FINER FRACTAL GEOMETRY

OF RADIAL JULIA SETS OF MEROMORPHIC
FUNCTIONS

AND

CONFORMAL GRAPH DIRECTED MARKOV
SYSTEMS;

REAL ANALYTICITY OF HAUSDORFF DIMENSION

BARTEOMIEJ SKORULSKI AND MARIUSZ URBANSKI

ABSTRACT. We prove several results establishing real analticity of
Hausdorff dimensions of limit sets of analytic families of conformal
graph directed Markov systems. With this tool and with iter-
ated functions systems resulting from the existence nice sets in the
sense of Rivera-Letelier, we prove that the the canonical Hausdorff
measure restricted to the radial Julia set of a tame meromorphic
function is o-finite and that the Hausdorff dimension of the radial
Julia sets for fairly general families of meromorphic functions is
real-analytic.
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1. INTRODUCTION

Complex dynamics is a field originated in the works of Pierre Fa-
tou and Gaston Julia. Of course, the problem of linearization for a
fixed point was studied before (Bottcher, Koenings and others) and
definitely it was an inspiration for the idea of creating this separate
branch of mathematics, but numerous and extensive works of Fatou
and Julia were the place where complex dynamics was born and mat-
urated. The field became wildly known and popular when about three
decades ago first computer images of Mandelbrot set and Julia sets
appeared. Complex dynamics got an interest of many researches who
started to investigate a variety of interesting and exiting topics in this
field. One of them is the geometry of Julia sets and one of the ways to
describe and analyze the complex nature of this object is its Hausdorff
dimension. In this paper we study the behavior of this dimension under
analytic perturbations.

Probably the first result indicating how the Hausdorff dimension of
Julia sets changes under analytic perturbations is the result of Ruelle
in [14]. He studied the family z — 2? + ¢ and showed that the Haus-
dorff dimension of the Julia set is a real-analytic function for a complex
parameter ¢ sufficiently close to zero. The main technique Ruelle used
was thermodynamic formalism. We refer the reader to the books of
Zinsmister [19] and Przytycki & Urbanski [I1] for a modern exposi-
tion of thermodynamic formalism and contemporary approach to the
problem of real analyticity of Hausdorff dimension.

The problem of real analyticity of the Hausdorff dimension was fur-
ther studied for many families of rational and meromorphic functions
(see e.g. [18], [I7], [16], [8], [I] and [9]). In the present paper we
continue this line of investigation. Our two main theorems are the
following Theorem A and Theorem B. In these theorems we estab-
lish real-analyticity of Hausdorff dimension of radial Julia sets under
weakest, up to our knowledge, conditions.

Theorem A. Let f: C — C be a nicely strongly reqular tame mero-
morphic function. Let A C C? be an open set and let {fr\}ren be an
analytic family of meromorphic functions such that

(1) fog = [ for some A\g € A,
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(2) there exists an holomorphic motion H : A x J\, — C such that
each Hy is a topological conjugacy between fy, and f\ on J,.

Then the map
A — HD(J))

s real—analytic on some neighborhood of \g.

Theorem B. Suppose that f: C — Cisa dynamaically reqular mero-
morphic function of divergence type which belongs to class S. If A C C
is an open set, {fx}rea is an analytic family (in the sense of Section [5)
mermorphic functions and fy, = f for some \g € A, then the function
A > A= HD(J,.(f))) is real-analytic in some open neighborhood of g
contained in A.

One of our two main techniques employed in the proofs of these the-
orems is the, recently emerging, concept of nice sets. These sets were
introduced and extensively studied by Przytycki and Rivera-Letelier
([12], [10]) in the context of Collet-Eckmann rational mappings.

Nice sets in transcendental meromorphic dynamics were used to show
that there is no absolutely continuous invariant probability for Mis-
urewicz exponential maps (see [3]). A general construction of nice sets
for transcendental functions can be found in [2]. In our present pa-
per we use them to construct appropriate conformal iterated function
systems and then to apply the developed machinery of graph directed
Markov systems from [6] and [7]. While doing this, as an actually
auxiliary step, we obtain new, up to our knowledge, results about real
analyticity of the Hausdorff dimension of limits sets of (infinite) con-
formal graph directed Markov systems. The following Theorem C and
Theorem D in particular extend those from [16] and [I]. The number
b(S,) refers here to the Bowen’s parameter of the system 5.

Theorem C. If {S)\}en is a weakly reqularly analytic family of finitely
primitive conformal graph directed Markov systems, then the function
A 3 X = b(Sy) € R is real-analytic on some neighborhood of every
strongly reqular parameter Ao € A. In addition, if the Bowen’s pa-
rameter is equal to the Hausdorff dimension of the limit set (due to
Theorem guaranteed for example by the Open Set Condition), we
thus automatically get real analyticity of Hausdorff dimension.

Theorem D. If A C C?¢ is an open set and {S\}rea 5 an analytic
family of finitely primitive conformal graph directed Markov systems
such that Sy, is strongly regular for some N\g € A and there exists a

holomorphic motion H: A x C — C such that
Pr(H(N 2)) = H(\, 92°(2))
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for all X\ € A and all z € J),, then the Bowen’s parameter function
A > X = b(Sy) is real-analytic on some sufficiently small neighborhood
of Xo. In addition, if the Bowen’s parameter is equal to the Hausdorff
dimension of the limit set (due to Theorem guaranteed for example
by the Open Set Condition), we thus automatically get real analyticity
of Hausdorff dimension.

Note that although we assume in the latter theorem seemingly more,
namely the existence of an appropriate holomorphic motion, however,
on the other hand, we merely assume here analyticity of the family of
graph directed Markov systems, which is much weaker than weakly reg-
ular analyticity required in Theorem C. Staying in the realm of abstract
Conformal Graph Directed Markov Systems we are able to provide a
very mild sufficient condition, called periodical separation, which en-
tails the existence of a suitable holomorphic motion. Theorem D gets
then very weak hypotheses indeed. This is however not quite the end
of the story about directed Markov systems. The point is that those
systems constructed in the proof of Theorem A are not known to sat-
isfy the Open Set Condition. To remedy this we invoke the theory of
conformal Walters expanding maps developed in in [4].

Having Conformal Iterated Function Systems produced with the
help of nice sets, we were also able to show (see Theorem , as
a straightforward consequence of the theory of Conformal Graph Di-
rected Markov Systems, that the canonical Hausdorff measure restricted
to the radial Julia set of a tame meromorphic function is o-finite.

