, we may assume without
lost of generality that the sequence (ĥ(xn))∞n=0 is bounded. But then its clo-
sure

(
h(xn)

)∞
n=0

is compact. So, the set h−1
(
(h(xn))∞n=0

)
is compact, thus

bounded. Since (xn)∞n=0 ⊂ h−1(h(xn)∞n=0), the sequence (xn)∞n=0 is bounded,
contrary to the assumption that it converges to ∞.

Using this lemma we get the following.

Proposition 6.7 If a homeomorphism h : J(f) → J(g) satisfying condi-
tion (5) of Theorem 6.1 conjugates two critically pseudo non-recurrent ellip-
tic functions f and g, then h(Crit(J(f))) = Crit(J(g)), h(Ω(f)) = Ω(g),
h(f−1(∞)) = g−1(∞) and h(PC(f)) = PC(g).

The implications (2) ⇒ (3) and (3) ⇒ (4) are obvious. For the sake of
completeness we provide now an easy proof of the implication (4) ⇒ (5).
Suppose that x ∈ J(f) is a periodic point of period p and

|(fp)′(x)| 6= |(gp)′(h(x))|.

Without losing generality we may assume that
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|(fp)′(x)| < |(gp)′(h(x))|.

Fix
|(fp)′(x)| < µ < λ < |(gp)′(h(x))|.

Let U be a neighborhood of x such that both continuous inverse branches
f−p

x : U → U of fp and g−p
h(x) : h(U ∩ J(f)) → h(U ∩ J(f)) of gp sending

respectively x to x and h(x) to h(x) are well defined. Taking U sufficiently
small we may assume that |f−pn

x (z)− x| ≥ µ−n and |g−pn
h(x)(w)− h(x)| ≤ λ−n

for all n ≥ 1, z ∈ U and w ∈ h(U). Hence

|f−pn
x (z)− x|

|h(f−pn
x (z))− h(x)|

≥ µ−n

λ−n
=
(
λ

µ

)n

→∞

if n→∞. The implication (4) ⇒ (5) is proved.

In order to show that (5) ⇒ (6) we need first the following version of the
closing lemma (or shadowing lemma).

Lemma 6.8 Fix s > 0. Then for all 0 < ρ2 < s there exists ρ1 > 0 an
integer n1 ≥ 1 such that for every n ≥ n1 if fn(x) ∈ J(f) \ Bs(PC(f), s)
and if fn(x) ∈ Bs(x, ρ1), then there exists y ∈ J(f) such that fn(y) = y and
|f j(x)− f j(y)|∗ ≤ ρ2 for all 0 ≤ j ≤ n− n1 and |y − fn(x)|∗ < ρ2.

Proof. It easily follows from Corollary 2.15, Koebe’s Distortion Theorem, I
(spherical version) and the normal family argument that

lim
n→∞

sup{diams(Pn)} = 0,

where Pn ranges over all connected components of f−n(Bs(z, ρ2)),
z ∈ J(f) \ Bs(PC(f), s). Take n1 so large that diams(Pn) < ρ2/2 for all
n ≥ n1. Take ρ1 < ρ2/2. Let Bn, n ≥ n1, be the connected component of
f−n(Bs(fn(x), ρ2)) containing x. Let f−n

x : Bs(fn(x), ρ2) → Bn be the holo-
morphic inverse branch of fn sending fn(x) to x. We then have

f−n
x (Bs(fn(x), ρ2)) ⊂ Bs(x, ρ2/2) ⊂ Bs(fn(x), ρ1 + ρ2/2) ⊂ Bs(fn(x), ρ2).

Hence by the Brower fixed point theorem there exists y ∈ Bs(fn(x), ρ2) such
that f−n(y) = y which implies that fn(y) = y. Finally note that

|f−j
x (fn(x))− f−j

x (fn(y))|∗ = |f−j
x (fn(x))− f−j

x (fn(y))|∗ ≤ ρ2/2 ≤ ρ2

for all j ≥ n1.

By topological exactness of f the set of transitive points of f is dense in
J(f). Choose one such a point, say x. For every z ∈ J(f)\ (Crit(f)∪f−1(∞))
define
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η(z) = log |g′(h(z))| − log |f ′(z)|.

