GEOMETRY AND ERGODIC THEORY OF NON-RECURRENT ELLIPTIC FUNCTIONS

JANINA KOTUS AND MARIUSZ URBAŃSKI

Abstract. We explore the class of elliptic functions whose critical points all contained in the Julia set are non-recurrent and whose ω-limit sets form compact subsets of the complex plane. In particular, this class comprises hyperbolic, subhyperbolic and parabolic elliptic maps. Let h be the Hausdorff dimension of the Julia set of such an elliptic function f. We construct an atomless h-conformal measure m and we show that the h-dimensional Hausdorff measure of the Julia set of f vanishes unless the Julia set is equal to the entire complex plane CI. The h-dimensional packing measure is always positive and it is finite if and only if there are no rationally indifferent periodic points. Furthermore, we prove the existence of a (unique up to a multiplicative constant) σ-finite f-invariant measure μ equivalent to m. The measure μ is then proved to be ergodic and conservative and we identify the set of points whose open neighborhoods all have infinite measure μ. In particular we show that ∞ is not among them.

1. Introduction and General Preliminaries

1.1. Introduction.

First examples of elliptic (in fact ℘-Weierstrass) functions with detailed descriptions of their Julia sets appeared in [14]. Our paper dealing with elliptic functions whose critical points all contained in the Julia set are non-recurrent and whose ω-limit sets form compact subsets of the complex plane, basically stems from [26], [27] and [15]. Any such elliptic function will be called non-recurrent. We study geometric properties of the Julia sets ultimately resulting in Theorem 4.1 which says that the h-dimensional Hausdorff measure of the Julia set of f vanishes unless the Julia set is equal to the entire complex plane CI. The h-dimensional packing measure is always positive and it is finite if and only if there are no rationally indifferent periodic points. We would like to emphasize that the Hausdorff and packing measures appearing in this theorem are taken with respect to the spherical metric on CI. The fact that the h-dimensional Hausdorff measure of the Julia set vanishes in the case when h < 2 or equivalently when the Julia set is not equal to the entire complex plane (note that due to [15] h > 1), dramatically differentiates non-recurrent elliptic functions from the akin class of non-recurrent rational functions. The reason is that for these latter functions the h-dimensional Hausdorff measure of the Julia set is always finite and positive if and only if h > 1 (see [26]). Our main

2000 Mathematics Subject Classification. Primary 37F35. Secondary 37F10, 30D05. The research of the first author was supported in part by the Foundation for Polish Science, the Polish KBN Grant No 2 PO3A 034 25 and TUW Grant no 503G 112000442200. She also wishes to thank the University of North Texas where this research was conducted.

The research of the second author was supported in part by the NSF Grant DMS 0100078. 1

technical tool employed in this paper is the concept of semi-conformal, almost-conformal and conformal measures. We provide an elaborated proof of the existence, uniqueness and continuity of an h-conformal measure. Another important tool is provided by Proposition 2.23, where, expressed in an appropriate language, all non-singular points are shown to be conical. Although there are some overlaps with rational functions (see [26]), most of the proofs are substantially different, mainly because of the existence of poles in the Julia set.

Our second major theme in this paper is the dynamics of f with respect to the conformal measure m. As the first result in this direction, we prove the existence of a conservative ergodic σ-finite measure μ equivalent to m. Developing this direction, we study points of finite and infinite condensation of the measure μ, the concepts introduced in [27]. After collecting some basic facts about these points we show in Subsection 5.2 that ∞ is always a point of finite condensation, perhaps the most interesting fact about the measure μ. In the next subsection we relate points of infinite condensation with the set Ω(f) of rationally indifferent periodic points, providing in particular some sufficient conditions (Ω(f) = ∅) for the invariant measure μ to be finite. At the end of this section we deal with parabolic points themselves.

Acknowledgment. We would like to thank the referee of this paper whose valuable remarks and suggestions influenced the final form of our paper.

1.2. General Preliminaries.

All the points (numbers) appearing in this paper are complex unless it is clear from the context that they are real. In particular x and y are always assumed to be complex numbers and not the real and imaginary parts of a complex number. Given A ⊂ CI and r > 0, the symbol B(A, r) denotes the Euclidean open r-neighbourhood of the set A. Throughout the entire paper f^∗, diam_s and B_s(A, r) denote respectively the derivatives, diameters and open balls defined by means of the spherical metric whereas f^′, diam and B(A, r) are considered in the Euclidean sense. We would like to emphasize that when counting f^∗, we consider the spherical metric in the domain and in the codomain.

Definition 1.1. If H : D → CI is an analytic map, z ∈ CI, and r > 0, then by Comp(z, H(z), H, r) we denote the connected component of H^{−1}(B(H(z), r)) that contains z.

Suppose now that c is a critical point of an analytic map H : D → CI. Then there exists R = R(H, c) > 0 and A = A(H, c) ≥ 1 such that A^{−1}|z − c|^q ≤ |H(z) − H(c)| ≤ A|z − c|^q and A^{−1}|z − c|^{q−1} ≤ |H^′(z)| ≤ A|z − c|^{q−1} for every z ∈ Comp(c, H(c), H, R) and that H(Comp(c, H(c), H, R)) = B(H(c), R) where q = q(H, c) is the order of H at the critical point c. Moreover, by taking R > 0 sufficiently small, we can ensure that the two above inequalities hold for every z ∈ B(c, (R/A)^{1/q}) and the ball B(c, (R/A)^{1/q}) ∪ Comp(c, H(c), H, R) can be expressed as a union of q closed topological disks with smooth boundaries and mutually disjoint interiors such that the map H restricted to each of these interiors, is injective.

Koebe’s^1_4 -Theorem. If z ∈ CI, r > 0 and H : B(z, r) → CI is an arbitrary univalent analytic function, then H(B(z, r)) ⊃ B(H(z), 4^{−1}|H^′(z)|r).

Koebe’s Distortion Theorem, I (Euclidean version). There exists a function k : [0, 1) → [1, ∞) such that for any z ∈ CI, r > 0, t ∈ [0, 1) and any univalent analytic function H : B(z, r) → CI we have that sup{|H^′(w)| : w ∈ B(z, tr)} ≤ k(t) inf{|H^′(w)| : w ∈ B(z, tr)}. We put K = k(1/2).

Koebe’s Distortion Theorem, I (spherical version). Given a number s > 0 there exists a function k_s : [0, 1) → [1, ∞) such that for any z ∈ CI, r > 0, t ∈ [0, 1) and any univalent analytic function H : B(z, r) → CI such that the complement CI \ H(B(z, r)) contains a spherical ball of radius s we have sup{|H^∗(w)| : w ∈ B(z, tr)} ≤ k_s(t) inf{|H^∗(w)| : w ∈ B(z, tr)}. The following is a straightforward consequence of these two Distortion Theorems.

Lemma 1.2. Suppose that D ⊂ CI is an open set, z ∈ D and H : D → CI is an analytic map which has an analytic inverse H^{−1}_z defined on B(H(z), 2R) for some R > 0. Then for every 0 ≤ r ≤ R B(z, K^{−1}r|H^′(z)|^{−1}) ⊂ H^{−1}_z (B(H(z), r)) ⊂ B(z, Kr|H^′(z)|^{−1}).

Lemma 1.3. Suppose that D ⊂ CI is an open set, z ∈ D and H : D → CI is an analytic map which has an analytic inverse H^{−1}_z defined on B(H(z), 2R) for some R > 0 avoiding a spherical ball of some radius s. Then for every 0 ≤ r ≤ R B(z, k^{−1}_s (1/2)r|H^∗(z)|^{−1}) ⊂ H^{−1}_z (B(H(z), r)) ⊂ B(z, k_s(1/2)r|H^∗(z)|^{−1}). We shall also use the following more geometric versions of Koebe’s Distortion Theorems involving moduli of annuli.

Koebe’s Distortion Theorem, II (Euclidean version). There exists a function w : (0, +∞) → [1, ∞) such that for any two open topological disks Q_1 ⊂ Q_2 with Mod(Q_2\Q_1) ≥ t and any univalent analytic function H : Q_2 → CI such that the complement CI \H(Q_2) contains a ball of radius s we have sup{|H^′(ξ)| : ξ ∈ Q_1} ≤ w(t) inf{|H^′(ξ)| : ξ ∈ Q_1}. Koebe’s Distortion Theorem, II (spherical version). Given a number s > 0 there exists a function w_s : (0, +∞) → [1, ∞) such that for any two open topological disks Q_1 ⊂ Q_2 with Mod(Q_2 \ Q_1) ≥ t and any univalent analytic function H : Q_2 → CI such that the complement CI \ H(Q_2) contains a ball of radius s we have sup{|H^′(ξ)| : ξ ∈ Q_1} ≤ w_s(t) inf{|H^′(ξ)| : ξ ∈ Q_1}. Given an analytic function H defined throughout a region D ⊂ CI, we put

Crit(H) = {z ∈ D : H^′(z) = 0}.

We will need in the sequel the following technical lemma proven in [27] as Lemma 2.11.

Lemma 1.4. Suppose that an analytic map Q ∘ H : D → CI, a radius R > 0 and a point z ∈ D are such that Comp(H(z), Q(H(z)), Q, 2R) ∩ Crit(Q) = ∅ and Comp(z, Q ∘ H(z), Q ∘ H, R) ∩ Crit(H) ≠ ∅, If c belongs to the last intersection and

diam ( Comp(z, Q ∘ H(z), Q ∘ H, R) ) ≤ (AR(H, c))^{1/q} then |z − c| ≤ KA^2|(Q ∘ H)^′(z)|^{−1}R.

1.3. Preliminaries concerning iteration of meromorphic functions. The Fatou set F (f) of a meromorphic function f : CI → CI is defined in exactly the same manner as for rational functions; F (f) is the set of points z ∈ CI such that all the iterates are defined and form a normal family on a neighborhood of z. The Julia set J(f) is the complement of F (f) in CI. Thus, F (f) is open, J(f) is closed, F (f) is completely invariant while f^{−1}(J(f)) ⊂ J(f) and f(J(f)) = J(f)∪{∞}. For a general description of the dynamics of meromorphic functions see e.g. [6]. We would however like to note that it easily follows from Montel’s criterion of normality that if f : CI → CI has at least one pole which is not an omitted value then J(f) = ⋃ n≥0 f^{−n}(∞).

In further sections we will be dealing with the foolowing set of points escaping to ∞ under iterates of f. I_∞(f) = {z ∈ CI : z ∈ ⋃ n≥0 f^{−n}(∞) or lim_{n→∞} f^n(z) = ∞}

Let us now provide two related concepts, which play the central role in the approach undertaken in this paper. If t ≥ 0, then a measure m supported on J(f) is said to be semi t-conformal for f : CI → CI, if m(f(A)) ≥ ∫ A |f^∗|^t dm (1.1) for every Borel set A ⊂ J(f) such that f|_A is injective and m is said to be t-conformal for f : CI → CI, if m(f(A)) = ∫ A |f^∗|^t dm (1.2) for these sets A.

2. The Dynamics of Non-recurrent Elliptic Functions 2.1. Preliminary Results Concerning Elliptic Functions. As we already indicated in the introduction, throughout the entire paper f : CI → CI denotes a non-constant elliptic function. Every such function is doubly periodic and meromorphic. In particular there exist two vectors w_1, w_2, Im(^{w1}_{w2} ) ≠ 0, such that for every z ∈ CI and n, m ∈ ZZ, f(z) = f(z + mw_1 + nw_2).

The set Λ = {mw_1 + nw_2 : m, n ∈ ZZ} will be called the lattice of the elliptic function f. This object is independent of the choice of its generators w_1 and w_2. Let R = {t_1w_1 + t_2w_2 : 0 ≤ t_1, t_2 ≤ 1}, be the basic fundamental parallelogram of f. It follows from the periodicity of f that f(CI) = f(R). Therefore f(CI) as a closed and open subset of the connected set CI is equal to CI. This means that each elliptic function is surjective. It also follows from the periodicity of f that f^{−1}(∞) = ⋃ m,n∈ZZ ( R ∩ f^{−1}(∞) + mw_1 + nw_2 ) . For every pole b of f let q_b denote its multiplicity. We define q := sup{q_b : b ∈ f^{−1}(∞)} = max{q_b : b ∈ f^{−1}(∞) ∩ R}. Let B_R = {z ∈ CI : |z| > R}.

For every pole b of f by B_b(R) we denote the connected component of f^{−1}(B_R) containing b. Recall that Crit(f) is the set of critical points of f i.e.

Crit(f) = {z : f^′(z) = 0}.

Its image, f(Crit(f)), is called the set of critical values of f. Since R ∩ Crit(f) is finite and since f(Crit(f)) = f(R ∩ Crit(f)), the set of critical values f(Crit(f)) is also finite. Thus, if R > 0 is large enough, say R ≥ R_0, then B_R contains no critical values of f, all sets B_b(R) are simply connected, mutually disjoint, and for z ∈ B_b(R) f(z) = G_b(z) (z − b)^{qb} (2.1)

where G_b : B_b(R) → CI is a holomorphic function taking values out of some neighbourhood of 0. If U ⊂ B_R \ {∞} is an open simply connected set, then all the holomorphic inverse branches f^{−1}_{b,U,1}, . . . , f^{−1}_{b,U,qb} of f are well-defined on U and for every 1 ≤ j ≤ q_b and all z ∈ U we have |(f^{−1}_{b,U,j})^′(z)| ≍ |z|^{− qb+1q}b . (2.2) Therefore, comp. [15]

|(f^{−1}_{b,U,j})^∗(z)| ≍ |z|^{qb−1q}b 1 + |b|^2 ≍ |z|^{qb−1q}b |b|^2 , (2.3)

where the second comparability sign we wrote assuming in addition that |b| is large enough, say |b| ≥ R_1 > R_0. It is shown in [15] that there exists a constant L ≥ 1 such that for all poles b and all R ≥ R_1, we have L^{−1}R^{− 1q}b ≤diam(B_b(R)) ≤ LR^{− 1q}b , L^{−1}R^{− 1q}b (1 + |b|^2)^{−1} ≤diam_s(B_b(R)) ≤ LR^{− 1q}b (1 + |b|^2)^{−1}.

(2.4)

We will frequently use the following fact proven in [15].

Theorem 2.1. If f : CI → CI is an arbitrary elliptic function, then

HD(J(f)) > 2q q + 1 ≥ 1, where q = sup{q_b : b ∈ inf^{−1}(∞)} = max{q_b : b ∈ R ∩ f^{−1}(∞)}.

2.2. Local behavior around parabolic fixed points.

In this section f : CI → CI is an arbitrary elliptic function of degree ≥ 2; in fact all the results stated here are of local character and are true for all meromorphic functions. In particular the map f is not assumed yet to be non-recurrent. In what follows we basically summarize the results concerning local behavior around parabolic fixed points which have been proved in [1], [10], and [11]. Although they were formulated and proved in the context of parabolic rational maps that is assuming that the Julia set contains no critical points, nevertheless they and their proofs are of local character and, in particular, extend to the class of all elliptic functions. Through this section ω is a simple parabolic fixed point of f, that is f(ω) = ω and f^′(ω) = 1.

First note that on a sufficiently small open neighbourhood V of ω a holomorphic inverse branch f^{−1}_ω : V → CI of f is well defined which sends ω to ω. Moreover, V can be taken so small that on V the transformation f^{−1}_ω can be expressed in the form

f^{−1}_ω (z) = z − a(z − ω)^{p+1} + a_2(z − ω)^{p+2} + a_3(z − ω)^{p+3} + . . . (2.5)

where a ≠ 0 and p = p(ω) is a positive integer.

f^{−1}_ω (z) − ω = z − ω − a(z − ω)^{p+1} + a_2(z − ω)^{p+2} + a_3(z − ω)^{p+3} + . . .

Consider the set {z : a(z − ω)^p ∈ IR and a(z − ω)^p > 0}. This set is the union of p rays beginning in ω and forming angles which are integer multiples of 2π/p. Denote these rays by L_1, L_2, . . . , L_p. For 1 ≤ j ≤ p, 0 < r ≤ ∞ and 0 ≤ α < 2π let S_j (r, α) ⊂ V be the set of those points z lying in the open ball B(ω, r) for which the angle between the rays L_j and the interval which joins the points ω and z does not exceed α. Using (2.5) an easy computation leads to the following ∀α > 0 ∃r_1(α) > 0 ∃0 < α_0 ≤ α ∀1 ≤ j ≤ p f^{−1}_ω (S_j (r_1(α), α_0)) ⊂ S_j (∞, α)

(2.6)

and there are β > 0 and θ_1 > 0 such that

|f^{−1}_ω (z) − ω| < |z − ω| and |(f^{−1}_ω )^′(z)| < 1 (2.7)

for every ω ≠ z ∈ S_1(θ_1, β) ∪ . . . ∪ S_p(θ_1, β). The following version of Fatou’s flower theorem, (see [5], [21], comp. [1]) shows that the Julia set J(f) approaches the fixed point ω tangentially to the lines L_1, L_2, . . . , L_p. This can be precisely formulated as follows.

Lemma 2.2. (Fatou’s flower theorem) For every α > 0 there exists r_2(α) > 0 such that J(f) ∩ B(ω, r_2(α)) ⊂ S_1(r_2(α), α) ∪ . . . ∪ S_p(r_2(α), α). Since the Julia set J(f) is fully invariant (f^{−1}(J(f)) = J(f) and f(J(f)) = J(f) ∪ {∞}, we conclude from this lemma and (2.7) that for every 0 < θ_2 ≤ min{θ_1, r_2(β)} we have f^{−1}_ω (J(f) ∩ B(ω, θ_2)) ⊂ J(f) ∩ B(ω, θ_2).

Thus all iterates f^{−n}_ω : J(f) ∩ B(ω, θ_2) → J(f) ∩ B(ω, θ_2), n = 0, 1, 2, . . . are well defined. From (2.6), Lemma 2.2, and (2.7) we obtain the following ∀α > 0 ∃r_3(α) > 0 ∀1 ≤ j ≤ p f^{−1}_ω (S_j(r_3(α), α) ∩ J(f)) ⊂ S_j(r_3(α), α).

(2.8) Put θ = θ(f, ω) = min{θ_2, r_2(β), r_3(β)} (2.9) Then, it follows from (2.7), (2.6), and Lemma 2.2 that for every z ∈ J(f) ∩ B(ω, θ). lim_{n→∞} f^{−n}_ω (z) = ω (2.10) In fact it can be proved that this convergence is uniform on compact subsets of B(ω, θ) ∩ J(f) \ {ω}. See (2.11) for even stronger result. By precise computations one can prove the following.

Lemma 2.3. For every τ > 0 sufficiently small and every z ∈ J(f) ∩ B(ω, θ) f^{−1}_ω (B(z, τ|z − ω|)) ⊂ B(f^{−1}_ω (z), τ|f^{−1}_ω (z) − ω|). This lemma immediately leads to the following.

Lemma 2.4. For every τ > 0 sufficiently small, every z ∈ J(f) ∩ B(ω, θ) and every n ≥ 0 there exists a unique holomorphic inverse branch f^{−n}_{ω,z} : B(z, 2τ|z − ω|) → B(f^{−n}_ω (z), 2τ|f^{−n}_ω (z) − ω|) of f^n which sends z to f^{−n}_ω (z).

The following two results (comp. Lemma 1 and Lemma 2 of [10] and Lemma 4.8 of [11]) can be proved in exactly the same way as in [10] and [11]. lim_{n→∞} |f^{−n}_{ω,z} (z) − ω|n^{1/p} = (|a|p)^{−1/p} and n^{− p+1p} ⪯ |(f^{−n}_{ω,z} )^′(z)|, |(f^{−n}_{ω,z} )^∗(z)| ⪯ n^{− p+1p} (2.11) uniformly on compact subsets of B(ω, θ) ∩ J(f) \ {ω}.

Lemma 2.5. Let m be a semi t-conformal measure for f. Then for every R > 0 there exists a constant C = C(t, ω, R) ≥ 1 such that for every 0 < r ≤ R m(B(ω, r) \ {ω}) r^{αt(ω)} , m(B_s(ω, r) \ {ω}) r^{αt(ω)} ≤ C.

where α_t(ω) = t + p(ω)(t − 1). If m is t-conformal, then in addition m(B(ω, r) \ {ω}) r^{αt(ω)} , m(B_s(ω, r) \ {ω}) r^{αt(ω)} ≥ C^{−1}. 2.3. Basic properties of non-recurrent elliptic functions. .

We say that the elliptic function f : CI → CI is non-recurrent, if the following conditions are satisfied:

(1) If c ∈ Crit(f)∩J(f), then the ω-limit set ω(c) is a compact subset of CI (i.e. ∞ /∈ ω(c)) and c /∈ ω(c) (2) If c ∈ Crit(f) ∩ F (f) then either there exists an attracting periodic point w or a rationally indifferent periodic point w such that ω(c) ⊂ {w, f(w), . . . , f^{p−1}(w)}, p is a period.

From now on, unless otherwise stated, we assume throughout the entire paper that the elliptic function f : CI → CI is non-recurrent. We denote for every set A ⊂ CI

O_+(A) = ⋃ n≥0 f^n(A). As an immediate consequence of the definition of non-recurrent elliptic functions and the finiteness of the set f(Crit(J(f))), we get the following easy but useful fact.

Proposition 2.6. O_+(f(Crit(J(f)))) is a compact subset of CI.

We recall that a periodic point ω of f is called parabolic if there exits q ≥ 1 such that f^q(ω) = ω and (f^q)^′(ω) = 1. The set of all parabolic points will be denoted by Ω(f). Since the set of critical values of f is finite, it follows from transcendental meromorphic version of Fatou’s theorem (proven in [3] that Ω(f) is also finite. In addition, Ω(f) is contained in the Julia set J(f). A crucial tool for our approach in this paper is the following elliptic counterpart of Mane’s theorem proven in [17] for non-recurrent rational functions.

Theorem 2.7. Let f : CI → CI be a non-recurrent elliptic function. If X ⊂ J(f) \ Ω(f) is a closed subset of CI, then for every ϵ > 0 there exists δ > 0 such that for every x ∈ X and every n ≥ 0, all the connected components of f^{−n}(B(x, δ)) have Euclidean diameters ≤ ϵ.

Since this theorem forms an extremally important tool in our paper and promptly distinguishes the class of non-recurrent elliptic functions from among all other elliptic functions, we would like to provide a few words of comment. First, Mane’s original most general result is this.

