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Introduction and general preliminaries

1.1 Introduction

The understanding of the dynamics and geometry of elliptic functions
rapidly develops since the papers [17], [18] and [15] have been published. Al-
though these functions are relatively 'regular’, they manifest such unexpected
features as the fact that the Hausdorff dimension of their Julia set is always
larger than 1 (see [17]) or, in the non-recurrent case, that the correspond-
ing Hausdorff measure always vanishes whereas the packing measure, in the
absence of parabolic points, is finite and positive.

In this manuscript we provide a systematic exposition of the geometric
measure theory and ergodic theory of regular pseudo-nonrecurrent elliptic
functions. In spite of possible associations steaming from the name, this is
not a narrow class of functions. Just the opposite, it contains for example all
hyperbolic and critically finite elliptic functions, and many more. In contrast
to [18] we now allow critical points to land at poles and to escape to infinity.
Unlike to [18], we treat in the present manuscript the conjugacy problem
resulting in the complete rigidity theorem (Theorem 6.1) primarily saying that
a Lipschitz conjugacy on Julia sets always extends to an affine conjugacy on
C. Its proof, although sharing some general features with the case of rational
functions and conformal expanding repellers, is more subtle and involved. As
one of the steps in its proof we establish in Theorem 6.3 real-analyticity of
the Radon-Nikodym derivative of the of the invariant measure p with respect
to the conformal measure m.

As has been said our exposition is more systematic and elaborated than
that in [18]. It deals with a larger class of functions, contains new material,
new proofs, and improves many arguments used in [18].

We have already mentioned geometry (Hausdorff and packing measures)
and rigidity. The third theme of the manuscript is the measurable dynamics
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with respect to the h-conformal measure m, where h is the Hausdorff dimen-
sion of the Julia set. The concept of conformal measure, essentially purely
dynamical, and its weaker version like semi-conformality and almost confor-
mality form the main technical tool employed in our manuscript. In particular
we provide a refined proof of the existence, uniqueness and continuity of an
h-conformal measure. This measure plays an essential role in showing that
H"(J(f)) = 0 and, in the absence of parabolic periodic points, this measure
turns out to coincide with the packing measure II" up to a multiplicative
constant, i.e. although dynamically defined it gets purely geometrical charac-
terization.

As we have said, the third theme of our manuscript is the measurable dy-
namics with respect to the h-conformal measure m. We prove the existence of
an ergodic conservative o-finite measure p equivalent to m. Developing this
direction, we study points of finite and infinite condensation of the measure p,
the concepts introduced in [33]. After collecting some basic facts about these
points we show in Section 5 that oo is always a point of finite condensation,
perhaps the most interesting fact about the measure p. In the next subsec-
tion we relate points of infinite condensation with the set £2(f) of rationally
indifferent periodic points, providing in particular some sufficient conditions
(22(f) = 0) for the invariant measure y to be finite. At the end of this section
we deal with parabolic points themselves.

1.2 General preliminaries

All the points (numbers) appearing in this paper are complex unless it is clear
from the context that they are real. In particular x and y are always assumed
to be complex numbers and not the real and imaginary parts of a complex
number. Given a set A C C and r > 0, the symbol B.(4,r) denotes the
Euclidean open r-neighborhood of the set A. Throughout the entire paper f*,
diam, and Bs(A,r) denote respectively the derivatives, diameters and open
r-neighborhoods of the set A defined by means of the spherical metric whereas
/' and diam, are considered in the Euclidean sense. The spherical distance
between any two points x and y in C is denoted by |z — y|.. We emphasize
that when calculating f*, we consider the spherical metric in the domain and
in the codomain.

Definition 1.1 . If H : D — C is an analytic map, z € C, and r > 0, then

by
Comp(z, H(z), H,r)

we denote the connected component of H 1 (B.(H(z),r)) that contains z.
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Suppose now that c is a critical point of an analytic map H : D — C.
Then there exists R = R(H,c) > 0 and A = A(H,c¢) > 1 such that

A7z — P < |H(z) — H(c)| < Alz — o

and
A7z — Pt < H'(2)] < Alz — ¢fPe!

for every z € Comp(c, H(c), H, R), and that
H(Comp(c, H(c), H, R)) = Be(H(c), R),

where p. = p(H, ¢) is the order of H at the critical point ¢. In particular
Comp(c, H(c), H, R) C Be(c, (R/A)Y/7e).

Moreover, by taking R > 0 sufficiently small, we can ensure that the two above
inequalities hold for every z € B.(c, (R/A)'/?¢) and the ball B.(c, (R/A)'/?<)
can be expressed as a union of p. closed topological disks with smooth bound-
aries and mutually disjoint interiors such that the map H restricted to each
of these interiors, is injective.

Koebe’s 1-Theorem. If z € C, 7 > 0 and H : B(z,7) — C is an arbitrary

univalent analytic function, then H(B.(2z,7)) D Bo(H(z),4 Y H'(2)|r).

Koebe’s Distortion Theorem, I (Euclidean version). There exists a
function k : [0,1) — [1,00) such that for any z € C, r >0, t € [0,1) and any
univalent analytic function H : B.(z,r) — C we have that

sup{|H'(w)| : w € Be(z,tr)} < k(t)inf{|H'(w)|: w € Be(z,tr)}.
We put K = k(1/2).

Koebe’s Distortion Theorem, I (spherical version). Given a number
s > 0 there emists a function kg :[0,1) — [1,00) such that for any z € C,
r>0,t€0,1) and any univalent analytic function H : B, (z,7) — C such
that the complement C\ H(B,(z,7)) contains a spherical ball of radius s we
have

sup{|H"(w)| : w € By(z,tr)} < ks(t) inf{|H*(w)| : w € By(z,1tr)}.
B,, stands in here for either Euclidean or spherical ball (if z # c0).

The following is a straightforward consequence of these two distortion
theorems.
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Lemma 1.2 Suppose that D C C is an open set, z € D and H : D — C is
an analytic map which has an analytic inverse H; ' defined on B.(H(z),2R)
for some R > 0. Then for every 0 <r < R

Be(z, K~ '|H'(2)|7Y) € H; Y (B.(H(2),7)) C Be(z, Kr|H'(2)|™1).

Lemma 1.3 Suppose that D C C is an open set, z € D and H : D — C is
an analytic map which has an analytic inverse H 1 defined on Bs(H(2),2R)
for some R > 0 avoiding a spherical ball of some radius s. Then for every
0<r<R

Bi(z, k7' (1/2)r|H* (2)| ) € HZY(Bs(H(2),7)) C Bi(z, ks(1/2)r|H* (2)] 7).

We also use the following more geometric versions of Koebe’s Distortion
Theorems involving moduli of annuli.

Koebe’s Distortion Theorem, II (Euclidean version). There ezists a
function w : (0,4+00) — [1,00) such that for any two open topological disks
Q1 C Q2 with Mod(Q2 \ Q1) > t and any univalent analytic function H :
Q2 — C we have

sup{|H'(¢)| : £ € @1} < w(t) inf{|H'(§)] : £ € @u}-

Koebe’s Distortion Theorem, II (spherical version). Given a number
s > 0 there exists a function ws : (0,400) — [1,00) such that for any two
open topological disks Q1 C Q2 with Mod(Q2 \ Q1) > t and any univalent
analytic function H : Qo — C such that the complement C\ H(Q2) contains
a ball of radius s we have

sup{|H"(§)] : £ € @1} < ws(t) Inf{|H"(£)] : £ € Qu}-

Given an analytic function H defined throughout a region D C C, we put
Crit(H) = {z € D : H'(z) = 0}.
In the sequel we require the following technical lemma proven in [32] as

Lemma 2.11.

Lemma 1.4 Suppose that an analytic map Qo H : D — C, a radius R > 0
and a point z € D are such that
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(a)
Comp(H (z), Q(H(2)), Q,2R) N Crit(Q) =0

and

Comp(z,Q o H(z),Q o H, R) N Crit(H) # 0.
(b) If ¢ belongs to the last intersection and
diam, (Comp(z, Q o H(z),Q o H,R)) < (AR(H,c))"/Pe
then
2 — | < KA%(Qo HY(2)| 'R,
Proof. In view of Lemma 1.2
Comp(H (), Q(H(2)),Q, R) C Be(H(2), KRIQ'(H(2))| ™).
So, since H(c) € Comp(H(z),Q(H(2)),Q, R), we get
H(c) € Be(H(2), KRIQ'(H(=2))| ).
Thus, using this and (b) we obtain
A7z = cfPe < |H(2) - H(c)]
< KR|Q'(H(2))|™!
= KR|(Qo H)'()|"'|H'(2)]
< KR|(Qo HY () ' Alz — 1.

So, |z —c| < KA?|(Qo H)'(2)|'R. 1

Lemma 1.5 Let i and v be Borel probability measures on'Y , a bounded subset
of a Fuclidean space. Suppose that there is a constant M > 0 and for every
point x € Y there is a decreasing to zero sequence {r;(x):j > 1} of positive
radii such that for all j > 1 and allx € Y

p(Be(x,7j(2)) < Mu(Be(z,75(2))-

Then the measure p is absolutely continuous with respect to v and the Radon-
Nikodym derivative du/dv < CM, where C is a universal constant depending
only on the dimension of the Fuclidean space under consideration.

Proof. Consider a Borel set E C Y and fix ¢ > 0. Since lim; o, 7j(z) = 0
and since v is regular, for every x € E there exists a radius r(x) being of
the form r;(x) such that v(U,cp Be(z,7(x)) \ E) < e. Now, by the Besicovi¢
theorem (see [14]) we can choose a countable subcover { B (x;, r;(z))}52, from
the cover {Be(x;,7;(2))}}zer of E, of multiplicity bounded by some constant
C > 1, independent of the cover. Therefore, we obtain
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wE) <Y p(Be(zi,ri(x)))

i

=1

IN

I>F

M )Y v(Be(ziri(z)))

i=1

< MCV(U Be(xi,ri(x)))
i=1
< MC(s+v(E)).

Letting € \, 0 we obtain u(E) < MCv(E). Thus u is absolutely continuous
with respect to v with the Radon-Nikodym derivative bounded by MC. R

Frequently in order to denote that a Borel measure p is absolutely contin-
uous with respect to v we write p < v. We do not use any special symbol to
record equivalence of measures (mutual absolute continuity).

Given a o-finite measure space (X, F, 1) a measurable almost everywhere
defined, transformation 7" : X — X isaid to be ergodic with respect to p, or p
is said to be ergodic with respect to T', if and only if u(A) =0 or u(X\A4) =0
whenever the measurable set A is T-invariant, meaning that 7-*(A4) = A. The
measure y is said to be conservative with respect to T or T conservative with
respect to p if and only if for every measurable set A with u(A) > 0,

p({z € XY 140T"(2) < +oo}) = 0.

n=0

Finally, the measure p is said to be T-invariant, or 7" is said to preserve
the measure p if and only if o T~! = p. It follows from Birkhoff’s Ergodic
Theorem that every finite ergodic T-invariant measure p is conservative, for
infinite measures this is not longer true. Finally, two ergodic invariant mea-
sures defined on the same o-algebra are either singular or they coincide up to
a multiplicative constant.

By writing A < B we mean that there exists a positive constant C' such
that A < CB for all A and B under consideration. Then A > B means that
B < A, and A < B says that A < B and B < A.

1.3 Preliminaries concerning iteration of meromorphic
functions

The Fatou set F'(f) of a meromorphic function f : C — C is defined in exactly
the same manner as for rational functions; F'(f) is the set of points z € C such
that all the iterates are defined and form a normal family on a neighborhood
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of z. The Julia set J(f) is the complement of F(f) in C. Thus, F(f) is
open; J(f) is closed; F(f) is completely invariant while f=1(J(f)) c J(f)
and f(J(f)) = J(f) U{oo}. For a general description of the dynamics of
meromorphic functions see e.g. [6]. We note that it easily follows from Montel’s
criterion of normality that if f : C — C has at least one pole which is not an
omitted value, then

J() = f(0).

n>0

In further sections we will be dealing with the points

Io(f)={z€C:z¢€ U f7"(00) or lim f"(z) = oo}

n—oo
n>0

escaping to oo under iterates of f. Let us now provide two related concepts,
which play the central role in the approach undertaken in this paper. If t > 0,
then a measure m4 supported on J( f) is said to be a spherical semi ¢-conformal
for f: C — C, if

ma(F(A)) > /A £ dm, (11)

for every Borel set A C J(f) such that f|4 is injective and my is said to be a
spherical t-conformal for f: C — C if

ma(f(A)) = /A £ dm, (1.2)

for these sets A. Notice that the o-finite measure m, determined by the re-
quirement that
dm,

() = (1 + )’ (13)

has the property that
me1(4) = [ 1 Vdm,

for this set A as above. It will be called an Euclidean t-conformal measure. In
particular for every w € A we get that

/ Pt = me(F(A)) = meo(f(A +w)) = / | dme.
A

A+w

Since the derivative f’ is periodic with respect to the lattice A, we thus get
the following.

Proposition 1.6 The Fuclidean t-conformal measure me is Ty, -invariant for
every w € A, where Ty, : C — C is the translation about the vector w given by
the formula Ty, (2) = z + w.
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As an immediate consequence of this proposition, we get the following.

Corollary 1.7 For every r > 0,

M(t,r) = inf{me(Be(z,7)) : z € J(f)} > 0.

In the sequel we respect the convention that the spherical conformal mea-
sure (or their weaker versions) are labeled with the subscript ’s’ whereas
Euclidean conformal measures (and their weaker versions) are labeled with
the subscript ’e’. If no subscript is used, the conformal measure under con-
sideration can be spherical as well as Euclidean.
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The dynamics of pseudo non-recurrent elliptic
functions

2.1 Preliminary results concerning elliptic functions

As indicated in the introduction, throughout this paper f : C — C is a
non-constant elliptic function. Every such function is doubly periodic and
meromorphic. In particular, there exist two vectors wy, wa, Im(%) # 0, such
that for every z € C and n,m € Z,

f(z) = f(z + mwy + nws).

The set
A={mw +nwy: mneZ}

is called the lattice of the elliptic function f. This object is independent of the
choice of its generators w; and we. We call two points z and w equivalent and
we write z ~ w if w — z € A, the lattice associated with the elliptic function
f. Let

R = {t1w1 +tows 1 0 < t1,t0 < 1}

be the basic fundamental parallelogram of f. It follows from the periodicity of
f that f(C) = f(R). Therefore f(C), as a closed and open subset of the con-
nected set C is equal to C. This means that each elliptic function is surjective.
It also follows from the periodicity of f that

fHo0) = U (Rﬂf‘l(oo)—l—mwl +nw2).

m,neEZ

For every pole b of f let g, denote its multiplicity. We define
q:=sup{q,: b€ f(c0)} =max{q : b€ f!(c0) NR}.

For every r > 0 let B, = {z € C : |2| > r}. Given b € f~!(c0) let By(r)
be the connected component of f~1(B,) containing b. More generally, given
k> 1and b € f~%(00), let B¥(b) be the connected component of f~*(B,)
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containing b. Let T' > 1 be so large that all components B,(T), b € f~*(o00),
are mutually disjoint.

Recall that Crit(f) is the set of critical points of f i.e.

Crit(f) ={z: f'(z) =0}.

Its image, f(Crit(f)), is called the set of critical values of f. Since RN Crit(f)
is finite and since f(Crit(f)) = f(R N Crit(f)), the set of critical values
f(Crit(f)) is also finite. Thus, if R > T is large enough, say R > Ry, then Bg
contains no critical values of f, all sets By(R) are simply connected, mutually
disjoint, and there exists A1 = A;(f,b) > 1 such that for z € By(R)

Af1|z—b|_‘”’ <|f(2)] < Aplz — b7 . (2.1)

If U C Br\ {0} is an open 51mply connected set, then all the holomorphic
inverse branches fb Udreeos fb U.q, Of f are well-defined on U, there exists
As = As(f,0) > 1 such that for every 1 < j < ¢, and all z € U we have

—1p -t —1 T
el < () ()] < Agle (2.2)
Therefore (cf. [17]),

a1 ap—1
|zl _ zZ| _ %
A B < a P <18,

(2.3)

I

LE.

<24 |2 |%T; <2A

Lo =

where the first left and the second right inequality sign we wrote assuming in
addition that |b| is large enough, say |b| > Ry > Ry. We denote

A(f7 b) = maX{Al(fv b)’ A2(f7 b)} (24)

for b € f~1(c0). A straightforward observation from the local behavior around
poles is that for every k > 1 there exist constants Ly > 1 and R; > 0 such
that for all b € f‘k(oo) and all R > Ry, we have

L;'R, ™ <diam,(Bf(R)) < LyR, ™, 2

1 _a

Ly 'Ry ™ (14 [b*) ™" <diamy (B (R)) < LiR, ™ (1+[b]*) 7"
Frequently, we will write L for L.

By HD(X) we denote the Hausdorff dimension of the set X. Its formal

definition and some relevant properties are given in Section 3. We make the
frequent use of the following fact, proven in [17].
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Theorem 2.1 If f : C — C is an arbitrary elliptic function, then

where, we recall, ¢ = sup{qy : b € f~1(00)} = max{q, : b€ RN f~1(c0)}.

Since the proof uses the theory of infinite conformal iterated function sys-
tems, it will not be repeated here.

2.2 Local behavior around parabolic fixed points

In this section f : C — C is an arbitrary elliptic function of degree > 2;
in fact all the results stated here are of local character and are true for all
meromorphic functions. In particular, the map f is not assumed yet to be
critically pseudo non-recurrent. In what follows we basically summarize the
results concerning local behavior around parabolic fixed points which have
been proved in [1], [10], and [11]. Although they were formulated and proved
in the context of parabolic rational maps, that is, assuming that the Julia
set contains no critical points, nevertheless they and their proofs are of local
character and, in particular, extend to the class of all elliptic functions. Let
£2(f) denote the set of rationally indifferent periodic points of f. Throughout
this section w is a simple parabolic fixed point of f, that is f(w) = w and

flw) = 1.

First note that on a sufficiently small open neighborhood V' of w a holo-
morphic inverse branch f;1:V — C of f which sends w to w is well defined.
Moreover, V can be taken so small that on V the transformation f;! can be
expressed in the form
fol2) =2 —alz —w)P™ +as(z —w)P™? +az(z —w)P™3 4+ ... (2.6)

w

where a # 0 and p = p(w) is a positive integer. Thus
[l —w=z—w—a(z =W’ +az(z — )P +ag(z — )P+ ...

Consider the set {z : a(z —w)P € R and a(z —w)? > 0}. This set is the union
of p rays beginning in w and forming angles which are integer multiples of
27 /p. Denote these rays by Li,La,...,L,. For 1 < j <p, 0 < r < oo and
0 < a < 2w let Sj(r,a) C V be the set of those points z lying in the open
ball B, (w,r) for which the angle between the rays L; and the interval which
joins the points w and z does not exceed «. Using (2.6), an easy computation
shows that there are @ > 0 and §(w) > 0 such that

[f5'(2) —w| < |z —w| and |(f71)(2)] <1 (2.7)
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for every w # z € S1(0(w),a) U... U Sp(8(w),a). The following version of
Fatou’s flower theorem, (see [1], [5], [25]) shows that the Julia set J(f) ap-
proaches the fixed point w tangentially to the lines L1, Lo, ..., Ly. This can
be precisely formulated as follows.

Lemma 2.2 (Fatou’s flower theorem) For every a > 0 there exists
0<m(w,a) <0(w) such that

J(f) N Be(w,r1(w, @) C S1(r(w, @), @) U...USy(r1(w, a),a).

Since the Julia set J(f) is fully invariant (f~*(J(f)) = J(f) and f(J(f)) =
J(f)U{oo}), we conclude from this lemma and (2.7) that for every 0 < 61 (w) <
f(w), we have

f () N Be(w, 01(w))) € J(f) N Be(w, 01(w). (2.8)

Thus all iterates f" : J(f) N Be(w,b1(w)) — J(f) N Be(w, 01 (w)), n =
0,1,2,... are well defined. From Lemma 2.2 and (2.8) we obtain

Va >0 Irg(w,a) >0V1<j<p (2.9)
f51(S(r2(w, a), @) N J(f)) C Sj(ra(w, @), ). '

Put
0 =0(f,w) =min{h; (w), r1(w, @), ra(w, ) : w € 2(f)}. (2.10)
Then, it follows from (2.7) and Lemma 2.2 that for every z € J(f) N Be(w, 0),

nh—{go foM(z) = w. (2.11)

In fact, it can be proved that this convergence is uniform on compact sub-
sets of Be(w,0) N J(f) \ {w}. See (2.13) for even stronger result. By precise
computations one can prove the following.

Lemma 2.3 For every T > 0 sufficiently small and every z € J(f) N Be(w, 6)
Jo (Be(z,mlz = w)) € Be(f5 1 (), 71f5 1 (2) — wl)
This lemma immediately leads to the following.

Lemma 2.4 For every 7 > 0 sufficiently small, every z € J(f) N Be(w, )
and every n > 0 there exists a unique holomorphic inverse branch

fo™ i Be(z,27|2 — w|) = Be(f5"(2), 27| £, (2) — wl)

of f™ which sends z to f;"(z).
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The following two results were proved in [1] (cf. Proposition 8.3 and The-
orem 8.4) and in [10] (cf. Lemma 1).

Lemma 2.5 For every z € J(f) N Be(w, 0) there exists C(z) > 1 such that
for everyn > 1

Cl2)n™ "% < |(f2™ (), [(f7)(2)] < Oz~ "% (2.12)
and
Jim [£57(2) = wfn/? = (alp) /% (213)

Lemma 2.6 For every z € J(f) N Be(w,0) there exists constants C(z) > 1
such that for every n > 1

lim |f5"(2) = w[n'/? = (lalp)~"/" (2.14)

n— oo

uniformly on compact subsets of Be(w, ) N J(f)\ {w}.

Lemma 2.7 Let m be a semi t-conformal measure for f. Then for every
R > 0 there exists a constant C = C(t,w, R) > 1 such that for every0 < r < R

m(Be(w,r) \ {w})  m(Bs(w,r) \{w}) _ c,

rot(w) ’ rat(w)

where ap(w) =t + p(w)(t — 1). If m is t-conformal, then in addition

mBe(w,r) \{w}) - m(Bs(w,r) \{w}) S o1,

rat(w) ’ rac(w)

Proof. In view of (1.3) it suffices to prove this lemma for the Euclidean measure
me. Take R > 0 so small that B.(w, R) C Be(w, ) and let

P=J(f)n{z: RQIfIN™" < |z —w| < R},

where || f'|| = sup{|f’(2)|} (the supremum is taken over a compact neighbor-
hood Be(w,8) N J(f)). Let

d=7inf{lz —w|:2z€ P} >0.
Since P is compact, there are finitely many points z',...,2? in P, such that
P CJ(f)N(Be(z',8) U...UB(24,9)),

and we may assume that § is so small that
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fo(Be(2',6)) N Be(2',6) = 0

fori =1,...,qandn = 1,2,.... Fix a constant ¢; > max{(|a|p)~'/?, (la|p)*/?}
and for every n > 1 define

P, ={2€ Bo(w,0) N J(f): 7 n~YP < |f57(2) —w| < exn” VP
By the local behavior of f around a parabolic point we conclude that for every
2 € (Be(w, R) \ {w}) N J(f)
there exists { > 0 such that
RIF I < If'(2) —wl <R,
i.e. f!(z) € P. Therefore, the set
J(F)n{z: REIFINT < |2 —w| < R}

is non-empty (Be(w, R) N (J(f) \ {w}) is non-empty since J(f) is perfect).
Moreover, since it is open in J(f), we deduce that for some 1 < j < ¢ the set
Be(27,8) N P has non-empty interior in J(f). Hence

M =m.(B.(7,6) N P) > 0.

By Lemma 2.6 there is ng > 1 such that f "(z) € P, for every n > ny and
z € P. In other words this means that P, D f;"™(P) for n > ng. Thus

B.(w,cin”YP) > [j Py, > G foHP) o [j Uf;”(Be(zi,é) N P).
k=n k=n

k=n1i=1

On the other hand, for any z € B.(w, R) \ {w} let I(z) > 0 be the smallest
integer such that f!(z) € P. Take n; > ng so large that if z € B.(w, clnl_l/p),
then I(z) > ng. Consider now any z € J(f)NBe(w,cin™/P)\{w} withn > n;.
Since I(2) > ng and f'*)(z) € P we conclude that z = le(Z)(fl(Z)(z)) € Pz

Therefore ¢; '1(z)~V/? < ¢;n~'/? and consequently I(z) > ¢; *’n. Hence

J(HNBe(w,em ) cfwiu |J @) =il U 1B 6)).

1>e¢;%Pn 1=1y>¢c%Pn

Since the sets {f;™(J(f) N Be(27,68))}, n = 1,2,..., are mutually disjoint,
it follows from Koebe’s Distortion Theorem, I (Euclidean version) and the
semi-conformality of the measure m that

me (Be(w, cn”VP)\ {w}) < me(U U f;i(Be(zl,é)))
izllZCIZPn

ptly

<qK'Ch N Tt < O/ (nT Ry @)

1>c;*Pn



2.3 Basic properties of critically pseudo non-recurrent elliptic functions 15

where C’ > 0 denotes some constant and where Cp = max{C(z'),...,C(2%)}.
If, in addition, m. is t-conformal we have

Me(Be(w, c1n —1/p) )\ {w}) > Zme (27,8) N P)
> ZK L) R )M
k=n
> MK~'C(29) i(k“’#)t
k=n

P+t

> MK~'C(2))"tn((2n)” % )
= 27%tMK_hC(Zj)_t(n_l/p)at(u)).

M:l.l

The proof is finished observing that lim, .. *= =17

2.3 Basic properties of critically pseudo non-recurrent
elliptic functions

We say that the elliptic function f : C — C is (critically) pseudo non-recurrent
if the following conditions are satisfied.

(1) If ¢ € Crit(f) N J(f), then either
(la) w-limit set w(c) is a compact subset of C (i.e. 0o ¢ w(c)) and ¢ ¢ w(c)
or
(Ib) c€ U,y f"(00), or
(1e) limy,—, o f™(c) = o0,
and

(2) if c € Crit(f) N F(f), then there exists either an attracting periodic point
w of f or a rationally indifferent periodic point w of f such that

w(e) C {f"(w), n = 0}.

We will frequently write critically pseudo non-recurrent as well as pseudo
non-recurrent, and in each case this will refer to functions defined above.

Definition 2.8 The set of critical points captured respectively by (1a), (1b)
and (1c) will be refereed to as Crit.(f), Crit,(f) and Criteo(f).

For every ¢ € Crit,(f) let n(c) > 2 be the only integer such f7(c) is well
defined for all 0 < j < n(c) and f™(c) = oo. Set
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PC(N)= |J {Fl:5=21}

ceCrit(f)

PC2(f) = Crite(f) UPCe(f),
PC(N= U {Flo:1<j<n)-1}

c€Crity (f)
PC)(f) = Crit,(f) UPC,(f), (2.15)
PCo(f)= U {Flo:ix>1},
cE€Critos (f)
PCO oo (f) = Critoe (f) UPCoo(f),
PC(f) == PCc(f) UPC,(f) UPCx(f),

PC(f) = PGS(f) UPCY(f) UPCL(f).

It immediately follows from this definition that ¢ ¢ w(c) for all ¢ €
Crit(f) N J(f). For every ¢ € Critoo(f) let

¢c = limsup g
n—oo

(2.16)

n?

where f™(c) is near the pole b, and, we recall, gp, is its multiplicity, p. was
defined just after Definition 1.1. Let

loo = max{pcq. : ¢ € Critoo(f)}
(if Critoo(f) = 0, lso = 0). Our main hypothesis is that

2l o

h
T+ 1

(2.17)

and then the pseudo non-recurrent function f : C — C is called regular.

