0

Conformal, Geometric and Invariant Measures for Transcendental Expanding Functions

Janina Kotus^∗ Faculty of Mathematics and Information Sciences Warsaw University of Technology

Warsaw 00-661, Poland.

Email: janinak@panim.impan.gov.pl and Mariusz Urbański^† Department of Mathematics University of North Texas Denton TX 76203-1430, USA. Email: urbanski@unt.edu, Web: http://www.math.unt.edu/∼urbanski

May 10, 2002

Abstract

We describe the fractal structure of expanding meromorphic maps of the form H ∘ exp ∘Q, where H and Q are rational functions whose most transparent examples are among the functions of the form^{A exp(zp)+B exp(−zp)} C exp(zp)+D exp(−zp) with AD − BC ≠ 0. In particular we show that depending upon whether the Hausdorff dimension of the Julia set is greater or less than 1, the finite non-zero geometric measure is provided by the Hausdorff or packing measure. In order to describe this fractal structure we introduce and explore in detail Walters expanding conformal maps and jump-like conformal maps.

∗Supported in part by the Foundation for Polish Science, the Polish KBN Grant No 2 P03A 009 17 and TUW Grant no 504AA 112000442200 †Supported in part by the NSF grant DMS 9801583

1 Introduction and preliminaries

The orbits of points under iteration by a meromorphic function fall into three categories: they may be infinite, they may become periodic and hence consist of a finite number of distinct points or they may terminate at a pole of the function. Points in the last category are called prepoles. It follows from Picard’s theorem that for transcendental meromorphic functions with more than one pole, there are infinitely many prepoles.

The Fatou set F (f) of a meromorphic function f : C → C is defined in exactly the same manner as for rational functions; F (f) is the set of points z ∈ C such that all the iterates are defined and form a normal family on a neighborhood of z. The Julia set J(f) is the complement of F (f) in C . Thus, F (f) is open, J(f) is closed, F (f) is completely invariant while f^{−1}(J(f)) ⊂ J(f) and f(J(f)\{∞}) = J(f). For a general description of the dynamics of meromorphic functions see e.g. (see [3]). We would however like to note that it easily follows from Montel’s criterion of normality that if f : C → C has at least one pole which is not an omitted value then (see [3]) J(f) = ⋃ n≥0 f^{−n}(∞). We consider a class of transcendental meromorphic function of the form

f(z) = H(exp(Q(z))) f̃(z) = exp(Q(H(z)))

where Q and H are non-constant rational functions. Let Q^{−1}(∞) = {d_j : j = 1, . . . , m} be the set of poles of Q. Then f(z) = H(exp(Q(z))) : C̄ \ {d_j ; j = 1, . . . , m} → C̄ \ {H(0), H(∞)} and f̃(z) = exp(Q(H(z))) : C̄ \ H^{−1}({d_j : j = 1, . . . , m}) → C̄ \ {0, ∞}. We additionally assume that there is at least one pole d_i of Q such that d_i ≠ H(0), H(∞). We may assume that without loosing generality that d_i = d_1. Then the set Ess_∞(f) := ∞⋃ n=0 f^{−n}({d_j : i = 1, . . . , m}) contains infinitely many points. Since {0, ∞} ∩ H^{−1}(d_1) = ∅, the set Ess_∞(f̃) := ∞⋃ n=0 f̃^{−n}(H^{−1}({d_j := 1, . . . , m}))

contains infinitely many points. The Fatou sets F (f) and F (f̃) are defined in the same manner as for transcendental meromorphic of the complex plane i.e. F (f) (resp. F (f̃)) is the set of points z ∈ C such that all the iterates are defined and form a normal family on a neighborhood of z. The Julia set J(f) (resp. J(f̃)) is the complement of F (f) (resp. F (f̃)) in C̄ . Thus, F (f) and F (f̃) are open, J(f) and J(f̃) are closed, F (f) and F (f̃) are completely invariant while f^{−1}(J(f)) ⊂ J(f) and f(J(f) \ {d_j : j = 1, . . . , m}) = J(f). Analogously f̃ −1(J(f̃ )) ⊂ J(f̃) and f(J(f̃) \ H −1({d_j : j = 1, . . . , m}) = J(f). It follows from Montel’s criterion that J(f) = Ess_∞(f) and J(f̃) = Ess_∞(f̃). Let Crit(f) denote the set of critical points of f i.e. Crit(f) = {z : f^′(z) = 0}. We also consider the general critical points of f. The point z is called a general critical point of f, if f restricted to any neighbourhood of z is not univalent. Thus, a general critical point is either a critical point or a multiple pole. The set of general critical points of f (resp. f̃) we denote by Crit_G(f) (resp. Crit_G(f̃)).

The exponential map has two omitted values 0, ∞. By Iversen’s theorem (see [5]) they are asymptotic values. Obviously exp(z) has no other asymptotic values. Hence f has at least one asymptotic value and maximum two if H(0) ≠ H(∞). Let Asymp(f) := {H(0), H(∞)}, Asymp(f̃) := {0, ∞} denote respectively the sets of asymptotic values of f and f̃. We say that f satisfies the assumption (*), if the following conditions are satisfied:

(1) J(f) ∩ ⋃_∞ n=0 f^n (Crit(f) ∪ Asymp(f)) = ∅, (2) if a ∈ Crit(Q), then exp(Q(a)) is not a pole of H,

(3) if H has a multiple pole, then Q(∞) ≠ ∞.

Let h denote the Hausdorff dimension of J(f). Let H^h and P^h denote respectively h− dimensional Hausdorff and packing measures. The following three theorems constitute the main results of our paper.

Theorem 1. If f satisfies the assumption (*), then:

(a) If h < 1, then P^h(J(f)) > 0 and P^h_{|J(f )} is σ-finite, while H^h(J(f)) = 0.

(b) If h = 1, then P^h(J(f)) > 0, H^h(J(f)) > 0 and both measures restricted to J(f) are σ-finite.

(c) If h > 1, then H^h(J(f)) > 0 and H^h_{|J(f )} is σ-finite, while P^h(J(f)) = ∞,

where the Hausdorff measure and packing measure are defined by means of Euclidean metric.

Theorem 2. If f satisfies the assumption (*), then:

(a) If h < 1, then 0 < P^h(J(f)) < ∞ and H^h(J(f)) = 0.

(b) If h = 1, then 0 < P^h(J(f)), H^h(J(f)) < ∞.

(c) If h > 1, then 0 < H^h(J(f)) < ∞ and P^h(J(f)) = ∞,

where the Hausdorff measure and packing measure are defined by means of spherical metric.

Of course, the Hausdorff measures (resp. packing measures) defined in the Euclidean and spherical metrics are equivalent, despite that the Radon-Nikodym derivatives don’t have to be bounded. If the Hausdorff or packing measure is positive and σ-finite (in particular finite) we call it a geometric measure.

Theorem 3. Suppose f satisfies the condition (*). Then there exists a unique probabilistic invariant measure equivalent to a geometric measure.

We would like to mention that in the case when Q is the identity map, Theorem 1 easily follows from the results stated in [2]. The idea of the interplay between f and f̃ and an appropriate application of the thermodynamic formalism develops the approach from [2]. Our further methods are based on rigorous application of Walters expanding maps and the development of the theory of Walters expanding conformal maps along with jump-like conformal maps.

The paper is organized as follows. In the second section we recall (see [10]) the concept of Walters expanding maps, we define conformal Walters expanding maps and we prove its geometrical properties concerning the Hausdorff and packing measures. At the end of this section we briefly mention some class of conformal Walters expanding maps coming from meromorphic transcendental maps.

In section 3 we consider more special conformal expanding maps. By analogy to parabolic situation (see [4], [1], [7] and [8]) we call them jump-like conformal maps. This section contains the proof of Theorem 3.3 establishing positivity and finiteness of appropriate Hausdorff and packing measures.

In section 4 we show that f̃ is a jump-like conformal map and we apply the results of previous section in the context of f̃.

In section 5 using a semiconjugacy of f and f̃ we establish our main results namely Theorem 1, Theorem 2 and Theorem 3.

In the last section we describe examples illustrating our main theorems, in particular we provide the examples not covered by [2].

Writing A ⪯ B (A ⪰ B) we mean that the quotient A/B is bounder from above (resp. below) by a finite positive constant independent of an appropriate variable under consideration.

2 Walters expanding conformal maps

We first define Walters expanding mappings and collect their selected properties needed in the sequel. For a full account of Walters theory see [10].

So, let X_0 be an open and dense subset of a compact metric space X endowed with a metric ρ. We call a continuous map T : X_0 → X Walters expanding provided that the following conditions are satisfied:

(2a) The set T^{−1}(x) is at most countable for each x ∈ X.

(2b) There exists δ > 0 such that for every x ∈ X and every n ≥ 0, T^{−n}(B(x, 2δ)) can be written uniquely as a disjoint union of open sets {B_y(x)}_{y∈T} −n_{(x)} such that y ∈ B_y(x) and T^n : B_y(x) → B(x, 2δ) is a homeomorphism from B_y(x) onto B(x, 2δ). The corresponding inverse map from B(x, 2δ) to B_y(x), y ∈ T^{−n}(x), will be denoted by T^{−n}_y .

(2c) There exists λ > 1 and n ≥ 1 such that for every x ∈ X, every y ∈ T^{−n}(x) and all z_1, z_2 ∈ B_y(x)

d(T^n(z_1), T^n(z_2)) ≥ λd(z_1, z_2)

(2d) ∀ϵ > 0, ∃ s ≥ 1 ∀x ∈ X T^{−s}(x) is ϵ-dense in X.

Recall that a function g : Y → R, where (Y, ρ) is a metric space, is Hölder continuous if there exist β > 0 and L > 0 such that for all y_1, y_2 ∈ Y , |g(y_1) − g(y_2)| ≤ L|y_1 − y_2|^β . The parameter β is called the Hölder exponent of the function g and L is called its Hölder constant. A function ϕ : X_0 → R is called dynamically Hölder if there exists β > 0 and L > 0 such that for every n ≥ 1, every x ∈ X and every y ∈ T^{−n}(x), the restriction ϕ|_T −n_{y (B(x,δ))} is Hölder continuous with exponent β > 0 and constant L. For every n ≥ 1 put

S_n(ϕ(x)) = n−1∑ j=0 ϕ ∘ T^j (x).

Using (2c), the standard argument in thermodynamic formalism shows that there exists a constant C > 0 such that ∀_{x∈X} ∀_{y,z∈B(x,δ)} ∀_{n≥0} ∀u ∈ T^{−n}(x) |S_nϕ(T^{−n}_u (y)) − S_nϕ(T^{−n}_u (z))| ≤ Cd^β (y, z). (1) The function ϕ : X_0 → X is called summable if

sup_{x∈X} ∑ y∈T^{−1}(x) exp(ϕ(y)) < ∞.

As an immediate consequence of (1) we get the following.

Proposition 2.1. If T : X_0 → X is a Walters expanding map and ϕ : X_0 → R is a dynamically Hölder function, then the following conditions are equivalent.

(a) The function ϕ : X_0 → X is summable.

(b) There exists a finite δ-net W of X such that

max_{x∈W} ∑ y∈T^{−1}(x) exp(ϕ(y)) < ∞.

(c) For every δ-net W of X we have

sup_{x∈W} ∑ y∈T^{−1}(x) exp(ϕ(y)) < ∞.

(d) For every x ∈ X we have ∑ y∈T^{−1}(x) exp(ϕ(y)) < ∞.

For every n ≥ 1 and every x ∈ X let Z_n(ϕ, x) = ∑ y∈T^{−n}(x) exp ( S_nϕ(y) ) .

We will need the following key fact.

Lemma 2.2. If T : X_0 → X is a Walters expanding map and ϕ : X_0 → R is a dynamically Hölder function, then ∃_{p≥1} ∀_{q≥p} ∀_{n≥1} ∀_{x,y∈X} ∃_{Cx,y >0}Z_n(ϕ, x) ≤ C_{x,y}Z_{n+q}(ϕ, y). Proof: Let p ≥ 1 be the number provided by condition (2d) with ϵ = δ and fix q ≥ p. This condition implies then that there exists z ∈ B(x, δ) ∩ T^{−q}(y). By (1) we then get Z_n(ϕ, x) ≤ e^M exp(−S_q ϕ(z))Z_{n+q} (ϕ, y) and we are done.

