ANALYTIC FAMILIES OF SEMIHYPERBOLIC
GENERALIZED POLYNOMIAL-LIKE MAPPINGS
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ABSTRACT. We show that the Hausdorff dimension of Julia sets in any analytic family
of semihyperbolic generalized polynomial-like mappings (GPL) depends in a real-analytic
manner on the parameter. For the proof we introduce abstract weakly regular analytic
families of conformal graph directed Markov systems. We show that the Hausdorff dimen-
sion of limit sets in such families is real-analytic, and we associate to each analytic family of
semihyperbolic GPLs a weakly regular analytic family of conformal graph directed Markov
systems with the Hausdorff dimension of the limit sets equal to the Hausdorff dimension
of the Julia sets of the corresponding semihyperbolic GPLs.

1. INTRODUCTION

The behavior of the pressure function of a semihyperbolic GPL has been studied in [6] and
[13] (comp. also [4] and [5]). The approach in [6] was to associate to a given semihyperbolic
GPL a Hofbauer tower, whereas in [13] a conformal graph directed Markov system in the
sense of [7] was associated. The pressure function was shown to be real-analytic on some
interval (0,u) with w > HD(J(f)), and the phase transition phenomenon (break down
of real analyticity) was observed for some GPLs in [6]. In the present paper we deal
with analytic families of semihyperbolic GPLs and, as the main result, we obtain that the
Hausdorff dimension of Julia sets in these families depends in a real-analytic manner on
the parameter. To our knowledge this is the first time that the real-analytic dependence of
the Hausdorff dimension of Julia sets is established for a family of analytic mappings with
critical points in the Julia sets. For hyperbolic maps (in particular, they have no critical
points in their Julia sets) this type of result is known in the rational case ([12]) and in
the transcendental case (see for e.g. [15], [8], [9] or [3] for a more complete collection of
references). Our approach in this paper is to define first weakly regular abstract analytic
families of conformal graph directed Markov systems and then to show that the Hausdorff
dimension of limit sets in such families varies in a real-analytic way. This is done in
Sections 2-4. In Section 5, summarizing the appropriate parts from [13], the construction
of associating to each semihyperbolic GPL a conformal graph directed Markov system is
described. It is proved in Section 6 that each analytic family of semihyperbolic GPLs
gives rise to an analytic family of conformal graph directed Markov systems. Section 7 is
devoted to the main step in the proof, namely that the latter family is weakly regular. This
simultaneously completes the proof of Theorem 6.6, the main result of this paper.
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I would like to add that some assumptions appearing in this paper can certainly be weak-
ened. For instance, the set U in the definition of analytic families of semihyperbolic GPLs
may depend in a continuous way on the underlying parameter. Also, one could allow para-
bolic points. However, for ease of exposition, we restrict the discussion to semi-hyperbolic
generalized polynomial-like maps.

ACKNOWLEDGMENT. I would like to thank P. Hassinsky and J. Rivera-letelier for help-
ful discussions which allowed me to state the results in full generality. I am deeply indebted
for an anonymous referee for his/her tedious work to detect all unperfect expressions in the

paper.

2. CONFORMAL GRAPH DIRECTED FUNCTION SYSTEMS

In this section we begin our study of graph directed Markov systems culminating in Sec-
tion 4 with the proof of real analyticity of the Hausdorff dimension function of limit sets
of a weak regularly analytic family of strongly regular conformal graph directed Markov
systems. Let us recall the definition of these systems taken from [7]. Graph directed
Markov systems are based on a directed multigraph and an associated incidence matrix,
(V,E,i,t, A). The multigraph consists of a finite set V' of vertices and a countable (either
finite or infinite) set of directed edges E and two functions i,t : E — V. For each edge e,
i(e) is the initial vertex of the edge e and t(e) is the terminal vertex of e. The edge goes
from i(e) to t(e). Also, a function A : E x E — {0, 1} is given, called an incidence matrix.
The matrix A is an edge incidence matrix. It determines which edges may follow a given
edge. So, the matrix has the property that if A,, = 1, then ¢(u) = i(v). We will consider
finite and infinite walks through the vertex set consistent with the incidence matrix. Thus,
we define the set of infinite admissible words E° on an alphabet A,

EY ={weE>*: A =1 foralli > 1},

WilWi41

by E7 we denote the set of all subwords of £ of length n > 1, and by E’ we denote the
set of all finite subwords of £5°. We will consider the left shift map o : £} — EF° defined
by dropping the first entry of w. Sometimes we also consider this shift as being defined on
words of finite length. Given w € E* by |w| we denote the length of the word w, i.e. the
unique n such that w € E}. If w € EY and n > 1, then

Wp = w1 - .. Wy

A Graph Directed Markov System (GDMS) consists of a directed multigraph (V, E|i,t, A)
(with an incidence matrix A) together with a set of non-empty compact metric spaces
{Xy}vev, a real number s € (0,1), and a collection ¢, : Xye) — Xi(), € € E, of a 1-to-1
contractions with Lipschitz constants bounded above by s. Briefly, the set

D = {de : Xie) = Xi(e) }eecr

is called a GDMS. We now describe its limit set. For each w € F, say w = wjwsy...w, €
E"}, we consider the map coded by w,

¢w = ¢w1 ©---0 ¢Wn : Xt(wn) - Xi(wl)'
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For w € E, the sets {¢,, (Xt(wn))}nZI form a descending sequence of non-empty compact
sets and therefore ﬂnZI Dol (Xt(wn)) # (). Since for every n > 1, diam(qﬁw‘n (Xt(wn))) <
s"diam (Xy(,)) < " max{diam(X,) : v € V}, we conclude that the intersection

() Gt (X))

n>1
is a singleton and we denote its only element by 7(w). In this way we have defined the
coding map 7:

T=mg: EY — X = UX”
veV

from E* to |,y Xy, the disjoint union of the compact sets X,. The set

J = Jp = m(EY)

will be called the limit set of the GDMS ®. We call a GDMS conformal (CGDMS) if the
following conditions are satisfied.

veV

(4a) For every vertex v € V, X, is a compact connected subset of a Euclidean space R?

(the dimension d is the same for all v € V') and X, = Int(X,).
(4b) (Open set condition)(OSC) For all a,b € E, a # b,

@ba(lnt(Xt(a)) N be(lnt(Xt(b)) = (.

(4c) For every vertex v € V there exists an open connected set W, D X, such that for
every e € F with t(e) = v, the map ¢, extends to a C' conformal diffeomorphism
of W, into W().

(4d) (Cone property) There exist y,1 > 0, v < 7/2, such that for every x € X C R? there
exists an open cone Con(z,v,l) C Int(X) with vertex z, central angle of measure
v, and altitude /.

(4e) There are two constants L > 1 and o > 0 such that

[0 = lge(@)I] < LI ly — 2,

for every e € E and every pair of points x,y € Xy, where |¢/,(x)| means the norm
of the derivative.

We proved in [7] the following remarkable result.

Proposition 2.1. If d > 2 and a family ® = {¢.}ecr satisfies conditions (4a) and (4c),
then it also satisfies condition (4e) with o = 1.

As a rather straightforward consequence of (4e) we proved in [7] the following.

Lemma 2.2. If ® = {¢.}ecr is a CGDMS, then for all w € E* and all x,y € Wy, we
have

[log |01, (y)] —log |¢l,()]] <

H Ha
Tl .
1—5 4
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As a straightforward consequence of (4e) (see [7]), we get the following.

(4f) (Bounded distortion property). There exists K > 1 such that for all w € E* and
all x,y € Xt(w)

6L ()| < K¢, (2)].

It was proved in [7] that for each ¢ > 0 the following limit exists (which can be equal to
+00).

1
P(t) = lim — Al
(1) = lim —log > |¢L|
weky
This number is called the topological pressure at the parameter t. In [7] a second useful
parameter asscociate with a CGDMS has been introduced. Namely,

6(®) = inf{t : P(t) < +oo} = sup{t : P(t) = +oo}.