This assumption is needed in order to show that the h-conformal measure
constructed in Lemma 4.3 is atomless. This is a prerequisite for, essentially
all, our considerations concerning geometric measures (Hausdorff and packing)
and measurable dynamics with respect to the measure class generated by the
conformal measure m. The place in the paper from which we do need regularity
is the proof of Lemma 4.26.

: 2pcqc
Therefore, for every ¢ € Critoo(f), h > ;eds. Hence

Pec —

Pe

1
h < (ge+ 1)h — 2q..

So there exists h_ € (1, h) such that

Pec —
Pc

1
ho < (ge+1h_ —2q,, (2.18)
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and therefore there exists k. > 0 such that

pcfl

" h- < ke < (ge+ 1)h_ — 2g.. (2.19)

The right-hand side of this formula is equivalent to the following
h_ — Ke dc +1
1. 2.20
(=) (%) 220

0+(4) = ).

n>0

For any set A C C, let

Similarly as in the paper [17] the basic technical tool for our approach in
this paper is formed by an appropriate version of Mafne’s Theorem. Let us
recall that we proved in [18] the following theorem.

Theorem 2.9 Let f : C — C be an elliptic function and 2(f) denote the set
of rationally indifferent periodic points of f. If a point x € J(f)\ 2(f) is not
contained in the w-limit set of a recurrent critical point, then for every e > 0
there exists a neighborhood U of x such that

(a) For all n > 0, every connected component of f~"(U) has Euclidean diam-
eter < ¢g;

(b) There exists N > 0 such that for alln > 0 and every connected component
V of f~™(U), the degree of f"{, is < N.

We first prove a version of Przytycki’s lemma from [27] for the sake of
completeness, since it forms the first step in the proof of Theorem 2.9 and
since there are places, where one has to proceed more subtly than in the case
of rational functions.

Lemma 2.10 For every integer K > 0 and every 0 < XA < 1, the following
holds. For every e > 0 and every k > 0, there exists 69 = 0o(K,€e,\,k) > 0
such that for every § < ég and every x € C at the distance at least k away
from the set of parabolic points and attracting points, for every n > 0 and
every connected component W = Comp(f~"(Be(,))) such that fly, has
at most K critical points counted with multiplicities, for every component
W' = Comp(f~"(B")) in W, for the disc B’ = B(x,\d) we have

diam.(W') < e

and diam,(W') — 0 for n — oo uniformly (i.e., independently of the choices
of B and W').



18 2 The dynamics of pseudo non-recurrent elliptic functions

Proof. Suppose, on the contrary, that there exist a sequence {z,}52; of
points in a distance at least x apart from the set of parabolic points and
attracting points, a sequence 9, \, 0, a sequence of components W,, =
Comp(f~*»(B.(2n,6,))) with k, — o0, as n — oo such that the num-
ber of critical points of each map f* on W, is bounded by K and W/,
the sequence associate to W, as in the statement of the lemma, such that
lim,,_, o diam, (W,,) # 0. Then for each n, there exists L = L(n),0 < L < K,
such that there is no critical value of flli/?/n in

P(n) = B, (xn,én ()\ +(1- A)%))\Be (xn 5 </\ . )\)KLH>) .

Without loss of generality, we may assume that all the components W/ inter-
sect the fundamental region R. Put

1o (5 (5 (s (- 2
W(? := Comp (f_k" (Be (33”’5" ()‘ +01- /\)Léfn);—ll>)>)

the components containing W, ,

P, =W\ wV
and for every 0 <m < k,, 1 =1,2,
Wil = PP OVD), Pa = (P = W\ WD,
For each n, let m = m(n) < k, be the least integer such that
diame(Wr(L’l)n) > inf{diste(c1, c2); c1,co € Crit(f), c1 # ca}.

So for every 0 < t < m(n), the set P, is a topological annulus. That is
so because at each step back by f~! from P,+-1 to P, there is at most

one branch point for f~! from WT(LfT)f—l to W)

nts 0 =1,2. Now, all the annuli

Py m(n)—1"s have moduli bounded below by 2K (1— /\)K#Jrl Since in addition
all the components W, intersect the fundamental region R, it follows from
Montel’s Theorem that there exists a topological (maybe not geometric) an-

nulus P contained in all P, ,,(n)—1’s for a subsequences ng, which bounds a
topological disk D. So D C w®

nom(ns)—1° Hence

fr D) C Be(@n, 6)-

Passing yet to another subsequence, we may assume that the sequence
{xn}52, converges to a point y € C at distance at least  apart from the
set of parabolic points and attracting points. Thus the family of functions
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{fm)=1(D) — C}2, is equicontinuous and consequently D cannot inter-
sect the Julia set J(f). If they were contained in a preimage of a Siegel disk
or a Herman ring, the limit of diameters of iterates f™(")=1(D) would be
positive. Thus D is contained in the basin of attraction to an attracting pe-
riodic orbit or a parabolic periodic orbit. In either case, the limit of the sets
fm()=1(D) would be contained in either an attracting periodic orbit or a
parabolic periodic orbit. Since this limit would coincide with y, we get a con-
tradiction. The proof is complete. B

Remark 2.11 Obuviously this lemma remains true (with the proof requiring
only minor modifications) if, instead of the disk B.(x,0), one takes the square
centered at x and with edges of length 6. This is the version we will need in
the next theorem.

Proof of Theorem 2.9. The core of the theorem is (a), from which the
property (b) follows easily. Given an open set U C C, denote c¢(U,n) the
set of connected components of f~"(U). Observe that V € ¢(U,n) implies
fA(V)ecUn—j)forall0 < j<n. IfV € c(U,n) define

A(V,n) = #{ € Vi (f)'(§) = 0},
counted with algebraic multiplicity. A square is the set S of the form
S={z€C: |Re(z—p)| <6, Im(z—p)| <0}
The point p is the center and § is its radius. Let S be a square with center p

and radius ¢, given k > 0, denote by S* the square with center p and radius k.

(a) If S is a square with radius J, denote by L£(S) the family of squares
contained in $%/2 — S and having radius §/4. Denote by £*(S) the family

of squares 53/2 with Sy € £(S). Suppose that z is not a parabolic point and
does not belong to the w-limit set of recurrent critical point. Then there exists
6o > 0 such that

(1) there is no critical point ¢ of f such that there exists 0 < n; < ng satisfying
[f™(c) —c| <dg and |f"(c) — x| < do;
(2) |z — p| > 106y for every parabolic or attracting periodic point p.

Given € > 0, take €1 > 0 satisfying

(3) 0 < &1 < min{e/10, 60/10};
(4) if U is an open connected set with diam.(U) < 2e, then diam. (W) < dg
for all W € ¢(U, 1).

Let Ny be the number of equivalence classes of the relation ~ between critical
points of f. Take N7 > 2 such that
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(5) If S is a square and V' € ¢(S,n) satisfies A(V,n) < Np+1, then the number
of connected components of f~"(S5%/3) contained in V is < Nj.

Finally, let § be given by
(6) 6 = min{dy/10,e1/10,8(2Ng,1/20N1,2/3,80)}, where

5(2N0, 51/20N1, 2/37 50)
was produced in Lemma 2.10.

Let Sp be the square of center x and radius ¢. Suppose that Theorem 2.9(a)
fails for U = Sp. Then there exists n > 0 and V' € ¢(Sp,n) with diam.(V) >
£ > 10e;. On the other hand, by (6), diam.(Sy) = 2v/25 < 36 < &;. Hence

there exists an integer ng > 0 such that there exists Vg € C(SS/Q, ng) satisfying
(7) diam, (f~ (=9 (Sy) N fi(Vp)) < &1 for all 1 <i < ng, and
(8) diam, (=" (S0) N Vo) > 1.
Since diam.(Sp) < &1 it follows that ng > 0. Now, starting with Sy we shall
construct a sequence of squares Sp,S1,S52,... and strictly positive integers
ng > ni > ng ... satisfying
(9) Sj+1 S L:*(S]) and

(10) there exists V; € c(S;/z,nj) such that

diam, (£ (S;) N f1(V;)) < e
forall 1 <i <mnj; and
diame(f_”j (S]) N V]) > €1.

From (7) and (8), it follows that Sy satisfies (10). If we construct such a
sequence of squares and integers, then Theorem 2.9 will be proved by contra-
diction because the condition ng > ny > ny... > n,, > ... > 0 implies that
n; = n; for all > ¢ for a certain ¢. But (a) implies that the radius of 5 is
(2)76; in particular diam(S;) — 0 when j — +o0. But by (10),

g1 < diam.(f~"(S;) NV;) = diam.(f~"(S;) N'V;),
Vi € ()% my) = oS}, m).

Taking j — 400, and recalling that 7 is fixed and lim;_, . diam.(S;) = 0, we
conclude that the inequality above cannot hold.

The sequence {S;} and {n;} will be constructed by induction starting with
So. Suppose S; and n; are constructed for 0 < i < j. To find S;j41 and nj4q,
we begin by observing that from (a) it follows that if p € S € £*(S;), then,
by the contraction of the squares S;,
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j L g 1 N
lp—x| < ;diame(Si) = ; <8) diam.(Sp) = 2\/5; <8) § < 4V/26.

Hence, if a point ¢ satisfies dist.(q, S) < do, we have
lg — x| < 426 + 6y < 26.

By (2), this means that

(11) diste(g, S) > 0o for all S € L£*(S;) and all parabolic or attracting periodic
point q.

For the induction step (i.e., the construction of S;;1 and n;11), we shall
use the following lemma.

Lemma 2.12 IfU C C is an open neighborhood of x andV € ¢(U,n) satisfies
diam,(f*(V)) <6, 0<i<n,

then
A(V,n) < No.

Proof. If A(V,n) > Ny + 1, there exists Ny + 1 different points z;, 1 < i <
No+1,in V such that (f*)’(z;) = 0. This means that for each 1 <i < Ny+1,
there exist 1 < m; < n, such that f™i(x;) is a critical point. Recalling that
Ny is the number of the equivalence classes of the equivalence relation ~, we
see that there exist two different points in the set {z;; 1 <4 < Ny+1}, which
we denote by x1, x2, and two critical points ¢; and ¢y in the same equivalence
class of the equivalence relation ~, such that f™!(z1) = ¢; and f™2(x2) = cs.
Assume without loss of generality that 0 < m; < mgy. Then by the choice of
do, m1 < mo and

|fm2—m1 (62) _ 02| _ |fm2—m1(cl) — C2| = |fm2($c1) - fm2($2)|
< diam.(f™*(V)) < do

and
£ (e) — ] = |7 (7 () — ] = | £ () — ] < o,

contradicting property (1) of 6. B

Now, to find S;y1 and n;i; we first claim that there exists S € L(S;)
which for some 0 < n < n; has V € ¢(S,n) with diam.(V) > ¢1/10N;.
Suppose that the claim is false. Then, for all 1 < ¢ < nj,
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diam, (f'(V;)) < diam, (f~77(S;) 0 (V)
+ sup{diam.(W); W € ¢(S,n; —i),S € L(S,)}
<eg +€1/10N1 < 2eq.
From this inequality applied to ¢ = 1 and property (4), we have
diam, (V;) < do.
Moreover, since 2e1 < dg (by (3)),
diam, (£(V;)) < b

for all 1 < ¢ < ny, hence for all 0 < i < n;. By Lemma 2.10, this proves that
A(Vj,n;) < No. Then, since V; € c(SJZ-/s,nj) it follows from (5), (11) and
Lemma 2.10 that

(W € ¢(Sj,n;), W C V;] = diam.(W) < e1/10N;.
Moreover, by the way N7 was chosen, we have
#{W € c(Sj,n;); W C V;} <Ny
and we assume that
[S € L(S;),G € ¢(S,n;)] = diam.(G) < ¢/10N;.

Now observe that V; is the union of sets G € ¢(S,n;),G C V;,S € L(S;) and
the sets W € ¢(S;j,n;), W C V;. Moreover, for any two sets W/, W in this
family there exist W' = Wy, Wi,..., W, = W in ¢(S;,n;) and contained in
V; such that for all 0 < ¢ < k there exist S; € £L(S;) and U; € ¢(S5;,n;) such
that Ui N Wz #* 0 and Ul n WiJrl #* (. Then

diame(Vj) < N (51/1ON1 +€1/10N1) = 61/57

contradicting the last inequality in condition (10). This completes the proof
of the claim. Now we can take S € £(S;) such that diam.(V) > ¢/10N; for
some V € ¢(S,n),0 < n < n;. Take V € ¢(S%2,n) containing V. Suppose
that A(V,n) < No. Then by Lemma 2.10 and condition (6)

diam. (V) < e1/20Ny,

since V € ¢((S%/2)2/3 n) and is contained in V. This contradicts the fact that
diam. (V') > 1 /10N,

and proves A(f/, n) > No + 1. From Lemma 2.12, it follows that

diame(fi(V)) > dp
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for some 0 < i < n. Now we define S 1 = S3/2. Then fi(V) € ¢(S%2,n — i)
and diam.(f(V)) > & > 10e;. Moreover, diam.(Sj4+1) < 26 < &;. Then
there exists 0 <njy1 <n—1i<n; —iand Vj11 € ¢(Sj4+1,nj4+1) such that

diame (f 7" (Sj41) N Vig1) > &1

and ‘ ‘
diame (f~" 7 (Sj41) N 1 (Vi) < e

Observe that n;11 > 0 since diame(SjH) < 26 < &1. This completes the
construction of the sequence {S;} and {n;} and the proof of part (a) of The-
orem 2.9. Property (b) of Theorem 2.9 follows from (a) and Lemma 2.12.
]

As its rather straightforward consequence, in exactly the same way as
Theorem 2.7 from [18] one can prove the following.

Theorem 2.13 Let f : C — C be a critically pseudo non-recurrent elliptic
function. If X C J(f)\£2(f) is a closed subset of C, then for every e > 0 there
exists 6 > 0 such that for every x € X and every n > 0, all the connected
components of f~"(Be(x,0)) have Euclidean diameters < e.

Since this theorem forms an extremely important tool in our paper and
promptly distinguishes the class of critically pseudo non-recurrent elliptic
functions from among all other elliptic functions, we would like to provide
a few words of comment. First, Mane’s original most general result is this.

Theorem 2.14 Suppose that f : C — C is a rational function of degree
d > 2. Suppose also that x € J(f) is not a rationally indifferent periodic point
nor does x belong to the w-limit set of any recurrent critical point. Then for
every € > 0, there exists 6 > 0 such that for every n > 0 all the connected
components of f~™(Bs(x,0)) have spherical diameters < e.

It is easy to see that in the context of rational functions Theorem 2.13
follows from Theorem 2.14 if C is replaced by C and Euclidean diameters are
replaced by spherical ones. We also observe that Theorem 2.13 follows easily
from Theorem 2.9, the elliptic counterpart of Theorem 2.14, as long as the set
X C J(f)\ £2(f) is assumed to be a compact subset of the complex plane C.
The proof that Theorem 2.13 is also true for closed, not compact, subsets of
C results from its ”compact” part as follows. Suppose that X C J(f) \ £2(f)
is a closed subset of C. Let

A = diste(2(f), " (00)) > 0.
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In view of (2.2) and (2.5) there exists R > 0 so large that if |f(z)| > R/2,
then for some b € f~!(c0), 2z € By(R/2)

|f/(2)] > 2 and diam,(B,(R/2)) < A/2. (2.21)
Consider now the compact set

Y =X U(J(f)\ Be(2(f),A/2))\ Br

and the corresponding number 0 < § < min{e, R/2} ascribed to Y and the
number min{e, R/2} according to the ”compact” part of Theorem 2.13. In
order to complete the proof it suffices to show that if x € Bpg, then the
Euclidean diameter of each connected component C,,(z) of f~"(Be(z,d)) does
not exceed ¢ for every € > 0. Indeed, fix w € f~"(x)NCp(xz) andlet 1 <k <n
be the least integer such that f"~*(w) ¢ Bg provided it exists. Otherwise,
set k = n. We shall show by mathematical induction that

diam, ("7 (Cy(z))) < 6 < min{e, R/2} (2.22)

for every 0 < j < k. For j = 0, this formula is true since f*(Cy(z)) = Be(z, 9).

Suppose that it is true for some 0 < j < k— 1. Since f"7(w) € Bg and since
diam, (f"~9(Cpn(x))) < R/2, we conclude that

7 (Cn(x)) C Bryo. (2.23)

It therefore follows from the first part of formula (2.21) that

diam, (f*~UT(C,(2))) < diam, (f"77(Cp(2))) < 0.

Do =

This proves formula (2.22). In the case when k = n, the result follows from
(2.22). Otherwise, it follows from (2.23) and the second part of formula (2.21)
that

FrR(Cu(2)) € C\ Be(2(f), A/2).

Since we also know that f"~%(w) ¢ Bgr, we conclude that f*~*(w) € Y, we
see that diam.(Cy(z)) < min{e, R/2} < e. We are done.

Now we shall collect all the other results from Section 2.3 of [18] formulated
in the context of critically pseudo non-recurrent functions. The proofs requires
no modifications. As a consequence of Theorem 2.13 we prove the following.

Corollary 2.15 Let f : C — C be a critically pseudo non-recurrent elliptic
function. If X C J(f)U{co}\2(f) is compact, then for every e > 0 there exists
& > 0 such that for every x € X and every n > 0, all connected components
of f~™(Bs(x,9)) have Euclidean diameters < e.
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Proof. Apply Theorem 2.13 for the set f~!(oo) and given ¢ > 0. This gives
us the corresponding number §; > 0. Taking now £ > 0 so small that each
connected component of f~"(Bs(o0,§)) is contained in B, (b, d1) for some pole
b€ f~1(co) consider the set Y = X \ Bs(c0,€). Since Y is a compact subset
of C, it follows from Theorem 2.13 that there exists do > 0 such that for every
x € Y and every n > 0 all the connected components of f~"(Bs(z,d)) have
Euclidean diameters < e. Consider a finite cover

{Bs(x1,02),...,Bs(xk, d2), Bs(00,£)}

of X, where z; € Y for all j = 1,2,...,k. Taking as § half of the Lebesgue
number of this cover (see [20]) finishes the proof. B

Let

1
0=0(f) = min{min{@(f“,w) cwe R(HY idiste(ﬂ(f),Crit(f))} >0,
(2.24)
where a > 1 is so large that all parabolic points of f® are simple and the
numbers 0(f*, w) are defined in (2.10). We denote
A= A(f) = max{A(f,c), A(f,b) : c€ Crit(f),be f~H(c0)},  (2:25)

where A(f, ¢) was defined just after Definition 1.1, A(f,b) was defined in (2.4).
Recall from Section 2 that two points z and w are equivalent and write z ~ w
if w—z € A, the lattice associated to the elliptic function f. Obviously, z ~ w
implies that O1(z) = O4(w) and w(z) = w(w). Since the set Crit(f) N R is
finite, our assumptions on the set of critical points Crit(f) imply that each of
the following three numbers below is positive.

min{dist.(c, O4(f(c)) : ¢ € Crit(f)}

min{(A(f,¢)R(f,c))"/P< : ¢ € Crit(f)}

min{|c — | : ¢, € Crit(f) and ¢ # '},
where p. = p(f, ¢) is the order of the critical point ¢ of f. Both, p. and R(f,c),
were defined just after Definition 1.1. Fix a positive constant

6<0/2 (2.26)

smaller than those three numbers. Since f contains no recurrent critical points,
it follows from Theorem 2.13 that there exists 0 < v < 1/4 such that if n > 0
is an integer, z € J(f) and f"(z) ¢ B.(£2(f),0), then

diam, (Comp(z, f"(2), f", 27)) < . (2.27)

From now on fix also 0 < 7 < 6 'min{3,2y} so small as required in
Lemma 2.4 for every w € £2(f) and so small that for every z € J(f)

diam, (Comp(z,f(z),f, 97’)) < min{g, 2v}. (2.28)
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Lemma 2.16 If n > 0 is an integer, n > 0, z € J(f) and for every k €
{0,1,...,n}

diam, (Comp(fk(z), f"(2), fnikv 77)) <5,
then each connected component Comp(f*(2), f*(2), f*~*,n) contains at most

one critical point of f and the equivalence class of each critical point intersects
at most one of these components.

Proof. The first part is obvious by the choice of 5. In order to prove the second
part suppose that

¢1 € Crit(f) N Comp(f*(2), f"(2), f*~*1,m),
co € Comp(fk2 (2), f"(z),f”_kz,n)
and ¢; ~ co, where 0 < ky < ko < n. But then
f‘k?Z*kl (02) — fk2*k1 (Cl) c Comp(fkg (z)’fn(z),fnfkg’n)
so |fF2F1(cy) — 2| < B, contrary to the choice of 3. B

Let k = (HceCrit(f)ﬂRpC)_l'

Lemma 2.17 If z € J(f), f"(2) ¢ Be(£2(f),0), then
Mod (Comp(z, f"(2), ", 2y)\Comp(z, f"(2), [",7)) = rlog2/#(Crit(f)NR).
Proof. By Lemma 2.16 there exists a geometric annulus
R C Be(f"(2),29) \ B(f"(2),7)
centered at f™(z) of modulus log 2/#(Crit(f) N R) such that
S~ (R) N Comp(z, f*(2), f",2y) N Crit(f") = 0.

Since covering maps increase moduli of annuli at most by factors equal to
their degrees, we conclude that

Mod (Comp(z, f"(2), f",27) \ Comp(z, ["(2), f", 7))
> Mod(R,,)

log 2 »
& (#(Crlt(f)ﬂR)) (Ieecrit(f)nrDe) (2.29)
klog 2
#(Crit(/)NR)’

where R,, C Comp(z, f*(z), f™,27) is the connected component, of
7 (Be(f"(2),27)) enclosing Comp(z, f"(2), f",7). B

As an immediate consequence of this lemma and Koebe’s Distortion The-
orem, IT (Euclidean version) we get the following.
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Lemma 2.18 Suppose that z € J(f) and f"(z) ¢ Be(2(f),0). If0 <k <n
and f* - Comp(z, (=), I, 27) — Comp(f*(2), (=), ", 27) is univalent,

e () )]
)y
—————=— < const
[(fF) ()]
for all ,y € Comp(z, f™*(z), f™,7), where const is a number depending only
on #(Crit(f) NR) and k.

For A, B, any two subsets of a metric space put
dist(A, B) = inf{dist(a,b) : a € A,b € B}

and
Dist(A, B) = sup{dist(a,b) : a € A,b € B}.

Lemma 2.19 Suppose that z € J(f) and f™(z) ¢ B.($2(f),0). Suppose also
that QM ¢ Q@ < B(f"(2),7) are connected sets. If Qg) is a connected
component of f~™(Q?) contained in Comp(z, f*(z), f*,v) and QS) is a con-
nected component of f~"(QW) contained in Qg), then

diame( %1)) . diame(Q(l))
diame( 7(12)) ~ diam, (Q(z))-

Proof. Let 1 <n; <...<n, <n be all the integers k between 1 and n such
that

Crit(f) N Comp(f"~*(2), f*(2), f*,27) # 0.

Fix1<i<uIfj€ [n;,n;y1—1] (weset ny41 =n—1), then by Lemma 2.18
there exists a universal constant 7" > 0 such that

diam, (Q5") __ diam, (@1
diam, (Q) ~ diam, (Q?))’

(2.30)

Since, in view of Lemma 2.16, u < #(Crit(f) N R), in order to conclude the
proof it is enough to show the existence of a universal constant £ > 0 such
that for every 1 <i<wu

diame(Qg«Lli)) S Ediame(Qgi)fl)

diam, (Q{?) diam, (Q'? )

ni—l

Indeed, let ¢ be the critical point in Comp(f™ " (z), f™(z), f™, 2v) and let p,

be its order. Since both sets leli) and QE}) are connected, we get for j = 1,2
that
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diame(Qg;)_l) = diam,(Q % ysup{|f'(z)| : z € ngjqz)}
= diame(Q;))DISte(Ca ng))

Hence
diam,( ¢ )) diam, ( Dist,(c, (2))

)

dlame(Qm ) Diste(c, Q 1@ ) dlame(Qgi)fl)
)
)

dlame( 1
~ diam, (Qn 1

The proof is finished. B

2.4 Partial order in Crit.(J(f)) and stratifications of
closed forward-invariant subsets of J(f)

In this section all the distances and all closures are understood with respect to
the Euclidean metric and the topology on the Euclidean plane C. In particular
if lim,, o0 f™(2) = 00 or z € oo, f™(00), then w(z) = 0. Also dist(4,0) =
0. What concerns critical points all the proofs in Section 2.4 from [18] used
only the fact that ¢ ¢ w(c) and w(c) is a compact subset of C for every critical
point ¢ € Crit(f)NJ(f). All these proofs go through unchanged (only Crit(f)
is replaced by Crit.(f) and PC(f) is replaced by PCY(f) and we collect here
the results and their proofs for the sake of completeness and the convenience
of the reader. Set

Crit.(J(f)) = Crit.(f) N J(f).

Lemma 2.20 The set w(Crit.(J(f))) is nowhere dense in J(f).

Proof. Suppose that the interior (relative to J(f)) of w(Crit.(J(f))) is
nonempty. Then there exists ¢ € Crit.(J(f)) such that w( ) has nonempty
interior. But then there would exist n > 0 such that f™(w(c)) = J(f) and,
consequently, w(c) = J(f). This, however, is a contradiction, as ¢ ¢ w(c). B

Now we introduce in Crit.(J(f)) a relation < which, in view of Lemma 2.21
below, is an ordering relation, by putting

1<y = ¢ €w(c). (2.31)

Since co ~ ¢3 implies w(ca) = w(cs), then if ¢; < co and co ~ ¢3, then ¢; < c¢3

Lemma 2.21 Ifc¢; < ¢y and co < c3, then ¢; < c3.

Proof. Indeed, we have ¢; € w(cz) C w(cs). W
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Lemma 2.22 There is no infinite, linear subset of the partially ordered set

(Crite(J(f)), <)-

Proof. Indeed, suppose on the contrary that ¢; < ¢z < ... is an infinite,
linearly ordered subset of Crit.(J(f)). Since the number of equivalency classes
of relation ~ is equal to #(Crit.(J(f)) N R) which is finite, there exist two
numbers 1 <4 < j such that w(¢;) = w(c;). But this implies that ¢; € w(c;) =
w(c;) and we get a contradiction. The proof is finished. B

The following observation is a reformulation of the condition that J(f)
contains no recurrent critical points.

Lemma 2.23 If ¢ € Crit.(J(f)), then it is not the case that ¢ < c.

Now define inductively a sequence {Cr;(f)} of subsets of Crit.(J(f)) by
setting C'ro(f) = 0 and

Criqa(f) =

¢ € Crite( \U Cri(f): if ¢ <e¢, then ¢ € Cro(f)U...UCr(f)

Lemma 2.24 (a) If c € Cri(f) and ¢’ ~ ¢, then ¢ € Cri(f).
(b) The sets {Cr;(f)} are mutually disjoint.

(¢) Fpz1 Vizprar Cri(f) = 0.

(d) Cro(f)U...UCry(f) = Crite(J(f)).

(e) Cri(f) #0.

Proof. Part (a) follows immediately from the definition of the sets Cr; and
the fact that two equivalent points have the same w-limit sets. By definition
Crit1(f) NUj=, Cr;j(f) = 0, so disjointness in (b) is clear. As the number of
equivalence classes of the relation ~ is equal to #(Crit(J(f)) N R, which is
finite, (a) and (b) imply (c). Take p to be the minimal number satisfying (c)
and suppose that ¢ € Crit.(J(f)) \ Uj—, Cr;(f). Since Crpy1(f) = 0, there
exists ¢ ¢ J]_, Cr;(f) such that ¢ < c. Tterating this procedure, we would
obtain an 1nﬁn1te sequence of critical points ¢y = ¢ > co =¢ > c3 > .... But
this contradicts Lemma 2.22 proving (d). Now part (e) follows from (c) and
(2.32). m

As an immediate consequence of the definition of the sequence {Cr;(f)},
we get the following simple lemma.
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Lemma 2.25 If¢,c’ € Cri(f), then it is not the case that ¢ < .

