FRACTAL MEASURES AND ERGODIC THEORY OF TRANSCENDENTAL MEROMORPHIC FUNCTIONS

JANINA KOTUS AND MARIUSZ URBAŃSKI

Dedicated to the memory of Professor I.N. Baker

Abstract. We discuss Hausdorff and packing measures of some significant subsets of Julia sets of large classes of transcendental entire and meromorphic functions. In particular, the class of hyperbolic entire and meromorphic functions satisfying some mild derivative growth conditions is explored in Section 5. This class contains hyperbolic exponential and elliptic functions dealt also with respectively in Sections 2 and 3. A substantial fraction of Section 2 and the whole Section 3 treat functions which are not hyperbolic or not necessarily hyperbolic. Also Walters expanding and non-expanding conformal maps are discussed in length. Other classes of transcendental maps are also touched. Frequently there appear statements about invariant measures, Hausdorff (especially its real analyticity), box and packing dimensions. A special attention is given to the methods developing thermodynamics formalism and conformal measures. The issues concerning the Lebesgue measure of various subsets of Julia sets are addressed in Section 7. In Section 3.3 a positive answer to Question 1 posed in [65] is given.

Contents 1. Introduction (presentation of topics to be dealt with) 2. Exponential family E_λ, λ ∈ CI \ {0}

2.1 Preliminaries 2.2 Hyperbolic maps: measures and dimensions 2.3 Hyperbolic maps: thermodynamic formalism and multifractal analysis. 2.4 E_{1/e} and parabolic implosion 2.5 Non-hyperbolic exponential maps 2.6 Fatou functions, sine and cosine families and further 3. Elliptic functions

3.1 General facts 3.2 Gibbs and equilibrium states 3.3 Critically non-recurrent elliptic functions 4. Walters expanding conformal maps

4.1 Basic facts and definitions 4.2 Hausdorff and box dimensions, Hausdorff and packing measures

2000Mathematics Subject Classification. Primary 37F35. Secondary 37F10, 30D05. The research of the first author was supported in part by the the Polish KBN Grant No 2 PO3A 034 25 and the Warsaw University of Technology Grant no 504G 11200043000.

The second author was supported in part by the NSF Grant DMS 0400481. The research of both authors was supported in part by the NSF/PAN grant INT-0306004. 1

2 JANINA KOTUS AND MARIUSZ URBAŃSKI

4.3 Barański and post Barański maps, I 4.4 Jump-like conformal maps 4.5 Barański and post Barański maps, II 5. Hyperbolic entire and meromorphic functions

5.1 Thermodynamic formalism 5.2 Real analyticity 6. Non-hyperbolic Barański maps

6.1 The class R 6.2 The class H 7. The Lebesgue measure of Julia sets and points escaping to ∞ of transcendental entire and meromorphic functions 7.1 The Lebesgue measure of Julia sets of points escaping to ∞ 7.2 Milnor’s metric attractors 7.3 The Lebesgue measure of Julia sets 8. Appendix 1 (K(V ) method of constructing semiconformal measures) 9. Appendix 2 (Martens’ methods of constructing σ-finite invariant measures)

1. Introduction (presentation of topics to be dealt with)

The main goal of this survey is to provide an overview of methods and results which have been used in the past five years (plus Barański’s paper [7]) to analyse in detail the finer fractal structure of Julia sets of some classes of transcendental entire and meromorphic functions. By finer fractal structure we, roughly speaking, mean any knowledge about vanishing, positivity, finiteness and infiniteness of Hausdorff and packing measures of some significant subsets of Julia sets, which themselves are not excluded. The methods used take as a starting point the development of appropriate versions of thermodynamic formalism, conformal measures and (infinite) iterated function systems. Apart from discussing Hausdorff and packing measures, we frequently mention the closely related concepts of Hausdorff, box and packing dimension, as well as invariant measures equivalent to either Hausdorff or packing measure. Our primary interest is in the classes of hyperbolic entire and meromorphic functions satisfying some mild derivative growth conditions (see Section 5), exponential (λ → λ exp(z)), elliptic and Walters expanding conformal maps, although we also discuss other classes in Section 2.5, Section 3.3, and separately in Section 4, where various subclasses of Walters expanding conformal maps are defined and explored. We devote one separated chapter (Section 7) to address the issues related to the Lebesgue measure of the Julia sets and some of their subsets, for instance the set of points escaping to ∞. Results concerning Lebesgue measure are also scattered in previous chapters; in Chapter 5 however they are treated more systematically and with bigger generality. As an immediate application of results proved in [42] and stated in Section 5, we give in Section 3.3 a positive answer to Question 1 posed in [65]. For the background concerning the topological dynamics of transcendental entire and meromorphic functions the reader is referred for example to [1]-[5], [8] and [55]. We would like to make it clear that

FRACTAL MEASURES AND ERGODIC THEORY 3

this article has been writing over a relatively long period of time. Throughout new ideas and directions of development have been emerging. Intending to include them, we have tried to present the material respecting the historical development of the field and existing grouping of classes of entire and meromorphic functions.

Acknowledgement. We thank the referee whose valuable remarks and suggestions influenced the final form of our paper.

2. Exponential family

2.1. Preliminaries. In this chapter, except for the last two sections, we deal with the family {E_λ}_{λ∈CI\{0}} of entire maps E_λ : CI → CI given by the formula E_λ(z) = λe^z. All these maps are called exponential and {E_λ}_{λ∈CI\{0}} is called the exponential family. This family was investigated for the first time from the dynamical point of view by P. Fatou [27]. He conjectured that the Julia set of the map E_1 is the entire complex plane CI. M. Misiurewicz proved this conjecture about sixty years later in [54] by ingenious but rather elementary methods. It was this event which revived anew the work on exponential family. Two other pioneering works in this area are due to M. Rees [59] and M. Lyubich [46] who proved that the map E_1 is not ergodic with respect to the Lebesgue measure and the ω-limit set of Lebesgue almost every point coincides with the orbit of zero, {E_1(0)}^∞_{n=0}. The third one is due to R. Devaney and M. Krych who introduced in [23] a symbolic representation of exponential maps. This approach was the key point to clarify the topological picture of the Julia sets of hyperbolic exponential maps (see [19]-[24]), and was developed in the paper [1] by classifying hyperbolic Julia sets as Cantor bouquets and straight brushes. One should also mention at this point the paper [6] by I. Baker and P. Rippon who provided the first proof of Sullivan’s Non-Wandering Theorem in the class of exponential functions. We should also mention the work of the work of C. McMullen [53], who proved that the Hausdorff dimension of the Julia set of each exponential map is 2. In fact he proved more, that the Hausdorff dimension of the set of points escaping to infinity is equal to 2. Although this was a good and interesting result, it was not the end of the story since the set of points escaping to infinity is actually dynamically insignificant: for example it cannot support any invariant Borel probability measure, although it does exhibit some interesting geometrical features (see [31], [32] and [33]). This situation made M. Urbański and A. Zdunik (see [74]-[77]) ask whether the complement of points escaping to infinity is dynamically and geometrically more interesting. The answer to this question is provided in all sections of this chapter. The basic construction, working in all these sections, first time introduced in a slightly different form in [7] (see also Section 3.2 and 4.3) whose analogs are applied to all maps considered in this article, is this. Let ∼ be the equivalence relation on CI defined by declaring that w ∼ z if and only if w − z ∈ 2πiZZ, where ZZ is the set of all integers. Let Q = CI/ ∼ be the quotient space of CI by the relation ∼. Q is an infinite cylinder, conformally equivalent to the punctured

4 JANINA KOTUS AND MARIUSZ URBAŃSKI

plane CI \ {0}. Let Π : CI → Q be the canonical projection. Since each map E_λ : CI → CI is constant on equivalence classes of the relation ∼, it can be treated as a map from Q to CI. The object we are after here, the map E_λ : Q → Q is defined as follows

E_λ = Π ∘ E_λ.