As the last remark we would like to say that all our considerations
about tame meromorphic functions also do apply to rational functions,
and also for them are new. We do not assume that our meromorphic
functions are transcendental.

2. NICE SETS AND CORRESPONDING CONFORMAL ITERATED
FUNCTION SYSTEMS

Let f: C — C be a meromorphic function. The Fatou set of f
consists of all points z € C that admit an open neighborhood U, such
that all the forward iterates f", n > 0, of f are well-defined on U,
and the family of maps {f"|y. : U, — C}22, is normal. The Julia set
J(f) is then defined as the complement of the Fatou set of f in C.
By sing(f~!) we denote the set of singularities of f~1. We define the

postsingular set of f : C — C as

P(f) = fr(sing f1).



HAUSDORFF DIMENSION OF RADIAL JULIA SETS 5

Given z € C we say that a complex number w is in w(z) if all the
forward iterates f™(z), n > 0, are well-defined and w is a cluster point
of the sequence {f"(2)}22,. The set w(z) is then refereed to as the
w-limit set of z. Note that w(z) = () if and only if either z is eventually
mapped to infinity or lim, ., f™(z) = co. The primary object of our
study in this paper, the radial Julia set J.(f) of f is defined as

To(f):={z € T(f) : w(z) \ P(f) # 0}.

Given a set F ¢ C and n > 0, by Comp(f"(F)) we denote the
collection of all connected components of f~"(F). A meromorphic
function f : C — C is called tame if its postsingular set does not
contain its Julia set. Unless otherwise stated all meromorphic functions
considered in the sequel will be tame. As noted in the introduction, J.
Rivera-Letelier introduced in [12] the concept of nice sets in the realm
of the dynamics of rational maps of the Riemann sphere. In [2] N.
Dobbs proved their existence for tame meromorphic functions from C
to C. We quote now his theorem.

Theorem 2.1. Let f : C — C be a tame meromorphic function. Fix
z2e€ J()\P(f), L > 1 and K > 1. Then there exists k > 1 such
that for all r > 0 sufficiently small, there exists an open connected set
U=U(z,1)CC\P(f) such that

(a) If V€ Comp(f~™(U)) and VU # 0, then V C U.
(b) If V€ Comp(f"(U)) and VNU # O, then, for all w,w' €V,

(") (w)]

|(f") (w)] > L and 1) ()]

< K.

(¢) B(z,7) CU C B(z,kr) C C\ P(f).

Let U be the collection of all nice sets of f : C — @, ie. all the
sets U satisfying the above proposition with some z € J(f)\ P(f) and
some 7 > 0. Note that if U = U(z,7) € U and V € Comp(f~"(U))
satisfies the requirements (a), (b) and (¢) from Proposition then
there exists a unique holomorphic inverse branch f;" : B(z,xr) — C
such that f,"(U) = V. The collection Sy of all such inverse branches
forms obviously an iterated function system in the sense of [6] and [7].
In particular, it clearly satisfies the Open Set Condition. We denote
its limit set by Jy.
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3. HAUSDORFF DIMENSION; HAUSDORFF, CONFORMAL AND
INVARIANT MEASURES

Recall that U is the collection of all nice sets of a tame meromorphic
function f : C — C. Since, by Theorem U forms a basis of topology
for 7(f)\'P(f) and since this metric space is separable, it follows from
Lindel6f’s Theorem that U contains a countable cover of J(f)\ P(f).
We start with the following.

Lemma 3.1. If W is a subcover of U, than

J(H = U

Uew k=0
Proof. Since Jy C J, for all U,

J U ca.

Uew k=0

On the other hand, if © € J,, then there exists y € w(z) \ P(f) and
therefore U € W with y € U such that the set {n > 0: f"(z) € U} is
infinite. So, x € f~%(J,) for some k > 0. This finishes the proof. [

Now, we aim to prove that for a tame meromorphic the Hausdorff
dimension of limit sets of all nice sets is the same and is equal to the
Hausdorff dimension of the radial Julia set. To do this we need the
following proposition, concerning general Conformal Iterated Function
Systems, which is also interesting on its own. Here we use the notation
from [7].

Proposition 3.2. Let S = {p.}eer be a Conformal Iterated Function
System. For every T € E*, let

T =n({w € E*: w contains infinitely many copies of the block T}).
Then HD(J>) = HD(J,).

Proof. Let F C E be an arbitrary finite subset of E (containing all let-
ters of 7). Let mp and fir be respectively the corresponding symbolic
geometric and invariant h,-conformal measures. Let

F>° ={w € F*: w contains infinitely many copies of the block 7}

since supp(pir) = F, it follows from Birkhoff Ergodic Theorem that
fp(F2) = 1. Since the measures niy and fip are equivalent, we con-
clude that m¢(F°) = 1. Thus

mp(n(F>) = mporm N (m(F®) > mp(F®) = 1.

T
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Since I is finite, the measure mp coincides on Jp up to a multiplica-
tive constant with the Hausdorff measure Hy,.. So, Hp.(7(F°)) > 0,
whence HD(7(F2°)) = hp. Thus,

HD(J°) > sup HD(7(F7°)) = sup hp = hg.
where both suprema are taken over all F' being a finite subsets of E
containing all elements of the finite word 7. This finishes the proof. [J

Coming back to meromorphic functions, we prove the following.

Lemma 3.3. If U and W are two arbitrary nice sets of a tame mero-

morphic function f: C — C, then HD(Jw) = HD(Jy).

Proof. Let Sy = {¢V : i € Iy} be the iterated function system induced
by the nice set U. Since UNJ(f) # 0, there exists ¢ > 0 so large that
NI 2J)nw.

Since
lim sup{diam (oY (U): |w| =n} =0
n—oo

(in fact the rate of convergence is exponential), and since W is an open
set, there thus exists 7 € Ej; such that

FULUNI(f) CT)NW.

Hence
(3.1) fUTGT) € Tw
Therefore, applying Proposition [3.2] we get that

HD(Jv) = HD(Jg;) = HD(f*(J7;)) < HD(Jw).
Exchanging the roles of the U and W we also get that HD(Jw) <
HD(Jy) and the proof is complete. O

Now, as the main result of this section, we show that the number

h:=HD(Z,(f))

is equal to the common value of Hausdorff dimensions of the limits sets
of all the iterated function systems induced by all the nice sets and
that the the corresponding Hausdorff measure on the radial limit set

J(f) is o-finite.