Theorem 2.8. Suppose that f : CI → CI is a rational function of degree d ≥ 1. Suppose also that x ∈ J(f) is not a rationally indifferent periodic point nor x belongs to the ω-limit set of any recurrent critical point. Then for every ϵ > 0 there exists δ > 0 such that for every n ≥ 0 all the connected components of f^{−n}(B_s(x, δ)) have spherical diameters ≤ ϵ.

It is easy to see that in the context of rational functions Theorem 2.7 follows from Theorem 2.8 if CI is replaced by CI and Euclidean diameters are replaced by spherical ones. In the Appendix we formulate and prove Theorem 6.3, the elliptic counterpart of Theorem 2.8. Although the proof very closely follows Manne’s original arguments and the proof of Przytycki’s lemma, we have decided to include it for the following reasons. First, Mane’s original paper [17] is not easy accessible. Secondly, the original Mane’s proof of Theorem 2.8 contains some minor misprints and one gap which is filled in by Przytycki’s lemma from [23]. The last, third reason, is that elliptic functions seem to form the only ”reasonable” class of transcendental entire and meromorphic functions for which an appropriate version of Theorem 2.8 or Theorem 2.7 could hold and we do want to check it rigorously. Although we have a bunch of counterexamples of meromorphic functions that do not satisfy Mane’s theorem, we feel that our paper is not the right place to describe them. However, we would like to add that a weaker form of Mane’s theorem (hyperbolicity on compact forward invariant subsets with some other appropriate technical assumption of Mane’s flavors) for fairly large class of meromorphic functions has been proved in [12]. We would also like to point out that Theorem 2.7 easily follows from Theorem 6.3, the elliptic counterpart of Theorem 2.8, as long as the set X ⊂ J(f) \ Ω(f) is assumed to be a compact subset of the complex plane CI. The proof that Theorem 2.7 is also true for closed, not compact, subsets of CI results from its ”compact” part as follows. Suppose that X ⊂ J(f) \ Ω(f) is a closed subset of CI. Let Δ = dist(Ω(f), f^{−1}(∞)) > 0. In view of (2.2) and (2.4) there exists R > 0 so large that if |f(z)| ≥ R/2, then for some b ∈ f^{−1}(∞), z ∈ B_b(R/2) |f^′(z)| ≥ 2 and diam(B_b(R/2)) ≤ Δ/2. (2.12)

Consider now the compact set Y = X ∪ (J(f) \ B(Ω(f), Δ/2)) \ B_R and the corresponding number 0 < δ ≤ min{ϵ, R/2} ascribed to Y and the number min{ϵ, R/2} according to the ”compact” part of Theorem 2.7. In order to complete the proof it suffices to show that if x ∈ B_R, then the diameter of each connected component C_n(x) of f^{−n}(B(x, δ)) does not exceed ϵ for every ϵ > 0. And indeed, fix w ∈ f^{−n}(x) ∩ C_n(x) and let 1 ≤ k ≤ n be the least integer such that f^{n−k}(w) /∈ B_R provided it exists. Otherwise, set k = n. We shall show by mathematical induction that

diam ( f^{n−j}(C_n(x)) ) ≤ δ ≤ min{ϵ, R/2} (2.13) for every 0 ≤ j ≤ k. For j = 0 this formula is true since f^n(C_n(x)) = B(x, δ). So, suppose that it is true for some 0 ≤ j ≤ k − 1. Since f^{n−j}(w) ∈ B_R and since diam (f^{n−j}(C_n(x))) ≤ R/2, we conclude that

f^{n−j}(C_n(x)) ⊂ B_{R/2}. (2.14)

It therefore follows from the first part of formula (2.12) that

diam ( f^{n−(j+1)}(C_n(x)) ) ≤ 1 2 diam ( f^{n−j}(C_n(x)) ) ≤ δ. This proves formula (2.13). In the case when k = n, the result follows from (2.13). Otherwise, it follows from (2.14) and the second part of formula (2.12) that f^{n−k}(C_n(x)) ⊂ CI \ B(Ω(f), Δ/2). Since we also know that f^{n−k}(w) /∈ B_R, we conclude that f^{n−k}(w) ∈ Y , we see that diam(C_n(x)) ≤ min{ϵ, R/2} ≤ ϵ. We are done.

As a consequence of Theorem 2.7 we shall prove the following.

Corollary 2.9. Let f : CI → CI be a non-recurrent elliptic function. If X ⊂ J(f) ∪ {∞} \ Ω(f) is compact, then for every ϵ > 0 there exists δ > 0 such that for every x ∈ X and every n ≥ 0, all connected components of f^{−1}(B_s(x, δ)) have Euclidean diameters ≤ ϵ.

Proof. Apply Theorem 2.7 for the set f^{−1}(∞) and given ϵ > 0. This gives us the corresponding number δ_1 > 0. Taking now ξ > 0 so small that each connected component of f^{−n}(B_s(∞, ξ)) is contained in B(b, δ_1) for some pole b ∈ f^{−1}(∞) consider the set Y = X \ B_s(∞, ξ). Since Y is a compact subset of CI, it follows from Theorem 2.7 that there exists δ_2 > 0 such that for every x ∈ Y and every n ≥ 0 all the connected components of f^{−n}(B_s(x, δ)) have Euclidean diameters ≤ ϵ. Consider a finite cover {B_s(x_1, δ_2), . . . , B_s(x_k, δ_2), B_s(∞, ξ)} of X, where x_j ∈ Y for all j = 1, 2, . . . , k. Taking as δ half of the Lebesgue number of this cover (see [16]) finishes the proof.

Let us introduce the following notation.

θ = θ(f) = min { min{θ(f^a, ω) : ω ∈ Ω(f)}, 1 2 dist(Ω(f), Crit(f)) } > 0 (2.15)

where a ≥ 1 is so large that all parabolic points of f^a are simple and the numbers θ(f^a, ω) are defined in (2.9). We denote

A = A(f) = max{A(f, c) : c ∈ Crit(f)}, (2.16)

where A(f, c) was defined just after Definition 1.1. We call two points z and w equivalent and we write z ∼ w if w−z ∈ Λ, the lattice associated with the elliptic function f. Obviously z ∼ w implies that O_+(z) = O_+(w) and ω(z) = ω(w). Since the set Crit(f)∩R is finite, we conclude that the sets ω(Crit(f)) = ⋃ c∈Crit(f)∩R ω(c) and O+(f(Crit(f))) = ⋃ c∈Crit(f)∩R O+(f(c)) are compact subsets of CI. A positive number β < θ/2 is now chosen to be less than the following three numbers.

min{dist(c, O_+(f(c)) : c ∈ Crit(f)} min{(A(c)R(f, c))^{1/q(c)} : c ∈ Crit(f)} min{|c − c^′| : c, c^′ ∈ Crit(f) and c ≠ c^′}, where q(c) = q(f, c) is the order of the critical point c of f and R(f, c) was defined just after Definition 1.1. Notice that the first of these numbers is positive since O_+(f(Crit(f)) is a compact subset of CI and Crit(f) has no accumulation points in CI. Since f contains no recurrent critical points, it follows from Theorem 2.7 that there exists 0 < γ < 1/4 such that if n ≥ 0 is an integer, z ∈ J(f) and f^n(z) /∈ B(Ω(f), θ), then diam ( Comp(z, f^n(z), f^n, 2γ) ) < β. (2.17) From now on fix also 0 < τ < θ^{−1} min{β, 2γ} so small as required in Lemma 2.4 for every ω ∈ Ω(f) and so small that for every z ∈ J(f) diam ( Comp(z, f(z), f, θτ) ) < min{β, 2γ}. (2.18) Lemma 2.10. If n ≥ 0 is an integer, η > 0, z ∈ J(f) and for every k ∈ {0, 1, . . . , n} diam ( Comp(f^k(z), f^n(z), f^{n−k}, η) ) ≤ β, then each connected component Comp(f^k(z), f^n(z), f^{n−k}, η) contains at most one critical point of f and the equivalence class of each critical point intersects at most one of these components.

Proof. The first part is obvious by the choice of β. In order to prove the second part suppose that

c_1 ∈ Crit(f) ∩ Comp(f^{k1} (z), f^n(z), f^{n−k1} , η), c_2 ∈ Comp(f^{k2} (z), f^n(z), f^{n−k2} , η) and c_1 ∼ c_2, where 0 ≤ k_1 < k_2 ≤ n. But then f^{k2−k1} (c_2) = f^{k2−k1} (c_1) ∈ Comp(f^{k2} (z), f^n(z), f^{n−k2} , η) and therefore |f^{k2−k1} (c_2) − c_1| < β, contrary to the choice of β.

Let κ = ( Π_{c∈Crit(f)∩R}q(c) )_{−1} . We shall prove the following.

Lemma 2.11. If z ∈ J(f), f^n(z) /∈ B(Ω(f), θ), then Mod ( Comp(z, f^n(z), f^n, 2γ) \ Comp(z, f^n(z), f^n, γ) ) ≥ κ log 2/#(Crit(f) ∩ R) Proof. By Lemma 2.10 there exists a geometric annulus R ⊂ B(f^n(z), 2γ) \ B(f^n(z), γ) centered at f^n(z) of modulus log 2/#(Crit(f)∩R) such that f^{−n}(R)∩Comp(z, f^n(z), f^n, 2γ)∩ Crit(f^n)) = ∅. Since covering maps increase moduli of annuli at most by factors equal to their degrees, we conclude that Mod ( Comp(z, f^n(z), f^n, 2γ) \ Comp(z, f^n(z), f^n, γ) ) ≥ Mod(R_n) ≥ ( log 2/#(Crit(f) ∩ R) ) /Π_{c∈Crit(f)∩R}q(c) = κ log 2 #(Crit(f) ∩ R) , where R_n ⊂ Comp(z, f^n(z), f^n, 2γ) is the connected component of f^{−n}(B(f^n(z), 2γ)) enclosing Comp(z, f^n(z), f^n, γ).

As an immediate consequence of this lemma and Koebe’s Distortion Theorem, II (Euclidean version) we get the following.

Lemma 2.12. Suppose that z ∈ J(f) and f^n(z) /∈ B(Ω(f), θ). If 0 ≤ k ≤ n and f^k : Comp(z, f^n(z), f^n, 2γ) → Comp(f^k(z), f^n(z), f^{n−k}, 2γ) is univalent, then |(f^k)^′(y)| |(f^k)^′(x)|

≤ const

for all x, y ∈ Comp(z, f^n(z), f^n, γ), where const is a number depending only on #(Crit(f)∩R) and κ.

For A, B, any two subsets of a metric space put dist(A, B) = inf{dist(a, b) : a ∈ A, b ∈ B} and Dist(A, B) = sup{dist(a, b) : a ∈ A, b ∈ B}. We shall prove the following.

Lemma 2.13. Suppose that z ∈ J(f) and f^n(z) /∈ B(Ω(f), θ). Suppose also that Q^{(1)} ⊂ Q^{(2)} ⊂ B(f^n(z), γ) are connected sets. If Q^{(2)}_n is a connected component of f^{−n}(Q^{(2)}) contained in Comp(z, f^n(z), f^n, γ^′) and Q^{(1)}_n is a connected component of f^{−n}(Q^{(1)}) contained in Q^{(2)}_n , then diam ( Q^{(1)}_n ) diam ( Q^{(2)}n ) ⪰ diam ( Q^{(1)} ) diam ( Q^{(2)} ). Proof. Let 1 ≤ n_1 ≤ . . . ≤ n_u ≤ n be all the integers k between 1 and n such that Crit(f) ∩ Comp(f^{n−k}(z), f^n(z), f^k, 2γ) ≠ ∅.

Fix 1 ≤ i ≤ u. If j ∈ [n_i, n_{i+1} − 1] (we set n_{u+1} = n − 1), then by Lemma 2.11 there exists a universal constant T > 0 such that diam ( Q^{(1)}_j ) diam ( Q^{(2)}_j ) ≥ T diam ( Q^{(1)}_{ni} ) diam ( Q^{(2)}n_i

) (2.19)

Since, in view of Lemma 2.10, u ≤ #(Crit(f) ∩ R), in order to conclude the proof is therefore enough to show the existence of a universal constant E > 0 such that for every 1 ≤ i ≤ u − 1. diam ( Q^{(1)}_{ni+1} ) diam ( Q^{(2)}n_{i+1} ) ≥ E diam ( Q^{(1)}_{ni} ) diam ( Q^{(2)}n_i ).

And indeed, let c be the critical point contained in Comp(f^{n−ni+1} (z), f^n(z), f^{ni+1} , 2γ) and let q denote its order. Since both sets Q^{(2)}_{ni+1} and Q^{(1)}_{ni+1} are connected, we get for i = 1, 2 that diam ( Q^{(i)}_{ni+1−1} ) ≍ diam ( Q^{(i)}_{ni+1} ) sup{|f^′(x)| : x ∈ Q^{(i)}_{ni+1} } ≍ diam ( Q^{(i)}_{ni+1} ) Dist(c, Q^{(i)}_{ni+1} ).

Hence, using (2.19), we obtain diam ( Q^{(1)}_{ni+1} ) diam ( Q^{(2)}n_{i+1} ) ≍ diam ( Q^{(1)}_{ni+1−1} ) diam ( Q^{(2)}_{ni+1−1} ) · Dist(c, Q^{(2)}_{ni+1} ) Dist(c, Q^{(1)}n_{i+1} ) ≥ diam ( Q^{(1)}_{ni+1−1} ) diam ( Q^{(2)}_{ni+1−1} )

≥ T diam ( Q^{(1)}_{ni} ) diam ( Q^{(2)}n_i ). We are done.

2.4. Partial order in Crit(J(f)) and stratifications of closed forward-invariant subsets of J(f). We put Crit(J(f)) = Crit(f) ∩ J(f).

We start with the following.

Lemma 2.14. The set ω(Crit(J(f))) is nowhere dense in J(f).

Proof. Suppose that the interior (relative to J(f)) of ω(Crit(J(f))) is nonempty. Then there exists c ∈ Crit(J(f)) such that ω(c) has nonempty interior. But then there would exist n ≥ 0 such that f^n(ω(c)) = J(f) and consequently ω(c) = J(f). This however is a contradiction as c /∈ ω(c).

Now we introduce in Crit(J(f)) a relation < which, in view of Lemma 2.15 below, is an ordering relation, by putting c_1 < c_2 ⇐⇒ c_1 ∈ ω(c_2). (2.20) Since c_2 ∼ c_3 implies ω(c_2) = ω(c_3), then if c_1 < c_2 and c_2 ∼ c_3, then c_1 < c_3

Lemma 2.15. If c_1 < c_2 and c_2 < c_3, then c_1 < c_3.

Proof. Indeed, we have c_1 ∈ ω(c_2) ⊂ ω(c_3).

Lemma 2.16. There is no infinite, linear subset of the partially ordered set (Crit(J(f)), <)

Proof. Indeed, suppose on the contrary that c_1 < c_2 < . . . is an infinite, linearly ordered subset of Crit(J(f)). Since the number of equivalency classes of relation ∼ is equal to #(Crit(J(f)) ∩ R) which is finite, there exist two numbers 1 ≤ i < j such that ω(c_i) = ω(c_j). But this implies that c_i ∈ ω(c_j) = ω(c_i) and we get a contradiction. The proof is finished.

The following observation is a reformulation of the condition that J(f) contains no recurrent critical points.

Lemma 2.17. If c ∈ Crit(J(f)), then it is not the case that c < c.

Define now inductively a sequence {Cr_i(f)} of subsets of Crit(J(f)) by setting Cr_0(f) = ∅ and Cr_{i+1}(f) = c ∈ Crit(J(f)) \ i⋃ j=0 Cr_j(f) : if c^′ < c, then c^′ ∈ Cr_0(f) ∪ . . . ∪ Cr_i(f) (2.21) Lemma 2.18. We have

(a) If c ∈ Cr_i(f) and c^′ ∼ c, then c^′ ∈ Cr_i(f). (b) The sets {Cr_i(f)} are mutually disjoint. (c) ∃_{p≥1} ∀_{i≥p+1} Cr_i(f) = ∅ (d) Cr_0(f) ∪ . . . ∪ Cr_p(f) = Crit(J(f)) (e) Cr_1(f) ≠ ∅ Proof. The part (a) follows immediately from the definition of the sets Cr_i and the fact that two equivalent points have the same ω-limit sets. By definition Cr_{i+1}(f) ∩ ⋃_i j=1 Cr_j(f) = ∅, so disjointness in (b) is clear. As the number of equivalency classes of the relation ∼ is equal to #(Crit(J(f)) ∩ R which is finite, (a) and (b) imply (c). Take p to be the minimal number satisfying (c) and suppose that c ∈ Crit(J(f)) \ ⋃_p j=1 Cr_j (f). Since Cr_{p+1}(f) = ∅, there exists c^′ /∈ ⋃_p j=1 Cr_j(f) such that c^′ < c. Iterating this procedure we would obtain an infinite sequence of critical points c_1 = c > c_2 = c^′ > c_3 > . . . . But this contradicts Lemma 2.16 proving (d). Now part (e) follows from (c) and (2.21).

As an immediate consequence of the definition of the sequence {Cr_i(f)} we get the following simple lemma.

Lemma 2.19. If c, c^′ ∈ Cr_i(f), then it is not the case that c < c^′.

For every point z ∈ J(f) define the set Crit(z) = {c ∈ Crit(J(f)) : c ∈ ω(z)} We shall prove the following.

Lemma 2.20. If z ∈ J(f) \ I_∞(f), then either z ∈ ⋃ n≥0 f^{−n}(Ω(f)) or ω(z) \ {∞} is not contained in O_+(f(Crit(z)) ∪ Ω(f).

Proof. Suppose that z /∈ ⋃ n≥0 f^{−n}(Ω(f)) ∪ I_∞(f). Then by (2.10) the set ω(z) \ {∞} is not contained in Ω(f). So, if we suppose that ω(z) \ {∞} ⊂ O_+(f(Crit(z)) ∪ Ω(f), (2.22) then, as ω(z) \ {∞} ≠ ∅, we conclude that Crit(z) ≠ ∅. Let c_1 ∈ Crit(z). It means that c_1 ∈ ω(z) and as c_1 /∈ Ω(f), it follows from (2.22) that there exists c_2 ∈ Crit(z) such that either c_1 ∈ ω(c_2) or c_1 = f^{n1} (c_2) for some n_1 ≥ 1. Iterating this procedure we obtain an infinite sequence {c_j}^∞_{j=1} such that for every j ≥ 1 either c_j ∈ ω(c_{j+1}) or c_j = f^{nj} (c_{j+1}) for some n_j ≥ 1. Consider an arbitrary block c_k, c_{k+1}, . . . , c_l such that c_j = f^{nj} (c_{j+1}) for every k ≤ j ≤ l − 1 and suppose that l − (k − 1) ≥ #(Crit(f) ∩ R). Then there are two indexes k ≤ a < b ≤ l such that c_a ∼ c_b. Then f^{na+na+1+...+nb−1} (c_a) = f^{na+na+1+...+nb−1} (c_b) = c_a and consequently, as n_a + n_{a+1} + . . . + n_{b−1} ≥ b − a ≥ 1, c_a is a super-attracting periodic point of f. Since c_a ∈ J(f), this is a contradiction, and in consequence the length of the block c_k, c_{k+1}, . . . , c_l is bounded above by #(Crit(f) ∩ R). Hence, there exists an infinite subsequence {n_k}_{k≥1} such that c_{nk} ∈ ω(c_{nk+1}) for every k ≥ 1 or equivalently c_{nk} < c_{nk+1} for every k ≥ 1. This however contradicts Lemma 2.16 and we are done.

Recall that the integer p was defined in Lemma 2.18. Define now for every i = 0, 1, . . . , p S_i(f) = Cr_0(f) ∪ . . . ∪ Cr_i(f) (2.23) and for every i = 0, 1, . . . , p − 1 consider c^′ ∈ ⋃ c∈Cr_{i+1}(f) ω(c) ∩ Crit(J(f)). Then there exists

c ∈ Cr_{i+1}(f) such that c^′ ∈ ω(c) which equivalently means that c^′ < c. Thus, by (2.21) we get c^′ ∈ S_i(f). So ⋃ c∈Cr_{i+1}(f) ω(c) ∩ (Crit(J(f)) \ S_i(f)) = ∅ (2.24)

Therefore, since the set ⋃ c∈Cr_{i+1}(f) ω(c) ⊂ CI is compact and Crit(J(f)) \ Si(f) has no accu-

mulation point in CI, δ_i = dist ( ⋃ c∈Cr_{i+1}(f) ω(c), Crit(J(f)) \ S_i(f) ) > 0 (2.25) Set ρ = min{δ_i/2 : i = 0, 1, . . . , p − 1}. Fix a closed forward-invariant subset E of J(f) and for every i = 0, 1, . . . , p define E_i(f) = {z ∈ E : dist ( O_+(z), Crit(J(f)) \ S_i(f) ) ≥ ρ}. Let us now prove the following two lemmas concerning the sets E_i(f).

Lemma 2.21. E_0 ⊂ E_1 ⊂ . . . ⊂ E_p = E.

Proof. Since S_{i+1}(f) ⊃ S_i(f), the inclusions E_i ⊂ E_{i+1} is obvious. Since S_p(f) = Crit(J(f)), it holds E_p = E. We are done. Let PC(f) = O_+(Crit(J(f)))

We shall prove the following.

Lemma 2.22. There exists l = l(f) such that for every i = 0, 1, . . . , p − 1 ⋃ c∈Cr_{i+1}(f) ω(c) ⊂ O_+(f^l(Cr_{i+1}(f))) ⊂ PC(f)_i

Proof. The left-hand inclusion is obvious regardless whatever l(f) is. In order to prove the right-hand one fix i ∈ {0, 1, . . . , p − 1}. By the definition of ω-limit sets there exists l_i ≥ 1 such that for every c ∈ Cr_{i+1}(f) we have dist ( O_+(f^{li} (c)), ⋃ c∈Cr_{i+1}(f) ω(c) ) < δ_i/2. Thus, by (2.25), dist ( O_+(f^{li} (c)), Crit(J(f)) \ S_i(f) ) > δ_i/2. Since ρ ≤ δ_i/2 and since for every z ∈ O_+(f^{li} (c)) also O_+(z) ⊂ O_+(f^{li} (c)), we therefore get O_+(f^l(Cr_{i+1}(f))) ⊂ PC(f)_i. So, putting l(f) = max{l_i : i = 0, 1, . . . , p − 1} the proof is completed.