Notice that E_λ ∘ Π = Π ∘ E_λ, that is the following diagram commutes. CI E_λ −→ CI Π Π Q E_λ −→ Q (2.1)

So E_λ is a factor, via a conformal, locally isometric semiconjugacy Π. It is clear that all local geometric fractal features of E_λ are the same as those of E_λ, and the same refers to most of the dynamical features. We would like to notice that, since Π is a local isometry,

J(E_λ) = Π(J(E_λ)) and J(E_λ) = Π^{−1}(J(E_λ)).

Let J_{bd}(E_λ) be the set of all points z ∈ J(E_λ), whose orbit {E^n_λ (z)}^∞_{n=0} is bounded. The following general result, needed in many places of the metric theory of exponential maps, has been proved in [74] as

Proposition 2.1. For every λ ∈ CI \ {0}, HD(J_{bd}(E_λ)) > 1.

2.2. Hyperbolic Maps: Measures and Dimensions. An exponential map E_λ is called hyperbolic if it has an attracting periodic orbit. It equivalently means that (see [75]) that there are two constants c > 0 and κ > 1 such that |(E^n_λ )^′(z)| ≥ cκ^n for all z ∈ J(E_λ) and all n ≥ 0. From now onwards, unless otherwise stated, fix a hyperbolic exponential map E_λ, denote it by E, and denote E_λ by E. The subfamily of all hyperbolic exponential maps is very big, in particular it contains all parameters λ ∈ (0, 1/e) ⊂ IR. The reader may wish to consider only the case in which the map E corresponds to a parameter from this segment (0, 1/e). In this subsection we describe the results and methods worked out in [74] and [75], although we closer follow the more matured exposition from [44]. The main objects of our focus are the radial Julia sets J_r(E) and J_r(E) introduced in [74]. The first one is defined as the complement of points escaping to infinity, that is the set of points z ∈ J(E) that have a finite ω-limit point. Since |E(z)| = |λ|e^{Re(z)}, J_r(E) is the set of points z ∈ J(E) such that the sequence {Re(E^n(z))}^∞_{n=0} has a finite accumulation point. The set J_r(E) is also defined as the set of points in the Julia set J(E) that do not escape to infinity

FRACTAL MEASURES AND ERGODIC THEORY 5

under the action of iterates of E. A point z ∈ J_r(E) if and only if z ∈ J(E) and there exists a point y ∈ J(E) and an unbounded increasing sequence {n_k}^∞_{k=1} such that y = lim_{k→∞} E^{nk} (z) and E^{nk} (z) ∈ B(y, δ/4) for all k ≥ 1, where δ = 1 4 dist(J(E), {E^n(Π(0))}^∞_{n=1}) (2.2)

is positive since the map E is hyperbolic. The most important feature of points z from J_r(E) is that for every k ≥ 1 there exists a unique holomorphic branch E^{−nk}_z : B(y, 2δ) → Q of E^{−nk} sending the point E^{nk} (z) to z. What distinguishes here the points from J_r(E) from other points escaping to ∞ is that the inverse branches E^{−nk}_z are all defined on the same ball.

2.2.1. Pressure, Perron-Frobenius operators and generalised conformal measures. In this subsection we gather material which will be needed to formulate and to sketch the proof of Bowen’s formula, to get our hands on geometric measures and to discuss the proof of real-analytic dependence of the Hausdorff dimension of the Julia sets J_r(E_λ) on λ. We begin with the notion of topological pressure. The trouble is here that the phase space J(E) is not any longer compact and the classical approach using covers, (n, ϵ)-separated sets or (n, ϵ)- spanning sets fails in the context of exponential functions. We therefore adapt the pointwise approach, equivalent in the case of open expanding maps to the classical ones (see [57]), which for exponential maps works very well. Given t ≥ 0, the topological pressure of the potential −t log |E^′| is given by the formula

P(t) = lim_{n→∞} 1 n log ∑ x∈E^{−n}(z) |(E^n)^′(z)|^{−t}, where z is an arbitrary point in Q \ P C(E) and P C(E) = ⋃ n≥0 E^n(Π(0)).

It is not obvious at all that the limit defining topological pressure P(t) must exist. It can be proved using finer properties of the corresponding Perron-Frobenius operator. Independence of z is much easier; it almost immediately follows from Koebe’s Distortion Theorem. In order to get closer to the meaning of this topological pressure P(t), let us look at the term corresponding to n = 1.

P_z(1, t) = ∑ x∈E^{−1}(z) |E^′(x)|^t = ∑ n∈ZZ |E^′(z_n)|^{−t} = ∑ n∈ZZ |E(z_n)|^{−t} = ∑ n∈ZZ |z̃ + 2πin|^{−t}, where z̃ is an arbitrary point from Π^{−1}(z) and z_n ∈ Q is the only point such that λe^{zn} = z̃ + 2πin. The series P_z(1, t) converges if and only if t > 1. Before moving on we would like to make two remarks. Firstly, it is straightforward to see that without projecting the dynamics to the cylinder Q, the series involved in the definition of the topological pressure would not converge already for n = 1. And this is the main reason to project E down to E. A different method to resolve this ‘divergence’ difficulty is provided in Section 5. Secondly, the dynamical

6 JANINA KOTUS AND MARIUSZ URBAŃSKI

significance of the pressure function and other concept produced by thermodynamic formalism is evident from Subsection 2.2.2. Its geometrical significance comes from Subsection 2.2.3, notably Theorem 2.11 (Bowen’s formula).

The basic properties of the topological pressure P(t) are summarised in the following.

Lemma 2.2. The function t → P(t), t ≥ 0, has the following properties. (a) There exists t ∈ (0, 1) such that 0 ≤ P(t) < +∞. (b) P(t) < +∞ for all t > 1.

(c) The function P(t) restricted to the interval (1, +∞) is convex, continuous and strictly decreasing.

(d) lim_{t→+∞} P(t) = −∞.

(e) There exists exactly one t > 1 such that P(t) = 0.

The basic concept of any version of thermodynamic formalism is the Perron-Frobenius operator and eigenvector of its dual operator, called in the sequel a generalised conformal measure. Let C_b(J(E)) be the Banach space of all bounded complex-valued continuous functions defined on J(E). Given t > 1, the (bounded) linear operator L_t : C_b(J(E)) → C_b(J(E)) is given by the formula

L_t(g)(z) = ∑ x∈E^{−1}(z) |E^′(x)|^{−t}g(x) = ∑ n∈ZZ |z̃ + 2πin|^{−t}g(z_n). Let L^∗_t : C^∗_b (J(E)) → C^∗_b (J(E)) be the operator dual to L_t, i.e.

L^∗_t (ν)(g) = ν(L_t(g)).

Following the classical thermodynamic formalism, and what is extremely important for a geometrical purposes, one would like to find an eigenvector of the operator L^∗_t corresponding to a positive eigenvalue. The classical approach (see [12], comp. [57]) is to consider the map ν → L^∗_t (ν) L^∗_t (ν)(11)

(2.3)

defined on the convex space of Borel probability measures on J(E). This mapping is easily seen to be continuous and in the classical case of open distance expanding maps, ones applies Schauder-Tichonov fixed point theorem, to get a fixed point of the map (2.3), and consequently, the demanded eigenvector of the operator L^∗_t . In our case however this method fails since the space of all Borel probability measures on J(E) is not compact. So, one must proceed in a different way. A Borel probability measure m_t is called (t, α_t)-conformal (with t > 1 and α_t ≥ 0) if m_t(J(E)) = 1 and for any Borel set A ⊂ Q restricted to which E is injective, one has

m_t(E(A)) = ∫ A α_t|E^′|^tdm_t. (2.4)

FRACTAL MEASURES AND ERGODIC THEORY 7

Note that a measure is (t, α_t)-conformal if and only if it is an eigenmeasure of the dual operator L^∗_t corresponding to the eigenvalue α_t. One proceeds to construct an m_t measure by taking fruits of K(V )-methods described in Appendix 1. Namely, for every n ≥ 1 put