Theorem 3.4. Let f: C — C be a tame meromorphic function. Then
the following s true.
(a) h=HD(J,.(f))) = HD(Jy) for every nice set U.
(b) The h-dimensional Hausdorff measure Hy, restricted to each
nice limit set Jy,U € U, s finite.
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(¢) The h-dimensional Hausdorff measure H, restricted to J,(f) is
o-finite.

Proof. Fixing U € U, and choosing a countable subcover of U contain-
ing U, Part (a) follows immediately from Lemma and Lemma [3.1]
Part (b) follows from Theorem 4.5.1 and 4.5.11 from [7] and Part (c)
is an immediate consequence of part (b) and Lemma applied with
an arbitrary countable subcover W of U. We are done. 0

We call a tame meromorphic function f: C — C nicely strongly reg-
ular if there exist at least one nice set U € U giving rise to a strongly
regular iterated function system (IFS) Sy. In Section [6] we shall pro-
vide same sufficient conditions for a meromorphic function to be nicely
(strongly) regular. Nice strong regularity will turn out to be a much
harder issue than mere regularity.

Let us now recall another fundamental concept. A Borel o-finite
measure my, on J(f) is called h-conformal for f: C — C if

(3:2) ) = [ 171dm,

for every Borel set A € J(S) (or C C) such that f|4 is one-to—one. The
existence of this kind measures is of enormous help in the investigation
of geometric properties of Julia sets. Therefore, we now prove their
existence and present some of the properties of these measures.

Theorem 3.5. If f: C — C is a tame nicely regular meromorphic
function, then the following holds.

(a) Each nicely set W € U gives rise to a reqular IFS.

(b) There exist a o-finite h-conformal measure my, for f: C — C.
In addition, mp(T(fO\T-(f)) = 0, and for every nice set U €
U, mp(Ju) > 0 and the measure my| 7, is h-conformal for the
IFS Sy.

(c) There exist a Borel o-finite f-invariant measure p on J(f)
such that p (T (fONT-(f)) =0, 0 < up(Jy) < 400, for every
nice set U € U, and |7, = pu is equivalent to the h-conformal
probability measure my on Jy.

(d) The Radon-Nikodyn derivative d“h has a real-analytic extension

to an open neighborhood of the Julia set J(f).

Proof. Let U € U be a nice set giving rise to a regular IFS Sy =
{pY: e € E}. Denote |le|| the number n € N such that "o oY = idy.
For every n > 1 let I,, parametrize all holomorphic branches {f; " }ier,
of f~" that are defined on U, let I = |J.~, I,, and for every i € I let
n(i) be a unique integer k& > 0 such that i € I. Let I, be the subset
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of I consisting all elements ¢ such that fk(fi_n(i)(U)) NU = 0 for all
0 < k < n(i) — 1. Notice that the family {f; " (U)},c;. consists of
mutually disjoint sets and define the measure mj, on UU(J ;. fi_n(l) (U)

by the following formula. If i € I,, A C fi_"(i)(U) is an arbitrary Borel
set, then

33) ()= [ O @) z),
fr@(4)
Otherwise, if A C U is a Borel set, then

It immediately follows that holds for all Borel set A C
fi_”(i)(U) where ¢ € I, since n(i) > 1. Now, for any z € Jy let
N(z) > 1 be the first return time to U, i.e. N(z) > 1is the least integer
such that fN®)(z) € U. Note that N(z) < +oo and fN®(2) € Jy.
For every Borel set A C Jy and every n > 1 let

A, ={z€ A: N(z) =n},
then {A4,}22, is a partition of A into measurable sets. Notice that

U &Vm

llell=n

Assume that f|4 is 1-1. Then also f|4, is also 1-1, and by (3.3)), (3.4)
and conformality of the measure my for the IFS Sy,

mi(f(A)) = th Z Y malf ol (f"(An))

n=1 elle]|=n

Y ¥ / [ o glY|"dme

n=l e:[le||=n

S Z/ 1 o 1PV iy

n=1eile||=n

SO0 Sl I IC T

n=1 eslje||=n * € (F"(4

S0 BN

n=1 |le||=n

- iy, = / '
Z/{wg(f" )):llel|=n} ; An



10 BARTEOMIEJ SKORULSKI AND MARIUSZ URBANSKI

:/Uw

\fﬁdmh::/lfﬁdmh
n=1 A
Thus, (3.2)) holds for all Borel sets

AcUuul 9w

1€«

such that f|4 is 1-1. Observe that then all sets f(ANU) and f(AN
")), i € I, are mutually disjoint and my,(ANU) = my (AN Jy)
as well as mp(f(ANU)) =mp(f(AN Jy)). Since also

A’!L

(35) mh(C\(jU U U fifn(i)(jU))) —0
i€l
and since
(ol J 57O () = F(avully FNw) = JoulJ £,
i€l icl, g

we conclude that my, is a Borel o-finite h-conformal measure for f: C —
C such that my|z, = my. Since

(3.6) JouJ ") € 7,
1€l
we further conclude from that m,(J(f) \ J.(f) = 0.

If now W is an arbitrary nice set, then it follow from (3.1]), confor-
mality property , and the fact that m,(J5%) = mu(J55) = 1,
that my(J,) > 0. Items (a) and (b) of our theorem are then proved.

It is known that one can spread out the measure uy and get a umque
ergodic and conservative f-invariant measure ,uh on JyUUe;. f_ (jU)
such that p,|z7, = po. Hence, by B.6), (T (f)\T-(f)) = 0 and the
item (c) is proved.

Let z € J.(f) and let U, be a nice set containing z. Then d“h ;-

dmh

on U, with some constant k > 0. Since jﬁl ’ZJZ is a real—analytlc function

on U, (see Theorem 6.1.3 from [7]), item (d) is also proved. We are
done. O

4. REAL ANALYTICITY OF HAUSDORFF DIMENSION FOR
CONFORMAL GRAPH DIRECTED MARKOV SYSTEMS

The results of this section are far going strengthenings of existing
theorems about real analyticity (see [16] and references therein) or
even continuity (see [I3]) of the Hausdorff dimension of limit sets of
Conformal Graph Directed Markov Systems. Although we try to ex-
plain all notions used in this section, or at least to give references as to
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where these are defined, as a general rule we follow the terminology of
[7] and the reader can always consult this book in case of doubt. We
would also like to emphasize that our results in this section will pri-
marily concern Conformal Graph Directed Markov Systems (conformal
GDMSs) without assuming the Open Set Condition to hold and will be
primarily formulated as real analyticity of Bowen’s parameter defined
below. Real analyticity of the Hausdorff dimension of limit sets will
be then obtained as an immediate corollary in the case when the Open
set, Condition holds. Indeed, the following theorem was proved in [7]
as Theorem 4.2.13.