Note that x /∈ Crit(f) ∪ f−1(∞) and for every n ≥ 1, set

u(fn(x)) =
n−1∑
j=0

η(f j(x)). (6.23)

Lemma 6.9 Suppose that condition (5) of Theorem 6.1 holds. Then for every
s > 0 the function u restricted to the set (J(f)\Bs(PC(f), s))∩{fn(x) : n ≥ 0}
is uniformly continuous with respect to the spherical metric.

Proof. By Lemma 6.6 and Proposition 6.7 there exists s′ > 0 such that

h(J(f) \Bs(PC(f), s)) ⊂ J(g) \Bs(PC(g), s′).

Fix δ ∈ (0,min{s, s′}). By Lemma 6.6 there exists 0 < ρ2 < δ so small that
|h(z) − h(w)|∗ ≤ δ whenever |z − w|∗ ≤ ρ2. Choose ρ1 and n1 according to
Lemma 6.8 applied to the function f . Consider two points fn(x) and fm(x) in
J(f)\Bs(PC(f), s) such that n ≥ m and |fn(x)−fm(x)|∗ < ρ1. Then in view
of Lemma 6.8 there exists a point y ∈ J(f) such that fn−m(fm(y)) = fm(y),

|fm+j(x)− fm+j(y)|∗ < ρ2

for all j = 0, 1, . . . , n − m − n1, and |fn(x) − fn(y)|∗ < ρ2. Since by the
assumption

∑n−1
j=m η(f j(y)) = 0, we therefore get

u(fn(x))− u(fm(x)) =
n−1∑
j=m

η(f j(x)) =
n−1∑
j=m

(
η(f j(x))− η(f j(y))

)
=

n−1∑
j=m

(log |g′(h(f j(x)))| − log |g′(h(f j(y)))|)

− (log |f ′(f j(x))| − log |f ′(f j(y))|)

= log
∣∣∣∣ (gn−m)′(h(fm(x)))
(gn−m)′(h(fm(y)))

∣∣∣∣− log
∣∣∣∣ (fn−m)′(fm(x))
(fn−m)′(fm(y))

∣∣∣∣ .
We want u(fn(x)) and u(fm(x)) to be close one to the other if fn(x) and
fm(x) are. For this it suffices to know that each term log

∣∣∣ (gn−m)′(h(gm(x)))
(gn−m)′(h(gm(y)))

∣∣∣ and

log
∣∣∣ (fn−m)′(fm(x))
(fn−m)′(fm(y))

∣∣∣ is small. But for the later the term this follows from the
Koebe’s Distortion Theorem, I (spherical version) since |fm(x) − fm(y)|∗ <
ρ2 < δ and the inverse branch f−(n−m)

fm(x) sending fn(x) to fm(x) is defined on
Bs(fn(x), s). For the former term, since |fm(x)− fm(y)|∗ < ρ2 we have

|gm(h(x))− gm(h(x))|∗ = |h(fm(x))− h(fm(y))|∗ ≤ δ,
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and note that the inverse branch g
−(n−m)
gm(h(x)) sending gn(x) to gm(x) is defined

on Bs(gn(x), s′). The proof is finished.

Consequently the function u extends continuously to each set

J(f) \Bs(PC(f), s), s > 0,

and therefore to the set J(f) \ PC(f).

Lemma 6.10 The functions log |f ′(z)| and log |g′(h(z))| are cohomologous
in the class of continuous functions on (J(f) \ PC(f)) ∩ f−1(J(f) \ PC(f)).
More precisely there exists a continuous function u : J(f) \ PC(f) → R such
that

log |g′(h(z))| − log |f ′(z)| = u(f(z))− u(z)

for all z ∈ (J(f) \ PC(f)) ∩ f−1(J(f) \ PC(f)).

Proof. From (6.23) we get

η(fn(x)) = u(fn(x))− u(fn−1(x)).

Since the set {fn(x) : n ≥ 1} is dense in

(J(f) \ PC(f)) ∩ (J(f) \ f−1(PC(f)))

and all the functions η, u, u◦f are continuous in this set, the lemma is proved.

Proof of the implication (5) ⇒ (6). Let

T (f) = {z ∈ J(f) : lim sup
j→∞

dists(f j(z),PC(f)) > 0}

and

Tn(f) = {z ∈ J(f) : lim sup
j→∞

dists(f j(z),PC(f)) > 2/n}, n ∈ N.

Then Tn(f) ⊂ T (f). By Lemma 6.6 and Proposition 6.7 there exists kn ≥ 1
such that dists(x,PC(f)) ≥ 2/n implies dists(h(x),PC(f)) ≥ 2/kn. In
particular

h(Tn(f)) ⊂ Tkn
(g).