K_n = ∞⋂ j=0 E^{−j}({z ∈ J(E) : Rez ≤ n}). Then each set K_n is a compact subset of the cylinder Q and E(K_n) ⊂ K_n. So, Lemma 8.1 applies to produce for every t ≥ 0, a number P_n(t) and a measure m_n supported on K_n with the following two properties. If A ⊂ K_n is a Borel set and E|_A is one-to-one, then m_n(E(A)) ≥ ∫ A e^{Pn(t)}|E^′|^tm_n. (2.5)

If in addition A ∩ {z ∈ Q ∩ Rez = n} = ∅, then

m_n(E(A)) = ∫ A e^{Pn(t)}|E^′|^tm_n. (2.6)

It is easy to see that in our context one can replace the inclusion A ⊂ K_n by A ⊂ {z ∈ Q : Rez ≤ n} and the two above formulae still hold. It follows from the definition of the numbers P_n(t) that P_n(t) ≤ P(t). Making use of the flexibility involved in this definition, one can arrange for the sequence {P_n(t)}^∞_{n=1} to be non-decreasing (P_n(t) ≤ P_{n+1}(t)). If the cylinder Q were compact, the next step would be obvious and rather straightforward. Take as a candidate for a (t, α_t)-conformal measure any weak limit of the sequence {m_n}^∞_{n=1}. Since however the cylinder Q and the Julia set J(E) are not compact, one needs to show that the sequence {m_n}^∞_{n=1} is tight, what in our setting means that the measures of this sequence do not accumulate at +∞. And this has been done in [74] and [75]. Now, taking any weakly converging subsequence of the sequence {m_n}^∞_{n=1} and using (2.5) along with (2.6), one relatively easily checks that its weak-limit m_t satisfies formula (2.4) with α_t = exp(lim_{n→∞} P_n(t)). This means that m_t is (t, α_t)-conformal and L^∗_t (m_t) = α_tm_t. Its basic property, obtained without making use of the properties of the Perron-Frobenius operator is the following. Put I_∞(f) = {z ∈ CI : lim_{n→∞} f^n(z) = ∞}. Then we have the following.

Proposition 2.3. For every t > 1 there exists M > 0 such that for m_t-a.e. x ∈ J(E) lim inf n→∞ Re(E^n(x)) ≤ M. In particular, m_t(I_∞(E)) = 0 or equivalently m_t(J_r(E)) = 1.

This is the first signal that J_r(E) is the right object to deal with. There will be more. In order to study the Perron-Frobenius operator L_t, it is convenient to consider its normalised version L̂_t = α^{−1}_t L_t. As relatively soft facts (although obtained with some non-obvious tricks) one proves there the following.

8 JANINA KOTUS AND MARIUSZ URBAŃSKI

Lemma 2.4. sup_{n≥1}{||L̂^n_t (11)||_∞} < ∞. and Lemma 2.5. inf_{n≥1}{inf{L̂^n_t (11)(z) : z ∈ {w ∈ Q : Rew ≤ x}}} > 0 for every x ≥ 0 large enough.

These two facts are the main ingredients in the proof linking the topological pressure P(t) and the eigenvalue α_t. Namely α_t = e^{P(t)}.

To obtain further and harder properties of the Perron-Frobenius operator L̂_t we have to define the Banach space H_α of locally α-Hölder bounded continuous functions. Fix α ∈ (0, 1]. Given g : J(E) → CI, let v_α(g) = inf{L ≥ 0 : |g(y) − g(x)| ≤ L|y − x|^α for all x, y ∈ J(E) with |y − x| ≤ δ} be the α-variation of the function g, where δ > 0 was defined in formula (2.2). Any function with bounded α-variation will be called α-Hölder or simply Hölder continuous if we do not want to specify the exponent of Hölder continuity. Let C_b = C_b(J(E)) be the space of all bounded continuous complex valued functions defined on J(E) and let ||g||_α = v_α(g) + ||g||_∞. Clearly the space H_α = H_α(J(E)) = {g ∈ J(E) : ||g||_α < ∞} endowed with the norm || · ||_α is a Banach space densely contained in C_b with respect to the || · ||_∞ norm. Any member of the space H_α will be called a bounded Hölder continuous function with exponent α and any member of the space ⋃ α>0 H_α will be simply called a bounded Hölder continuous function. Proving the inequality ||L̂^n_t ||_α ≤^1_2 v_α(g) + c||g||_∞ (for all n ≥ 1 large enough), noting that images of bounded subsets in H_α under L̂_t are relatively compact as subsets of C_b(J(E)) and applying the Ionescu-Tulcea and Marinescu Theorem, the final (at least for our purposes) properties of the Perron-Frobenius operator are collected in the following.

Theorem 2.6. If t > 1 then we have the following.

(a) The number 1 is a simple isolated eigenvalue of the operator L̂_t : H_α → H_α. (b) The eigenspace of the eigenvalue 1 is generated by nowhere vanishing function ψ_t ∈ H_α such that ∫ ψ_tdm_t = 1 and lim_{Rez→+∞} ψ_t(z) = 0.

(c) The number 1 is the only eigenvalue of modulus 1. (d) There exists S : H_α → H_α such that L̂_t = Q_1 + S,

where Q_1 : H_α → CIψ_t is a projection on the eigenspace CIψ_t, Q_1 ∘ S = S ∘ Q_1 = 0 and ||S^n||_α ≤ Cξ^n

FRACTAL MEASURES AND ERGODIC THEORY 9

for some constant C > 0, some constant ξ ∈ (0, 1) and all n ≥ 1.

2.2.2. Invariant measures. Mostly as a consequence of Theorem 2.6 we get the following.

Theorem 2.7. If t > 1, then the measure μ = μ_t = ψ_tm_t is E-invariant, ergodic with respect to each iterate of E and equivalent to the measure m_t. In particular μ(J_r(E)) = 1.

Due to Theorem 2.6 the E-invariant measure μ has much finer stochastic properties than ergodicity of all iterates of E. Here these follow.

Theorem 2.8. The dynamical system (E, μ_t) is metrically exact i.e., its Rokhlin natural extension is a K-system.

The proof of this fact is the same as the proof of Corollary 3.7 in [17]. The next two theorems are standard consequences of Theorem 2.6 (see [15] and [57] for example). Let g_1 and g_2 be real square-μ_t integrable functions on J_r(E). For every positive integer n the n-th correlation of the pair g_1, g_2, is the number C_n(g_1, g_2) := ∫ g_1 · (g_2 ∘ E^n) dμ_t − ∫ g_1 dμ_t ∫ g_2 dμ_t, provided the above integrals exist. Notice that due to the E-invariance of μ we can also write C_n(g_1, g_2) = ∫ (g_1 − ∫ g_1dμ_t) ( (g_2 − ∫ g_2dμ_t) ∘ E^n ) dμ_t. We have the following.

Theorem 2.9. There exist C ≥ 1 and ρ < 1 such that for all g_1 ∈ H_α(Q), g_2 ∈ L^1(μ_t) C_n(g_1, g_2) ≤ Cρ^n‖g_1 − ∫ g_1dμ_t‖_α‖g_2 − ∫ g_2dμ_t‖_L1 .

Let g : J_r(E) → IR be a square-integrable function. The limit σ^2(g) = lim_{n→∞} 1 n ∫ (n−1∑ j=0 g ∘ E^j − n ∫ gdμ_t )_2 dμ_t is called the asymptotic variance or dispersion of g, provided it exists.

10 JANINA KOTUS AND MARIUSZ URBAŃSKI

Theorem 2.10. If g ∈ H_α(Q), α ∈ (0, 1), then σ^2(g) exists and, if σ^2(g) > 0, then the sequence of random variables {g ∘ E^n}^∞_{n=0} with respect to the probability measure μ_t satisfies the Central Limit Theorem, i.e. μ_t ({ x ∈ J_r(E) : ∑_{n−1} j=0 g ∘ E^j − n ∫ gdμ_t √ n < r }) → 1 σ √ 2π ∫_r −∞ e^{−t2 /2σ2} dt.

