GEOMETRIC RIGIDITY OF TRANSCENDENTAL MEROMORPHIC FUNCTIONS

JANINA KOTUS AND MARIUSZ URBAŃSKI

Abstract. The classes of dynamically and geometrically tame functions meromorphic outside a small set are introduced. The Julia sets of geometrically tame functions are proven to be either geometrical circle (in CI) or to have Hausdorff dimension strictly larger than 1. Vast classes of dynamically and geometrically tame functions are identified.

1. Introduction

We consider a meromorphic function f : CI \ T → CI, where T is a closed subset of CI with linear (i.e. one-dimensional Hausdorff) measure zero. The Fatou set F (f) is defined in the same manner as for transcendental meromorphic function of the complex plane i.e. F (f) is the set of points z ∈ CI such that all the iterates of f are defined and form a normal family on a neighborhood of z. The Julia set J(f) is the complement of F (f) in C̄I. Thus, F (f) is open, J(f) is closed, F (f) is are completely invariant while f^{−1}(J(f)) ⊂ J(f) \ T and f(J(f) \ T ) = J(f).

Denote by h = HD(J(f)) the Hausdorff dimension of the Julia set of f. Let H^h mean the h-dimensional Hausdorff measure on CI taken with respect to the spherical metric on CI.

We call the function f dynamically tame if the following three conditions are satisfied:

(a) H^h(J(f)) < ∞, (b) there exists a Borel probability measure μ absolutely continuous with respect to the Hausdorff measure H^h on J(f), (c) μ ∘ f^{−1} = μ and μ is ergodic.

If in addition the following three conditions are satisfied:

(d) J(f) is a Jordan curve, (e) if A_0, A_1 are the two connected components of CI \ J(f), then f^2(A_i) = A_i, i = 0, 1, (f) there are a_i ∈ A_i, i = 0, 1, satisfying f^2(a_i) = a_i,

2000 Mathematics Subject Classification. Primary 37F35. Secondary 37F10, 30D05. The research of both authors was supported in part by the Polish KBN Grant No 2 PO3A 034 25, the Warsaw University of Technology Grant no 504G 11200043000 and by the NSF/PAN grant INT-0306004. The research of the second author was supported in part by the NSF Grant DMS 0400481. 1

then f is called geometrically tame.

The main general result of this paper is the following.

Theorem A. If f is a geometrically tame function, then either J(f) is a geometric circle or HD(J(f)) > 1.

Remark 1. Although this theorem has a relatively short proof, it however appears to us clear and elegant, and it depends heavily on hard machineries developed in [8] and [11]. In Sections 3 and 4 we provide natural large classes of dynamically and geometrically tame functions including so concrete examples as the maps from the tangent family. Obviously Theorem A applies to them.

Remark 2. If in addition the map f is finely mixing meaning that for every subarc I of J(f),

(∗) HD(J(f) \ ∞⋃ n=1 f^n(I)) ≤ 1,

then the second alternative in Theorem A takes on the stronger form that HD(I) > 1 for every subarc I of J(f). In particular J(f) contains then no differentiable arcs, the result strengthening in our setting Stallard’s^1 Theorem D from [13]. Notice that f is finely mixing for instance if f has the local Picard property for some order k = 1, 2, . . . , ℵ_0, at every point of T , which means that for every z ∈ T and every r > 0, the set CI \ f(B(z, r)) consists of at most k points. Finally observe that if T is countable then f has the local Picard property of order 2.

2. Proof of Theorem A

Suppose that HD(J(f)) ≤ 1. We are to show that J(f) is a geometric circle. Since J(f) is connected, h = HD(J(f)) ≥ 1, and consequently h = 1. It follows from the assumption (a) that the Hausdorff measure H^1(J(f)) is finite. Replacing f by f^2, we may assume without loss of generality that both a_0 and a_1 are fixed points of f and both A_0, A_1 are f-invariant. Let ID be the unit disc, S^1 = ∂ID be the unit circle. Consider two Riemann mappings R_0 : ID → A_0, R_1 : CI \ ID → A_1 such that R_0(0) = a_0, R_1(∞) = a_1. Define two holomorphic maps

g_0 := R^{−1}_0 ∘ f ∘ R_0 : ID → ID and g_1 := R^{−1}_1 ∘ f ∘ R_1 : CI \ ID → CI \ ID.