For each point z € J(f), define the set

Crite(z) = {c € Crit.(J(f)) : c € w(2)}.

Lemma 2.26 Ifz € J(f) \ I (f), then either z € U, 5o f~"(£2(f)) or
w(z) \ {oo} is not contained in O4(f(Crite(2)) U £2(f).

Proof. Suppose that z ¢ |~ [ "(£2(f)) U Io(f). Then by (2.11) the set
w(z) \ {oo} is not contained in £2(f). So, if we suppose that

w(z) \ {00} C O4(f(Crit.(2)) U L2(f), (2.33)

then, as w(z) \ {00} # 0, we conclude that Crit(z) # 0. Let ¢; € Crit(z).
This means that ¢; € w(z); and as ¢; ¢ £2(f), it follows from (2.33) that
there exists ¢y € Crit.(z) such that either ¢; € w(cg) or ¢1 = f™(¢3) for some
ny > 1. Iterating this procedure, we obtain an infinite sequence {c;}32; such
that for every j > 1, either ¢; € w(cj41) or ¢; = f™(¢j41) for some n; > 1.
Consider an arbitrary block cg, ck+1, .. ., ¢; such that ¢; = f™(c;41) for every
k < j <1-—1 and suppose that

I—(k—1)>#(Crit(f) NR).
Then there are two indexes k < a < b <[ such that ¢, ~ ¢,. Then

f"a+na+1+---+nb—1(ca> — f7la+na+1+-u+nb71(cb) = Cg;

and consequently, as
Ng +Ngy1+...+mp_1 >2b—a>1,

¢, is a super-attracting periodic point of f. Since ¢, € J(f), this is a contra-
diction; and in consequence, the length of the block cg, cx+1, ..., ¢; is bounded
above by #(Crit(f) N'R). Hence there exists an infinite subsequence {ny}x>1
such that c,, € w(cp,41) for every & > 1 or, equivalently, c,, < cp,,, for
every k > 1. This, however, contradicts Lemma 2.22 and we are done. B

Recall that the integer p was defined in Lemma 2.24. Define for every
i=0,1,...,p,

Si(f)=Cro(f)U...uCri(f) (2.34)

and for every ¢ = 0,1,...,p — 1, consider ¢’ € Ucecnﬂ(f) w(e) N Crit.(J(f))-

Then there exists ¢ € Cr;11(f) such that ¢ € w(c), which means that ¢’ < e.
Thus, by (2.32), we get ¢’ € S;(f). So
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U (o) (©rit(J(H)\ Si()) = 0. (2.35)
c€Criy1(f)

Therefore, since the set U cc,, () w(c) C C is compact and Crite(J(f)) \
S;(f) has no accumulation point in C,

5 =diste( ()  w(e),Crite(J(f))\ Si(f)) > 0. (2.36)

c€Criy1(f)
Set
1
P=3 min{d; : ¢ =0,1,...,p—1, dist. (O4(Crite(f)), Crit,(f) U Criteo ()}

Fix a closed forward-invariant subset E of J(f) and for every i = 0,1,...,p,
define

E(f) = {= € E : dist, (04 (=), Critc (J() \ Si(f)) = p}.

Let us now prove the following two lemmas concerning the sets E;(f). Let
Ei = Ez(f)7 Z :0,...,]).

Lemma 2.27 EyC E; C...C E,=FE.

Proof. Since S;11(f) D Si(f), the inclusions E; C E;;1 is obvious. Since
Sp(f) = Crit.(J(f)), it holds E, = E. We are done. B

Lemma 2.28 There exists | = I(f) > 1 such that for everyi=0,1,...,p—1,

U @@ cOr(fi(Crina(f)) € PC(f)i € PCAS)s

c€Crit1(f)

Proof. The left-hand inclusion is obvious regardless whatever I(f) > 1 is.
In order to prove the right-hand inclusion, fix ¢ € {0,1,...,p — 1}. By the
definition of w-limit sets, there exists I; > 1 such that for every ¢ € Cr;11(f)

we have
diste (04 (f(0), |J wl(e) <éi/2.
ceCriy1(f)

Thus, by (2.36),
diste (05 7T Crite (1)) \ $:(9)) > 61/2.

Since p < 46;/2 and since for every z € O, (fli(c)) also Oy (z) C O4(fl(c)),
we therefore get

O1(f{(Crisa(f))) € PCAU/)i-
So, putting I(f) = max{l; : i =0,1,...,p — 1} the proof is completed. W
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2.5 Holomorphic inverse branches

Set,
Sing™(f) = (J £ (R(f) U Crit(J(f)) U f ()

n>0

and

For every b € f~!(c0) and every w € By(2T) let f, .+ : Be(f(w),T) —
By(T) be the inverse branch of f sending f(w) to w. It follows from (2.2)
(comp. also (2.5)) that there exists constant L > 1 and the following properties
are satisfied.

diame(By(T)) < LT™Y® and  By(2T) D B.(b, L~ T~ /) (2.37)

and for every R € (0,T) sufficiently small

B, (w,L-1R|f<w>|“’%31) C fr M (Buf(w). B) € B, (w,LR|f<w>|“@?1)
C B.(w, R),
(2.38)

1
where the last inclusion was written assuming that |f(w)| > L Since
there are only finitely many equivalence classes of the relation ~ generated
by the poles of f, there exists Ry > 0 so small that w € B.(f!(c0), R1) then
|f(w)| = L.

Using now (2.38) and the right-hand side of (2.37) with T replaced by 2T
a straightforward induction gives the following.

Lemma 2.29 There exists
1
Ry € (0, min{T, (2LT)~ !, Ry, 5cliste(f—l(oo), Crit(f))}
so small that if 2 € C,n > 1 and if {f7(2) : 0 < j <n—1} C Bo(f1(0), R2)

then there exists a unique holomorphic inverse branch f;™ : Bo(f"(z), R2) —
Be(z, R2) sending f™(z) to z.

Now we shall prove the following.

Lemma 2.30 For every ¢ > 0 there exists a = a(e) > 1 such that if
2 € C\ Be(f7(00),e) then z ¢ U2,y Be(f7(Crito(f)), 5).
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Proof. Suppose on the contrary that there exists € > 0 for every a > 1
there exists 2, € U=, 1 Be(f/(Criteo(£)),5) \ Be(f~"(00),€). Since the sets
f7(Critso(f)) converge to oo when j — oo, it follows that lim, .., 2, = oo.
But then z, € B.(f !(c0),¢) for all a > 1 large enough. This contradiction

finishes the proof. B

Since the sets PC.(f) and PC,(f) are bounded, the number

D= %Diste(PCC( FYUPC,(f),0)

is finite. The main result of this section is the following.

Proposition 2.31 If z € J(f) \ Sing™ (f) then there exist:
(a) n(z) >0

b) {n;}52,, an increasing sequence of positive integers.
( 1J5=1
(¢) a sequence {z;(2)}52; C J(f)\ (2(f) U w(Crit(2))) with the following
properties:
(1) Comp(z. £ (2), £ n(=)) N Crit( ) = 0.
(2) limjoe |5 (2) — 5(2)| = 0.
(3) If |xj(z)| > 2D for all j > 1, then n(z) > min{2, Ry }.
(4) If the sequence {x;(2)}52, is bounded, then it is constant.
(5) If imj o x;(2) = 00 and z ¢ I(f) then z;(2) ~ xx(z) for all
Jk> 1,

Proof. If z € Io(f), equivalently, if lim,, . dist.(f"(z), f~*(c0)) = 0, then
in view of Lemma 2.29 we are done by setting n;, = j+u and z,(z) = fj+“( )
with some u > 0 large enough, so that dist.(f/7%(z), f~}(x)) < Ra.
suppose that there exists an € > 0 such that the set

S = {k>0:diste(f(2), f1(c0)) >}
is infinite.

Now, suppose that A%, the set of limits points of Ag = {f*(z) : k € S} is
unbounded. There exists w € A% and a(e) > 1 (a(e) comes from Lemma 2.30)
such that

a(e)
Be(w,5) N | [ £/ (Critoo () UPC(f) UPC,(f) | =0 (2.39)

Jj=0

and |w| > 4D. There also exists an increasing sequence {n;}32; C S such that
lim;_,o f™ (2) = w. Disregarding finitely many elements of this sequence, we
may assume without loss of generality that f"i(z) € B.(w, min{1, D}) for all
j > 1. In view of the definition of S, Lemma 2.30, and (2.39), we see that for
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every j > 1 there exists a holomorphic inverse branch f, "7 : B.(f"i(2),4) —
C sending f™(z) to z. Because of the same premises w ¢ w(Crit(f)) and we
are done in this case by setting z;(z) = w for all j > 1 and 7n(z) = 4.

So, suppose that the set ACSl is bounded. Assume first that

lim inf dist. (f"(2), f~*(c0)) = 0.

n—oo

Then there exists {k; }?’;1, an increasing sequence of positive integers such
dist. (171 (2), f~1(00)) > (2.40)

(ie. kj+1€ S, j > 1) and we require f¥i(2) to be so close f~!(c0) (assuming
e > 0 to be sufficiently small) that

|fR 1 (2) = 4D + 2 (2.41)

for all j > 1. Passing to a subsequence, we may assume without loss of gen-
erality that the sequence {II(f*11(2)) 22, on the torus 7 converges to the
same point y € 7, where IT : C — 7 = C/ ~ is the canonical projection
from C onto the torus 7. Clearly, there exists a sequence {z;(2)}32; such

that lim; o | f*T1(2) — 2;(2)| = 0 and II(z;(2)) =y for all j > 1.

Assume first that the sequence {f*+1(2) 22, is unbounded. Passing to a
subsequence we may assume without loss of generality that lim;_, f kitl(z) =
0o. Then, applying (2.40), Lemma 2.30, (2.41) and the definition of D, we
are done with n; = k; + 1 and n(z) = 2. So, assume that the sequence

{f**1(2)}52, is bounded. We already know that

oo

Be(f¥*1(2),2)n [ PC.(AHUPC,(HU | J F(Criteo(f)) | =0.

j=a(e)+1

Since the second component of this intersection is forward-invariant, we con-
clude that no accumulation point of the sequence {f*s *“(5)(2)};?‘;1 belongs
to

PC.(f) UPC,(f) UPCw(f) = PC(f).

If the sequence { fi—a(¢) (2)}52, is unbounded, we may complete the argument
in exactly the same way as above with k; 4+ 1 replaced by k; — a(e). If the
sequence { f kj*a(s)(z)}?‘;l is bounded, we are immediately done by passing to
a converging subsequence.

So assume that

lim inf dist. (f"(2), f~*(c0)) > 0.

n—oo
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Then liminf, . |f™(2)] < oo and the w-limit set is compact in the plane C.
In view of Lemma 2.26 there exists € w(z) \ (£2(f) UO4(f(Crit(z)) U {oo}).
The number

n= %diste(:r, 2(f)UO4(f(Crit(2)))

is positive since w(Crit(z)) is a compact subset of C and 2(f) is finite. Then
there exists an infinite increasing sequence {m;};>1 such that

jhﬁngo fMi(z)=x (2.42)
and
Be(f™i(2),m) N | f™(Crit(2)) = 0. (2.43)
n>1

Now we claim that there exists n(z) such that for every j > 1 large enough
Comp(z, f™(2), f™,n(2)) N Crit(f™) = 0. (2.44)

Otherwise we would find an increasing to infinity subsequence {m, } of {m;}
and a decreasing to zero sequence of positive numbers 7; such that n; < n and

Comp(zv fmji (2)7 fqu; ) 772) N Crit(fquz) 75 @

Let é; € Comp(z, f™i(z), f™i,n;)NCrit(f™i ). Then there exists ¢; € Crit(f)
such that fPi(¢;) = ¢; for some 0 < p; < mj, — 1. Since the set f~!(x)
is at a positive distance from 2(f) and since 7, — 0, it follows from The-
orem 2.13 that lim;_.. ¢ = z. Since z ¢ |J,,~o f " (Crit(f)), it implies
that lim; .., p; = oco. But then using Theorem 2.13 again and the formula
fPi(¢;) = ¢; we conclude that the set of all accumulation points of the se-
quence {¢;} is contained in w(z). Hence, passing to a subsequence, we may
assume that the limit ¢ = lim;_,, ¢; exists. But since ¢ € w(z), since w(z) is a
compact subset of C and since oo is the only accumulation point of Crit(f),
we conclude that the sequence ¢; is eventually constant. Thus, dropping some
finite number of initial terms, we may assume that this sequence is constant.
This means that ¢; = ¢ for all i = 1,2, .. .. Since ¢ = fPi(¢;), we get

|fmji (Z) _ fmji_pi(c)| — |fn7‘71(2) — fmji (61)| <M.

Since lim; ,1; = 0 and since w(z) is a compact subset of C, we conclude
that

T |75 (2) = f7 P ) =0

Since ¢ € Crit(z), in view of (2.43) this implies that m;, —p; < 0 for all ¢ large
enough. So, we get a contradiction as 0 < p; < m;, — 1 and (2.44) is proved.
|
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In particular for every j > 1 there exists f. "/ : B(x;(2),n(z)) — C.
With the notation of this proposition, for every j > 1, let T; : C — C be a
translation Tj(w) = w + x;(2).

We shall prove the following.

Lemma 2.32 With the assumptions and notations from Proposition 2.31 the
family F, :={f."" oTj : Bc(0,n(2)) — C, j > 1} is normal and all its limit
functions are constant.

Proof. Decreasing 7(z) if necessary, we can always find a periodic orbit of f of
period > 3 disjoint from all the balls Be(x;(2),n(2)). Then this orbit is also
disjoint from all the sets

J2" o Ty(Be(0,n(2) = £ o Ty(Bels (2),1(2)))-

Hence, by Montel’s Theorem, F, is a normal family. If there were non-constant
limit functions of the family F,, then there would exists a radius » > 0 and
an increasing subsequence {n;, }2°, such that

T: ' o frr(Be(z,7)) C Be(0,1(2))

Jk
or equivalently
f# (Be(z,1)) C Ty, (Be(0,1(2)))-

Passing yet to another subsequence, we may assume without loss of generality
that

oo
C\ | T5.(Be(0.0(2)))
k=1
has a non-empty interior, and consequently contains at least three points.

Thus the family
{f" : Be(z,7) — C}pLy

would be normal, contrary to the fact z € J(f). We are done. B

As an immediate consequence of this lemma, we get the following.

Corollary 2.33 If z € J(f) \ Sing™ (f) and the sequence {n;} is taken from
Proposition 2.31, then
Tim [(f75)/()] = oc.
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Conformal measures

3.1 Preliminaries from geometric measure theory

Given a subset A of a metric space (X,d), a countable family {B(z;,r;)}52,
of open balls centered at the set A is said to be a packing of A if and only if
for any pair ¢ # j

d(zi,xj) > r + 7).

Given t > 0, the t-dimensional outer Hausdorff measure H'(A) of the set
A is defined as

H'(A) = supinf ,
() =supint{)_ri}

where infimum is taken over all countable covers {A;}52, by the sets A;,
1=1,2,..., with diameters r; < e.

The t-dimensional outer packing measure ITt(A) of the set A is defined as
toAy - tiA.
1) =t (30 A))
(A; are arbitrary subsets of A), where
ITL(A) = supsup rf» .
( ) >0 {1:21 }

Here the second supremum is taken over all packings { B(x;, )}, of the set
A by open balls centered at A with radii which do not exceed €. These two
outer measures define countable additive measures on Borel o-algebra of X.

The definition of the Hausdorff dimension HD(A) of the set A is the fol-
lowing
HD(A) = inf{t : H(A) = 0} = sup{t : H(A) = oc}.



38 3 Conformal measures

Let v be a Borel probability measure on X which is positive on open sets.
Define the function p = p;(v) : X x (0,00) — (0, 00) by

v(B(z,r)) .

plx,r) = o

The key facts from the geometric measure theory, needed in the sequel, are in-
cluded in the following two theorems. These are easy consequence of Besicovic
covering theorem (see [14]).

Theorem 3.1 Let X = R"™ for somen > 1. Then there ezists a constant b(n)
depending only on n with the following properties. If A is a Borel subset of
R™ and C > 0 is a positive constant such that

(1) for all (but countably many) x € A

limsup p(x,r) > C~ 1,
r—0
then for every Borel subset E C A we have H'(E) < b(n)Cv(E) and, in
particular, H'(A) < oo,
or
(2) forallz e A
limsup p(z,r) < C~H,

r—0

then for every Borel subset E C A we have H'(E) > Cv(E).

Theorem 3.2 Let X = R"™ for some n > 1. Then there ezists a constant b(n)
depending only on n with the following properties. If A is a Borel subset of
R™ and C > 0 is a positive constant such that

(1) forallz € A
limi(l)qf plz,r) <C™H

then for every Borel subset E C A we have IT'(E) > Cb(n) " 'v(E),
or
(2) forallz e A
hn’liélf plz,r) > CH

then ITY(E) < Cv(E) and, consequently, IT'(A) < co.
(1°) If v is non—atomic then (1) holds under the weaker assumption that the
hypothesis of part (1) is satisfied on the complement of a countable set.
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3.2 Support of conformal measure

From now on throughout this section and the entire paper H!, stands for the
t-dimensional Hausdorff measure on C with respect to the Euclidean metric
whereas Hé refers to its spherical counterpart. The same convention is applied
to the packing measures IT! and IT!. Note that the measures H, and H’ as
well as IT! and II! are equivalent with Radon-Nikodym derivative bounded
away from zero and oo on compact subsets of C. In particular the Hausdorff
dimension of any subset A of C has the same value no matter whether cal-
culated with respect to the Euclidean or spherical metric; it will be denoted
in the sequel simply by HD(A). If H* or IT* will be endowed neither with the
subscript ’e’ nor ’s’, it will refer to Euclidean as well as spherical measures.
We set
h = HD(J(f)).

Lemma 3.3 If m is a t-conformal measure, either Euclidean or spherical,
then t > HD(J(f)) and H| ;s is absolutely continuous with respect to m i.e.

Ht|J(f) < m.

Proof. Since the measures m, and my are equivalent as well as H. and H’, are,
it suffices to prove the lemma for Euclidean measures m, and HZ Now, fix
z € J(f)\ Sing™ (f). Let the sequence {n;}32,, associated to z, comes from
Proposition 2.31. It follows from Koebe’s Distortion Theorem, I (Euclidean
version) that

7 (B9 (2),m(2)) € Bz, A Kn(2)|(F) () 7).

Applying Koebe’s Distortion Theorem, I (Euclidean version) again, Corol-
lary 1.7 and conformality of the measure m, we thus get

me(Bu(, 47 Kn(2)|(F5) (7)) 2 K1) () me(Bol £ (2),n(2)/4))
> K™Y () Mt n(2)/4)
— Mt (=) [ K2 a(2) " (4 K ()| () ()] )
Thus
timsup 7B 5 s )4y @ K2n(a))

r—0 rt
and we are done because of Theorem 3.1 (1). B
The next lemma we will need, proven in [18] as Lemma 3.4, required in fact

no assumptions about elliptic function in question (except non-constantness)
and we state it below with proof.

Lemma 3.4 If m is a t-conformal measure for f : C — C, then
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m(loo(f) \ I-(f)) = 0.

FEven more, there exists R > 0 such that
m({z : iminf |f"(z)| > R}) = 0.

Proof. It suffices to prove the lemma for the spherical measure mg. Let b be
a pole of f : C — C. We shall obtain first an upper estimate on mg(By(R))
similar to the second inequality in (2.5). And indeed, covering Bpg \ {oo} by
two simply connected domains

B} ={z€ Br\ {0} :Imz > 0} and Bp = {z € Bg\ {00} : Imz < 1}

we obtain
[*13 qb
< —1 * |t —1 * |t )
(B ) < ) /| W o + 3 /| N ) lam,

Using now (2.3), we obtain

—1 *td ]. =1 td
= S Em—— b s
Jog gt = [ (alet™ ) e

ap—1

_ 1 ot
= AT P /B+ 2] dms(z)

R

<@ [ (o),
BTt

R

Looking at the first line of this formula with a pole b of maximal multiplicity
-1
q, we see that the integral [+ |z] T tdm, (z) is finite and even more:
R

lim \z|q%1tdms(z) =0. (3.1)
R— o0 Blt,

Similarly, the integral [, |z|q%1tdms (z) is finite and it also converges to 0 as
R
R — oo. Putting

szmax{ / 21T tdm (2), / |z‘Ttdms<z>}
BF B!

R R

we therefore conclude that
ms(By(R) \ {b}) < 2¢Xr(1+ [b]*)~" < 2¢Xg|b] 7. (3.2)

Now the argument goes essentially in the same way as in [17]. We present it
here for the sake of completeness. We take Ry > R; defined in Section 2.1 so
large that
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LR™ % < Ry (3.3)
for all poles b € Bg, and all R > Ry. Given two poles by, by € Byg, we denote
by fb_z’lbhj : Be(b1, Ry) — C all the holomorphic inverse branches fb_le(bl Ro).j"
It follows from (2.5) and (3.3) that

Fonipr . (Be(bi, Ro)) € By, (2Rs — Ro) C By, (Ra) C Be(ba, Ro). (3.4)
Set
IR(f) = {Z eC: VnZO |fn(2)| > R}

Since the series > ¢ r—1(o0)\ (o} [b]" converges for all s > 2 and since by

Lemma 3.3 and Theorem 2.1 (comp. Theorem 3 from [17]), t > h > %,
there exists R3 > R such that

g242)" Y P <), (3.5)

bEBRyNf~1(c0)
where As was defined in (2.2) and (2.3). Consider R > 4R3. Put
I= fﬁl(OO) N B(R/2).

Since R/2+ Ry < R/2+ R3 < R/2+ R/2 = R, it follows from (3.4), (2.5)
and (3.3) that for every [ > 1 the family W; defined as

{fb_z,lbthjz °© fb—zfll,bzfz,jzf1 ©...0 fb_271b11j2 °© fb—1,1b0,j1 (Bbo (R/2> \ fﬁl(oo))} ’

where b, € I : 1 < j; < qp,,¢ = 0,1,...,1, is well-defined and covers Ir(f).
Applying (2.3) and (3.2) we may now estimate as follows.

mS<IR(f)> <

qy;
—1 -1 -1 —1
< Z Z Z Z Z Ms (fbl»bthjz ° fbl—lvbl—%jl—l 0.0 fb2,b17j2 © fbhbo,jl (BbO(R/2)))
biel ji=1 biel ji=1boel
b qvq
—1 —1 —1 —1 * t
= Z Z Z Z Z H<fbl7b1,—17jl © fbl—hbl—z-jz—l ©.--0 fb27b11j2 © fbhbo,jl) |Bbo(R/2)||°°
biel ji=1 biel ji=1boel
X Mg (BbO(R/Z))

t ap, ;=1\t t

ap, —1 ap, —1

b, by

|bl_1\W |bl—2\ by g |b0\ b,
< Z Z Z Z Z(2A2)lt |bl|2 ’ |bl—1|2 |b1|2

biel ji1=1 biel j1=1boel

1
|bol?t

X (QqER)t

b, dby

=(20ZR)' (24" >3 N Y bl =2 (b |5 b )

bel ji=1 b1l j1=1boel
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ab,; dby

< 2¢ZR) 242" YN ST ST S (o b

biel ji=1 b1l j1=1boel

l
< (29%R)"(242)" (Z Iblq:lt> q

bel

_ g+l
< (2¢Zr)" a242)" > pIT
bEBRyNf~1(c0)

Ibo| 1)

Applying (3.5) we therefore get ms(Ir(f)) < (2¢Xg)*27!. Letting | — co we

therefore get ms(Ig(f)) = 0. Since ms o f~ < m; and since
{z:liminf [f"(2)| > R} = (] 77 (In(£)),
§=0

we conclude that
Mg ({z :liminf | f™(2)| > R}) =0.

We are done. B



4

Hausdorff, packing and conformal measures

In this chapter H” and IT” denote respectively the Hausdorff and packing
measures considered with respect to the spherical metric on C. Our aim here
is to prove first the existence of an h-conformal measure, its atomless and
ultimately the following main result.

Theorem 4.1 Let f : C — C be a reqular pseudo non-recurrent elliptic func-
tion. If h = HD(J(f)) = 2, then J(f) = C. If h < 2, then

(a) HI(J(f)) = 0.
(b) I"(J(f)) > 0.
(¢) ITM(I(F)) = oo if and only if 2(f) # 0.

As an immediate consequence of this theorem, we get the following.

Corollary 4.2 If 2(f) = 0, then the Euclidean h-dimensional packing mea-
sures II! is finite on each bounded subsets of J(f).

4.1 Existence of conformal measures

Now we consider the situation where H : Uy — Us is an analytic map of
open subsets Uy, Us of the complex plane C. We say that given ¢ > 0, the
Borel measure v finite on bounded sets of C is an Euclidean semi ¢-conformal
measure if and only if

V(H(A)) > /A \H'| dv

for every Borel subset A of U; such that H|4 is one-to-one and is called
t-conformal if the “>” sign can be replaced by an “=" sign.
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Notice that if ms is a spherical semi ¢-conformal measure for f : J(f) —
J(f) U {oo}, then the measure m. = (1 + |z|*)'m; is Euclidean semi ¢-

conformal, i.e.
Az [ 17)dm,
A

for every Borel set A C J(f) such that f|4 is 1-to-1. If m is t-conformal, then
so is m, in the obvious sense. The measure m, is called the Euclidean version
of m. Obviously m, is equivalent to m and is finite on bounded subsets of C.

Let
= U o
n>1

Our main technical concept, also interesting on its own, is a conformal
measure. We prove first its existence.

Lemma 4.3 If f : C — C is a pseudo non-recurrent function, then there
exists an h-conformal measure m for f whose atoms are contained in

U "(Crit(J(f))).

Proof. We shall construct an h-conformal measure with required properties
by utilizing the methods of K (V) sets developed in [9], comp. [19]. In order
to begin, we call Y C {oo} U £2(f) UU,,~, f*(Crit(J(f))) is a crossing set if
Y is finite and the following four conditions are satisfied.

(yl) 0 €Y.

(y2) YN{f™(x):n > 1} is a singleton for all z € Crit(J(f)).
(v3) YﬂCrlt( ):

(v4) £2(f) €

y

Since f(Crit(f)) is finite, crossing sets do exists. Let V' C C be an open
neighborhood of Y such that

Crit(J(f)) nov = 0. (4.1)
Define

K(V N fC\V)={z€J(f): ¥n>0 f"(z) ¢ V }.

n>0

Obviously f(K(V)) € K(V). Since f : C — C is continuous and V is open,
we see that K(V) is a closed subset of C. Since VN K (V) = and oo € V,
K (V) is bounded. Thus, K (V) is a compact set. Applying Lemma 9.2 from
[19] with X = K(V) and U(f) = C, we directly obtain a number s(V') € [0, h]
and a Borel probability measure my supported on K (V') such that
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my (F(4)) > /A PP dmy

for every special set A C C and
my (F(A) = [ 1£71Vdmy

for every special set A C C\ V. From now on throughout the entire paper we
fix a crossing set Y and we consider an open neighborhood V' C C of Y such
that the closure of V is disjoint from at least one fundamental parallelogram
of f. All other neighborhoods of Y considered in this article will be always
assumed to be contained in this set V.

An Euclidean semi t-conformal measure m. is said to be almost ¢t-conformal
if

me 1) = [ 1V,

for every Borel set A C J(f) such that f|4 is 1-to-1 and ANV = (). Hence for
every Borel set A such that f|4 is 1-to-1 and ANV = () and for every w € A,
we have

/ Flidme = me(F(A)) = me(F(A +w)) > / Flidme,  (42)
A

A+w

and the last inequality sign becomes an equality either if in addition (A+w)N
V = or if m, is a t-conformal measure, and we assume only that f|4 is 1-to-
1. Since f’ is periodic with respect to the lattice A, all the above statements
and assumptions lead to the following.