Given x ∈ X we set

P_x(ϕ) = lim sup_{n→∞} 1 n log ∑ y∈T^{−n}(x) exp(S_n(ϕ(x)).

As an immediate consequence of Lemma 2.2 and Proposition 2.1, we immediately get the following two remarkable statements.

Proposition 2.3. If T : X_0 → X is a Walters expanding map and ϕ : X_0 → R is a dynamically Hölder function then for all x, y ∈ X, P_x(ϕ) = P_y(ϕ). This common value is called the topological pressure of ϕ with respect to T and will be denoted by P (ϕ).

and Proposition 2.4. If T : X_0 → X is a Walters expanding map and ϕ : X_0 → R is a dynamically Hölder function then P (ϕ) < ∞ if and only if ϕ is summable.

From the results of P.Walters in [10] one can extract the following:

Theorem 2.5. If T : X_0 → X is a Walters expanding map and ϕ : X_0 → X is a dynamically Hölder summable function, then there exist m_ϕ and μ_ϕ, Borel probability measures on X such that

(a) ∀n ≥ 1, ∀x ∈ X, ∀y ∈ T^{−n}(x) and for every Borel set A ⊂ T^{−n}_y (B(x, δ))

m_ϕ(T^n(A)) = ∫ A e^{P (ϕ)−Sn(ϕ)}dm_ϕ (b) μ_ϕ is T -invariant which means that μ_ϕ ∘ T^{−1} = μ_ϕ, ergodic and equivalent with with m_ϕ Radon-Nikodym derivative bounded away from zero and infinity.

The reader may notice that the property (a) means that the measure μ_ϕ is an egeinmeasure with eigenvalue e^{P (ϕ)} of the corresponding Perron-Frobenius operator. Many additional stochastic properties of the dynamical systems can be found in [10].

A Walters expanding map F : X_0 → X is called conformal if X ⊂ C and if for every x ∈ X, every n ≥ 1 and every y ∈ F^{−n}(x) the inverse map F^{−n}_y : B_X (x, 2δ) → X_0 has a (unique) holomorphic extension to the ball B_C (x, 2δ). This extension will be denoted by the same symbol F^{−n}_y . From now and throghout this entire section we assume that F is a Walters expanding conformal map. Of special importance will be the following functions g_t : X_0 → X, t ≥ 0 given by the formula: g_t(x) = −t log |F^′(x)|. It immediately follows from Koebe’s distortion theorem that each function g_t is dynamically Hölder with the Hölder exponent 1/3. Following [6] we define θ_F to be the infinum of all t ≥ 0 for which the function g_t is summable. Due to Proposition 2.4, θ_F = inf{t ≥ 0 : P (g_t) < ∞}. The following proposition is a straightforward standard consequence of the definition of pressure and property (2c).

Proposition 2.6. The function P : (θ_F , ∞) → R is convex, continuous, strictly decreasing and lim_{t→∞} P (t) = −∞.

We define h_F = h = inf{t : P (t) ≤ 0}.

Obviously h_F ≥ θ(F ). Following the terminology of [6] and [9] we call the map F regular if P (h) = 0, strongly regular if there exists t ≥ 0 such that 0 < P (t) < ∞ and hereditarily regular if P (θ_F ) = ∞. In view of Proposition 2.6 each strongly regular map is regular and each hereditarily regular map is strongly regular. If F is regular, then m = m_{gh} is called the h-conformal measure for F . Its F -invariant version will be denoted by μ. Let

X_∞ = ⋂ n≥0 F^{−n}(X_0).

Denote by HD(Y ) the Hausdorff dimension of a metric space Y . The first and most important fact concerning geometry of Walters expanding conformal maps is provided by the following.

Theorem 2.7. If F : X_0 → X is a Walters expanding conformal map, then HD(X_∞) ≤ h. If in addition, F is strongly regular, then HD(X_∞) = h and, in particular, HD(X_∞) > θ_F .

Proof: Fix t > h. Then, by Proposition 2.6, P (t) < 0. Let W ⊂ X be a finite δ-net of X (i.e. ⋃ x∈W B(x, δ) = X). Since W is finite, there exists k ≥ 1 such that for every n ≥ k and every x ∈ W , ∑ y∈F^{−n}(x) |(F^n)^′(y)|^{−t} < exp ( P (t)n 2 ) (2)

Since in addition for every n ≥ 1, ⋃ x∈W ⋃ y∈F^{−n}(x) F −n(B(x, δ)) ⊃ X_∞, since diam(F^{−n}_y (B(x, δ)) ≤ Kδ|(F^n)^′(y)|^{−1} where K is the Koebe distortion constant associated with the scale^1_2 and since^1_2 P (t) < 0, we conclude from (2) that H^t(X_∞) = 0. Consequently HD(X_∞) ≤ t. Hence HD(X_∞) ≤ h and the first part of our theorem is proved.

In order to cope with the other, harder part of this theorem we shall first prove the following.

Claim: If F is strongly regular, then 0 < ∫ log |F^′|dμ < ∞. Proof of the claim. The inequality ∫ log |F^′|dμ > 0 follows immediately from (2c), Koebe Distortion Theorem and invariance of μ. We shall show the finiteness of the integral of log |F^′|. Since F is strongly regular, there exists t > 0 such that 0 < P (t) < ∞. By Proposition 2.6, h > t ≥ θ. In view of Proposition 2.4 and Proposition 2.1 there exists a constant M > 0 such that for every x ∈ X ∑ y∈F^{−1}(x) |(F )^′(y)|^{−t} ≤ M. (3)

Let now W ⊂ X be a finite δ-net of X. Since for every T > 0 the set ⋃ x∈W {y ∈ F^{−1}(x) : |F^′(y)| ≤ T } is finite, we conclude that the set ⋃ x∈W {y ∈ F^{−1}(x) : log |F^′(y)| ≥ |F^′(y)|^{h−t}} is finite. Therefore, using Theorem 2.5(a) and (b) along with equality P (h) = 0, bounded distortion property and (3), we get that ∫ log |F^′|dμ ≤ ≤ ∑ x∈W ∑ y∈F^{−1}(x) ∫ F^{−1}_y (B(x,δ)) log |F^′|dμ

≤ const_1 + ∑ x∈W ∑ y∈F^{−1}(x) ∫ F^{−1}_y (B(x,δ)) |F^′|^{h−t}dμ ≤ const_1 + const_2 ∑ x∈W ∑ y∈F^{−1}(x) |F^′(y)|^{h−t}μ(F^{−1}_y (B(x, δ))) ≤ const_1 + const_2 ∑ x∈W ∑ y∈F^{−1}(x) |F^′(y)|^{h−t}|F^′(y)|^{−h} ≤ const_1 + const_2 ∑ x∈W ∑ y∈F^{−1}(x) |F^′(y)|^{−t} ≤ const_1 + const_2M < ∞. The proof of the claim is finished.

Fix now ϵ > 0 . Since μ(X_∞) = 1, and since (see Theorem 2.5(b)) μ is F - invariant and ergodic, it follows from Birkhoff’s ergodic theorem and Jegorov’s theorem that there exist a Borel set Y ⊂ X_∞ and the integer k ≥ 1 such that μ(Y ) ≥^1_2 and for every x ∈ Y and every n ≥ k | | | 1 n log |(F^n)^′(x)| − χ | | | < ϵ, (4) where χ = ∫ log |F^′|dμ. Put ν = μ_{|Y} . Given x ∈ Y and 0 < r < δ let n ≥ 0 be the largest integer such that B(x, r) ⊂ F^{−n}_x (B(F^n(x), δ)). (5) Then B(x, r) is not contained in F^{−(n+1)}x (B(F^{n+1}(x), δ)) and applying Koebe’s distortion theorem we get

r ≥ K^{−1}δ|(F^{n+1})^′(x)|^{−1}. (6)

Taking r > 0 sufficiently small, we may assume that n ≥ k. Combining now (5), Theorem 2.5(a), (b) along with P (h) = 0, Koebe Distortion Theorem and (6), we obtain μ(B(x, r)) ≤ μ(F^{−n}_x (B(F^n(x), δ))) ≍ |(F^{−n})^′(x)|^h ⪯ r^h |(F^{n+1})^′(x)|^h |(F^n)^′(x)|^h

Employing now (4), we thus get μ(B(x, r)) ≤ r^he^{(χ+ϵ)(n+1)}e^{−(χ−ϵ)n} ≃ r^he^{2ϵn} (7)

But we deduce from (4) and (6) that r ⪰ e^{−(χ+ϵ)(n+1)} and therefore e^{2ϵn} ⪰ r^{− 2ϵχ+ϵ} . This and (7) imply that ν(B(x, r)) ≤ μ(B(x, r)) ⪯ r^{h− 2ϵχ+ϵ} . Consequently HD(X_∞) ≥ HD(ν) ≥ h −^{2ϵ}_{χ+ϵ} and letting ϵ → 0 we finally obtain HD(X_∞) ≥ h. We are done.¡ Our next goal is to provide a formula for the upper ball-counting dimension (occasionally also called box-counting or Minkowski dimension). We denote by N_r(A) the minimal number of balls with centers at the set A and of radii r > 0 needed to cover A. The upper ball-counting dimension of A is defined to be

BD(A) = lim sup_{r→0} log N_r(A) − log r . We will need the following three auxiliary lemmas first. Lemma 2.8. If F is a regular Walters expanding conformal map, then

BD(X) = max{HD(X_∞), sup_{n≥1} sup_{x∈X}{BD(F^{−n}(x))}}

Proof: Since inequality ”≥” is obvious we only need to show the opposite one. Fix W , a finite δ-net of X. Fix t > M, the right-hand side of the formula appearing in Lemma 2.8. By Theorem 2.7, P (t) < 0. Therefore, there exists u ≥ 1 such that if q ≥ u, and x ∈ W , then Z_q(t, x) := ∑ y∈F^{−q} (x) |(F^q )^′(y)|^{−t} < 1 2 (4K)^{−t}. (8)

In view of (2c) we may in addition assume that |(F^q )^′(z)| ≥ 4K for all q ≥ u and all z ∈ ⋂_{q−1} j=0 F^{−j} (X). Fix q ≥ u. Since t > BD(F^{−q}(x)), there exists A > 0 such that N_r(F^{−q}(x)) ≤ Ar^{−t} for all x ∈ W and all 0 < r < 2δ. Choose now B ≥ 2 × 4^tA#W such that if 1 ≤ r ≤ 2δ, then N_r(X) ≤ Br^{−t}.

We shall show by induction that for each n ≥ 1, if 1/n ≤ r ≤ 2δ, then N_r(X) ≤ Br^{−t}. By the definition of B this inequality holds for n = 1. Suppose that it holds for some n ≥ 1 and fix^1_{n+1} ≤ r < 1/n. Let

C_{n+1} = { y ∈ F^{−q} (W ) : diam ( F^{−q}_y (B(F^q (y), δ)) ) ≤ 1 2(n + 1) } . Since X_∞ ⊂ ⋃ y∈C_{n+1} F^{−q}_y (B(F^q (y), δ)) ∪ ⋃ y∈F^{−q} (W )\C_{n+1} F^{−q}_y (B(F^q (y), δ))

and since X_∞ = X, we get

N_r(X) = N_r(X_∞) ≤ N 1_{n+1} (X_∞)

≤ N 1_{n+1} ⋃ y∈C_{n+1} F^{−q}_y (B(F^q (y), δ)) + ∑ y∈F^{−q} (W )\C_{n+1} N 1_{n+1} ( F^{−q}_y (B(F^q (y), δ)) ) . (9)

Now, for every y ∈ F^{−q} (W ) \ C_{n+1} we have

N 1_{n+1} ( F^{−q}_y (B(F^q (y), δ)) ) ≤ N |(F q )′ (y)| K(n+1) (X ∩ B(F^q (y), δ)) ≤ N |(F q )′ (y)|_{2K(n+1)} (X). (10) Since |(F^q)^′(y)| ≥ 4K and^1_4 ≤^n_{2(n+1)} , we get 1 n ≤ |(F^q )^′(y)| 2K(n + 1) . Since 1 2(n + 1)

< diam ( F^{−q}_y (B(F^q (y), δ)) ) ≤ 2Kδ|(F^q)^′(y)|^{−1}, we obtain |(F^q )^′(y)| 2K(n + 1) ≤ 2δ. So, by inductive hypothesis and (10), we get

N 1_{n+1} ( F^{−q}_y (B(F^q (y), δ)) ) ≤ B ( |(F^q )^′(y)| 2K(n + 1) )_{−t} . (11)

Next, we claim that

N 1_{n+1} ⋃ y∈C_{n+1} F^{−q}_y (B(F^q (y), δ))

≤ N_{12(n+1)} (F^{−q} (W )). (12)

To see this let { B ( z_j ,^1_{2(n+1)} )} j∈V be a collection of balls with radii^1_{2(n+1)} covering F^{−q} (W ). Take y ∈ C_{n+1} and ξ ∈ F^{−q}_y (B(F^q (y), δ)). Then |ξ − y| ≤ diam ( F^{−q}_y (B(F^q (y), δ)) ) ≤ 1 2(n + 1) . Since in addition |y − z_j | <^1_{2(n+1)} for some j ∈ V , we conclude that the balls { B ( z_j ,^1_{n+1} )} j∈V cover the set ⋃ y∈C_{n+1} F −q y (B(F^q (y), δ)). Our claim is therefore proven.