Let Fin(E) denote the family of all finite subsets of E. The incidence matrix A is called
finitely irreducible if there exists a finite set I' C E7 such that for all a,b € E there exists
v € I' such that ayb € E%. The minimal cardinality of all such finite sets I' is called
the order of the matrix I'. If A is finitely irreducible, then the systesm ® is also called
irreducible, and its order is, by definition, the order of the incidence matrix A. The matrix
A and the system ® are called finitely primitive if there exists set I' as above consisting
of words of the same length. The least cardinality of such sets I' is called the order of the
system ®. The following characterization of HD(Jg) (denoted also by hg), the Hausdorff
dimension of the limit set Jg, is a version of Bowen’s formula. It is proved as proved in [7]
as Theorem 4.2.13.

Theorem 2.3. If the a CGDMS ® is finitely irreducible, then
HD(Js) = inf{t > 0: P(t) < 0} =sup{hp: F € Fin(E)} > 0(P).

If there exists t > 0 such that P(t) = 0, then t is the only zero of the function P(t),
t = HD(J), and the system ® is called reqular.

In fact it was assumed in [7] that the system @ is finitely primitive, but the proof can easily
be improved to this slightly more general setting. It will be convenient for us to make use
of the following definitions.

Definition 2.4. A CGDMS is said to be strongly reqular if there exists t > 0 such that
0<P(t) < .

A family {¢;}ier is said to be a cofinite subsystem of a system ® = {¢;},cp if F C E and
the difference £\ F' is finite.
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Definition 2.5. A CGDMS is said to be cofinitely reqular if each of its cofinite subsystems
18 reqular.

The following fact, relating all these three notions, is obvious.

Proposition 2.6. Each cofinitely regqular system is strongly reqular, and each strongly
reqular system is reqular.

Note that the system @ is strongly regular if and only if HD(Jg) > 0(®).

3. ANALYTICITY OF PERRON-FROBENIUS OPERATORS

The Section 2.6 from [7] about analyticity of Perron-Frobenius operators and of topological
pressure, unfortunately contains imprecise and incorrect statements. However, these flaws
are correctable. Since the results of this Section 2.6 from [7] are fundamental in the current
paper, we therefore present them here in a corrected way.

Recall that for w,7 € EY, we define w A7 € EY U E% to be the longest initial block
common to both w and 7. We say that a function f : £} — C is Holder continuous with
an exponent a > 0 if

Vol f) = sup{van(f)} < o0,

n>1
where

Van(f) = sup{|f(w) — f(7)]e“™ ™V :w, 7 € EY and |w A 7| > n}.
For every a > 0 let KC,, be the set of all complex-valued Holder continuous (not necessarily

bounded and allowing —oo with the convention that e™* = 0 and —oco — (—o0) = 0)
functions on EY. Set

K= {p e, : Zexp(sup(Rephe])) < —i—oo} )

eckE

An element of K} is called an a-Hoélder summable potential. Moreover, H,, is defined to be
the set of all bounded Holder continuous functions. By endowing H, with the norm

[ lle:= 1[flloo + va (),

the set H, becomes a complex Banach space. Also, the set H, forms a vector subspace of
the Banach space C}, := Cy(EY) of bounded continuous complex-valued functions defined
on E%. This Banach space is equipped with the supremum norm || - ||o. We start with
the following elementary observation.

Lemma 3.1. For every R > 0 there exists M = Mr > 1 (Mpg increases monotonically in
R) such that if |z — €] < R, then |ef — e*| < MeR*?|z — ¢|.
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Proof. Looking at the Taylor’s series expansion of the exponential function about 0, we
see that there exists a constant M > 1 such that |e¥ — 1| < M|w|, if lw| < R. Hence
e —e*| = |e*|le*™¢ — 1| < eRe* M|z — ¢|. O

An immediate application of the previous lemma gives rise to the following result.

Lemma 3.2. If p € K3, then e” € H,, and ||e?||, < (1 + Mva(p)va(p))esurJ(Rep).

Proof. Tt follows immediately from the definition of K2, that e? € C,(EY) and ||e”||o <
es'P(Rer) - Putting R = v4(p), we get from Lemma 3.1 that if w,7 € EY and w; = 7, then

€2 — 20 < Mpet0rp(w) = p(r)| < Mpe™ P, (p) exp(— (o A 7] = 1)).
We are done. ]

Given e € E and g : EY — C define the mapping goe: EYX — C by the formula
) glew) if Ay, =1
goe(w) = {—oo if A, =0
if g € K, and

glew) if Ag,, =1
goe(w)Z{o A =0

otherwise. As an immediate consequence of this definition, we have the following.

Lemma 3.3. If g : EY — C is a Holder continuous function, then so is goe: EY — C
(for all e € E) and v,(g o e) < va(g). If in addition, g € H,, then also goe € H, and
llgoella <|lglla- If g € K2, then sup(Re(goe)) = sup(Re(g][e})).

Let us prove the following.

Lemma 3.4. Ifk,l € H,, then kl € H,, and ||kl|]o < 3||E||alll]|a-
Proof. Obviously
(3.1) [[Eloo < [1El]oo]|1]co-
Now fix w, 7 € EY with w; = 71. Then
|kl(w) — kU(7)| = |k(w)(Uw) = U(7)) + UT)(k(w) — k(T))]

< [k()[|l(w) = U)| + [U(7)|[k(w) — k(T)]
< ||k||oova(l)’€|WAT| + ||l||oova(k)’f‘WAT‘
< 2| [kl al|1]]ar.

Hence, v, (kl) < 2||k||a||l||a, and we complete the proof by combining this with (3.1) O



7

Now for every p € K and every e € E define the operator A,. : C,(EY) — Co(EY) by
the formula

Apelg) = e goe.

As an immediate consequence of Lemma 3.3, Lemma 3.2, Lemma 3.4 and the increasing
property of the function R — Mg as stated in Lemma 3.1, we get the following.

Lemma 3.5. If p € K and e € E, then the operator A, . preserves the Banach space H,.
Moreover, we have that ||A,c|la < 3(1 4 My, (va(p)) exp(sup(Repl))-

Now notice that the function v, is a pseudo-norm on the vector space IC,. So, it induces
a pseudo-metric on Ky ((f,9) — va(f — g)), and this pseudo-metric restricted to 2,
induces a topology on K, which in the sequel will be called the a-Holder topology. By
B, (p,r) = {0 € K2, : v,(6 — p) < r} we denote the balls with respect to the pseudo-norm
vs. Let L(H,) be the Banach space of all bounded linear operators acting on the Banach
space H,. We shall prove the following.

Lemma 3.6. For every e € E the function p — A,. € L(H,), defined on K%, is continuous.
Proof. Note that K is closed with respect to additions of functions and with respect to

multiplication by scalars > 1. Fix p € K¢ and consider an arbitrary 6 € B,(p,1). Then,

in view of, Lemma 3.5, we have that

o= Apelle = 40— pella < 3(1+M) exp(sup(Red—Rep)|y)) < 3(1+Mi) exp(va(6—p)).

O

Now, fix p € K and notice that for every g € Cj, the function

Ep(g) = Zepoeg ce= ZAp,e(g)

eck eckE

is well-defined, it belongs to Cy and [|£,(g)||s < >, exp(sup(Rep|)) 1|9/ The oper-
ator £, acts continuously on Cj, with

L)oo < Zexp(sup(Rep\[e])) < 0.
eclk

It follows from Lemma 3.5 that the operator £, preserves the Banch space H, and,

| Lolla < 3(1 + My, (p)va)(p) Zexp(sup(Rep\[e])).

eclk
Lemma 3.7. Suppose that A is an open subset of the complex plane C. Assume that

(a) for every A\ € A, we have that py € K2,

(b) for every w € EY, the function A 5 X\ — py(w) € C, is holomorphic.
(c) the function A > X\ — L, € L(H,) is continuous,

(d)

Va(A) :=sup{va(py) : A € A} < +o0,
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(e)
Y(A) = Zexp(sup{Rep)\ oe: A€ A}) < +oo.
ecll
Then the map A > A\ — L, € L(H,) is holomorphic.