Lemma 4.4 For every w € A, every Borel set A C C such that ANV = )
and every almost t-conformal measure m

me(A+ w) < me(A). (4.3)

If either in addition (A+w)NV = 0 or if m is h-conformal and we assume only
that f|a is 1-to-1, then this inequality becomes an equality. For every r > 0
there exists M(r) € (0,00) independent of any almost t-conformal measure m
such that

me(F) < M(r) (4.4)

for every Borel set F' C C with the diameter < r. If in addition m is h-
conformal, then for every R > 0 there exist constants Q(R) and Qp(R) such
that

me(Be(z,7)) > Q(R)r* > Qu(R)r" (4.5)

for all x € J(f) and allr > R.
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Proof. Inequality (4.3) as well as its equality counterpart are an immediate
application of (4.2). Formula (4.4) follows directly from (4.3) and the fact that
V' is disjoint from at least one fundamental parallelogram. The second part
of formula (4.5) is clear. In order to prove the first one, fix a fundamental
parallelogram R and notice that

T(R) = inf{m.(B(z,R)): z€ J(f)NR} > 0.

Hence, if
R <r < 4diam.(R),

then for any x € J(f),

T(R)

1 T(R) ,
16 diam?(R)

Me(Be(z,7)) > me(Be(z, R)) > T(R) = r? >

)
r

and we are done in this case. So suppose that r > 4diam(R). Then each ball
B.(z,r) contains at least

V2r ’ _ r?
2diam.(R) ] 2diam?(R)

non-overlapping A-congruent copies of R. Therefore,

r? __me(R)
me(Be(x,7)) > mme(R) ~ 2diam,(R) ’

€

We are done. B

Taking the neighborhood V' with sufficiently small diameter, we see that
the limit set Jg defined on page 274 of [17] is branchwise (in the sense of Ap-
pendix 1 of [19]) and contained in K (V). It therefore follows from Lemma 9.3
in [19] that s(V)) > HD(Jg). Hence, the last inequality in the proof of Theo-
rem 1.1 in [17] gives that s(V)) > h.,, with some h, > 1.

1< he<s(V)<h. (4.6)

Fix from now (V,,)22 ;, a descending sequence of neighborhood of Y satisfying
(4.1) and such that diam,(V,,) < 1. In view of (4.6), passing to a subsequence,
we may assume without loss of generality that the sequence (s(V4,))52; con-
verges. Denote its limit by s(Y). We then have

1< h, <s(Y)<h. (4.7)

Passing yet to another subsequence, we may assume, that the sequence
(mv, )L, treated as probability measure on the compact space C, converges
weakly to a Borel probability measure my on C. We shall prove the following.
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Lemma 4.5 If s(V) is an accumulation point of the sequence s(B,(Y,+)),
then s(Y') € (0, h] and there exists a Borel probability measure my (an appro-
priate weak accumulation point on J(f) with the following properties.

(a) my (f(A)) > [, |f*|dmy for every special set A C C.
(b) my (f(A)) = [, |f*|dmy for every special set AC C\Y.
(c) my(c0) =0.

Proof. Following the hints to the proof of Lemma 3.3 in [9] without (a’) and
(d), and with I' = Y, it is not hard to see that conditions (a) and (b) are
satisfied. We shall prove that (c) holds. Set

s __
m, =my,, n>1,

and

my, = (mv,)e,  Sn = 5(Va).

For every k > 0 consider Sk, the square centered at the origin whose edges are
parallel to the coordinates axises are of length 2. Since by Lemma 3.7 in [18]
and by (4.6), each measure m$ is almost conformal with an exponent in [1, h],
and since each ’annulus’ Ay = Sg41 \ S is a union of a 3 x 4% unit squares,
it follows from (a) and (b), which say that m$ is almost s,-conformal, and
from (4.6) that for all k > 1 and all n > 1

mé (A) < 3M(1)4".
Consequently

3M(1)4% _ 3M(1)4" _ 3M(1)4F

S A <
mn( k) — (1+4k>5n — 4]@5” — 4kh*

= 3M (1)41—h-)k,

Since h. > 1 (see again (4.6)), we thus get for all j > 1 and all n > 1 that
m,(Sjn) = my (| Ar) = Y- mi(Ar) < 3M(1)40-"*
k=j k=j k=j

=3M(1)(1 — 4" ")~ talhed,

Hence my (00) = 0 and we are done. B

Lemma 4.6 We have my (£2(f))) = 0.

Proof. Indeed, fix w € 2(f). Take a > 1 so large that f*(w) = w and
(f*)(w) = 1. It then follows from Lemma 2.5 and Lemma 2.6 that there
exists a compact set F, C (Be(w,8)\ {w})NJ(f) and a constant C > 1 such
that for every k > 1 and all z € F,,, we have

p(w)+1 p(w)+1

OIS < (50 ()] < Ok (48)
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and for every n > 1, there exists k,, > 1 such that

J(f)mB( ) Uf‘” L) and  lim k, =oo.  (4.9)

n—oo

As in the proof of the previous lemma denote myy, by m; and s(V,,) by s,.
It therefore follows from Lemma 4.5, (4.9), (4.8) and (4.6) that for all n > 1

and all [ > 1.
s 1 EOO s —aj
My, <Be <w7 l>) S = mn(fw J(Fw))

p(w)+1 _ ()1
< C rey Fsn § g ey on

Jj=ki

o0
(w)+1
< OB 3 e

Jj=ki

Consequently

1 p(w)
my (Be (W, l)) P(Jlé(y) Z J- b,

Jj=ki

Since lim;_, o k; = 00, we infer my (£2(f)) =0. R

Now, we are in position to complete easily the proof of Lemma 4.3. Let
m:i=my.

It follows from the definition of £2(f), Lemma 4.5, Lemma 4.6, and Corol-
lary 2.33 that my (Y) = 0. Therefore, since in addition, f(2(f)) = 2(f), in
order to prove s(Y)-conformality of the measure m, it suffices to show that

m(f(Y'\ £2(f))) = 0.

But if y € Y\ (£2(f) U {o0}), then by our definition of YV, y ¢ Sing™ (f);
and the formula m(f(y)) = 0 immediately follows from Corollary 2.33, the
formula

m(f*(F ) = 1) (F)IPm(f(y))

and (4.7). Thus the s(Y)-conformality of m is proved; and, in addition, all
the atoms of m must be contained in J(f) \ 2(f). In view of Lemma 4.5 and
Lemma 3.3, s(Y) = h. Applying now Lemma 3.4 and Corollary 2.33 we see
that all atoms of m must be contained in

u | fm(Crit(f

n>0

The proof is complete. B
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4.2 Special facts from the geometric measure theory

We provide in this subsection some more technical facts taken from Section 2,
Section 3 and Section 4 of [32].

Definition 4.7 Given r > 0 and L > 0 a point © € C is said to be (r,L)-
t-upper estimable if p(x,r) < L and is said to be (r, L)-t-lower estimable if
p(x,r) > L. We will frequently abbreviate the notation writing (r, L)-t-u.e.
for (r, L)-t-upper estimable and (r,L)-t-l.e. for (r,L)-t-lower estimable. We
also say that the point x is t-upper estimable (t-lower estimable) if it is (r, L)-
t-upper estimable ((r,L)-t-lower estimable) for some L > 0 and all v > 0
sufficiently small.

Definition 4.8 Given r > 0, ¢ > 0 and L > 0 the point z € X is
said to be (r,o,L)-t-strongly lower estimable, or shorter (r,o,L)-t-s.l.e. if
v(Be(y,or)) > L1t for every y € Be(z,7).

Lemma 4.9 If z is (r,0, L)-t-s.l.e., then every point x € Be(z,r/2) is
(r/2,20,2'L)-t-s.l.e..

Proof. Let x € Be(z,7/2). Then x € B.(z,r) and therefore
v(Be(z,20(r/2))) = v(Be(x,07)) > Lr' = 2" L(r/2)".
|

Lemma 4.10 If z is (r,0,L)-t-s.l.e., then for every 0 < uw < 1 it is
(ur, o Ju, Lu=t)-t-s.l.e..

Proof. If y € Be(x,ur), then y € B.(x,r) and therefore

v(Be(y, (o/u)ur)) = v(Be(y,or)) > Lrt = Lu™"(ur)".

We would like to finish this part with the following obvious statement.

Lemma 4.11 If v is positive on nonempty open sets, then for every r > 0
there exists E(r) > 1 such that every point x € X is (r, E(r))-t-u.e. and
(r, E(r)~1)-t-Le..

The following lemma is a straightforward consequence of Koebe’s Distor-
tion Theorem, I (Euclidean version).
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Lemma 4.12 Let v, be a Fuclidean semi t-conformal measure. Suppose that
D C C is an open set, z € D and H : D — C is an analytic map which has
an analytic inverse H; ' defined on B.(H(z),2R) for some R > 0. Then for
every 0 <r <R

K™'e(Be(z, K~'r[H'(2)| 7)) < |H'(2)|"ve(Be(H(2), 7).
If, in addition, v is t-conformal, then also

[H'(2)| " ve(Be(H (2),7)) < K've(Be(z, Kr[H'(2)] 7))

Lemma 4.13 Suppose that ve is a Euclidean t-conformal measure. Suppose
that D C C is an open set, z € D and H : D — C is an analytic map which
has an analytic inverse H; ' defined on B.(H(z),2R) for some R > 0. If the
point H(z) is (r,o,L)-t-s.l.e., where r < R/2 and o < 1, then the point z is
(K~YH'(2)|"'r, K20, L)-t-s.l.e..

Proof. In this proof we apply Lemma 4.12 several times without special indi-
cating. Consider
x € Be(z, K~ r|H'(2)|7h).

Then H(z) € Be(H(z),r) and therefore v, (B.(H(x),0r)) > Lr'. Since
B.(H(x),0r) C B.(H(2),2r) C Be(H(2), R)
we have
HI'(Be(H(x),07)) C Be(x, Kor|H'(2)|™') = Be(w, K2o (K~ |H'(2)| ~'r)).
Thus
Ve(Be(, K*o (K H'(2)|7'r)) = K~ H'(2)| 'L = L(K Y H'(2)| ')

The proof is finished. B

Lemma 4.14 Suppose that v, is a Euclidean t-conformal measure. Let ¢ be a
critical point of an analytic map H : D — C. If 0 <r < R(H,¢) and H(c) is
(r,L)-t-Le., then c is ((Ar)Y/Pe, A=2'L)-t-l.e., where A was defined in (2.25),
pe 18 the order of H at the critical point c.

Proof. By Definition 1.1 we get B.(H(c),r) = H(Comp(c, H(c), H,r)). If
x € Comp(c, H(c), H,r)

then A=!x —c[Pe < |H(x)— H(c)| < r which implies that x € Be(c, (Ar)'/Pe).
Thus B.(H(c),r) C H(B.(c,(Ar)/P<) and therefore
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Lr' < ve(B.(H(c),r))
< ve(H(Be(c, (Ar)'/7<)))

< / B (2)]" dve(2)

Be(c,(Ar)1/7e)

/ A(|2 — efPe=1) duy (2)
Be(c, (AT)l/Pc)
< AY(Ar)55e ye(Be(c, (Ar)Y/Pe)).

A

IN

S0, ve(Be(c, (Ar)t/Pe)) > A2 L((Ar)'/P<)t. B

Lemma 4.15 Let ¢ be a critical point of an analytic map H : D — C. Let
ve be a Euclidean semi t-conformal measure such that ve(c) = 0. If 0 < r <
R(H,c) and H(c) is (s,L)-t-u.e. for all 0 < s <r, then c is

((A7tr)/Pe q(24%)4(2Y/Pe —1)7'L) — t — wee.,
where A was defined in (2.25), p. is the order of H at the critical point c.

Proof. Take any s < r. then H(B.(c,(A"'s)'/?¢)) C B.(H(c),r). Therefore,
setting R(c,a,b) ={z:a<|z—¢| < b}, abbreviating

R(c, 9—1/pe (A—ls)l/pc7 (A—ls)l/pc)

by R(c) and using the decomposition of B(c, (A~'s)!/P) described after Def-
inition 1.1 we obtain

Ls" > ve(B.(H(c),s))
> v (H(Be(c, (A™"s)"/7)))

—p! / H' ()] dve(2)
Be(c,(A-1s)1/ve)
> po! / B ()] dve(2)
R(c)

> p AT (2T AT s) 5 e (R(0)).

So, ve (R(c, 27 1/pe (A= 1s)L/pe, (A_ls)l/pC)) < p2t0— AQtL((A_ls)l/pC)t and
therefore

n+1

e (Bules (A7) = v (1) R 2755 (A7 )1/, 27 (A1) Vo0

n=0

= Z Ve (R(C7 27i(A_12—nr)1/Pc’ (A—12—n,r,)1/pa))

n=0

< po(@ AL Z )tlpe
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L
1—2 %

= pe(24%)1(24/Pe — 1) L((A7 ) /Pe)t,
The proof is finished. B

:pc(21_iA2)t ((Afl,,,)l/pc)t

Lemma 4.16 Suppose that v, is a Euclidean t-conformal measure. Let c be

a critical point of an analytic map H : D — C. If 0 < 1 < %R(H, ¢), 0 <

o0 <1 and H(c) is (r,0,L)-t-s.Le, then ¢ is (A~ r)Y/Pe G, L)-t-s.l.e, where
Pct

&= (2P TTKA20)V/Pe | [ = Lmin{K ", (A2%) "'}, A was defined in (2.25)
and p. s the order of H at the critical point c.

Proof. Let © € Be(c, (A= r)t/Pe). If (A~ 'r) /Pe > 2|z — ¢/, then

Be(z,6(A7'r)!/7) 5 Be(c,6(A™'r)! /P /2)
= Be(c, 2K)"/7(Aor)'/Pe)
> B.(c, (Aor)/Pe).
It follows from assumptions that H(c) is (or, 0 7'L)-l.e. and therefore, in view
of Lemma 4.14 the critical point c is ((Aor)'/Pe, A=2'¢c—*L)-l.e.. Thus

Ve (Be(a,6(A7 ) /Pe)) > A2 g~ L(Agr)/Pe

2 _\i=Pey 1N\ ¢ (410)
= (A2%0) e TL((A7 ) /Pe)t,

So, suppose that

AT )P < 20z — (. (4.11)
Since c is a critical point we have

[H'(2)] > Az — [P > A= aPe (A= p) 5 ol re,
which means that
o Ail,r 1/pe > A7169A71T217pc H/ T 1

e ! @ (4.12)

=4Kor|H (z)|7! > Kor|H' (z)| 7"
In view of (4.11)
|H(z) — H(c)| > A7z — ¢fPe > A7127Pe5Pe A" r = 2K o1 > 207

which implies that
H(c) ¢ B.(H(x),201). (4.13)

Since |H(z)—H (c)| < Alx—c|Pe < R/3, we have B.(H(z),20r) C B.(H(c), R).
So, (4.13) implies the existence of a holomorphic inverse branch H, Lo
B.(H(x),20r) — C of H which sends H(z) to x. Since, by assumptions H (x)
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is (or, 07t L)-l.e, it follows from Lemma 4.13 that x is (Kor|H'(z)| ™!, (K20)'L)-
le.. Thus, using (4.12) we get
Ve (Be(a:,&(Aflr)l/”C)) > v, (Be(x,KUT|H’(x)|71))
> (K?0)™'L(Kor|H'(z)| )"
> K 'Lt A7 g — ¢|(17Pe)t
> K L(A ) (A1) 5ot
= K'L((A7 ) /Pe)t,

In view of this and (4.10) the proof is completed. B

Lemma 4.17 Suppose that v, is a Euclidean t-conformal measure. Then for
every R > 0 and every 0 < o <1 there exists L = L(w, R,0) > 0 such that
for every 0 < r < R every point w € Q(f) is (r,0, L)-az(w)-s.l.e. with respect
to the measure me.

Proof. Let z € Be(w,r). If or > 2|z — w|, then Bc(z,07) O Bc(w, $7) and
therefore by Lemma 2.7

ve(Be(z,0m)) > C(R/2) (%r)at(“) - (%)at(“’) C(R/2)r™ @), (4.14)

In order to deal with the opposite case first notice that always
Be(z,0r) D Be(2,0|z — wl)
and therefore by Lemma 4.6 in [32] we have
Ve(Be(2,07)) > C7Y(0) ]z — w|* ).
As or < 2|z — w|, it implies that

ve(Be(z,0m)) 2 O o) ()" perte),

So, putting
L(w, R,0) = (6/2)*“) min{C(R/2),C (o)}

finishes the proof. B

4.3 Conformal measure and holomorphic inverse
branches

Let m be an almost t-conformal measure and let m, be its Euclidean version.
The upper estimability and strongly lower estimability will be considered in
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this section with respect to the measure m.. When we speak about lower
estimability we assume more, that the measure m is t-conformal. Since the
number of parabolic points is finite, passing to an appropriate iteration, we as-
sume in this and the next section without loosing generality that all parabolic
points of f are simple. Consider a forward f-invariant closed subset E of C
such that

£l := sup{|f'(2)| : = € E} < +oo.

Such sets will be called f-pseudo-compact. Obviously, each f-invariant com-
pact subset E of C is f-pseudo-compact. Recall that 6 was defined in (2.10),
at(w) in Lemma 2.7 and that 7 > 0 is so small as required in Lemma 2.3.

The proofs of Proposition 4.15 and Proposition 4.16 from [18] carry out
verbatim to our case and we bring them here up for the sake of completeness
and convenience of the reader.

Proposition 4.18 Fiz an f-pseudo-compact subset E of J(f). Let z € E,
A >0 andlet 0 <r <70||f'||5" A\~ be a real number. Suppose that at least
one of the following two conditions is satisfied:

e B\ | £ (Crit(a(f)
n>0

or
z€E and >0\ A Hinf{|(f") (2)| 7 in=1,2,...}.

Then there exists an integer uw = u(\,r, z) > 0 such that
rl(f7) ()l < A71or
for all 0 < j < w and the following four conditions are satisfied.
diame (Comp(f (2), f*(2), f*~,7|(f*) (2)])) < B (4.15)

for every 7 =0,1,...,u.

For every nn > 0 there exists a continuous function t — By = By(\,n) > 0,
t € [0,00), (independent of z, n, and r) and such that if f*(z) € Be(w,0) for
some w € (2(f), then

fU(=2) s (r|(f)'(2)], Be) — o (w)-u.e. (4.16)

and there ezists a function Wy = Wi(A\,n) : (0,1] — (0,1] (independent of z,
n, and r) such that if f¥(z) € Be(w,0) for some w € £2(f), then for every
o€ (0,1]

U (z) is (nr|(f) (2)],0,Wi(0)) — ap(w)-s.l.e. (4.17)

If f“(z) ¢ B(£2(f),0), then formulas (4.16) and (4.17) are also true with

ai(w) replaced by t. (4.18)



4.3 Conformal measure and holomorphic inverse branches 55
Proof. Suppose first that

sup{Ar|(f7)'(2)] : 5 > 1} > 07| '

(which implies that || f'||g > 1) and let n = n(A, z,7) > 0 be a minimal integer
such that
Xr|(f7) ()] > 07 min{1, || ]| 5"} (4.19)

Then n > 1 (due to the assumption imposed on r) and also
Ar|(f™) ()] < O, (4.20)
If f™(2) ¢ Be(£2(f),0) set w = u(A,r,z) = n. The items (4.16), (4.17) and

(4.18) are obvious in view of our assumptions imposed on E.

Suppose that f"(z) € B.(£2(f),0), say f"(z) € Be(w,0), w € 2(f). Let
0 <k =k(\ 2z,7) <n be the smallest integer such that f7(z) € B.(£2(f),0)
for every j = k,k+1,...,n. Consider all the numbers

ri =1 (2) —wll(f) ()7

where i = k,k +1,...,n. Put ||f'||} = (min{LHf’HEl})_l. By (4.19) we
have

= |f"(2) —wll(F) ()T <O NEO T T A = |||~ A

and therefore there exists a minimal k¥ < u = u(\,r,z) < n such that
o < ||f||57~1Ar. In other words

£ (2) = wl < [FNIET~ Al (F) (2)1- (4.21)
If sup{\r|(f7)(2)| : § > 1} < 67]|f||5", then it follows from Corollary 2.33

that 2 € ;5o f77($2(f)). Define then u(A, z,7) = k(A, z,7) to be the minimal
integer j > 0 such that f7(z) € £2(f) and put w = f*(z). Notice that in this
case formulas (4.20) and (4.21) are also satisfied. Our further considerations
are valid in both cases. First note that by (4.21) we have

Be(f*(2),nr|(f*) (2)]) € Be(w, A+ 1 I~ 0™ e[ (F4) (2)])  (4.22)
and in view of Lemma 2.7 and (4.20)
me(Be(f*(2),nrl(f*) () < CA+ g~ = N> (| (£4) (2) )™ ).

So, item (4.16) is proved. Also applying (4.21), Lemma 4.17, Lemma 4.9 and
4.20) we see that the point f“(z) is

(LB MY @) ol AT 204 L(w, 201 11560, or IS IE) ~ nA~)

—ay(w)-s.Lle. So, if || f'||5771A > 7, then by Lemma 4.10, f*(2) is
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(el () ) o, @I dg =) @ L(w, 20| 1156, o7 2111 2) " ) A™)

—ag(w)-s.le. If instead ||f’||z7 A < 7, then again it follows from (4.21),
Lemma 4.17, Lemma 4.9 and (4.20) that the point f*(z) is

(nrl(f*) (2)], 0,2 L(w, 207X~ ", 0/2))

—ay(w)-s.l.e.. So, part (4.17) is also proved.

In order to prove (4.15) suppose first that « = k. In particular this is the
case if z € U5 f77(£2(f)). Then

Comp(f*~(2), f*(2), f,7I(f*) (2)]) € Comp(f*~(2), f*(2), f,07)

and by the choice of k and (2.7) we have f*~1(2) ¢ B.(£2(f),0). Therefore
(4.15) follows from the choice of 7 (see (2.28) and (2.27)).

If u > k (so the first case holds), then r,_1 > ||f'||e7~1Ar and by (2.7)
we get
[f“(2) =@l | puat -1 =1 -1
_ u > 1> AT,
Tu ‘fu_l(z)_wa (f (Z))| Ty 1_Hf ”E Tu—1 2T r
So, Ar|(f*) (2)] < 7|f*(2) —w]| and applying Lemma 2.4 and (2.7) u— k times
we conclude that for every k < j < u

diam, (Comp(f7(2), f*“(2), f*~7, M| (f*) (2)])) < 07 < B.

And now for j =k — 1,k —2,...,1,0, the same argument applies as in the
case u = k. H

Proposition 4.19 Fiz an f-pseudo-compact subset E of J(f). Let € and
A be both  positive numbers such that ¢ < Amin{l,771 0717714} If
0 <7 <O|f|z' A"t and z € E\ Crit(J(f)), then there ewists an integer
s =s(\e,rz) > 1 with the following three properties.

I(f*)(2)] # 0. (4.23)

Let w = u(\,r, z) be defined in Proposition 4.18. If w = u(\, 1, 2) is well-
defined, then s < u(A,r,z).
If either u is not defined or s < u, then there exists a critical point ¢ € Crit(f)
such that

1£°(2) = c| <er|(f*) (2)I. (4.24)

In any case
Comp(z, f*(2), f*, (K A%) 712 #EOMDTRer|(£2) (2)]) N Crit(£*) = 0,

(4.25)
where A was defined in (2.25).
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Proof. Since z ¢ Crit(J(f)) and in view of Proposition 4.18, there exists a
minimal number s = s(\, e, 7, 2) for which at least one of the following two
conditions is satisfied

[£°(2) — el <er|(£7)(2)] (4.26)
for some ¢ € Crit(J(f)) or

u(A, 1, z) is well-defined and s(A,e,r,2) = u(A, 1, 2). (4.27)
Since [(f*)'(2)| # 0, the parts (4.23) and (4.24) are proved.

In order to prove (4.25) notice first that no matter which of the two num-
bers s is, in view of Proposition 4.18 we always have

er|(f5) (2)] < ex~tor. (4.28)
Let us now argue that for every 0 < j <'s
diam, (Comp(f*~/(2), f*(2), f7,er|(f*)'(2)])) < 5. (4.29)

Indeed, if s = u, it follows immediately from Proposition 4.18 and (4.15) since
e < A Otherwise |f*(2) — c| < er|(f*)'(2)] < eA™107 < 0 and therefore, by
(2.24), f5(2) ¢ Be(£2(f),0). Thus (4.29) follows from (2.27).

Now by (4.29) and Lemma 2.16, there exists 0 < p < #(Crit(f) N R), an
increasing sequence of integers 1 < k; < ky < ... < kp < s and mutually
distinct critical points ¢y, ¢, ..., ¢, of f such that

{er} = Comp(f*~*1(2), f*(2), f*,er|(f*) (2)]) N Crit(f) (4.30)
for every 1 =1,2,...,p and if j & {k1, ko, ... ky}, then
Comp(f*~(2), f*(2), f7,er|(£*) (2)]) N Crit(f) = 0. (4.31)
Setting ko = 0 we shall show by induction that for every 0 <1 < p
Comp(f*~*1(2), f*(2), f*'. (K A%) "2 er|(f°)'(2)]) N Crit(f*) = 0. (4.32)

Indeed, for I = 0 there is nothing to prove. So, suppose that (4.32) is true for
some 0 <! <p—1. Then by (4.31)

Comp(f*~M=171(2), f5(2), A7t (KA%) ™ 27 er| (f°) (2))NCrit(fF+71) = 0.
So, if
cry1 € Comp(f*~ M1 (2), f°(2), forer, (KA%) 712 er|(£9)/ (2)])

then by Lemma 1.4 applied for holomorphic maps H = f, Q = f*+ 1 and
the radius R = (K A2)~12=HDer|(£5)(2)| < v we get
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7R () = | < KAR(fReny (7 heen ()7L (B A2) 12 e (72 ()
= 27Dy gk )

<er|(fR) (2)]

which contradicts the definition of s and proves (4.32) for [ + 1. In particular
it follows from (4.32) that

Comp(z, f*(z), f*, (KA?) =27 #ONR)cr|(£2) (2)]) N Crit(£*) = 0.

The proof is finished. H

We will also need the following similar result.

Lemma 4.20 Assume 2(f) = 0. Then there exist two constants a,& > 0 such
that the following holds. Suppose that z € J(f)\ Up—q [~ ({oo} U Crit(f)).
Suppose also that v € (0,v(a&)™1). Then there exists s > 0 with the following
properties

(a) rag|(F*) ()] > 7 or
(b) ra€|(F*Y ()] <
and
(c) there exists a critical point ¢ € Crit(J(f)) such that |(f%)(z) — | <
rEI(f) ()] or
(d) there exists a pole b € f~1(00) such that |(f%)(z) — b < r&|(f5)(2)]-

In either case

Comp(z, f*(2), f*,28r|(f*)'(2)]) N Crit(f*) = 0.

Proof. Put a = 2K A224(CHt(H)R) where A was defined in (2.25). Fix p €
(0,1/2) so small that for every w € (C\Crit(f)Uf~1(00)), the map f restricted
to the set

Be(w, 2pdist, (w, Crit(f) U f 1 (c0))

is one-to-one. Set & = 27%p. Take A > 0 in Proposition 4.19 such that & > 0
appearing there can be taken to be equal to a&. In view of Corollary 2.33 there
exists a least integer n > 0 such that ra&|(f™)'(z)| > -, where v was defined
in (2.27). Since r < y(a)~!, we see that n > 1. If there exists an integer
0 < j <n—1 satisfying (c) or (d), take s to be the least one. Otherwise take
s = n. By the definition of n, it follows from (2.27) that

diam, (Comp(z, f*(2), f*,26r|(f*) (2)])) < 5

for all k =0,...,n — 1. Thus, we see that (4.29) is satisfied if s <n — 1 and
the proof of the last formula in our lemma is complete by verbatim repetition
of the fragment of the proof of the Lemma 4.19 from ”Now by (4.29)” till its
end. If s = n, the same argument shows that
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Comp(z, f"~*(2), f"~1,26r|(f* ) (2)]) N Crit(f" 1) = 0. (4.33)

By the choice & and the definition of n we also know that the map ™! re-
stricted to the ball B.(f"~1(z), 16&r|(f*~1)(2)]) is injective. Thus by Koebe’s
i—Theorem

F(Be(f"~1(2),166r|(f"71) (2)]) D Be(£"(2), 4€r] (") (2)]),

and therefore
Comp(f"~1(2), f"(2), £, 26r|(f* ™) (2)]) € Be(f" 7 (2), 16€r|(f"1) (2)]).
Combining this with (4.33) and injectivity of f restricted to
Be(f"~H(2), 167 (S 1) (2)]),
we conclude that
Comp(z, f"(2), ", 26r|(f") (2)]) N Crit(f") = 0.