Combining now (9), (12) and (11) we obtain N_r(X) ≤ ∑ y∈C_{n+1} N 1_{2(n+1)} (F^{−q} (W )) + ∑ y∈F^{−q} (W )\C_{n+1} B ( |(F^q )^′(y)| 2K(n + 1) )_{−t} . Since, r < 1/n, we have n + 1 ≤ 2/r, and using (8) along with the definitions of A and B, we may continue the above inequality as follows

N_r(X) ≤ #W A(2(n + 1))^t + B(2K)^t(n + 1)^t ∑ w∈W ∑ y∈F^{−q} (w) |(F^q )^′(y)|^{−t}

≤ 4^t ( A#W + BK^t ∑ w∈W Z_q(t, w) ) r^{−t} ≤ 4^t ( A#W + 2^{−1}B4^{−t} ) ≤ Br^{−t}.

The inductive proof is thus finished and therefore BD(X) ≤ t. We complete the proof of our lemma by letting t ↘ M.

Lemma 2.9. If F is a regular Walters expanding conformal map, then for all w ∈ X, all x, y ∈ B(w, δ) and for all n ≥ 0, we have BD(F^{−n}(x)) = BD(F^{−n}(y)).

Proof: Fix n ≥ 0. In view of the expanding property (2c) and Koebe’s distortion theorem, a straightforward geometrical argument shows that ∃_{M≥1}∀_{r>0}∀_{z∈X} ∀_{v∈X} #{ξ ∈ F^{−n}(z) : B(v, r) ∩ F^{−n}_ξ (B(z, δ))) ≠ ∅ and diam(F^{−n}_ξ (B(z, δ))) ≥ r/2} ≤ M. (13) In order to prove the lemma it suffices to demonstrate that BD(F^{−n}(x)) ≤ BD(F^{−n}(y)). So, take 0 < r < δ and put I_r = {ξ ∈ F^{−n}(w) : diam(F^{−n}_ξ (B(w, δ)) < r/2}. Then N_r ( {F^{−n}_ξ (y) : ξ ∈ I_r}) ≤ N_{r/2} ( {F^{−n}_ξ (x) : ξ ∈ I_r } ) . Obviously N_r ( {F^{−n}_ξ (z) : ξ ∈ F^{−n}(w) \ I_r} ) ≤ #(F^{−n}(w) \ I_r) for all z ∈ B(w, r). On the other hand, by (13), for the same z we have N_r ( {F^{−n}_ξ (z) : ξ ∈ F^{−n}(w) \ I_r} ) ≥ #(F^{−n}(w) \ I_r)/M. Hence N_r(F^{−n}(y)) ≤ N_{r/2} ( {F^{−n}_ξ (x) : ξ ∈ I_r} ) + N_r ( {F^{−n}_ξ (y) : ξ ∈ F^{−n}(w) \ I_r} ) ≤ N_{r/2} ( F^{−n}(x) ) + MN_r ( {F^{−n}_ξ (x) : ξ ∈ F^{−n}(w) \ I_r} ) ≤ (1 + M)N_{r/2} ( F^{−n}(x) ) . Therefore

BD(F^{−n}(y)) = lim sup_{r→0} log N_r(F^{−n}(y))

− log r

≤ lim sup r→0 log N_r(F^{−n}(x)) − log r

= BD(F^{−n}(x)).

The proof is complete.

Proposition 2.10. If F is a regular Walters expanding conformal map, and W is a finite δ-net of X, then BD(F^{−1}(W )) ≥ θ_F for all x ∈ X.

Proof: Fix first an arbitrary x ∈ W . Fix then t > BD(F^{−1}(W )) ≥ BD(F^{−1}(x)) and u > 0 so small that t − u > BD(F^{−1}(x)). For every ϵ > 0 consider the set I(ϵ) = {y ∈ F^{−1}(x) : Kϵδ^{−1} ≤ |F^′(y)|^{−1} ≤ 2ϵδ^{−1}}. Since by Koebe’s distortion theorem the balls {B(y, ϵ) : y ∈ I(ϵ)} are mutually disjoint, N_ϵ(F^{−1}(x)) ≥ #I(ϵ). Since also for all ϵ > 0 small enough,

N_ϵ(F^{−1}(x)) ≤ ϵ^{−(t−u)}, the following estimate hold for all k_0 large enough ∑ k≥k_0 ∑ y∈I(2^{−k} ) |F^′(y)|^{−t} ≤ ∑ k≥k_0 (2Kδ^{−1})^t2^{−kt}#I(2^{−k})

≤ (2Kδ^{−1})^t ∑ k≥k_0 2^{−kt}N_2−k (F^{−1}(x))

≤ (2Kδ^{−1})^t ∑ k≥k_0 2^{−kt}2^{kt}2^{−ku} = (2Kδ^{−1})^t ∑ k≥k_0 2^{−ku} ≤ (2Kδ^{−1})^t 1 1 − 2^{−u} . In view of Proposition 2.1 the function g_t is thus summable and we are done. Lemma 2.11. If F is a regular Walters expanding conformal map and if W is a finite δ-net of X, then for all n ≥ 0, BD(F^{−n}(W )) ≤ BD(F^{−1}(W )) = max_{w∈W} {BD(F^{−1}(w))}.

Proof: Fix t > BD(F^{−1}(W )). We shall show by induction that for every n ≥ 1 there exists 0 < A_n < ∞ such that N_r(F^{−n}(W )) ≤ A_nr^{−t} (14) for all 0 < r ≤ 2δ. And indeed, the existence of A_1 is immediate since t > BD(F^{−1}(W )). So, fix n ≥ 1 and suppose that A_n satisfying (14) exists. In order to demonstrate the existence of A_{n+1} put I = { y ∈ F^{−n}(W ) : diam ( F^{−n}_y (B(F^n(y), δ)) ) < r/2 } . Then N_r ⋃ y∈I F^{−n}_y (F^{−1}(W )) = N_r ⋃ y∈I F^{−n}_y (B(F^n(y), δ) ∩ F^{−1}(W ))

≤ N_r ⋃ y∈I F^{−n}_y (B(F^n(y), δ)) ≤ N_{r/2}(I) ≤ N_{r/2}(F^{−n}(W )) ≤ 2^tA_nr^{−t}. If y ∈ F^{−n}(W ) \ I, then N_r ( F^{−n}_y (F^{−1}(W )) ) ≤ N_K−1_{|(F} n_)′_{(y)|r}(F^{−1}(W )) ≤ A_1(K^{−1}|(F^n)^′(y)|)^{−t}r^{−t}, where the second inequality holds since

K^{−1}|(F^n)^′(y)|r ≤ K^{−1}|(F^n)^′(y)|2diam ( F^{−n}_y (B(F^n(y), δ)) ) ≤ 2K^{−1}|(F^n)^′(y)|Kδ|(F^n)^′(y)|^{−1} = 2δ.

Now, by Proposition 2.10, t > θ_F which implies that the series ∑ y∈F^{−n}(W ) |(F n)^′(y)|^{−t} converges. Therefore the following estimates complete our inductive proof.

N_r(F^{−(n+1)}(W )) ≤ 2^tA_nr^{−t} + (A_1K)^tr^{−t} ∑ y∈F^{−n}(W )\I |(F^n)^′(y)|^{−t} ≤ ( 2^tA_n + (A_1K)^t ∑ y∈F^{−n}(W )\I |(F^n)^′(y)|^{−t} ) r^{−t}.

Combining Lemma 2.8, Lemma 2.11 and Lemma 2.9, we immediately obtain the following.

Theorem 2.12. If F is a regular Walters expanding conformal map and if W is a finite δ-net of X, then BD(X) = max{HD(X_∞), BD(F^{−1}(W ))} = max{HD(X_∞), max{BD(F^{−1}(w)) : w ∈ W }}.

Our next geometrical results concern Hausdorff and packing measures. We start with the following.

Theorem 2.13. If F is a regular Walters expanding conformal map, then H^h(X_∞) < ∞ and P^h(X_∞) > 0. In addition H^h ≪ m and^{dHh}_{dm} < ∞. Proof: Let W ⊂ X be a finite δ-net of X. Let A ⊂ X_∞ be a closed subset in the topology relative to X_∞. For every n ≥ 1 put I_n = {y ∈ F^{−n}(W ) : F^{−n}_y (B(F^n(y), δ)) ∩ A ≠ ∅}. Then the family {F^{−n}_y (B(F^n(y), δ))}_{y∈In} covers A and its multiplicity is bounded above by ♯W , the cardinality of W . In addition by the expanding property, for every ϵ > 0 there exists n ≥ 1 such that ⋃ y∈I_n F^{−n}_y (B(F^n(y), δ)) ⊂ B(A, ϵ). Since this union is open and A is closed, this implies that lim_{n→∞} m( ⋃ y∈I_n F^{−n}_y (B(F^n(y), δ))) = m(A) (15)

Now, ∑ y∈I_n diam^h(F^{−n}_y (B(x, δ))) ⪯ ∑ y∈I_n |(F^n)^′(y)|^{−h}(2δ)^≍ ∑ y∈I_n |(F^n)^′(y)|^{−h} ≍ ∑ y∈I_n m(F^{−n}_y (B(x, δ)))

≤ ♯W m ∑ y∈I_n m(F^{−n}_y (B(x, δ)) .

Thus using (15) , we conclude that H^h(A) ⪯ m(A). Since X_∞ is a separable metric space, and m is regular, this inequality extends to all Borel subsets of X_∞. This implies that H^h(X_∞) ≪ m and^{dHh}_{dm} < ∞ and consequently H^h(X_∞) < ∞.

Fix now x ∈ X_∞. Then for every n ≥ 1 F^{−n}_x (B(F^n(x), δ)) ⊃ B(x, K^{−1}|(F^n)^′(x)|^{−1}δ) and therefore m ( B(x, K^{−1}|(F^n)^′(x)|^{−1})δ ) ≤ K^h|(F^n)^′(x)|^{−h}m(B(F^n(x), δ))) ≤ K^{2h}(K^{−1}|(F^n)^′(x)|)^{−h}.

Thus P^h(X_∞) > 0. The proof is complete.

We shall now provide a sufficient condition for the h-dimensional Hausdorff measure to be positive and for the packing measure to be finite. Theorem 2.14. Suppose that F is a regular Walters expanding conformal map. Assume that there exist γ ≥ 1 and 0 < ξ ≤ δ such that for every x ∈ X_0 and for every r satisfying the condition γdiam(F^{−1}_x (B(F(x), δ))) ≤ r ≤ ξ, we have m(B(x, r)) ≥ Lr^h. Then P^h(X_∞) < ∞.

Proof: Fix x ∈ X_0 and r satisfying γdiam(F^{−1}_x (B(F(x), δ))) ≤ r ≤ ξ. Let n ≥ 0 be the maximal integer such that B(x, r) ⊂ F^{−n}_x (B(F^n(x), δ)). Then F^{−(n+1)} x (B(F^n(x), δ)) does not contain the ball B(x, r) and consequently r ≥ δK^{−1}|(F^{n+1})^′(x)|^{−1}. Hence

B(x, r) ⊃ B(x, δK^{−1}|(F^{n+1})^′(x)|^{−1}) ⊃ F^{−(n+1)}_x (B(F^{n+1}(x), δK^{−2})) and thus m(B(x, r)) ≥ M(δK^{−2})|(F^{n+1})^′(x)|^{−h}K^{−h}, where M(β) = inf{m(B(z, β)) : z ∈ X} > 0 since supp(μ) = X. If |(F^{n+1})^′(x)| ≤ r^{−1}γK^2δ, then m(B(x, r)) ≥ K^{−3h}M(δK^{−2})γ^{−h}δ^{−h}r^h. (16) So, suppose that |(F^{n+1})^′(x)| ≥ r^{−1}γK^2δ (17) By the Koebe distortion theorem F^{−n}_x (B(F^n(x), K^{−1}|(F^n)^′(x)|r)) ⊂ B(x, r). Now, in view of (17)

K^{−1}|(F^n)^′(x)|r = K^{−1}|(F^{n+1})^′(x)|r|F^′(F^n(x))|^{−1} ≥ γKδ|F^′(F^n(x))|^{−1} ≥ γdiam(F^{−1}_{Fn (x)}(B(F(F^n(x)), δ))).