Proof. Let v C A be a simple closed, contractible in A, rectifiable curve. Fix g € H,
and w € E¥. Since V,(A) and X(A) are both finite, it follows from Lemma 3.5 and
the Weierstrass M-test that the series defining the function A 3 A — L, g(w) converges
absolutely uniformly in A. Therefore, the function A 3 A — £, g(w) € C is holomorphic.
Hence, by Cauchy’s Theorem, f7 L, g(w)d\ = 0. Since the function A 5 A — L, g €
H, is continuous, the integral fv L, g(w)d\ exists, and for every w € E*>, we have that
|, LogdAw) = [ L,,9(w)d\ = 0. Hence [ L,,gd\ = 0. Now, since the function A —
Ly, € L(H,) is continuous, the integral [ £, d\ exists, and for every g € Ha, [. £,,d\(g) =
f7 L,,gd\ = 0. Thus f7 L,,d\ = 0 and, by Morera’s theorem, the map A > A\ — L,, €
L(H,) is holomorphic. We are done. O

The main result of this section is now concluded as follows.

Theorem 3.8. Suppose that A is an open subset of C and that the function A — py € K2,
A € A, is continuous. If the function A — py(w) € C, defined on A, is holomorphic for
every w € EY, then the function A — L,, € L(H,) is also holomorphic.

Proof. Fix A\g € A. In view of Lemma 3.7 it suffices to show that there exists § > 0
such that V,(B(XAg,0)) < 400, X(B(Ag,0)) < +o0, and the function B(X\g,0) > A —
L, € L(H,) is continuous. Since, by the Weierstrass M-test and Lemma 3.5 along with
Lemma 3.6, continuity of the function B(X\,d) > A — L,, follows from finiteness of the
supremum V,(B(),0)) and summability of the series ¥(B(Ag,0)), we only need to prove
that V,(B(X\g,0)) < 400 and X(B(\g,d)) < +oo. Indeed, since the function A 5 A —
pr € K:, is continuous, there exists § > 0 so small that v,(px — pr,) < 1 whenever
IA — Xo| < 6. We then have for all A € B(\g,d) that v,(py) < pa, + 1. Consequently,
Va(B(Xo,6)) < pr, + 1. Also, for all A € B(Ao, ) and all a € E, we have that

exp (sup (Rep,\ha})) < exp (sup (RepAO|[a]) + 1) = eexp (sup (RepA0|[a])).
Therefore, since \g € K3, we get

Y(B(Xo,9)) < eZeXp(sup(RepAOha])) < 0.

acE

We are done. ]

4. DIMENSION ANALYTICITY IN GRAPH DIRECTED MARKOV SYSTEMS

In this section we bring up the issue of real analyticity of the Hausdorff dimension function
of a weakly regularly analytic family of strongly regular conformal graph directed Markov
system. Our central idea is to embed the naturally arising, real-analytic family of Perron-
Frobenius operators into a family, which by applying Thorem 3.8 from the previous section,
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can be proven to be analytic. Then one uses the perturbation theory (Kato-Rellich Theo-
rem) for linear operators, a version of Bowen’s formula, and the Inverse Function Theorem
to conclude the proof. Let A C C%, d > 1, be an open simply connected subset of C?. Let
{®x}rea be a family of CGDMS with the same set V' of vertices, the same set E of edges,
the same finitely irreducible incidence matrix A and the same seed pairs {(X,, W,)}vev
with all W,, € C. Fix A\p € A and for every w € EY consider the function ¢, : A — C

given by the formula
(¢3,)'(mA(ow))

-y Yol = A (o))

where m\ = 7, : EY — X is the coding map induced by the CGDMS ®,. The family
{®}ren is said to be analytic if

(a) for every e € E and every x € Xy, the function X — ¢2(z), A € A, is analytic.
The family {®,},ca is called weakly regular analytic if in addition the following hold.

(b) ®* is strongly regular.
(c) There exist a function k : E — (0, +00) and a constant C; > 1 such that

[(¢3,) (ma(o(w)))] < Crexp(—ri(wr))
forall A € A and all w € EY.

In order to formulate our last condition required for weakly regular analyticity, we shall
prove first the following.

Lemma 4.1. Suppose that {®y}ren is an analytic family of CGDMS. For every vertex
veV firx, € IntX,. Then the family {\ — Qbi‘,(%(w))}weE; consists of holomorphic maps
on A and this family is normal. Also, the family {\ +— mx(w) }wepse consists of holomorphic
maps on A and is normal.

Proof. Since all the maps (), z) — ¢2(2), (A, 2) € AxInt Xy, e € E are holomorphic, all
the maps A — ¢J(24()), w € E% are also holomorphic. Since their ranges are all contained
in the bounded set (J,., IntX,, the family {\ — ¢J(2yw))}weps, is normal. Therefore,
since for every w € E7°, the sequence of functions ()\ — ¢£|n(xt(w‘n)))zo:1 defined on A
converges pointwise to my(w), we conclude that each function A\ — 7,(w), defined on A,
is holomorphic. Since the range of all these functions is in the bounded set | J, ., Xy, the
family {A +— m\(w)}wers is normal. We are done. O

As an immediate consequence of this lemma, item (a) above, and definition (4.1), we get
that for every w € ET, the function v, : A — C is analytic. Now we can complete the
definition of weak regular analyticity by giving the following final condition.

d) For every w € EY let log, : A — C the the holomorphic branch of logarithm of
A
1), normalised so that log,(Ag) = 0. We demand that the family of functions

{AH @logwm}

weEY
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is bounded and, consequently, normal.

Let h), = HD(J@) be the Hausdorff dimension of the limit set of the CGDMSs ®*. The
goal of this section is to prove the following.

Theorem 4.2. If {®*}\ca is a weakly regqularly analytic family of CGDMS, then the func-
tion A — hy = HD(J@) is real-analytic throughout A.

This theorem was formulated in [10] only for iterated function systems and, what is more
important, under the assumption that the function x is constant. There was no proof
in [10] but only a one-line indication of how to form the proof based on [16] and [15].
Concluding, since this theorem is central for us in the current paper, since it is of interest
itself, and since there is no written proof, even of its earlier weaker version, we have decided
to provide here a self-contained proof of this theorem (Theorem 4.2). The general strategy
of the proof is based on Theorem 3.8 from the previous section. We start it as follows. For
every z = (21, 29,...,24) € CYand 71,79,...,74 > 0 let

Dy(z;r1,79, ., ra) = {(w1,wy, . .., wy) € CT s Jwy — 2| < rj for all 1 < j < d}.

In the case when all radii r; are equal, say to r, we will frequently write shortly Dg(z;7) for
Dy(z;r,r, ... r). Fix r > 0 so small that Dg(Ao;7) C A. For ease of exposition we assume
now that d = 1, i.e. that A is an open subset of the complex plane C. Because of item (d)
above, for every w € E*, the function log 1, expands in its Taylor series on Dj(\g;7):
(42) log ¢W(A) = an(w)(/\ - )‘0)n

n=0
and, by item (d) again, there exists a constant M; > 0, independent of A € A and w € EY,
such that

(4.3) |log ¥, (N)] < Mik(wy).

Hence, applying Cauchy’s estimates, we get for every n > 0 that
Mm(wl)

(4.4) jan(w)] < ——2—.