Theorem 4.1. If S is a finitely primitive conformal GDMS, then
b(S) = HD(Js), where

b(S) :=inf{t: P(t) <0}
is called the Bowen’s parameter of the system S.

However in Section [p|devoted to proving real analyticity of the Haus-
dorff dimension of radial Julia sets of nicely strongly regular tame mero-
morphic functions, we will construct conformal Graph Directed Markov
Systems which will not be known to satisfy the Open Set Condition.
Real analyticity of Bowen’s parameter will come from the present sec-
tion whereas its equality to Hausdorff dimension will come from the
theory of conformal Walters expanding maps laid down in [4].

Let A C C? be a complex manifold. Let I' = (E,V,t,i, A) be a
finitely primitive multigraph with edges E, vertices V, initial and ter-
minal function ¢ and 4, and a incidence matrix A: F x E — {0,1} (see
[7]). For every vertex v € V let bounded open sets W,, W/ C C be
given satisfying that W, C W’. Further more, for every A € A, let

Sx={ed: Wye) = Wi}

be a conformal GDMS generated over the multigraph I" with the prop-
erties that W, is connected, W, ¢ W/, ¢, : Wt’(e) — Wi’(e) and ¢, :
Wiey — Wie). Although for our applications to meromorphic dynam-
ics considered in this paper all the sets X will be independent of
A, here we do not assume that the corresponding compact seed sets
XX C W, are independent of \.

Fix A\, € A and for every w € E, let ¥,: A — C be given by the
following formula

(02,)' (ma(0w))

Vo) = o)
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where 7y : EY — Jg, is the canonical projection induced by the GDMS
Sx. The family {Sy}aea is called analytic if
(raa) For any e € E and every z € Wy, the function A 5 X\ —
©2(z) € C, X € A is holomorphic.

The analytic family {S)}xea is called loosely regularly analytic if the
following conditions are satisfied.

(rab) The GDMS S, is strongly regular (we simply say the parameter
Ao is strongly regular).
(rac) There exists a function k: E — (0, +00) such that

sup{||(¢2) || exp(k(e)): e € E,\ € A} < +oo.

(rad) The family of real-valued function A 3 A — r(wq) ! log | ¥, ()],
we EY, A€ A, is bounded.

There are also two differences of the above as related to Section 4 of
[I6]. The first one, inessential, is that we do not require in here the
sets X7 to be independent of A\, and the second one, more important,
is that condition (rad) involves log |V, (\)| rather than log W, (\). A
family of such maps was called in [16] weakly regularly analytic. Then
Theorem 4.2 from [I6] can be reformulated as follows.

Theorem 4.2. If {S\}ren is a weakly regularly analytic family of
finitely primitive conformal GDMS, then the function A 5 X — b(S)) €
R is real-analytic on some neighborhood of every strongly reqular pa-
rameter \g € A.

Note also apart differences in hypotheses there is also a difference in
the assertion as to the original theorem. The point is that since we did
not assume the Open Set Condition to hold, we changed the Hausdorff
dimension to the Bowen’s parameter; the Open Set Condition was used
exclusively in Section 4 of [16] to know that Bowen’s parameter is equal
to the Hausdorff dimension of the limit set. Our strengthened version
of Theorem [4.2] is the following.

Theorem 4.3. If {S)}xca is a losely reqularly analytic family of finitely
primitive conformal GDMS, then the function A 2 X — b(S)) € R is
real-analytic on some neighborhood of every strongly regular parameter
Ao € A

Proof. Fix a strongly regular parameter Ay € A. We shall show that on
same sufficiently small open neighborhood of Ay, the family of functions

{X = (k(w1)) " og Wu(A) bue s,
is uniformly bounded. Then the theorem follows from Theorem So
assume without loss of generality that A is simply connected. First, for



HAUSDORFF DIMENSION OF RADIAL JULIA SETS 13

every w € EY, choose an analytic branch of logarithm log ,(V,): A —
C such that

(4.1) log, ¥, (Ao) = 0.
Then set
1
4.2 Pl/A@D () = ex <—10 0, )\).
(12) YA 1= exp (s o, W)

Let B > 0 be the bound coming from (rad). We then have that, for all
we EY and all A € A,

(4.3) (WD (N)| = exp (Re ( - (Llul) log,, \wa(A)))

= o (i Reo w00

K(wr)

1
= ex log |W,,(A < eB
b (s toelwa(1) <
Put
G = WM,

Fix an arbitrary r > 0 so small that B()\g,2r) C Aandlet A € B(\o, 7).
Set

Io={yeA:|y—N|=rforalj=1,...,d}
In virtue of Cauchy’s formula, and of (4.3), we have

dgu 1 / G (7)
Y| = : dy,...d
D )‘ '(m)d N C7R W ER C WL Rt
I 190 (7)
< dvql ... |d
S @ e =P e =agp -l
1
= — v dy| ... |d
e [, el
€B7"d €B
S p—

(27r2)d  (27r)d
Since g,(Ao) = 1, we therefore get, for all A € B(\g,r), that

B

190(N) = 1] = [9(A) — gu(Xo)| < @i—m“ ~ Aol.

Fix now ¢ € (0,7) so small that e?(27r)~45 < 1. Let log,: B(1,3) —
C be an analytic branch of logarithm such that log,(1) = 0. Then
log, 0g,: B(Ag, ) — Cis an analytic branch of logarithm of g,,, and, by
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(4.2). Tt follows from (4.1]) and the fact that log, og.,(Ag) = logy(1) = 0,
that

1
Y2 logw \Dw()‘) = 1Og0 ogw()‘)

K(wr)
for all w € EY and all A € B(\g,d). Then
1
(o) log, ¥, (A)| < sup{|logoge(2)|: z € B(1,1/4)} < +o0.
1
We are done. O

Remark 4.4. With the hypotheses of Theorem if know that the
Bowen’s parameter is equal to the Hausdorff dimension of the limit set
(due to Theorem guaranteed for example by the Open Set Condi-
tion), we automatically have a corresponding real analyticity result for
Hausdorff dimension.

We now provide a useful sufficient condition for an analytic family
of GDMS to be loosely regularly analytic.