Fix now z ∈ Tn(f). Then there exists an infinite sequence nj = nj(z) such
that dists(fnj (z),PC(f) ≥ 2/n for all j ≥ 1. Applying now Lemma 6.9 and
Lemma 6.10 we see that there exists a constant Qn ≥ 1 such that

Q−1
n ≤ |(gnj )′(h(z))|

|(fnj )′(z)|
≤ Qn. (6.24)
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In view of uniform continuity of h there exists γn ≤ 1/n such that

h(J(f) ∩Bs(x, γn)) ⊂ Bs(h(x), 1/kn)

for all x ∈ J(f). By the choice of the sequence nj = nj(z) for every j ≥ 1
there exists an inverse branch

f−nj
z : Bs(fnj (z), 2/n) → C

sending fnj (z) to z. Set rj(z) = K−1|(f−nj
z )∗(fnj (z))|γn. Then by Lemma 1.3

and Corollary 2.15,

Bs(z, rj(z)) ⊃ f−nj
z (Bs(fnj (z),K−2γn)),

and therefore

mf (Bs(z, rj(z))) ≥ K−hf |(f−nj
z )∗(fnj (z))|hfmf (Bs(fnj (z),K−2γn)

≥MnK
−hf |(f−nj

z )∗(fnj (z))|hf ,
(6.25)

where Mn = inf{mf (Bs(x,K−2γn) : x ∈ J(f)} > 0. Similarly, by Lemma 1.3
and Corollary 2.15, Bs(z, rj(z)) ⊂ f

−nj
z (Bs(fnj (z), γn)). Hence

h(J(f) ∩Bs(z, rj(z))) ⊂ h(f−nj
z (Bs(fnj (z), γn) ∩ J(f)))

= g
−nj

h(z)(h(Bs(fnj (z), γn) ∩ J(f)))

⊂ g
−nj

h(z)(Bs(h(fnj (z)), 1/kn)))

= g
−nj

h(z)(Bs(gnj (h(z)), 1/kn)).

Therefore using (6.24), (6.25) and the Koebe’s Distortion Theorem II (spher-
ical version), we get

mg ◦ h(Bs(z, rj(z))) ≤ mg(g
−nj

h(z)(Bs(gnj (h(z)), 1/kn)))

≤ Khg |(g−nj

h(z))
∗(gnj (h(z))|hgmg(Bs(gnj (h(z)), 1/kn))

≤ Khg |(gnj )∗(h(z))|−hg

≤ KhgQhg
n |(fnj )∗(z)|−hf +(hf−hg)

≤M−1
n Khf +hgQhg

n mf (Bs(z, rj(z)))|(fnj )∗(z)|hf−hg .

If hf − hg < 0, then it would follow from Lemma 1.5 and the fact that
limj→∞ |(fnj )′(z)| = ∞ (it implies that limj→∞ |(fnj )∗(z)| = ∞), that mg ◦
h(Tn(f)) = 0 for every n ≥ 1. Since⋃

n≥1

Tn(f) = T (f),

it would imply that mg(h(T (f)) = 0. But since h(PC(f)) = PC(g), using
uniform continuity of h and h−1, we conclude that h(T (f)) = T (g). Hence
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mg(T (g)) = 0 which would contradict Theorem 4.28. Thus for every n ≥ 1
and every z ∈ Tn(f)

mg ◦ h(B(z, rj(z))) ≤M−1
n K2hfQhg

n mf (Bs(z, rj(z)).

Therefore, applying Lemma 1.5 we conclude that mg ◦ h|Tn(f) is absolutely
continuous with respect to mf |Tn(f) for every n ≥ 1. Since⋃

n≥1

Tn(f) = T (f),

this implies that mg ◦ h|T (f) is absolutely continuous with respect mf |T (f).
Since

mg ◦ h(PC(f)) = mg(PC(f)) = 0

and
mf (PC(f)) = 0,

we obtain that mg ◦h is absolutely continuous with respect to mf . By symme-
try mf ◦h−1 is absolutely continuous with respect to mg and consequently the
measure mg ◦ h and mf are equivalent. The proof of the implication (5)⇒(6)
is finished.