By the choice of R_0 and R_1 we have g_0(0) = 0 and g_1(∞) = (∞). Since the boundaries of A_0 and A_1 are Jordan curves equal to J(f), in view of Caratheodory Theorem the Riemann maps R_0 and R_1 extend to homeomorphisms (denoted by the same symbols R_0 and R_1) of the closed disk ID and CI \ ID respectively. This implies that g_0 (resp. g_1) has a continuous extension to ID \ R^{−1}_0 (T ) (resp. (CI \ ID) \ (R^{−1}_1 (T )). We keep the same notation g_0 and g_1

1We wish to thank Walter Bergweiler for bringing our attention to Stallard’s result.

for these extensions. Observe that g_0(S^1 \ R^{−1}_0 (T )) ⊂ S^1 and g_1(S^1 \ R^{−1}_1 (T )) ⊂ S^1. Since H^1(J(f)) < ∞, Riesz’s theorem yields that the Riemann mappings R_0 and R_1 and their inverse maps are absolutely continuous with respect to the normalized Lebesgue measure l on S^1 and the Hausdorff measure H^1 on the Julia set J(f). Since H^1(T ) = 0 the measure l on S^1 of R^{−1}_0 (T ) and R^{−1}_1 (T ) thus vanishes. We therefore see that g_0 and g_1 (abusing a little bit the terminology in the latter case) are inner functions. It then follows from Theorem A in [8] that the measure l is g_0, g_1-invariant (remember that g_0(0) = 0, g_1(∞) = ∞) and it is a unique (since it is ergodic) Borel probability g_0, g_1-invariant measure absolutely continuous with respect to the Lebesgue measure l on S^1. Applying Riesz’s theorem again along with the assumption (b) we see that both measures μ ∘ R_0 and μ ∘ R_1 are absolutely continuous with respect to the measure l on S^1 and it follows from (c) that μ ∘ R_0 is g_0-invariant and μ ∘ R_1 is g_1-invariant. Hence, it follows from the above that three measures μ ∘ R_0, μ ∘ R_1 and l are equal. We consider the new map R^{−1}_1 ∘ R_0 : S^1 → S^1. Then

l ∘ (R^{−1}_1 ∘ R_0)^{−1} = l ∘ R^{−1}_0 ∘ R_1 = μ ∘ R_0 ∘ R^{−1}_0 ∘ R_1 = μ ∘ R_1 = l,

which means that R^{−1}_1 ∘ R_0 preserves the measure l on S^1. Since R_0 and R_1 are homeomorphisms of the circle S^1, so is R^{−1}_1 ∘ R_0. As it preserves the measure l, it is a rotation of S^1. Thus, modifying R_0 by composing it with an appropriate rotation, we can make the composition R^{−1}_1 ∘ R_0 to be the identity map. Consequently R_1 = R_0 on S^1. Thus the map defined by the formula

R(z) = { R_0(z) if z ∈ ID R_1(z) if z ∈ CI \ ID

is meromorphic on ID ∪CI \ID and continuous on CI. A straightforward application of Morera’s theorem shows that the map R : CI → CI is meromorphic. As R is a homeomorphism, it therefore must be a Möbius map. Since J(f) = R_0(S^1) = R(S^1), we get that J(f) is a geometric circle. □

3. Classes of examples of dynamically tame functions

The first class of tame functions we want to bring reader’s attention to is provided by Walters expanding conformal maps introduced and thoroughly investigated in [11]. In particular these maps were proven in [11] to satisfy all the requirements for dynamical tameness.