Therefore, by our assumption and conformality of m m(B(x, r)) ≥ K^{−h}|(F^n)^′(x)|^{−h}m(B(F^n(x), K^{−1}|(F^n)^′(x)|r)) ≥ K^{−h}|(F^n)^′(x)|^{−h}(K^{−1}|(F^n)^′(x)|r)^h = K^{−2h}r^h.

Combining this and (16) completes the proof.

Theorem 2.15. Suppose F is a regular Walters expanding conformal map. Assume there exist γ ≥ 1 and L > 0 such that for every x ∈ X_0 and for every r satisfying the condition r ≥ γdiam(F^{−1}_x (B(F(x), δ))), we have m(B(x), r)) ≤ Lr^h. Then H^h(X_∞) > 0.

Proof: Fix x ∈ X_0 and δ ≥ r ≥ γdiam(F^{−1}_x (B(F(x), δ))). Let n ≥ 0 be the maximal integer such that B(x, K^2r) ⊂ F^{−n}_x (B(F^n(x), δ)) (18)

Then B(x, K^2r) is not contained in the set F^{−(n+1)}x (B(F^{n+1}(x), δ)), and as F^{−(n+1)} x (B(F^{n+1}(x), δ)) ⊃ B(x, K^{−1}δ|(F^{n+1})^′(x)|^{−1}), we conclude that K^2r ≥ K^{−1}δ|(F^{n+1})^′(x)|^{−1}. Hence γK^4r|(F^n)^′(x)| ≥ γKδ|F^′(F^n(x))|^{−1} ≥ γdiam(F^{−1}_{Fn (x)}(B(F(F^n(x), δ)) and therefore, by our assumptions

m(B(F^n(x), K^4r|(F^n)^′(x)|)) ≤ LK^{4h}r^h|(F^n)^′(x)|^h (19) By (18) K^2r ≤ Kδ|(F^n)^′(x)|^{−1} or equivalently Kr|(F^n)^′(x)| ≤ δ. Hence B(x, r) ⊂ F^{−n}_x (B(F^n(x), Kr|(F^n)^′(x)|) and using (19) we get that m(B(x, r)) ≤ K^h|(F^n)^′(x)|^{−h}m(B(F^n(x), Kr|(F^n)^′(x)|)) ≤ K^h|(F^n)^′(x)|^{−h}m(B(F^n(x), K^4r|(F^n)^′(x)|)) ≤ LK^{5h}r^h. The proof is complete.

Theorem 2.16. Suppose F is a regular Walters expanding conformal map. Let h = HD(X_∞) and let m be the corresponding conformal measure. If there exist a sequence of points z_j ∈ X, j ≥ 1, and a sequence of positive reals {r_j }^∞_{=1} such that r_j ≤ δ/2 and lim_{j→∞} m(B(z_j , r_j )) r^h_j = ∞, then H^h(X_∞) = 0.

Proof: Let X_t be the set of transitive points of F . Since μ, the F -invariant version of m is ergodic and positive on non-empty sets of X, it follows from Birkhoff’s ergodic theorem that m(X_t) = 1. Fix x ∈ X_t and then ϵ > 0. By our assumptions there exists j ≥ 1 such that m(B(z_j , r_j ))r^{−h}_j ≥ ϵ^{−1}. Since x ∈ X_t, there exists n ≥ 0 such that F^n(x) ∈ B(z_j , r_j ). It implies that x ∈ F^{−n}_x (B(z_j , r_j )) ⊂ B(F^{−n}_x (z_j ), K|(F^{−n}_x )^′(z_j )|r_j ).

Hence |x − F^{−n}_x (z_j )| < K|(F^{−n}_x )^′(z_j )|r_j and therefore

B(x, 2K|(F^{−n}_x )^′(z_j )|r_j ) ⊃ B(F^{−n}_x (z_j ), r_j K|(F^{−n}_x )^′(z_j )|) ⊃ F^{−n}_x (B(z_j , r_j )). Hence

m(B(x, 2r_j K|(F^{−n}_x )^′(z_j )|)) ≥ m(F^{−n}_x (B(z_j , r_j ))) ≥ K^{−h}|(F^{−n}_x )^′(z_j )|^hm(B(z_j , r_j )) ≥ K^{−h}|(F^{−n}_x )^′(z_j )|^hϵ^{−1}r^h_j = (2K^2)^{−h}ϵ^{−1}(2r_j K|(F^{−n}_x )^′(z_j )|)^h.

Letting ϵ ↘ 0, we conclude that

lim_{r→0} m(B(x, r)) r^h = ∞ and consequently H^h(X_t) = 0. Since m(X\X_t) = 0 it follows from Theorem 2.13 that H^h(X \ X_t) = 0. We are done.

Theorem 2.17. Suppose F is a regular Walters expanding conformal map. Let h = HD(X_∞) and let m be the corresponding conformal measure. If there exists sequence of points z_j ∈ X, j ≥ 1 and a sequence of positive reals {r_j }^∞_{=1} such that lim_{j→∞} m(B(z_j , r_j )) r^h_j = 0,

then P^h(X_∞) = ∞.

Proof: Let, similarly as in Theorem 2.16, X_t be the set of transitive points of F . Fix x ∈ X_t and then ϵ > 0. By the assumptions there exists j ≥ 1 such that m(B(z_j , r_j )) ≤ ϵr^h_j . Since x is a transitive point, there exists n ≥ 1 such that F^n(x) ∈ B(z_j , r_j /2). Therefore

m(B(x, K^{−1}|(F^n)^′(x)|^{−1}r_j /2)) ≤ m(F^{−n}_x (B(F^n(x), r_j /2))) ≤ K^h|(F^n)^′(x)|^{−h}m(B(F^n(x), r_j /2)) ≤ K^h|(F^n)^′(x)|^{−h}m(B(z_j , r_j )) ≤ K^h|(F^n)^′(x)|^{−h}ϵr^h_j = (2K^2)^hϵ(1/2K^{−1}|(F^n)^′(x)^{−1}r_j )^h.

Thus letting ϵ → 0 we see that

lim_{r→0} m(B(x, r)) r^h = 0 Since m(X_t) = 1 this implies that P^h(X_∞) ≥ P^h(X_t) = ∞. If ν is a Borel measure on a metric space Y , then ν is said to be locally finite at a point y ∈ Y if there exists an open set U ⊂ Y such that y ∈ U and ν(U) < ∞. As a supplement to the last theorem we shall prove the following.

Proposition 2.18. If F is a Walters expanding conformal map and P^h(X_∞) < ∞, then P^h|_{X∞} is locally finite at every point of X_∞.

Proof: Suppose that P^h|_{X∞} is locally finite at some point y ∈ X_∞. It means that there exists ϵ > 0 such that P^h(B(y, 2ϵ)) < ∞. Fix an arbitrary point x ∈ X_∞. In view of (2c) and (2d) there exists an integer n ≥ 1 such that B(y, ϵ)∩F^{−n}(x) ≠ ∅ and if z is in this intersection, then diam ( F^{−n}_z (B(x, δ)) ) < ϵ. Employing conformality of the packing measure P^h and Koebe’s distortion theorem, we get the following. P^h(B(x, δ)) ≤ K^h|(F^n)^′(z)|^hP^h ( F^{−n}_z (B(x, δ)) ) ≤ K^h|(F^n)^′(z)|^hP^h(B(y, 2ϵ)) < ∞. Thus, covering X_∞ by finitely many balls with radii δ, we conclude that P^h(X_∞) < ∞. The proof is finished.

Remark. We would like to mention that if f : C → C is a meromorphic mapping for which J(f) ∩ ∞⋃ n=0 f^n(Crit_G(f) ∪ Asymp(f)) = ∅, where J(f) is the Julia set of f, then it is not difficult to prove (see the proof of Theorem 4.7 for more details than we need here) that if M : C → C is a Möbius transformation such that M(∞) /∈ J(f), then the Julia set of the map f̃ : M −1 ∘ f ∘ M : C \ M −1(∞) → C is a compact subset of C and f̃ restricted to its Julia set is a conformal Walters expanding map. In particular all the theorems proven in this section apply to f̃.

3 Jump-like conformal maps

Let (X, d) be a compact metric space. For every A, B ⊂ X we define dist(A, B) := inf{d(a, b) : a ∈ A, b ∈ B} Dist(A, B) := sup{d(a, b) : a ∈ A, b ∈ B} We call a Walters expanding conformal map F : X_0 → X jump-like if the following requirements are met. There exists C ≥ 1, p ≥ 1, A ≥ 2, b_j ∈ X and q_j ≥ 1 for every j = 1, . . . , p such that the following conditions are satisfied:

(3a) {b_1, . . . , b_p} ∩ F^{−1}(X) = ∅

(3b) For every x ∈ X, the set F^{−1}(x) can be uniquely represented as {x_{j,a,n} : n ∈ Z, 1 ≤ j ≤ p, 1 ≤ a ≤ q_j } (3c) max_{1≤j≤p} max_{1≤a≤qj} sup_{x∈X} {lim_{n→∞} Dist(b_j , F^{−1}_{xj,a,n} (B(x, δ)))} = 0

(3d) ∀_{x∈X} , ∀_{1≤j≤p}, ∀_{1≤a≤qj} , ∀_{n∈Z, |n|≥A} C^{−1}|n| qj +1 qj ≤ |F^′(x_{j,a,n})| ≤ C|n| qj +1 qj (3e) ∀_{y,z∈X} , ∀_{1≤j≤p}, ∀_{a,b∈{1,... ,qj }}, ∀_{k,n∈Z, ||k|−|n||≥A, |n|≥A, |k|≥A} dist(F^{−1}_{yj,a,k} (B(y, δ)), F^{−1}_{zj,b,n} (B(z, δ))) ≥ C^{−1} | | ||k|^{− 1qj} − |n|^{− 1qj} | | | (3f) ∀_{y,z∈X} , ∀_{1≤j≤p}, ∀_{a∈{1,... ,qj }}, ∀_{k,n∈Z, kn>0, ||k|−|n||≥A, |n|≥A, |k|≥A} Dist(F^{−1}_{yj,a,k} (B(y, δ)), F^{−1}_{zj,a,n} (B(z, δ))) ≤ C | | ||k|^{− 1qj} − |n|^{− 1qj} | | | . As an immediate consequence of (3d), with a bigger constant C perhaps, we get the following ∀_{x∈X} , ∀_{1≤j≤p}, ∀_{1≤a≤qj} , ∀_{n∈Z, |n|≥A} C^{−1}|n|^− qj +1 qj ≤ diam(F^{−1}_{xj,a,n} (B(x, δ))) ≤ C|n|^− qj +1 qj . (20) Letting k → ∞, it immediately follows from (3c), (3e) and (3f) that ∀_{1≤j≤p}, ∀_{x∈X} , ∀_{1≤a≤qj} , ∀_{|n|≥2A} C^{−1}|n|^{− 1qj} ≤ dist(b_j , F^{−1}_{xj,a,n} (B(x, δ))| ≤ Dist(b_j , F^{−1}_{xj,a,n} (B(x, δ))| ≤ C|n|^{− 1qj} (21) Our first result concerning geometry of jump-like conformal maps is the following.

Proposition 3.1. Suppose that F : X_0 → X is a jump-like conformal map and let q = max{q_j : 1 ≤ j ≤ p}. Then the map F is hereditarily regular and θ_F =^q_{q+1} .