2.5. Holomorphic inverse branches. In this section we prove the existence of suitable holomorphic inverse branches-our basic tools in the next section. Set

Sing^−(f) = ⋃ n≥0 f^{−n} ( Ω(f) ∪ Crit(J(f)) ∪ f^{−1}(∞) ) and I_−(f) = ⋃ n≥1 f^{−n}(∞). We start with the following.

Proposition 2.23. If z ∈ J(f) \ Sing^−(f), then there exist a positive number η(z), an increasing sequence of positive integers {n_j}_{j≥1}, and a point x = x(z) ∈ ω(z) \ (Ω(f) ∪ ω(Crit(z))) such that x ≠ ∞ if z /∈ I_∞(f), lim_{j→∞} f^{nj} (z) = x and Comp(z, f^{nj} (z), f^{nj} , η(z)) ∩ Crit(f^{nj} ) = ∅ for every j ≥ 0.

Proof. Suppose first that z ∈ I_∞(f)\Sing^−(f). Since O_+(f(Crit(f))) is a compact subset of CI, we conclude that for all n large enough dist(f^n(z), O_+(f(Crit(f)))) ≥ 1. We are therefore done taking x = ∞ and η(z) = 1. So, suppose that z /∈ I_∞(f). This means that ω(z)\{∞} ≠ ∅. Suppose that ω(z) \ {∞} is unbounded. Since O_+(f(Crit(f))) is a compact subset of CI, there thus exists x ∈ ω(z) \ {∞} such that dist(x, O_+(f(Crit(f)))) ≥ 2 and we are done fixing a sequence {n_j}^∞_{j=1} such |f^{nj} (z)−x| ≤ 1 and taking η(z) = 1. So, assume that ω(z) = F ∪{∞} where F ⊂ CI is a compact set. Then F ∩f^{−1}(∞) ≠ ∅ and so we can fix x ∈ F ∩f^{−1}(∞). Again, since O_+(f(Crit(f))) is a compact subset of CI and since f ( O_+(f(Crit(f))) ) ⊂ O_+(f(Crit(f))), we see that x /∈ O_+(f(Crit(f))) and we are done taking η(z) =^1_2 dist(x, O_+(f(Crit(f)))). So suppose finally that ω(z) is a compact subset of CI. In view of Lemma 2.20 there exists x ∈ ω(z) \ (Ω(f) ∪ O_+(f(Crit(z)) ∪ {∞}). The number η =^1_2 dist(x, Ω(f) ∪ O_+(f(Crit(z))) is positive since ω(Crit(z)) is a compact subset of CI and Ω(f) is finite. Then there exists an infinite increasing sequence {m_j }_{j≥1} such that lim_{j→∞} f^{mj} (z) = x (2.26) and B(f^{mj} (z), η) ∩ ⋃ n≥1 f^n(Crit(z)) = ∅. (2.27)

Now we claim that there exists η(z) such that for every j ≥ 1 large enough Comp(z, f^{mj} (z), f^{mj} , η(z)) ∩ Crit(f^{mj} ) = ∅. (2.28) Otherwise we would find an increasing to infinity subsequence {m_{ji} } of {m_j } and a decreasing to zero sequence of positive numbers η_i such that η_i < η and Comp(z, f^{mji} (z), f^{mji} , η_i) ∩ Crit(f^{mji} ) ≠ ∅ Let c̃_i ∈ Comp(z, f^{mj}i (z), f^{mj}i , η_i) ∩ Crit(f^{mj}i ). Then there exists c_i ∈ Crit(f) such that f^{pi} (c̃_i) = c_i for some 0 ≤ p_i ≤ m_{ji} − 1. Since the set f^{−1}(x) is at a positive distance from Ω(f) and since η_i → 0, it follows from Theorem 2.7 that lim_{i→∞} c̃_i = z. Since z /∈ ⋃ n≥0 f^{−n}(Crit(f)), it implies that lim_{i→∞} p_i = ∞. But then using Theorem 2.7 again and the formula f^{pi} (c̃_i) = c_i we conclude that the set of all accumulation points of the sequence {c_i} is contained in ω(z). Hence, passing to a subsequence, we may assume that the limit c = lim_{i→∞} c_i exists. But since c ∈ ω(z), since ω(z) is a compact subset of CI and since ∞ is the only accumulation point of Crit(f), we conclude that the sequence c_i is eventually constant. Thus, dropping some finite number of initial terms, we may assume that this sequence is constant. This means that c_i = c for all i = 1, 2, . . . . Since c = f^{pi} (c̃_i), we get |f^{mji} (z) − f^{mji −pi} (c)| = |f^{mji} (z) − f^{mji} (c̃_i)| < η_i. Since lim_{i→∞} η_i = 0 and since ω(z) is a compact subset of CI, we conclude that lim_{i→∞} |f^{mj}i (z)− f^{mj}i^{−pi} (c)| = 0. Since c ∈ Crit(z), in view of (2.27) this implies that m_{ji} − p_i ≤ 0 for all i large enough. So, we get a contradiction as 0 ≤ p_i ≤ m_{ji} − 1 and (2.28) is proved. We are done.

It is well-known in meromorphic dynamics that if z ∈ J(f) \ (Sing^−(f) ∪ I_∞(f)), then the limit points of the normal family f^{−nj}_z : B(x(z), η(z)/2) → CI consist only of constant functions. Therefore we get the following.

Corollary 2.24. If z ∈ J(f) \ (Sing^−(f) ∪ I_∞(f)) and the sequence {n_j}^∞_{j=1} is taken from Proposition 2.23, then lim sup n→∞ |(f^n)^∗(z)| = lim sup_{n→∞} |(f^n)^′(z)| = lim_{n→∞} |(f^{nj} )^′(z)| = +∞.

In addition, if we assume only that z ∈ J(f) \ Sing^−(f), then lim sup n→∞ |(f^n)^′(z)| = ∞. 3. Conformal Measures In this section we deal in detail with the existence, uniqueness and some geometrical properties of conformal measures. We start with the subsection describing some basic facts from the geometric measure theory.

3.1. Preliminaries from Geometric Measure Theory. Given a subset A of a metric space (X, d), a countable family {B(x_i, r_i)}^∞_{i=1} of open balls centered at the set A is said to be a packing of A if and only if for any pair i ≠ j d(x_i, x_j ) > r_i + r_j .

Given t ≥ 0, the t-dimensional outer Hausdorff measure H^t(A) of the set A is defined as

H^t(A) = sup_{ϵ>0} inf {^∞∑ i=1 r^t_i }

where infimum is taken over all covers {B(x_i, r_i)}^∞_{i=1} of the set A by open balls centered at A with radii which do not exceed ϵ.

The t-dimensional outer packing measure Π^t(A) of the set A is defined as Π^t(A) = inf_{∪Ai=A} {∑ i Π^t_∗(A_i) }

(A_i are arbitrary subsets of A), where

Π^t_∗(A) = sup_{ϵ>0} sup {^∞∑ i=1 r^t_i } . Here the second supremum is taken over all packings {B(x_i, r_i)}^∞_{i=1} of the set A by open balls centered at A with radii which do not exceed ϵ. These two outer measures define countable additive measures on Borel σ-algebra of X.

The definition of the Hausdorff dimension HD(A) of the set A is the following HD(A) = inf{t : H^t(A) = 0} = sup{t : H^t(A) = ∞}.

Let ν be a Borel probability measure on X which is positive on open sets. Define the function ρ = ρ_t(ν) : X × (0, ∞) → (0, ∞) by ρ(x, r) = ν(B(x, r)) r^t

The following two theorems (see [DU5]) are for our aims the key facts from geometric measure theory. Their proofs are an easy consequence of Besicovič covering theorem (see [G]).

Theorem 3.1. Let X = IR^n for some n ≥ 1. Then there exists a constant b(n) depending only on n with the following properties. If A is a Borel subset of IR^n and C > 0 is a positive constant such that

(1) for all (but countably many) x ∈ A

lim sup r→0 ρ(x, r) ≥ C^{−1}, then for every Borel subset E ⊂ A we have H^t(E) ≤ b(n)Cν(E) and, in particular, H^t(A) < ∞. or (2) for all x ∈ A lim sup r→0 ρ(x, r) ≤ C^{−1}, then for every Borel subset E ⊂ A we have H^t(E) ≥ Cν(E).

Theorem 3.2. Let X = IR^n for some n ≥ 1. Then there exists a constant b(n) depending only on n with the following properties. If A is a Borel subset of IR^n and C > 0 is a positive constant such that

(1) for all x ∈ A lim inf r→0 ρ(x, r) ≤ C^{−1}, then for every Borel subset E ⊂ A we have Π^t(E) ≥ Cb(n)^{−1}ν(E), or (2) for all x ∈ A lim inf r→0 ρ(x, r) ≥ C^{−1}, then Π^t(E) ≤ Cν(E) and, consequently, Π^t(A) < ∞.

(1’) If ν is non–atomic then (1) holds under the weaker assumption that the hypothesis of part (1) is satisfied on the complement of a countable set.

3.2. Support of Conformal Measure. From now on throughout this section and the entire paper we set h = HD(J(f)).

We begin with the following.

Lemma 3.3. If m is a t-conformal measure for f : J(f) → J(f) ∪ {∞}, then t ≥ HD(J(f)) and H^t|_{J(f)} is absolutely continuous with respect to m.

Proof. Fix z ∈ J(f) \ (Sing^−(f) ∪ I_∞(f)). Let η(z) > 0, x ∈ ω(z) \ {∞} and the sequence {n_j}_{j≥1} be taken from Proposition 2.23. It then follows from this proposition and Koebe’s Distortion Theorem, I(spherical version) that f^{−nj}_z (B(f^{nj} (z), η(z)/2)) ≍ B(z, |(f^{nj} )^∗(z)|^{−1}η(z)/2). Applying again this Koebe’s Distortion Theorem and conformality of the measure m, we get for all j ≥ 1 large enough m(B(z, |(f^{nj} )^′(z)|^{−1}η(z)/2)) ≍ |(f^{nj} )^∗(z)|^{−t}m(B(f^{nj} (z), η(z)/2)) ⪰ |(f^{nj} )^∗(z)|^{−t}m(B(x, η(z)/4)) ≍ |(f^{nj} )^′(z)|^{−t}m(B(x, η(z)/4)) = (2η(z)^{−1})^tm(B(x, η(z)/4)) ( |(f^{nj} )^′(z)|^{−1}η(z)/2) )_t , where the second comparability sign depends on |z| and holds for all j ≥ 1 large enough so that f^{nj} (z) is sufficiently close to x. In particular

lim sup r→0 m(B(z, r)) r^t ≥ R(z) > 0, where R(z) = (2η(z)^{−1})^tm(B(x, η(z)/4)). Therefore, putting X_k = {z ∈ J(f) \ (Sing^−(f) ∪ I_∞(f))) : |z| ≤ k and R(z) ≥ 1/k} we have ⋃_∞ k≥1 X_k = J(f)\(Sing^−(f)∪I_∞(f)), and in view of Theorem 3.1(1), dH^t/dm ≤ b(2)k on X_k. In particular H^t ≪ m on J(f) \ (Sing^−(f) ∪ I_∞(f)). Hence HD ( J(f) \ (Sing^−(f) ∪ I_∞(f)) ) ≤ t. By Theorem 1 and Theorem 2 in [15]), HD(J(f)) > HD(I_∞(f)). Of course HD(Sing^−(f)) = 0 as Sing^−(f) is a countable set. Thus HD(J(f)) = HD ( J(f) \ (Sing^−(f) ∪ I_∞(f)) ) ≤ t and H^t ≪ m on J(f).

We will need in the sequel the following result which is interesting itself.

Lemma 3.4. If m is a t-conformal measure for f : CI → CI, then m(I_∞(f) \ I_−(f)) = 0. Even more, there exists R > 0 such that m({z : lim inf_{n→∞} |f^n(z)| > R}) = 0. Proof. Let b be a pole of f : CI → CI. We shall obtain first an upper estimate on m(B_b(R)) similar to the second inequality in (2.4). And indeed, covering B_R \ {∞} by two simply connected domains

B^+_R = {z ∈ B_R \ {∞} : Imz > 0} and B^1_R = {z ∈ B_R \ {∞} : Imz < 1} we obtain m(B_b(R) \ {b}) ≤ q_b∑ j=1 ∫ B^+_R |(f^{−1}_{b,B}+_{R ,j})^∗|^tdm + q_b∑ j=1 ∫ B^1_R |(f^{−1}_{b,B}−_{R ,j} )^∗|^tdm. Using now (2.3), we obtain ∫ B^+_R |(f^{−1}_{b,B}+_{R ,j})^∗|^tdm ≍ ∫ B^+_R ( 1 1 + |b|^2 |z|^{qb−1q}b )_t dm(z) = 1 (1 + |b|^2)^t ∫ B^+_R |z|^{qb−1q}b^tdm(z) ≤ (1 + |b|^2)^{−t} ∫ B^+_R |z|^{q−1q t}dm(z). Looking at the first line of this formula with a pole b of maximal multiplicity, we see that the integral ∫ B^+_R |z| q−1 q tdm(z) is finite and even more: lim_{R→∞} ∫ B^+_R |z|^{q−1q t}dm(z) = 0. (3.1) Similarly, the integral ∫ B^1_R |z| q−1 q tdm(z) is finite and it also converges to 0 as R → ∞. Putting

Σ_R = max {∫ B^+_R |z|^{q−1q t}dm(z), ∫ B^1_R |z|^{q−1q t}dm(z) }

we therefore conclude that m(B_b(R) \ {b}) ≤ 2qΣ_R(1 + |b|^2)^{−t} ≤ 2qΣ_R|b|^{−2t}. (3.2) Now the argument goes essentially in the same way as in [15]. We present it here for the sake of completeness. We take R_2 ≥ R_1 defined in Section 2.1 so large that LR^{− 1q}b < R_0 (3.3) for all poles b ∈ B_{R2} and all R ≥ R_2. Given two poles b_1, b_2 ∈ B_{2R2} we denote by f^{−1}_{b2,b1,j} : B(b_1, R_0) → CI all the holomorphic inverse branches f^{−1}_{b2,B(b1,R0),j}. It follows from (2.4) and (3.3) that f^{−1}_{b2,b1,j} ( B(b_1, R_0) ) ⊂ B_{b2} (2R_2 − R_0) ⊂ B_{b2} (R_2) ⊂ B(b_2, R_0) (3.4) Set I_R(f) = {z ∈ CI : ∀_{n≥0}|f^n(z)| > R}. Since the series ∑ b∈f^{−1}(∞)\{0} |b| −s converges for all s > 2 and since by Lemma 3.3 and Theorem 3 from [15], t ≥ h >^{2q}_{q+1} there exists R_3 ≥ R_2 such that qM^t ∑ b∈B_{R3} ∩f^{−1}(∞) |b|^{− q+1q t} ≤ 1/2. (3.5) Consider R ≥ 4R_3. Put I = f^{−1}(∞) ∩ B_{(R/2)}

Since R/2 + R_0 ≤ R/2 + R_3 < R/2 + R/2 = R, it follows from (3.4), (2.4) and (3.3) that for every l ≥ 1 the family W_l defined as { f^{−1}_{bl,bl−1,jl} ∘ f^{−1}_{bl−1,bl−2,jl−1} ∘ . . . ∘ f^{−1}_{b2,b1,j2} ∘ f^{−1}_{b1,b0,j1} ( B_{b0} (R/2) \ f^{−1}(∞) )} , where b_i ∈ I : 1 ≤ j_i ≤ q_{bi} , i = 0, 1, . . . , l, is well-defined and covers I_R(f). Applying (2.3) and (2.4) we may now estimate as follows. m(I_R(f)) ≤ ≤ ∑ b_l∈I q_{bl}∑

j_l=1 . . . ∑ b_1∈I q_{b1}∑

j_1=1 ∑ b_0∈I m ( f^{−1}_{bl,bl−1,jl} ∘ f^{−1}_{bl−1,bl−2,jl−1} ∘ . . . ∘ f^{−1}_{b2,b1,j2} ∘ f^{−1}_{b1,b0,j1} ( B_{b0} (R/2) ))

≤ ∑ b_l∈I q_{bl}∑

j_l=1 . . . ∑ b_1∈I q_{b1}∑

j_1=1 ∑ b_0∈I || ( f^{−1}_{bl,bl−1,jl} ∘ f^{−1}_{bl−1,bl−2,jl−1} ∘ . . . ∘ f^{−1}_{b2,b1,j2} ∘ f^{−1}_{b1,b0,j1} )_∗ |_{Bb0 (R/2)}||^t_∞m ( B_{b0} (R/2) )

≤ ∑ b_l∈I q_{bl}∑

j_l=1 . . . ∑ b_1∈I q_{b1}∑

j_1=1 ∑ b_0∈I M^{lt} |b_{l−1}| qb l −1 qb l |b_l|^2 t · |b_{l−2}| qb l−1 −1 qb l−1 |b_{l−1}|^2 t . . . |b_0| qb 1 −1 qb 1 |b_1|^2 t (2qΣ_R)^t 1 |b_0|^{2t} = (2qΣ_R)^tM^{lt} ∑ b_l∈I q_{bl}∑

j_l=1 . . . ∑ b_1∈I q_{b1}∑

j_1=1 ∑ b_0∈I |b_l|^{−2t} ( |b_{l−1}|^{− q+1q t} . . . |b_0|^{− q+1q t} )

≤ (2qΣ_R)^tM^{lt} ∑ b_l∈I q_{bl}∑

j_l=1 . . . ∑ b_1∈I q_{b1}∑

j_1=1 ∑ b_0∈I ( |b_l|^{− q+1q t}|b_{l−1}|^{− q+1q t} . . . |b_0|^{− q+1q t} )

≤ (2qΣ_R)^tM^{lt} ∑ b∈I |b|^{− q+1q t} l q^l

≤ (2qΣ_R)^t qM^t ∑ b∈B_{R3} ∩f^{−1}(∞) |b|^{− q+1q t} l

Applying (3.5) we therefore get m(I_R(f)) ≤ (2qΣ_R)^t2^{−l}. Letting l → ∞ we therefore get m(I_R(f)) = 0. Since m ∘ f^{−1} ≪ m and since {z : lim inf_{n→∞} |f^n(z)| > R} = ⋃_∞ j=0 f^{−j}(I_R(f)), we conclude that m ( {z : lim inf_{n→∞} |f^n(z)| > R} ) = 0. We are done.

3.3. The Existence of h-Conformal Measure. Developing the general scheme from [9] we shall now prove in several steps the existence of an h-conformal measure. In order to begin we call Y ⊂ {∞} ∪ Ω(f) ∪ ⋃ n≥1 f^n(Crit(J(f))) a crossing set if Y is finite and the following four conditions are satisfied.

(y1) ∞ ∈ Y .

(y2) Y ∩ {f^n(x) : n ≥ 1} is a singleton for all x ∈ Crit(J(f)). (y3) Y ∩ Crit(f) = ∅. (y4) Ω(f) ⊂ Y .

Since f(Crit(f)) is finite, crossing sets do exist. Let V ⊂ CI be an open neighbourhood of Y such that Crit(J(f)) ∩ ∂V = ∅. (3.6) Notice that there exists a decreasing to zero sequence {r_n}^∞_{n=1} of positve radii such that the sets V of the form B_s(Y, r_n) satisfy all the above requirements. We define K(V ) = {z ∈ J(f) : f^n(z) /∈ V ∀(n ≥ 0)}. Obviously f(K(V )) ⊂ K(V ) and since f : CI → CI is continuous and V is open, we see that K(V ) is a closed subset of CI. Since in addition K(V ) ⊂ CI \ V , we conclude that K(V ) is a compact subset of CI. Fix w ∈ K(V ) and t ≥ 0. For all n ≥ 1 consider the sets

E_n = ( f|_{K(V )} )_{−n} (w) and the number c(t) = lim sup_{n→∞} 1 n log ∑ x∈E_n |(f^n)^∗(x)|^{−t}. Since the continuous map f|_{K(V )} : K(V ) → K(V ) has no critical points, all the sets E_n are (n, δ)-separated (meaning that max{|f^j(x) − f^j (y)| : 0 ≤ j ≤ n − 1} ≥ δ for all different points x, y ∈ E_n), where δ = inf_{y∈K(V )}{min{|z − x| : x, z ∈ ( f|_{K(V )} )_{−1} (y) and x ≠ z}} > 0. Therefore c(t) ≤ P ( f|_{K(V )}, −t log |f^∗| ) , (3.7) where the right-hand side of this inequality is the topological pressure (see [28], [7], [25] or [24] for its definition and an extensive amount of useful properties) of the potential −t log |f^∗| with respect to the dynamical system f|_{K(V )} : K(V ) → K(V ). Denote this pressure simply by P(f, V ). We call a Borel set A ⊂ CI special if f|_A is injective. Having in mind (3.6, Lemma 3.1 and 3.2 from [9] (comp. [8]) enlarged by the reasoning started from the second paragraph of the proof of Lemma 5.3 in [9] can now be formulated together as follows. Lemma 3.5. For every t ≥ 0 there exists a Borel probability measure m_{V,t} supported on K(V ) such that (a) m_{V,t}(f(A)) ≥ ∫ A e^{c(t)}|f^∗|^tdm_{V,t} for every special set A ⊂ CI and (b) m_{V,t}(f(A)) = ∫ A e^{c(t)}|f^∗|^tdm_{V,t} for every special set A ⊂ CI \ V .

We will need the following technical lemma.

Lemma 3.6. The function t → c(t) is continuous, c(0) > 0 and c^{−1}(0) ∩ (0, h] ≠ ∅ if V has a sufficiently small diameter.