Definition 4.5. An analytic family {S)},ca of finitely primitive con-
formal GDMS is called uniformly Hélderly conjugate if
(a) there exist Ay € A (called the center of A) such that S, is
strongly regular,
(b) there are two constant ¢ > 0 and « € (0,1) and for every A € A
there exist a homeomorphism Hy: Jy, — J such that

CYz —wl|o < |Ha(2) — Hy(w)| < Clz — w|® for all z,w € Ty,
and

o Hy=Hyop) foralle € E.

Proposition 4.6. Each uniformly Hélderly conjugate analytic family
of finitely primitive conformal GDMS is loosely reqularly analytic and
the associated Bowen’s parameter function is real-analytic in some suf-
ficiently small neighborhood of its center.

Proof. In order to show the first part we need to prove that there exists
a function k: £ — (0, 4+00) such that (rac) and (rad) holds. Indeed, it
follows from condition (b) of Definition [4.5 that

C7 diame (92°(J5,)) < diam(p}(J3)) < € diam® (92°(F2,)

for all e € Eand all A € A. Therefore, by uniform distortion, there
exists C' > 0 such that

A 1 A a
(4.4) CTH(@2) (2)]= < (@) ()] < Cle2e) ()]
foralle e E, all z € J),, all A € A and all w € J,. It follows



HAUSDORFF DIMENSION OF RADIAL JULIA SETS 15
—log C + (1/a — 1) log |(¢2°)'(2)| < log |(¢2) (w)| —log |(¢2°) (2)]
<logC'+ (a — 1)log () (2)],
and then for the distortion constant K > 1 we have
—logC'+ (1 —1/a)log K + (1/a — 1)log ||(¢2°)'|
< log () (w)| —log |(£2°)' ()]
<logC+ (a—1)log K + (a — 1) log || (¢2)']|-

Hence
_1 > -1
oM< (1—-2) logC+(1 Cf\)logK

a —alog||(¢e®)|]

L @Y@)
—_ )\0 / Og >\0 !/
—alog ()|l [(we?) (2)]
S(l_a) (1—04)logK;\i—logC’S
o —alog [|(¢e°)']|

for some M > 0 large enough since, for all e € E, ||(pX)]] < S < 1
and lim, ;.. ||(@2°)|| = 0. Since in addition, by (4.4)),

1©2)'1] < ClI(@)|1* = C exp (alog [|(:22°)']])
= C (exp(—(—alog ||(2*)'[])))

we conclude that conditions (rac) and (rad) are satisfied if we set

r(e) = —alog|(¢2°)'|l.

We are thus done with the first assertion of our proposition. The second
are follows now immediately from the Theorem O

Remark 4.7. With the hypotheses of Proposition if know that
the Bowen’s parameter is equal to the Hausdorff dimension of the limit
set (due to Theorem guaranteed for example by the Open Set Con-
dition), we automatically have a corresponding real analyticity result
for Hausdorff dimension.

Now we may prove the following main general result of this section.

Theorem 4.8. If A C C? is an open set and {S\}rea is an analytic
family of finitely primitive GDMS such that Sy, is strongly reqular for
some \g € A and there exists a holomorphic motion H: A X C—>C
such that

PR (H(N, 2)) = H(A, ¢2°(2))
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for all X\ € A and all z € J),, then the Bowen’s parameter function
A > X = b(Sy) is real-analytic on some sufficiently small neighborhood

Of )\0.

Proof. Fix aradius r > 0 such that B()\g,7) C A. Then by the A-lemma
(see [5], [15]) there exist K > 1 such that for every A € B(\g, ), the
map C 3 z — H()\ 2) € C are uniformly Holder continuous (with
the same exponent A\ and constant c¢). Hence, the analytic family
{Sa}reB(ro,r) is uniformly Hélderly conjugate. Proposition finishes
then the proof. O

Remark 4.9. With the hypotheses of Theorem if know that the
Bowen’s parameter is equal to the Hausdorff dimension of the limit set
(due to Theorem guaranteed for example by the Open Set Condi-
tion), we automatically have a corresponding real analyticity result for
Hausdorff dimension.

For our applications to meromorphic functions, we will need Theo-
rem in the form as stated above, explicitly involving holomorphic
motion. Seeing however only graph directed Markov systems and to
make this theorem easily applicable, we can already now provide very
mild general sufficient conditions for an analytic family of conformal
GDMSs to admit a holomorphic motion.

Definition 4.10. Let S be a finitely primitive GDMS and let

B ={we E" 1w =uwy and w # 7" for any 7 € E and k > 2}.

For every w € Ej let z, € Wy, be the only fixed point of the map
Pw Wt(w) — Wt(w). We say that the system S'is periodically separated,
if v, # x; wherever w, 7 € E and the words are incomparable (that is
none of them is an extension of the other).

Let us now record two obvious sufficient conditions for a GDMS to
be periodically separated. The following proposition will not be used
later.

Proposition 4.11. If either

(a) for every w € ES, x, € Wyw) and ©a(Wia)) N os(Wywy) = 0
whenever a,b € E with a # b

or
(b) ©a(Wia)) N op(Wywy) = 0 whenever a,b € E with a # b,

then S s a pertodically separated.
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Lemma 4.12. If A C C?¢ is an open simply connected set and {Sx}rea
15 an analytic family of finitely primitive periodically separated confor-
mal GDMS, then for every \g € A there exist a holomorphic motion
H: A x Ty, — C such that

OMH(N, 2)) = H\, ¢20(2)) for all X € A and all z € Jy,.
In addition

H{M\} x Ty) = Ta and HAAY x To,) = T for all X € A,
Proof. Fix w € Ej. Since the map

A X Wiy 3 (N 2) = @)(z) €C

is holomorphic and since (¢J})' (&) # 1 for all £ € Wy, it follows from
the implicit function theorem that for ry,, > 0 small enough there
exist a unique holomorphic function

B()\(), 7")\07(‘,) SA— l’:\\O’w - Wt(w)

such that o) (z3 ) = 23,
point of the map ¢} : Wiw)y = Wi By this uniqueness, all the maps
z{) glue together to a unique holomorphic function A 3 X\ — z) €

0,w

Wi such that
(4.5) wh(a)) = 2l
Let

and 3, is (of course) the unique fixed

Yy i={a}: we E;}.
Since all the systems {S)}.ea are periodically separate, there exist
a bijection Py: Y\, — EJ sending each point z € Y) to the unique
w € E* such that 2} = Py(z) and for every fixed A € A, the map
Yy, 2 2 — Wﬁko(z) € Y, is bijective. Thus the map H: A xY,, = C
given by the formula