Proof: Fix x ∈ X, ≥ 0 and consider the series S_t(x) = ∑ y∈F^{−1}(x) |F^′(y)|^{−t}. In order to complete the proof of this proposition it suffices to show that S^q_{q+1} (x) = ∞ and that for all t >^q_{q+1} there exists M_t > 0 such that for all x ∈ X we have S_t(x) ≤ M_t. And indeed, putting

Σ_1(t, x) = A−1∑ n=−A+1 p∑ j=1 q_j∑

a=1 |(F^{−1}_{xj,a,n} )^′(x)|^t in view of (3d) we get

S_t(x) = ∑ n∈Z p∑ j=1 q_j∑

a=1 |(F^{−1}_{xj,a,n} )^′(x)|^t ≍ Σ_1(t, x) + ∑ |n|≥A p∑ j=1 q_j∑

a=1 |n|^− qj qj +1 t

≍ Σ_1(t, x) + ∑ |n|≥A p∑ j=1 q_j |n|^− qj qj +1 t (22)

Since for every t ≥ 0, sup{Σ_1(t, x) : x ∈ X} < ∞ and since the series ∑ n≥1 n^{−s} converges if and only if s > 1, our proof is completed by applying (22) Since it is easy to see that if F is a jump-like conformal map, then for every x ∈ X, BD(F^{−1}(X)) =^q_{q+1} , where q = max{q_j : 1 ≤ j ≤ p}, as an immediate consequence of Proposition 3.1 and Theorem 2.12 we get the following. Theorem 3.2. If F : X_0 → X is a jump-like conformal map, then BD(X) = HD(X_∞).

The main result of this section is the following.

Theorem 3.3. Suppose that F : X_0 → X is a jump-like conformal map. Then (a) If h < 1, then 0 < P^h(X_∞) < ∞ and H^h(X_∞) = 0. (b) If h = 1, then 0 < P^h(X_∞), H^h(X_∞) < ∞. (c) If h > 1, then 0 < H^h(X_∞) < ∞ and P^h(X_∞) = ∞.

The proof of this theorem will be contained in the following four lemmas. Lemma 3.4. Suppose that F : X_0 → X is a jump-like conformal map. If h = HD(X_∞) < 1, then H^h(X_∞) = 0.

Proof: Let 1 ≤ i ≤ p, 1 ≤ a ≤ q_i and x ∈ X. Fix 0 < r < (^C_A )^{1q}i . Then F^{−1}_{xi,a,n} (B(x, δ)) ⊂ B(b_i, r)) iff Dist(b_i, F^{−1}_{xi,a,n} (B(x, δ))) < r. By (21) this is true if C|n|^{− 1q}i < r. Thus r^{−h}m(B(b_i, r)) ≥ r^{−h} ∑ |n|>(Cr^{−1})^qi m(F^{−1}_{xi,a,n} (B(x, δ)))

Since we provide estimates from below it is enough for us to consider only positive values of n. We continue r^{−h}m(B(b_i, r)) ≥ ∑ |n|>(Cr^{−1})^qi r^{−h}K^{−h}|(F^{−1}_{xi,a,n} )^′(x)|^hm(B(x, δ)) ⪰ r^{−h} ∑ n>(Cr^{−1})^qi n^{− qi+1q}i^h ≍ r^{−h}(Cr^{−1})^{(1− qi +1q}i^{h)qi} ≍ r^{qi (h−1)} → ∞. Thus the assumption of Theorem 2.16 are satisfied putting z_j = b_i for all j ≥ 1. Consequently H^h(X_∞) = 0.

Lemma 3.5. Suppose that F : X_0 → X is a jump-like conformal map. If h = HD(X_∞) ≤ 1 then P^h(X_∞) < ∞.

Proof: Fix n ∈ Z, 1 ≤ i ≤ p, 1 ≤ a ≤ q_i. For x ∈ X let y = F^{−1}_{xi,a,n} (x). Since we want to apply Theorem 2.14 we may disregard finitely many branches of F^{−1} and in particular, we may assume that |n| ≥ 2A. Take r ≥ diamF^{−1}_{xi,a,n} (B(x, δ)) ≍ n^{− qi +1qi} ≍ (n−A)^{− qi +1qi} . Since the considerations in the case n < 0 are analogous to those with n > 0 with obvious modification, we assume throughout this proof that n > 0. Take A ≤ k ≤ n − A and such that C(k^{− 1q}i − n^{− 1q}i ) < r. Then, by (3f) B(y, r) ⊃ F^{−1}_{xi,a,k} (B(x, δ)). Hence

m(B(y, r)) ≥ n−A∑ k=E((C^{−1} r+n^{− 1q}i )^{−q}i )+1 m(F^{−1}_{xi,a,k} (B(x, δ))

⪰ n−A∑ k=E((C^{−1} r+n^{− 1q}i )^{−q}i )+1 K^{−h}|F^{−1}_{xi,a,k} (x)|^hm(B(x, δ))

⪰ n−A∑ k=E((C^{−1} r+n^{− 1qi} )^{−qi} )+1 k^{− qi +1q}i^h

⪰ ( C^{−1}r + (n − A)^{− 1q}i )^{−qi (1− qi +1q}i^{h)} − (n − A)^{1− qi +1q}i^h )

≍ ( (C^{−1}r + (n − A)^{− 1q}i )^{(qi +1)h−qi} − ((n − A)^{− 1q}i )^{(qi +1)h−qi} )

By the Mean Value Theorem there exists (n − A)^{− 1q}i ≤ η ≤ C^{−1}r + (n − A)^{− 1q}i such that ( (C^{−1}r + (n − A)^{− 1qi} )^{(qi +1)h−qi} − ((n − A)^{− 1qi h})^{(qi +1)h−qi} ) ≍ ≍ C^{−1}r((q_i + 1)h − q_i)η^{(qi +1)h−qi −1} Since by our assumptions r ≥ diam(F^{−1}_{xi,a,n} (B(x, δ))) and by (20) diam(F^{−1}_{xi,a,n} (B(x, δ)) ≍ n^{− qi +1qi} ≍ (n − A)^{− qi +1qi} , we can estimate m(B(y, r)) as follows m(B(y, r)) ⪰ ((q_i + 1)h − q_i)C^{−1}rη^{(qi +1)(h−1)} ⪰ ((q_i + 1)h − q_i)r(C^{−1}r + (n − A)^{− 1q}i )^{(qi +1)(h−1)} ⪰ r(C^{−1}r + C_1r^{1q}i^{+1} )^{(qi +1)(h−1)} ≍ rr^{1q}i^{+1 (h−1)(qi +1)} = rr^{h−1} = r^h.

Thus, by Theorem 2.14, P^h(X_∞) < ∞.

Lemma 3.6. Suppose that F : X_0 → X is a jump-like conformal map. If h = HD(X_∞) > 1, then P^h(X_∞) = ∞.

Proof: Fix 1 ≤ i ≤ p and r > 0. Let W be a δ-net of X. Then m(B(b_i, r)) ≤ ∑ x∈W ∑ 1≤a≤q_i ∑ n m(F^{−1}_{xi,a,n} (B(x, δ))),

where the summation is taken over all triples (i, a, n) such that F^{−1}_{xi,a,n} (B(x, δ))∩ B(b_i, r) ≠ ∅. If r > 0 is taken sufficiently small, then it follows from (3c) that |n| > A. Then by (21) we have C^{−1}|n|^{− 1qi} ≤ dist(b_i, F^{−1}_{xi,a,n} (B(x, r))) < r. Thus

m(B(b_i, r)) ⪯ ∑ x∈W q_i∑

a=1 ∑ |n|>(Cr)^{−qi} |(F^{−1}_{xi,a,n} )^′(x)|^hm(B(x, δ))

⪯ ∑ x∈W q_i∑

a=1 ∑ |n|>(Cr)^{−q}i |n|^{− qi +1qi h} ⪯ ♯W q_i(Cr)^{−qi (1− qi +1qi h)} ⪯ r^{−qi +(qi+1)h} Thus m(B(b_i, r)) r^h ⪯ r^{−qi +(qi+1)h}r^{−h} = r^{qi (h−1)} This implies that lim_{r→0} m(B(b_i, r)) r^h = 0.

So by Theorem 2.17, P^h(X_∞) = ∞.

Lemma 3.7. Suppose that F : X_0 → X is a jump-like conformal map. If h = HD(X_∞) ≥ 1, then H^h(X_∞) > 0.

Proof: Fix n ∈ Z, 1 ≤ i ≤ p, 1 ≤ u ≤ q_i. Since the considerations in the case n < 0 are analogous to those with n > 0 with obvious modification, we assume throughout this proof that n > 0. For x ∈ X let y = F^{−1}_{xi,u,n} (x). Since we want to apply Theorem 2.15 we may disregard finitely many branches of F^{−1} and in particular, we may assume that n ≥ 2A. Take r ≥ 2diamF^{−1}_{xi,u,n} (B(x, δ)) ≍ n^{− qi +1q}i ≍ (n − A)^{− qi+1q}i . We have ∑ 1 : = ∑ w∈W q_i∑

a=1 n+A∑ k=n−A m(F^{−1}_{wi,a,k} (B(w, δ))

+ ∑ w∈W q_i∑

a=1

−n+A∑

k=−n−A m(F^{−1}_{wi,a,k} (B(w, δ))

⪯ ∑ w∈W q_i∑

a=1 n+A∑ k=n−A |(F^{−1}_{wi,a,k} )^′(w)|^hm(B(w, δ))

+ ∑ w∈W q_i∑

a=1

−n+A∑

k=−n−A |(F^{−1}_{wi,a,k} )^′(w)|^hm(B(w, δ))

⪯ ∑ w∈W q_i∑

a=1 n+A∑ k=n−A |k|^{− qi+1qi h} + ∑ w∈W q_i∑

a=1

−n+A∑

k=−n−A |k|^{− qi +1qi h} ⪯ ♯W q_iA(n − A)^{− qi +1q}i^h ⪯ ( n n − A )^qi^{+1}_{qi h} n^{− qi+1qi h} ⪯ ( 2^{qi+1q}i^h ) diam(F^{−1}_{xi,u,n} (B(x, δ)))^h ⪯ r^h and ∑ 2 := ∑ w∈W q_i∑

a=1 ∑ k: |n^{− 1qi} −|k|^{− 1qi} |<Cr, |k|≥A |n−|k||≥A m(F^{−1}_{wi,a,k} (B(w, δ)))

Let (i) l = E((n^{−1q}i − Cr)^{−qi} ) + 1 if Cr < n^{− 1q}i (ii) l = ∞ otherwise In the case (i) we have ∑ 2 ⪯ ∑ w∈W q_i∑

a=1 l∑ k=E((n −1 qi +Cr)^{−q}i )+1 m(F^{−1}_{wi,a,k} (B(w, δ))) + m(F^{−1}_{wi,a,−k} (B(w, δ)))

⪯ ∑ w∈W q_i∑

a=1 l∑ k=E((n −1 qi +Cr)^{−qi} )+1 (|(F^{−1}_{wi,a,k} )^′(w)|^h + |(F^{−1}_{wi,a,−k} )^′(w)|^h)

≤ 2♯W q_i l∑ k=E (_{(n} −1_{qi +Cr)−qi} )_{+1} k^{− qi +1qi h}

⪯ ( (Cr + n^{− 1qi} )^{−qi +(qi +1)h} − (n^{− 1qi} − Cr)^{−qi +(qi +1)h} )

By the Mean Value Theorem there exists η ∈ (n^{− 1q}i − Cr, n^{− 1q}i + Cr) such that ( (Cr + n^{− 1q}i )^{−qi+(qi +1)h} − (n^{− 1q}i − Cr)^{−qi +(qi+1)h} )

≍ rη^{−qi +(qi+1)h−1} = rη^{(qi +1)(h−1)} ≤ r(n^{− 1q}i + Cr)^{(qi +1)(h−1)} But the relation n^{− 1q}i ≍ diam^{1q}i^{+1} ⪯ r^{1q}i^{+1} then n^{− 1q}i ≤ r^{1q}i^{+1} implies that ∑ 2 ⪯ r(r^{1q}i^{+1} )^{(q1 +1)(h−1)} = rr^{h−1} = r^h.