Recall that non-Möbius meromorphic function f : CI \ T → CI is called a Bolsch function (said to belong to the class S in the original Bolsch’s paper [6]) if T ⊂ CI is a closed countable set and f cannot be meromorphically extended to any open set containing CI \ T . We denote by Sing(f^{−1}) ⊂ CI the set of all such points w ∈ CI that for every r > 0 there is a connected component G of f^{−1}(B(w, r)) such that f : G → B(w, r) is not a covering map onto B(w, r). The Bolsch function f : CI \ T → CI is called topologically hyperbolic if Sing(f^{−1}) is contained in the Fatou set F (f) and

J(f) ∩ ∞⋃ n=0 f^n(Sing(f^{−1})) = ∅.

Since J(f) ≠ CI, there exists a Möbius transformation of CI which conjugates f to a function f^∗, whose Julia set is a compact subset of the complex plane CI. It was remarked in [11] on p. 636 that if T is a singleton, then the proof of theorem 4.7 in [11] can be easily modified to demonstrate that f^∗ is a Walters expanding conformal map. In our present case when T is allowed to be compact and countable, the same is true. Consequently f is a dynamically tame map. We would like to make it explicit that Bolsch maps form a special subclass of function meromorphic outside a small set; see [1] and [2] for its definition.

Now we want to describe two natural large subclasses of topologically hyperbolic Bolsch functions, called Barański maps and post-Barański maps. These maps were introduced and thoroughly investigated in [11] and were given their names afterword in [12].

Because of evident importance of these two classes of functions and for the convenience of the reader we now recall briefly their definitions.

Consider functions of the form f(z) = H(exp(Q(z))) where Q and H are non-constant rational functions. Let Q^{−1}(∞) = {d_j : j = 1, . . . , m} be the set of poles of Q. Then

f(z) : C̄I \ {d_j; j = 1, . . . , m} → C̄I \ {H(0), H(∞)}.

Assume in addition that there is at least one pole d_i of Q different from H(0) and H(∞). Assume without loss of generality that d_i = d_1. Let Crit(f) denote the set of critical points of f. Then the set of asymptotic values Asymp(f) of f is equal to {H(0), H(∞)}.

The function f is then called a Barański map, if the following conditions are satisfied:

(1) J(f) ∩

⋃_∞

n=0 f^n (Crit(f) ∪ Asymp(f)) = ∅, (2) if a ∈ Crit(Q), then exp(Q(a)) is not a pole of H, (3) if H has a multiple pole, then Q(∞) ≠ ∞.

As we already stated Barański maps form a subclass of topologically hyperbolic Bolsch maps, and are therefore dynamically tame. We would like however to remark (see the tangent family below) that not all of these maps are Walters expanding conformal maps.

Given a Barański map f(z) = H(exp(Q(z))), the map f̃(z) = exp(Q(H(z)))

is called the post-Barański map derived from f. It was shown in [11] that all post-Barański maps are simultaneously Walters expanding conformal maps and topologically hyperbolic Bolsch maps. So, they are dynamically tame.

4. Classes of examples of geometrically tame functions

It was proved in [4] that each meromorphic function in the class S (here f ∈ S if and only if Sing(f^{−1}) is finite) has at most two completely invariant domains. Bergweiler and Eremenko proved in [5] that each meromorphic function with two completely invariant domains and with no rationally indifferent periodic points is (with our terminology) topologically hyperbolic Bolsch function, and in addition, it satisfies conditions (d)-(f) of the definition of geometrically tame function. Since topologically hyperbolic Bolsch functions are dynamically tame, we infer that each such function is geometrically tame. Therefore, in view of theorem A, its Julia set is either geometric circle or it has Hausdorff dimension strictly greater than 1.

In order to get really concrete examples of geometrically tame transcendental meromorphic functions consider the family

F = {f_λ(z) = λ tan z, λ ∈ CI \ {0}, z ∈ CI}.