We are left to establish the implication (6) ⇒ (1). As the first step, we
shall prove the following

Lemma 6.11 If condition (6) of Theorem 6.1 is satisfied, then h : J(f) →
J(g) extends to a real-analytic endomorphism from a neighborhood of
J(f) \ PS0(f) onto a neighborhood of J(g) \ PS0(g).

Proof. In view of Theorem 6.5 (d) there exist n ≥ 1 and z ∈ J(g) \ PS−(g)
such that

det(∇(Dµg
◦ gn)(z),∇(Dµg

)(z)) 6= 0.

Therefore, using Corollary 6.4, we conclude that there exists an open set
W ⊂ C \

⋃n
j=0 g

−j(∞) containing z and such that

det(∇(Dµg
◦ gn)(w),∇(Dµg

)(w)) 6= 0 (6.26)

for all w ∈W . Since the measures mf ◦h−1 and mg are equivalent, the ergodic
measures µf ◦ h−1 and µg coincide up to a multiplicative constant. Thus

Dµf
◦ fk = Dµg

◦ gk ◦ h (6.27)

throughout J(f) \
⋃k

j=0 f
−j(PS0(f)) for every k ≥ 0. Define

F (x) = (Dµf
(x), Dµf

◦ fk(x))

and
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G(y) = (Dµg
(y), Dµg

◦ gk(y))

for x ∈ U, an open neighborhood of J(f) \
⋃k

j=0 f
−j(PS0(f)) and y ∈ V , an

open neighborhood of J(g)\
⋃k

j=0 g
−j(PS0(g)). We may of course assume that

W ⊂ U (as a matter of fact W had to be chosen after U was chosen) and,
because of (6.26) that G is invertible on W . By (6.27), F (h−1(z)) = G(z), and
therefore, there exists Uz ⊂ U , an open neighborhood of h−1(z), such that
F (Uz) ⊂ G(W ). Hence, the map G−1 ◦ F is well-defined on Uz, and, because
of (6.27) again,

G−1 ◦ F (x) = h(x)

for all x ∈ J(f) ∩Uz. Now we consider ξ, an arbitrary point in J(f) \PC(f).
Since f : J(f) → J(f) is topologically transitive, there exists k ≥ 0 and
ξ̂ ∈ Uz ∩ f−k(ξ). Then there exists rξ > 0 so small that rξ < 1

2dist(ξ,PC(f))
and f−k

ξ̂
(B(ξ, rξ)) ⊂ Uz. So, the map

gk ◦ (G−1 ◦ F ) ◦ f−k

ξ̂

is well-defined on B(ξ, rξ), real analytic, and since (h conjugates f and g)

gk ◦ (G−1 ◦ F ) ◦ f−k

ξ̂

restricted to J(f)∩B(ξ, rξ) coincides with h. Now, since no open subset of J(f)
is contained in a countable union of real-analytic curves, the same argument
as in the end of the proof of Lemma 6.2, shows that all the maps

gk ◦ (G−1 ◦ F ) ◦ f−k
ξ

glue together on the balls B(ξ, rξ/2) to form a real-analytic map from⋃
z∈J(f)\PS0(f)

B(z, rz/2) onto an open neighborhood of J(g) \ PS0(g). This
map restricted to J(f) coincides with h.

Now we shall prove the next step.

Lemma 6.12 If the topological conjugacy h : J(f) → J(g) has a real- ana-
lytic extension on an open neighborhood of J(f) \ PS0(f) in C, then it has a
holomorphic conformal extension on an open neighborhood of J(f) \ PS0(f).

Proof. Let H : U → C be a real analytic extension of h on an open neigh-
borhood U of J(f) \ PS0(f). Hence, the complex dilatation µH = ∂H

∂H is
well-defined throughout U (decreasing it if necessary). Since H ◦ f = g ◦H,
we get H = g ◦H ◦ f−1

z on some ball B(f(z), rz) and all

z ∈ J(f) \ (PS0(f) ∪ f−1(PS0(f))).