For every A = x + iy € D(Ao;7), we have from (4.2) that

Relog v, (\) = Z Re(ayq(w) (p Z q) i?) (z — ReXo)?(y — ImAg)*

p,q=0

(4.5) [o@)
= Z Cptg(w) (p . q) i'(x — ReXo)”(y — ImAg)?,

p,q=0 q

where, due to (4.4),

+ —
oo < (77 lap1a(0)] < 2¥lap1o(0)] < 2499
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Hence, employing the embedding C — C?* = C x C, x + iy — (z,y), we see that Relog1,
extends by the same power series expansion Y = _ cpiq(w) (* ;rq) i%(x — ReXg)P(y — ImXg)Y,
(z,y) € C?, to a complex-valued analytic function on the polydisk Ds()\g;7/4). Keep the
same symbol Relog), for this extension and note that

(4.6) |[Relog 1, | < 4Mik(wq) on Da(Ag;7/4).
Define the potential (, : Da(Ag;7/4) — C by the formula

Cw(A) = Relog ¥2,(X) +log | (673)(mr, (ow))| -
Fix tg > G(CIJ)‘O) and put

7 =min {r/4, (t, — 0(®))/2} .

Note that for all (A\,t) € D3((Xo,%0);T) := (Da(Xo;T) NR?) x (Dy(to,7) NR), we have by
(4.1) that
(4.7) exp(tCu(N)) = [ (N|[(¢3) (Mg (ow))]" = [(¢3,) (ma(ow))]".

Now, our goal is to prove the following result announced at the begining of this section.

Lemma 4.3. There exists ro € (0,7) such that the family of potentials
(A1) = ¢ (A) : EX — C, (A1) € D3((ho, t0);T),
satisfies the hypothesis of Theorem 35.8.

Proof. Obviously, for every w € EY, the function (A, t) — t(,(N), (A, t) € D3((Xo, to);T)
is holomorphic. Using (4.6) we get for all w € EY and all (A, t) € D5((Mo, to); T) that

| exp(tC,(A))| = exp(Re(tRelog ¥y, (A) + tlog |(¢)°) (. (ow))]))
= exp(Re(tRe log qﬁw(/\))) ’( °) (T (aw))’Ret
(4.8) < exp([#]|Relog g (M)]) [ (62) (g (0w)) [+
< exp(4Mik(wn)[t]) (62" mo (o))

< exp(4M; (ty + T)k(wr)) }(¢uff)/(ﬂ)\o (O_w>)}9(<1)/\0)+F'

Now, it follows from item (d) of weakly regular analyticity (equicontinuity and log,,(Ag) =
0) that if ro € (0,7) is sufficiently small, and A appearing in formula (4.3) belongs to the
disk D;(\g;72), then we can have M; > 0 as small as we wish, for example

1
My < Z7(to + 7)~!
Inserting this inequality into (4.8) and using condition (c), we get

|exp(tC(M))] < O (@) (may (0w))
for all w € E* and all (\,t) € D3((Xo,0);72). Therefore,

> llexp(t¢])llse < C2 3 1(020) 17+ < oo,

eck eck

‘6(4%0)4_%
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Hence, for every (A,t) € D3((Mo,t0);r2), we have that t(.y(\) € K. So, in order to prove
our lemma we only need to show that for every (A, t) € D3((Xo,t0);72), the function w —
t¢w(N)), w € E*, is Holder continuous, and then that the mapping (X, t) — (. (A) € K, is
continuous. Applying Lemma 4.2.2 from [7] and Koebe’s Distortion Theorem for argument
(see Corollary on page 353 of [1]), we conclude that there exists a constant K; > 1 such

that |log(¢) (y)| — log(¢)) ()] < Kily — 2| for all A € A, all w € EY and all z,y € Xy ().
Hence if w,7 € EY and |w A 7| > 1, then

[log ¢, (A) — log ¢ (A)| = [log((63,)'(ma(ow))) —log((¢2,) (ma(07)))]

< Ki|my(ow) — my(o7)| < Ky 8‘“’/\7‘ 'diam(X)
= K5 s ldiam (X).

Thus, using Cauchy’s Estimates again, we conclude that for all n > 0,
|an(w) — an(7)] < K15~ diam(X)s< Tl
Consequently,
(19)  lepa@) = cpalT)] € 27y g(w) = apyg(7)] < 279K, 5™ diam(X )= #+0)sln]

Therefore,
IRelog ¥, (A\) — Relog ¢, (\)| < 4K;s™  diam(X)s" 7,

forall A € Dy(Ao,7/2) and w, 7 € EY with [wAT| > 1. Hence, using also (4.9), we conclude
that

tCo(N) — t&-(N)| < 5K s~ diam(X)s"7]

for all (A,t) € D3((Xo,t0);72) and all w,7 € EY with |w A 7| > 1. The proof that the
function w — t(¢,(A)) belongs to K¢ is complete. This function is obviously continuous
on the polydisk D3((Ag,t0);72) with respect to the variable t. It is therefore sufficient to
prove Lipschitz continuity of the functions A\ — t(.)(A) € K& with Lipschitz constants
independent of ¢. In order to do it, fix A = (\;, ;) and N = (/\’ X)) in Dy(Ng,72). Put

)Yy

az = X, — Redg, ay, = A, — ImAg, b, = A\, — ReAg and b, = A\, — Im);. We then have

laPa — 12b2| = a2 (al — b7) + b3 (a? — 12)

T

q—1 p—1

< lab|lay — by Z |ay|i|by|q_1_i + |bZ|\% — by Z |az|*[b [P
1=0 =0

< (o0 ) ) ) Y-

<o () () -l

(4.10)
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Now fix w, 7 € EY with w; = 7. It follows from (4.5), (4.9) and (4.10) that
}Re 1Og 77Z)w()‘/) —Re 1Og 77Z)w()‘) - (Re log ¢T()\/) —Re log 77Z)7'()‘))}

= [ D (epg(@) = cpg(7)) (N, = ReXo)? (X, — TmAg)? — (A — ReAg)”(A, — ImAo)?)

p,q=0

< 4K13_1diam(X)r_ls‘”M‘|X — Al Z (p+ q)Q—(P+<1)
p,g=0

= C|N — \|slnl,
where C' = 4K, s~ diam(X)r=" 327 _((p + q)2~P+9) is finite. Thus,
o (tRelog 1y (N) — tRelog ¥y (N))) < C([to| 4+ ro)r HN — Al

for all (X, t) € Ds((Xo,t0);72). Since t(.)(N) — t{.y(A) = tRelog 1y (N) — tRelog ) (N),
the proof of continuity of the function (A, t) — t()(A) € K, (A, t) € D3((Mo,t0);72), is
complete, and the proof of Lemma 4.3 is finished. O

For every (A, t) € Ds((Xo, hy,);r2) put
Lyt = Etc(.)()‘) 1 Ho — Ha.

The number h), is larger than H(CID’\O) because of strong regularity of the system ®*. In
view of (4.7) and Theorem 2.4.6 from [7], e"0("0) is a simple isolated eigenvalue of the
operator E,\Omo : H, — H,. Hence, in view of Lemma 4.3 and Theorem 3.8, Kato-Rellich
Perturbation Theorem ([2], Theorem XII.8) is applicable to yield a number r3 € (0,r]
and a holomorphic function v : Ds((Xg, hy,);73) — C such that y(\g, hy,) = eFProo),
and for all (A,t) € D3((Xo, hag);73), 7(A, 1) is a simple isolated eigenvalue of the operator
Lyt : Hy, — H,, with the remainder of the spectrum uniformly separated from (A, ). In
particular there exists ry € (0,73] and > 0 such that