Proof. Continuity of the function c(t) follows from the fact that 0 < inf_{K(V )}{|f^∗|} ≤ sup_{K(V )}{|f^∗|} < ∞. Since periodic points of f are dense in J(f), K(V ) ≠ ∅ for all V sufficiently small. Also if V is sufficiently small and w ∈ K(V ), then #E_n ≥ 2^n and consequently c(0) ≥ log 2 > 0. Since c(0) > 0 and since the function c(t) is continuous, in order to prove the last claim of our lemma, it suffices to show that c(t) ≤ 0 for all t ≥ h. So, suppose on the contrary that c(t) > 0 for some t ≥ h. It follows from (3.7) that

P(f, V ) > 0. (3.8)

Since the proof of Lemma 4.1 and Corollary 4.2 from [9] go word by word in our context, we conclude that the Lyapunov exponent χ_μ = ∫ log |f^∗|dμ ≥ 0 for every Borel probability f-invariant measure μ supported on K(V ). It follows from (3.8) and the variational principle for topological pressure that there exists a Borel probability f-invariant measure μ supported on K(V ) such that h_μ(f) − tχ_μ > 0. Since χ_μ ≥ 0, this implies that h_μ(f) > 0 and due to Ruelle’s inequality χ_μ > 0. Hence, applying Przytycki’s-Manne volume lemma (see [22], comp. [18]), we can write t < h_μ(f) χ_μ = HD(μ) ≤ h

and this contradiction finishes the proof. Let s(V ) = min{c^{−1}(0) ∩ (0, h]} > 0.

Combining Lemma 3.5 and Lemma 3.6 we get the following.

Lemma 3.7. There exists a Borel probability measure m_V supported on K(V ) such that (a) m_V (f(A)) ≥ ∫ A |f^∗|^{s(V )}dm_V for every special set A ⊂ CI and (b) m_V (f(A)) = ∫ A |f^∗|^{s(V )}dm_V for every special set A ⊂ CI \ V .

Fix now a descending sequence {Crit}_{n≥1} of neighbourds of Y satisfying (3.6) and such that diam_s(V_n) ≤ 1/n. Since the sequence n → s(V_n) is monotonically non-decreasing, proceeding similarly as in the proof of Lemma 5.4 from [9] (note that in the place where Lemma 3.3 from [9] is invoked, only the first inequality in (d) is needed; in particular m_Y (∞) = 0, where m_Y is an arbitrary weak accumulation point of the sequence {m_{Vn} }^∞_{n=1}, we obtained the following.

Lemma 3.8. For every s(Y ), an accumulation point of the sequence s(B_s(Y, 1/n)), s(Y ) ∈ (0, h] and there exists a Borel probability measure m_Y (an appropriate weak accumulation point of the sequence {m_{Bs(Y,1/n)}}_{n≥1}) supported on J(f) such that

(a) m_Y (f(A)) ≥ ∫ A |f^∗|^{s(Y )}dm_Y for every special set A ⊂ CI and (b) m_Y (f(A)) = ∫ A |f^∗|^{S(Y )}dm_Y for every special set A ⊂ CI \ Y .

The next fact proven in this section is provided by the following.

Lemma 3.9. For every crossing set Y , m = m_Y is an s(Y )-conformal measure for f : J(f) → J(f) ∪ {∞}, s(Y ) = h, and all atoms of m are contained in I_−(f) ∪ ⋃ n≥0 f^{−n}(Crit(J(f)).

Proof. Since we already know that m(∞) = 0 (see the paragraph proceeding Lemma 3.8) and since Y ∩ (Sing^−(f) ∪ I_∞(f)) ⊂ Ω(f) ∪ {∞}, it follows from Lemma 3.8(b) and Corollary 2.24 that m(Y \ Ω(f)) = 0. (3.9) We shall show now that m(Ω(f)) = 0. And indeed, fix ω ∈ Ω(f). Take a ≥ 1 so large that f^a(ω) = ω and (f^a)^′(ω) = 1. It then follows from (2.11) that there exist a compact set F_ω ⊂ B(ω, θ) \ {ω} and a constant C ≥ 1 such that for every k ≥ 1 and all z ∈ F_ω, we have C^{−1}k^{− p(ω)+1p(ω)} ≤ |(f^{−ak}_ω )^∗(z)| ≤ Ck^{− p(ω)+1p(ω)} (3.10) and for every n ≥ 1 there exists k_n ≥ 1 such that B(ω, 1/n) ⊂ ∞⋃ j=k_n f^{−aj}_ω (F_ω) and lim_{n→∞} k_n = ∞. (3.11)

It follows from Lemma 3.8(b), (3.10) and the fact that the family {f^{−an}_ω (F_ω)}_{n≥1} is of bounded multiplicity, that ∑ n≥1 n^{− p(ω)+1p(ω) s(Y )} < ∞. In particular^{p(ω)+1}_{p(ω)} s(Y ) > 1. Denote m|_{Vn} by m_n and s(V_n) by s_n. Since lim_{n→∞} s_n = s(Y ), we see that for every n ≥ 1 large enough, say n ≥ n_0, p(ω) + 1 p(ω) s_n > 1 + σ. for some σ > 0. It therefore follows from Lemma 3.8(a), (3.11) and (3.10) that for all n ≥ n_0 and all l ≥ 1 m_n(B(ω, 1/l)) ≤ ∞∑ j=k_l m_n ( f^{−aj}_ω (F_ω) ) ≤ C^{p(ω)+1p(ω) sn} ∞∑ j=k_l j^{− p(ω)+1p(ω) sn} ≤ C^{p(ω)+1p(ω) s(Y )} ∞∑ j=k_l j^{−(1+σ)}. Consequently m(B(ω, 1/l)) ≤ C^{p(ω)+1p(ω) s(Y )} ∞∑ j=k_l j^{−(1+σ)}. Since lim_{l→∞} k_l = ∞, we infer m(Ω(f)) = 0.

Combining this and (3.9), we see that m(Y ) = 0. Since f(Ω(f)) = Ω(f), in order to prove s(Y )-conformality of the measure m, it therefore suffices to show that m(f(Y \ Ω(f))) = 0. But if y ∈ Y \ (Ω(f) ∪ {∞}), then due to our definition of Y , y /∈ Sing^−(f) and the formula m(f(y)) = 0 immediately follows from Corollary 2.24, the formula m(f^n(f(y))) ≥ |(f^n)^∗(f(y))|^{s(Y )}m(f(y)) and inequality s(Y ) > 0 stated in Lemma 3.8. Thus the s(Y )- conformality of m is proven and in addition all the atoms of m must be contained in J(f) \ Ω. In view of Lemma 3.8 and Lemma 3.3, s(Y ) = h. Applying now Lemma 3.4 and Corollary 2.24 we see that all atoms of m must be contained in I_−(f) ∪ ⋃ n≥0 f^{−n}(Crit(J(f)). The proof is complete.

4. Hausdorff and Packing Measures

In this section H^h and Π^h denote respectively the Hausdorff and packing measures considered with respect to the spherical metric on CI. Our aim here is to prove first that the conformal measure m produced in Lemma 3.9 is atomless and then the following main result.

Theorem 4.1. Let f : CI → CI be a non-recurrent elliptic function. If h = HD(J(f)) = 2, then J(f) = CI. So suppose that h < 2. Then

(a) H^h(J(f)) = 0. (b) Π^h(J(f)) > 0.

(c) Π^h(J(f)) = ∞ if and only if Ω(f) ≠ ∅.

As an immediate consequence of this theorem we get the following.

Corollary 4.2. If Ω(f) = ∅, then the Euclidean h-dimensional packing measure Π^h_e is finite on each bounded subset of J(f).

4.1. Special Facts from the Geometric Measure Theory. We list in this subsection without proofs some more technical facts taken from Section 2, Section 3 and Section 4 of [26].

Definition 4.3. Given r > 0 and L > 0 a point x ∈ CI is said to be (r, L)-t-upper estimable if ρ(x, r) ≤ L and is said to be (r, L)-t-lower estimable if ρ(x, r) ≥ L. We will frequently abbreviate the notation writing (r, L)-t-u.e. for (r, L)-t-upper estimable and (r, L)-t-l.e. for (r, L)-t-lower estimable. We also say that the point x is t-upper estimable (t-lower estimable) if it is (r, L)-t-upper estimable ((r, L)-t-lower estimable) for some L > 0 and all r > 0 sufficiently small.

We will also need the following more technical notion.

Definition 4.4. Given r > 0, σ > 0 and L > 0 the point x ∈ X is said to be (r, σ, L)-t-strongly lower estimable, or shorter (r, σ, L)-t-s.l.e. if ν(B(y, σr)) ≥ Lr^t for every y ∈ B(x, r).

We collect now from [26] the technical facts about the notions defined above.

Lemma 4.5. If z is (r, σ, L)-t-s.l.e., then every point x ∈ B(z, r/2) is (r/2, 2σ, 2^tL)-t-s.l.e..

Lemma 4.6. If x is (r, σ, L)-t-s.l.e., then for every 0 < u ≤ 1 it is (ur, σ/u, Lu^{−t})-t-s.l.e..

Lemma 4.7. If ν is positive on nonempty open sets, then for every r > 0 there exists E(r) ≥ 1 such that every point x ∈ X is (r, E(r))-t-u.e. and (r, E(r)^{−1})-t-l.e..

Passing to conformal maps we consider now the situation where H : U_1 → U_2 is an analytic map of open subsets U_1, U_2 of the complex plane CI. We say that given t ≥ 0, the Borel measure ν finite on bounded sets of CI is a Euclidean semi t-conformal measure if and only if ν(H(A)) ≥ ∫ A |H^′|^t dν for every Borel subset A of U_1 such that H|_A is one-to-one and is called t-conformal if the “≥” sign can be replaced by an “=” sign.

Lemma 4.8. Let ν be a Euclidean semi t-conformal measure. Suppose that D ⊂ CI is an open set, z ∈ D and H : D → CI is an analytic map which has an analytic inverse H^{−1}_z defined on B(H(z), 2R) for some R > 0. Then for every 0 ≤ r ≤ R K^{−t}ν(B(z, K^{−1}r|H^′(z)|^{−1})) ≤ |H^′(z)|^{−t}ν((B(H(z), r))). If, in addition, ν is t-conformal, then also |H^′(z)|^{−t}ν((B(H(z), r))) ≤ K^tν(B(z, Kr|H^′(z)|^{−1})).

Lemma 4.9. Suppose that ν is a Euclidean t-conformal measure. If the point H(z) is (r, σ, L)- t-s.l.e., where r ≤ R/2 and σ ≤ 1, then the point z is (K^{−1}|H^′(z)|^{−1}r, K^2σ, L)-t-s.l.e..

Lemma 4.10. Suppose that ν is a Euclidean t-conformal measure. Let c be a critical point of an analytic map H : D → CI. If 0 < r ≤ R(H, c) and H(c) is (r, L)-t-l.e., then c is ((Ar)^{1/q}, A^{−2t}L)-t-l.e..

Lemma 4.11. Let c be a critical point of an analytic map H : D → CI. Let ν be a Euclidean semi t-conformal measure such that ν(c) = 0. If 0 < r ≤ R(H, c) and H(c) is (s, L)-t-u.e. for all 0 < s ≤ r, then c is ( (A^{−1}r)^{1/q}, q(2A^2)^t(2^{t/q} − 1)^{−1}L ) -t-u.e..

Note that the proof of this lemma is the same as the proof of Lemma 3.4 in [26]. The only modification is that the equality sign in the first line of the first displayed formula of this proof is to be replaced by the “≥” sign.

Lemma 4.12. Suppose that ν is a Euclidean t-conformal measure. Let c be a critical point of an analytic map H : D → CI. If 0 < r ≤^1_3 R(H, c), 0 < σ ≤ 1 and H(c) is (r, σ, L)-t-s.l.e, then c is ((A^{−1}r)^{1/q}, σ̃, L̃)-t-s.l.e, where σ̃ = (2^{q+1}KA^2σ)^{1/q} and L̃ = L min{K^{−t}, (A^2σ)^{1−qq t}}.

Notice now that if m is a semi t-conformal measure for f : J(f) → J(f) ∪ {∞}, then the measure m_e = (1 + |z|^2)^tm is Euclidean semi t-conformal, i.e. m_e(f(A)) ≥ ∫ A |f^′|^tdm_e for every Borel set A ⊂ J(f) such that f|_A is 1-to-1. If m is t-conformal, then so is m_e in the obvious sense. The measure m_e is called the Euclidean version of m. Obviously m_e is equivalent to m and is finite on bounded subsets of CI. From now on throughout the entire paper we fix a crossing set Y and we consider an open neighbourhood V ⊂ CI of Y such that the closure of V is disjoint from at least one fundamental parallelogram of f. A semi t-conformal measure m is said to be almost t-conformal if m(f(A)) = ∫ A |f^′|^tdm for every Borel set A ⊂ J(f) such that f|_A is 1-to-1 and A ∩ V = ∅. Hence for every Borel set A such that f|_A is 1-to-1 and A ∩ V = ∅ and for every w ∈ Λ, we have ∫ A |f^′|^tdm_e = m_e(f(A)) = m_e(f(A + w)) ≥ ∫ A+w |f^′|^tdm_e and the last inequality sign becomes an equality either if in addition (A + w) ∩ V = ∅ or if m is a t-conformal measure and we assume only that f|_A is 1-to-1. Since f^′ is periodic with respect to the lattice Λ, all the above statements and assumptions lead to the following.

Lemma 4.13. For every w ∈ Λ, every Borel set A ⊂ CI such that A ∩ V = ∅ and every almost t-conformal measure m m_e(A + w) ≤ m_e(A). If either in addition (A + w) ∩ V = ∅ or if m is h-conformal and we assume only that f|_A is 1-to-1, then this inequality becomes an equality. For every r > 0 there exists M(r) ∈ (0, ∞) independent of any almost t-conformal measure m such that

m_e(F ) ≤ M(r). (4.1)

for every Borel set F ⊂ CI with the diameter ≤ r. If in addition m is h-conformal, then for every R > 0 there exist constants Q(R) and Q_h(R) such that

m_e(B_e(x, r)) ≥ Q(R)r^2 ≥ Q_h(R)r^h (4.2)

for all x ∈ J(f) and all r ≥ R.

The following lemma is proven in the same way as the corresponding lemma from Section 4 of [26].

Lemma 4.14. Suppose that m_e is a Euclidean t-conformal measure. Then for every R > 0 and every 0 < σ ≤ 1 there exists L = L(ω, R, σ) > 0 such that for every 0 < r ≤ R every point ω ∈ Ω(f) is (r, σ, L)-α_t(ω)-s.l.e. with respect to the measure m_e.

4.2. Conformal Measure and Holomorphic Inverse Branches.

In this subsection we prove two technical propositions modeled on Proposition 6.3 and Proposition 6.4 from [26]. The proofs we present also follow those in [26]. However, in our context, unchanged formulations of Proposition 6.3 and Proposition 6.4 fail to be meaningful since ||f^′||_{J(f)} = +∞. The remedy, sufficient for our purposes, is to replace J(f) by an arbitrary closed forward invariant subset of J(f) on which the modulus of the derivative of f is uniformly bounded above. For the convenience of the reader and the sake of completness we check below that appropriate modifications of Proposition 6.3 and Proposition 6.4 from [26] turn out to be true. Let m be an almost t-conformal measure and let m_e be its Euclidean version. The upper estimability and strongly lower estimability will be considered in this section with respect to the measure m_e. When we speak about lower estimability we assume more, that the measure m is t-conformal. Since the number of parabolic points is finite, passing to an appropriate iteration, we assume in this and the next section without loosing generality that all parabolic points of f are simple. Consider a forward f-invariant closed subset E of CI such that ||f^′||_E := sup{|f^′(z)| : z ∈ E} < ∞. Such sets will be called f-pseudo-compact. Obviously, each f-invariant compact subset E of CI is f-pseudo-compact. Recall that θ was defined in (2.9) and that τ > 0 is so small as required in Lemma 2.3.

Proposition 4.15. Fix an f-pseudo-compact subset E of CI. Let z ∈ E, λ > 0 and let 0 < r ≤ τθ||f^′||^{−1}_E λ^{−1} be a real number. Suppose that at least one of the following two conditions is satisfied: z ∈ E \ ⋃ n≥0 f^{−n}(Crit(J(f)) or z ∈ E and r > τθ||f^′||^{−1}_E λ^{−1} inf{|(f^n)^′(z)|^{−1} : n = 1, 2, . . . }. Then there exists an integer u = u(λ, r, z) ≥ 0 such that r|(f^u)^′(z)| ≤ λ^{−1}θτ and the following four conditions are satisfied diam ( Comp(f^j(z), f^u(z), f^{u−j} , r|(f^u)^′(z)|) ) ≤ β (4.3) for every j = 0, 1, . . . , u. For every η > 0 there exists a continuous function t → B_t = B_t(λ, η) > 0, t ∈ [0, ∞), (independent of z, n, and r) and such that if f^u(z) ∈ B(ω, θ) for some ω ∈ Ω(f), then f^u(z) is (ηr|(f^u)^′(z)|, B_t) − α_t(ω)-u.e. (4.4) and there exists a function W_t = W_t(λ, η) : (0, 1] → (0, 1] (independent of z, n, and r) such that if f^u(z) ∈ B(ω, θ) for some ω ∈ Ω(f), then for every σ ∈ (0, 1] f^u(z) is (ηr|(f^u)^′(z)|, σ, W_t(σ)) − α_t(ω)-s.l.e. (4.5) If f^u(z) /∈ B(Ω(f), θ), then formulas (4.4) and (4.5) are also true with α_t(ω) replaced by t. (4.6) Proof. Suppose first that sup{λr|(f^j)^′(z)| : j ≥ 1} > θτ||f^′||^{−1}_E and let n = n(λ, z, r) ≥ 0 be a minimal integer such that λr|(f^n)^′(z)| > θτ||f^′||^{−1}_E . (4.7) Then n ≥ 1 (due to the assumption imposed on r) and also λr|(f^n)^′(z)| ≤ θτ (4.8) If f^n(z) /∈ B(Ω(f), θ) set u = u(λ, r, z) = n. The items (4.4), (4.5) and (4.6) are obvious in view of our assumptions imposed on E.

So suppose that f^n(z) ∈ B(Ω(f), θ), say f^n(z) ∈ B(ω, θ), ω ∈ Ω(f). Let 0 ≤ k = k(λ, z, r) ≤ n be the smallest integer such that f^j(z) ∈ B(Ω(f), θ) for every j = k, k + 1, . . . , n. Consider all the numbers r_i = |f^i(z) − ω||(f^i)^′(z)|^{−1} where i = k, k + 1, . . . , n. By (4.7) we have r_n = |f^n(z) − ω||(f^n)^′(z)|^{−1} ≤ θ||f^′||_Eθ^{−1}τ^{−1}λr = ||f^′||_Eτ^{−1}λr and therefore there exists a minimal k ≤ u = u(λ, r, z) ≤ n such that r_u ≤ ||f^′||_Eτ^{−1}λr. In other words |f^u(z) − ω| ≤ ||f^′||_Eτ^{−1}λr|(f^u)^′(z)| ≤ ||f^′||_Eτ^{−1}η^{−1}ληr|(f^u)^′(z)| (4.9) If sup{λr|(f^j)^′(z)| : j ≥ 1} ≤ θτ||f^′||^{−1}_E , then it follows from Corollary 2.24 that z ∈ ⋃ j≥0 f^{−j}(Ω(f)). Define then u(λ, z, r) = k(λ, z, r) to be the minimal integer j ≥ 0 such that f^j(z) ∈ Ω(f) and put ω = f^u(z). Notice that in this case formulas (4.8) and (4.9) are also satisfied. Our further considerations are valid in both cases. First note that by (4.9) we have B(f^u(z), ηr|(f^u)^′(z)|) ⊂ B(ω, (1 + ||f^′||_Eτ^{−1}η^{−1}λ)ηr|(f^u)^′(z)|) (4.10) and in view of Lemma 2.5 and (4.8) m_e ( B(f^u(z),ηr|(f^u)^′(z)|) ) ≤ ≤ C(ω, (1 + ||f^′||_Eτ^{−1}η^{−1}λ)θτηλ^{−1})(1 + ||f^′||_Eτ^{−1}η^{−1}λ)^{αt(ω)}(ηr|(f^u)^′(z)|)^{αt(ω)} So, item (4.4) is proved. Also applying (4.9), Lemma 4.14, Lemma 4.5 and 4.8) we see that the point f^u(z) is ( ||f^′||_Eτ^{−1}λr|(f^u)^′(z)|, στ||f^′||^{−1}_E ηλ^{−1}, 2^{αt(ω)}L(ω, 2||f^′||_Eθ, στ(2||f^′||_E)^{−1}ηλ^{−1}) ) − α_t(ω)-s.l.e.

So, if ||f^′||_Eτ^{−1}λ ≥ η, then by Lemma 4.6, f^u(z) is ( ηr|(f^u)^′(z)|, σ, (2||f^′||_Eτ^{−1}λη^{−1})^{αt(ω)}L(ω, 2||f^′||_Eθ, στ(2||f^′||_E)^{−1}η)λ^{−1} ) − α_t(ω)-s.l.e If instead ||f^′||_Eτ^{−1}λ ≤ η, then again it follows from (4.9), Lemma 4.14, Lemma 4.5 and (4.8) that the point f^u(z) is ( ηr|(f^u)^′(z)|, σ, 2^{αt(ω)}L(ω, 2θτλ^{−1}η, σ/2) ) − α_t(ω)-s.l.e.. So, part (4.5) is also proved.

In order to prove (4.3) suppose first that u = k. In particular this is the case if z ∈ ⋃ j≥0 f^{−j}(Ω(f)). Then Comp(f^{k−1}(z), f^k(z), f, r|(f^u)^′(z)|) ⊂ Comp(f^{k−1}(z), f^k(z), f, θτ) and by the choice of k and (2.7) we have f^{k−1}(z) /∈ B(Ω(f), θ). Therefore (4.3) follows from the choice of τ (see (2.18)) and (2.17).

If u > k (so the first case holds), then r_{u−1} > ||f^′||_Eτ^{−1}λr and by (2.17) we get

r_u = |f^u(z) − ω| |f^{u−1}(z) − ω| |f^′(f^{u−1}(z))|^{−1}r_{u−1} ≥ ‖f‖^{−1}r_{u−1} ≥ τ^{−1}λr. So, λr|(f^u)^′(z)| ≤ τ|f^u(z) − ω| and applying Lemma 2.4 and (2.7) u − k times we conclude that for every k ≤ j ≤ u diam ( Comp(f^j(z), f^u(z), f^{u−j}, λr|(f^u)^′(z)|) ) ≤ θτ < β And now for j = k − 1, k − 2, . . . , 1, 0, the same argument applies as in the case u = k.