6 Rigidity 115

Hence, since f and g are conformal,

µH(f(z)) = µg◦H(z)
(
f ′(z)
|f ′(z)|

)2

= µH(z)
(
f ′(z)
|f ′(z)|

)2

. (6.28)

It follows from this equation that if µH(w) = 0 at some point w ∈ J(f) \
PS0(f), then µH vanishes everywhere on f−1(w) and f−1(w) ∩ PS0(f) = ∅.
So, by induction, µH vanishes on

⋃∞
n=0 f

−n(w). Since, by transitivity of f ,
this set is dense in J(f) and since µH is continuous on J(f) \PS0(f), we thus
conclude that µH vanishes throughout J(f)\PS0(f). So, if µH(z) 6= 0 at some
point z ∈ J(f)\PS0(f), then µH does not vanish anywhere on J(f)\PS0(f).
It then firstly follows from (6.28) that the modulus of µH is constant on orbits
of f , and secondly, that

µH

|µH |
(f(z)) =

µH

|µH |
(z)
(
f ′(z)
|f ′(z)|

)2

, z ∈ J(f) \ (PS0(f) ∪ f−1(PS0(f))).

Thus µH

|µH | is a continuous invariant line field on J(f) \ PS0(f), contrary to

Theorem 6.5 (c). So, µH(z) = 0 for all z ∈ J(f) \ PS0(f). Since µH is real-
analytic on U and since no non-empty open subset of J(f)\PS0(f) is contained
in a countable union of real-analytic curves, we conclude that µH vanishes on
some neighborhood of J(f) \ PS0(f), meaning that H is conformal on this
neighborhood. We are done.

Lemma 6.13 Suppose that the topological conjugacy h : J(f) → J(g) has
a holomorphic conformal extension on a neighborhood Uf ⊂ C \ PS0(f) of
J(f) \ PS0(f), where Uf has the property that for each point z ∈ Uf there
exists rz > 0 such that J(f) ∩ Be(z, rz) 6= ∅ and Be(z, rz) ⊂ Uf , and h−1 :
J(g) → J(f) has a conformal extension on a neighborhood Ug ⊂ C \ PS0(g)
of J(g) \ PS0(g), where Ug has the property that for each point z ∈ Ug there
exists rz > 0 such that J(g)∩Be(z, rz) 6= ∅ and Be(z, rz) ⊂ Ug, then h extends
to an affine map (az + b) on C and this is a conjugacy between f : C → C
and g : C→ C.

Proof. Let H : Uf → C be the holomorphic extension of the conjugacy
h : J(f) → J(g) coming from the hypothesis of the lemma. Shrinking Uf

if necessary we may assume without loss of generality that H maps bounded
subsets of Uf onto bounded subsets of C. We shall prove the following.

Claim. If B is a round open ball contained in Uf and f−n
∗ : B → C is a

holomorphic inverse branch of fn such that f−n
∗ (B) ⊂ Uf , then

gn ◦H ◦ f−n
∗ : B → Ĉ
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coincides with H.

Proof. Fix z ∈ B and let rz > 0 come from the hypothesis of our lemma. We
have w = f−n

∗ (z) ∈ Uf and Be(z, rz)∩PS0(f) = ∅. There thus exists a unique
holomorphic inverse branch f−n

w : Be(z, rz) → C of fn sending z to w. Since
f−n
∗ and f−n

w agree on B ∩ Be(z, rz), they glue together to a holomorphic
function F : B ∪Be(z, rz) → C. Since

(J(f) \ PS0(f)) ∩Be(z, rz) 6= ∅,

there exists a round open ball B̂ ⊂ Be(z, rz) such that

B̂ ∩ (J(f) \ PS0(f)) 6= ∅

and f−n
w (B̂) ⊂ Uf . Therefore,

gn ◦H ◦ f−n
w |B̂∩J(f) = h|B̂∩J(f).

Consequently gn ◦H ◦ f−n
w |B̂ = h|B̂ . Thus F |B̂ = h|B̂ . Since

B̂ ⊂ Be(z, rz) ⊂ Be(z, rz) ∪B ⊂ Uf ,

we therefore conclude that F = H|B∪Be(z,rz). So,

gn ◦H ◦ f−n
∗ = F |B = H|B .

We are done.

Consider the family Φ of all pairs (V, φ) with the following properties:

(a) V is an open subset of C containing U and φ : V → C is a holomorphic
function mapping bounded subsets of V onto bounded subsets of C.

(b) φ|Uf
= H.

(c) For all z ∈ C, r > 0, and integers n ≥ 0 if Be(fn(z), r) ⊂ V ,

Be(fn(z), r) ∩
n⋃

j=1

f j(Crit(f)) = ∅,

and f−n
z (Be(fn(z), r)) ⊂ Uf , then φ and gn ◦ H ◦ f−n

z coincide on
Be(fn(z), r).