(4.11) (L) N D1 (e ) = {7(A, 1)}

for all (\,t) € Ds((Xo, hay);74). Now, eP2® is the spectral radius r(Ly,) of the operator
Ly for all (A\,t) € B(Xo,74) X B (hy,,74). Setting t = h,,, in view of semi-continuity
of the spectral set function (see Theorem 10.20 on p.256 in [11]), taking r4 appropriately
smaller, we will also have that r(Ly;) € [0,e"0"0) + ). Along with (4.11), these facts
imply that e ® = y(\ t) for all (\,t) € B(X\g,74) X B (to,74). Consequently, the function
(A, t) — P(t), (A, t) € B(Xg,74) X B (tg,ry4) is real-analytic. By Bowen’s formula (see
Theorem 2.3) and strong regularity of the system ®* we get that Py, (hy,) = 0. But, by
Proposition 2.6.13 and Proposition 3.1.4 from [7],

oy = [ 108102 (ma () ldiao) < 0

where pq is the Gibbs (equilibrium) state of the potential w — hy, log [(¢10)(m, (c(w)))]
(see [7] for these concepts in the context of graph directed Markov systems). Consequently,
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it follows from the Implicit Function Theorem that there exist 75 € (0,74] and a real-
analytic function t(A), A € B(\g,75) such that Py(¢(\)) = 0 and t(A\g) = h),. Invoking
Theorem 2.3 again, we conclude that hy = t(\), and the proof of Theorem 4.2 is finished.
0

5. GENERALIZED POLYNOMIAL-LIKE MAPPINGS; BASICS

In this section we recall from [13] and [14] the class of semihyperbolic generalized polynomial-
like mappings (GPL) and canonically associate to them conformal graph directed Markov
systems in the sense of [7]. For U C C, an open Jordan domain with smooth boundary,
let U := J,;; Ui be a finite union of open Jordan domains U; whose closures are pairwise
disjoint and are all contained in U. A GPL-map f is a holomorphic map

fU—U

such that for each ¢ € I the restriction of f to U; is a surjective branched covering map
having at most one critical (branching) point. The Julia set J(f) of f is defined to be the
set of all those points z in U such that all iterates of z under f are well-defined but each
neighborhood of z has a point which is eventually mapped out of U. Also, define

Crit(f) :=={c: f'(¢) =0} and Crit(J(f)) := J(f) N Crit(f).
The index set [ is split in the following way.

I,={icl:Un Un21 f(Crit(f)) =0} (‘post-critical free indices’),
I.:={iel:U;NCrit(f) #0} (‘critical indices’),
I, :=1\1. (‘regular indices’).

With this decomposition of the finite index set I, we put
U, = U, u.=JU, U= JU.
icl, i€l. i€l
For every ¢ € I, set

fi_1 = (f Ui)il U — U,

Definition 5.1. A GPL-map f is called semihyperbolic if and only if 1. C I,.

Throughout the paper we assume f to be a semihyperbolic GPL-map. The following lemma
is immediate.

Lemma 5.2. If f is a semihyperbolic GPL-map f, then the closure of the forward orbit of
Crit(f) is nowhere dense in J(f).

We now associate to the semihyperbolic map f a graph directed Markov system.
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Proposition 5.3. Let f be a semihyperbolic GPL-map. Then there exists a finitely prim-
itive order 1 conformal GDMS @ with Jo, C J(f) such that

Jo, VU, = J(F)NUN | P () £ U).

n>0 k>0

In addition HD(Jg,) = HD(J(f)).

Proof. We take I, to be the set of vertices. The conformal univalent contractions of
our system are defined as follows. For every ¢ € I, fix an open topological disk U; with
smooth boundary which contains U; and whose closure is disjoint from the closure of the
postcritical set |J,-, f"(Crit(f)). Of course we can always take U; for U; but we will

need in the next section such a larger choice. By definition of the sets U,, for each vertex
1 € I, all the holomorphic inverse branches of any iterate of f are well-defined on a fixed
neighborhood W; of the closure of (71 Hence, for each j € I, and n > 1, we consider all the
holomorphic inverse branches f,™ : U; — U of f" such that f,"(U;) C Uy, for some k € I,
and fi(f*_”(f]j)) NU, =0 forall e =1,2,...,n — 1. We then write ¢, : [th(e) — ﬁi(e) for

£ U; — Uy, where t(e) = j and i(e) = k. Also, we define ||e|| := n. Now, let

(I)f = {¢e : 01‘(6) - 0i(e)}e€E'f7

where E; is some countable auxiliary set parametrizing the family ®/. Note that the set
I, of vertices is finite, whereas in general the set Ey of edges is infinite. We immediately
obtain from the construction of ®; that

Jor U = J(F) U\ U () )

n>0 k>0

and the limit set Jgs is independent of the admissible choice of the disks Uj, jel, We
remark that the cone condition is satisfied, since for each i € Iy the boundaries of the disks

U; are smooth. Also, the open set condition follows immediately from the construction of
@/, noting that the elements of ®/ are inverse branches of forward iterates of f. Finally,
since for each pair j,k € I, there is a holomorphic inverse fijkl of f defined on U, and
mapping Uy into [7]- and since fij,c1 U, — Uj is in @, we conclude that the system ®;
is primitive of order 1. We are left to show equality of dimensions. Indeed, it follows
from Theorem 2.1 in [13] and continuity of the pressure function P;(t) proved there (by
the item (6) of the definition of the pressure function in [13], this function is convex and
hence continuous) that Py(HD(J(f)) = 0. It then follows from Lemma 4.6 in [13] that
Py, (HD(J(f)) = 0. Consequently, by Theorem 2.3, it follows that HD(Jp,) = HD(J(f)).
O

Denote the corresponding incidence matrix by A.



16 MARIUSZ URBANSKI

6. ANALYTIC FAMILIES OF SEMIHYPERBOLIC GPLs

Definition 6.1. Let A be an open open subset of C? for some d > 1. A family {f\ : Uy —
Ulren of semihyperbolic GPLs is called analytic provided that the following conditions are
satisfied.

(a) The index sets I, I,, I. and I, are the same for all A € A.

(b) For every i € I the map X\ — 9Uy; € D(U), A € A is continuous, where D(U)
is the space of all compact subsets of U endowed with the Hausdorff metric and
Uri = (Uy);. Consequently the map A — Uy, is continuous and also the set
(A*xU); = Uyea{A} X Uni € A x C is open.

(c) Put AxU =;c;,(A*U);. The map F : AxU — U given by the formula F(\, z) =
a(2) is required to be holomorphic.

(d) For every i € I. and every A € A denote by cy; the only critical point of the map
fxin Uy,;. The order of critical points cy; is assumed to be independent of A and is
denoted by q; > 2.

(e) For every i € I, there exists an open disk U; C U containing closures of all sets
Uri, XN € A and such that

Uin |J U et £)) = 0.

AeA n>1

As an immediate consequence of items (c), (d) and the Implicit Function Theorem, we get
the following.

Lemma 6.2. For every i € I. the map X\ — cy, € U, XA € A, is holomorphic.

As an immediate consequence of item (b) above and the fact (one of the requirements in
the definition of GPL’s) that for all A € A, U, Ux; C U, we get the following.

Lemma 6.3. For every v € A there exists R, > 0 such that

dist (o, ) |J Uni| >0

iel )‘EB(’YvR’Y)

Also, for every compact set I' C A, the union | J,, U,\erm 15 a compact subset of U and,
m particular,

dist <8U, Uy W) > 0.
1€l el

Let us state the following obvious lemma.

Lemma 6.4. For every open simply connected set Q C U, all \y € A, and alli € I.., such
that fr,.i(cr,i) & Q, there exists r > 0 such that if f)\_olz* : @ — C s a holomorphic inverse
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branch of fx,.i, then for every A € B(Xo, 1) there exists f;zl* : @ — C a unique holomorphic
inverse branch of fx,; such that the map (A, z) — f;i{*(z), (A, 2) € B(X\o, 1) X Q, is analytic.

We will need a detailed description of derivatives of the inverse branches appearing in
the previous lemma. For each ¢ € I. and every A € A there exists a holomorphic map
H);:Uy,; — C such that

f)\(z) = (Z — C)\,z‘)qu)\,i(Z) + fA(C)\J‘) and H)x,i(c)\,i) 7’é 0.