We are done. B

4.4 Conformal measure; continuity, uniqueness,
ergodicity and conservativity

Let ms be a Borel probability measure on C and let m, be its Euclidean

version, i.e.
dm,

dmg

We prove from the following.

(2) = (L+ =)

Lemma 4.21 If z € J(f), rn, \\ 0 and

M <liminfr, 'mq(B.(z,7,)) < limsupliminf 7, ‘m.(Be(z,7,)) < M,

n—oo n—oo
e (Bu(= 201 + [22)-"r,)
ms(Bs(z, (2(1+|2]7)) " rn —
lim su < 2'M
s (@A P )
and 1
S BS 72 1 - n —
lim ing e (Bs (2, 201+ [2) ") > 97t).

=00 CA+[22) " )
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Proof. Since for every r > 0 sufficiently small

Be(z,27 (1 +|2)*)7'r) € Bs(2,7) C Be(2,2(1 + |2*)r)

and since (B.(2.r))
. Me(Delz, T It
lim ———% = (1
7‘1{% ms(Be(z,r)) ( + |Z‘ ) 9
we get
s Bs ) 2(1 )t n B -
limsupm ( (,Z ( ( +|Z‘ )) T ) < lim ms( e(Z,?“n)) — 9]
n—so0 ((2(L 4 |2]2)) 7))t n—oo 27H(1 + |2[2)~trf,
and
Bs(z,2(1 A=y, B
i TP G20 B ) e ma(Belern)) iy
n—00 (2(1 + [2[2) 7 trn)? n—oo 20(1 + [2]2)~trf,

‘We are done. B

Our first goal is to show that the h-conformal measure m proven to exist
in Lemma 4.3 is atomless and that H"(J(f)) = 0 if h < 2. We will consider
almost t-conformal measures v with £ > 1. The notion of upper estimability
introduced in Definition 4.7 is considered with respect to the Euclidean almost
t-conformal measure v.. Recall that I = I(f) > 1 is the integer claimed in
Lemma 2.28 and put

Ri(f) =inf{R(f?,¢): c € Crit(f) and 1 < j <I(f)}

—min{R(f7,) e € Crit() R and 1 <5<} <0

and

Al(f) = Sup{A(fj,c) cc € Crit(f) and 1 < j <I(f)}

. . , (4.35)
=max{A(f’,¢) :ce Crit(f)NR and 1 < j <I(f)},

where the numbers R(f7,c) and A(f7,c) are defined just after Definition 1.1.
Since

O+ (f(Crite(J(f))))
is a compact f-invariant subset of C (so disjoint from f~!(c0)) and since

PCY(f) = 04 (Crit(J(f))) = Crite(J(f)) U O4(f(Crite(J (1)),

we have the following straightforward but useful fact.

Lemma 4.22 The set PCY(f) is f-pseudo-compact.
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Recall for the needs of the two next lemmas that the sequence {Cr;(f)}
was defined inductively by the formula (2.34) and the sequence S;(f) was
defined by the formula (2.34).

Since the number of equivalence classes of the relation ~ is finite, looking
at Lemma 2.28 and Lemma 4.4, the following lemma follows immediately from
Lemma 4.15.

Lemma 4.23 If Rgu) > 0 4s a positive constant and t +— Ct(z) € (0,00),
t € [1,00), is a continuous function such that all points z € PC(C)(f)i are
(r, Ct(f;))—t—u.e. with respect to any Fuclidean almost t-conformal measure v,
(with t > 1) for all 0 < r < REU), then there exists a continuous function
t — C'ff) > 0, t € [1,00), such that all critical points ¢ € Criy1(f) are
(r, C’t(f;))-t-u.e. with respect to any Fuclidean almost t-conformal measure v,
forall0 < r < Al_lRZ(u).

In the above lemma the superscript u stands for "upper”. In the lemma
below it has the same connotation. The number u is also used to denote the
value of the function w(\,r,2) defined in Proposition 4.18. This should not
cause any confusion.

Lemma 4.24 If Rgﬁ) > 0 is a positive constant and t — Ct(f)l € (0,00),
t € [1,00), is a continuous function such that all critical points ¢ € S;(f)
are (r, Cfg?l)-t-u.e. with respect to any Euclidean almost t-conformal measure
Ve (witht > 1) for all 0 < r < Rl(ﬁ), then there exist a continuous function
t— C't(f)l >0, tel,00), and Riul) > 0 such that all points z € PCY(f); are
(r, C’t(f;’)l)-t-u.e. with respect to any Euclidean almost t-conformal measure v,
(with t > 1) for all 0 <r < RE}?

Proof. We shall show that one can take

R = min{roA | £ |5k RS 1

and ~
Ct(j:',)l = maX{KQQtCt(j:-?l, KQtBt}.

Indeed, denote #(Crit(f) N'R) by #. Put ¢ = 2K (K A%)2%, A was defined in
(2.25), and then choose A > 0 so large that

€< )\min{l,T_l,H_lT_lmin{p, Rg’ul)/Q}}. (4.36)
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Consider 0 < r < Rz(ul) and z € PCY(f);. If z € Crit(J(f)), then z €

)

Crit.(J(f)) and z € S;(f), and we are therefore done. Thus, we may assume
that z ¢ Crit(J(f)). Let s = s(\, e, r, z). By the definition of ¢,

2Kr|(f*)'(2)] = (KA?)7'27er|(£)(2)]. (4.37)

Suppose first that u(A, r, z) is well defined and s = u(A, r, z). Then by item
(4.16) in Proposition 4.18 or by item (4.18) in Proposition 4.18, applied with
n = 2K, we see that the point f%(z) is (2K7|(f*)'(2)|, B¢)-t-u.e. Using (4.37),
we obtain from item (4.25) in Proposition 4.19 and Lemma 4.12 that the point
z is (r, K*"By)-t-u.e..

If either w is not defined or s < w(A,r,z), then in view of item (4.25)
in Proposition 4.19, there exists a critical point ¢ € Crit.(J(f)) such that
[F5(2) — | <er|(f5) (z)]. Since s < u, by Proposition 4.18 and (4.36) we get

2K7|(£) (2)] < er|(£*)(2)] < min{p, R /2}. (4.38)

Since z € PCY(f);, this implies that ¢ € S;(f). Therefore using (4.38), the
assumptions of Lemma 4.24, and (4.37) and then applying item (4.25) in

Proposition 4.19 (remember that by Lemma 4.22 the set PCY(f) is f-pseudo-

compact) and Lemma 4.12, we conclude that z is (r, K22t0t(f;?1)—t—u.e. The
proof is complete. B

For k > 1 recall that for any pole b of f*, the number ¢, denotes its
multiplicity and B,’f(R) is the connected component of f~*(Bg) containing
b. We have proved Lemma 4.21 in [18] with no assumptions on the elliptic
functions. In fact, the following more general lemma is true (with the same
proofs), where f~! replaced by f~—*.

Lemma 4.25 Ifbc f~%(c0), k > 1, if ve is a Buclidean almost t-conformal

measure with t > q?—zifl such that ve(b) = 0, and if m is the h-conformal

measure proven to exist in Lemma 4.3, then

2 Wtly

ve(B;(R)) 2 R m

and
me(B(b,r)) = plart D20

for all 0 < r <1, where Bf(R) is the connected component of f~*(Bg).

Proof. Tt follows from Lemma 4.4 that m.({z € C: R < |z| < 2R}) < R?
and v.({z € C: R < |z| <2R}) < R? for all R > 0 large enough. It therefore
follows from (2.2) that

ap+1 h

me(BE(R) \ BF(2R)) < R*R™ @ (4.39)
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and

ve(BE(R) \ BF(2R)) < RPR 0t (4.40)

Now fix 7 > 0 so small that R = (r/Ly)~% is large enough for formulas (4.39)
and (4.40) to hold. Using (2.5) and (4.40), we get

ve(By(R)) =ve | | J(BE(2/R) \ Bf(2+1R))

i>0

ve(By (2 R) \ Bf (2771 R))

o

7=0
. . apF1
S
§=0
T f: oi(2—220)
§=0

_apt! > 41
_LZI’(Q ap t)r(Qb+1)t_2Qb§ 2J(2*ql§1b t)
7=0

-~ T.(qurl)t*?qb7

where the last comparability sign holds since q*’q—“t > 2. We are done with the
first part of our lemma. Now replace v, by m, and ¢ by h (which is greater
than qi‘i_bl by Theorem 2.1 in the above formula. In this case, the <’ sign can
by (4.39) be replaced by the comparability sign '<’; since the first equality
sign becomes ">’ (we do not ruled out the possibility that m.(b) > 0 yet) and
me(B(b, 1)) > v(By(R)), we are also done in this case. B

)

From now onwards, in all our considerations, we assume f : C — C to be
a regular pseudo non-recurrent elliptic function.

We shall prove now the following.

Lemma 4.26 The h-conformal measure m for f : J(f) — J(f)U{oco} proven
to exist in Lemma 4.3 is atomless.

Proof. By induction oni = 0,1,...,p, it follows from Lemma 4.24 (this lemma
provides the base of inductions as So(f) = @ and simultaneously contributes
to the inductive step), Lemma 4.23 and Lemma 2.27 that there exists a con-
tinuous function t — C; € (0,00), t € [1,00), such that if v is an arbitrary
almost ¢-conformal measure on J(f), then

ve(B(z,7)) < Cyrt (4.41)
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for all z € PCY(f) and all r < r( for some 79 > 0 sufficiently small. Consider
now the almost s,-conformal measure m; = my, , introduced in the beginning
of the proof of Lemma 4.5, where s, = s(V;,). Letting n — oo and recalling
that mg is a weak limit of measures m?, we see from formula (4.41) that

me(B(z,r)) < Cpr" (4.42)
for all z € PCY(f) and all » < ro. It now follows from Lemma 4.21 that

lim sup MADAL ) (B(z,r)

st . <2hcy, (4.43)

for all z € PCY(f). In particular, m,(Crit(f)) = 0; consequently,

ms (| £7(Crit(£))) = 0. (4.44)

n>0

Now fix k > 1, b € f~%(00) and u € (qiibl’h)' Consider all integers n > 1

so large that s, > u. Since m&(f~*(c0)) < m&(f~*(V,)) = 0, it follows from
Lemma 4.25 that

mé (BF(R)) = R*~ <R

Hence m.(b) = 0. Since m, and m, are equivalent on C, this gives ms(b) = 0.
Consequently ms(f~*(c0)) = 0 and ms(Crit,(f)) = 0. Since s,, /" h and since
h_ < h (h_ was defined in (2.18)), disregarding finitely many j’s, we may
assume without loss of generality that

s;>h_ (4.45)

for all j > 1. Fix ¢ € Critoo(f). Fix also j > 1 and put ¢ := s;. Since
lim,, o f™(c) = 0o, there exists k > 1 such that g, < q. (where b,, € f~1(c0)
is near f™(c), ¢. was defined in (2.16)) and

|f™(c)] > max{1, 2Dist. (0, f(Crit(f))} (4.46)

for all n > k. Put a = f*(c) (we may need in the course of the proof k& > 1 to
be bigger). We recall that . was defined in (2.19).

We shall prove the following.
Claim 1. There exists a constant c1 > 1, independent of j, such that

m§(Be(a,r)) < crr’e

for all v > 0 small enough independently of j.
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Proof. Put ¢ = ¢.. In view of (4.46) for every n > 1 there is a well-defined
holomorphic inverse branch f,; ! : Be(f"(a), 2| f"(a)|) — C of sending f"(a)
to f""!(a). Let b, € f~1(c0) be the unique pole (assuming k # 1 is large
enough) such that

[fM(a) —by| < A< 1.

Then, by Lemma 1.2
gt (B (4@ @) ) € Be (77 o) @I g @)

C Bo(f" H(a), CIf (@) (a)] )
= Bo(f* Y(a),C|f"(a)|"7)

c . (1@l ))

with some C' > 0, where the last inclusion was written assuming that

lf"=(a)| > 201|f"(a)|7% which we can assume that to hold for all n > k
large enough. So, the composition

fot=fitofyto o fit B (f”<a>7 ilf"@) —C

sending f™(a) to a is well-defined and this is a holomorphic branch of f~".
Take 0 < r < -|a| and let n+ 1 > 1 be the least integer such that

n / 1 n
(T (@) = 7 @)

qp+1
Such integer exists since |f'(z)| < |f(z)\ZT if z is near a pole b. By definition
n >0, and since r < {-|a|, we have

n 1 n
r|(f") (@] < 751 @)l
Then by 2-Koebe’s Distortion Theorem

Be(a,r) C fo "(Be(f"(a),4r|(f™) (a)]))- (4.47)

Now we consider three cases determined by the value of r|(f™)'(a)].
Case 1. A <7|(f")(a)] < T16|f"(a)\.

In view of (4.47) and Koebe’s Distortion Theorem along with almost con-
formality of the measure m$, we get that
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m$(Be(a,)) < K'|(f")'(a)|"'m§(Be(f" (), 4r](f") (a)]))
=< K'(f") (@)~ (4r|(f*) (a)])® (4.48)
=r?|(f") (@)~
Put
dn = qb,, -

Since ¢t > h_ (see formula (4.45)) and g, < ., it follows from (2.20) that
t— Ke gn +1
<2_HC>< dn )>1
| (@)] <[ f" (a)|F=me
=1/ (f" ()| =
=<|(f™) (a)| =
— (/™ @ (f™) (@)= .

Combining this and Case 1 assumption, we get

Hence,

2

r< Sl @ @) 2 167 @)

Therefore r2=% < |(f*)'(a)|'=2, or equivalently 72|(f™) (a)|*~t =< r&e. To-
gether with (4.48), we obtain

mj(B(a,r)) < re.

dmint

9mint1
Case 2. |[f"(a) — by| < 324  9min r\(f")( )| < 324 amin A, where A was
defined in (2.25) and ¢uin is the minimal order of all critical points and poles.

9mint!

Put ¢ = 324 9min . Then

Be(f"(a), 4r|(f")'(a)]) C Be(bn, (4 + c)r[(f")(a)]) C Be(bn, (4 +¢)A)

and it follows from Lemma 4.25 that

m&(Be(f™(a), 4r|(f") (a))) = (4r|(f™) (a)])(anTHI=20n,

Thus
S (Be(a,)) < KI(F7) (@)~ (4r] () (a) ) (on + 0020
< D2 () (20

< plant1)i—2q,

But, as ¢, < g, and t > h_, it follows from (2.19) that
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and therefore

(Qn + 1)t - 2Qn > (Qn + l)t - 2QC > Ke

m$(B(a,r)) < re.

It remains to consider

dmin+1

Case 3. 7|(f")(a)] < zA™ i |f"(a) — bnl.

But then
(f" N @) = r1(f) @) (f ()]

r

1 _ 9mint! n n untl
< gy A (£ (@) = bl (A" (a)
1 | _dwmint! 1
< A Tdmin Aan Tl
<L )
1
< = n+1
< S @)

1 n
< 1M

contrary to the definition of n. So, Claim 1 is proved.

The last step of our proof is to demonstrate the following.

Claim 2. There exist co > 1 and R > 0, all independent of j, such that

mS(Be(e,r)) < corPerethi=pe)

for all j > 1 and for all r < R, where p. is the order of critical point ¢ of the

map f*.

Proof. Let p := p. > 2. There exists R > 0 so small that

F¥(Be(e), R) € Be(f*(e), 27 f*(0)))

and that there exists M > 1 such that

and

M7z =P < |f*(2) = fH(e)] < Mz — ]

M7z = e < () (2)] < Mz = e

for all z € Be(c, R). Thus, for all k > 0 and all r < R

FE(A(e, 27D 270y € A(fF(e); M~ P2 PUHD  ppppo—Ply,
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Since the map f‘kBe (.R) is p-to-one, using almost conformality of the measure
m§ and the right-hand side of (2.19), we get that

mS(A(f* (c); M~ 1P2 7P ppo—Ply)

1o o _ _ _
Z;M h(2 (H'l)r)t(p 1)m;(A(qQ 41y 9 lr))
> p_lM_h(2_(l+1)r)h(p_1)m§(A(c, 2= (1) 271r)).

Applying Claim 1, we therefore get

m$(Be(c, 1) =Y m§(A(e, 2T, 270r))
=0

o
< pM" PPN e e (A(fF (c); M P27 PERD Mpromrt)
=0

< thclgh(p—l)rh(l—P) Z 9h(p—1)! (Mrpg—pl)fcc

p=0
— th(Pfl)CthJrﬁcrh(lfp)ﬂmc Z 9(h(p=1)—pre)l
1=0

_ h(p—1) h+ke _ oh(p—1)—pke\—1,.pkc+h(1—p)
P2 aM (1-2 )T ,

where writing the last equality sign we used the fact that pk. + h(1 —p) >0
equivalent to the left-hand side of (2.19). Repeating again that px.+h(1—p) >
0, Claim 2 implies that the limiting measure m does not charge the critical
point ¢, and we are done. B

The argument from the beginning of the proof of this lemma, based on
Lemma 4.24 and Lemma 4.23 gives the following,

Lemma 4.27 The set PCg(f) is uniformly h-upper estimable.

Denote by Tr(f) C J(f) the set of all transitive points of f, that is the set
of points in J(f) such that O4(z) = J(f).

Theorem 4.28 There exists a unique atomless t-conformal measure m for
fJ(f) = J(f)U{oc}. Thent = h, m is ergodic conservative and all other
conformal measures are purely atomic, supported on Sing™ (f) with exponents
larger than h. Consequently m(Tr(f)) = 1.
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Proof. In view of Lemma 4.26 there exists an atomless h-conformal measure
m for f : J(f) — J(f) U {co}. Suppose that v. is an arbitrary Euclidean
t-conformal measure for f and some ¢ > 0. By Lemma 3.3, t > h. Fix z €
J(f)\ ({oo(f)USing™ (f)). Then in view of Proposition 2.31 there exist points
xz; = xj(2) € J(f) and an increasing sequence {n;}3>, such that xz(z) =
limy o f™ (2) and z; ~ zy, for all j,k > 1. Define for every I > 1

Zr ={z € J(f) \ (o (f) USing™ (f)) : [x(2)| <l and n(z) = 1/1},

fix | > 1 and z € Z;. Consider for k large enough the sets

o 1 o 1
(o)) e (o 5))

where f7 " is the holomorphic inverse branch of f™* defined on Be(z, ;) and
sending f"*(z) to z. Using conformality of the measure v along with Koebe’s
Distortion Theorem, I (Euclidean version) we easily deduce now that

B(re, ) el(f™ ) ()™ < ve(Be(z, el (F™) (2)[7Y) < Blve Del (£ (2)] ™

(4.49)
for all £k > 1 large enough, where K > 1 is the constant appearing in the
Koebe’s Distortion theorem and ascribed to the scale 1/2 and ¢ > 0 is some
constant comparable with 1. Fix now F, an arbitrary bounded Borel set con-
tained in Z;. Since m, is regular, for every x € F there exists a radius r(z) > 0
of the form from (4.49) such that

U Be(z,r(x))\ E) < (4.50)

zeE

Now by the Besicovi¢ theorem (see [14]) we can choose a countable subcover

{Be(wi’ T(wi))}z?ilv

r(z;) < e, from the cover {B.(x,r(z))}rcr of E, of multiplicity bounded
by some constant C' > 1, independent of the cover. Therefore by (4.49) and
(4.50), we obtain

(oo}
ve(E) < ve(Be(i,r(xi)) < B(ve, 1) > r(w:)
=1

< B(ve, ) B(me, r(x Be(zi,7(2:)))
; (4.51)

S B(V67 Z)B(meal)cstihme(u Be(xur(xz)))
i=1
< CB(Ve, 1) B(me, 1)t ™" (e + mo(E)).

In the case when ¢ > h, letting € \, 0 we obtain v.(Z;) = 0. Since
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oo
TN\ Us(f)USing™ () = |J 2,
=1

we therefore get
ve(J(f)\ (I (f) USing™(f))) =0

which by Lemma 3.4 implies that v,.(Sing™ (f)) = 1 and the last part of our
theorem is proved . Suppose now that ¢ = h. Since, in view of Lemma 3.4,

Ve(Iso(f) \ I-(f)) = me(I(f)) = 0,

using (4.51) and letting [ " oo, we conclude that

Vel s(p)\sing=(f) < Mels(p)\sing=(f) = Msl1(p)\Sing—(5)-

Exchanging the roles of me and v, we infer that the measures v ;(#)\sing— ()

and My, (f)\sing—(f) are equivalent. Suppose that v.(Sing™(f)) > 0. Then
there exists

y € Crit(J()) U L(f) U f 7 (o0)
such that ms(y) > 0. But then

D@ < oo

€y~

where y~ = J,,>o f " (y) and for every £ € y~, n(§) is the least integer n > 0
such that f*(£) = y. Hence,

T O @)1
" e OO

is a spherical h-conformal measure supported on y~ C Sing™ (f). This contra-
dicts the proven fact that the measures vy|;(s)\sing—(r) and Mg, (F)\Sing~ (f)

are equivalent and m4(J(f) \ Sing™ (f)) = 1. Thus v, and m; are equivalent.

Let us now prove that any h-conformal measure v is ergodic. Indeed,
suppose to the contrary that f~!(G) = G for some Borel set G C J(f) with
0 < v4(G) < 1. But then the two conditional measures vg and v;(p)\a

_ 1(BNG) _vs(BNJ(f)\G)
B =" B =TGN

would be h-conformal and mutually singular; a contradiction.

If now vy is again an arbitrary spherical h-conformal measure, then by a
simple computation based on the definition of conformal measures we see that
the Radon-Nikodym derivative ¢ = dvs/dms is constant on grand orbits of
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f. Therefore by ergodicity of ms we conclude that ¢ is constant ms-almost
everywhere. As both m, and v, are probability measures, it implies that ¢ = 1
a.e., hence vg = myg.

Let us show now that m is conservative. We shall prove first that every
forward invariant (f(E) C E) subset E of J(f) is either of measure 0 or 1.
Indeed, suppose to the contrary that 0 < m(E) < 1. Since

m(I(f)USing™(f)) =0,
it suffices to show that
m(E\ (Ic(f) USing™ (f))) = 0.
Denote by Z the set of all points z € E \ (Inc(f) USing™ (f))) such that

o MelB7) 0 (B (L) USing™ (1))
70 me(B(z,7))

=1 (4.52)

In view of the Lebesgue density theorem (see for example Theorem 2.9.11 in
[12]), me(Z) = me(E). Since m.(E) > 0 we find at least one point z € Z.
Since

z € J(f)\ (I (f) USIng™(f)),

let « € J(f), n(2) > 0, and an increasing sequence {nj}3>, be given by
Proposition 2.31. Put

6 =n(z)/8.
Suppose that me(Be(z,d) \ E) = 0. By conformality of m., me(f(Y)) = 0 for
all Borel sets Y such that m.(Y") = 0. Hence,

0=me(f"(Be(x,0) \ E)) = me(f"(Be(x,0)) \ f(E))

(4.53)

> Me (fn(Be(x, 5)) \E) 2 Me (f"(Be(x,(S)) — me(E)
for all n > 0. Since J(f) = U,,»; f7"(c0), for some p > 2, the image
fP~Y(B.(z,6)) contains an open neighborhood of co. Thus, it contains at least
one (in fact infinitely many) copy of the fundamental parallelogram R and
consequently fP(Bg(z,d)) = C . In particular mc(f?(Bc(z,0))) = 1. Then
(4.53) implies that 0 > 1 — m.(E) which is a contradiction. Consequently
Me(Be(z,9) \ E) > 0. Hence for every j > 1 large enough,

me(Be(f™(2),26) \ E) = me(Be(z,6) \ E) > 0.

Therefore, as f~1(J(f)\ E) C J(f) \ E, the standard application of Koebe’s
Distortion Theorem, I (Euclidean version) and Lemma 4.12 shows that

lim sup me(B(z.1) \ E)

P e (Bar)
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which contradicts (4.52). Thus either m.(E) = 0 or m.(EF) = 1.

Now conservativity is straightforward. One needs to prove that for every
Borel set B C J(f) with m(B) > 0 one has m(G) = 0, where

G={re(f): 3 xul(f'(@) < +o0}.

n>0

Indeed, suppose that m(G) > 0 and for all n > 0 let

Gn={z € J(f): Y xs(f"(x) =0}

k>n
={z e J(f): fk(a:) ¢ B for all k> n}.

Since G = ,,>0 Gn, there exists k& > 0 such that m(Gy) > 0. Since all the
sets Gy, are forward invariant we conclude that m(Gjy) = 1. But on the other
hand all the sets f~"(B), n > k, are of positive measure and are disjoint from
G- This contradiction finishes the proof of conservativity of m. Consequently
m(Tr(f)) = 1. We are done. B

4.5 Hausdorff measure

The proof of part (a) of Theorem 4.1. Let m be the unique h-conformal
atomless measure proven to exist in Theorem 4.28. Consider an arbitrary point
z € Tr(f). Since f is regular pseudo non-recurrent, there exists

be | (o0)\ OF(Crit(f)),
j=1

say b € f7%(c0) \ Oy (Crit(f)). Hence, there exists v > 0 such that
Be(b,v) N O4(Crit(f)) = 0. (4.54)
Since z € Tr(f), there exists an infinite increasing sequence {n;}52, such that

lim f™(z) =b and |f™(2) — bl < ~/4 (4.55)

J—0o0

for every j > 1. It follows from this and (4.54) that for every j > 1 there
exists a holomorphic inverse branch

fo" Be(f(2),3v/4) = C

of f™ sending f™(z) to z. Using now Koebe’s Distortion Theorem I, (Eu-
clidean version), Lemma 4.12 and Lemma 4.25, we conclude that
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me (2, Be(K|(f™) (2)] 7121 (2) = b]))
> me(Be(f™(2),21f™ (2) = b)) [(f™)'(
> me(Be(b, | /7 (2) = b)) (™) (2)] "
= |7 (2) — ot D2 () () ="
= (K| )M fm () = bl) " K 7 (2) = b2,
Since h < 2, using (4.55), this implies that

Tnér_’bme(Be(z, r)) = oo.

Hence
H](Tx(f)) =0

in view of Theorem 3.1 (1). Since by Theorem 4.28 m.(J(f) \ Tr(f)) = 0, it
follows from Lemma 3.3 that H"(J(f) \ Tr(f)) = 0. In conclusion

HE(J(f)) =0,

which completes the proof. B

4.6 Packing measure 1

Proposition 4.29 The conformal measure m is absolutely continuous with
respect to the packing measure IT" and moreover, the Radon-Nikodym deriva-
tive dms /dIT" is uniformly bounded away from infinity. In particular

m"(J(f)) > 0.

Proof. Since
J(f)Nw(Crit(f)\ Crit(J(f))) = 2(f),

we conclude from Lemma 2.20 that there exists y € J(f) at a positive distance,
say 81, from Oy (Crit(f)). Fix z € Tr(f). Then there exists an infinite sequence
n; > 1 of increasing integers such that i (z) € B.(y,n). Therefore

Be(f"(2),4n) N O4(Crit(f)) = 0
and consequently
Comp(z, [ (2), f*7,n/2) N Crit(f™) = 0.
Hence, it follows from Lemma 1.2 and Lemma 4.12 that

me(Be(z,7)) <B

lim inf
r—0 Th
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for some constant B € (0,00) and all z € Tr(f). Applying Lemma 4.21 we
therefore get that
B
lim inf Mo (Bs(2,7))

<2"B.
r—0 Th -

Hence, by Theorem 3.2(1), the measure my|ry(y) is absolutely continuous with

respect to I1"|1.(s). Since, by Theorem 4.28, my(J(f) \ Tr(f)) = 0, we are
done. B

Lemma 4.30 If Q(f) # 0, then II*(J(f)) = +oo0.