First we shall argue that (Uf ,H) ∈ Φ. Conditions (a) and (b) are obvious.
Condition (c) follows directly from the Claim. Thus (Uf ,H) ∈ Φ and, in
particular, Φ 6= ∅. We partially order the set Φ by declaring that (V, φ) ≤
(W,ψ) if and only if V ⊂ W and ψ|V = φ. Now, if (Vλ, φλ)λ∈Λ is a linearly
ordered subset of Φ, then setting V :=

⋃
λ∈Λ Vλ, the formula φ(z) = φλ(z)

if z ∈ Vλ, defines well a holomorphic map φ : V → C. It is easy to see that
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(V, φ) ∈ Φ and (Vλ, φλ) ≤ (V, φ) for all λ ∈ Λ. So, Kuratowski-Zorn Lemma
applies to give a maximal element (W,ψ) ∈ Φ.

We shall show that W ⊃ C \Ω(f). Indeed, suppose on the contrary that

W + C \Ω(f).

Then ∂W \ Ω(f) 6= ∅ and (∂W ∩ W ) \ Ω(f) = ∅. Fix an arbitrary point
y ∈ ∂W \Ω(f). Since PCc(f) is bounded, since the points of Crit∞(f) escapes
to ∞, since f(Crit(f)) is finite and since the set of the repelling fixed points
of f (lying in the Julia set of f) is unbounded, there exists a, a repelling fixed
point of f belonging to J(f)\PS0(f). Take ε > 0 so small that Be(a, 2ε) ⊂ Uf .
If y ∈ J(f), take δ > 0 ascribed to ε > 0 according to Theorem 2.13. If
y /∈ J(f) take δ > 0 so small that

Be(y, 2δ) ∩ J(f) = ∅

and for every k ≥ 0 the Euclidean diameter of each connected component of
the set f−k(Be(y, 2δ)) is less than ε (this is possible since f has no Siegel
disks, nor Herman rings). Since Uf ∩ J(f) 6= ∅, there exists n ≥ 0 such that
f−n(y) ∩ Uf 6= ∅. Fix x ∈ Uf ∩ f−n(y). Since the set

n⋃
j=1

f j(Crit(f))

is finite, there exists R ∈ (0, δ] so small that

Be(y,R) ∩
n⋃

j=1

f j(Crit(f)) ⊂ {y}.

Take r ∈ (0, R] so small that Ux, the connected component of f−n(Be(y, r))
containing x, is contained in Uf . Let ∆1 be a closed ray emanating from y.
Fix f−n

1 : Be(y, r) \∆1 → C, an arbitrary holomorphic inverse branch of fn

whose range is contained in Ux. Then the composition

gn ◦H ◦ f−n
1 : Be(y, r) \∆1 → C

is a well-defined meromorphic map with a closed (relative to Be(y, r) \ ∆1)
countable set being the closure of essential singularities. It follows from con-
dition (c) that gn ◦H ◦ f−n

1 coincides with ψ on each connected component
of W ∩

(
Be(y, r) \∆1

)
. Now, let ∆2 be a different closed ray emanating from

y and let
f−n
2 : Be(y, r) \∆2 → C

be the corresponding inverse branch. So, gn ◦H ◦ f−n
1 , gn ◦H ◦ f−n

2 and ψ,
all coincide on connected components of
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W ∩Be(y, r) \
(
∆1 ∪∆2

)
.

Consequently, gn ◦H ◦ f−n
1 and gn ◦H ◦ f−n

2 glue to a holomorphic function
ψy on Be(y, r) \ E that coincides with ψ on Be(y, r) ∩W and where E is a
relatively closed countable subset of Be(y, r) such that

lima→b|ψy(a)| = +∞

for all b ∈ E, where a converges to b in Be(y, r)\E. If ∂W ∩Be(y, r) ⊂ E, then
the set ∂W ∩ Be(y, r) is a countable and closed (as E is). We can therefore
find an isolated point ξ1 ∈ ∂W ∩ Be(y, r). Consequently, there exists r2 > 0
so small that Be(ξ1, r2) \ {ξ1} ∩ W 6= ∅. So, the set ψy(Be(ξ1, r2) ∩ W ) is
bounded, contrary to the fact that ξ1 ∈ E. Thus ∂W ∩Be(y, r) \E 6= ∅, then

ξ ∈ ∂W ∩Be(y, r) \ E

and let r1 > 0 be so small that Be(ξ, 2r1) ⊂ Be(y, r) and Be(ξ, 2r1) ∩ E = ∅.
Thus ψy|Be(ξ,2r1) is holomorphic and ψy(Be(ξ, r1)) is bounded. Set then G =
Be(ξ, r1). Thus, we get a holomorphic function ψ̂ defined on W ∪ G whose
restriction to W coincides with ψ and whose restriction to G equals ψy. We
claim that (W ∪G, ψ̂) ∈ Φ. Indeed, since ψ̂(G) = ψy(G) is a bounded set and
since ψ maps bounded subsets of W onto bounded subsets, conditions (a) and
(b) are clearly satisfied.