Obviously, the map (A, z) — Hy;(2) is holomorphic on (A U);. Also,
f(z) = @iz — ex)™ Hoi(2) + (2 — o) " Hy 4 (2)
=(z— c,\yz-)‘“_1 (quM(z) + H;\z(z)(z — CM)).
Since ¢, ; is the only point in U, ,; where the derivative f] vanishes, we have
(6.1) ¢GHyi(z) + Hj\yi(z)(z — i) £ 0

for all z € Uy;. Now, let f): 11* : @ — C be a holomorphic inverse branch of f); defined on
an open simply connected set Q@ C U\ {fi(cas)}. A straightforward calculation shows that

(6.2) ((f;zl*)/(z))q = (2 — f)\(c)\,i))liin)\,i(f):i{*(z))
for all z € @, where
G)\J'(w) = Hj\ljfl(w) (qZH)\,Z(’LU) + H/’\J(w)(w — C)\,i)>7qi, w e U)\,i.

Since, by (6.1), G, does not vanish throughout U, ; and since the set Uy, is simply con-
nected, there exists log, G ; : Uy; — C, a holomorphic branch of logarithm of G ;. Clearly,
as long as A is simply connected (we can always assure this by decreasing A to a round
neighborhood of a fixed point), we can choose these branches such that the following holds.

Lemma 6.5. For every i € I. the function (X, z) — log, Gxri(2), (A\,2) € (AxU);, is
holomorphic.

The main result of this section and the ultimate goal of the paper is stated in the following
theorem.

Theorem 6.6. If A is an open open subset of C¢ for some d > 1, and if {fr : Uy — U}lrea
1s an analytic family of semihyperbolic GPLs, then we have that the function A 3 X —
HD(J(f)) is real-analytic.

Naturally, we want to apply the machinery of weakly regular analytic families of conformal
graph directed Markov systems developed in previous sections. Indeed, Let ®* = Dy,
A € A, be the CGDMS resulting from Proposition 5.3 where the role of the U;, i € I,
appearing in its proof, is played by the disks U;, ¢ € I,, from the Definition 6.1(e). Thus,
the seed sets of all the systems ®*, A € A, are the same. Note that because of condition
(e) above, each element ¢ : Uxie) — U, e € B\ := Ly, , extends uniquely to an inverse
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holomorphic branch of f/UeH defined on Uy). This extension will be denoted by the same

symbol ¢?. Our goal now is to reparametrize the sets E\ so that all the corresponding
incidence matrices coincide and all the systems ®* )\ € A form a weakly regular analytic
family. Indeed, fix v € A and consider a map ¢} € ®7, e € E,. Suppose first that
¢3(Ut(e)) NU, .= (). Then

¢ =flof Lo . . : Uen+1 = Ut(e) - Ui(e) = Ue17

7€ T Jyer v,e2 “rJven
for some n > 1, eg,e3...,e, € I, ey € I, N1, and e,y € I,. Then for every A € A the
map
Fre o Fas o Fren : Uenis = Use) = Uige) = Usy
belongs to ®* and there is exactly one vertex e, € E) such that f>:e11 o f;; o... f/\’eln = g.
It obviously follows from condition (b) of Definition 6.1 that the map (A, z) — ¢} (),
(A, 2) e Ax U, is analytic. If

en+t17
67 (Uye)) NUy e # 0, say 67 (Uye)) C Uy k € L.
thenfwogbz: 710 710' -1 U

ver O Sven 0o foe, i Uepyy — Uey with some n > 0, e, e2,€3..., €, € I,
and e, € I,. Taking a sufficiently small ball, say B(y, R), around 7, we may assume
without loss of generality that the set A is simply connected. We claim that there exists a
unique family of maps {¢y : U, ., — Ue, }rea with the following properties holding for all
A€ A= B(y,R).

(f) frtlo ¢y = Id.
(g) The map ¢, : A x U,

(h) Oy = 97,
)

n+1

.1 — Cis analytic.

(i) frodr=fre ©frey© - Frer
Put ¢y = f/\_’el1 o f/\_’el2 o. f;én : Ue,,, — U, and note that, as above, the map (A, z) —
¥y(z), is analytic. Let 0 < R, < R be the largest radius such that the family satisfying
conditions (f)-(i) is defined for all A € B(y, R.). By way of contradiction, suppose that
R. < R. Consider an arbitrary point u € A such that ||y — || = R.. Since f,(Crit(f,)) N
Yu(Ue,,,) = 0, all the inverse branches f, . : @ — U are well-defined on some open
simply connected set @ containing v, (U.,,,). Applying Lemma 6.4 with Ay = ;1 we get
some 7, > 0 such that all the branches f/\_,i* : Q — U are well defined for all A € B(u,r,).
One can assume r, > 0 to be so small that ¢, (U.,,,) C Q for all A € B(u,r,). Then for
every A € B(u,r,) N B(7, R.) there exists *()), labeling a holomorphic branch of f,- ., such
that ¢, = f):li,*(A) o 1. Since the map F, : B(vy, R.) x U,

ens: — U, given by the formula

F.(\, 2) = ¢x(2), is holomorphic, the index *()\) is constant on B(u,7,) N B(7, R.), say
equal to x. Thus the formula

F (X, if A € B(7, R.

m,z):{ (A2) A€ B(,R.)

f)\_;* oyy(z) it Ae B(p,r,)

defines a holomorphic function on B(y, R,) U B(u,r,). If now p1 and o are two arbitrary
points in A such that |[ue — || = ||1 — || = R. and B(u1,7,,) N B(pe, rp,) # 0, then
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B(pa,r,) N B(p2, mu,) N B(7y, Ry) # 0 and

Fpia | (Bl 710 )0B (2,110 )0BO R xUery, = Fra (a1 i B2 rup) BB x Ve -

Since F),, and F),, are holomorphic, we therefore conclude that

Fuz‘(B(ul,ml)ﬂB(uz Tug)¥Uep g = Ful ’(B(m g VB (p2,75)) X Uey 1 *

Thus the formula
F.(\, if A € B(v, R,
m,z):{ (\2) A€ B(y,R)

Fu(A,z) if || =7l = R, and A € B(p,7,,)

defines a holomorphic function on the open connected set Z = B(y, R.)UU,,_y =g, B(1t,7p)-

Obviously, the family {¢y := F(),-)}rez satisfies the conditions (f)-(i). Since the sphere
{peA:||p—~| = R.} is compact, there exists R € (R, R| such that B(y, R') C Z. This
contradiction finishes the proof of the equality R, = R.

Thus, each map gzp‘ is a member of ®*, i.e. there exists a unique element e, € E) such that

¢* = ¢ and the map (), z) — ¢} (z) is analytic. Summarizing the two cases above, we

have thus defined a function e — ey from E, to E\ with the following properties.

(j) ey =e.
(k) The map e — ey from E, to E) is bijective.
(1) The map (X, z) — ¢} (z) from U, ,, to C is analytic.

En+1
We now set £/ = E., and identify the elements of F\ with elements of E via the bijective
map e — ey. We have thus proved the following.

Lemma 6.7. The family {®*}ca is analytic.

Our aim now is to show that the family {®"}\ca is weakly regular analytic. For every
W= wiws...w, € [* and every A € A, put

-1 -1 -1 -1 .
f)\,w = f)\,w1 Of)\,wg o.. ‘f)\,wn U — U>\7w1‘

We start with the following.

Lemma 6.8. For every compact set I' C A and every compact set V C U there exist a« > 0
and Cy > 0 such that

’ (f):i)’(z)’ S ClefanH
forall\eT', allw e I} and all z € V.
Proof. Because of condition (b) of Definition 6.1, the union

w=UU.
i€l el

is a compact subset of U. There thus exists k € (0, 1) such that all the maps fljil V-
U, CW C U, ie€ I, decrease hyperbolic distances on V and W (viewed as compact
subsets of the hyperbolic surface U) by the constant factor x. It follows from this and
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compactness of V and W that there exist § < 1 and ¢ > 1 such that )(f/\_i)/(z)) < @ for all

(A, 7,2) € I'x I8 xWW. Hence, noting that sup {’(f)\_zl),(z)

our lemma follows.