In the case (ii) l = ∞ we get ∑ 2 ⪯ 2♯W q_i ∞∑ k=E((n −1 qi +Cr)^{−qi} )+1 k^{− qi+1qi h}

⪯ (Cr + n^{−1q}i )^{−qi (1− qi +1q}i^{h)} ⪯ r^{(qi +1)h−qi} = r^hr^{qi (h−1)} ≤ r^h. Now we notice that if F^{−1}_{wi,a,k} (B(w, δ)) ∩ B(y, r) ≠ ∅, then dist(F^{−1}_{xi,u,n} (B(x, δ)), F^{−1}_{wi,a,k} (B(w, δ))) < r. Therefore using (3e) we conclude that for r > 0 small enough the sets F^{−1}_{wi,a,k} (B(w, δ)) involved in ∑ 1 and ∑ 2 cover B(y, r). Hence m(B(y, r)) ≤ ∑ 1 + ∑ 2. By Theorem 2.15 this gives that H^h(X_∞) > 0.

Theorem 3.3 follows now from Lemma 3.4, Lemma 3.5, Lemma 3.6 and Lemma 3.7.

4 Geometry of f̃

The goal of this section is to introduce the map f̃ derived from f and to prove that the restriction of this map to its Julia set J(f̃) is a jump-like conformal map.

We recall that f(z) = H(exp(Q(z))) while f̃(z) = exp(Q ∘ H(z)) where H, Q are non-constant rational functions. We additionally assume that there is at least one pole d of Q diffrent than H(0) and H(∞). Let Ess(R) denote the set of essential singularities of a meromorphic function R. Then Ess(f) is the set of poles of Q and Ess(f̃) is the set of poles of Q ∘ H. We have H^{−1}(Ess(f)) = Ess(f̃). The following lemma follows from a straightforward calculation.

Lemma 4.1. The maps H and exp(Q) are semiconjugacies of f and f̃ i.e. f ∘ H(z) = H ∘ f̃(z) z /∈ Ess(f̃) exp(Q) ∘ f = f̃ ∘ exp(Q) z /∈ Ess(f)

Proof: Since f ∘ H(z) = H(exp(Q(H(z))) and H ∘ f̃ = H(exp(Q(H(z))), we get the first equality appearing in our lemma. Analogously,

exp(Q) ∘ f(z) = exp(Q(H(exp(Q(z)))) = f̃ ∘ exp(Q(z)).

As an immediate consequence of Lemma 4.1 we get the following.

Corollary 4.2. For evry n ≥ 1 we have f̃ i.e.

f^n ∘ H(z) = H ∘ f̃^n(z) z /∈ Ess(f̃^n) (23)

exp(Q) ∘ f^n = f̃^n ∘ exp(Q) z /∈ Ess(f^n) (24)

We recall from the Section 1 that Ess_∞(f) = ⋃ n≥1 Ess(f^n) and Ess_∞(f̃) = ⋃ n≥1 Ess(f̃^n). Let us prove the following.

Proposition 4.3. We have

H^{−1}(Ess_∞(f)) = Ess_∞(f̃)and Ess_∞(f) ⊃ (exp ∘Q)^{−1}(Ess_∞(f̃)).

Proof: The equality H^{−1}(Ess_∞(f)) = Ess_∞(f̃) follows immediately from Corollary 4.2 and the remark that H is defined everywhere in C . In order to prove the inclusion (exp ∘Q)^{−1}(Ess_∞(f̃)) ⊂ Ess_∞(f) consider an arbitrary point z ∈ (exp ∘Q)^{−1}(Ess_∞(f̃)). This means that exp ∘Q(z) ∈ Ess_∞(f̃). It now follows from Corollary 4.2 that either z ∈ Ess_∞(f) or z /∈ Ess_∞(f) and f^n(z) is a pole of Q for some n ≥ 1. In the former case we are done immediately and in the latter one we conclude from the definition of f that z is an essential singularity of H ∘ (exp ∘Q) ∘ f^n = f^{n+1}. This means that z ∈ Ess(f^{n+1}) ⊂ Ess_∞(f) which is a contradiction and we are done.

Theorem 4.4. Suppose f satisfies the assumption (*). Then there exists 0 < κ < ∞ such that J(f̃) ⊂ {z : e^{−κ} ≤ |z| ≤ e^κ} Proof: By Proposition 4.3 Ess_∞(f̃) ⊂ exp(Q(Ess_∞(f))). First we show that there exists a constant 0 < κ < ∞ such that for every z ∈ J(f) |ℜQ(z)| ≤ a (25) Suppose there exists a sequence y_n ∈ J(f), n ∈ N such that |ℜQ(y_n)| → ∞. Since f is not defined in a finite set of points, we may assume that f is defined at y_n. Then f(y_n) ∈ J(f) and f(y_n) = H(exp(Q(y_n))) tends either to H(∞) or to H(0) depending on whether ℜQ(y_{nk} ) → +∞ or ℜQ(y_{nk} ) → −∞. It implies that at least one of the asymptotic values of f (i.e. either H(0) or H(∞)) belongs to J(f), what contradicts our assumptions. Let z ∈ Ess_∞(f̃). By Proposition 4.3 there exists w ∈ Ess_∞(f) such that z = exp(Q(w)). It follows from (25) that z = exp(Q(w)) satisfies e^{−κ} ≤ | exp(Q(z))| ≤ e^κ. But J(f̃) = Ess_∞(f̃), so we obtain that J(f̃) ⊂ {z : e^{−κ} ≤ |z| ≤ e^κ}.

Proposition 4.5. H(J(f̃)) = J(f)

Proof: It follows from the proof of Theorem 4.4 Ess_∞(f̃) ⊂ {z : e^{−a} ≤ |z| ≤ e^a}. Since Ess_∞(f̃) is a compact subset of C and H is continuous H(Ess_∞(f̃)) = Ess_∞(f). But J(f) = Ess_∞(f) and J(f̃) = Ess_∞(f̃) we obtain that H(J(f̃)) = J(f).

Theorem 4.6. Suppose f satisfies the assumption (*). Then

(∗∗) J(f̃) ∩ ∞⋃ n=0 f̃ n ( Crit_G(f̃) ∪ Asymp(f̃) ) = ∅

Proof: Let α be an asymptotic value of f̃ and suppose that there are a sequence n_k → ∞ and x ∈ J(f̃) such that f̃^{nk} (α) → x. Then H(f̃^{nk} (α)) → H(x). Since for every n ≥ 1, f^n(H(α)) is defined, then by Corollary 4.2 f^n(H(α)) = H(f̃^n(α)). Thus H(f̃^{nk} (α)) = f^{nk} (H(α)) → H(x) ∈ J(f). But H(α) is an asymptotic value of f. This implies that f^{nk} (H(α)) → J(f) and contradicts the condition (1) of assumption (*).

Let c ∈ Crit_G(f̃). Then either c is a multiple pole or a critical point of f̃. Since f̃ has no poles and (exp)^′(z) never vanishes, we conclude that c must be a general critical point of Q ∘ H. This leads to the following cases:

(i) H^′(c) = 0

(ii) Q^′(H(c)) = 0

(iii) c is a multiple pole of H and Q(∞) ≠ ∞

In the case (i) we can assume that c ≠ 0, ∞ since 0, ∞ ∈ Asymp(f̃). Thus there exists u such that c = exp(Q(u)) and f(u) = H(exp(Q(u))) = H(c). Then f^′(u) = H^′(c) exp(Q(u))Q^′(u) = 0. Hence u ∈ Crit(f). If there is a sequence n_k of non-negative integers (possibly bounded) such that f̃^{nk} (c) → x ∈ J(f̃), then H(f̃^{nk} (c)) = f^{nk} (H(c)) → H(x) ∈ J(f). But f^{nk} (H(c)) = f^{nk +1}(u), so f^{nk +1}(u) → H(x) ∈ J(f). Since u is a critical point of f, we again obtain a contradiction with condition (1) of assumption (*).

In the case (ii) we have two possibilities. Either exp(Q(H(c))) is a pole of H, what is excluded by the condition (2), or else exp(Q(H(c))) is not a pole of H. In the latter case there exists f^′(H(c)) is well-defined and f^′(H(c)) = H^′(exp(Q(H(c)) exp(Q(H(c))Q^′(H(c)) = 0. It implies that H(c) is a critical point of f, so repeating the arguments from (i) we can show that the f̃-forward trajectory of c stays away from J(f̃).

The case (iii) is excluded by the assumption (3). Thus condition (**) is satisfied by f̃. Let {b_j : j = 1, . . . , p} = (Q ∘ H)^{−1}(∞).

Theorem 4.7. f̃ : J(f̃) \ {b_j : j = 1, . . . , p} → J(f̃) is a Walters expanding conformal map.

Proof: Since Q ∘ H is a rational function, the set {b_j : j = 1, . . . , p} is finite. We take X = J(f̃) and X_0 = X \ {b_j : j = 1, . . . , p}. By Theorem 4.6 and Theorem 4.4 there exists β > 0 such that for every x ∈ J(f̃) and every n ≥ 1 there exists a unique holomorphic inverse branch f̃^{−n}_x : B(f̃^n(x), 2β) → C of f̃^n sending f̃^n(x) to x. Since, by Theorem 4.4, the set J(f̃) is bounded and since f̃ −1(J(f̃ )) ⊂ J(f̃), it follows from Koebe’s distortion theorem combined with the standard area argument that lim_{n→∞} sup{|(f̃^{−n}_y (z))^′| : y ∈ f̃^{−n}(x), z ∈ B(x, β)} = 0. In particular there exists n_x such that for every n ≥ n_x, every z ∈ B(x, η) and every y ∈ f̃^{−n}(x), we have |(f̃^{−n}_y )^′(z)| ≤^1_2 . Since J(f̃) is a compact set, there exists a finite δ-net W of J(f̃). Let 2δ ≤ β be a Lebesgue number of the cover {B(x, β) : x ∈ W }. Let n_0 = max{n_x : x ∈ W }. Since for every z ∈ J(f̃), B(z, 2δ) ⊂ B(x, β) for some x ∈ W , the requirements (2a)-(2c) of Walters expanding maps along with conformality requirement are satisfied with λ = 2 and u = n_0. In order to see that the condition (2d) is satisfied fix ϵ > 0 and consider V , a finite ϵ-net of J(f̃). Since J(f̃) = Ess_∞(f̃), it follows from Picard’s theorem that for every x ∈ V there exists s_x ≥ 1 such that for every k ≥ s_x, f̃^k(B(x, ϵ)\Ess(f̃^k )) contains the entire sphere C except for at most two points which lie in the complement of J(f̃). In particular B(x, ϵ) ∩ f̃^{−k}(w) ≠ ∅ for all w ∈ J(f̃). Putting s = max{s_x : x ∈ V } completes the proof of condition (2d) and simultaneously the proof of our theorem.

Frequently, in order to simplify notation we will slightly informally write f̃_{|J(f̃ )} for f̃ : J(f̃) \ {b_j : j = 1, . . . , p} → J(f̃) Theorem 4.8. f̃_{|J(f̃ )} is a jump-like conformal map i.e. there exist C ≥ 1 and A ≥ 2 such that the following conditions are satisfied:

(4a) {b_j : j = 1, . . . , b_p} ∩ f̃^{−1}(J(f̃)) = ∅

(4b) For every x ∈ J(f̃) the set f̃^{−1}(x) can be uniquely represented as {x_{j,a,n} : n ∈ Z, 1 ≤ j ≤ p, 1 ≤ a ≤ q_j } (4c) max_{1≤j≤p} max_{1≤a≤qj} sup_{x∈J(f̃)}{lim_{n→∞} Dist(b_j , f̃^{−1}_{j,a,n}(B(x, δ)))} = 0 (4d) ∀_{z∈J(f̃)}, ∀_{1≤j≤p}, ∀_{1≤a≤qj} , ∀_{n∈Z, |n|≥A} C^{−1}|n|^− qj +1 qj ≤ |(f̃^{−1}_{j,a,n})^′(z)| ≤ C|n|^− qj +1 qj (4e) ∀_{w,z∈J(f̃)}, ∀_{1≤j≤p}, ∀_{a,b∈{1,... ,qj }}, ∀_{k,n∈Z, ||k|−|n||≥A, |n|≥A, |k|≥A} dist(f̃^{−1}_{j,a,k}(B(w, δ)), f̃^{−1}_{j,b,n}(B(z, δ))) ≥ C^{−1} | ||k|−^1_{qj} − |n|−^1_{qj} | |