2.2.3. Bowen’s Formula, Hausdorff and packing measures. It was stated in Lemma 2.2 that there exists exactly one value t > 1 such that P(t) = 0, and we call this value h. Then the measure m_h is h-conformal in the sense of Sullivan meaning that

m_h(E(A)) = ∫ A |E^′|^hdm_h (2.7)

for every Borel set A ⊂ J(E) such that E|_A is one-to-one. By the analogy with the classical situation of hyperbolic rational functions (see [73]), one may guess that h is the Hausdorff dimension of J_r(E) and m_h, up to a multiplicative constant, the Hausdorff and packing measure on J_r(E). The first guess turns out to be entirely true, the later one only partially.

Theorem 2.11. (Bowen’s formula) The number h, the unique zero of the pressure function t → P(t), t > 1, is equal to HD(J_r(E)).

Since the definition of the pressure function P(t) has a priori nothing to do with the set J_r(E), this theorem in particular indicates that J_r(E) is the right object to deal with.

Theorem 2.12. 0 < H^h(J_r(E)) < ∞.

This indicates that the h-dimensional Hausdorff measure H^h on J_r(E) is the right geometric measure. In particular, the purely dynamically defined, h-conformal measure m_h gets its geometrical interpretation as the normalised Hausdorff measure.

Concerning the h-dimensional packing measure P^h, the situation seems to be much worse. We have the following.

Proposition 2.13. We have P^h(J_r(E)) = ∞. In fact P^h(G) = ∞ for every open nonempty subset of J_r(E).

It might seem that a measure with such strange properties is completely useless. However since the 2-dimensional packing measure on CI is proportional to the 2-dimensional Lebesgue measure and this latter one is not locally infinite, we immediately get from Proposition 2.13 the following.

FRACTAL MEASURES AND ERGODIC THEORY 11

Corollary 2.14. It holds that h = HD(J_r(E)) < 2.

Since J_r(E) ⊃ J_{bd}(E), as an immediate consequence of Proposition 2.1, we get the following.

Corollary 2.15. It holds that h = HD(J_r(E)) > 1.

Note that in our case every compact E-invariant set is hyperbolic. So, the Shishikura’s Hausdorff dimension, being by definition the supremum over all hyperbolic sets, is equal to the supremum over all E-invariant compact sets. Since any E-invariant Borel probability measure μ on J(E) is supported on J_r(E) (μ(J_r(E) = 1), and since each compact E-invariant subset of J(E) is contained in J_r(E), we thus get the following

Theorem 2.16. The hyperbolic dimension of J(E) and the supremum of Hausdorff dimensions of all Borel probability E-measures, both being bounded above by HD(J_r(E)), are strictly less than HD(J(E)) = 2.

The two suprema appearing in Theorem 2.16 are in fact equal (see [57]). Note that it is still an open question whether there exists a rational function with the hyperbolic dimension smaller than the Hausdorff dimension of the Julia set.

2.2.4. Real-analyticity of the Hausdorff dimension function. Since this article primarily concerns measures, and dimensions are treated more briefly, we shall provide a very short description of how to prove that the Hausdorff dimension of the radial Julia set J_r(E_λ) depends in real-analytic fashion on hyperbolic parameters λ. The full proof, technically rather complicated can be found in [75] and [44]. One starts of with the trivial observation that we can restrict our attention to an arbitrary fixed component W of the set of all hyperbolic parameters. Fix one parameter λ_0 ∈ W . It is known (see[26], comp.[76]) that each function E_λ : CI → CI is topologically conjugate to E_{λ0} via a quasi-conformal homeomorphism h_λ : CI → CI. This allows us to define new Perron-Frobenius operators L^0_{λ,t} : H_α(J(E_{λ0} )) → H_α(J(E_{λ0} )), (λ, t) ∈ W × (1, +∞) as follows L^0_{λ,t}g(z) = ∑ x∈E^{−1}_{λ0,t}(z) |E^′_λ(h_λ(x))|^{−t}g(x). The most technically involved task is now to demonstrate that given t_0 > 1, there exists a polydisc ID((λ_0, t_0); R) ⊂ CI^2 × CI such that the operator-valued function (λ, t) → L^0_{λ,t} ∈ L(H_α(J(E_{λ0} ))), (λ, t) ∈ W × (1, +∞) has a holomorphic extension to this polydisc ID((λ_0, t_0), R). The rest is the right combination of Theorem 2.6 (that e^{P (t)} is a simple isolated eigenvalue of L^0_{λ,t}), the perturbation theory for linear operators, Theorem 2.11 (Bowen’s formula) and the inverse function theorem.

12 JANINA KOTUS AND MARIUSZ URBAŃSKI

2.3. Hyperbolic Maps: Thermodynamic Formalism and Multifractal Analysis. In this section our intention is to provide a relatively compact, nevertheless comprehensive summary of the article [72], which provides a systematic account of the thermodynamic formalism and multifractal analysis of hyperbolic exponential maps and, natural in this context, 1^+-tame Hölder continuous potentials. We keep the notation and terminology from the previous section.

2.3.1. Pressures, potentials, transfer operators and conformal measures. Given n ≥ 0 let S_nϕ = ϕ + ϕ ∘ E + · · · + ϕ ∘ E^{n−1}. The following simple distortion fact is necessary for nearly all the results presented below.

Lemma 2.17. For every α > 0 there exists L_α > 0 such that if ϕ : J(E) → CI is an α-Hölder function, then |S_nϕ(E^{−n}_v (y)) − S_nϕ(E^{−n}_v (x))| ≤ L_αv_α(ϕ)|y − x|^α for all n ≥ 1, all x, y ∈ J(E) with |x − y| ≤ δ and all v ∈ E^{−n}(x).

Put Q^c_+ = {z ∈ Q : Rez ≥ inf{Re(J(E))}}. Given κ ∈ IR a Hölder continuous function ϕ : Q^c_+ → IR is called κ-tame (and we put κ = κ(ϕ)) if A_ϕ = sup{|ϕ(z) + κRez| : z ∈ Q^c_+} < +∞. A Hölder continuous function ϕ : Q^c_+ → IR is called κ^+-tame if it is a-tame with some a > κ. Especially important will turn out to be the 1^+-tame functions. Any κ-tame function with any κ ∈ IR is called a tame function. The above introduced tameness notions refer to any Hölder continuous complex-valued function if its real part satisfies the respective conditions. Note that iff ϕ : J(f) → CI is a 0^+-tame or 0-tame function, then e^ϕ is a bounded Hölder continuous function with the same exponent.

The topological pressure of the tame potentials is defined by the pointwise method. It can be proved that for ϕ : J(E) → IR, a 0^+-tame potential, the following limit

P_z(ϕ) = lim_{n→∞} 1 n log ∑ x∈E^{−n}(z) exp(S_nϕ(x))

exists and is independent of z ∈ J(E). Its common value is denoted by P(ϕ) and is called the topological pressure of the potential ϕ. Assume now ϕ to be a 1^+-tame potential. The Perron-Frobenius operator L_ϕ : C_b → C_b is defined by the formula

L_ϕg(z) = ∑ x∈E^{−1}(z) exp(ϕ(x))g(x) = +∞∑ k=−∞ exp(ϕ(z_k))g(z_k), (2.8)

FRACTAL MEASURES AND ERGODIC THEORY 13

where z_k is the only point of the singleton π ( E^{−1}(z̃ + 2πik) ) and z̃ is an arbitrary point from π^{−1}(z) and Q. The dual operator L^∗_ϕ : C^∗_b → C^∗_b is given by the formula L^∗_ϕμ(g) = μ(L_ϕg). Applying the K(V ) method from [17] (see Appendix 1) and the tightness argument, one can show that there exists m_ϕ, a unique Borel probability measure on J(E) that is an eigenmeasure of L^∗_ϕ. The corresponding eigenvalue is equal to e^{P(ϕ)}. This equivalently means that

m_ϕ(E(A)) = ∫ A exp(P(ϕ) − ϕ)dm_ϕ for every Borel set A ⊂ Q restricted to which E is injective. The measure m_ϕ is called ϕconformal. Applying the famous Tulcea-Ionescu and Marinescu Theorem, using Lemma 2.17 and (2.8), one eventually ends up with the following properties of the Perron-Frobenius operator L_ϕ.