(\iz) €T x I, % W} < +oo,

Shrinking all the sets U;, ¢ € I, slightly, all the requirements imposed on them in Defini-
tion 6.1 will be satisfied, and all these sets will be compactly contained in the original sets
U;. Then, in the same way as Lemma 6.8, we prove the following.

Lemma 6.9. For every compact set I' C A there exist 3 > 0 and Cy > 0 such that
’(qﬁ)’(z)) < Che !

forall X €T, allw € £ and all z € Uyy).
We end this section with the following two results.

Lemma 6.10. If ' is a compact subset of A, then for every i € I. the closure of the set
I7 = User Uwery {A} X @3 (Unsw)) is a compact subset of [Jycp{A} x U,

wy 12

Proof. Consider an arbitrary sequence (A, z,)5>, € I'f. Since I' is compact, we can
assume without loss of generality that the sequence (A,)%2; converges in I', say to A.
Since U is compact, we can assume further that the sequence (z,,)%%, converges, say to
some point ro, € U. Since x, € U,,,; for all n > 1, it follows from condition (b) of
Definition 6.1 that z,, € m We want to show that z., € U,_;. Since the set I, is
finite, we may assume without loss of generality that fy, (z,) € Uy, x for some k € I, and
all n > 1. Suppose now for the contrary that zo, € OU,_ ;. Then F(Ay,Zo) € OU and
therefore,

lim dist(fy,(z,),0U) = lim dist(F(Ap, ), 0U) = dist(F (A, Too), OU) =0

n—oo n—oo

contrary to the fact that fy, (z,) € Uy, » and dist (Ujelo User Uy, 0U) > 0 (see Lemma 6.3).
We are done. ]

As an immediate consequence of Lemma 6.10 and Lemma 6.5, we get the following.

Lemma 6.11. For every compact subset I' of A the number

Mp = rrgx{supﬂ log, Gri(2)] : 2z € T} }}

18 finite.
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7. THE 1) FUNCTION

We shall show in this section that the condition (d) in the definition of weakly regular
analyticity is satisfied for the family {®*},ca of CGDMS defined in the previous section.
As a direct consequence of the last assertion of Lemma 4.1, we get the following.

Lemma 7.1. The family {\ — f;i(m(w)) cw € EY, 7 € I} consists of holomorphic
maps and is normal (since bounded).

Fix v € A (called Ay in Section 4). Recall that we have defined the function v, for each
w € EY, by the formula

(2,) (ma(ow))
(@YH)/(WV(UW))'

The goal of this section is to prove the following.

¢w(A) =

Lemma 7.2. There exists R, > 0 such that for every w € EY there exists log, :
B(v, R.) — C, a holomorphic branch of logarithm of 1, such that log,(y) = 0 and

such that the family of functions {)\ — Hw—llll log 1/@()\)} 1s bounded and, consequently,
weEY
normal.
Proof. Since there are only finitely many elements e € E with ||e|| = 1, we can assume

without loss of generality that ||w;|| > 2. Take R; > 0 so small that B(y, R;) C A. Then
B(v, Ry) is compact and, by Lemma 6.3, the set

w= U Tucvu

i€l \eB(v,R1)

is compact. Thus, for every ¢ € I, the function (A, z) +— (f/\_ll)/(z) restricted to the

Cartesian product B(y, R;) x W is uniformly continuous. Therefore, since I, is a finite set
and since these functions are nowhere vanishing, there exists Ry € (0, R;] such that

(fi)' ()
7.1 A A |
7.1 | (f'y_,il) €3

for all i € I,., all A € B(7, Re) and all (z,£) € W with |z — £| < Ry. In view of Lemma 7.1,
there exists R3 € (0, Rs] such that

(7.2) | fit(ma(w)) = fo i (my(w)| < R

for all w € EY, all 7 € I, and all A € B(~, R3). Since

U mEDc | mED) W,

<1
4
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and since fy [(W) C W for all 7 € I}, and all A € B(v, R3), combining (7.1) and (7.2), we

conclude that )
() Utm) | 1

(/7)) (frAma(w))) 4
forallie I, allw e EY, all 7 € I, and all A € B(~, R3). In particular, there exists

log ((f;,l) (far (ma(w ))>
(£53) (f7H(ma (@)
a holomorphic branch of logarithm of the function
(D) (i (mw))
(£4) (@)

whose value at v is equal to 0. Note that M;, the supremum of moduli of these logarithms,
is finite. Now, if w € EY and wy; ¢ I, then for all A € B(v, Rs), we set

g 0 = 3 g ( (7i2,) (ha, <w<a<w>>>)>
T\ ) (e (m(e@)) )
where wj = Wi j4+1W1,542 - - .wLleH c [7|,|w1Hfj for all 1 S] S leu — 1 and wLleH = @ SO,

[log ¥, (A)] < My |[w]-
If wi € I, then write fi(cyw,,) = vx and put

e e (o
log Zl <(f/\m]) (f)‘ij( (o(w)

1
-1

) A€ B("}/, R3>7

—
2
S
Q
N—
—~
3&
€|
<
—~
3
2
~—~
Q
—
&
N—
N— S~—
N— S~—
v

and we have
(7.3) [ 10g®' (V)] < My(J|en]] — 1).

Write f o @) = f;ﬂUk, where 7 = wows ... wy, € 107 and ko= t(wy) € I,. Put
n = ||7|| = |wi1]| — 1. Then f{(vy) ¢ U. Since W is a compact subset of U and in virtue
of item (d) of Definition 6.1, we have

Ay := min {dist(W, aU), dist (U .Uy fﬁ(&u(ﬁ))) } > 0.

i€l,  AeAj>1
Hence, for 7 > 0 and for all A € A,

(7.4) dist (Uy, 0U), dist(Uy, 1 (va)) > Ay > 0.

Since all the mappings f, ;, j € I, are conformal homeomorphisms, the moduli of their
derivatives restricted to W are uniformly bounded away from zero and infinity. Hence,
using (7.4) and Lemma 6.8, we conclude that there exist a universal integer p > 1 and a
constant A, > 0, such that

(75) B(fiky (U0, A) CU

n—p+1
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and

A < diSt(f):imierl(Uk)a Y () < diam(f):imipﬂ(Uk) UL (n)})

(7.6) L
< K3 min{k, 7/24} Ao,

where kK > 0 is so small such that

m“{(llj:)?” ((11;53)_1} V2

and K3 comes from Theorem 4.1.2 in [7]. Note that f\ "(v)) = f;hn_ +1( L P(vy)). Put

—1 —1
9= Fr, andopai=fiop

n—p+1

Using (7.5) and (7.6) and applying Theorem 4.1.5 from [7], we get that

9a(pa(ma(0(w)))) ~ vs 1‘ _
oA(m (@ @)) (7 (1) = pa(ma(o(@)))
_ alpa(ma(ow)))) — ga(f3~ (UA))

e @)) (A7 NP (@)

< KA 7P () = palma(o(w)))]
< min{k,7/24} < 1/3.

(7.7) 1

IN

Let log, : B(1,1) — C be the holomorphic branch of the logarithmic function determined by
the requirement that log, 1 = 0. By (7.7), the following composition log" : B(v, Rs) — C,
given by the formula

oz (\) = lo B(pa(mi(o(w)))) — v
loo (%) = logy (9&(%(7@\(0( ))))( P(vy) —p,(m(o(w))))) ’

is well define. Furthermore, it follows from (7.7) that
(7.8) [[logl” ||oc < My := sup{|logy(2)| : z € B(1,1/3)}.