Proof. Fix € € §2. Since

Urme©

n>0
is dense in J(f) and, by Lemma 2.20, w(Crit(f)) is nowhere dense in J(f),
there exist an integer s > 0, a real number n > 0, and a point

y € FO\Be(|J M (Crit(1)),n).

n>0

Since by Theorem 2.1, h > 1, it follows from Lemma 2.7 and Lemma 4.15 (y
may happen to be a critical point of f*!) that

liminf Ter2eld ")) (Be(y,1))

m it o =0. (4.56)

Consider now a transitive point z € J(f), i.e. z € Tr(f). Then there exists an
infinite increasing sequence n; = n;(z) > 1 of positive integers such that

lim [f"(z) —y|=0 and r;=|f"(2)—y| <n/7
j—o0
for every j = 1,2,.... By the choice of y, for all j > 1 there exist holomorphic

inverse branches B
f2 2 Be(f™"(2),6r;) — C

sending f"i(z) to z. So, applying Lemma 1.2 and Lemma 4.12 with R = 3r;,
we conclude from (4.56) that

. e Me

hgg(l)lf h
Applying Lemma 4.21, we conclude that the same formulas remain true with
m. replaced by mg and B.(z,7) by Bs(z,7). Therefore, it follows from Theo-
rem 4.28 (m4(Tr(f)) = 1) and Theorem 3.2(1) that IT*(J(f)) = +oo. We are
done. H
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4.7 Packing measure 11

From now on let m denote the unique atomless h-conformal measure proven
to exist in Theorem 4.28. Our aim in this section is to show that in the absence
of parabolic points the h-dimensional Euclidean packing measure is finite on
bounded subsets of J(f) and II*(J(f)) < oo.

Recall that the numbers R;(f) and A;(f) have been defined by formulas
(4.34) and (4.35) respectively. Since the number of equivalence classes of the
relation ~ is finite, looking at Lemma 2.28 and Lemma 4.4, the following
lemma (where the superscript [ indicates that we mean the “lower” estimates)
follows immediately from Lemma 4.16.

Lemma 4.31 If C’i(l) >0,0< Rl(l) < Ri(f)/3, and 0 < o < 1 are three real
numbers such that all points z € PCY(f),

K3

are (r,o, C’i(l))—h—s.l.e. with respect
to the measure m., then there exists C'i(l) > 0 such that all critical points
¢ € Criza(f) are (r,&,é’fl))—h—s,l,e, with respect to the measure m. for all
0<r<A(f)1RY

;» where & was defined in Lemma 4.16.

Let us prove the following.

Lemma 4.32 Suppose that 2(f) = 0. Assume that Ci(fl) > 0, RE? > 0 and
0 < o < 1 are three real numbers such that all critical points ¢ € S;(f)
(l
Then there exist C’z(ll) >0, Rili > 0 and such that all points z € PCY(f); are
(r, 8K3 A22#(Crit(/)NR) 5 CN’i(’ll))-h-s.l.e. with respect to the measure m. for all

0<r< Rgli, where A was defined in (2.25).

are (r,0, C’i(’ll))—h—s.l.e. with respect to the measure m. for all 0 < r < R %

Proof. Recall that by Lemma 4.22 the set PCE (f) is f-pseudo-compact. We
shall show that this time one can take

R = min{r0||f/|7'A R 1) and O = (8(K4%)2%)" 0.

where ||f'|| = HJNHmz Indeed, denote again #(Crit(f) N R) by #. Take

e = 4K (K A%)2# and then choose A > 0 so large that
: -1 p-1,_-1_: (O]
e<Aminql, 775,07 7 min{p, R;1/2} ¢ . (4.57)

Consider 0 < r < qu and z € PCY(f),. If z € Crit.(J(f)), then z € S;(f) and
we are done. Thus, we may assume that z ¢ Crit.(J(f)), then z ¢ Crit(J(f)).
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Let s = s(\, e,7,2). By the definition of €
AKT((f%) (2)] = (KA?) =127 Fer|(f°)'(2)]. (4.58)

Suppose first that w(\,r, z) is well defined and s = w(A,r, z). Then by item
(4.17) in Proposition 4.18, applied with n = K, we see that the point

i(2) is (Kr|(f9) (2)],0/ K2 Wi (c/K?)) — h-s.le..

Using (4.58) it follows from item (4.25) in Proposition 4.19 and Lemma 4.13
that the point z is (r, o, Wy, (c/K?))-h-s.l.e.. If either u is not defined or s <
u(A, 7, z), then in view of item (4.24) in Proposition 4.19, there exists a critical
point ¢ € Crit(f) such that

[£°(z) = ol <erl(£°) (2)].

Since s < u, by Proposition 4.19 and (4.57) we get
[£(2) = e < erl(£)(2)] < minfp, R} /2}. (4.59)

Since z € PCY(f), it implies that ¢ € S;(f). Therefore, by the assumptions of

Lemma 4.32 and by (4.59) we conclude that ¢ is (2er|(f*)'(2)|, o, Ci(’ll))-h-s.l.e..

Consequently, in view of Lemma 4.9, the point f*(z) is (er|(f*)(2)|, 20, 2hC’i(f1) )-
h-s.l.e.. So, by Lemma 4.10 this point is

(Kr|(f) (2)], 20¢/ K, (2eK~1)"C) — h-s.Le.

Using now formula (4.58) and item (4.25) in Proposition 4.19 along with
the fact that Ke~! < 1 we have from Lemma 4.13 that the point z is
(r,2Keo, (25K‘1)h0(f1))—h—s.1.e.. The proof is completed. W

K2

As a fairly straightforward consequence of these two lemmas we get the
following.

Lemma 4.33 With some R > 0 and some G > 0 each point of PCY(f), (in
particular each point of Crit.(f)) is (r,1/2,G)-h-s.l.e. for every r € [0, R].

Proof. Since Sy (f) = 0, starting with o > 0 as small as we wish, it immediately
follow from Lemma 4.32, Lemma 4.31 and Lemma 2.27 by induction on i =
0,1,...,p that all the points of S;(f) and PCg(f)i are (r,1/2, G)-h-s.l.e. with
same G, R > 0 and all r € [0, R]. We are done. B

This lemma and Lemma 4.25, taken together, give the following.
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Lemma 4.34 Every point of the set Crit(J(f))U f~1(c0) is h-s.l.e. with o €
(0,1) arbitrary.
Fix ¢ € Crits(f). Since lim,,_,o f™(c) = 0o, there exists k > 1 such that
@, < gc (where b, € f~1(00) is near f"(c), q. was defined in (2.16)) and

|f™(c)] > max{1, 2Dist.(0, f(Crit(f))} (4.60)

for all n > k. Put a = f*(c) (we may need in the course of the proof k > 1 to
be bigger).

We shall prove the following.

Lemma 4.35 There exists a constant ¢1 > 1, such that
me(Be(aa T)) > C1_17‘h
for all r > 0 small enough.

Proof. Put ¢ = ¢.. In view of (4.60) for every n > 1 there is a well-defined
holomorphic inverse branch

£ Bl (@), 5l @) - €

of sending f"(a) to f"~!(a). Let b, € f~1(cc0) be the unique pole (assuming
k # 1 is large enough) such that

1f"(a) —ba| < A< 1.

Then, by Koebe’s Distortion Theorem, I (Euclidean version)

7 (5 (@ dir@) < 5 (7o K@l @)
C Bo(f"" a), e f(a)[| £ (a)|~*T)

1

= Be(f""(a), ¢l f"(a)] ")
n— 1 n—
c B (1@l l).
where ¢ > 0 is a constant and the last inclusion was written assuming that

/Y (a)| = el f™(a)| "7

which we can assume that to hold for all n > k large enough. So, the compo-
sition
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fr=frtofyto.ofit B, (f”(a),i|f”(a)> —C

sending f™(a) to a is well-defined and this is holomorphic branch of f~". Take
0<r < %la and let n+ 1 > 1 be the least integer such that

(Y (@) > %\f”ﬂ(an.

Such integer exists since |f'(z)| < |f(z )\ 3 1f z is near a pole b. By definition
n >0 and, since r < £|al, we have

n K n
r|(f") (@) < S 1) @)l
Then by Koebe’s Distortion Theorem, I (Euclidean version)

Be(a,r) O fo "(Be(f"(a), K7|(f") (a)])- (4.61)

Now we consider three cases determined by the value of r|(f™)'(a)].
Case 1. A <r|(f")(a)| < X |f™(a)|.

In view of (4.60) and Koebe’s Distortion Theorem, I (Euclidean version)
along with almost conformality of the measure m., we get that

me(Ba,r)) = K7"|(f") (a)] ™" me(Be(f" (a), 4r|(f") (a)]))
= KM (@) (4l (a)])
= () (@)~ (4| (f) (@)])"

= ghph,

(4.62)

and we are done in this case.

9mint mint

Case 2. |f"(a) — b,| < 324 4min r\(f")( )| < 324 4min A where A was
defined in (2.25).

It follows from Lemma 4.25 that

me(Be(f"(a), KH(F")' (@) = (K~H(f") (@))".

Thus
me(Be(a,r)) > K~ "|(f) (@) " (K~ (f") (@))" = ",

And we are done in this case.

It remains to consider
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9mint

Case 3. r|(f")(a)] < LA™ K|f"(a) - bl.

But then
Pl (@)] = ol () (@)1 ()
< TATHER | (@)~ (Al )
< fA_ fmin Aan 1t (g)]
K n+1
< 1)

contrary to the definition of n. So this case is ruled out and lemma is proved.
|

We are ready to prove the following.

Theorem 4.36 If $2(f) = 0 then the h-dimensional packing measure II" of
every bounded Borel subset of J(f) is finite and II"(J(f)) < co.

Proof. Consider arbitrary point

ze J(f)\ U S ({00} U Crit(f))

and a radius r € (0,v(a&)™!). Let s > 0, associated to the point z and the
radius /€, come from Lemma 4.20. If the case (a) of this lemma holds, then
we have from Lemma 1.2 and Lemma 4.12 that

me(Bu(2,1)) = K|(f*) (2)| " me(Bo(£*(2), K rl(£)(2)])
= KM ) E Y () (4.63)
= (| () ()P =

If the case (b) of this lemma holds, then applying this lemma along with
Lemma 4.34 (with o < K~1€), we get that

me(Be(z,1)) = K7"[(£°)(2)|"me(Be(f*(2), K~ 1r|(f) (2)])
= K @I ) )=t

Combining this and (4.63), completes the proof of the first part because
of Theorem 3.2(a). Since IT"(A) = IT"(A + w) for every w € A and since

ZZ{ (2) = (1 +|2[*)7", we get with R = 4diam(R) that




80 4 Hausdorff, packing and conformal measures

Znh A(0,28R, 2" R)) 4 IT"(B,(0, R))

< IIP(Be(0,R)) + Y ITF(A(0,28 R, 2MT! R)) R4~k

k=0
j Hh i 2h4—hl~c
_ 11"(B.(0, R)) 1S40 < o,
k=0

since h > 1. We are done. B

Proposition 4.37 If HD(J(f)) = 2, then J(f) = C.

Proof. Since II? and I, the two-dimensional Lebesgue measure on C coincide
up to a multiplicative constant, it follows from (already proved) Theorem 4.1
(b) that if h = 2, then l3(J(f)) > 0. So, in order to prove our proposition
it suffices to show that if J(f) & C, then I2(J(f)) = 0. So, suppose that
J(f) # C. By Corollary 1.3 in [17], l2(Is(f)) = 0. Thus, we are to show that

la(J(f)\ (oo (f) U Sing™ (f)) = 0.

Let for any [ > 1 the set Z; have the same meaning as in the proof of Theo-
rem 4.28. Since J(f) is a nowhere dense subset of C, there exists € > 0 such
that for every y € B.(0,21) there exists y. € B.(y, 5;) such that

Bulo) € B (1.3 ) VIO (1.69)

Keep the notation from the proof of Theorem 4.28. Fix arbitrary z € Z;. Dis-
regarding finitely many iterates we may assume without loss of generality that
f™(2) € B.(0,21) for al k > 1. By Koebe’s Distortion Theorem (Euclidean
version), Koebe’s +-Theorem and (4.64), we have
FZM(Be(f™ P, 8)) € S (Be (™D, (20 \ T (f))
C Be(z, K|(f™)' ()71 20) ")\ J(f)

and
1
S (Be(f™(2)e2€)) D Be(£7" (1" (2)e), 7el (F™ 1) () 7).
Therefore, we see that

La(Be(z, K|(f™)' ()1 @D"HN\I(f) _ (el
LB K Y@ @) ) © ( ) -
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So, z is not a Lebesgue’s density point for Z;, and therefore l2(Z;) = 0. Hence

(@

La(J(f) \ (I (f) U Sing™ (f)) = l2(| ) Z1) = 0,

l

Il
—

and we are done. l

Theorem 4.1 is now a logical consequence of Section 4.5, Proposition 4.29,
Lemma 4.30 and Theorem 4.36.






5

Invariant measures

In this section we deal with o-finite invariant measures equivalent to the con-
formal measure m. We prove their existence, ergodicity, conservativity and
we detect the points around which these measures are finite or infinite. This
allows us to provide sufficient conditions for their finiteness.

In order to prove Theorem 5.2 below we apply a general sufficient condition
for the existence of o-finite absolutely continuous invariant measure proven
n [23]. In order to formulate this condition suppose that X is a o-compact
metric space, v is a Borel probability measure on X, positive on open sets,
and that a measurable map f : X — X is given with respect to which measure
v is quasi-invariant, i.e.

voft<w

Moreover we assume the existence of a countable partition o = {A,, : n > 0}
of subsets of X which are all o-compact and of positive measure v. We also

assume that
v(X\ | 4n) =0,
n>0

and if additionally for all m,n > 1 there exists k£ > 0 such that
v(f R (An)NA,) >0,

then the partition « is called irreducible. Martens’ result comprising Propo-
sition 2.6 and Theorem 2.9 of [23] reads as follows.

Theorem 5.1 Suppose that « = {A,, : n > 0} is an irreducible partition for
T : X — X. Suppose that T is conservative and ergodic with respect to the
measure v. If for every n > 1 there exists K, > 1 such that for all k > 0 and
all Borel subsets A of A,

v(A) _ v(fHA)

KA = W (A)
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then T has a o-finite T-invariant measure p that is absolutely continuous with
respect to v. In addition, p is equivalent to v, conservative and ergodic, and
unique up to a multiplicative constant. Moreover, for every Borel set A C X

e SharHA)
uld) =l S A

From now on throughout the section mg stands for the unique h-conformal
measure.

The first result of this section is the following.

Theorem 5.2 There exists a o-finite f-invariant measure pu that is absolutely
continuous with respect to the h-conformal measure mg. In addition, p is
equivalent to ms, ergodic and conservative.

Proof. Let £ € C be a periodic point of f with some period p > 3. We put

Ps(f) = O4(f(Crit(f))) U{E, £(€),.... PO}

Since O4 (f(Crit(f)) is a forward-invariant nowhere-dense subset of J(f) and
since the h-conformal measure mg is positive on nonempty open subsets of
J(f), it follows from ergodicity and conservativity of mg (see Theorem 4.28)
that

ms(O+(f(Crit(f)))) = 0.

Since m has no atoms (see Theorem 4.28) we therefore obtain that

We shall now construct the partition o of the set J(f)\ P3(f). We shall check
next that it satisfies the assumptions of Theorem 5.1. We first define the
family of balls

{B@ <z,1diste(z,P3(f)))} .
2 =€ J(P\Ps(f)

This family obviously covers J(f) \ Ps(f). Since J(f) \ Ps(f) is an open set,
it is a Lindelof space, and therefore we can choose a countable subcover of
J(f)\ Ps(f), which we denote by

{Be (z ;diste(zi,Pg,(f))) }oil

We inductively define a partition A = {A;}52, of J(f) \ Ps(f) as follows. Let

Ao = B, (20, ;diste(ZO,PS(f))> :



5 Invariant measures 85

Assume that we have defined the sets Aq,..., A, such that

4, € B, (35 Jaiste (a5, A1)

and

IntAj #* 0.

Then A, +1 we define as
1 n
An+1 = Be <Zn+1, 2diSte(Zn+1,P3(f))> \ U Aj.

j=1

The set A, 41 is disjoint from the sets Aq,..., A, and
1. " 1.

Ani1 C Be ( zni, pdiste(zni1, Ps(f)) ) \ U Be ( 2, 5 diste(z5, Ps(f)) ) -
j=1

Thus either 4,11 = 0 or IntA,, 1 # 0 and we remove all the empty sets.

We shall now check that the partition is irreducible. And indeed, it follows
from the construction of the sets {A;}$2, and continuity of the measure m
that it suffices to demonstrate that if z € J(f), r > 0 and K C C is a compact
set, then there exists n > 1 such that

F | Be(zm)\ U F7He0) | 2 KN f7M(o0).

k>0 k>0

Since the set of repelling periodic points is dense in the Julia set ([2], comp.
[6]), there thus exists a periodic point € B.(z,r), say of period ¢ > 1.
Since x is repelling there exists s > 0 so small that Be(x,s) C Be(z,7) and
f4U(Be(x,s)) D Be(z,s). Since

U r9(Be(,s)) > C,

Jjz1

since K is a compact subset of C and since {f%(B.(z, 5))}32, is an increasing
family of open sets, there thus exists & > 1 such that f9*(B.(x,s)) D K.

Let us check now the distortion assumption of Theorem 5.1. And indeed,
in view of Koebe’s Distortion Theorem, I (spherical version) there exists a
constant K > 1 such that if

A Be(zi,diste(zi,Pg(f))) —C
is a holomorphic branch of f~™, then for every k > 0 and all z,y € A we

have
[FORC)I

F ) =5 &)
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where A, C B, (zi, %diste (2, Pg(f))) We therefore obtain for all Borel sets
A, B C Ay, with mg(B) > 0 and all n > 0 that

ms(f™(A) _ La () [ dms
ms(f"(B) [y [(f) [ Pdm
- sup 4, {1(f7™)*" yms(A)
= infa, {|(f)* [ ms(B)
ms(A)
s(B)’

< K"

3

and similarly

MU (A) g ma(4).

ms(fs " (B)) ms(B)
Since by Theorem 4.28 the measure is conservative ergodic, all the assump-
tions of Theorem 5.1 have been checked and we are done. B

The following lemma easily follows from Theorem 5.1.
Lemma 5.3 For every n > 0 we have 0 < p(A,) < oo.

We say that the f-invariant measure u produced in Theorem 5.2 is of finite
condensation at x € J(f) if and only if there exists an open neighborhood V'
of x such that u(V) < co. Otherwise p is said to be of infinite condensation
at x. We respectively say that x is a point of finite or infinite condensation of
. We end this subsection with the following obvious results.

Lemma 5.4 If x is a point of infinite condensation of u, then each point of
the closure {f™(x) : n > 0} is also of infinite condensation of p.

Lemma 5.5 The set of points of infinite condensation of the measure p is
contained in the union Oy (Crit(f)) U 2(f) U {oco}.

Proof. If
z ¢ O4(Crit(f)) U £2(f) U{oo},
then by local finiteness of the family {4, : n > 0} there exist an open neigh-

borhood V' of z and an integer k > 0 such that m (V' \ U?:o A;) = 0. Hence,
in view of Lemma 5.3 and Theorem 5.2 (u < my) we get

k
w(v) <3 u(4;) < .

=0



5 Invariant measures 87

The proof is finished. H

Fix w € J(f) \ Be(£2(f),0) and an open Jordan domain @ C B.(w,27).
A sequence {@Q,}5°, of connected components of inverse images of f~"(Q)
is called w-nested if f(Qn41) = Qn for all n > 0. We start with the following
simple fact.

Lemma 5.6 All the sets Q,,n >0, are open Jordan domains.

Proof. Suppose that the lemma is not true and let n > 0 be the least integer
such that @, is not a Jordan domain. Then n > 1 and @,,_; is a Jordan
domain. Since Q,, is a connected component of f~(Q,,_1), the set @Q,, must
contain a critical point of f, say ¢. Since @,, C Be(c,n) and

BE(Can) mfil(oo) = 03

it follows from the Maximal Modulus Principle that @,, is simply-connected.
This finishes the proof. B

Let Crity, (f) be the set of all critical points of f that are h-upper estimable.
The key fact for what will follow is this.

Lemma 5.7 For every £ > 0 there exists a constant Tz > 1 with the following
properties. Let w € J(f)\ Be(2(f),0), let Q@ C Be(w, ) be a Jordan domain
with diam.(Q) > &, and let {Qn}2, be a w-nested sequence of connected
components of the sets f~™(Q). For every n > 0 let W,, be the connected
component of f~"(B.(w,2v)) containing Q. If

(Crit(f)\ Crita(£)) N | Wa = 0.
n=1

then
me(Qn) < T¢diam[ (Q,)

for allm > 0.

Proof. Since My, = sup{me(Be(z,27)) : x € J(f)} < o0, we get

Mo Moy .
me(Q) < Mz, = g—,jfh < g—,jdlam’; Q). (5.2)
Fix £ > 0 and n > 0. Suppose that Wy, contains no critical points of f.

It then follows from Koebe’s Distortion Theorem, II (Euclidean version) and
(2.29) (note that also @ C (Be(w, 7)) that
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Me(Qrn) < sup{|(f") (2)| 7"+ 2 € Qryn}me(Qy)
< KPinf{|(f™)(2)|7" : 2 € Qran}me(Qr)
pdian (Qein) (5.3)
diamZ(Qk) «(Qr)

nMe(Qrin) 1. 3
* diamg’ (Qk) dla'me (Qk+ﬂ)7

<K

with an appropriate universal K" > 1. Now suppose that W contains a
critical point ¢ of f. By (2.27) and Lemma 2.16, ¢ is the only critical point of
f in W1, Suppose first that

diste(f(c), Q) > 4diam,(Qy).
Fix z € Q. Then Qj, C B.(z,diam.(Qy)),
F(Crit(f)) N Be(z, 2diam(Qy)) = 0

(assuming that 7,7 > 0 sufficiently small), which makes other (finitely many)
critical values lying sufficiently far apart from f(c). Hence denoting by

ft s Be(z, 2ydiam,(Q)) — C

the holomorphic inverse branches of f whose image covers @, using Koebe’s
Distortion Theorem, IT (Euclidean version) we estimate similarly as above

Me(Qry1) < sup{|(f71) (@)|" : = € Qry1}me(Qx)
< KMinf{|(f7 ) ()" : 2 € Qryr}me(Qu)

p diam (Qp 1) 5.4
= Gl Qo) " o
h me(Qk) . h
<K 7diamZ(Qk)dlame (Qr+1)-
Now, assume that
diste(f(c), Qx) < 4diame(Qx). (5.5)

We thus get that Q C Be(f(c), bdiam.(Q%)), and therefore
Qrt1 C Be(c, A(5diam.(Qy))"/7*).
Hence, making use of h-upper estimability of the point ¢, we get that

Me(Qry1) < L(A(5diam, (Qy))Y/P<)". (5.6)

It follows from (5.5) that
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(Diste(f(c), Qr))"/Pe

Distc(c, Qry1) < A
< A(diste(f(c), Qx) + diame(Q)) "/
<A

(diam,(Qy))"/7e.
Therefore
diam, (Qy,) < diame(Qp41) A(Diste (¢, Qur1))Pe
< A251/7diam, (Qp s )diam. 7 (Q4).
Thus

diam?/P<(Qy) < A%5'/Pediam, (Qps1).
Inserting this to (5.6), we get that

Me(Qry1) < L(25)"Pe AS/Pediam (Qp41).

Applying this, (5.2) (5.3), (5.4) and making use of Lemma 2.16 along with
(2.27), a straightforward inductive argument yields that for every j > 1

me(Q;) < [L((256A4%)"/P° KK,)"* Mp. & "diam? (Q;).
We are done. B

As an immediate consequence of this lemma, Lemma 2.19 and Koebe’s
Distortion Theorem, II (Euclidean version) we obtain the following.

Lemma 5.8 Let w € J(f) \ B(£2(f),0), let V C Be(w,v) be a Jordan do-
main with diame(V) > &, let U be a Jordan domain contained in V. Let
{Vo}s2y be a w-nested sequence of connected components of f~™(V) and
let {U,}22,, with U, C V,, be a w-nested sequence of connected compo-
nents of f~"(U). For every n > 0 let W,, be the connected component of
F7(Be(w,2y)) containing V,,. Suppose that

(Crit(f) \ Crita(f)) N | Wn =0

and that there exists a Jordan domain U such that U C U C V and U N
PC(f) = 0. Then
me(Uy) > (29Te) " "diam” (U),

and the same inequality remains true (perhaps with a larger constant on the
right-hand side) with m. replaced by ms since the diameter of the sets are
bounded by (3.

Now we can take the first fruit of this lemma.
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Proposition 5.9 All the points of the set PCY(f) \ 2(f) are of finite con-
densation with respect to the invariant measure .

Proof. Take an arbitrary point w € PCY(f) \ £2(f). Assuming 6 > 0 to be
small enough, we will have w ¢ B.(£2(f),0). Fix V C B.(w,7), a round
open neighborhood of w disjoint from PC,(f) UPCu(f). Since PC2(f) is a
nowhere dense subset of J(f), we may assume without loss of generality that
Ap, the set coming from Theorem 5.2 is an open ball centered at the point of
J(f)\PCY(f), such that 245 C V and 24oNPC(f) = (). Invoking Lemma 4.27
it immediately from Lemma 5.8 that

ms(f7"(Ao) N Va) = Agms (V)
for every n > 0, where V,, is a connected component of f~"(V) and
A¢ = (29T¢)"diam! (Ap). (5.7)
Therefore, summing over all connected components V,, of f~"(V'), we obtain
ms(f7"(Ao)) = ms(f7"(Ao) N fT(V)) = Aems (f7 (V).

Consequently
k -n
ano ms(f~"(V)) -1
3 < 4
2 n—0 s (f7"(Ao))
and invoking the formula for the measure p, stated in Theorem 5.1 we conclude
that u(V) < oo, which finishes the proof. B

)

Lemma 5.10 All the points of the set PCg(f) UPCY (f) are of finite con-
densation with respect to the measure .

Proof. Fix a point w € PCg(f) UPCY (f). There exists j > 0 so large that

£ (w) N (O3 (CrE() U () = 0.

Therefore, taking § > 0 and v > 0 small enough, there exists open disk V'
centered at w with the following properties:

a) For every z € f~7(w), dist.(z, 2(f)) > 6.
b) For every z € f~7(w), if V, is the connected component of f~7(V) con-
taining z, then V, is Jordan domain and V, C (Be(z,7)).

c) Uzef—j(w) Be(z,27) NPC(f) = 0.

We may assume without loss of generality Ay to be a round disk centered
(at the point of J(f)) such that 24¢ C V and 24, N PC(f) = 0. Tt follows
from condition (c) that
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Crit(f) N U Uf Be.(z,27)) = 0.

z€f~J(w)n=0

So, we may apply Lemma 5.8 to the pairs (U,,V,), z € f~9(w), where U, are
the connected components of f~7(Ag) contained in V, to get, similarly as in
the proof of Proposition 5.9, that for every z € f~7(w) and every n > 0,

where U, z € f~7(w), is the union of all components of f~7(Ay) contained
in V,, and A, <1 is a universal constant depending on w. Summing over all
z € f77(w), we thus get

Jjt+n n
D om(fTV)) =D mo(fT (V)
i=j i=0

Jjtn
< /1 1 Z ms A()
Since both 3770 my(f~*(Ap)) and Y7—5 my(f~#(V)) are finite, we thus get

Z?:o ms(f_i(V)) < AL
n—oo 3T gms(fTH(Ag)) T

So u(V) < oo, and we are done. B

As an immediate consequence of this lemma, Proposition 5.9 and Lemma 5.5
we get the following.