In order to prove condition (c) suppose z, r3 (corresponding to r) and n3

(corresponding to n) are taken as required in this condition. We may assume
without loss of generality that G∩Be(fn3(z), r3)) 6= ∅. Fix k ≥ 0 so large that
fk(Be(a, ε)) contains the connected component of f−n3(G ∪ Be(fn3(z), r3))
containing z. Since the set

n3+k⋃
j=1

f j(Crit(f))

is finite, there exists an open simply-connected B ⊂ G such that B ∩W 6= ∅,
B ∩Be(fn3(z), r3) 6= ∅ and

B ∩
n3+k⋃
j=1

f j(Crit(f)) = ∅.

There thus exists f−(n3+k)
∗ : B → C, a holomorphic branch of f−(n3+k) such

that
f
−(n3+k)
∗ (B) ∩Be(a, ε) 6= ∅

and fk ◦ f−(n3+k)
∗ restricted to B ∩ Be(fn3(z) ∩ r3) coincides with f−n3

z re-
stricted to the same intersection. SinceB ⊂ G ⊂ Be(fn(y), δ), diam(f−(n+k)

∗ (B)) <
ε, and therefore
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f
−(n3+k)
∗ (B) ⊂ Be(a, 2ε) ⊂ Uf .

It therefore follows from condition (c) applied to the pair (W,ψ) that

gn3+k ◦H ◦ f−(n3+k)
∗

coincides with ψ (hence ψ̂) on B ∩W . So,

gn3+k ◦H ◦ f−(n3+k)
∗

and ψ̂ coincide on B. Now, since

f−n3
z (B ∩Be(fn3(z), r3)) ⊂ Uf

and since f−n3
z (B) ⊂ Uf , we conclude from the Claim that

gk ◦H ◦ f−(n3+k)
∗ ◦ fn3

coincides with H on f−n3
z (B ∩Be(fn3(z), r3)). Thus,

ψ̂|B∩Be(fn3 (z),r3) = gn3+k ◦H ◦ f−(n3+k)
∗ |B∩Be(fn3 (z),r3)

= gn3 ◦ gk ◦H ◦ f−(n3+k)
∗ ◦ fn3 |

f
−n3
z (B∩Be(fn3 (z),r3))

◦ f−n3
z |B∩Be(fn3 (z),r3)

= gn3 ◦H ◦ f−n3
z |B∩Be(fn3 (z),r3).

Hence ψ̂|Be(fn3 (z),r3) = gn3 ◦H ◦ f−n3
z |Be(fn3 (z),r3). Thus the pair (W ∪G, ψ̂)

satisfies condition (c), and consequently, (W ∪ G, ψ̂) ∈ Φ. Since, obviously
(W,ψ) ≤ (W ∪ G, ψ̂) and (W,ψ) 6= (W ∪ G, ψ̂), we have contradiction with
maximality of (W,ψ). Thus W ⊃ C \Ω(f).

Since ψ maps bounded sets onto bounded sets and Ω(f) is finite, ψ extends
to a holomorphic function Af : C→ C and

Af |J(f)\PS0(f)
= h.

By the symmetry of the situation there exists a holomorphic function
Ag : C→ C such that

Ag|J(g)\PS0(g)
= h−1.

Consequently Ag ◦Af and Af ◦Ag are identities respectively on J(f)\PS0(f)
and J(g) \ PS0(g). Therefore, there are identities on C also, and so, both
Af : C→ C and Ag : C→ C are homographes. The equality Af ◦ f = g ◦ Ag

clearly both holds on C. The implication (6)⇒(1) now readily follows from
Lemma 6.11, Lemma 6.12 and Lemma 6.13. We are done.
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8. M. Denker, M. Urbański, On the existence of conformal measures, Trans. A.M.S.

328 (1991), 563-587.
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