Theorem 2.18. If ϕ : J(E) → (0, ∞) is a 1^+-tame potential, then we have the following. (a) The number 1 is a simple isolated eigenvalue of the operator e^{−P(ϕ)}L̂_ϕ : H_α → H_α. (b) The eigenspace of the eigenvalue 1 is generated by a nowhere vanishing function g_ϕ ∈ H_α such that ∫ g_ϕdm_ϕ = 1 and lim_{Rez→+∞} g_ϕ(z) = 0.

(c) The number 1 is the only eigenvalue of modulus 1. (d) With S : H_α → H_α as in Theorem 2.6, we have

e^{−P(ϕ)}L̂_ϕ = Q_1 + S,

where Q_1 : H_α → CIg_ϕ is a projector on the eigenspace CIg_ϕ, Q_1 ∘ S = S ∘ Q_1 = 0 and ||S^n||_α ≤ Cξ^n for some constant C > 0, some constant ξ ∈ (0, 1) and all n ≥ 1.

2.3.2. Ergodic theory of invariant measures. As a fairly straightforward consequence of of Theorem 2.18, one links conformal measures with ergodic theory. More precisely:

Theorem 2.19. If ϕ : J(E) → (0, ∞) is a 1^+-tame potential, then the measure μ = μ_ϕ = g_ϕm_ϕ is E-invariant, ergodic with respect to each iterate of E and equivalent to the measure m_ϕ. In particular μ(J_r(E)) = 1. In addition the dynamical system (E, μ_ϕ) is metrically exact i.e., its Rokhlin natural extension is a K-system.

The measure μ_ϕ is called the invariant Gibbs state of the potential ϕ. Due to Theorem 2.18 the E-invariant measure μ_ϕ has additional stochastic properties than listed in the theorem above. Namely, the correlations of Hölder continuous bounded potentials decay (with respect to the dynamical system (E, μ_ϕ) exponentially fast, and for every g ∈ H_α, the sequence {g ∘ E^n}^∞_{n=1} of identically distributed random variables (with respect to the measure μ_ϕ) converges in distribution to a Gauss distribution provided that the asymptotic variance (dispersion) of g

14 JANINA KOTUS AND MARIUSZ URBAŃSKI

is positive. As it was proved in [78] (and the proof is repeated in [72]), the Gibbs state μ_ϕ is an equilibrium state for the potential ϕ. As a matter of fact, the following, nearly classical version of the Variation Principle holds.

Theorem 2.20. If E : CI → CI is hyperbolic and ϕ : J(E) → CI is a 1^+-tame potential, then the invariant measure μ_ϕ is an equilibrium state of the potential ϕ, that is

P(ϕ) = sup{h_μ(E) + ∫ ϕdμ}, where the supremum is taken over all Borel probability E-invariant ergodic measures μ with ∫ ϕdμ > −∞, and P(ϕ) = h_{μϕ} + ∫ ϕdμ_ϕ. 2.3.3. Analytic properties of the pressure function. The sections 7 and 8 of [72] contain a detailed analysis of differentiability properties of the topological pressure function. Let ϕ, ψ : J(E) → IR be arbitrary two tame functions. Consider the sets

Σ_1(ϕ, ψ) := {q ∈ CI : Re(q)κ(ϕ) + κ(ψ) > 1} and Σ_2(ϕ, ψ) := {(q, t) ∈ CI × CI : Re(q)κ + Re(t)γ > 1} . The key ingredient to all further analytic properties of various ‘thermodynamical objects’ is the following.

Proposition 2.21. If ϕ, ψ : J(E) → IR are arbitrary two tame functions, then the function q → L_{qϕ+ψ} ∈ L(H_α), q ∈ Σ_1(ϕ, ψ), is holomorphic.

Using the perturbation theory for linear operators (Kato-Rellich Theorem, see Theorem XII.8 in [58]), as fairly straightforward consequence of Proposition 2.21, we get the following.

Lemma 2.22. If ϕ and ψ are arbitrary tame functions, then the function q → P(qϕ + ψ), q ∈ Σ_1(ϕ, ψ) ∩ IR, is real-analytic, and likewise, the function (q, t) → P(qϕ + tψ), (q, t) ∈ Σ_2(ϕ, ψ), is real-analytic.

In the classical theory of distance expanding maps (see [57]) the first and the second derivative of the pressure function are calculable although the calculations leading to the formula for the second derivative are rather tedious. Even more tedious calculations, performed in Section 8 of [72] resulted in the following.

FRACTAL MEASURES AND ERGODIC THEORY 15

Theorem 2.23. Suppose that ϕ : J(E) → IR is a 1^+-tame function and ψ : J(E) → IR is a tame function. Then d dt | | |_{t=0}P(ϕ + tψ) = ∫ ψdμ_ϕ. and Theorem 2.24. Suppose that ϕ : J(E) → IR is a 1^+-tame function and ψ, ζ : J(E) → IR are tame functions. Then ∂^2 ∂s∂t | | |_{(0,0)}P(ϕ + sψ + tζ) = σ^2(ψ, ζ),

where

σ^2(ψ, ζ) = lim_{n→∞} 1 n ∫ S_n ( ψ − μ_ϕ(ψ) ) S_n ( ζ − μ_ϕ(ζ) ) dμ_ϕ = ∫ (ψ − μ_ϕ(ψ))(ζ − μ_ϕ(ζ))dμ_ϕ + ∞∑ k=1 ∫ (ψ − μ_ϕ(ψ))(ζ − μ_ϕ(ζ)) ∘ E^kdμ_ϕ + ∞∑ k=1 ∫ (ζ − μ_ϕ(ζ))(ψ − μ_ϕ(ψ)) ∘ E^kdμ_ϕ (if ψ = ζ we simply write σ^2(ψ) for σ^2(ψ, ψ))

2.3.4. Cohomologies. Of course the natural question arises of when the two 1^+-tame potentials have the same Gibbs (equilibrium) states. The problem is completely solved in Theorem 9.1 from [72], and although the solution is the same as in the classical case, some of its constituents, especially item (3) are rather unexpected. Let F be any class of real-valued functions defined on J(E). Two functions ϕ, ψ : J(E) → IR are said to be cohomologous in the class of function F if there exists a function u ∈ F such that ϕ − ψ = u − u ∘ E. Our solution is this.

Theorem 2.25. If ϕ, ψ : J(E) → IR are two arbitrary 1^+-tame functions, then the following conditions are equivalent: (1) μ_ϕ = μ_ψ.

(2) There exists a constant R such that for each n ≥ 1, if E^n(z) = z (z ∈ J(E)), then S_nϕ(z) − S_nψ(z) = nR. (3) The difference ψ − ϕ is cohomologous to a constant R in the class of bounded Hölder continuous functions.

(4) The difference ψ − ϕ is cohomologous to a constant in the class of bounded continuous functions.

16 JANINA KOTUS AND MARIUSZ URBAŃSKI

(5) The difference ψ − ϕ is cohomologous to a constant in the class of all functions defined everywhere in J(E).

(6) There exist constants S and T such that for every z ∈ J(E) and every n ≥ 1 |S_nϕ(z) − S_nψ(z)| ≤ T. If these conditions are satisfied, then R = S = P(ϕ) − P(ψ).

As its complement we list the following result whose proof uses Rokhlin’s natural extension and the concept of canonical conditional measures.

Proposition 2.26. If ϕ : Q^c_+ → IR is a 1^+-tame function and ψ : Q^c_+ → IR is a tame function, then σ^2_{μϕ} (ψ) = 0 if and only if ψ is cohomologous to a constant function in the class of bounded Hölder continuous functions on J(E).