Proposition 4.16. Fix an f-pseudo-compact subset E of CI. Let ϵ and λ be both positive numbers such that ϵ < λ min{1, τ^{−1}, θ^{−1}τ^{−1}γ}. If 0 < r < τθ||f^′||^{−1}_E λ^{−1} and z ∈ E \ Crit(J(f)), then there exists an integer s = s(λ, ϵ, r, z) ≥ 1 with the following three properties. |(f^s)^′(z)| ≠ 0. (4.11)

If = u(λ, r, z) is well-defined, then s ≤ u(λ, r, z). If either u is not defined or s < u, then there exists a critical point c ∈ Crit(f) such that |f^s(z) − c| ≤ ϵr|(f^s)^′(z)|. (4.12) In any case Comp ( z, f^s(z), f^s, (KA^2)^{−1}2^{−#(Crit(f)∩R)}ϵr|(f^s)^′(z)| ) ∩ Crit(f^s) = ∅. (4.13) Proof. Since z /∈ Crit(f) and in view of Proposition 4.15, there exists a minimal number s = s(λ, ϵ, r, z) for which at least one of the following two conditions is satisfied |f^s(z) − c| ≤ ϵr|(f^s)^′(z)| (4.14) for some c ∈ Crit(J(f)) or u(λ, r, z) is well-defined and s(λ, ϵ, r, z) = u(λ, r, z) (4.15) Since |(f^s)^′(z)| ≠ 0, the parts (4.11) and (4.12) are proved.

In order to prove (4.13) notice first that no matter which of the two numbers s is, in view of Proposition 4.15 we always have ϵr|(f^s)^′(z)| ≤ ϵλ^{−1}θτ (4.16) Let us now argue that for every 0 ≤ j ≤ s diam ( Comp(f^{s−j}(z), f^s(z), f^j , ϵr|(f^s)^′(z)|) ) ≤ β (4.17) Indeed, if s = u, it follows immediately from Proposition 4.15 and (4.3) since ϵ ≤ λ. Otherwise |f^s(z) − c| ≤ ϵr|(f^s)^′(z)| ≤ ϵλ^{−1}θτ < θ and therefore, by (2.15), f^s(z) /∈ B(Ω(f), θ). Thus (4.17) follows from (2.17).

Now by (4.17) and Lemma 2.10, there exists 0 ≤ p ≤ #(Crit(f) ∩ R), an increasing sequence of integers 1 ≤ k_1 < k_2 < . . . < k_p ≤ s and mutually distinct critical points c_1, c_2, . . . , c_p of f such that {c_l} = Comp(f^{s−kl} (z), f^s(z), f^{kl} , ϵr|(f^s)^′(z)|) ∩ Crit(f). (4.18) for every l = 1, 2, . . . , p and if j /∈ {k_1, k_2, . . . , k_p}, then Comp(f^{s−j}(z), f^s(z), f^j , ϵr|(f^s)^′(z)|) ∩ Crit(f) = ∅. (4.19) Setting k_0 = 0 we shall show by induction that for every 0 ≤ l ≤ p Comp(f^{s−kl} (z), f^s(z), f^{kl} , (KA^2)^{−1}2^{−l}ϵr|(f^s)^′(z)|) ∩ Crit(f^{kl} ) = ∅. (4.20) Indeed, for l = 0 there is nothing to prove. So, suppose that (4.20) is true for some 0 ≤ l ≤ p − 1. Then by (4.19)

Comp(f^{s−(kl+1−1)}(z), f^s(z), f^{kl+1−1}, (KA^2)^{−1}2^{−l}ϵr|(f^s)^′(z)|) ∩ Crit(f^{kl+1−1}) = ∅. So, if c_{l+1} ∈ Comp(f^{s−kl+1} (z), f^s(z), f^{kl+1} , (KA^2)^{−1}2^{−(l+1)}ϵr|(f^s)^′(z)|) then by Lemma 1.4 applied for holomorphic maps H = f, Q = f^{kl+1−1} and the radius R = (KA^2)^{−1}2^{−(l+1)}ϵr|(f^s)^′(z)| < γ we get

|f^{s−kl+1} (z) − c_{l+1}| ≤ KA^2|(f^{kl+1} )^′(f^{s−kl+1} (z))|^{−1}(KA^2)^{−1}2^{−(l+1)}ϵr|(f^s)^′(z)| = 2^{−(l+1)}ϵr|(f^{s−kl+1} (z))^′| ≤ ϵr|(f^{s−kl+1} (z))^′| which contradicts the definition of s and proves (4.20) for l + 1. In particular it follows from (4.20) that Comp(z, f^s(z), f^s, (KA^2)^{−1}2^{−#(Crit(f)∩R)}ϵr|(f^s)^′(z)|) ∩ Crit(f^s) = ∅ The proof is finished.

4.3. Hausdorff and Conformal Measure.

Let m be a Borel probability measure on CI and let m_e be its Euclidean version, i.e.^{dme}_{dm} (z) = (1 + |z|^2)^t. We will need in this and the next section the following.

Lemma 4.17. If z ∈ J(f), r_n ↘ 0 and M = lim_{n→∞} r^{−t}_n m_e(B(z, r_n)), then

lim sup n→∞ m ( B_s(z, (2(1 + |z|^2))^{−1}r_n ) ((2(1 + |z|^2))^{−1}r_n)^t ≤ 2^tM and lim inf n→∞ m ( B_s(z, 2(1 + |z|^2)^{−1}r_n ) (2(1 + |z|^2)^{−1}r_n)^t ≥ 2^{−t}M Proof. Since for every r > 0 sufficiently small B(z, 2^{−1}(1 + |z|^2)r) ⊂ B_s(z, r) ⊂ B(z, 2(1 + |z|^2)r) and since lim_{r↘0} m_e(B(z, r)) m(B(z, r)) = (1 + |z|^2)^t, we get lim sup n→∞ m ( B_s(z, (2(1 + |z|^2))^{−1}r_n ) ((2(1 + |z|^2))^{−1}r_n)^t ≤ lim_{n→∞} m(B(z, r_n)) 2^{−t}(1 + |z|^2)^{−t}r^t_n

= 2^tM and lim inf n→∞ m ( B_s(z, 2(1 + |z|^2)^{−1}r_n ) (2(1 + |z|^2)^{−1}r_n)^t ≥ lim_{n→∞} m(B(z, r_n)) 2^t(1 + |z|^2)^{−t}r^t_n = 2^{−t}M. We are done.

Our first goal is to show that the h-conformal measure m proven to exist in Lemma 3.9 is atomless and that H^h(J(f)) = 0 if h < 2. We will consider almost t-conformal measures ν with t ≥ 1. The notion of upper estimability introduced in Definition 4.3 is considered with respect to the Euclidean almost t-conformal measure ν_e. Recall that l = l(f) ≥ 1 is the integer claimed in Lemma 2.22 and put R_l(f) = inf{R(f^j, c) : c ∈ Crit(f) and 1 ≤ j ≤ l(f)} = min{R(f^j, c) : c ∈ Crit(f) ∩ R and 1 ≤ j ≤ l(f)} < ∞

(4.21) and A_l(f) = sup{A(f^j , c) : c ∈ Crit(f) and 1 ≤ j ≤ l(f)} = max{A(f^j, c) : c ∈ Crit(f) ∩ R and 1 ≤ j ≤ l(f)}

(4.22)

where the numbers R(f^j, c) and A(f^j, c) are defined just above Definition 1.1. Since O_+(f(Crit(J(f)))) is a compact f-invariant subset of CI (so disjoint from f^{−1}(∞)) and since PC(f) = O_+(Crit(J(f))) = Crit(J(f)) ∪ O_+(f(Crit(J(f)))), we have the following straightforward but useful fact.

Lemma 4.18. The set PC(f) is f-pseudo-compact.

Recall for the needs of the two next lemmas that the sequence {Cr_i(f)} was defined inductively by the formula (2.23) and the sequence S_i(f) was defined by the formula (2.23).

Since the number of equivalence classes of the relation ∼ is finite, looking at Lemma 2.22 and Lemma 4.13, the following lemma follows immediately from Lemma 4.11.

Lemma 4.19. If R^{(u)}_i > 0 is a positive constant and t → C^{(u)}_{t,i} ∈ (0, ∞), t ∈ [1, ∞), is a continuous function such that all points z ∈ PC(f)_i are (r, C^{(u)}_{t,i} )-t-u.e. with respect to any Euclidean almost t-conformal measure ν_e (with t ≥ 1) for all 0 < r ≤ R^{(u)}_i , then there exists a continuous function t → C̃^{(u)}_{t,i} > 0, t ∈ [1, ∞), such that all critical points c ∈ Cr_{i+1}(f) are (r, C̃^{(u)}_{t,i} )-t-u.e. with respect to any Euclidean almost t-conformal measure ν_e for all 0 < r ≤ A^{−1}_l R^{(u)}_i .

In the above lemma the superscript u stands for ”upper”. In the lemma below it has the same connotation. The number u is also used to denote the value of the function u(λ, r, z) defined in Proposition 4.15. This should not cause any confusion.

Lemma 4.20. If R^{(u)}_{i,1} > 0 is a positive constant and t → C^{(u)}_{t,i,1} ∈ (0, ∞), t ∈ [1, ∞), is a continuous function such that all critical points c ∈ S_i(f) are (r, C^{(u)}_{t,i,1})-t-u.e. with respect to any Euclidean almost t-conformal measure ν_e (with t ≥ 1) for all 0 < r ≤ R^{(u)}_{i,1} , then there exist a continuous function t → C̃^{(u)}_{t,i,1} > 0, s ∈ [1, ∞), and R̃^{(u)}_{i,1} > 0 such that all points z ∈ PC(f)_i are (r, C̃^{(u)}_{t,i,1})-t-u.e. with respect to any Euclidean almost t-conformal measure ν_e (with t ≥ 1) for all 0 < r ≤ R̃^{(u)}_{i,1} .

Proof. We shall show that one can take R̃^{(u)}_{i,1} = min { τθ||f^′||^{−1}_{PC(f)}λ^{−1}, R^{(u)}_{i,1} , 1 } and C̃^{(u)}_{t,i,1} = max{K^22^tC^{(u)}_{t,i,1}, K^{2t}B_s}.

Indeed, denote #(Crit(f) ∩ R) by #. Put ϵ = 2K(KA^2)2^# and then choose λ > 0 so large that ϵ < λ min { 1, τ^{−1}, θ^{−1}τ^{−1} min{γ, ρ, R^{(u)}_{i,1} /2} } . (4.23)

Consider 0 < r ≤ R̃^{(u)}_{i,1} and z ∈ PC(f)_i. If z ∈ Crit(J(f)), then z ∈ S_i(f) and we are done. Thus, we may assume that z /∈ Crit(J(f)). Let s = s(λ, ϵ, r, z). By the definition of ϵ, 2Kr|(f^s)^′(z)| = (KA^2)^{−1}2^{−#}ϵr|(f^s)^′(z)| (4.24) Suppose first that u(λ, r, z) is well defined and s = u(λ, r, z). Then by Proposition 4.15(4.4) or Proposition 4.15(4.6), applied with η = 2K, we see that the point f^s(z) is (2Kr|(f^s)^′(z)|, B_t)- t-u.e.. Using (4.24), it follows from Proposition 4.16(4.13) and Lemma 4.8 that the point z is (r, K^{2h}B_h)-h-u.e..

If either u is not defined or s < u(λ, r, z), then in view of Proposition 4.16(4.13), there exists a critical point c ∈ Crit(J(f)) such that |f^s(z) − c| ≤ ϵr|(f^s)^′(z)|. Since s ≤ u, by Proposition 4.15 and (4.23) we get 2Kr|(f^s)^′(z)| ≤ ϵr|(f^s)^′(z)| < ϵτθλ^{−1} min{ρ, R^{(u)}_{i,1} /2} (4.25) Since z ∈ PC(f)_i, it implies that c ∈ S_i(f). Therefore using (4.25), the assumptions of Lemma 4.20, and (4.24) and then applying Proposition 4.16(4.13) (remember that by Lemma 4.18 the set PC(f) is f-pseudo-compact) and Lemma 4.8, we conclude that z is (r, K^22^tC^{(u)}_{t,i,1})-t-u.e.. The proof is complete.

Recall that for any pole b of f, the number q_b denotes its multiplicity and B_b(R) is the connected component of f^{−1}(B_R) containing b.

Lemma 4.21. If b ∈ f^{−1}(∞), if ν is a Euclidean almost t-conformal measure with t >^{2qb}_{qb+1} such that ν(b) = 0, and if m is the h-conformal measure proven to exist in Lemma 3.9, then ν(B_b(R)) ⪯ R^{2− qb+1q}b^t and m_e(B(b, r)) ⪰ r^{(qb+1)h−2qb} for all 0 < r ⪯ 1.

Proof. It follows from Lemma 4.13 that m_e({z ∈ CI : R ≤ |z| < 2R}) ≍ R^2 and ν({z ∈ CI : R ≤ |z| < 2R}) ⪯ R^2 for all R > 0 large enough. It therefore follows from (2.2) that m_e ( (B_b(R) \ B_b(2R) ) ≍ R^2R^{− qb+1q}b^h. (4.26) and ν ( (B_b(R) \ B_b(2R) ) ⪯ R^2R^{− qb+1q}b^t. (4.27)

Fix now r > 0 so small that R = (r/L)^{−qb} is large enough for the formula (4.26) and (4.27) to hold. Using (2.4) and (4.27) we therefore get

ν(B_b(R)) = ν ⋃ j≥0 ( B_b(2^jR) \ B_b(2^{j+1}R) ) = ∞∑ j=0 ν ( B_b(2^jR) \ B_b(2^{j+1}R) )

⪯ ∞∑ j=0 (2^j R)^2(2^jR)^{− qb+1q}b^t = R^{2− qb+1q}b^t ∞∑ j=0 2^j ( 2−^{qb+1}_{qb} t )

= L^{qb} ( 2−^{qb+1}_{qb} t ) r^{(qb+1)t−2qb} ∞∑ j=0 2^j ( 2−^{qb+1}_{qb} t ) ≍ r^{(qb+1)t−2qb} , where the last comparability sign was written since^{qb+1}_{qb} t > 2. We are done with the first part of our lemma. Replace now in the above formula ν by m_e and t by h, which is greater than 2q_b q_b+1 due to Theorem 2.1. Since in this case the “⪯” sign can be, due to (4.26), replaced by

the comparability sign “≍”, since the first equality sign becomes “≥” (we do not rule out the possibility that m_e(b) > 0 yet), and since m_e(B(b, r)) ≥ ν(B_b(R)), we are also done in this case.

We shall prove now the following.

Lemma 4.22. The h-conformal measure m for f : J(f) → J(f) ∪ {∞} proven to exist in Lemma 3.9 is atomless.

Proof. Using the induction on i = 0, 1, . . . , p, it follows immediately from Lemma 4.20 (this lemma provides the base of induction as S_0(f) = ∅ and simultaneously contributes to the inductive step), Lemma 4.19, and Lemma 2.21 that there exists a continuous function t → C_t ∈ (0, ∞), t ∈ [1, ∞), such that if ν is an arbitrary almost t-conformal measure on J(f), then

ν_e(B(x, r)) ≤ C_tr^t (4.28)

for all x ∈ PC(f) and all r ≤ r_0 for some r_0 > 0 sufficiently small. Consider now the almost t_n-conformal measures m_n = m_{Bs(Y,1/n)} (n is assumed to be so large that B_s(Y, 1/n) ⊂ V ), where t_n = S(B_s(Y, 1/n)). Letting n → ∞ and recalling that m is a weak limit of measures m_n, formula (4.28) gives m_e(B(x, r)) ≤ C_hr^h (4.29) for all x ∈ PC(f) and all r ≤ r_0. It now follows from Lemma 4.17 that

lim sup r↘0 m(B(x, r) r^h ≤ 2^hC_h. for all x ∈ PC(f). In particular m(Crit(f)) = 0 and consequently m ⋃ n≥0 f^{−n}(Crit(f))

= 0. (4.30)

Fix now b ∈ f^{−1}(∞). Fix t ∈ (_{2qb} q_b+1 , h ) . Consider all integers n ≥ 1 so large that t_n ≥ t.

Since m_n(f^{−1}(∞)) ≤ m_n(f^{−1}(B_s(Y, 1/n)) = 0, it then follows from Lemma 4.21 that m_n(B_b(R)) ⪯ R^{2− qb+1q}b^{tn} ≤ R^{2− qb+1q}b^t. Hence m_e(b) = 0. Since m and m_e are equivalent on CI, this gives m(b) = 0. Since ⋃ n≥0 f^{−n}(b) ∩ Crit(f) = ∅, this implies that m (⋃ n≥0 f^{−n}(b) ) = 0. Invoking now (4.30) and Lemma 3.9 finishes the proof.

Denote by Tr(f) ⊂ J(f) the set of all transitive points of f, that is the set of points in J(f) such that O_+(z) = J(f).

Theorem 4.23. There exists a unique atomless t-conformal measure m for f : J(f) → J(f)∪{∞}. Then t = h, m is ergodic conservative and all other conformal measures are purely atomic, supported on Sing^−(f) with exponents larger than h. Consequently m(Tr(f)) = 1.

Proof. In view of Lemma 4.22 there exists an atomless h-conformal measure m for f : J(f) → J(f)∪{∞}. Suppose that ν is an arbitrary t-conformal measure for f and some t ≥ 0. By Lemma 3.3, t ≥ h. Fix z ∈ J(f) \ (I_∞(f) ∪ Sing^−(f)). Then in view of Proposition 2.23 there exist a point x = x(z) ∈ J(f) and an increasing sequence {n_k}^∞_{k=1} such that x(z) = lim_{k→∞} f^{nk} (z). Define for every l ≥ 1 Z_l = {z ∈ J(f) \ (I_∞(f) ∪ Sing^−(f)) : |x(z)| ≤ l and η(z) ≥ 1/l}, fix l ≥ 1 and z ∈ Z_l. Consider for k large enough the sets f^{−nk}_z (B(x,^1_{4l} )) and f^{−nk}_z (B(x,^1_{4Kl} ))), where f^{−nk}_z is the holomorphic inverse branch of f^{nk} defined on B(x,^1_{2l} ) and sending f^{nk} (z) to z. Using conformality of the measure ν along with Koebe’s distortion theorem, we easily deduce now that B(ν, l)^{−1}c|(f^{nk} )^∗(z)|^{−h} ≤ ν ( B_s(z, c|(f^{nk} )^∗(z)|^{−1}) ) ≤ B(ν, l)c|(f^{nk} )^∗(z)|^{−h} (4.31) for all k ≥ 1 large enough, where K ≥ 1 is the constant appearing in the Koebe’s distortion theorem and ascribed to the scale 1/2 and c > 0 is some constant comparable with 1. Fix now E, an arbitrary bounded Borel set contained in Z_l. Since m is regular, for every x ∈ E there exists a radius r(x) > 0he form from (4.31) such that m( ⋃ x∈E B_s(x, r(x)) \ E) < ϵ. (4.32) Now by the Besicovič theorem (see [G]) we can choose a countable subcover {B_s(x_i, r(x_i))}^∞_{i=1}, r(x_i) ≤ ϵ, from the cover {B_s(x, r(x))}_{x∈E} of E, of multiplicity bounded by some constant C ≥ 1, independent of the cover. Therefore by (4.31) and (4.32), we obtain ν(E) ≤ ∞∑ i=1 ν(B_s(x_i, r(x_i))) ≤ B(ν, l) ∞∑ i=1 r(x_i)^t ≤ B(ν, l)B(m, l) ∞∑ i=1 r(x_i)^{t−h}m(B_s(x_i, r(x_i))) ≤ B(ν, l)B(m, l)Cϵ^{t−h}m( ∞⋃ i=1 B_s(x_i, r(x_i))) ≤ CB(ν, l)B(m, l)ϵ^{t−h}(ϵ + m(E)).

(4.33)

In the case when t > h, letting ϵ ↘ 0 we obtain ν(Z_l) = 0. Since J(f) \ (I_∞(f) ∪ Sing^−(f)) = ⋃_∞ l=1 Z_l, we therefore get ν ( J(f) \ (I_∞(f) ∪ Sing^−(f)) ) = 0 which by Lemma 3.4 implies that ν(Sing^−(f)) = 1 and the last part of our theorem is proved . Suppose now that t = h. Since, in view of Lemma 3.4, ν(I_∞(f) \ I_−(f)) = m(I_∞(f)) = 0, using (4.33) and letting l ↗ ∞, we conclude that ν|_{J(f)\Sing}−_{(f)} << m|_{J(f)\Sing}−_{(f)}. Exchanging the roles of m and ν we infer that the measures ν|_{J(f)\Sing}−_{(f)} and m|_{J(f)\Sing}−_{(f)} are equivalent. Suppose that ν(Sing^−(f)) > 0. Then there exists y ∈ Crit(J(f)) ∪ Ω(f) ∪ f^{−1}(∞) such that m(y) > 0. But then ∑ ξ∈y^− |(f^{n(ξ)})^∗(ξ)|^{−h} < ∞, where y^− = ⋃ n≥0 f^{−n}(y) and for every ξ ∈ y^−, n(ξ) is the least integer n ≥ 0 such that f^n(ξ) = y. Hence,

ν_y = ∑ ξ∈y^− |(f n(ξ))∗(ξ)|−hδ ξ ∑ ξ∈y^− |(f n(ξ))∗(ξ)|−h is an h-conformal measure supported on y^− ⊂ Sing^−(f). This contradicts the proven fact that the measures ν_y|_{J(f)\Sing}−_{(f)} and m|_{J(f)\Sing}−_{(f)} are equivalent and m(J(f) \ Sing^−(f)) = 1. Thus ν and m are equivalent.

Let us now prove that any h-conformal measure ν is ergodic. Indeed, suppose to the contrary that f^{−1}(G) = G for some Borel set G ⊂ J(f) with 0 < m(G) < 1. But then the two conditional measures ν_G and ν_{J(f)\G}

ν_G(B) = ν(B ∩ G) ν(G) , ν_{J(f)\G}(B) = ν(B ∩ J(f) \ G) ν(J(f) \ G) would be h-conformal and mutually singular; a contradiction.

If now ν is again an arbitrary h-conformal measure, then by a simple computation based on the definition of conformal measures we see that the Radon-Nikodyn derivative ϕ = dν/dm is constant on grand orbits of f. Therefore by ergodicity of m we conclude that ϕ is constant m-almost everywhere. As both m and ν are probability measures, it implies that ϕ = 1 a.e., hence ν = m.