The same considerations as those leading us to (7.3) provide us with a holomorphic branch
of the logarithm log'® : B(v, R3) — C of the function A — gr(pa(ma(a(w))))/ g (py(my(a(w)))),
A € B(7, R3), such that

(7.9) 1108 [|oe < Mi(n —p) < M||wi]]-

it follows from (7.6) and Koebe’s Distortion Theorem (the sets Uy are uniformly com-
pactly contained in U) that there exist R, € (0, R3] sufficiently small, a constant Mz > 0
and log® : B(v, R;) — C, a holomorphic branch of the logarithm of the function A —

7P (vy) — pa(ma(o(w))), such that
(7.10) 1108 [|oo < M.
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Since

(pa(ma(c(w)))) — vx

gy (py(my(0(w)))) — va
_ (m(m(a(w)))) —0x GA(pa(ma(o(w))))
gr(pa(ma(o )))(ff P(vy) p,\(7r,\(a(w)))) QQ(PW(WW(U(W))))
A7) = pa(mao () 4oy (m (@ (W) (£ 77 (02) = py (T (0 (w))))
)

(
Fy 7P (0a) = (75 (0(w) 9(py(my(0(w)))) = 0
the function log® (A) = log!” (A)+log® (X) +1og® (\) —1log® (v) —log'M (7) is a holomorphic

branch of the logarithm of the function A — (gx(pa(ma(c(w)))) — vr) /(g4 (py(my(c(w)))) —
v3), A € B(7, Ry), and it follows from (7.8)-(7.10) that

J

(7.11) 11og™ [|oo < 2Ms + My ||wy|| + 2Ms.

Since log® () = 2il with some integer I, we thus get that |2mil| < M ||w; ||+ 2(Ms+ Ms).
Therefore, using (7.11) again, we conclude that log® (\) := log¥ (\) —2mil is a holomorphic
branch of logarithm of the function A — (gx(pa(mr(0(w)))) = va)/(gy(p (T (0 (w)))) — V1)
such that

(7.12) log®(y) =0 and [|log® ||o < 2(M||wr|| + 2(My + Ms)).

Let now fy L Ix. H(Uy) — Ux,., be the holomorphic inverse branch of f determined by the
requirement that fy, o f;ﬂUk = ¢),. Put G\ = Gy, and ¢ = qu, ,. It follows from (6.2),
Lemma 6.10, Lemma 6.11, and (7.12) that the function log'® : B(v, R,) — C, given by the
formula
1— 1
A ol () + - (log Galma(7()) — log G, (0()))).

is a holomorphic branch of logarithm of the function

Frx (92 (pa(ma (0 (@)

A T (0o (0@))

and

[

1
||10g HOOSQ(l—q—) (M1|\w1||+2(M2+M3))+2M4,

where My = Mp,,
7.3), we see that log, = lo ) +10g® and
(7.3), g 8. +log,

Rry) 18 the number My obtained in Lemma 6.11. Combining this with

1 1
10g? || <2 ((2— q—) Myl + (1 - q—) (My + M) +M4) |
+ +

where ¢, = max{q,; : i € I.}. We are done. O
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8. CONCLUSION OF THE PROOF OF THE MAIN THEOREM

In this section we complete the proof of Theorem 6.6. Keeping the notation from the proof
of Lemma 7.2 we begin with by showing that condition (c) of weak regular analyticity (see
the beginning of Section 4) is satisfied for the family F = {®*}\cp(,.z.) from Section 6
with k(e) = —f||e|| with some constant 3 > 0. Putting ¢ = min{g; : ¢ € 1.}, note that it
follows from (6.2), (7.7), (7.6) and Lemma 6.10 that

b (gr(pa(ma(o(@)))] <
< |IG11X%ga(pa(ma(0(w)))) — vl
< (3/2) 7 |GILgh (or (ra (@) |27 (03) = pama(o@))]
< (3/2)HIGNMAT gk (oa(ma (@),
where |Gl = max{L, maxics, sup{||Ga(2)| : (A,2) € (B(7, R) * U);}}}. Therefore,
(63, (ma (e @))] = |t (9 (oa(ma(@@)))) 15 (oa(mala @) - [A(ma (o ())]
< (2D1/3)5 7 |gh(pa(ma(@ (@) 7 - |PA(ma(o(@)))]
< Mo|gh(pa(malo(@)))le,

where Mg = (2D1/3)‘f*1 max”{||(f; ') |lec : j € I,}. Finally, applying Lemma 6.8, we get

163, (ma(0(@)))] < IIGI1% My exp (—gmwlu o 1)))

-1

1

8.1 L o
< Cpe Bllenll
for all w € EYY (also those for which [lws|| = 1), all A € B(y, R4) and some universal

constants Cy > 1 and (§ > 0.

Item (b) of weakly regular analyticity of the family F, i.e. strong regularity of the system
®7, follows easily from Lemma 4.5 in [13]. Indeed, we know that P(HD(Js») = 0, and,
by Proposition 5.3), v := HD(Jev) = HD(J(f,)). So, applying Lemma 4.5 in [13] for
the pair (s,u), where s = 0, we obtain the strong regularity of the system ®7. Now,
combining this fact along with Lemma 7.2 (condition (d) of weakly regular analyticity),
(8.1) (condition (¢)) and Lemma 6.7, we conclude that the familiy F = {®*}\cp(y.r,) 18
weakly regular analytic. Therefore, Theorem 6.6 follows now immediately from Theorem 4.2
and Proposition 5.3.

9. EXAMPLES

In this section we give two classes of analytic families of semihyperbolic generalized polynomial-
like mappings. In the first one the critical point and the critical disk vary, whereas in the
second one, the regular maps vary. The first example is inspired by a construction in [6].
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Example 1. Suppose that g : U, — U = B(0,1) is a GPL without branching (critical)
points, consisting of affine maps. Fix an integer ¢ > 2, a point v € J(g) and £ € U \ U,
Take R > 0 so small that B(¢,2R C U\ U,. Let H : B(0,1) — B(0,1) be the conformal
homeomorphism of the unit disk B(0,1) onto itself given by the formula H(z) = =
Define the maps f : U, UB(E+ A1, A\y) — B(0,1), A = (A, X2) € B(0, R) x (B(0, R)\ {0}),
by the formula

g(z) 1fZ Eur
H(@) if 2 € B(§+ A1, M)

Obviously, all the maps f, are generalized polynomial-like mappings. Furthermore, £ + )\,
is the only critical point of fy and fi(§ + A1) = v. Since v € J(g), since fr(J(g)) =
J(g), since B(§ 4+ A, A\2) C B(&,2R) and since J(g) N B(&,2R) = 0, all the maps f) are
semihyperbolic and all conditions (a)-(e) of Definition 6.1 are satisfied. This means that
{fibre B(0,R)x (B(0,R)\{0}) is an analytic family of semihyperbolic GPLs and, as a consequence
of Theorem 6.6, we get that the map A — HD(J(f\)), A € B(0,R) x (B(0,R) \ {0}), is
real-analytic.

Example 2. Consider a hyperbolic GPL f : U, — U with the following two properties.
(a) f(f(c)) = f(c) for every critical point ¢ of f.
(b) If ¢, ¢y are two different critical points of f and f(c¢;) € U;,, f(e) € U,,, then
il 7& ig.
For every critical point ¢ of f let i, € I be the only element of I such that f(c) € I;().
Put I = {j(c) : ¢ € Crit(f)}. For every ¢ € Crit(f), let Rj) : B(0,1) — Uj«) be a
conformal homeomorphism sending 0 to f(c). For every A € B(0,1), consider the map
iU — Ujep Bi(B(0,1)) given by the formula

f(2) = {f ) e Uier U A
f(R; ()Fle_l(z))) if z € R;(B(0,\)) and j € I.

Since for every A € B(0,1), Crit(fy) = Crit(f) and fi(fa(c)) = f(c) = fi(c) for every
c € Crit(f), it is straightforward to verify that {fi}rep(o,1) is an analytic family of semihy-
perbolic GPLs and, as a consequence of Theorem 6.6, we get that the map A — HD(J(f))),
A € B(0,1), is real-analytic.
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