H()\, Z) = x;ko(z) € (C

is a holomorphic motion, and by the A\-lemma it uniquely extends to
a | holoLnorphic motion H: A x Y,, — C. But, by finite primitivity,
Y\ = J\. By 1} on the other hand only by continuity of the map H,
we have that

(4.6) WL(H(A 2)) = H\, 920 (2))

for all A € A and all z € J,. Also, for all A € A, we have

H({A} x J) = H{A} x Yag) = Ya = O
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Finally, it follows from (4.6) that m\(w) = H(\, 7y, (w)), and therefore
In=mAET) = H{A} x ma (EX)) = H{A} X Tng)-
We are done. U

Theorem 4.13. If A C C is an open simply connected set whose com-
plement C\A contains at least two points and {S\}rea s an analytic
famaly of finitely primitive periodically separated conformal GDMS,
then for every Ao € A there exists a holomorphic motion H: A x C—C
such that

ONH (N, 2)) = H\, @X(2)) for all X\ € A and all z € T, .

In addition,

H({A} x Ty,) = T for all X € A,
and if the system Sy, is strongly regular, then the Bowen’s parameter
function X\ — b(S)) is real-analytic on some sufficiently small neigh-

borhood of \g.

Proof. In virtue of Lemma there exist a holomorphic motion on Ax
J», satisfying the required properties. By Slodkowski’s Theorem [15]
it can be extended to a holomorphic motion on A x C with uniformly

bounded dilatation. The last assertion of the theorem follows now
immediately from Proposition O

Remark 4.14. With the hypotheses of Theorem [4.13] if know that the
Bowen’s parameter is equal to the Hausdorff dimension of the limit set
(due to Theorem guaranteed for example by the Open Set Condi-
tion), we automatically have a corresponding real analyticity result for
Hausdorff dimension.

5. REAL ANALYTICITY OF HAUSDORFF DIMENSION FOR
MEROMORPHIC FUNCTIONS

Recall that a meromorphic function f: C — C belongs to Speiser
class S if the set sing(f™!) of all singularities of f~! is finite. Let
A C C? be an open set. We say that a family {f\}xea of meromorphic
functions from C to C is analytic if

(a) The function fy, : C — C belongs to Speiser class S.

(b) The function A > X — sing(f; ') is continuous.

(¢c) Each point of sing(f,,')\ 7 (f,) belongs to the attraction basin
of some attracting periodic orbit of f,.

(d) The function A 3 A — f,(z) € C is meromorphic for all z € C.

The main result of this section is the following.
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Theorem 5.1. Let f : C — C be a nicely strongly regular tame mero-
morphic function. Let A C C? be an open set and let {fr}rea be an
analytic family of meromorphic functions such that

(1) fog = [ for some A\g € A, o
(2) there exists an holomorphic motion H : A x J,, — C such that
each H) 1s a topological conjugacy between fy, and fx on J,.

Then the map
A — HD(J))

s real—analytic on some neighborhood of \g.

Proof. The idea of the proof of this theorem is to associate, by means
of nice sets, with the analytic family fy : C — C of meromorphic
maps a loosely regularly analytic family of conformal Iterated Function
Systems (the simplest subclass of conformal Graph Directed Markov
Systems) that have the same Hausdorff dimensions of their limit sets as
the Hausdorff dimensions of the radial Julia sets of the corresponding
maps fyr. Then to use the real analyticity results of Section

Since the function f), is tame, it has at least one nice set U. Let
Sy, = {92} ecr be the associated to U iterated function system. We
can require that

(5.1) B({,R) CU C B(& 2R)

with same non-periodic point £ € J,,. Because of analyticity of our
family fy : C — C, A € A, (this takes care of singular points of
f)\_1 lying in the Fatou set of f)) and because of topological conjugacy
guaranteed by (2) (this takes care of singular points of f; ! lying in the
Julia set of fy), we may further require that

B(&,12R) [ /3 (sing(f31) =0

n=0

and
(5.2) I(f2)(2)] > 6K whenever z € B(£,6R) and ff(z) = ¢

for all A € T3, where I';, € A is a sufficiently small open neighbor-
hood of Ay € A. The number K > 1 is here the Koebe’s constant
corresponding to the scale 1/2. Now for every A € F?\O form an iterated
function system Sy acting on B(&,6R) as follows. If e € E, let ¢} be
the unique holomorphic inverse branch of fl¢l defined on B(¢,6R) and
sending & to Hy (20 (£)). We shall prove the following

Claim 1. For any X € I}, sufficiently close to Ao, Sy = {2 ecr is a
strongly regular conformal iterated function system on B(£,6R).
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Proof. Conformality of the maps ), e € E, is immediate from their
definitions. The distortion properties follows immediately from Koebe’s
Distortion Theorems and the fact that all maps ¢} have unique uni-
valent holomorphic extensions to B(£,12R). In order to complete the
proof that S is a conformal IFS it thus suffices to show that

2 (B(&,5R)) € B(¢,5R).

Indeed, since for any e € E, 20 (U) C U, we get that ¢20(J (S, ))NU #
0, and therefore (see also (5.1))) ) (H\(J(Sy,)) N B(&,3R) # () for all
A sufficiently close to Ag (independently of e), say A € B(\g, 1) C F?\O.
Since ||(¢2)'|| < % (see (.2)), using the triangle inequality, we conclude
that
pe (B(&,6R)) C B (&38R + 12R]|(22)'ll)

C B(¢,3R + 2R)

= B({,5R).
We are left to show that all the systems S\ are strongly regular for
all \ sufficiently close to A\g. Indeed, since the system Sy and S, are
quasi-conformally conjugated on J(S),) and J(S,) respectively, we
get that

L «
(5:3) CHI@ Y1 < 1(e2) 1l < Cllea) I
for all w € E* and some C' and numbers a), € (0,1) such that
(5.4) )\llg\lo ay = 1.

For every A € B(\, d1) put
by = bB(Sh).