Let us show now that m is conservative. We shall prove first that every forward invariant (f(E) ⊂ E) subset E of J(f) is either of measure 0 or 1. Indeed, suppose to the contrary that 0 < m(E) < 1. Since m(I_∞(f) ∪ Sing^−(f)) = 0, it suffices to show that m(E \ (I_∞(f) ∪ Sing^−(f))) = 0.

Denote by Z the set of all points z ∈ E \ (I_∞(f) ∪ Sing^−(f))) such that

lim_{r→0} m(B(z, r) ∩ (E \ (I_∞(f) ∪ Sing^−(f)))) m(B(z, r)) = 1. (4.34)

In view of the Lebesgue density theorem (see for example Theorem 2.9.11 in [Fe]), m(Z) = m(E). Since m(E) > 0 we find at least one point z ∈ Z. Since z ∈ J(f) \ (I_∞(f) ∪ Sing^−(f)), let x ∈ J(f), η(z) > 0, and an increasing sequence {n_k}^∞_{k=1} be given by Proposition 2.23. Put δ = η(z)/8. Suppose that m(B(x, δ) \ E) = 0. By conformality of m, m(f(Y )) = 0 for all Borel sets Y such that m(Y ) = 0. Hence,

0 = m ( f^n(B(x, δ) \ E) ) ≥ m ( f^n(B(x, δ)) \ f^n(E) ) ≥ m ( f^n(B(x, δ)) \ E ) ≥ m ( f^n(B(x, δ) ) − m(E) (4.35)

for all n ≥ 0. Since J(f) = ⋃ n≥1 f^{−n}(∞), for some p ≥ 2, the image f^{p−1}(B(x, δ)) contains an open neighbourhood of ∞. Thus, it contains at least one (in fact infinitely many) copy of the fundamental parallelogram R and consequently f^p(B(x, δ)) = CI . In particular m ( f^p(B(x, δ)) ) = 1. Then (4.35) implies that 0 ≥ 1 − m(E) which is a contradiction. Consequently m(B(x, δ) \ E) > 0. Hence for every j ≥ 1 large enough, m ( B(f^{nj} (z), 2δ) \ E ) ≥ m ( B(x, δ) \ E ) > 0. Therefore, as f^{−1}(J(f) \ E) ⊂ J(f) \ E, the standard application of Koebe’s Distortion Theorem shows that

lim sup r→0 m(B(z, r) \ E) m(B(z, r)) > 0 which contradicts (4.34). Thus either m(E) = 0 or m(E) = 1.

Now conservativity is straightforward. One needs to prove that for every Borel set B ⊂ J(f) with m(B) > 0 one has m(G) = 0, where G = {x ∈ J(f) : ∑ n≥0 χ_B (f^n(x)) < +∞}.

Indeed, suppose that m(G) > 0 and for all n ≥ 0 let G_n = {x ∈ J(f) : ∑ k≥n χ_B (f^n(x)) = 0} = {x ∈ J(f) : f^k(x) /∈ B for all k ≥ n}.

Since G = ⋃ n≥0 G_n, there exists k ≥ 0 such that m(G_k) > 0. Since all the sets G_n are forward invariant we conclude that m(G_k) = 1. But on the other hand all the sets f^{−n}(B), n ≥ k, are of positive measure and are disjoint from G_k. This contradiction finishes the proof of conservativity of m. Consequently m(Tr(f)) = 1. We are done.

The proof of part (a) of Theorem 4.1. Let m be the unique h-conformal atomless measure proven to exist in Theorem 4.23. Consider an arbitrary point z ∈ Tr(f). Fix a pole b ∈ f^{−1}(∞). Since b /∈ O_+(Crit(f)), there exists γ > 0 such that B(b, γ) ∩ O_+(Crit(f)) = ∅. (4.36) Since z ∈ Tr(f), there exists an infinite increasing sequence {n_j }^∞_{j=0} such that lim_{j→∞} f^{nj} (z) = b and |f^{nj} (z) − b| < γ/4 (4.37) for every j ≥ 1. It follows from this and (4.36) that for every j ≥ 1 there exists a holomorphic inverse branch f^{−nj}z : B(f^{nj} (z), 3γ/4) → CI of f^{nj} sending f^{nj} (z) to z. Using now Koebe’s Distortion Theorem (Euclidean version) and Lemma 4.21, we conclude that m_e ( z, B ( K|(f^{nj} )^′(z)|^{−1}2|f^{nj} (z) − b| )) ≥ m_e ( B ( f^{nj} (z), 2|f^{nj} (z) − b| )) |(f^{nj} )^′(z)|^{−h} ≥ m_e ( B(b, |f^{nj} (z) − b|) ) |(f^{nj} )^′(z)|^{−h} ⪰ |f^{nj} (z) − b|^{(qb+1)h−2qb} |(f^{nj} )^′(z)|^{−h} = ( K|(f^{nj} )^′(z)|^{−1}|f^{nj} (z) − b| )_h K^{−h}|f^{nj} (z) − b|^{qb(h−2)}. Since h < 2, using (4.37), this implies that lim_{r→0}r^{−h}m_e(B(z, r)) = ∞. Hence H^h(Tr(f)) = 0 in view of Theorem 3.1. Since by Theorem 4.23 m_e(J(f) \ Tr(f)) = 0, it follows from Lemma 3.3 that H^h(J(f) \ Tr(f)) = 0. In conclusion H^h(J(f)) = 0 and the proof is complete.

Proposition 4.24. The conformal measure m is absolutely continuous with respect to the packing measure Π^h and moreover, the Radon-Nikodym derivative dm/dΠ^h is uniformly bounded away from infinity. In particular Π^h(J(f)) > 0.

Proof. Since J(f) ∩ ω ( Crit(f) \ Crit(J(f)) ) = Ω(f), we conclude from Lemma 2.14 that there exists y ∈ J(f) at a positive distance, say 8η, from O_+(Crit(f)). Fix z ∈ Tr(f). Then there exists an infinite sequence n_j ≥ 1 of increasing integers such that f^{nj} (z) ∈ B(y, η). Therefore B(f^{nj} (z), 4η) ∩ O_+(Crit(f)) = ∅ and consequently Comp(z, f^{nj} (z), f^{nj} , η/2) ∩ Crit(f^{nj} ) = ∅

Hence, it follows from Lemma 1.2 and Lemma 4.8 that

lim inf r→0 m_e(B(z, r)) r^h ≤ B for some constant B ∈ (0, ∞) and all z ∈ Tr(f). Applying Lemma 4.17 we therefore get that

lim inf r→0 m(B_s(z, r)) r^h ≤ 2^hB. Hence, by Theorem 3.2(1), the measure m|_{Tr(f)} is absolutely continuous with respect to Π^h|_{Tr(f)}. Since, by Theorem 4.23, m(J(f) \ Tr(f)) = 0, we are done.

Lemma 4.25. If Ω(f) ≠ ∅, then Π^h(J(f)) = +∞.

Proof. Fix ξ ∈ Ω. Since ⋃ n≥0 f^{−n}(ξ) is dense in J(f) and, by Lemma 2.14, ω(Crit(f)) is nowhere dense in J(f), there exist an integer s > 0, a real number η > 0, and a point y ∈ f^{−s}(ξ) \ B (⋃ n≥0 f^n(Crit(f)), η ) . Since by Theorem 2.1, h > 1, it follows from Lemma 2.5 and Lemma 4.11 (y may happen to be a critical point of f^s!) that

lim inf r→0 m_e(B(y, r)) r^h = 0. (4.38)

Consider now a transitive point z ∈ J(f), i.e. z ∈ Tr(f). Then there exists an infinite increasing sequence n_j = n_j (z) ≥ 1 of positive integers such that lim_{j→∞} |f^{nj} (z) − y| = 0 and r_j = |f^{nj} (z) − y| < η/7 for every j = 1, 2, . . . . By the choice of y, for all j ≥ 1 there exist holomorphic inverse branches f^{−nj}z : B(f^{nj} (z), 6r_j ) → CI sending f^{nj} (z) to z. So, applying Lemma 1.2 and Lemma 4.8 with R = 3r_j, we conclude from (4.38) that

lim inf r→0 m_e(B(z, r)) r^h = 0.

Applying Lemma 4.17, we conclude that the same formulas remain true with m_e replaced by m and B(z, r) by B_s(z, r). Therefore, it follows from Theorem 4.23 (m(Tr(f)) = 1) and Theorem 3.2(1) that Π^h(J(f)) = +∞. We are done.

From now on let m denote the unique atomless h-conformal measure m proven to exist in Theorem 4.23.

Recall that the numbers R_l(f) and A_l(f) have been defined by formulas (4.21) and (4.22) respectively. Since the number of equivalence classes of the relation ∼ is finite, looking at Lemma 2.22 and Lemma 4.13, the following lemma (where the superscript l indicates that we mean the “lower” estimates) follows immediately from Lemma 4.12.

Lemma 4.26. If C^{(l)}_i > 0, 0 < R^{(l)}_i ≤ R_l(f)/3, and 0 < σ ≤ 1 are three real numbers such that all points z ∈ PC(f)_i are (r, σ, C^{(l)}_i )-h-s.l.e. with respect to the measure m_e, then there exists C̃^{(l)}_i > 0 such that all critical points c ∈ Cr_{i+1}(f) are (r, σ̃, C̃^{(l)}_i )-h-s.l.e. with respect to the measure m_e for all 0 < r ≤ A_l(f)^{−1}R^{(l)}_i , where σ̃ was defined in Lemma 4.12.

Let us prove the following.

Lemma 4.27. Suppose that Ω(f) = ∅. Assume that C^{(l)}_{i,1} > 0, R^{(l)}_{i,1} > 0 and 0 < σ ≤ 1 are three real numbers such that all critical points c ∈ S_i(f) are (r, σ, C^{(l)}_{i,1} )-h-s.l.e. with respect to the measure m_e for all 0 < r ≤ R^{(l)}_{i,1}. Then there exist C̃^{(l)}_{i,1} > 0, R̃^{(l)}_{i,1} > 0 and such that all points z ∈ PC(f)_i are (r, 8K^3A^22^{#(Crit(f)∩R)}σ, C̃^{(l)}_{i,1} )-h-s.l.e. with respect to the measure m_e for all 0 < r ≤ R̃^{(l)}_{i,1}.

Proof. Recall that by Lemma 4.18 the set PC(f) is f-pseudo-compact. We shall show that this time one can take R̃^{(l)}_{i,1} = min{τθ||f^′||^{−1}_F λ^{−1}, R^{(l)}_{i,1}, 1} and C̃^{(l)}_{i,1} = (8(KA^2)2^#)^hC^{(l)}_{i,1} ,

where ||f^′|| = ||f^′||_{PC(f)i} . Indeed, denote again #(Crit(f) ∩ R) by #. Take ϵ = 4K(KA^2)2^# and then choose λ > 0 so large that ϵ < λ min { 1, τ^{−1}, θ^{−1}τ^{−1} min{γ, ρ, R^{(l)}_{i,1}/2} } . (4.39)

Consider 0 < r ≤ R̃^{(l)}_{i,1} and z ∈ PC(f)_i. If z ∈ Crit(J(f)), then z ∈ S_i(f) and we are done. Thus, we may assume that z /∈ Crit(J(f)). Let s = s(λ, ϵ, r, z). By the definition of ϵ 4Kr|(f^s)^′(z)| = (KA^2)^{−1}2^{−#}ϵr|(f^s)^′(z)|. (4.40) Suppose first that u(λ, r, z) is well defined and s = u(λ, r, z). Then by Proposition 4.15(4.5) or Proposition 4.15(4.6), applied with η = K, we see that the point f^s(z) is (Kr‖(f^s)^′(z)‖, σ/K^2, W_h(σ/K^2)) − h-s.l.e..

Using (4.40) it follows from Proposition 4.16(4.13) and Lemma 4.9 that the point z is (r, σ, W_h(σ/K^2))-h-s.l.e.. If either u is not defined or s ≤ u(λ, r, z), then in view of Proposition 4.16(4.12), there exists a critical point c ∈ Crit(f) such that |f^s(z) − c| ≤ ϵr|(f^s)^′(z)|. Since s ≤ u, by Proposition 4.15 and (4.39) we get 4Kr|(f^s)^′(z)| ≤ ϵr|(f^s)^′(z)| < ϵτθλ^{−1} min{ρ, R^{(l)}_{i,1}/2}. (4.41) Since z ∈ PC(f)_i, it implies that c ∈ S_i(f). Therefore, by the assumptions of Lemma 4.27 and by (4.41) we conclude that c is (2ϵr|(f^s)^′(z)|, σ, C^{(l)}_{i,1} )-h-s.l.e.. Consequently, in view of Lemma 4.5, the point f^s(z) is (ϵr|(f^s)^′(z)|, 2σ, 2^hC^{(l)}_{i,1} )-h-s.l.e.. So, by Lemma 4.6 this point is

(Kr|(f^s)^′(z)|, 2σϵ/K, (2ϵK^{−1})^hC^{(l)}_{i,1} ) − h-s.l.e.

Using now formula (4.40) and Proposition 4.16(4.13) it follows from Lemma 4.9 that the point z is (r, 2Kϵσ, (2ϵK^{−1})^hC^{(l)}_{i,1} )-h-s.l.e.. If z ∈ Crit(J(f)), then by the definition of PC(f)_i we see that z ∈ S_i(f) and we are done in view of the assumption of the lemma and in view of the definitions of R̃^{(l)}_{i,1} and C̃^{(l)}_{i,1} ). The proof is completed.

Lemma 4.28. If Ω(f) = ∅, then Π^h_e (F ) < ∞ for every bounded Borel set F ⊂ CI.

Proof. Recall that for any pole b of f, the number q_b denotes its multiplicity. Let q_{min} = min{q_b : b ∈ f^{−1}(∞)}.

Take κ ∈ (0, 1) so small that if z ∈ CI, then f|_{B(z,d)} is 1-to-1 for every d ≤ κdist(z, Crit(f) ∪ f^{−1}(∞)). Using induction on i = 0, 1, . . . , p, it follows immediately from Lemma 4.27 (this lemma provides the base of induction as S_0(f) = ∅ and simultaneously contributes to the inductive step), Lemma 4.26, and Lemma 2.21 that each point z ∈ PC(f) is (r, σ, G)-h-s.l.e. for some σ ∈ (0, 1), G > 0, R > 0 and all r ∈ (0, R). Without loss of generality we may assume R ∈ (0, 1) to be so small that 5R < dist(PC(f), f^{−1}(∞)) (4.42) and ξ^{−1}|z − b|^{−qb} ≤ |f(z)| ≤ ξ|z − b|^{−qb} (4.43) for all b ∈ f^{−1}(∞), all z ∈ B(b, R) and some ξ ≥ 1. Fix a point z ∈ J(f) \ Sing^−(f) and r ∈ (0, R). In view of Corollary 2.24 there exists the least n ≥ 1 such that either dist(f^n(z), PC(f)) ≤ 8(Kκ)^{−1}r|(f^n)^′(z)| or K^{−1}r|(f^n)^′(z)| ≥ 1 8 κR. There are the following three possibilities.

1^0 K^{−1}r|(f^n)^′(z)| < 1 8 κR. This in particular implies that dist(f^n(z), PC(f)) ≤ 8(Kκ)^{−1}r|(f^n)^′(z)|.

2^0 K^{−1}r|(f^n)^′(z)| ≥ 1 8 κR and dist(f^n(z), PC(f)) > 8(Kκ)^{−1}r|(f^n)^′(z)|.

3^0 K^{−1}r|(f^n)^′(z)| ≥ 1 8 κR and dist(f^n(z), PC(f)) ≤ 8(Kκ)^{−1}r|(f^n)^′(z)|.

Let us consider the case 1^0. Since 8(Kκ)^{−1}r|(f^{n−1})^′(z)| < dist(f^{n−1}(z), PC(f)), (4.44) we get 8K^{−1}r|(f^{n−1})^′(z)| < κdist(f^{n−1}(z), Crit(f)). (4.45) Suppose now that 8K^{−1}r|(f^{n−1})^′(z)| ≥ κdist(f^{n−1}(z), f^{−1}(∞)).

This implies that there exists b ∈ f^{−1}(∞) such that |f^{n−1}(z) − b| ≤ 8(Kκ)^{−1}r|(f^{n−1})^′(z)| < R. (4.46) Hence B(f^{n−1}(z), 32(Kκ)^{−1}r|(f^{n−1})^′(z)|) ⊂ B(b, 40(Kκ)^{−1}r|(f^{n−1})^′(z)|) ⊂ B(b, 5R). In view of (4.42) this implies that B(f^{n−1}(z), 32(Kκ)^{−1}r|(f^{n−1})^′(z)|) ∩ PC(f) = ∅, and consequently there exists a unique holomorphic inverse branch f^{−(n−1)} z : B(f^{n−1}(z), 32(Kκ)^{−1}r|(f^{n−1})^′(z)|) → CI sending f^{n−1}(z) to z. Since 8(Kκ)^{−1}r|(f^{n−1})^′(z)| ≤ R, it follows from Lemma 4.21 that m_e(B(b, 8(Kκ)^{−1}r|(f^{n−1})^′(z)|)) ≥ C(8(Kκ)^{−1}r|(f^{n−1})^′(z)|)^{(qb+1)h−2qb} (4.47) with some universal constant C > 0. Since, it follows from (4.46) that B(f^{n−1}(z), 16(Kκ)^{−1}r|(f^{n−1})^′(z)|) ⊃ B(b, 8(Kκ)^{−1}r|(f^{n−1})^′(z)|), applying (4.47) and Koebe’s Distortion Theorem, I (Euclidean version), we obtain m_e(B(z, 16κ^{−1}r)) ≥ m_e(f^{−(n−1)}_z (B(f^{n−1}(z), 16(Kκ)^{−1}r|(f^{n−1})^′(z)|))) ≥ K^{−h}|(f^{n−1})^′(z)|^{−h}m_e(B(f^{n−1}(z), 16(Kκ)^{−1}r|(f^{n−1})^′(z)|)) ≥ K^{−h}|(f^{n−1})^′(z)|^{−h}m_e(B(b, 8(Kκ)^{−1}r|(f^{n−1})^′(z)|)) ≥ CK^{−h}|(f^{n−1})^′(z)|^{−h}(8(Kκ)^{−1}r|(f^{n−1})^′(z)|)^{(qb+1)h−2qb} ≥ CK^{−h}(8(Kκ)^{−1}r|(f^{n−1})^′(z)|)^{qb(h−2)}r^h ≥ CK^{−h}R^{q(h−2)}r^h. (4.48)

So, we may assume that 8K^{−1}r|(f^{n−1})^′(z)| < κdist(f^{n−1}(z), f^{−1}(∞)).

Along with (4.45) and the definition of κ, this implies that the map f restricted to the ball B(f^{n−1}(z), 8K^{−1}r|(f^{n−1})^′(z)|), is univalent. It therefore follows from Koebe’s^1_4 -theorem that f ( B(f^{n−1}(z), 8K^{−1}r|(f^{n−1})^′(z)|) ) ⊃ B(f^n(z), 2K^{−1}r|(f^n)^′(z)|). (4.49)

Thus, there exists a unique holomorphic inverse branch f^{−1}_∗ : B(f^n(z), 2K^{−1}r|(f^n)^′(z)|) → B(f^{n−1}(z), 8K^{−1}r|(f^{n−1})^′(z)|) of f sending f^n(z) to f^{n−1}(z). Since B(f^{n−1}(z), 8K^{−1}r|(f^{n−1})^′(z)|) ∩ PC(f) = ∅ there exists a unique holomorphic inverse branch f^{−(n−1)} z : B(f^{n−1}(z), 8K^{−1}r|(f^{n−1})^′(z)|) → CI of f^{n−1} sending f^{n−1}(z) to z. Therefore, the composition f^{−n}_z = f^{−(n−1)} z ∘ f^{−1}_∗ : B(f^n(z), 2K^{−1}r|(f^n)^′(z)|) → CI is a well-defined holomorphic inverse branch of f^n sending f^n(z) to z. As dist(f^n(z), PC(f)) < R, since K^{−1}r|(f^n)^′(z)| < R and since each point z ∈ PC(f) is (r, σ, G)-h-s.l.e., we obtain that m_e ( B(f^n(z), K^{−1}r|(f^n)^′(z)|) ) ≥ G(K^{−1}r|(f^n)^′(z)|)^h. Using now Koebe’s Distortion Theorem, I (Euclidean version), we conclude that m_e(B(z, r)) ≥ m_e ( f^{−n}_z ( B(f^n(z), K^{−1}r|(f^n)^′(z)|) )) ≥ K^{−h}|(f^n)^′(z)|^{−h}m_e(B(f^n(z), K^{−1}r|(f^n)^′(z)|)) ≥ K^{−h}|(f^n)^′(z)|^{−h}G^hK^{−h}r^h|(f^n)^′(z)|^h = (GK^{−2})^hr^h.

(4.50)

Let us now deal with the case 2^0. In this case the holomorphic inverse branch f^{−n}_z : B(f^n(z), 2K^{−1}r|(f^n)^′(z)|) → CI of f^n sending f^n(z) to z is well-defined. Using Koebe’s distortion theorem and Lemma 4.13, we get m_e(B(z, r)) ≥ m_e ( f^{−n}_z ( B(f^n(z), K^{−1}r|(f^n)^′(z)|) )) ≥ K^{−h}|(f^n)^′(z)|^{−h}m_e(B(f^n(z), K^{−1}r|(f^n)^′(z)|)) ≥ K^{−h}|(f^n)^′(z)|^{−h}C_h ( 1 8 Rκ ) (K^{−1}r|(f^n)^′(z)|)^h = C_h ( 1 8 Rκ ) K^{−2h}r^h (4.51)

Case 3^0. Suppose first that |f^{n−1}(z) − b| ≤ 1 2 K^{−1}r|(f^{n−1})^′(z)| (4.52) for some pole b ∈ f^{−1}(∞). The argument to be presented now is very similar to that used in the very first part of the Case 1^0. By (4.52) we get B(f^{n−1}(z), K^{−1}r|(f^{n−1})^′(z)| ⊃ B ( b, 1 2 K^{−1}r|(f^{n−1})^′(z)| ) . (4.53) Since^1_2 K^{−1}r|(f^{n−1})^′(z)| ≤^1_{16} κR < R, similarly as (4.47), we obtain m_e ( B(b, 1 2 K^{−1}r|(f^{n−1})^′(z)|) ) ≥ C ( 1 2 K^{−1}r|(f^{n−1})^′(z)| )_{(qb+1)h−2qb} . (4.54)

Since 2K^{−1}r|(f^{n−1})^′(z)| < 8K^{−1}κ^{−1}r|(f^{n−1})^′(z)| ≤ dist(f^{n−1}(z), PC(f)), we see that there exists a unique holomorphic inverse branch f^{−(n−1)}_z : B(f^{n−1}(z), 2K^{−1}r|(f^{n−1})^′(z)|) → CI of f^{n−1} sending f^{n−1}(z) to z. Therefore, applying (4.53), (4.54) and Koebe’s Distortion Theorem, I (Euclidean version), we obtain m_e(B(z, r)) ≥ m_e ( f^{−(n−1)} z ( B(f^{n−1}(z), K^{−1}r|(f^{n−1})^′(z)|) )) ≥ K^{−h}|(f^{n−1})^′(z)|^{−h}m_e ( B(f^{n−1}(z), K^{−1}r|(f^{n−1})^′(z)|) ) ≥ K^{−h}|(f^{n−1})^′(z)|^{−h}m_e ( B(b, 1 2 K^{−1}r|(f^{n−1})^′(z)|) )

≥ K^{−h}C|(f^{n−1})^′(z)|^{−h} (1 2 K^{−1}r|(f^{n−1})^′(z)| )_{(qb+1)h−2qb}

≥ CK^{−h} ( K^{−1}r|(f^{n−1})^′(z)| )_{qb(h−2)} r^h ≥ CK^{−h} ( 1 8 κR )_{qmax(h−2)} r^h.