(4f) ∀_{w,z∈J(f̃)}, ∀_{1≤j≤p}, ∀_{a∈{1,... ,qj }}, ∀_{k,n∈Z, kn>0 ||k|−|n||≥A, |n|≥A, |k|≥A} Dist(f̃^{−1}_{j,a,k}(B(w, δ)), f̃^{−1}_{j,b,n}(B(z, δ))) ≤ C | | ||k|^{− 1qj} − |n|^{− 1qj} | | | Similarly as in Section 3, as an immediate consequence of (4d), with a bigger constant C perhaps, we get the following ∀_{x∈J(f̃)}, ∀_{1≤j≤p}, ∀_{1≤a≤qj} , ∀_{n∈Z, |n|≥A} C^{−1}|n|^− qj +1 qj ≤ diam(f̃^{−1}_{j,a,n}(B(x, δ))) ≤ C|n|^− qj +1 qj (26)

Letting k → ∞, it immediately follows from (4c), (4e) and (4f) that ∀_{1≤j≤p}, ∀_{x∈J(f̃)}, ∀_{1≤a≤qj} , ∀_{|n|≥2A} C^{−1}|n|^{− 1qj} ≤ dist(b_j , f̃^{−1}_{j,a,n}(B(x, δ))) ≤ Dist(b_j , f̃^{−1}_{j,a,n}(B(x, δ))) ≤ C|n|^{− 1qj} (27) Theorem 4.8 will follow by combining Proposition 4.9, Corollary 4.11 and Corollary 4.13. Note that every z ∈ J(f̃), each holomorphic branch of f̃^{−1} defined on the ball B(z, 2δ) can be expressed in the form f̃^{−1}_{j,a,n}(w) = (Q ∘ H)^{−1}_{j,a}(log(w) + 2πin), (28)

where log w is the value of the logarithm of w lying in the rectangle [−κ, κ] × [0, 2π] and (Q ∘ H)^{−1}_{j,a} is a local holomorphic inverse branch of Q ∘ H. For n with sufficiently large modulus each such inverse branch can be interpreted as a branch of Q∘H defined on some vertical strip either of the form [−κ, κ]×[T, +∞] or [−κ, κ] × [−∞, −T ], T >> 1, depending up on whether n is positive or negative and sending ∞ to a pole a of Q ∘ H. Given a, all such inverse branches are parametrized by the numbers 1, 2, . . . , q_a. Proposition 4.9. ∃_{C≥1}, ∀_{w∈J(f̃)}, ∀_{1≤j≤p}, ∀_{1≤a≤qj} , ∀_{n∈Z, |n|≥A} C^{−1}|n|^− qj +1 qj ≤ |(f̃^{−1}_{j,a,n})^′(w)| ≤ C|n|^− qj +1 qj Proof: The inverse branch f̃^{−1}_{j,a,n}(w) is equal to (Q ∘ H)^{−1}_{j,a}(log(w) + 2πin). For z close to the pole b_j the function Q ∘ H has a form (Q ∘ H)(z) = P (z) (z − b_j )^{qj} , where P (z) is a holomorphic map such that P (b_j ) ≠ 0. Since in addition z = f̃^{−1}_{j,a,n}(w) is arbitrarily close to b_j for all n with sufficiently large moduli, we obtain

(f̃^{−1}_{j,a,n})^′(w) =

((Q ∘ H)^′(z))^{−1} w = (z − b_j )^{qj +1} w[P^′(z)(z − b_j ) − q_j P (z)] ≍ (z − b_j )^{qj +1} w ≍ (z − b_j )^{qj +1}, where writing the last comparability sign we have applied Theorem 4.4. Applying again the facts that P (b_j ) ≠ 0 and that z is arbitrarily close to b_j for all n with sufficiently large moduli, we get

(z − b_j )^{qj} = P (z) (Q ∘ H)(z) = P (z) log w + 2πin ≍ 1 |n| for all n with |n| ≥ A for some universal constant A. Consequently |(f̃^{−1}_{j,a,n})^′(w)| ≍ |n|^− qj +1 qj for all n with |n| ≥ A. Proposition 4.10. ∃_{C≥1} ∃_{A≥2} ∀_{w,z∈J(f̃)}, ∀_{1≤j≤p}, ∀_{a,s∈{1,... ,qj }}, ∀_{k,n∈Z, ||k|−|n||≥A, |n|≥A, |k|≥A} dist(f̃^{−1}_{j,a,k}(w), f̃^{−1}_{j,s,n}(z)) ≥ C^{−1} | ||k|^{− 1qj} − |n|^{− 1qj} | | . Proof: Since (Q ∘ H)(z) =^{P (z)}_{(z−bj )}q_j on some neighbourhood of b_j and since P (b_j ) ≠ 0, there exists a biholomorphic function defined in a sufficiently small neighbourhood of b_j such that G(b_j ) = b_j and (Q ∘ H ∘ G)(z) = 1 (z − b_j )^{qj} . (29) Put f̂ = exp(Q ∘ H ∘ G) = f̃ ∘ G. Since for all w ∈ B(J(f̃), δ), f̂^{−1}_{j,a,k}(w) = (Q ∘ H ∘ G)^{−1}_{j,a} (log(w) + 2πin) (comp. formula (28) and the discussion following it) and since for all k with sufficiently large moduli (29) applies with z = f̂^{−1}_{j,a,k}(w), we therefore get (f̂^{−1}_{j,a,k}(w) − b_j )^{qj} = 1 Q ∘ H ∘ G(f̂^{−1}_{j,a,k}(w)) = 1 log w + 2πik (30)

In the formulae below we drop the index j i.e. b = b_j and q = q_j . In view of (30) for all w, z ∈ B(J(f̃), δ) and all n, k with sufficiently large moduli and with |n| ≠ |k|, we can estimate as follows. | (^ f^{−1}_{j,a,k}(w) − b )_q − (^ f^{−1}_{j,s,n}(z) − b )_q | ≤ ≤ |f̂^{−1}_{j,a,k}(w) − f̂^{−1}_{j,s,n}(z)| q−1∑ i=0 |f̂^{−1}_{j,a,k}(w) − b|^{q−1−i}|f̂^{−1}_{j,s,n}(z) − b|^i

≍ |f̂^{−1}_{j,a,k}(w) − f̂^{−1}_{j,s,n}(z)| q−1∑ i=0 |k|^{− q−1−iq} |n|^{− iq}

= |f̂^{−1}_{j,a,k}(w) − f̂^{−1}_{j,s,n}(z)| ( |n|^{−1} − |k|^{−1} |n|^{− 1q} − |k|^{− 1q} )

So,

|f̂^{−1}_{j,a,k}(w) − f̂^{−1}_{j,s,n}(z)| ≥ |(f̂^{−1}_{j,a,k}(w) − b)^q − (f̂_{j,s,n}(z) − b)^q | ( |n|^{− 1q} − |k|^{− 1q} ) (|n|^{−1} − |k|^{−1}) . Combining this and (30) and assuming that ||k| − |n|| is large enough, we obtain |f̂^{−1}_{j,a,k}(w) − f̂^{−1}_{j,s,n}(z)| ≥ | log w + 2πik − log z − 2πin| |(log w + 2πik)(log z + 2πin)| |k||n| (|k| − |n|) ( |n|^{− 1q} − |k|^{− 1q} )

≍ | | | log w − log z |k| − |n| + i 2π(k − n) |k| − |n| | | | ( |n|^{− 1q} − |k|^{− 1q} )

⪰ | | ||n|^{− 1q} − |k|^{− 1q} | | | Since f̃^{−1}_{j,a,k} = G ∘ f̂^{−1}_{j,a,k} and since G is biholomorphic, with n and k as above, we obtain that |f̃^{−1}_{j,a,k}(w) − f̃^{−1}_{j,s,n}(z)| = |G ∘ f̂^{−1}_{j,a,k}(w) − G ∘ f̂^{−1}_{j,s,n}(z)| ≥ L^{−1}_G ||f̂^{−1}_{j,a,k}(w) − f̂^{−1}_{j,s,n}(z)| ⪰ ( |n|^{− 1q} − |k|^{− 1q} ) , where L_G−1 is a Lipschitz constant of G^{−1}.

Corollary 4.11. ∃_{C≥1}, ∃_{A≥2} ∀_{w,z∈J(f̃)}, ∀_{1≤j≤p}, ∀_{a,s∈{1,... ,qj }}, ∀_{k,n∈Z, ||k|−|n||≥A, |n|≥A, |k|≥A} dist(f̃^{−1}_{j,a,k}(B(w, δ)), f̃^{−1}_{j,s,n}(B(z, δ))) ≥ C^{−1}||k|^{− 1qj} − |n|^{− 1qj} |. Proposition 4.12. ∃_{C≥1}, ∃_{A≥2} ∀_{w,z∈J(f̃)}, ∀_{1≤j≤p}, ∀_{a∈{1,... ,qj }}, ∀_{k,n∈Z, kn>0, ||k|−|n||≥A, |n|≥A, |k|≥A} Dist(f̃^{−1}_{j,a,k}(w), f̃^{−1}_{j,a,n}(z)) ≤ C | | ||k|^{− 1qj} − |n|^{− 1qj} | | | Proof: The objects G and f̃ appearing in this proof have the same meaning as in the proof of Proposition 4.10. In particular (30) holds. Since the considerations in the case n < 0 are analogous to those with n > 0 with obvious modifications, we assume troughout this proof that n > 0. In the formulae below we drop the index j i.e. b = b_j and q = q_j . We assume that k, n ≥ A and n − k ≥ n + A, where A comes from Proposition 4.10. First we shall prove that |f̂^{−1}_{j,a,k}(w) − f̂^{−1}_{j,a,n}(z)| ≤ ||f̂^{−1}_{j,a,k}(w) − b)| − |f̂^{−1}_{j,a,n}(z) − b|| + C(k^{− q+1q} + n^{− q+1q} ) (31)

And indeed, in view of (30)

ŵ_k := f̂^{−1}_{j,a,k}(w) = b+ 1 (log w + 2πik)^{1q}_a and ẑ_n := f̂^{−1}_{j,a,n}(z) = b+ 1 (log w + 2πin)^{1q}_a

We also choose additional points w^′_k , z^′_n which belong to (Q ∘ H ∘ G)^{−1}_{j,a}(Ri) such that |w^′_k − b| = |ŵ_k − b| and |z^′_n − b| = |ẑ_n − b|. Then |ŵ_k − ẑ_n| ≤ |ŵ_k − w^′_k | + |w^′_k − z^′_n| + |ẑ_n − z^′_n|. (32) Since the points w^′_k , z^′_n and b are collinear and since b does not lie between w^′_k and z^′_n, we get |w^′_k − z^′_n| = | | ||f̂^{−1}_{j,a,k}(w) − b)| − |f̂^{−1}_{j,a,n}(z) − b| | | | . (33)

Our aim is to estimate |ẑ_n − z^′_n|. Since

ẑ_n = b + 1 (log z + 2πin)^{1q}_a and z^′_n = b + 1 (2πit)^{1q}_a , t ∈ R,

for some t ∈ R, and, since |z^′_n − b| = ||ẑ_n − b|, we have

|ẑ_n − z^′_n| = | | | | 1 (log z + 2πin)^{1q}a − 1 (2πit)^{1q}a | | | | ≍ | | |(2πit) 1 q a − (log z + 2πin)^{1q}_a | | | n^{2/q} . (34)

By the Mean Value Inequality there exists η lying in the segment joining 2πit and log z + 2πin such that | | |(2πit) 1 q a − (log z + 2πin)^{1q}_a | | | n^{2/q} ≤ 1 q |η|^{1q −1}|2πit − (log z + 2πin)| n^{2/q} . Since |z^′_n − b| = |z_n − b| and since log z ∈ [−κ, κ] × [0, 2π], we conclude that |t − n| ≤ M for some constant M and all n large enough. Therefore, we may continue (34) as follows |ẑ_n − z^′_n| ⪯ n^{−2/q}|η|^{1q −1} ≍ n^{−2/q} n^{1q −1} = n^{− q+1q} Analogously we can prove that |ŵ_k −w^′_k| ≤ k^{− q+1q} . Substituting these estimates to (32) and employing (33), we obtain (31).