2.3.5. Hausdorff dimension of Gibbs states.

Given a Borel probability measure μ on a metric space, we define for a point x in this space, the number (called the local dimension at the point x)

d_μ(x) = lim_{r→0} log μ(B(x, r)) log r provided that the limit exists. Recall that HD(μ), the Hausdorff dimension of the measures μ is the infimum of the numbers HD(Y ) taken over all Borel sets Y such that μ(Y ) = 1. If d_μ(x) is constant a.e. (denote it by d_μ), then HD(μ) = d_μ. If μ is a Borel probability E-invariant measure on J(E), then the number

χ_μ = ∫ log |E^′|dμ is called the Lyapunov exponent of the map E with respect to the measure μ. Note that this exponent is always positive. The proof of the following only result stated in this section appeared first time [71] and was repeated in [72].

Theorem 2.27. If E : CI → CI is a hyperbolic exponential map and ϕ : J(E) → CI is a 1^+-tame potential, then the local dimension d_μ(x) exists for μ_ϕ-a.e. z ∈ J(E), and is equal to h_{μϕ} /χ_{μϕ} . In particular

HD(μ_ϕ) = h_{μϕ} χ_{μϕ} .

2.3.6. Multifractal analysis of 1^+-tame functions. Fix a 1^+-tame potential ϕ : Q^c_+ → IR. Subtracting P(ϕ) from ϕ, we can assume without loss of generality that P(ϕ) = 0 and call ϕ normalised. Consider the two-parameter family of potentials ϕ_{q,t} : P_+ → IR, q, t ∈ IR, defined as follows. ϕ_{q,t} = −t log |E^′| + qϕ.

FRACTAL MEASURES AND ERGODIC THEORY 17

Note that ϕ_{q,t} is a t + qκ(ϕ)-tame function. We have the following.

Lemma 2.28. For every q ∈ IR there exists a unique t = T (q) ∈ IR such that P(ϕ_{q,t}) = 0. In addition, (q, T (q)) ∈ Σ_2(ϕ, − log |E^′|).

The mapping T : IR → IR is called the temperature function. The multifractal analysis of a Borel probability measure μ scrutinise the level sets of the pointwise dimension function d_μ. Although defined in an entirely ”fractal manner”, this function exhibits frequently very regular features. This is also the case in our situation, and we will discuss them now in the context of Gibbs (equilibrium) states μ_ϕ. For technical reasons our analysis will be performed on a subset J_{rr}(E) of J_r(E), which will also turn out to be fairly large, and whose, somewhat technical definition, we provide now. Given an integer s > inf ( ReJ(E) ) and a point z ∈ J(E) let {t^n_s (z)}^∞_{n=1} denote the sequence of consecutive visits of the point z to Q_s = {z ∈ J(E) : Rez ≤ s} under the action of E, i.e. this sequence is strictly increasing (perhaps finite, perhaps empty), E^{tns (z)}(z) ∈ Q_q for all n ≥ 1 and E^j (z) /∈ Q_s for all t^n_s (z) < j < t^{n+1}_s (z). Now, define the sets

M_s = z ∈ J_r(E) : lim_{n→∞} log | | | | ( E^{tn+1s (z)−tns (z)} )_′ ( E^{tns (z)}(z) )| | | | log | |(E^{tns (z)})^′ (z) | | = 0 and lim_{n→∞} t^{n+1}_s (z) t^n_s (z) = 1 and J_{rr}(E) = ⋃ s M_s, where the union is taken over all integers s > inf ( ReJ(E) ) . The robustness of the set J_{rr}(E) is reflected in the fact that μ(J_{rr}(E)) = 1 for every Borel probability E-invariant ergodic measure on J(E) with finite Lyapunov exponent, in particular if μ = μ_ϕ, where ϕ is a 1^+- potential).

Given a 1^+-tame function ϕ : Q^c_+ → IR, and a real number α ≥ 0, we define the following two sets.

K_ϕ(α) = { z ∈ J_r(E) : lim_{n→∞} P(ϕ)n − S_nϕ(z) log |(E^n)^′(z)| = α }

and D_ϕ(α) = { z ∈ J_{rr}(E) : lim_{r→0} log μ_ϕ(B(z, r)) log r = α } . The firs relation between the sets K_ϕ(α) and D_ϕ(α) is that

D_ϕ(α) = K_ϕ(α) ∩ J_{rr}(E). (2.9)

We set k^+_{μϕ} = HD(K_ϕ(α)) and k^−_{μϕ} = HD(D_ϕ(α)).

18 JANINA KOTUS AND MARIUSZ URBAŃSKI

By (2.9), we have k^−_{μϕ} ≤ k^+_{μϕ} . The first result of this section establishes, as the most transparent feature, real analyticity of the functions k^−_{μϕ} and k^+_{μϕ} . As a byproduct a closer relations between the sets K_ϕ(α) and D_ϕ(α) is obtained.

Theorem 2.29. Suppose that ϕ : Q^c_+ → IR is a 1^+-tame function. Then the functions k^−_{μϕ} and k^+_{μϕ} coincide in their natural domain (α_1, α_2) produced in item (c). Denote their common value by k_{μϕ} . Then the following statements are true.

(a) The pointwise dimension d_{μϕ} (x) exists for μ_ϕ-almost every x ∈ J(E) and

d_{μϕ} (x) = P(ϕ) − ∫ ϕdμ_ϕ ∫ log |E^′|dμ_ϕ . (b) The function q → T (q), q ∈ IR is real-analytic, T (0) = HD(J_r(E)), T^′(q) < 0 and T^{′′}(q) ≥ 0. In addition T^{′′} vanishes in one point if and only if it vanishes at all points, if and only if μ_ϕ = μ_{−h log |E}′_|, if and only if ϕ and −h log |E^′| are cohomologous modulo constant in the class of all (bounded) Hölder continuous functions.

(c) The function −T^′(q) attains values in an interval (α_1, α_2) where 0 ≤ α_1 ≤ α_2 < ∞. (d) For every q ∈ IR, k_{μϕ} (−T^′(q)) = T (q) − qT^′(q).

(f) The function k_{μϕ} is real-analytic throughout its whole domain (α_1, α_2). (f) If μ_ϕ ≠ μ_{−h log |E}′_|, then the functions k_{μϕ} (α) and T (q) form a Legendre transform pair.

This theorem has been established assuming only that ϕ is Hölder continuous (and 1^+-tame). Assuming more, that ϕ is harmonic on a half-cylinder containing the Julia set J(E), and performing a more involved analysis of analytic properties of the relevant Perron-Frobenius operators, we were able to show that the function k_{μϕ} also depends in a real-analytic fashion on the parameter λ. This can be regarded as an extension of the real analyticity of the Hausdorff dimension of the Julia set J_r(E) discussed in Section 2.2.4. Let us now explain in greater detail what we mean when saying that k_{μϕ} depends real-analytically on λ. Fix a ∈ IR and set Hyp(a) = { λ ∈ Hyp : Re ( inf{J(E_λ)} ) > a } . Clearly Hyp(a) is an open set. Put U_{a,ϕ} := ⋃ λ∈Hyp(a) {λ} × (α_1(λ), α_2(λ)), where α_1(λ) and α_2(λ) are the numbers coming from items (c) and (f) of Theorem 2.29. The set U_{a,ϕ} is open and vertically connected, the latter meaning that for every λ ∈ Hyp(a), the set ({λ} × IR) ∩ U_{a,ϕ} is connected. Given λ ∈ Hyp(a), let μ^λ_ϕ be the Gibbs state corresponding to

FRACTAL MEASURES AND ERGODIC THEORY 19

the potential ϕ and the dynamical system E_λ : J(E_λ) → J(E_λ). The function k_ϕ : U_{a,ϕ} → [0, 2] is defined by the formula k_ϕ(λ, α) = k_μλ_ϕ (α). The second main theorem of this section is the following.

Theorem 2.30. If ϕ : Q^c_a → IR is a harmonic 1^+-tame potential, then the function k_ϕ : U_{a,ϕ} → IR is real-analytic.