Theorem 5.11 The set of points of infinite condensation of the measure p
is contained in 2(f) U {oo}.

Now we will deal with point co. We shall prove the following.

Proposition 5.12 If Crit(f) C Crity(f), then co is a point of finite con-
densation of the invariant measure (.

Proof. Fix R > 0 so large that for each f~1(Bg) NPCY(f) = 0 and for every
pole b € f~1(c0), V4, the connected component of f~!(Bg) containing b, is a
Jordan domain disjoint from B, (£2(f),6) and is contained in Be(b,7y). Assume
without loss of generality that A is a round disk centered at a point of J(f)
such that 24y C Br and 24y N PC(f) = (. Notice that
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= inf{diam.(V}) : b € f~(c0)} > 0.

For every b € f~1(00) let A} be a connected component of f~1(Ag) contained
in V; and let 244 be the connected component of f~1(24,) containing Aj.
Since the set P; := PC(f)N f~1(oc0) is finite, proceeding as in the second part
of the proof of Lemma 5.10 with the pair (Ag, V) replaced by (4§, V3), we see
that there exists & > 0 such that for all n > 0

k+n
SN m(fW)) <A Zm (5.8)
beP, j=k beP; j=k

Where A¢ was defined in (5.7). Since Critoo(f) C Crity(f), it directly follows
from Lemma 5.8 that for all 5 > 0,

ms(f77(AG) N Vaj) = Aems (Vi)

for all b € Py := f~!(c0) \ P1. Summing over all connected components V, ;
of f~1(V}), we thus get that ms(f=7(A)) > Aems(f~7(V4)). Hence, for all

n >0,
S Ym0 £ 48 Y S

be Py =0 bEP; j=0
Adding this inequality and (5.8) side by side, we get that

Zmé —F<A; 12”% f(Ag)) -G

7=0

with positive numbers F' and G independent of n. Thus, the formula for the
invariant measure g stated in Theorem 5.1, yields that u(Bgr) < /15_1 < o0.
We are done. B

Corollary 5.13 If f : C — C is a critically pseudo non-recurrent elliptic
Junction and Crite (f) U 2(f) = 0, then the invariant measure u, equivalent
to the conformal measure ms (which in this case coincide with the packing
measure IT"), is finite.

and

Corollary 5.14 If f : C — C is a critically pseudo non-recurrent elliptic
function whose Julia set is equal to the entire complex plane C, then there
exists a unique Borel probability f-invariant measure p equivalent to the planar
Lebesgue measure on C.

Proof. Since 22(f) = 0 and Crito(f) = Crit(f), there existence of u follows im-
mediately from Theorem 5.11 and Proposition 5.12. Uniqueness is guaranteed
by Theorem 5.2. B
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Rigidity

In this section we extend the rigidity theorem proved in [28] for tame rational
function and in [31] for holomorphic expanding repellers, to the class of regular
pseudo non-recurrent elliptic functions.

Our ultimate goal in this section is to prove the following rigidity theorem.

Theorem 6.1 Suppose that f and g are two regular pseudo non-recurrent
elliptic functions. Let h: J(f) — J(g) be a homeomorphism conjugating f to
g, namely ho f = goh on J(f). Then the following conditions (1)-(6) are
equivalent.

1) h extends to an affine conjugacy from C to C between f : C — C and
g:C—C.

2) h extends to a conformal homeomorphism conjugating f and g on neigh-
borhoods of J(f) and J(g) in C .

3) h extends to a real-analytic diffeomorphism conjugating f and g on neigh-
borhoods of J(f) and J(g) in C .

4) The homeomorphisms h : J(f) — J(g) and h=' : J(g) — J(f) are Lips-
chitz continuous.

5) For every periodic point z of f, say of period p, |(fP) (2)| = |(¢g*) (h(2))].

6) The measure class of my is transported under h to the measure class of
mg.
For this we need to know that the Jacobian D,, = % is real analytic. This

in turn requires to know that the Radon-Nikodym derivative ddTM (equivalently
dp

dms) is real-analytic, the fact interesting itself. This is our aim now. The
first step toward this end is to project the dynamics as well as conformal
and invariant measures to the torus C/ ~. We shall describe this procedure
now. Indeed, let 7 = C/ ~ be the quotient space of C with respect to the
equivalence relation ~, i.e. the torus generated by the lattice A. Let IT : C — T
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be the corresponding canonical projection. Put 7 = IT(C\ f~!(c0)). Since the
elliptic function f : C\ f~!(0co) — C respects the equivalence relation ~, it
induces a holomorphic map f:7 — 7 and the following diagram commutes

C\ fY(o0) i) C

| |

+ T

Let J = II(J(f)) C 7. Define the probability measure /i on J by the
formula
m(A) :=m (I '(A)NR).
This definition is in fact independent of the choice of the fundamental region

R, and the measure m is clearly h-conformal with respect to the map f
Because the above diagram commutes the Borel probability measure

foi=poll*

(A(J(f)) = 1) is f-invariant, and since u is equivalent to me, fi is equivalent
to m. We shall prove the following.

Lemma 6.2 The Radon-Nikodym derivative p = jr’;i has a real analytic
extension on a neighborhood of J \ II(PC(f)) in T.

Proof. Since the measure m, is ergodic and conservative (Theorem 4.28), so
is the measure m. Since we have bounded distortion on the complement of
II(PC(f)) by Koebe’s Distortion Theorem, the assumption of Theorem 5.1
are satisfied for the dynamical system f . J — J and the conformal measure
m. Therefore,

P = m Y Y (61)
k=0¢ef-k(2)
for every z € J\ II(PC(f)), where a, = > p_, m(f*(Ap)) with some set Ag

as required in Theorem 5.1. Fix such an arbitrary point z € J \ I (PC(f))
and take r = r(z) > 0 so small that

B(z,2r) NI (PC(f)) = 0.
We can assume without loss of generality that Aqg C B(z,r). For every k > 0
and every ¢ € f7F(2), let fgk : B(z,2r) — T be the unique holomorphic

inverse branch of f k defined on B(z,2r) and determined by the requirement
f{k(z) = £&. Now embed C into C? by the formula x + iy — (x,y) € C2. For

every £ € f~%(2) consider the map g¢ : B(z,2r) — C defined as follows
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Since the ball B(z,2r) is simply connected, since the Jacobian g nowhere
vanishes on B(z,2r) and since g¢(z) = 1, there exists log g¢ : B(z,2r) — C,
a unique holomorphic branch of logarithm ge such that log g¢(z) = 0. By the
Koebe’s Distortion Theorem, I (Euclidean version) and Koebe’s Distortion
Theorem for arguments ([16] vol. II, Cor. p. 353), there exists a constant K
such that |log g¢| < K throughout B(z,r). Expand log ge into its Taylor series

log g = Zun w — 2)

By Cauchy’s estimates .
|un| < K/r™, n>0. (6.2)

For every point = + iy € B(z,2r), we can write
Relog ge (z + iy) (Z Uy ((x — Rez) +i(y — Imz))")

_ i Re (up+q (p : q) iq> (¢ — Rez)P(y — Tmz)*

p,q=0
= Z ¢p,q(x — Rez)P(y — Imz)9.
In view of (6.2) we can have

|Cp,q\ < Kr—(taopta

Hence Relog g¢ extends, by the same power series expansion

Zcpq — Rez)P(y — Imz)?,

to the polydisc Dcz(z,7/3) and its modulus is bounded there from above by
4K. Denote this extension by Re log g¢. Now, for every n > 0 consider the
function b, : B(z,2r) — C given by the formula

=a,' Y Y 1 ()l

k=0 ¢ef-k(z)

Each function b,, extends to a holomorphic function B,, : D¢2(z,2r) — C as

follows
_12 Z (€)| 7" exp(hRelog ge ).
k=0¢ef- ’“(z)
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Since Ay C B(z,2r), it follows from (6.1) and Koebe’s Distortion Theorem,
I (Euclidean version) that L = sup,,»¢{bn(2)} < +oc. Therefore, for every
w € De2(2,7/3), we get

Ba(x) < 0" > > 1) (€17 exp(hRelog ge (w)))|

k=0¢ef-k(z)
<a," Y Y 1) (€1 exp(h|Relog ge(w)])
k=0¢ef=k(z)
<exp(dhK)a," > > (/@1
k=0gef—k(z)
= exp(4hK )by, (2)

< Lexp(4hK).

Hence, applying Cauchy’s Integral Formula (in D¢z(z,7/2)), we see that the
family {B,}>2, is equicontinuous on D¢z2(z,r/4). Thus, we can chose from
{By}5% asubsequence uniformly convergent on D¢ (2, 7/5). Its limit function

G, : Dez2(z,1,/5) — C

is analytic and

GleﬂIDJCQ(z,rz/5) = ﬁ\ijCZ(z,rz/s))-

So G:|B(z,r,/5) is a real-analytic extension of ﬁ\JﬂDCZ(z,rz/S)' Now, if
B(z,r./10) N B(Z',r./10) # 0,

2,2/ € J\ I(PC(f)), then chose a point
v € B(z,r,/10) N B(Z',r./10).

We may assume without loss of generality that r, < .. Then

/
zeB <z’, 71% + IS) C B(Z',r./5).

So, z € B(z,r,/5) N B(2',r./5); in particular
JN B(z,r./5) N B(, 1. /5) # 0.

Since this intersection is not contained in any real-analytic curve (its Hausdorff
dimension is larger than 1), we thus conclude that

G:\B(zyr. /5)nB(2' vt /5) = G2/ |B(z,r. /5)NB(2/ 1, /5) -

In particular,
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G21B(zr. /10)0B(2' v, /10) = G2/ |B(z,r. /10)nB(2/ 1, /10) -

So, the formula G(w) = G, (w) if z € J \ IT(PC(f)) and w € B(z,,/10) pro-
vides a well-defined real-analytic function on An@em) Bz s/ 10) which

coincides with p on J \ IT(PC(f)). We are done. B

Now, we can prove one of the main results of this section.

Theorem 6.3 The Radon-Nikodym derivative d’iﬁ‘ has a real-analytic

extension on a neighborhood of J(f)\ PC(f) in C.

Proof. Fix a point z € J(f) \ PC(f) and put R. = 1dist(z, PC(f)). Fix also
a point £ € f~1(2). Then for every Borel set A C B(z, R.), we have

pA)  p(fH(A) me(fH(A)

me(A)  me(feH(A)  me(A)
e+ FA) me(f ' (4)
me(f 1(A)) me(A)
I (f1(A)) me(F(A))
m(I(f71(A)  me(4)

Hence, passing to Radon-Nikodym derivatives, we get

Wy = I ) (Y ()]

dm T dm

for all w € B(z, R,) N J(f). Since by Lemma 6.2, the function

w— T )Y (w))

dm

is real analytic on some ball B(z, Rz), 0< R, < R,, we conclude, exactly as
in the proof of this lemma, that the formula

B )Y )

w —

for z € J(f)\ PC(f) and w € B(z, R./2) gives a real analytic extension of

I onto UzGJ(f)\W B(z,R./2. 1

duof _ dp oo (i -
du dme. dme. ’

as an immediate consequence of Theorem 6.3, we get the following.

Since
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Corollary 6.4 The Jacobian D,f = % has a real analytic extension on

a neighborhood of J(f)\ (PC(f)U f~1(cx)) in C.

We recall that the sets PC(f) and PC°(f) were defined in (2.15). Let
PSU(f) :=PCU() U fH (o), PS_(f):= [ S (PSU()))-
n=0

_ Givenaset AC Candr>0let B(A,r) ={z € C:dist(z,A) <r}. Let
B(A,r) denote its closure. For A being a point this is the closed ball centered
at A and of radius 7.

If Y is a subset of C, then we say that u : Y — S is an invariant line field

on Y if u(f(x)) = (%)Qu(x) forallz € Y N f71(Y).

Theorem 6.5 If f : C — C is a critically pseudo non-recurrent elliptic func-
tion, then no of the following statement is true.

(a) The Jacobian D, : J(f) \ PS°(f) — (0, +00) is locally constant.
(b) The function log|f'| : J(f) \ PS°(f) — R is cohomologous to a locally

constant function on J(f)\ PSY(f) in the class of continuous functions

on J(f) \ PS°(f).
(c) There exists a continuous f-invariant line field on J(f)\ PS°(f).
(d) For everyn > 1 and every point z € J(f) \ PS_(f),

det(V(D,, o f")(2), V(D,,)(2)) = 0.

Proof. The structure of the proof is to establish the following implications
(a) = (b), (d) =(a)V(c) and to show that both (b) and (c) lead to a con-
tradiction.

(a) =(b). Let p = d(ii' Since D, = po f|f'|"p~!, we get that

log D, =logpo f+ hlogl|f'| —logp.

Hence
log|f'| = h~‘log D, +h~'logp —h~tlogpo f.

Since p : J(f) \ PS°(f) — (0,400) is by Theorem 6.3 continuous and since
log D, is locally constant by (a), (b) follows.

(d) = (a) V (c). Suppose first that VD, =0 on J(f) \ PS%(f). This of
course equivalently means that D,,, is locally constant on J(f) \PS%(f) giving
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(a). So, suppose that there exists v € J(f) \ PS°(f) such that VD, (v) #0.
Since the gradient VD, is locally real-analytic, there thus exists a simply-

connected neighborhood W C €\ PSY(f) of v € C on which the gradient
nowhere vanishes. Then there exists a continuous function [ : W — S* such
that I(z) is orthogonal to VD, (z) at every point z € W. Now, for every

z € J(f) \ PS°(f) there exists n > 0 and £ € W N f~"(z). Then define
1(2) = (f")'()U(E).

We want to show first that the function I is well-defined on J(f)\ PS°(f) i.e.
that if ¢ € f~™(2) N W, m > 0, then

(f")(€UE) = (f™) (QUQ)- (6.3)

Suppose on the contrary that (6.3) fails with some z, £, ¢ as above. Then there

exists a point 2 € (J(f) \ PS*(f)) N W, k >0, and w € f~*(x) so close to z
that there are two points y1 € f~"(w) and y2 € f~"(w) so close respectively
to & and ( that

(™) (y)l(yr) # (™) (y2)l(y2)-
Hence,
(P (y)lya) # (P (y2)l(ya)-
So, either
(P (y)l(yr) # Ux) or (F*77) (y2)l(y2) # U(). (6.4)

Suppose without loss of generality that the first of these two inequalities
holds. Consider now gradients as horizontal vectors and vectors parallel to
[ as vertical ones. The standard inner product becomes then the product of
matrices (horizontal or vertical). Let ¢ be a unit vector parallel to I(x). Since,
by the Chain Rule,

V(Dyy o ¥ (1) = VD, (™ () (F) (1) = VD, () (577 (1)

and since the matrix ((f*7") (y;))~! is symmetric, we get

< VD, o FH™) (), (47 (1) 71 >=

< V(D o Y ) ((F4) (1)t >=
< VD, (x),t >=0.

Combining this and (6.4) we see that I(y;) is not perpendicular to
V(Dyy 0 [ ().

This means that VD, (y1) and V(D,,, o f**™)(y;) are not parallel, or equiv-
alently,
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det(V(Duf © fk+n)(y1)7 VDuf (yl)) 7é 0,

contrary to (d) since y; ¢ PS_(f). Thus I : J(f)\PS’(f) — S is well-defined

2
and the invariance of the line field u(z) = (\iggl) defined on J(f) \ PS°(f)

is immediate from the definition of /. The implication (d) =(a)V (c) is thus
established.

Item (c) leads to a contradiction. By item (c) there exists a continuous

function 1 : J(f) \ PS°(f) — S* such that

HORY
1) = 16:) (65)
|f'(2)]
for all z € J(f) \ (PS°(f) U f~1(PS°(f))). Fix a pole b € f~*(c0). Let ¢ > 1
be the order of b. Taking R > 0 sufficiently small, there exists » > 0 and a
holomorphic function

A:B(b,r)—»{zeC:r<|z|<r !}
such that
flz) = A(2)(z - b)1
for all z € B(b, R). Consequently
F(2) = Az — w)(s — w— b)
for all w € A and for all z € B(b+ w, R). So,
F(2) = (5 = w = )T A (= — w)( — w — b) — gA()).

Therefore,

1'(2) _ |z —w — bt A'(z —w)(z —w —b) — qA(z — w)
'@ (z—w =01t [A(z —w)(z —w =) — ¢A(z —w)|

(6.6)

Now note that for every w € A with sufficiently large modulus, there exists
2w € B(w + b, R) with a fixed point of f, i.e.

f(zw) = 20 (6.7)
Note also that lim|,|—o |2w — (b + w)| = 0. Therefore,

) Az —w) (2w —w —=b) —qA(zw —w) _ A(b)
ol (A (2 — w) (20 — w — b) — qA(z —w)|  JAD)[" (6:8)

If |w] is large enough, then

2w € J(f)\ (PS°(F) U FH(PS°(£))),
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and it therefore follows from (6.5) that

(') /1 (z)]) = 1.
Hence, combining (6.6) and (6.8), we get that

(e (A0

(e —w = b)) A
e T —w = BP@ ~ \TA®)]) (69)

By (6.7), A(zy — w)(2y — w — b)™9 = z,, or equivalently, (2, — b — w)? =
A(zy — w)z,". Hence,
(2 — w — b)2a(a+1) ( Az — w) 2(a+1) |20 2(q+1)
) )

20 — w — 024t~ \ [A(z, — w) Zw

Thus,

Since lim|,| o (2w — w) = b, inserting this to (6.9), we get that

JH&<ZOKWU:(£%O%

This is a contradiction since the set of accumulation points of the sequence

(l%")w@ is the entire unit circle S*. We are done.

Item (b) leads to a contradiction. Let N := #(f(Crit(f)). Since
HD(J(f)) > 1, in fact the Hausdorff dimension of every non-empty open sub-
set of J(f) is equal to HD(J(f)) > 1, we conclude that there are closed polygo-
nal arcs v1,%1, .- -, YN, YN, YN+1, YN +1 consisting of finitely many straight line
segments with the following properties

(i) There exists € C\ [J2%, f~™(PS"(f)) such that for all different 4, €
{L,....N+1}, viny =904 = {z}.

(ii) The arcs y1,91,-..,YN, YN are compact.

(iii) The arcs yy+1 and 4n41 are unbounded and yy11 N AYyy1 = {2}

(iv) For every 1 < j < N the arcs y; and 9; have the same endpoints, one of
which belongs to f(Crit(f)), and the intersection «,; N #9; is a doubleton.
In particular, v; U#; is a closed Jordan curve.

vy f@ = U;V;ll ~v; and Q = U;V:ng 4;, then each connected component of
C\ (Q U Q) intersects J(f).

(vi) f(Crit(f)) is contained in the set of endpoints of v;,7 = 1,...,N (and
also 4;,7 =1,...,N).
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Take a fixed (with respect to f) point w € J(f)\ PS’(f) (note that there are
infinitely many of such points). Fix also an arbitrary point

€0 € J(H)\ (QUPS’(f))

and an arbitrary radius R > 0 so large, say R > R*, that B(§, R) \ Q and
B(&, R) \ Q are open topological disks. For every & € f~%(&) there then
exists a unique holomorphic inverse branch f¢ ' B(&,R)\Q — Cof f

sending & to £_;. Note that all the sets fal(B(&LR) \ Q) are uniformly
bounded, have piecewise smooth boundaries and

dist(f," (B(&, R)\ Q), f~'(0)) > 0.

Recalling also that PC.(f) is bounded and PC,(f) is bounded (even finite),
we thus deduce that for all & € f~1(&) with sufficiently large modulus (de-
pending on R),

fe{(B(&o, R)\ Q) nPS°(f) = 0. (6.10)
Denote by V' the unbounded connected component of
C\ f;, (B(&%, R)\ Q).

Obviously V is an open simply connected set whose boundary is a piecewise
smooth Jordan curve contained in 8(]21(3(&), R)\ Q)). Fixing & with suffi-
ciently large modulus, we will also have,

C\VNPC(f) =0.
Then there exists r > 0 such that, for every s € (0,7],
W, = B(C\V,s) D B(f;,'(B(&, R)\ Q),s)

is a topological disk disjoint from PC(f). Extend now &y and &; to a sequence
& ={&,}5° such that f(&n41) = &, for all m > 0 and

lim &, = w. (6.11)
For every n > 2, let f, (n=1), W, — C, be the unique holomorphic inverse
branch of f"~! sending &; to &,. For every z € W, put z, = f,f(nfl)(z),
n > 2. We now shall show that the series

o

> (log (&)l —log|f'(za)1) (6.12)

n=2

converges uniformly on W, ;. Indeed, take arbitrary 1 < k <. Then by the
Chain Rule
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‘ Y

where f;- l(l_k) s fr (k_l)(Ws) — C, the unique holomorphic inverse branch

l

> (log|f' (&) —log|f'(z)])| =

j=k+1

log

Py e

)

sending & to &, is equal to fl_(l_l) o f*=1. Since for all k > 1 large enough

5 l(l_k) extends univalently (and holomorphically) to B(&k, 2dist(w, PC(f)))

and since lim,, .« |2, —&,| = 0 uniformly on W, /2, we conclude from Koebe’s
Distortion Theorem, IT (Euclidean version) that

l

lim sup sup< | Y (log|f'(&)| —log|f'(z;)])| ¢ = 0. (6.13)

k—o0
z2€W,. /0 12k J=ht1

This means that the sequence of partial sums of the series (6.12) is uniformly
Cauchy (fundamental), and it therefore converges uniformly to a harmonic
function. Thus the function

ur(2) = u(€o) +log | f'(&1)| — log| f'(f¢," (2))]

(€

s (6.14)
> (108 16| = Tog | (/5 (2Dl
is well defined and harmonic on B(&, R) \ Q. By the assumption (b) there
exists a continuous function u : J(f) \ PS’(f) — R and locally constant
function ¢ : J(f) \ PS°(f) — R such that

log|f'(2)] = e(2) + u(z) — u(f(2)) (6.15)

for all z € J(f) \ (PS°(f) U f~1(PS°(f))). Consider now the set E C J(f)
consisting of all those points y for which f~!(y) is not a subset of PS(f). Note

that J(f) \ E C f(Crit(f)). Fix = € f~'(y) \ PS°(f). Making use of (6.15),
for points z near x, we deduce that u extends continuously to F. Noting also

that if z € J(f) \ PS’(f), then f(z) € E, we further deduce that (6.15) holds
for all z € J(f) \ PS°(f), i.e.

log|f'(2)] = e(2) + u(z) — u(f(2)). (6.16)

Now using (6.10) and (6.11) we conclude also that there exists Rg > 0 so
small that the function ¢ : J(f) \ PS?(f) — R is constant on each set

F(B(&1, Rg)) N (J(£) \ PS°(f))

and on the set

B(&, Rq) n (J(f) \ PS°(f)).
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Taking Rg = Rq.¢ € (0, R) so small that

B(&, Rq) € B(, R)\ Q

and A
fé_ll(B(go’ RQ)) - B(fl) RQ)7
and recalling that

tim u(£5"(2))0) = ulw) = Jim u(g,)

n— oo

for all z € B(, R) \ Q, uniformly on B({y, Rg) (apply (6.10) along with
Koebe’s Distortion Theorem, I (Euclidean version) and the standard normal-
ity argument), we conclude from (6.16) and (6.14) that

u(z) = ugr(2) (6.17)

for all z € B(&y, Rg) N (J(f) \ PS°(f)) and u(z) — ug(2) is locally constant
throughout

(B(&, R)\ Q) N (J(f) \ PS°(f)).
Suppose now that 0 < R* < R; < Rs. Since, by Theorem 2.1, HD(J(f)) > 1

and PS°(f) is a nowhere dense subset of J(f), J(f)\PS’(f)) is not contained
in any countable union of real-analytic curves. It therefore follows from (6.17)
that ug, restricted to B(&o, R1) \ @ coincides with ug,. Thus, we can define
a harmonic function g : C\ @ — R by the formula @g(z) = u).|4+1(2) and it
holds that

Uq(z) = u(z) (6.18)

for all z € B(&y, Rg) N (J(f) \ PS°(f)) and

Claim 1. u(2)—iig(z) is locally constant throughout (C\Q)N(J(f)\PS°(f)).
Using condition (v), we thus conclude that

Claim 2. The function ﬁQ — g is constant on each connected component of

C\(QuUQ).

Combining Claim 1 again and (6.16), we conclude that 4g—tgo f —log | f’|
is locally constant and harmonic on

(C\(QUFH@))) N (I(f)\ PS(f)).

Using the fact that PSY(f) is nowhere dense in J(f), we get the following.
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Claim 3. The function @g — g o f — log|f’| is constant on each connected
component of C\ (Q U f~1(Q)) that intersects J(f)).

Our nearest goal now is to extend this claim to all connected components
of C\ (QU f~1(Q)). And indeed, consider S, a connected component of

C\ (@) =fH(C\Q).

Two connected components S; and S of

C\(QU Q)

contained in S are called equivalent if S;N.S, is a non-degenerate segment of @
(since S is simply-connected, the other possibilities are that either S; N Sy =
0 or S; NSy is a singleton contained in Q). A connected component S’ of
C\ (QU f~YQ)) is called tame if the function

g —ug o f —log|f'|
is constant on S’. We shall prove the following.

Claim 4. Suppose S is a connected compact component of C\ f~(Q). If Sy
and S, are two arbitrary equivalent connected components of C\ (QU f~1(Q))
contained in S and S; is tame, then so is S5.

Proof. Let A = Sl N Sy C Q. Perturbing A a little bit we can replace it by a
closed segment A with the following properties:

- A has the same endpoints as A.

- IntA C Ss.

- If Q is obtained from @ by replacing A by A, then there exists Ss, a
connected component of C\ (QU f! (Q)) that has non-empty intersections
with Sl and SQ.

Consider S31, a connected component of S; N S3. Then

S31U f(S51) CC\ (QUQ),

and it follows from Claim 2 that Uy —uq and Ggo f—1ugo f are both constant
on S3 . Since S is tame, we thus conclude that

U — g o f—logl|f'|

is constant on S3 1, and hence, on Ss. Let S3 2 be a connected component of
S3 M Sy. As above, g — ﬁQ and g o f — ﬂQ o f are both constant on S3 5.
Therefore

g — g o f —log|f’|
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is constant on S3 2 and hence, Sy is tame. The proof of Claim 4 is complete.

Since each connected component S of

C\/THQ =f7'(C\Q)

intersects the Julia set J(f), the component S contains at least one tame, con-
nected component of C \ (Q U f~1(Q)). Since in addition, any two connected
components S’ and S” of C\ (QU f~1(Q)) contained in S can be connected
by a sequence S’ = Si,Ss,...,S: = S” of components of C \ (Q U f~1(Q))
contained in S such that any two consecutive are equivalent, we thus conclude
from Claim 4 the following.

Claim 5. The function @g — g o f — log|f’| is constant on each connected
component of C\ (QU f~1(Q)).

Define Sing , (i) and Sing_(@q), the sets of singularities of g as follows.

Sing+(ﬂQ) = {w € C: limsup g (z) = +oo}.

Z—w

and
Sing_(iig) = {w € C : liminf Gig(2) = —oo}.

It immediately follows from Claim 2 that

Sing , (tig) U Sing_(tg) C {x} U f(Crit(f)). (6.19)

Since the family of closures of connected components of C\ (Q U f~1(Q)) is
locally finite, as an immediate consequence of Claim 5, we get the following.

F((Sing, (aq) \ f~'(c0)) U (Crit(f) \ Sing_(aq))) C Sing, (ag)  (6.20)

and
[~ (Sing, (@ig)) C Sing, (@ig) U Crit(f). (6.21)

Now, since the set f(Crit(f)) is finite, for every point w € f(Crit(f)) there
exists

z € (Crit(f) \ ({z} U f(Crit(£) N | £ (w).