(4.55)

So, suppose finally that |f^{n−1}(z) − b| > 1 2 K^{−1}r|(f^{n−1})^′(z)|. for all poles b ∈ f^{−1}(∞). Since also

dist(f^{n−1}(z), PC(f)) > 4K^{−1}κ^{−1}r|(f^{n−1})^′(z)|, (4.56)

we conclude that the map f : CI → CI, restricted to the ball B(f^{n−1}(z),^1_2 κK^{−1}r|(f^{n−1})^′(z)|), is univalent. It therefore follows from Koebe’s^1_4 -theorem that f ( B(f^{n−1}(z), 1 2 κK^{−1}r|(f^{n−1})^′(z)|) ) ⊃ B ( 1 8 κK^{−1}r|(f^n)^′(z)| ) . Hence, there exists a unique holomorphic inverse branch f^{−1}_∗ : B ( f^n(z),^1_8 κK^{−1}r|(f^n)^′(z)| ) → B(f^{n−1}(z),^1_2 κK^{−1}r|(f^{n−1})^′(z)|) of f sending f^n(z) to f^{n−1}(z). In view of (4.56) there exists a unique holomorphic inverse branch f^{−(n−1)}_z : B(f^{n−1}(z),^1_2 κK^{−1}r|(f^{n−1})^′(z)|) → CI of f^{n−1} sending f^{n−1}(z) to z. Hence, the composition f^{−n}_z = f^{−(n−1)} z ∘ f^{−1}_∗ : B ( f^n(z), 1 8 κK^{−1}r|(f^n)^′(z)| ) → CI is a well-defined holomorphic inverse branch of f^n sending f^n(z) to z. Since^1_{16} κK^{−1}r|(f^n)^′(z)| > 2^{−7}κ^2R, applying Koebe’s Distortion Theorem, I (Euclidean version) and Lemma 4.13, we get m_e(B(z, r)) ≥ m_e ( f^{−n}_z ( B(f^n(z), 1 16 κK^{−1}r|(f^n)^′(z)|) )) ≥ K^{−h}|(f^n)^′(z)|^{−h}m_e ( B(f^n(z), (16K)^{−1}κr|(f^n)^′(z)|) ) ≥ K^{−h}C_h(2^{−7}κ^2R)|(f^n)^′(z)|^{−h} ( (16K)^{−1}κr|(f^n)^′(z)| )_h = (16)^{−1}K^{−2h}κC_h(2^{−7}κ^2R)r^h.

Combining this inequality and (4.48), (4.50), (4.51), (4.55), we see that m_e(B(z, 16κ^{−1}r)) ≥ Ĉrh for all r ∈ (0, R) and some universal connstant Ĉ > 0. Hence, for all r ∈ (0, R), we obtain m_e(B(z, r)) = m_e(B(z, 16κ^{−1}(2^{−4}κr)) ≥ Ĉ(2^{−4}κr)^h = Ĉ(2^{−4}κr)^hr^{−h}. Thus, applying Theorem 3.2(2), we see that Π^h_e (F ) < ∞. We are done.

Our last lemma in this section is this.

Lemma 4.29. If Ω(f) = ∅, then the spherical packing measure Π^h(J(f)) is finite.

Proof. Since the packing measure Π^h is Λ-invariant (recall that Λ is the lattice associated with our elliptic function f : CI → CI), it follows from Lemma 4.28 and Proposition 4.24 that Π^h_e ( J(f) ∩ (B(0, 2R) \ B(0, R) ) ⪯ R^2 for all R ≥ 1. Since in addition^{dΠh}_{dΠhe} (z) = (1 + |z|^2)^{−h} and since h > 1, we get

Π^h ( J(f) ∩ (CI \ B(0, 1)) ) = ∞∑ n=0 Π^h ( J(f) ∩ (B(0, 2^{n+1}) \ B(0, 2^n)) )

≍ ∞∑ n=0 2^{−2hn}Π^h_e ( J(f) ∩ (B(0, 2^{n+1}) \ B(0, 2^n)) )

⪯ ∞∑ n=0 2^{−2hn}2^{2n} = ∞∑ n=0 2^{(2−2h)n} < ∞. We are done.

The proof of Theorem 4.1 is therefore complete.

5. Invariant Measures In this section we deal with σ-finite invariant measures equivalent to the conformal measure m. We prove their existence, ergodicity, conservativity and we detect the points around which these measures are finite or infinite. This allows us to provide sufficient conditions for their finiteness.

5.1. σ-finite invariant measures equivalent to the conformal measure m. In order to prove Theorem 5.2 below we apply a general sufficient condition for the existence of σ-finite absolutely continuous invariant measure proven in [19]. In order to formulate this condition suppose that X is a σ-compact metric space, ν is a Borel probability measure on X, positive on open sets, and that a measurable map f : X → X is given with respect to which measure ν is quasi-invariant, i.e. ν ∘ f^{−1} << ν. Moreover we assume the existence of a countable partition α = {A_n : n ≥ 0} of subsets of X which are all σ-compact and of positive measure ν. We also assume that ν(X \ ⋃ n≥0 A_n) = 0, and if additionally for all m, n ≥ 1 there exists k ≥ 0 such that ν(f^{−k}(A_m) ∩ A_n) > 0, then the partition α is called irreducible. Martens’ result comprising Proposition 2.6 and Theorem 2.9 of [19] reads as follows.

Theorem 5.1. Suppose that α = {A_n : n ≥ 0} is an irreducible partition for T : X → X. Suppose that T is conservative and ergodic with respect to the measure ν. If for every n ≥ 1 there exists K_n ≥ 1 such that for all k ≥ 0 and all Borel subsets A of A_n K^{−1}_n ν(A) ν(A_n) ≤ ν(f^{−k}(A)) ν(f^{−k}(A_n)) ≤ K_n ν(A) ν(A_n) , then T has a σ-finite T -invariant measure μ that is absolutely continuous with respect to ν. In addition, μ is equivalent to ν, conservative and ergodic, and unique up to a multiplicative constant. Moreover, for every Borel set A ⊂ X μ(A) = lim_{n→∞} ∑_n k=0 ν(f^{−k}(A)) ∑_n k=0 m(f^{−k}(A_0)) . The first result of this section is the following.

Theorem 5.2. There exists a σ-finite f-invariant measure μ that is absolutely continuous with respect to the h-conformal measure m. In addition, μ is equivalent to m and ergodic.

Proof. Let ξ ∈ CI be a periodic point of f with some period p ≥ 3. We put P_3(f) = O_+(f(Crit(f))) ∪ {ξ, f(ξ), . . . , f^{p−1}(ξ)}. Since O_+(f(Crit(f)) is a forward-invariant nowhere-dense subset of J(f) and since the hconformal measure m is positive on nonempty open subsets of J(f), it follows from ergodicity and conservativity of m (see Theorem 4.23) that m(O_+(f(Crit(f)))) = 0. Since m has no atoms (see Theorem 4.23) we therefore obtain that m(P_3(f)) = 0. We shall now construct the partition α of the set J(f) \ P_3(f). We shall check next that it satisfies the assumptions of Theorem 5.1. We first define the family of balls { B ( z, 1 2 dist(z, P_3(f)) )} z∈CI\P_3(f) .

This family obviously covers CI \ P_3(f). Since CI \ P_3(f) is an open set, it is a Lindelöf space, and therefore we can choose a countable subcover of CI \ P_3(f), which we denote by { B ( z_i, 1 2 dist ( z_i, P_3(f) ))}∞ i=1 . We inductively define a partition A = {A_i}^∞_{i=0} of CI \ P_3(f) as follows. Let

A_0 = B ( z_0, 1 2 dist(z_0, P_3(f)) ) . Assume that we have defined the sets A_1, . . . , A_n such that A_j ⊂ B ( z_j , 1 2 dist(z_j , P_3(f)) )

and IntA_j ≠ ∅. Then A_{n+1} we define as

A_{n+1} = B ( z_{n+1}, 1 2 dist(z_{n+1}, P_3(f)) ) \ n⋃ j=1 A_j. The set A_{n+1} is disjoint from the sets A_1, . . . , A_n and A_{n+1} ⊂ B ( z_{n+1}, 1 2 dist(z_{n+1}, P_3(f)) ) \ n⋃ j=1 B ( z_j, 1 2 dist(z_j, P_3(f)) ) . Thus either A_{n+1} = ∅ or IntA_{n+1} ≠ ∅ and we remove all the empty sets. We shall now check that the partition is irreducible. And indeed, it follows from the construction of the sets {A_i}^∞_{i=0} and continuity of the measure m that it suffices to demonstrate that if z ∈ CI, r > 0 and K ⊂ CI is a compact set, then there exists n ≥ 1 such that f^n B(z, r) \ ⋃ k≥0 f^{−k}(∞) ⊃ K \ ⋃ k≥0 f^{−k}(∞). Since the set of repelling periodic points is dense in the Julia set ([2], comp. [6]), there thus exists a periodic point x ∈ B(z, r), say of period q ≥ 1. Since x is repelling there exists s > 0 so small that B(x, s) ⊂ B(z, r) and f^q(B(x, s)) ⊃ B(x, s). Since ⋃ j≥1 f^{qj}(B(x, s)) ⊃ CI, since K is a compact subset of CI and since {f^{qj}(B(x, s))}^∞_{j=1} is an increasing family of open sets, there thus exists k ≥ 1 such that f^{qk}(B(x, s)) ⊃ K.

Let us check now the distortion assumption of Theorem 5.1. And indeed, in view of Koebe’s distortion theorem there exists a constant K ≥ 1 such that if f^{−n}_∗ : B ( z_i, dist(z_i, P_3(f)) ) → CI is a holomorphic branch of f^{−n}, then for every k ≥ 0 and all x, y ∈ A_k ⊂ B ( z_i,^1_2 dist (z_i, P_3(f)) ) we have |(f^{−n}_∗ )^′(y)| |(f^{−n}_∗ )^′(x)| ≤ K. (5.1)

We therefore obtain for all Borel sets A, B ⊂ A_k with m(B) > 0 and all n ≥ 0 that m(f^{−n}_∗ (A)) m(f^{−n}_∗ (B)) = ∫ A |(f^{−n}_∗ )^′|^hdm ∫ A |(f^{−n}_∗ )^′|^hdm ≤ sup_{Ak} {|(f^{−n}_∗ )^′|^h}m(A) inf_{Ak} {|(f^{−n}_∗ )^′|^h}m(B) ≤ K^h m(A) m(B) . and similarly m(f^{−n}_∗ (A)) m(f^{−n}_∗ (B)) ≥ K^{−h} m(A) m(B) . Since by Theorem 4.23 the measure is conservative ergodic, all the assumptions of Theorem 5.1 have been checked and we are done.

The following lemma easily follows from Theorem 5.1.

Lemma 5.3. For every n ≥ 0 we have 0 < μ(A_n) < ∞.

We say that the f-invariant measure μ produced in Theorem 5.2 is of finite condensation at x ∈ J(f) if and only if there exists an open neighborhood V of x such that μ(V ) < ∞. Otherwise μ is said to be of infinite condensation at x. We respectively say that x is a point of finite or infinite condensation of μ. We end this subsection with the following obvious results.

Lemma 5.4. If x is a point of infinite condensation of μ, then each point of the closure {f^n(x) : n ≥ 0} is also of infinite condensation of μ.

Lemma 5.5. The set of points of infinite condensation of the measure μ is contained in the union O_+(Crit(f)) ∪ Ω ∪ {∞}.

Proof. If z /∈ O_+(Crit(f)) ∪ Ω ∪ {∞}, then by local finiteness of the family {A_n : n ≥ 0} there exist an open neighborhood V of z and an integer k ≥ 0 such that m ( V \ ⋃_k j=0 A_j ) = 0.

Hence, in view of Lemma 5.3 and Theorem 5.2 (μ ≺ m) we get μ(V ) ≤ ∑_k j=0 μ(A_j) < ∞. The proof is finished.

5.2. ∞ is a Point of Finite Condensation of μ. Recall given R > 0 B_R = {z ∈ CI : |z| > R} and given in addition a pole b ∈ f^{−1}(∞) by B_b(R) we denote the connected component of f^{−1}(B_R) containing b. The goal of this subsection is to prove that ∞ is a point of finite condensation of the measure μ. We start with the following.

Lemma 5.6. For every R > 1 large enough there exists a constant C_1(R) > 0 such that m(B_b(R)) ≤ C_1(R)diam^h_s (B_b(R)).

Proof. Recall that for every pole b ∈ f^{−1}(∞), the number q_b stands for its multiplicity. For every k ≥ 0 let A_{k,R} = {z ∈ CI : 2^kR ≤ |z| < 2^{k+1}R}. As in the proof of Lemma 3.4 let B^+_R = {z ∈ B_R \ {∞} : Imz > 0} and B^1_R = {z ∈ B_R \ {∞} : Imz < 1} and .

We also put A^+_{k,R} = A_{k,R} ∩ B^+_R and A^−_{k,R} = A_{k,R} ∩ B^−_R . Using formula (2.3) we can write for all b ∈ f^{−1}(∞), all j ∈ {1, . . . , q_b} and all k ≥ 0 that

m(f^{−1}_{b,B}+_{R ,j}(A^+_{k,R})) = ∫ A^+_{k,R} |(f^{−1}_{b,B}+_{R ,j})^∗|^hdm ≍ (1 + |b|^2)^{−h}(2^kR)^{qb−1q}b^hm(A^+_{k,R}) and similarly m(f^{−1}_{b,B}+_{R ,j}(A^−_{k,R})) ≍ (1 + |b|^2)^{−h}(2^kR)^{qb−1q}b^hm(A^−_{k,R}) Thus m(f^{−1}_{b,R,j}(A_{k,R})) = m(f^{−1}_{b,R,j} (A^+_{k,R})) + m(f^{−1}_{b,R,j} (A^−_{k,R})) ≍ (1 + |b|^2)^{−h}(2^kR)^{qb−1q}b^hm(A_{k,R}). Summing now over all j ∈ {1, . . . , q_b}, we get m(A_{k,R,b}) ≍ (1 + |b|^2)^{−h}(2^kR)^{qb−1q}b^hm(A_{k,R}) (5.2) where A_{k,R,b} = B_b(R) ∩ f^{−1}(A_{k,R}). Therefore, putting S = ∑ w∈Λ(1 + |w|^2)^{−h} < ∞ (since by Theorem 2.1 h > 1), we obtain m(f^{−1}(A_{k,R})) = ∑ b∈f^{−1}(∞) m(A_{k,R,b}) = ∑ b∈R∩f^{−1}(∞) ∑ w∈Λ m(A_{k,R,b+w}) ≍ ∑ b∈R∩f^{−1}(∞) ∑ w∈Λ ( 1 + |b + w|^2 )_{−h} (2^kR)^{qb−1q}b^hm(A_{k,R}) ≍ m(A_{k,R}) ∑ b∈R∩f^{−1} (∞) (2^kR)^{qb−1q}b^h ∑ w∈Λ (1 + |b + w|^2)^{−h} ≍ m(A_{k,R})S(2^kR)^{q−1q h}. Hence m(A_{k,R}) ≍ (2^kR)^{1−qq h}S^{−1}m(f^{−1}(A_{k,R})) where q = max{q_b : b ∈ R ∩ f^{−1}(∞)}. Combining this and (5.2), we get for every b ∈ f^{−1}(∞) that m(A_{k,R,b}) ≍ (1 + |b|^2)^{−h}(2^kR)^{(1− 1q )h}(2^kR)^{( 1q −1)h}S^{−1}m(f^{−1}(A_{k,R})) ≤ (1 + |b|^2)^{−h}S^{−1}m(f^{−1}(A_{k,R})) ≍ (1 + |b|^2)^{−h}m(f^{−1}(A_{k,R})) Summing now over all k ≥ 0 we get m(B_b(R)) ⪯ (1 + |b|^2)^{−h}m(f^{−1}(B_R)) ≤ (1 + |b|^2)^{−h}. Combining in turn this with (2.4) we get m(B_b(R)) ⪯ L^hR^{hq} diam^h_s (B_b(R)) (5.3) The proof is complete.

Lemma 5.7. Fix R > 2 sufficiently large. Re-numerating the elements of the partition {A_j}^∞_{j=0}, we may assume that A_0 ⊂ B_R and diam_s(A_0) = 1. For every b ∈ f^{−1}(∞) and every n ≥ 0 let A^{(n)} = f^{−n}(A_0) ∩ B_n, where B_n is a connected component of f^{−n}(B_R). Then there exists a constant C_2 > 0 such that m(B_n) ≤ C_2(R)m(A^{(n)}).

Proof. It follows from the construction of the partition {A_n}_{n≥0} that m(A^{(n)}) ≍ diam^h_s (A^{(n)}) (5.4) Since dist(0, A_0) ≥ R > 2 and since diam(A_0) = 1 using (2.3), and (2.4), we get for every pole b ∈ f^{−1}(∞) that diam_s(A_{0,b}) diam_s(B_b(R)) ≍ (1 + |b|^2)^{−1}dist(0, A_0)^{qb−1q}b diam_s(A_0) (1 + |b|^2)^{−1}R^{−1q}b

≥ R^{qb−1q}b R^{1q}b = 1, (5.5)

where A_{0,b} = f^{−1}(A_0) ∩ B_b(R). Since ω(Crit(f)) is a compact subset of the complex plane CI, dist(ω(Crit(f)), f^{−1}(∞)) > 0. Therefore there exists r > 0 such that for all R > 1 large enough B_b(R) ⊂ B(b, r) and B(b, 2r) ∩ O_+(Crit(f)) = ∅. Since B_n = f^{−(n−1)}∗ (B_b(R)) for an appropriate holomorphic inverse branch f^{−(n−1)}∗ : B(b, 2r) → CI of f^{(n−1)}, it follows from Koebes’s distortion theorem and (5.5) diam_s(A^{(n)}) diam_s(B_n) = diam_s(f^{−(n−1)}

∗ (A_{0,b})) diam_s(f^{−(n−1)}

∗ (B_b(R)) ≍ diam_s(A_{o,b}) diam_s(B_b(R)) ⪰ 1 and that diam^h_s (B_n) m(B_n) = diam^h_s (f^{−(n−1)}

∗ (B_b(R))) m(f^{−(n−1)} ∗ (B_b(R))) ≍ diam^h_s (B_b(R)) m(B_b(R)) . Combining the last two formulas and (5.4) we get

m(A^{(n)}) ⪰ diam^h_s (B_n) ≍ ( diam^h_s (B_b(R)) m(B_b(R)) ) m(B_n) ⪰ m(B_n) The proof is complete.

We are ready now to prove the main result of this section.

Theorem 5.8. ∞ is a point of finite condensation of the measure μ.

Proof. Take R > 0 so large as required in Lemma 5.7. It follows from this lemma that m(f^{−k}(B_R)) ≤ C_2(R)m(f^{−k}(A_0)) for every k ≥ 0. Thus, applying Theorem 5.1 , we get

μ(B_R) = lim_{n→∞} ∑_n k=0 m(f^{−k}(B_R)) ∑_n k=0 m(f^{−k}(A_0)) ≤ C_2(R) < ∞. We are done.

5.3. All Points of Finite and Infinite Condensation. We say that z ∈ J(f) \ Ω is geometrically good if

m(B_n) ⪯ diam^h(B_n) (5.6)

for every set B of sufficiently small diameter containing z, every n ≥ 0 and every connected component B_n of f^{−n}(B). The direction of the inequality above means that when checking geometrical goodness one can assume the sets B to be balls centered at z. The most general sufficient condition for finite condensation is the following.

Lemma 5.9. If z ∈ J(f) \ Ω is geometrically good, then z is a point of finite condensation of measure μ.

Proof. Since z /∈ Ω, taking θ > 0 (defined in (2.15)) sufficiently small, z /∈ B(Ω, θ). Set B = B(z, γ), where γ was defined in (2.17). Since m(B) > 0 and m( ⋃ n≥0 A_n) = 1, there exists i ≥ 0 such that m(B ∩ A_i) > 0. Since B ∩ A_i ∩ J(f) has a non-empty interior relative to J(f), there exists an open ball F ⊂ B ∩A_i having nonempty intersection with J(f). Of course m(F ) > 0. For every n ≥ 0 let B_n be a connected component of f^{−n}(B) and let F_n ⊂ B_n be some connected component of f^{−n}(F ) contained in B_n. Using Koebe’s Distortion Theorem, I (Euclidean version) and the fact that the point z is geometrically good, we get

m(F_n) ≍ diam^h(F_n) = ( diam(F_n) diam(B_n) )_h diam^h(B_n) ⪰ m(B_n) ( diam(F_n) diam(B_n) )_h

Applying now Lemma 2.13 to the connected sets F and B we obtain m(F_n) ⪰ m(B_n) ( diam(F ) diam(B) )_h . Thus_n ∑ k=0 m(f^{−k}(B)) ⪯ n∑ k=0 m(f^{−k}(F )) ⪯ n∑ k=0 m(f^{−k}(A_i)). Hence, using Lemma 5.3, we get μ(B) ⪯ μ(A_i) < ∞ and therefore z is a point of finite condensation of μ.