Since the function f,, : C — C is nicely strongly regular, the system
S), 1s strongly regular, and so, there exist ¢y < by, and 0 < k < 1 such
that

(5.5) 0 < Py (t) < +00

for all t € (to — k(bx, — to),to + K(br, — t0))- In view of (5.4 there
exists 02 € (0,6;) such that

Oé(gt(), Oé(s_lto S (to - li(b)\o - to), to + :‘i(b)\o - to))
for all A € B(\g, d2). Formulas (5.3) and (5.5) imply then that
Py(t) < Py (aaty) < +00

and
Py(t) > Py, (a)'t) >0
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for all A € B()\g,d2). this is that all system Sy, A\ € B(\,d2) are
strongly regular and the proof of Claim [1|is complete. 0

Claim 2. HD(7,) = by for all A € B(\g, d2).

Proof. By the very definition of the nice sets all the sets ¢ (U), e € E,
are mutually disjoint, and therefore, so are the sets {¢©20(J(S,)}ecr-
Finally, became of topological conjugacy, the sets {2 (J(S)\)}eer are
mutually disjoint for every fixed A € B(\g,d2). This means that the
global map Fy: ,cp 2 (T (Sy)) = J(S)) is well-defined as given by
the formula

F\(¢2(2)) = 2z where z € J,.

It is plain to see that the maps F) are Walter expanding conformal maps
in the sense of [4]. Therefore, Theorem 2.7 in [4] yields HD(J(S))) = ba
for all A € B()\g,d2). The proof of Claim [2|is complete. O

Claim 3. There ezits 63 € (0,02) such that, for every A € B(\g,d3) C
A, we have that

HD(J(5))) = HD(Z:(/3))-
Proof. Clearly J(S\) C J.(f»), so

(5.6) HD(J(Sx)) < HD (J-(f)) -

In order to prove the opposite inequality take A € B(\g, d2) and con-
sider a nice set Uy C B(, R) for the tame meromorphic map fy. If 1)
is a member of the iterated functions system S} induced by the nice
set Uy, then 2 (Uy) C U,. So, if X is taken sufficiently close to \g
(independently of e), say A € B(\g, d3),with 0 < 05 < 9, then

Hy ' o2 (J,(f1) NUL) C B(§,2R).
Thus the map ¢2°: U — C, the unique holomorphic inverse branch
of fl'oe‘l, determined by the condition that ¥ (&) = Hy' o ¢2(€) is
a member of Sy,. But then ¥} = ) where )} € S,. Conse-
quently, the limit set J(S}) of S{, A € B(M\o,d3), is contained in
J(S)). Hence HD(J(S5)) < HD(J(S))), and, in virtue of Theo-

rem HD(J,(fx)) < HD(J(Sy)). Along with (5.6), this finishes
the proof of Claim [3] O

Conclusion of the proof of Theorem [7.1l This is now straightforward.
Since the family (fi)aea is analytic, so is the family {Sx}rcB(rg,65)- BY
the very definition of the systems Sy, the map H‘B()\Oﬁg)xj(s)\o) forms a
holomorphic motion such that H(J(Sy,)) = J(Sy) and @2 (H (), 2)) =
H(\, 02 (2)) for all A € B(\g,d) and all z € J(S,,). By Slodkowski’s
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Theorem ([15]) this holomorphic motion extends to a holomorphic mo-
tion of the entire extended complex plane C. Thus Proposition
with the help of the Claims and [3| completes the proof of our
theorem. 0

Notice that, unlike [9] we did not have to assume our family {f\}rea
to be anything like of uniformly balanced growth, or of bounded defor-
mation.

6. NICE STRONG REGULARITY OF DYNAMICALLY REGULAR
MEROMORPHIC FUNCTIONS

In this section we deal with dynamically reqular functions as defined
in [9]. Our goal is to show that they are nicely strongly regular and
then, in the next section, to prove real analyticity of the Hausdorff
dimension of radial Julia set of analytic families of dynamically regular
meromorphic functions. We refer the reader to [9] for definition and
specific facts about dynamically reqular functions. In what follows we
use the notation of that article.

Let f: C — C be a dynamically regular meromorphic function. Let
|d7(z)| be the Riemannian metric defined in section 5.1 of [9]. Remem-
ber that metric |d7| is conformally equivalent to the standard Euclidean
metric |dz|. It was proved in [9] that the limit

1
P(t) = lim —log £}1(z2)
n—oo M

exist for any z € J(f), where L,: Co(T(f)) — Co(J(f)) is the bounded
linear operator defined by the formula

Lig(z)= > gw)lf'(w);’
wef~1(z)
and referred to as the Perron-Frobenius operator associated to the pa-

rameter t and the number P(t) is called the topological pressure at t.
In [9] it is proved that there is a certain number ¢, that if ¢ > ¢, then

I£:1]||co < 0o and therefore P(t) < oc.

For every open set U C C, we define
ﬂf UenNT(f) ={ze Tf): f*(z) ¢ U for all n > 0}

and

ﬂf (UNT () ={z € To(f): f(2) ¢ U for all n. > 0}.
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Of course K (U) is a closed subset of J(f) and K,.(U) is a closed subset
of 7.(f). Both are K(U) and K, (U) are forward invariant in the sense
that

FE(U)) € K(U) and f(K,(U)) € K. (U).

Put
Us=()f7(U°
5=0
and define
Py (t) = sup{Py(z,1): z € I(f) N U},

where
—c 1 1
Py (z,t) = limsup — log Z |(f™) (w)]7" = limsup — log £} 1y (2).

n—oo n—oo 1

welUegnf—n(z)
We shall prove the following.

Lemma 6.1. If U is an open subset of J(f) and Py (t) < 0, then
HD(K,(U)) < 1

Proof. For every k > 0 set
KFU) = {2z € K,(U): limsup|f"(2)| < k}.

n—o0

From topological hyperbolicity of f (here we have dynamical regularity)
there exist § > 0 such that each open ball B(z,20), z € J(f), is
disjoint from the forward orbit of the singular set of f~!. Cover the
ball J N B(0, k) with finitely many balls {B(z;,0)}.cr where the set
E C J(f)nU° Fix arbitrary n > 0. By hyperbolicity of f, the
definition of Py(t), there exist [ = I(5) > 0 such that, for all n. > [, all
x € Eandal we f7"(x),

|(f") (w)]; > 2Kn~"'6

and

ST @I < exp (P(1)/2).
yes—n(x)
But the family

{f;"(B(LcS)): n>lrelE we f_”(:lr)}
covers K*(U) and
diam (£, (B(x,5))) < K20](f") (w)]:* <1

for all n,x and w as above. Also
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ZZ Z dlam L (B@) <D ST > QK (w).|

n=l z€E wecf—n n=Il r€E wef—"(x)

< <2K5)tzzexp <§P@n> _ oKty wp SRPOI0)/2)

n—l ccE 1 —exp (P(t)/2)

since lim,_,0l(n) = 400, we thus get that the Hausdorff measure
H, (KF(U)) = 0. Since

U)ZGKf(U)

we conclude that H; (K,.(U)) = 0. Whence HD (K, (U)) < t. We are
done. ]

We now need the following standard auxiliary fact.