It then follows from (6.19) that z ¢ Sing_(dg). Hence, using (6.20), we see
that f(z) € Sing, (g). Since there is n > 1 such that w = f"(z), applying
(6.20) n — 1 times, we conclude that w € Sing, (#g). So, we have proved the
following.

f(Crit(f)) C Sing (uq)- (6.22)
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Claim 6. The set [ J; 2, f™(f(Crit(f)) is finite.

Proof. Suppose on the contrary that this union is infinite. Since the set
f(Crit(f)) is finite, there thus exists w € f(Crit(f)) such that all the points
f™(w), n > 0, are mutually distinct. If then follows from (6.22) and (6.20)
that

{f"(w)};Zy C Sing (uq)-

Since, by (6.19), the set Sing, (@q) is finite, we get a contradiction which
finishes the proof.

Due to Non-Wandering Theorem [4] and classification of periodic compo-
nents of the Fatou set F(f) given in [3], as an immediate consequence of this
claim, we get the following.

Claim 7. Either f has a superattracting periodic orbit or else J(f) = C.
Consider now two cases.
Case 1. The elliptic map f : C — C has a critical periodic point c.

By (6.22) and (6.20) both points c and f(c) belong to Sing , (4g) (the whole
forward orbit of ¢ does). Since Sing_ (tig)USing_ (q) is finite by (6.19), since
[c], the equivalence class of ¢ with respect to the relation ~, is infinite, there
exists

w € [d] \ (Sing, (@) U Sing_(tq)).
There then exist two constants C1,C2 € R, A € A, and a sequence {w, }52;
with the following properties:
(o) Vn > 1 w, ¢ Sing,, (4g) U Sing_(tq),
(B) limy,— 00 wy, = w and lim, oo (W, + A) = ¢,
('Y) aQ(wn) - ﬁQ(f(wn)) - IOg |f/(wn)| = Cl» (Claim 5)
(0) tg(wn + A) — g (f(wn + A)) —log|f'(wn + M) = Cs, (Claim 5)
(e) limy,— oo g (wy + ) = co.

Since f(wy, + A) = f(wy) and f'(w, + A) = f'(wy), (7) and (§) imply that
g (wy, + A) = tg(wy) + Co — Cy. Since w ¢ Sing, (i), we conclude that

mn_,ooﬂQ(wn + )\) =Cy—C4 +mn_>ooﬂQ(wn) < 00,
contrary to (¢). The Case 1 is ruled out.

Case 2. J(f)=C

By Claim 6 the set C\ PS(f) is connected, and therefore, the locally
constant function ¢ : C\ PS(f) — R is constant, say equal to c¢. By Claim 6
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there exists a sequence {z,}$° of points in C \ PS’(f) with the following
properties

lim z, = oo

n—oo

and f(z,) = 2, for all n > 1. Since lim, . f(z,) = 00, it follows that

lim dist(z,, f~'(00)) = 0,
and therefore lim,, o log |f'(z5)| = oo, contrary to (6.16) from which follows
that log|f'(zn)| = ¢(2n) = ¢. We are done. B

We will prove the chain of implications (2) = (3) = (4)... = (6) of
Theorem 6.1.

We will frequently apply the following easy fact.

Lemma 6.6 Fvery homeomorphism h : X — Y, where X and Y are closed
subsets of C, is uniformly continuous with respect to the spherical metric on

C.

Proof. If one of the sets X or Y is compact, then so is the other, and we
are done. So, we may assume that neither X nor Y are compact. It suf-
fices to show that the map h : X U {oo} — Y U {oo}, determined by the
requirements ;L‘X = h and iL(OO) = 00, is continuous at oco. To prove this

suppose for the contrary that h is not continuous at co. This means that
there exists a sequence (x,)22, C X converging to oo such that (h(z,))2,
does not converge to co. Passing to a subsequence, we may assume without

lost of generality that the sequence (h(zy))52, is bounded. But then its clo-
sure (h(xn))zozo is compact. So, the set h™'((h(zn))52,) is compact, thus
bounded. Since (7,,)5, C h™(h(z,)3%), the sequence ()%, is bounded,

contrary to the assumption that it converges to co. B

Using this lemma we get the following.

Proposition 6.7 If a homeomorphism h : J(f) — J(g) satisfying condi-
tion (5) of Theorem 6.1 conjugates two critically pseudo non-recurrent ellip-
tic functions f and g, then h(Crit(J(f))) = Crit(J(g)), h(£2(f)) = 2(g),
h(f~(00)) = g~*(00) and K(PC(f)) = PC(g).

The implications (2) = (3) and (3) = (4) are obvious. For the sake of
completeness we provide now an easy proof of the implication (4) = (5).
Suppose that = € J(f) is a periodic point of period p and

(7Y @)] # 1(g7) (h(x))]-

Without losing generality we may assume that
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[(F7) ()] < [(g")" (h(=))]-
Fix
[(f7) (@) < < X< [(g") (M=)l

Let U be a neighborhood of = such that both continuous inverse branches
fo? U — U of fP and g;(’;) (U NJ(f) = R(UNJ(f)) of g? sending
respectively x to « and h(x) to h(x) are well defined. Taking U sufficiently
small we may assume that |f?"(z) — x| > p~" and |g;(’;7;(w) —h(z)| < A"
foralln > 1, z € U and w € h(U). Hence

e el (A
(7 () k@)~ AT <u>

if n — oo. The implication (4) = (5) is proved.

In order to show that (5) = (6) we need first the following version of the
closing lemma (or shadowing lemma).

Lemma 6.8 Fiz s > 0. Then for all 0 < pas < s there exists pg > 0 an
integer nqy > 1 such that for every n > ny if f"(x) € J(f) \ Bs(PC(f),s)
and if f*(x) € Bs(z,p1), then there exists y € J(f) such that f™(y) =y and
|f7(@) = f7(y)l« < p2 for all0 < j <n—ny and |y — f"(2)]« < p2.

Proof. Tt easily follows from Corollary 2.15, Koebe’s Distortion Theorem, I
(spherical version) and the normal family argument that

lim sup{diamg(P,)} =0,
n—oo

where P, ranges over all connected components of f~"(Bs(z,p2)),
z € J(f) \ Bs(PC(f),s). Take n; so large that diamgs(P,) < p2/2 for all
n > ny. Take p1 < p2/2. Let By, n > ni, be the connected component of
F™(Bs(f™(x), p2)) containing z. Let f ™ : Bs(f™(z), p2) — By be the holo-
morphic inverse branch of f” sending f™(z) to . We then have

fo " (Bs(f™(@), p2)) C Bs(w,p2/2) C Bs(f™(x), p1 + p2/2) C Bs(f"(2), p2)-

Hence by the Brower fixed point theorem there exists y € Bs(f™(z), p2) such
that f~"(y) = y which implies that f"(y) = y. Finally note that

[ (@) = f2 (WD) = 127 (" (@) = S22 (W) < p2/2 < po

forall j >n,;. N

By topological exactness of f the set of transitive points of f is dense in
J(f). Choose one such a point, say . For every z € J(f)\ (Crit(f)U f~*(c0))
define
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n(z) = loglg'(h(2))| — log | f'(2)].
Note that z ¢ Crit(f)U f~!(co) and for every n > 1, set

u(f (@) = 0 (@), (6.23)
=0

Lemma 6.9 Suppose that condition (5) of Theorem 6.1 holds. Then for every
s > 0 the function u restricted to the set (J(f)\Bs(PC(f),s))N{f™(x) : n > 0}
is uniformly continuous with respect to the spherical metric.

Proof. By Lemma 6.6 and Proposition 6.7 there exists s’ > 0 such that

h(J(f)\ Bs(PC(f),s)) € J(g) \ Bs(PC(g), s).

Fix § € (0, min{s,s'}). By Lemma 6.6 there exists 0 < pa < § so small that
|h(z) — h(w)]. < § whenever |z — w|. < pa. Choose p; and n; according to
Lemma 6.8 applied to the function f. Consider two points f”(x) and f™(x) in
J(f)\Bs(PC(f), s) such that n > m and |f™(z) — f™(x)|+« < p1. Then in view
of Lemma, 6.8 there exists a point y € J(f) such that f*~™(f™(y)) = f™(y),

[f7H (@) = [ ()]s < po

for all j = 0,1,.. n—m —ny, and |f™(z) — f*(y)|« < p2. Since by the
assumption Z] m n(fj( )) = 0, we therefore get

u(f (@) — ul(f" (@ i Fa) = 3 (P @) (P )

j=m

=
H

= Z (log |¢/ (h(f? (2)))] - log g (h(f* (4)))])

= (log |f'(f7 ()] = log |f' (7 (y))])
:log‘(gn—m /(h(fm(m)))‘ 1 ‘(fn—m)/(fm(x))‘

)
G )| B Y ) |

We want u(f"(z)) and u(f™(x)) to be close one to the other if f"(x) and

f™(x) are. For this it suffices to know that each term log M and
=™ (™ (=)

log = (F () is small. But for the later the term this follows from the
Koebe’s Distortion Theorem, I (spherical version) since |f™(z) — f™(y)|« <
p2 < 0 and the inverse branch f;,,g?;m) sending f"(x) to f™(z) is defined on
Bs(f™(x),s). For the former term, since |f™(z) — f™(y)|« < p2 we have

lg™ (h(x)) = g™ (W) [« = [h(f™ () = R(f" (W))]« <6,
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and note that the inverse branch g;,(L?,:(T))) sending g"(z) to g™ (z) is defined
on B;(g"(x),s"). The proof is finished. W

Consequently the function u extends continuously to each set

J(F)\ Bs(PC(f),5), s>0,
and therefore to the set J(f)\ PC(f).

Lemma 6.10 The functions log|f'(z)| and log|g’(h(z))| are cohomologous
in the class of continuous functions on (J(f) \PC(f)) N f=1(J(f) \ PC(f))-
More precisely there exists a continuous function u : J(f) \ PC(f) — R such

that
log g/ (h(z ))l —log|f'(2)] = u(f(2)) — u(2)
for all z € (J(f)\PC() N f~H(J(f) \ PC(f)).
Proof. From (6.23) we get
n(f" (@) = u(f"(2)) — u(f*~ ().
Since the set {f™(z) : n > 1} is dense in
(J(H\NPC) NI\ fHPC(S))

and all the functions 7, u, uo f are continuous in this set, the lemma is proved.
|

Proof of the implication (5) = (6). Let

T(f) = {z € J(f) : limsupdist,(f7(z), PC(f)) > 0}

Jj—o0
and

T,(f) = {z € J(f) : limsupdist,(f’(z), PC(f)) > 2/n}, n € N.
j—o0
Then T,,(f) € T(f). By Lemma 6.6 and Proposition 6.7 there exists k, > 1
such that dists(x, PC(f)) > 2/n implies dists(h(z),PC(f)) > 2/k,. In
particular

WMTn(f)) € Tk, (9)-

Fix now z € T,,(f). Then there exists an infinite sequence n; = n;(z) such
that dists(f™ (2),PC(f) > 2/n for all j > 1. Applying now Lemma 6.9 and
Lemma 6.10 we see that there exists a constant (),, > 1 such that

< Qn- (6.24)
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In view of uniform continuity of A there exists v, < 1/n such that

h(J(f) N Bs(x,7n)) C Bs(h(z),1/kn)

for all z € J(f). By the choice of the sequence n; = n;(z) for every j > 1
there exists an inverse branch

fom 1 Bo(f™(2),2/n) - C

sending f" (z) to z. Set r;(z) = K~Y|(f- "™ )*(#" (2))|¥n- Then by Lemma 1.3
and Corollary 2.15,

Bi(z,75(2)) D £ (Bo(f™ (2), K *yn)),
and therefore

my(Bs(z,75(2)) = KM [(f2™9) (% ()M myg (Bs(f (2), K n)
> Mo KM (f79) (f (I,

where M,, = inf{ms(Bs(x, K 2v,) : x € J(f)} > 0. Similarly, by Lemma 1.3
and Corollary 2.15, Bs(z,7;(2)) C f2 " (Bs(f™ (2),v)). Hence

h(J(f) N Bs(2,75(2))) C h(f7™ (Bs(f™ (2),7) N I (f)))
n) 0

(6.25)

= g (W(BL(F™ (2).7) O T(£)))
C gn (Balh(f™ (), 1/kn)))
= G (Balg™ (h(2)). 1/k).

Therefore using (6.24), (6.25) and the Koebe’s Distortion Theorem II (spher-
ical version), we get

mg o h(Bs(z,7(2))) < mg(g,5(Bs(g™ (h(2)),1/kn)))
< K" (gy,2)* (9" ()| 21y (B (g™ (h(2)), 1/kn))
< K" |(g")* (h(2))| 7"
< KM@ | (1) (2)| et
< M KM QRomy (B (z,1(2))|(F7) " (2)[* 7"
If hy — hg < 0, then it would follow from Lemma 1.5 and the fact that

lim; o0 |(f™)(2)] = oo (it implies that lim;_o [(f™)*(2)| = 00), that m, o
MT,(f)) = 0 for every n > 1. Since

U Tn(.f) =
n>1
it would imply that mgy(h(T(f)) = 0. But since h(PC(f)) = PC(g), using

uniform continuity of A and h=!, we conclude that h(T(f)) = T(g). Hence
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mg(T(g)) = 0 which would contradict Theorem 4.28. Thus for every n > 1
and every z € T, (f)

mg o h(B(z,1(2))) < M, K" Quomg(By(2,7;(2)).

Therefore, applying Lemma 1.5 we conclude that myg o hlz, (5) is absolutely
continuous with respect to my|p, (s for every n > 1. Since

U Tu(f) = T(5).

n>1

this implies that mgy o h|p(s) is absolutely continuous with respect my|p(y).
Since

my o h(PC()) = my(PC()) = 0

and

my(PC(f)) =0,
we obtain that mgyoh is absolutely continuous with respect to my. By symme-
try my oh~! is absolutely continuous with respect to mgy and consequently the
measure mg o h and my are equivalent. The proof of the implication (5)=-(6)
is finished. A

We are left to establish the implication (6) = (1). As the first step, we
shall prove the following

Lemma 6.11 If condition (6) of Theorem 6.1 is satisfied, then h : J(f) —
J(g) extends to a real-analytic endomorphism from a neighborhood of

J(f)\ PSY(f) onto a neighborhood of J(g) \ PS°(g).

Proof. In view of Theorem 6.5 (d) there exist n > 1 and z € J(g) \ PS_(g)
such that
det(V(Dy, © g")(2), V(Dy,)(2)) # 0.

Therefore, using Corollary 6.4, we conclude that there exists an open set
W cC\ U;L:O g~ 7(00) containing z and such that

det(V(D,, o g")(w),V(D,,)(w)) #0 (6.26)

for all w € W. Since the measures msoh~! and m, are equivalent, the ergodic
measures f1y o h~! and p, coincide up to a multiplicative constant. Thus

Dy, o f"=D,,0g"oh (6.27)
throughout J(f) \ U?:o f=7(PS°(f)) for every k > 0. Define

F(z) = (Dy,(2), Dy, o f*(x))

and
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G(y) = (Dy, (y), Dy, © g"(y))

for € U, an open neighborhood of J(f) \ U?:o f7(PS(f)) and y € V, an

open neighborhood of J(g)\ Uf:o g7 (PS%(g)). We may of course assume that
W C U (as a matter of fact W had to be chosen after U was chosen) and,
because of (6.26) that G is invertible on W. By (6.27), F(h~!(z)) = G(z), and
therefore, there exists U, C U, an open neighborhood of h~1(2), such that
F(U,) C G(W). Hence, the map G~! o F' is well-defined on U,, and, because
of (6.27) again,

G 'oF(x) = h(x)

for all x € J(f) N U,. Now we consider &, an arbitrary point in J(f) \ PC(f).
Since f : J(f) — J(f) is topologically transitive, there exists k > 0 and
£e U, N f*(&). Then there exists re > 0 so small that re < 1dist(¢, PC(f))
and fé_k(B(f,rg)) C U.. So, the map

is well-defined on B(§,7¢), real analytic, and since (h conjugates f and g)
g o (G oF)o fr*

restricted to J(f)NB(,r¢) coincides with h. Now, since no open subset of J( f)
is contained in a countable union of real-analytic curves, the same argument
as in the end of the proof of Lemma 6.2, shows that all the maps

g o (G oF)o [t

glue together on the balls B(&,r¢/2) to form a real-analytic map from

UzeJ(f)\W(f) B(z,7./2) onto an open neighborhood of .J(g) \ PS°(g). This
map restricted to J(f) coincides with h. H

Now we shall prove the next step.
Lemma 6.12 If the topological conjugacy h : J(f) — J(g) has a real- ana-

lytic extension on an open neighborhood of J(f) \ PS°(f) in C, then it has a

holomorphic conformal extension on an open neighborhood of J(f)\ PS°(f).

Proof. Let H : U — C be a real analytic extension of h on an open neigh-

borhood U of J(f) \ PS®(f). Hence, the complex dilatation py = g—g is

well-defined throughout U (decreasing it if necessary). Since H o f = go H,
we get H = go H o f7! on some ball B(f(z),7.) and all

z e J(F)\ (PS(f)u fFHPS°(f))).
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Hence, since f and g are conformal,

N CA NG IOR
:U’H(f(z)) *:LLQOH( )(|f/(2)|> MH( )<|f/(2)|> . (628)

It follows from this equation that if ug(w) = 0 at some point w € J(f) \

PSY(f), then pp vanishes everywhere on f~!(w) and f~'(w) N PS°(f) = 0.
So, by induction, pp vanishes on (J,—, f~"(w). Since, by transitivity of f,

this set is dense in J(f) and since g is continuous on .J(f)\ PS°(f), we thus
conclude that zp vanishes throughout J(f)\PS®(f). So, if ps(2) # 0 at some

point z € J(f)\ PS®(f), then up does not vanish anywhere on J(f)\ PS"(f).
It then firstly follows from (6.28) that the modulus of yp is constant on orbits
of f, and secondly, that

HH ey = HH f'(z) ’ 5 0 ~1,pq0
() = M) (FE) L e an\ B U BT

Thus \tgl is a continuous invariant line field on J(f) \ PS°(f), contrary to

Theorem 6.5 (c). So, pg(z) = 0 for all z € J(f) \ PS°(f). Since ppy is real-
analytic on U and since no non-empty open subset of J(f)\PS"(f) is contained
in a countable union of real-analytic curves, we conclude that p g vanishes on
some neighborhood of J(f) \ PS’(f), meaning that H is conformal on this
neighborhood. We are done. B

Lemma 6.13 Suppose that the topological conjugacy h : J(f) — J(g) has

a holomorphic conformal extension on a neighborhood Uy C C \ PSY(f) of
J(f) \ PSY(f), where Uy has the property that for each point z € Uy there
exists v, > 0 such that J(f) N Be(z,75) # 0 and Be(z,7.) C Uy, and h™! :
J(g) — J(f) has a conformal extension on a neighborhood U, C C \ PS"(g)
of J(g) \ PS°(g), where Uy has the property that for each point z € Uy there
exists r, > 0 such that J(g)NBe(z,7.) # 0 and Be(z,7.) C Uy, then h extends

to an affine map (az +b) on C and this is a conjugacy between f : C — C
and g: C — C.

Proof. Let H : Us — C be the holomorphic extension of the conjugacy
h : J(f) — J(g) coming from the hypothesis of the lemma. Shrinking Uy
if necessary we may assume without loss of generality that H maps bounded
subsets of Uy onto bounded subsets of C. We shall prove the following.

Claim. If B is a round open ball contained in Uy and f;" : B — Cis a
holomorphic inverse branch of f™ such that f,"(B) C Uy, then

g"oHof " :B—C
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coincides with H.

Proof. Fix z € B and let r, > 0 come from the hypothesis of our lemma. We
have w = f"(z) € Uy and Be(z,7,) NPS®(f) = 0. There thus exists a unique
holomorphic inverse branch f,;” : B.(z,r,) — C of f™ sending z to w. Since
f™ and f,™ agree on B N Be(z,7,), they glue together to a holomorphic
function F': BU B.(z,r,) — C. Since

(J(H)\PS'(f) N Be(z,12) # 0,

there exists a round open ball B C Be(z,r.) such that

BO(I(NH\PS () #0
and fo™(B) C Uy. Therefore,
g" o Ho [, " gesiry = Mans-
Consequently ¢g" o H o f;"| 5 = h|z. Thus F|5 = h| . Since
BC B(z,1.) C Be(2,7,) UB C Uy,
we therefore conclude that F' = H|pyp, (z,r.). S0,
gtoHof " =F|p=H|s.
We are done. B

Consider the family @ of all pairs (V, ¢) with the following properties:

(a) V is an open subset of C containing U and ¢ : V' — C is a holomorphic
function mapping bounded subsets of V' onto bounded subsets of C.

(b) ¢y, = H.

(¢) For all z € C, r > 0, and integers n > 0 if B.(f"(z),r) C V,

B 0 U P (Crint) = 0

and f7"(Be(f™(%),r)) C Uy, then ¢ and g™ o H o f;™ coincide on

Be(f"(2),7).

First we shall argue that (Uy, H) € ¢. Conditions (a) and (b) are obvious.
Condition (c) follows directly from the Claim. Thus (Us, H) € ¢ and, in
particular, @ # (). We partially order the set @ by declaring that (V,¢) <
(W,) if and only if V.C W and 9|y = ¢. Now, if (Vi,dx)rca is a linearly
ordered subset of @, then setting V' := (J ., Vi, the formula ¢(2) = ¢a(2)
if z € V), defines well a holomorphic map ¢ : V — C. It is easy to see that
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(V,¢) € & and (V,dr) < (V,¢) for all A € A. So, Kuratowski-Zorn Lemma
applies to give a maximal element (W, ) € &.

We shall show that W D C\ £2(f). Indeed, suppose on the contrary that
W 2 C\ 2(f).

Then OW \ 2(f) # 0 and (OW NW) \ 2(f) = 0. Fix an arbitrary point
y € OW\ 2(f). Since PC.(f) is bounded, since the points of Crit (f) escapes
to oo, since f(Crit(f)) is finite and since the set of the repelling fixed points
of f (lying in the Julia set of f) is unbounded, there exists a, a repelling fixed
point of f belonging to J(f)\PS"(f). Take ¢ > 0 so small that B, (a,2¢) C Uy.
If y € J(f), take § > 0 ascribed to ¢ > 0 according to Theorem 2.13. If
y & J(f) take 6 > 0 so small that

Be(y,26) N J(f) =0

and for every k > 0 the Euclidean diameter of each connected component of
the set f~%(B.(y,20)) is less than ¢ (this is possible since f has no Siegel
disks, nor Herman rings). Since Uy N J(f) # 0, there exists n > 0 such that
[™(y)NUs #0. Fix x € Us N f~"(y). Since the set

CJ J(Crit(f

is finite, there exists R € (0, d] so small that

U (Crit(f)) C {y}.

Take r € (0, R] so small that U,, the connected component of f~"(B.(y,r))
containing x, is contained in Uy. Let A; be a closed ray emanating from y.
Fix fi™ : Be(y,r) \ 41 — C, an arbitrary holomorphic inverse branch of f”
whose range is contained in U,. Then the composition

g"oHo fi": Be(y,r)\ 41 — C

is a well-defined meromorphic map with a closed (relative to Be(y,r) \ 41)
countable set being the closure of essential singularities. It follows from con-
dition (c) that g" o H o f; ™ coincides with ¢ on each connected component
of WN (Be(y,r)\ A1). Now, let Ay be a different closed ray emanating from
y and let

f5™: Bu(y,r)\ As — C

be the corresponding inverse branch. So, g" o H o f; ™, g" o H o f3 ™ and %,
all coincide on connected components of
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wn Be(y, ’I“) \ (Al U AQ)

Consequently, g" o Ho fi ™ and g" o H o f5 " glue to a holomorphic function
¥y on Be(y,r) \ E that coincides with ¢ on B.(y,r) N W and where E is a
relatively closed countable subset of B.(y,r) such that

Tima—slthy (a)] = +oo

for all b € E, where a converges to b in B.(y,r)\E. If OWNDB.(y,r) C E, then
the set OW N Be(y,r) is a countable and closed (as E is). We can therefore
find an isolated point §& € OW N B.(y,r). Consequently, there exists ro > 0
so small that B.(&,72) \ {§&1} N W # 0. So, the set ¥y (Be(&1,12) N W) is
bounded, contrary to the fact that & € E. Thus 8W N B.(y,r) \ E # 0, then

E€eIWNB(y,r)\ E

and let 71 > 0 be so small that B.(&,2r1) C Be(y,r) and Be(&,2r1) N E = (.
Thus 1y|p, (¢,2r,) is holomorphic and v, (Bc(£,71)) is bounded. Set then G =
B.(&,r1). Thus, we get a holomorphic function ¢ defined on W U G whose
restriction to W coincides with 1 and whose restriction to G equals 1. We

claim that (W UG, 1) € ®. Indeed, since 9)(G) = 1y (G) is a bounded set and
since ¢ maps bounded subsets of W onto bounded subsets, conditions (a) and
(b) are clearly satisfied.

In order to prove condition (c) suppose z, r3 (corresponding to r) and ng
(corresponding to n) are taken as required in this condition. We may assume
without loss of generality that GN B, (f™*(2),r3)) # 0. Fix k > 0 so large that
f¥(Bec(a,¢)) contains the connected component of f~"3(G U B.(f"(2),r3))
containing z. Since the set

ny+k

U £ (Crit(f))

Jj=1

is finite, there exists an open simply-connected B C G such that BNW # (),
Bn Be(an (2)7703) 7é (Z) and

na+k

BN |J F(Crit(f)) = 0.

j=1

There thus exists f:(n3+k) : B — C, a holomorphic branch of f~("3+%) such
that
S B) N Be(a,e) # 0

and f* o £ ") regtricted to B N B.(f"(2) Nr3) coincides with f; "3 re-
stricted to the same intersection. Since B C G C B.(f"(y),9), diam(f,:("+k) (B)) <
e, and therefore
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fo 5 (B) € Be(a,2e) C Uy.
It therefore follows from condition (c) applied to the pair (W, ) that

gt o Ho frmeth
coincides with 1 (hence 1/3) on BNW. So,

gt o Ho f*—(ns+k)
and 1& coincide on B. Now, since

[ (BN Be(f™*(2),73)) € Ug
and since f;"3(B) C Uy, we conclude from the Claim that
gF o Ho fr"th) o pno
coincides with H on f; ™3 (B N B.(f™(z),r3)). Thus,
| BB, (15 (2)r) = 9" TF 0 H o fﬂﬂﬁk)\Bch(f"B(z)mg)

I (% k —(na+k) ne —n
=" ogioHo fo 0 [ s 5, (s )y © 2 BB (2).00)

— gng o H o f;n3|BﬂBe(f"3(z)vr3)'

Hence i‘Bc(f"S(z),rs) =g"™oHo f7"|p (frs(z),rs)- LThus the pair (WU G,’l/AJ)
satisfies condition (c¢), and consequently, (W U G,) € ®. Since, obviously

(W, ) < (W UG, ) and (W,1p) # (W UG, 4), we have contradiction with
maximality of (W,). Thus W D C\ £2(f).

Since 1 maps bounded sets onto bounded sets and £2( f) is finite, ¥ extends
to a holomorphic function Ay : C — C and
Aslyeneso = P
By the symmetry of the situation there exists a holomorphic function

Ay : C — C such that

—1
Agl ygnpsog =h

Consequently Ajo0 Ay and Ay o A, are identities respectively on J(f)\PS°(f)
and J(g) \ PS°(g). Therefore, there are identities on C also, and so, both
Ay :C— Cand A, : C — C are homographes. The equality Ay o f =go A,
clearly both holds on C. The implication (6)=-(1) now readily follows from
Lemma 6.11, Lemma 6.12 and Lemma 6.13. We are done. B
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