Continuing the proof of our proposition, notice that ||f̂^{−1}_{j,a,k}(w) − b|^q − |f̂^{−1}_{j,a,n}(z) − b|^q | =

= ||f̂^{−1}_{j,a,k}(w) − b| − |f̂^{−1}_{j,a,n}(z) − b|| q−1∑ i=0 |f̂^{−1}_{j,a,k}(w) − b|^{q−1−i}|f̂^{−1}_{j,a,n}(z) − b|^i and therefore, applying (31), we obtain ||f̂^{−1}_{j,a,k}(w) − b|^q − |f̂^{−1}_{j,a,n}(z) − b|^q|

≥ ( |f̂^{−1}_{j,a,k}(w) − f̂^{−1}_{j,a,n}(z)| − C(k^{− q+1q} + n^{− q+1q} ) )^{q−1}∑ i=0 |f̂^{−1}_{j,a,k}(w)−b|^{q−1−i}|f̂^{−1}_{j,a,n}(z)−b|^i

= |f̂^{−1}_{j,a,k}(w) − f̂^{−1}_{j,a,n}(z)| q−1∑ i=0 |f̂^{−1}_{j,a,k}(w) − b|^{q−1−i}|f̂^{−1}_{j,a,n}(z) − b|^i−

−C(k^{− q+1q} + n^{− q+1q} ) q−1∑ i=0 |f̂^{−1}_{j,a,k}(w) − b|^{q−1−i}|f̂^{−1}_{j,a,n}(z) − b|^i This implies that |f̂^{−1}_{j,a,k}(w) − f̂^{−1}_{j,a,n}(z)| ≤ ≤ ||f̂^{−1}_{j,a,k}(w) − b|^q − |f̂^{−1}_{j,a,n}(z) − b|^q | ∑_{q−1} i=0 |f̂^{−1}_{j,a,k}(w) − b|^{q−1−i}|f̂^{−1}_{j,a,n}(z) − b|^i + C ( k^{− q+1q} + n^{− q+1q} ) (35) We shall prove that C(k^{− q+1q} + n^{− q+1q} ) ⪯ (n^{− 1q} − k^{− 1q} ) (36) Since k ≥ n + A, we have C(k^{− q+1q} + n^{− q+1q} ) ⪯ n^{− q+1q} (37) Now we shall show that there exists a constant C_2 > 0 such that C_2n^{− q+1q} ≤ (n^{− 1q} − k^{− 1q} ) (38) By the Mean Value Theorem there exists η ∈ (n, n + 1) such that n^{− 1q} − k^{− 1q} ≥ n^{− 1q} − (n + 1)^{− 1q} = (−1)(− 1 q )η^{− 1q −1} ≍ n^{− q+1q} Thus (36) follows from (37) and (38). By (30) q−1∑ i=0 |f̂^{−1}_{j,a,k}(w) − b|^{q−1−i}|f̂^{−1}_{j,a,n}(z) − b|^i ≍ q−1∑ i=0 k^{− q−1−iq} n^{− iq} ≍ | | | | k^{−1} − n^{−1} k^{− 1q} − n^{− 1q} | | | | . Therefore, using (30) again, we get ||f̂^{−1}_{j,a,k}(w) − b|^q − |f̂^{−1}_{j,a,n}(z) − b|^q | ∑_{q−1} i=0 |f̂^{−1}_{j,a,k}(w) − b|^{q−1−i}|f̂^{−1}_{j,a,n}(z) − b|^i =

≍ | | | 1 | log w + 2πik| − 1 | log z + 2πin| | | | n^− 1 q − k^{− 1q} n^{−1} − k^{−1} = | | | | | log w + 2πik| − | log z + 2πin| | log w + 2πik|| log z + 2πin| | | | | kn ( n^{− 1q} − k^{− 1q} ) k − n ⪯ | | | 2πk + | log w| − 2πn + | log z| k − n | | | (n^{− 1}q − k^{− 1}q ) ⪯ ( 2 κ A + 2π ) ( n^{− 1q} − k^{− 1q} )

(39)

Substituting (36) and (39) to (35) we obtain |f̂^{−1}_{j,a,k}(w) − f̂^{−1}_{j,a,n}(z)| ⪯ ( n^{− 1q} − k^{− 1q} )

Since f̃^{−1}_{j,a,k}(w) = G ∘ f̂^{−1}_{j,a,k}(w) we thus have |f̃^{−1}_{j,a,k}(w) − f̃^{−1}_{j,a,n}(z)| = |G ∘ f̂^{−1}_{j,a,k}(w) − G ∘ f̂^{−1}_{j,a,n}(z)| ≤ L_G|f̂^{−1}_{j,a,k}(w) − f̂^{−1}_{j,a,n}(z)| ⪯ n^{− 1q} − k^{− 1q} where L_G is a Lipschitz constant of G.

Corollary 4.13. ∃_{C≥1}, ∃_{A≥2} ∀_{w,z∈J(f̃} , ∀_{1≤j≤p}, ∀_{a∈{1,... ,qj }} ∀_{k,n∈Z, kn>0 ||k|−n|≥A, n≥A, |k|≥A} Dist(f̃^{−1}_{j,a,k}(B(w, δ)), f̃^{−1}_{j,a,n}(B(z, δ))) ≤ C | ||k|^{− 1qj} − n^{− 1qj} | | . So, we can end this section that all the results proven in the previous section for jump-like maps apply to the map f̃

5 Geometry and dynamics of f

Let ν denote either the Hausdorff measure H^h or the packing measure P^h defined by means of the spherical or Euclidean metric. Since H(J(f̃)) = J(f) and since H is biholomorphic except for a finite number of points, the following implications are obvious.

(a) If ν(J(f̃ )) = 0, then ν(J(f)) = 0.

(b) If ν(J(f̃ )) > 0, then ν(J(f)) > 0.

(c) If ν|_{J(f̃ )} is not locally finite at any point, then ν|_{J(f )} is locally finite at at most finitely many points. In particular ν(J(f)) = ∞.

(d) If ν(J(f̃ )) < ∞, then ν(J(f)) is σ-finite.

Thus Theorem 1 follows from Theorem 4.8, Theorem 3.3 and Proposition 2.18. And by the same token, in order to complete the proof of Theorem 2, we only need to demonstrate the following.

Lemma 5.1. Let f satisfy the assumption (*). If H^h(J(f̃)) < ∞ (resp. P^h(J(f̃ )) < ∞), then H^h(J(f)) < ∞ (resp. P^h(J(f)) < ∞), where the Hausdorff measure and packing measure are defined by means of spherical metric.

Proof: Let, as above, ν denote either the Hausdorff measure H^h or the packing measure P^h defined by means of the spherical depending up on which of these two measures is finite. Since J(f̃) contains no critical points of H, we only need to check that ν is finite on some neighbourhood of ∞. Since J(f) = H(J(f̃)), it therefore suffices to show that each pole of H lying in J(f̃) has a neighbourhood whose image under H has a finite ν measure. And indeed, fix b ∈ H^{−1}(∞). Take r > 0 so small that H(z) =^{P (z)}_{(z−b)q} for z ∈ B(b, r), where P : B(b, r) → C is a holomorphic function omitting some open neighbourhood of 0. Thus H^′(z) ≍ |z − b|^{−(q+1)} and in the spherical metric

H^♯(z) =

H^′(z)(1 + |z|^2)

1 + |H(z)|^2 ≍ |z − b|^{q−1}. for z ∈ B(b, r). For every n ≥ 0 we consider annulus

A_n = { z : r 2^{n+1} ≤ |z − b| < r 2^n } . Thus ν(H(J(f̃) ∩ B(b, r))) = ν ( H (_∞ ⋃ n=0 J(f̃) ∩ A_n )) ≤ ∞∑ n=1 ν(H(J(f̃) ∩ A_n))

≤ ∞∑ n=1 sup{(H^♯(z))^h : z ∈ J(f̃) ∩ A_n}ν(J(f̃) ∩ A_n)

≍ ∞∑ n=1 2^{−n(q−1)h}ν(J(f̃) ∩ A_n)

≤ ∞∑ n=1 ν(J(f̃) ∩ A_n) ≤ ν(J(f̃ )) < ∞.

Since H ∘ f̃ = f ∘ H and since μ̃ is f̃-invariant, the measure μ := μ̃ ∘ H^{−1} is f-invariant. So, Theorem 3 is proven.

6 Examples

If Q(z) = z, then f : C → C is a periodic meromorphic function and this case is covered by Barański’s paper [2]. We now distinguish some cases not covered by [2]. If Q(z) is a polynomial different than identity, we have a transcendental meromorphic function f of the complex plane with one essential singularity at ∞. The most transparent class of examples is provided by the following.

Example 1. Let f(z) = A exp(z^p) + B exp(−z^p) C exp(z^p) + D exp(−z^p) , AD − BC ≠ 0. Thus Crit(f) = {0}, Crit_G(f) = Crit(f) and Asymp(f) = {^A_C ,^B_D }. If^A_C ,^B_D ≠ ∞, then f is not entire. If additionally f satisfies the assumption (*) which in this context means that only condition (1) is satisfied (note that in the case p ≥ 2, the function f has a non-empty set of critical points whereas there is no critical point if p = 1), then the results stated in the introduction apply.

If Q(z) is a rational function which is not a polynomial, then f is a meromorphic function with more than one essential singularity. We illustrate this situation by the following.

If Q(z) is not a polynomial, then f has more than 1 essential singularity and belongs to the class considered by Bolsch.

Example 2. Let H(z) = z, Q(z) =^{z−1}_{z+1} . Then f : C \ {−1} → C \ {0, ∞},

f(z) = exp ( z − 1 z + 1 ) . and f̃ = f(z). Comparing with [2], f does not belong to the class considered there, but it has the form of functions f̃ studied by Barański in [2]. Since the pole of Q is not an omitted value of f, we see that ⋃_∞ n=0 f^{−n}(−1) contains infinitely many points and consequently J(f) = ∞⋃ n=0 f^{−n}(−1). Since f^{−1}(S^1) ⊂ S^1, we have f^{−n}(−1) ∈ S^1 for all n ∈ N. Therefore J(f) ⊂ S^1. We shall prove that f satisfies the assumption (*) and its Julia set J(f) is a topological Cantor set. Note that Crit_G(f) = ∅ and Asymp(f) = {0, ∞}. One can check that f(1) = 1 and f^′(1) = 1/2, so the number = 1 is an attracting fixed point of f. Thus J(f) is a topological Cantor set contained in the circle S^1. In order to conclude the proof it is now sufficient to demonstrate that 1 attracts both asymptotic values 0 and ∞. Since f^′(x) > 0 for x ∈ R \ {−1}, the function f is strictly increasing on (−∞, −1) and (−1, +∞). Now, if x ∈ (1; ∞), then f(1) < f(x) < x. This implies that lim_{n→∞} f^n(x) = 1 for all x ∈ (1; ∞). In particular lim_{n→∞} f^n(∞) = 1 since f(∞) = e ∈ (1; ∞). If x ∈ (−1, 1), then x < f(x) < f(1) = 1.This implies that lim_{n→∞} f^n(x) = 1 for all x ∈ (−1; 1). In particular lim_{n→∞} f^n(0) = 1 since f(0) = 1/e ∈ (−1; 1). We are done.

Acknowledgment. The first author wishes to thank the University of North Texas where a major part of this research was conducted.

References

[1] J. Aaronson, M. Denker, M. Urbański, Ergodic theory for Markov fibered systems and parabolic rational maps, Transactions of A.M.S. 337 (1993), 495-548.

[2] K. Barański, Hausdorff dimension and measures on Julia sets of some meromorphic functions, Fund. Math. 147 (1995), 239-260.

[3] W. Bergweiler, Iteration of meromorphic functions, Bull. Amer. Math. Soc., 29:2 (1993), 151-188.

[4] M. Denker, M. Urbański, On absolutely continuous invariant measures for expansive rational maps with rationally indifferent periodic points, Forum Math. 3(1991), 561-579.

[5] A. A. Gol’dberg, I. V. Ostrovskij, Raspredelenie znacenij meromorfnych funkcij. Moskva 1970, Izdat.Nauka

[6] D. Mauldin, M. Urbański, Dimensions and measures in infinite iterated function systems, Proc. London Math. Soc. (3) 73 (1996) 105-154.

[7] D. Mauldin, M. Urbański, Parabolic iterated function systems, Ergod. Th.

& Dynam. Sys. 20 (2000), 1423-1447.

[8] D. Mauldin, M. Urbański, Fractal measures for parabolic IFS, Preprint 2000, to appear Adv. in Math.

[9] D. Mauldin, M. Urbański, Conformal iterated function systems with applications to the geometry of continued fractions, Transactions of A.M.S. 351 (1999), 4995-5025.

[10] P. Walters, Invariant measures and equilibrium states for some mappings which expand distances, Transactions of A.M.S. 236 (1978), 121 - 153.