In view of item (b) of Theorem 2.29 the function k_ϕ is non-degenerate provided that the function ϕ is not cohomologous to −HD(J_r(E_λ)) log |E^′_λ| for any λ ∈ Hyp(a) in the class of all (bounded) Hölder continuous functions. The potential ϕ is then called essential. The last result proved in [72] provides an easy sufficient condition for a harmonic 1^+-tame potential to be essential. One requires that κ(ϕ) ≥ 2.

2.4. E_{1/e} and Parabolic Implosion. In this section we describe the results obtained in [76] and [79]. We first, summarising [76], deal with the map E_{1/e} : CI → CI alone, and then, describing [79], we look what happens if λ converges to 1/e from the left and from the right along the real axis. It turns out that in the former case the Hausdorff dimension of the radial Julia set J_r(E_λ) behaves continuously at the point 1/e, and in the latter case it behaves ‘highly’ discontinuously at the parameter λ = 1/e.

2.4.1. The map E_{1/e} alone. We again work with the map E_{1/e} : Q → Q. The set J_r(E_{1/e}) must be however now slightly modified. First notice that E_{1/e}(1) = 1, E^′_{1/e}(1) = 1 and E^{′′}_{1/e}(1) = 1 ≠ 0 so that 1 is a parabolic fixed point with one petal. Since the Julia set near the fixed point 1 lies entirely in the repelling petal, there exists θ > 0 such that if z ∈ J(E_{1/e}) ∩ B(1, θ) \ {1} then E^n_{1/e}(z) /∈ B(1, θ) for some n ≥ 1. Since in addition E^n_{1/e}(0) converges to 1 through the attracting petal at 1, we see that there exists δ > 0 such that ⋃ z∈J(E_{1/e})\B(1,θ) B(z, 4δ) ∩ {E^n_{1/e}(0)}^∞_{n=0} = ∅. (2.10)

Now, almost as in the case of hyperbolic parameters, a point z ∈ J_r(E_{1/e}) is said to belong to J_r(E) if and only if there exist y ∈ J_r(E_{1/e}) \ B(1, θ) (note here the difference with the hyperbolic case) and an unbounded increasing sequence {n_k}^∞_{k=1} such that y = lim_{k→∞} E^{nk}_{1/e}(z) and E^{nk}_{1/e}(z) ∈ B(y, 4δ) for all k ≥ 1. Note that because of (2.10), for every k ≥ 1 there exists a unique holomorphic branch E^{−nk}_{1/e} : B(y, 2δ) → Q of E^{−nk}_{1/e} sending E^{nk}_{1/e}(z) to z. Note that also J_r(E_{1/e}) coincides with the radial set defined exactly as in the hyperbolic case after removing the inverse image of 1, i.e. the set ⋃ n≥0 E^{−nk}_{1/e} (1). Given t ≥ 0, a t-conformal measure for E_{1/e} : J_r(E_{1/e}) → J_r(E_{1/e}) is defined in the same way as in the hyperbolic case (see beginning

20 JANINA KOTUS AND MARIUSZ URBAŃSKI

of Section 2.2.3) with h replaced by t in (2.7). Let h = HD(J_r(E_{1/e})). Some properties of t-conformal measures are described by the following theorem.

Theorem 2.31. The following hold.

(1) h is the unique t for which an atomless conformal measure exists. (2) There exists a unique h-conformal measure m for E_{1/e} : J(E_{1/e}) → J(E_{1/e}). The measure m is atomless.

(3) The h-conformal measure m is ergodic and conservative. (4) If ν is a t-conformal measure for E_{1/e} and t > 1, t ≠ h, then t > h and ν (⋃ n≥0 E^{−n}_{1/e}(1) ) = 1. The geometric, Hausdorff, and packing measures have features analogous to the hyperbolic case (although the proofs about Hausdorff measures are even more involved).

Theorem 2.32. 0 < H^h(J_r(E_{1/e})) < ∞.

Proposition 2.33. We have P^h(J_r(E_{1/e})) = ∞. In fact P^h(G) = ∞ for every open nonempty subset of J_r(E_{1/e}).

Based on this proposition and Proposition 2.1, the same arguments as in the hyperbolic case give the following.

Corollary 2.34. 1 < HD(J_r(E_{1/e})) < 2.

2.4.2. Left-hand side continuity. In this section we present the idea and single out the basic steps of the proof of the following.

Theorem 2.35. lim_{λ↗1/e} HD(J_r(E_λ)) = HD(J_r(E_{1/e})).

To start the short discussion of the proof take an arbitrary sequence {λ_n}^∞_{n=1} converging to 1/e from the left. Let h_n = HD(J_r(E_{λn} )) and let m_n be the h_n conformal measure for E_{λn} . The first thing is to prove that the sequence {m_n}^∞_{n=1} is tight. Let u be an arbitrary accumulation point of the sequence {h_n}^∞_{n=1}. We know that u ∈ [1, 2]. Passing to a subsequence we may assume without loss of generality that u = lim_{n→∞} h_n. Passing to yet another subsequence we may assume (due to tightness of {m_n}^∞_{n=1}) that the sequence {m_n}^∞_{n=1} converges weakly to a measure m. It is not too difficult to show that m is u-conformal and m(J_r(E_{1/e})) = 1. In fact, inspecting carefully the proof of Proposition 2.1, we see that there exists s > 1 such that

FRACTAL MEASURES AND ERGODIC THEORY 21

HD(J_r(E_λ)) ≥ s for all λ ∈ (0, 1/e) sufficiently close to 1/e. Consequently 1 < s ≤ u ≤ 2. It now follows from Theorem 2.31 that u ≥ HD(J_r(E_{1/e})). It also follows from this theorem that in order to conclude the proof, that is to show that u ≤ HD(J_r(E_{1/e})), it suffices to demonstrate that the u-conformal measure m is atomless. Conjugating the map E_λ by affine transformations so that their attracting fixed point becomes 0 (so, independent of parameter λ) one carefully checks that the measures m_n (actually their images under conjugacies) do not charge too much arbitrarily small neighbourhoods of zero.

2.4.3. Parabolic implosion for E_{1/e}. The question we want to discuss in this short section is what happens if λ ↘ 1/e along the real axis. Since the Julia set J(E_{1/e}) is a nowhere dense Cantor bouquet and since J(E_λ) = CI for all λ > 1 (this follows from the fact that the trajectory of 0, {E^n_λ (0)}^∞_{n=0}, escapes to infinity (see [6]), we have obvious discontinuity of the Julia set of E_λ if λ ↘ 1/e but no discontinuity of Hausdorff dimension, all these sets are known (see[53]) to have the Hausdorff dimension 2. In order to observe more interesting phenomena on the level of the Hausdorff dimensions, one considers the dynamically more significant sets J_r(E_λ). So far, we have defined these sets only in hyperbolic and parabolic cases. Now, the time comes to do it in full generality. So, we bring down here Definition 3.7 from [77].

Definition 2.36. J_r(E) ⊂ CI is the set of those points z ∈ CI for which there exists an unbounded sequence {n_k(z)}^∞_{k=1} such that

dist ( {E^{nk(z)}(z)}^∞_{k=1}, {E^n_λ (0)}^∞_{n=0} ) > 0 and the set Re ( {E^{nk(z)}(z)}^∞_{k=1} ) is bounded. The set J_r = J_r(E) ⊂ Q is defined to be Π(J_r(E)).

Note that if the trajectory of 0, {E^n_λ (0)}^∞_{n=0} is dense, then J_r(E) = ∅. Note also that, as in hyperbolic and parabolic case, all points in J_r(E) allow univalent holomorphic pull backs from a bounded region. Precisely, it means that if z ∈ J_r(E) then there exist y ∈ J_r(E), δ(z) > 0 and unbounded increasing sequence {s_k}^∞_{k=1} (which could be extracted from the sequence {n_k(z̃)}^∞_{k=1} guaranteed by Definition 2.36 with some z̃ ∈ Π^{−1}(z)) such that lim_{k→∞} E^{sk} (z) = y, |E^{sk} (z) − y| < 1 4 δ(z), k = 1, 2, . . . , and for every k ≥ 1 there exists a unique holomorphic branch E^{−sk}_z : B(E^{sk} (z), 2δ(z)) → Q of E^{−sk} sending E^{sk} (z) to z. Finally note that the radial Julia set defined in Definition 2.36 coincides in the hyperbolic and parabolic case with the respective sets defined in Section 2.2 and 2.2.3. The ultimate results, which will be called global dimensionwise parabolic implosion phenomena, obtained in [79] are these.