Lemma 6.2. Let F' C C be a closed set, let R € (0,00) and let K be
a closed subset of B(0, R)\F. there then exist a smooth C* function
g: C —[0,400) with the following tow properties

(a) 1p<g<1

(b) glk =0

The main technical result of this section is the following.

Proposition 6.3. If f: C — C is a dynamacally reqular function,

t > TQ_H and U s an arbitrary open subset of C intersecting the Julia

set J(f), then P&(t) < P(t).
Proof. Since lim,,_,o, m;(US) = 0, there exist ¢ > 1 so large that

d,ut
dmt ’

smy(Ug). Let K be a

my(Ug) < —||9t||oo, where ¢, =

Let R > 0 be so large that m; (B°(0,R)) <
compact subset of B(0, R)\U such that

me (BO, R\ (U UK)) < Sme(U)

Finally, let g be the function associated to R, K and F' = U; according
to Lemma 6.2l Then

/ gdm; < / gdmﬁ—/ gdmﬁ—/ gdmt—i-/ gdmy
T B<(0,R) UenB(O,R) K B(0,R)\(KUUE)

= / gdm; + / gdm; + / gdmy
Be(0,R) U¢nB(0,R) B(0,R)\(KUU¢)
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1 1
5)
1

< lodl|2.

< Yl

Now, since the function g is bounded and Hélder continuous, it follows
from Theorem 6.5 in [9] that there exist s > ¢ such that

s 1
1£59 — Qt/gdthoo < 1
Consequently

| £i1ye

o < ||'Cf1U§

|
[\]

_|_

] =

s 1
w < il < el [ g+ <
Hence, for any n > 0 and any z € J(f),
— n s p(n+1)s ns s
o~ P)(n+1) ﬁg +1) 1Ufn+1)s(z) = exp(—P(t)(n+1)s)L; <‘Ct1U5,L+1>s(2))
—exp(—P@m+ s S | @) L ()

wef=ms(2)

—exp(-POm+)s) Y (I @) > 1)@l
wef s (2) S GO AR

—exp(-POM+)s) Y (@I Y @)
wef~ns(2)NUS, zef~s(w)NU¢

= e S () L, () (77O S (Y (@) ()

we fns(z) zef=s(w)
< e PO S (10 )l Lo, (w)lle ™05 )

wE M5 (2)

1
< ||6_P(t)n8£?81U3 o < 5 | |6—P(t)n8£?slUﬁ | |oo

) | |6_P(t)sﬁzt1Usc

Therefore
|exp(=P(t)(n + 1)s)L" 1

(n4+1)s

1
o < _||6—P(t)nS£?slU£

So, by indication,
(6.1) [l "L 1y [l < 277

for any n > 0. Now, for any integer k£ > 0 write k =ns+1r, 0 <r <
s — 1. Formula (6.1)) implies then that

1L 10elloe < 1L Lug lloo < I1L7 ]|l |[£7° Lo,

o0
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< QSQ—neP(t)ns

< QSZJZT PO —P(1)k
_ QS2§G—P(t)T2—§€P(t)k:
< MSQ_EG_P(W“,

where M, = Z%QS max{e "®": 0 <7 <s—1}. Thus
—cC T 1 1
Py < limy o0 log 1L 10el|o0 < P(E) — S log2 < P(t).
We are done. O

Corollary 6.4. If f: C — Cisa dynamically reqular function and U
is an arbitrary open subset of C intersecting the Julia set J(t), then
HD(K,.(U)) < HD(J,).

Proof. We know that the topological pressure is finite for all £ >
We also know (see theorem 8.3 in [9]) that P(HD(J,)) = 0. Since
in addition the function t — P (t) < P(t) is continuous (as convex

that there exist ¢t € < ¢ ,HD(jT)> such that Py (t) < 0. Lemma

o147

then yields that HD(K,(U)) <t < HD(J,). O

throughout (riﬂ%—oo , we therefore conclude from Proposition

Corollary 6.5. If f: C — C is a dynamically regular meromorphic
function of divergence type then each nice set U € U gives rise to a
strongly reqular IFS. In particular, the function f: C — C is nicely
strongly regular.

Proof. Let Sy = {@e}ecr be the conformal IFS generated by the nice
set U. Fix one b € E and let Sy = {@e}eer\py. Then HD(Ts,,) <
HD(K,(¢s(U))) < HD(J)) = HD(Js,), where the inequality sing

7 < 7 follows from Corollary and the equality sign 7 = 7 comes
from Theorem The system Sy is thus strongly regular because of
Theorem 4.3.10 from [7]. O

7. REAL ANALYTICITY OF HAUSDORFF DIMENSION
FOR DYNAMICALLY REGULAR MEROMORPHIC FUNCTIONS

Taking fruits of the previous section, in the present short section we
provide concrete examples of analytic families that satisfy the hypothe-
ses of Theorem B.1] In consequence the Hausdorfl dimension of their
radial set varies in a real-analytic fashion.

Theorem 7.1. Suppose that f: C — Cisa dynamically reqular mero-
morphic function of divergence type which belongs to class S. If A C C
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is an open set, {fr}rea is an analytic family (in the sense of Section [5)
mermorphic functions and fy, = f for some \g € A, then the function
A > XN— HD(J.(f))) is real-analytic in some open neighborhood of Ao
contained in A.

Proof. Since our family is analytic, for every a,, € sing(f/\_ol) there
exists a meromorphic function A — ay € sing(f;"') defined on some
sufficiently small neighborhood of \g. Furthermore, the analyticity of
the family { fi} ea applied again entails the functions {A — fY(ax)}52,
to form a normal family on some sufficiently small neighborhood of g
for every point ay, in sing(fy,'). Therefore, see Lemma 9.3 in [9], there

exist a holomorphic motion H: I'y, X 7, — C over same neighborhood
'y, € A of A\ such that Hy(J),) = J» and Hy o fo, = f\, © H) on
Jy, for all A € I'y,. Since also the meromorphic function f,, : C — C
as dynamically regular is tame, and since, by Corollary [6.5] it is nicely
strongly regular, invoking Theorem completes the proof. U
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