In order to make use of this lemma we need to provide sufficient conditions for points to be geometrically good. This is done below.

Lemma 5.10. If μ is h-upper estimable at every point z ∈ J(f) with the same estimability constant, then every point z ∈ J(f) is geometrically good.

Proof. The proof of this lemma follows by a straightforward inductive argument incorporating Koebe’s Distortion Theorem, Lemma 4.11, finiteness of the equivalence classes of the relation ∼ on the set of critical points of f, Lemma 2.10, and equivalently (2.17).

Theorem 5.11. The set of points of infinite condensation of μ is contained in the set of parabolic points Ω(f).

Proof. The proof of Lemma 4.22 shows that each point z ∈ J(f) is upper estimable with respect to the Euclidean h-conformal measure m_e and so, also with respect to the measure m. Therefore the proof of Theorem 5.11 is completed by applying Lemma 5.10 and Lemma 5.9.

Corollary 5.12. If Ω = ∅, then there exists an f-invariant probability measure μ equivalent to m.

Since the case J(f) = CI, rules out parabolic points, as an immediate consequence of this corollary we get

Corollary 5.13. If J(f) = CI, then there is a unique probability measure μ equivalent to the Lebesgue’s measure on CI.

5.4. Invariant Measure - Parabolic points. From what we have shown in the previous section, it is clear that in order to identify the points of infinite condensation of μ we have to look at the parabolic points. Proceeding in exactly the same way as in Section 6 of [27], we can prove the following results.

Proposition 5.14. If ω ∈ Ω \ O_+(Crit(f)), then μ has infinite condensation at ω if and only if h ≤^{2p(ω)}_{p(ω)+1} .

As an immediate consequence of this proposition and Theorem 2.1, we get the following remarkable corollary.

Corollary 5.15. If max{q_b : b ∈ R ∩ f^{−1}(∞)} ≥ max{p(ω) : ω ∈ Ω(f)}, then the invariant measure μ is finite.

Proposition 5.16. If ω ∈ Ω and h ≤^{2p(ω)}_{p(ω)+1} , then μ has infinite condensation at ω.

Theorem 5.17. If c ∈ J(f) is a critical point of f of order s, ω = f(c) ∈ Ω, and h ≤^{2sp(ω)}_{p(ω)+1} , then μ has infinite condensation at ω.

6. Appendix

The goal of this appendix is to provide a proof of Theorem 6.3, the elliptic version of Mane’s theorem from [17]. We have justified this decision in the introduction. We first prove a version of Przytycki’s lemma from [23] for the sake of completeness, since it forms the first step in the proof of Theorem 6.3 and since there are places, where one has to proceed more subtly than in the case of rational functions.

Lemma 6.1. For every integer K ≥ 0 and every 0 < λ < 1 the following holds. For every ϵ > 0 and every κ > 0 there exists δ_0 = δ_0(K, ϵ, λ, κ) > 0 such that for every disk B(x, δ) with δ ≤ δ_0 and every x ∈ CI a distance at least κ apart from the set of parabolic points and attracting points, for every n ≥ 0 and every connected component W = Compf^{−n}(B(x, δ)) such that f^n_{|W} has at most K critical points counted with multiplicities, for every component W^′ = Comp(f^{−n}(B^′)) in W , for the disc B^′ = B(x, λδ) we have

diamW^′ ≤ ϵ

diamW^′ → 0 for n → ∞ uniformly (i.e. independently of the choices of B and W^′).

Proof. Suppose on the contrary that there exist a sequence {x_n}^∞_{n=1} of points in a distance at least κ apart from the set of parabolic points and attracting points, a sequence δ_n ↘ 0, a sequence of components W_n = Compf^{−kn} (B_n) with k_n → ∞, as n → ∞ such that the number of critical points of each map f^{kn} on W_n is bounded by K and W^′_n, the sequence associate to W_n as in the statement of the lemma, such that lim_{n→∞} diam(W^′_n) ≠ 0. Then for each n there exists L = L(n) : 0 ≤ L ≤ K such that there is no critical value of f^{kn}_{|Wn} in

P (n) := B(x_n, δ_n(λ + (1 − λ)

L + 1 K + 1

)) \ B(x_n, δ_n(λ + (1 − λ) L K + 1 )). Without loosing generality we may assume that all the components W^′_n intersect the fundamental region R. Put

W^{(1)}_n := Compf^{−kn} B(x_n, δ_n(λ + (1 − λ) L(n) K + 1 ))) W^{(2)}_n := Compf^{−kn} B(x_n, δ_n(λ + (1 − λ)

L(n) + 1 K + 1 ))) the components containing W^′_n, P_n := W^{(2)}_n \ W^{(1)}_n and for every 0 ≤ m ≤ k_n, i = 1, 2,

W^{(i)}_{n,m} = f^{kn−m}(W^{(i)}_n ), P_{n,m} := f^{kn−m}(P_n) = W^{(2)}_{n,m} \ W^{(1)}_{n,m}.

Let, for each n, the number m = m(n) ≤ k_n be the least integer such that

diamW^{(1)}_{n,m} ≥ inf

c_1,c_2∈Crit(f),c_1≠c_2}

dist(c_1, c_2)),

So for every 0 ≤ t < m(n) the set P_{n,t} is a topological annulus. That is so because at each step back by f^{−1} from P_{n,t−1} to P_{n,t} there is at most one branch point for f^{−1} from W^{(i)}_{n,t−1} to W^{(i)}_{n,t} , i = 1, 2. Now, all the annuli P_{n,m(n)−1}’s have moduli bounded below by 2^{−K} (1 − λ)^1_{K+1} . Since in addition all the components W^′_n intersect the fundamental region ℜ, it follows from Montel’s Theorem that there exists a topological (maybe not geometric) annulus P contained in all P_{n,m(n)−1}’s for a subsequences n_s, which bounds a topological disk D. So D ⊂ W^{(2)}_{ns,m(ns)−1}. Hence f^{m(ns)−1}(D) ⊂ B(x, δ_n). Passing to yet another subsequence we may assume that the sequence {x_n}^∞_{n=1} converges to a point y ∈ CI at the distance at least κ apart from the set of parabolic points and attracting points. Since δ_n → 0, we have also m(n) → ∞. Thus D cannot intersect the Julia set J(f). If they were contained in a preimage of a Siegel disk or a Herman ring, the limit of diameters of iterates f^{m(ns)−1}(D) would be positive. Thus D is either contained in the basin of attraction to an attracting periodic orbit or a parabolic periodic orbit. In either case the limit of the sets f^{m(ns)−1}(D) would be contained in either an attracting periodic orbit or a parabolic periodic orbit. Since this limit would coincide with y, we get a contradiction. The proof is complete.

Remark 6.2. Obviously this lemma remains true (with the proof requiring only minor modifications) if instead of the disk B(x, δ) one takes the square centered at x and with edges of length δ. This is the version we will need in the next theorem.

Theorem 6.3. Let f : CI → CI be an elliptic function. If a point x ∈ J(f) \ Ω(f) is not contained in the ω-limit set of a recurrent critical point, then for all ϵ > 0 there exists a neighbourhood U of x such that:

(a) For all n ≥ 0, every connected component of f^{−n}(U) has Euclidean diameter ≤ ϵ; (b) There exists N > 0 such that for all n ≥ 0 and every connected component V of f^{−n}(U), the degree of f^n_{|V} is ≤ N;

Proof. The core of the theorem is (a), from which the property (b) will easily follow. Given an open set U ⊂ CI denote c(U, n) the set of connected components of f^{−n}(U). Observe that V ∈ c(U, n) implies f^j(V ) ∈ c(U, n − j) for all 0 ≤ j ≤ n. If V ∈ c(U, n) define Δ(V, n) = #{ξ ∈ V ; (f^n)^′(ξ) = 0} counted with algebraic multiplicity. A square is the set S of the form S = {z ∈ CI : |Re(z − p)| < δ, |Im(z − p)| < δ}. The point p is the center and δ its radius. Given a square S with center p and radius δ, then, given k > 0, denote by S^k the square with center p and radius kδ. If S is a square with radius δ, denote by L(S) the family of squares contained in S^32 − S and having radius δ/4. Denote by L^∗(S) the family of squares S^{32}_0 with S_0 ∈ L(S). Suppose that x is not a parabolic point and does not belong to the ω-limit set of recurrent critical point. Then there exists δ_0 > 0 such that (1) There is no critical point c of f such that there exists 0 ≤ n_1 ≤ n_2 satisfying |f^{n1} (c) − c| < δ_0 and |f^{n2} (c) − x| < δ_0. (2) |x − p| > 10δ_0 for every parabolic or attracting periodic point p.

Given ϵ > 0 take ϵ_1 > 0 satisfying

(3) 0 < ϵ_1 < min{ϵ/10, δ_0/10} (4) if U is an open connected set with diam(U) ≤ 2ϵ_1 then diam(W ) ≤ δ_0 for all W ∈ c(U, 1) Let N_0 be the number of equivalence classes of the relation ∼ between critical points of f. Take N_1 > 2 such that

(5) If S is a square and V ∈ c(S, n) satisfies Δ(V, n) ≤ N_0 + 1 then the number of connected components of f^{−n}(S^23 ) contained in V is ≤ N_1.

Finally, take δ given by

(6) δ = min{δ_0/10, ϵ_1/10, δ(2N_0,^{ϵ1}_{20N1} ,^2_3 , δ_0)}, where δ(2N_0,^{ϵ1}_{20N1} ,^2_3 , δ_0) was produced in Lemma 6.1.

Let S_0 be the square of center x and radius δ. Suppose that Theorem 6.3(a) fails for U = S_0. Then there exists n > 0 and V ∈ c(S_0, n) with diamV ≥ ϵ ≥ 10ϵ_1. On the other hand, by (1), diamS_0 = 2 √ 2δ < 3δ < ϵ_1. Hence there exists an integer n_0 ≥ 0 such that there exists V_0 ∈ c(S^{32}_0 , n_0) satisfying

(7) diam(f^{−(n0−i)}(S_0) ∩ f^i(V_0)) ≤ ϵ_1 for all 1 ≤ i ≤ n_0, and (8) diam(f^{−n0} (S_0) ∩ V_0) > ϵ_1 Since diamS_0 < ϵ_1 it follows that n_0 > 0. Now, starting with S_0 we shall construct a sequence of squares S_0, S_1, S_2, . . . and strictly positive integers n_0 ≥ n_1 ≥ n_2 . . . satisfying (9) S_{j+1} ∈ L^∗(S_j) (10) there exists V_j ∈ c(S^{32}_j , n_j) such that

diam(f^{(−nj −i)}(S_j) ∩ f^i(V_j )) ≤ ϵ_1 for all 1 ≤ i ≤ n_j and diam(f^{−nj} (S_j ) ∩ V_j ) > ϵ_1.

From (7) and (8), it follows that S_0 satisfies (10). If we construct such a sequence of squares and integers, then Theorem 6.3 will be proved by contradiction because the condition n_0 ≥ n_1 ≥ n_2 . . . ≥ n_m ≥ . . . > 0 implies that n_j = n_i for all ≥ i for a certain i. But (a) implies that the radius of S_j is (^3_8 )^jδ; in particular diam(S_j) → 0 when j → +∞. But by (10),

ϵ_1 < diam(f^{−nj} (S_j) ∩ V_j) = diam(f^{−ni} (S_j) ∩ V_j),

V_j ∈ c(S^{32}_j , n_j) = c(S^{32}_j , n_i) Taking j → +∞, and recalling that i is contained and lim_{j→∞} diamS_j = 0, we conclude that the inequality above cannot hold.

The sequence {S_j} and {n_j} will be constructed by induction starting with S_0. Suppose S_i and n_i are constructed for 0 ≤ i ≤ j. To find S_{j+1} and n_{j+1} we begin by observing that from (a) it follows that if p ∈ S ∈ L^∗(S_j), then, by the contraction of the squares S_i |p − x| ≤ j∑ i=0 diam(S_i) = j+1∑ i=0 ( 3 8 )^idiam(S_0) = 2 √ 2 j+1∑ i=0 ( 3 8 )^iδ ≤ 4 √ 2δ. Hence, if a point q satisfies dist(q, S) ≤ δ_0, we have |q − x| ≤ 4 √ 2δ + δ_0 ≤ 2δ_0.

By (2), this means that

(11) dist(q, S) > δ_0 for all S ∈ L^∗(S_j) and all parabolic or attracting periodic point q. For the induction step (i.e. the construction of S_{j+1} and n_{j+1}), we shall use the following lemma.

Lemma 6.4. If U ⊂ CI is an open neighbourhood of x and V ∈ c(U, n) satisfies

diamf^i(V ) ≤ δ_0, 0 ≤ i ≤ n, then Δ(V, n) ≤ N_0. Proof. If Δ(V, n) ≥ N_0 + 1, there exists N_0 + 1 different points x_i, 1 ≤ i ≤ N_0 + 1, in V such that (f^n)^′(x_j ) = 0. This means that for each 1 ≤ i ≤ N_0 + 1 there exist 1 ≤ m_i < n, such that f^{mi} (x_i) is a critical point. Recalling that N_0 is the number of the equivalence classes of the equivalence relation ∼, it follows that there exists two different points in the set {x_i; 1 ≤ i ≤ N_0 + 1}, that we shall denote by x_1, x_2, and two critical points c_1 and c_2 in the same equivalence class of the equivalence relation ∼, such that f^{m1} (x_1) = c_1 and f^{m2} (x_2) = c_2. Assume without loss of generality that 0 ≤ m_1 ≤ m_2. Then by the choice of δ_0, m_1 < m_2 and

|f^{m2−m1} (c_2) − c_2| = |f^{m2−m1} (c_1) − c_2| = |f^{m2} (x_1) − f^{m2} (x_2)| ≤ diamf^{m2} (V ) ≤ δ_0 and |f^{n−m2} (c_2) − x| = |f^{n−m2} (f^{m2} (x_2)) − x| = |f^n(x_2) − x| ≤ δ_0 contradicting property (1) of δ_0.

Now, to find S_{j+1} and n_{j+1} we first claim that there exists S ∈ L(S_j) that for some 0 < n ≤ n_j has V ∈ c(S, n) with diamV ≥^{ϵ1}_{10N1} . Suppose that the claim is false. Then, for all 1 ≤ i ≤ n_j , diam(f^i(V_j)) ≤ diam ( f^{−(nj −i)}(S_j) ∩ f^i(V_j) ) + sup{diam(W); W ∈ c(S, n_j − i), S ∈ L(S_j)} ≤ ϵ_1 + ϵ_1 10N_1

≤ 2ϵ_1

From this inequality applied to i = 1 and property (4), we have diam(V_j) ≤ δ_0.

Moreover, since 2ϵ_1 ≤ δ_0 (by (3)), diam(f^i(V_j)) ≤ δ_0 for all 1 ≤ i ≤ n_j , hence for all 0 ≤ i ≤ n_j. By Lemma 6.4, this proves that Δ(V_j , n_j) ≤ N_0. Then, since V_j ∈ c(S^{23}_j , n_j) it follows from (5), (11) and Lemma 6.4 that

[W ∈ c(S_j, n_j ), W ⊂ V_j] ⇒ diam(W ) ≤ ϵ_1 10N_1 . Moreover, by the way N_1 was chosen, we have #{W ∈ c(S_j, n_j ); W ⊂ V_j} ≤ N_1 and we assume that [S ∈ L(S_j), G ∈ C(S, n_j )] ⇒ diam(G) ≤ ϵ 10N_1 . Now observe that V_j is the union of sets G ∈ c(S, n_j ), G ⊂ V_j, S ∈ L(S_j) and the sets W ∈ c(S_j, n_j), W ⊂ V_j . Moreover, for any two sets W^′, W^{′′} in this family there exist W^′ = W_0, W_1, . . . , W_k = W^{′′} in c(S_j , n_j) and contained in V_j such that for all 0 ≤ i < k there exist S_i ∈ L(S_j) and U_i ∈ c(S_i, n_j) such that U_i ∩ W_i ≠ ∅ and U_i ∩ W_{i+1} ≠ ∅. Then

diam(V_j) ≤ N_1 ( ϵ_1 10N_1 + ϵ_1 10N_1 ) = ϵ_1 5 contradicting the last inequality in condition (10). This completes the proof of the claim. Now we can take S ∈ L(S_j) such that diam(V ) ≥^ϵ_{10N1} for some V ∈ c(S, n), 0 ≤ n ≤ n_j . Take Ṽ ∈ c(S^32 , n) containing V . Suppose that Δ(Ṽ , n) ≤ N_0. Then by Lemma 6.1 and condition (6) diam(V ) ≤ ϵ_1 20N_1 since V ∈ c((S^32 )^23 , n) and is contained in Ṽ . This contradicts the fact that diam(V ) ≥ ϵ_1 10N_1 and proves Δ(Ṽ , n) ≥ N_0 + 1. From Lemma 6.4, it follows that

diam(f^i(Ṽ )) > δ_0

for some 0 ≤ i ≤ n. Now we define S_{j+1} = S^32 . Then f^i(Ṽ ) ∈ c(S^32 , n − i) and diam(f^i(Ṽ )) > δ_0 ≥ 10ϵ_1. Moreover diamS_{j+1} ≤ 2δ < ϵ_1. Then there exists 0 ≤ n_{j+1} ≤ n − i ≤ n_j − i and V_{j+1} ∈ c(S_{j+1}, n_{j+1}) such that diam(f^{−nj+1} (S_{j+1}) ∩ V_{j+1}) > ϵ_1 and diam(f^{−nj+1+i}(S_{j+1}) ∩ f^i(V_{j+1})) ≤ ϵ_1.

Observe that n_{j+1} > 0 since diam ( S_{j+1} ) < 2δ < ϵ_1. This completes the construction of the sequence {S_j} and {n_j} and the proof of part (a) of Theorem 6.3. Property (b) of Theorem 6.3 follows from (a) and Lemma 6.4.

References

[1] J. Aaronson, M. Denker, M. Urbański, Ergodic theory for Markov fibered systems and parabolic rational maps, Transactions of A.M.S. 337 (1993), 495-548.

[2] I. N. Baker, J.Kotus, Y. Lü, Iterates of meromorphic functions I, Ergod. Th. and Dynam. Sys. 11 (1991), 241-248.

[3] I.N.Baker, J.Kotus,Y.Lü Iterates of meromorphic functions III: Preperiodic domains, Erg. Th. and Dynam. Sys. 11(1991),603-618.

[4] I. N. Baker, J.Kotus, Y. Lü, Iterates of meromorphic functions IV, Results Math. 22 (1992), 651-656. [5] A.F. Beardon, Iteration of Rational Maps, Springer-Verlag, New York, 1991. [6] W. Bergweiler. Iteration of meromorphic functions. Bull. Amer. Math. Soc., 29:2 (1993), 151-188. [7] R. Bowen, Equilibrium states and the ergodic theory for Anosov diffeomorphisms. Lect. Notes in Math.

470, Springer, 1975.

[8] M.Denker, M. Urbański, On the existence of conformal measures, Trans. A.M.S. 328 (1991), 563-587. [9] M. Denker, M. Urbański, On Sullivan’s conformal measures for rational maps of the Riemann sphere, Nonlinearity 4 (1991), 365-384.

[10] M. Denker, M. Urbański, Geometric measures for parabolic rational maps, Ergod. Th. and Dynam. Sys.

12 (1992), 53-66.

[11] M. Denker, M. Urbański, The Capacity of parabolic Julia sets, Math. Zeitsch. 211, (1992), 73-86. [12] J. Graczyk, J. Kotus, G. Światek, Non-recurrent Meromorphic Functions, Preprint 2003. [13] M. Guzmán: Differentiation of integrals in IR^n. Lect. Notes in Math. 481, Springer Verlag. [14] J. Hawkins, L. Koss, Ergodic properties and Julia sets of Weierstrass elliptic functions, Preprint 2001. [15] J. Kotus, M. Urbański, Hausdorff dimension and Hausdorff measures of Elliptic Functions, Bull. London Math. Soc. 35 (2003), 269-275.

[16] K. Kuratowski, Topology I, Academic Press, PWN, 1968 [17] R. Mané, On a theorem of Fatou, Bol. Soc. Bras. Mat., 24 (1993), 1-11.

[18] R. Mané, The Hausdorff dimension of invariant probabilities of rational maps, Dynamical Systems, Valparaiso 1986, Lect. Notes in Math. 1331, Springer-Verlag (1988), 86-117.

[19] M. Martens, The existence of σ-finite invariant measures,Applications to real one-dimensional dynamics, Preprint.

[20] R.L. Mauldin, M. Urbański, Dimensions and measures in infinite iterated function systems. Proc. London Math. Soc. 73:3 (1996), 105-154.

[21] J. Milnor, Dynamics in one Complex Variable, Introductory lectures, Vieweg 2000.

[22] F. Przytycki, Hausdorff dimension of harmonic measure on the boundary of an attractive basin for a holomorphic map, Invent. Math. 80 (1985), 169-171.

[23] F. Przytycki, Iterations of holomorphic Collet-Eckmann maps: conformal and invariant measures. Trans.

AMS 350.2 (1998), 717-742.

[24] F. Przytycki, M. Urbański, Fractals in the Plane - the Ergodic Theory Methods, available on the web:http://www.math.unt.edu/ũrbanski, to appear in Cambridge Univ. Press.

[25] D. Ruelle, Thermodynamic formalism, Encyclopedia of Mathȧnd Appl., vol. 5, Addison - Wesley, Reading Mass˙, 1976 [26] M. Urbański, Rational functions with no recurrent critical points, Ergod. Th. and Dynam. Sys. 14 (1994), 391-414.

[27] M. Urbański, Geometry and ergodic theory of conformal non-recurrent dynamics, Ergod. Th. and Dynam.

Sys. 17 (1997), 1449-1476.

[28] P.Walters, An introduction to ergodic theory, Springer-Verlag, 1982.

Janina Kotus, Faculty of Mathematics and Information Sciences Warsaw University of Technology Warsaw 00-661, Poland E-mail: janinak@impan.gov.pl

Mariusz Urbański, Department of Mathematics, University of North Texas, P.O. Box 311430, Denton, TX 76203-1430, USA E-mail:urbanski@unt.edu Web: http://www.math.unt.edu/∼urbanski