Speaking about topology in F we will identify its members f_λ with parameters λ. The subfamily H = {λ ∈ CI \ {0} : f_λ has an attracting periodic cycle}.

called, the hyperbolic subfamily of F, consists precisely of topologically hyperbolic Bolsch functions from F, which were proven to be dynamically tame. Let Ω_1 ⊂ H be the subset of H composed of maps f_λ that have two distinct attracting fixed points and let Ω_2 ⊂ H be formed by maps with exactly one periodic cycle of period 2. L. Keen and the first author proved in [10] that Ω_1 and Ω_2 are topological open disks. They also proved in [9] that all members Ω_1 and Ω_2 satisfy conditions (d)-(f) of the definition of geometrically tameness (for Ω_1 it also follows from the later paper [5]). So Ω_1 ∪ Ω_2 consist entirely of geometrically tame mappings. Therefore, our theorem A yields the following.

Theorem B. If λ ∈ (Ω_1 ∪ Ω_2), then HD(J(f_λ)) > 1 unless λ ∈ IR and then J(f_λ) = IR ∪ {∞} (a geometric circle passing trough ∞).

Proof The fact that J(f_λ) = IR ∪ {∞} if λ ∈ (Ω_1 ∪ Ω_2) ∩ IR was established in [3]. If λ ∈ (Ω_1 ∪ Ω_2) \ IR, then {(k +^1_2 )π : k ∈ ZZ} ∪ f^{−1}_λ (^π_2 ) ⊂ J(f_λ) and f^{−1}_λ (^π_2 ) ∩ IR = ∅. Therefore J(f_λ) can not coincide with any geometric circle and consequently HD(J(f_λ)) > 1. We are done. □

Some less standard interesting concrete examples of geometrically tame transcendental meromorphic functions can be found in section 3 of [5].

References

[1] I. N. Baker, P. Dominguez, M. E. Herring, Dynamics of meromorphic functions outside a small set, Erg. Th. and Dynam. Sys. 21, 647-672,(2001).

[2] I. N. Baker, P. Dominguez, M. E.Herring, Dynamics of meromorphic functions outside a small set:

completely invariant component, Compl. Var. Theory Appl. 49, 695-100,(2004).

[3] I. N. Baker, J. Kotus, Y. Lü, Iterates of meromorphic functions I, Erg. Th. and Dynam. Sys. 11, 241-248, (1991).

[4] I. N. Baker, J. Kotus, Y. Lü, Iterates of meromorphic functions III: Preperiodic domains, Erg. Th. and Dynam. Sys. 11, 603-618, (1991).

[5] W. Bergweiler, A. Eremenko, Meromorphic functions with two completely invariant domains, Preprint 2003, available on Walter Bergweiler’s web page,

http://analysis.math.uni-kiel.de/bergweiler/bergweiler.engl.html

[6] A. Bolsch, Repulsive periodic points of meromorphic functions, Complex Variable Theory Appl. 31 no. 1, 75-79, (1996).

[7] A. Bolsch, Periodic Fatou components of meromorphic functions, Bull. London. Math. Soc. 31, no. 5, 543-555, (1999).

[8] C. I. Doering, R. Mané, The dynamics of inner functions, Ensaios Mathemáticos, 3, 1-79 (1991). [9] L. Keen, J. Kotus, The dynamics of the family λ tan z Conf. Geom. and Dyn. 1, 28-57, (1997). [10] L. Keen, J. Kotus, On period doubling phenomena and Sharkovkii type ordering for the family λtan(z) Contemporary Mathematics 303, 51-78, (2002).

[11] J. Kotus, M. Urbański, Conformal, geometric and invariant measures for transcendental expanding functions, Math. Ann. 324, 619-656, (2002).

[12] J. Kotus, M. Urbański, Fractal measures and ergodic theory of transcendental meromorphic functions Preprint 2004, available on Mariusz Urbański’s web page http://www.math.unt.edu/∼urbanski [13] G. Stallard, Meromorphic functions whose Julia sets contain a free Jordan arc, Ann. Acad. Sci. Fenn.

18 (1993) 273-298.

Janina Kotus, Faculty of Mathematics and Information Sciences Warsaw University of Technology Warsaw 00-661, Poland E-mail: janinak@impan.gov.pl

Mariusz Urbański, Department of Mathematics, University of North Texas, P.O. Box 311430, Denton, TX 76203-1430, USA E-mail:urbanski@unt.edu Web: http://www.math.unt.edu/∼urbanski