22 JANINA KOTUS AND MARIUSZ URBAŃSKI

Theorem 2.37. For every σ ∈ IR there exists a sequence {ϵ_k}^∞_{k=1} of positive reals converging to 0 such that (−π/ √ ϵ_k) → σ(mod 1) as k → ∞, and

lim inf k→∞ HD(J_r(E_{1/e+ϵk} )) > HD(J_r(E_{1/e})).

and its consequence:

Corollary 2.38. We have that

lim sup λ↘1/e HD(J_r(E_λ)) > HD(J_r(E_{1/e})).

The structure of proof of Theorem 2.37 is this. First, it was proved in [77], (compare Section 2.5) that for every λ > 1/e there exists a unique HD(J_r(E_λ))-conformal measure m_λ for the map E_λ. Let u be the value of the lower limit appearing in Theorem 2.37. Using the concept, characteristic for any parabolic implosion, of Lavaurs maps, one shows as the first step that the sequence {m_{λk} }^∞_{k=1}, λ_k =^1_e +ϵ_k, is tight, and any of its weak-limits is a measure, u-conformal for both E_{1/e} : CI → CI and g_σ : CI \ J(E_{1/e}) → CI where g_σ is the Lavaurs map corresponding to the parameter σ. The second step is to prove that the series ∞∑ n=1 ∑ x∈E^{−n}_{1/e}(1)\ ⋃_{n−1} k=0 E^{−k}_{1/e}(1) |(E^n_{1/e})^′(x)|^{−u} converges. Since, by Theorem 2.31(2), the same series, with u replaced by HD(J_r(E_{1/e})) diverges (otherwise, we would get apparently atomic HD(J_r(E_{1/e}))-conformal measure supported on ⋃ n≥0 E^{−n}_{1/e}(1) ⊂ J(E_{1/e})), we conclude that u > HD(J_r(E_{1/e})). So, we are done.

2.5. Non-Hyperbolic Exponential Maps. In [77] a class of exponential maps was considered whose members all had Julia sets equal to the whole complex plane. In particular, 0 belongs then to the Julia set and the maps are not hyperbolic (see beginning of Section 2.2). The lack of hyperbolicity was to some extent compensated by extremely fast convergence to ∞ of forward iterates of zero. Namely, a parameter λ ∈ CI \ {0} is called a super-growing parameter if lim_{n→∞} Re(E^n(0)) = +∞, and there exists c > 0 such that for all n ≥ 1,

|ReE^{n+1}_λ (0)| ≥ c exp(Re(E^n_λ (0)) = c |λ| |E^{n+1}_λ (0)|.

Now fix an arbitrary super-growing parameter λ. Put E = E_λ and E = E_λ. We have observed at the beginning of Subsection 2.2.3 that J(E) = CI. The radial Julia set J_r(E) defined in Definition 2.36 turns out to be as ‘nice’ as in the hyperbolic and parabolic case. Indeed, although the Perron-Frobenius operator method does not seem to be naturally applicable for a map whose Julia set contains 0, using K(V )-methods (see Appendix 1) and the tightness of the sequence of semi-conformal measures this method produces, it was possible to prove the existence and uniqueness of an h-conformal measure m for the map E : Q → Q, where

FRACTAL MEASURES AND ERGODIC THEORY 23

h = HD(J_r(E)). In addition this measure was proved to be ergodic, conservative (meaning that ∑ n≥0 11_F ∘ E^n(z) = ∞ for m-a.e. z ∈ CI) and m(J_r(E)) = 1. As in the hyperbolic case the conformal measure turns out to be a normalised version of the h-dimensional Hausdorff measure H^h, and in fact we have this.

Theorem 2.39. 0 < H^h(J_r(E)) < ∞.

Proposition 2.40. We have P^h(J_r(E)) = ∞. In fact P^h(G) = ∞ for every open nonempty subset of J_r(E).

This proposition in the same way as in Section 2.4.3 implies that h < 2. Since J_r(E) contains J_{bd}(E), using Proposition 2.1, we have therefore the following.

Theorem 2.41. 1 < HD(J_r(E)) < 2.

This theorem has the following rather unexpected corollary, proved for the first time in [46] by a different method.

Corollary 2.42. If λ is a super-growing parameter then for Lebesgue almost every point z ∈ CI, ω(z) = {E^n_λ (0)}^∞_{n=0} ∪ {∞}. We show how to prove Corollary 2.42. Let E = E_λ. Since HD(J_r(E)) < 2, the complement of J_r(E) is a set of full measure. Fix a point z /∈ J_r(E). By the definition of J_r(E), this implies that ω(z) ⊂ {E^n_λ (0)}^∞_{n=0} ∪ {∞}. We only have to check that, actually, the equality holds for almost every point. So, assume that ω(z) = ∞. The set of such points has Lebesgue measure 0; actually, this is true for a large class of maps, see e.g. [53] or [26]. Next, assume that ω(z) = {∞} ∪ {E^n_λ (0)}^∞_{n=k} for some k > 0. Then, there exists an infinite sequence of integers s_i such that E^{si} (z) → E^k_λ (0). Then, denoting n_i = s_i − 1, we see that ReE^{ni} (z) → ReE^k_λ (0) and, moreover, dist(E^{ni} (z), {E^n_λ (0)}^∞_{n=k}) > 0. Consequently, z ∈ J_r(E), a contradiction.

By the tightness argument the following fact was also established in [77].

Theorem 2.43. The function λ → HD(J_r(E_λ)), λ ∈ (1/e, +∞) is continuous.

An open problem is whether this function is real-analytic.

Leaving geometric measures and dimensions, let us have a closer look at the dynamical properties of the h-conformal measure m for the (super-growing) map E : CI → CI. Ergodicity

24 JANINA KOTUS AND MARIUSZ URBAŃSKI

and conservativity of the measure m along with the fact that the orbit of zero escapes to ∞, make it possible to apply M. Martens’ method (see Appendix 2) to construct (up to the multiplicative constant) a σ-finite E-invariant Borel measure μ equivalent to m. The method of M. Martens leaves open a natural procedure of checking whether the measure is finite or infinite. One must carefully control the distortion when going down to singularities, the orbit of zero, +∞ and −∞. By fairly technical and rather complicated arguments this was done in Theorem 4.6 in [77]. The result is this.

Theorem 2.44. There exists a unique Borel probability E-invariant measure μ absolutely continuous with respect to the HD(J_r(E))-conformal measure m. In addition μ is ergodic and equivalent to m.

2.6. Fatou Functions, Sine and Cosine Families and Further. In the paper [44] the family f_λ(z) = e^{−z} + z + λ, Reλ ≥ 1, of Fatou’s functions was investigated in great detail. Although all of them have a Baker domain at ∞, this turned out not to preclude the possibility of analysing those maps from geometrical (fractal) and (measure-theoretical) dynamical point of view. The paper [44] provides a uniform treatment of issues dealt with in [74] and [75] in the setting of the technically more complicated Fatou’s functions f_λ. The results here are the same as those discussed in Section 2.2. Also the family of functions f_λ(z) = λ(1 − e^{2z})^{−1} consisting of transcendental meromorphic functions was studied in detail with its own methods in [43]. The appropriate results about conformal, Hausdorff, packing and invariant measures have been obtained there.

Also I. Coiculescu and B. Skorulski undertook in [13] and [14] the issues signalised in [74] and [75], by extending the results proved there to the case of the family H of hyperbolic maps of the form ∑_n j=0 a_j e^{(j−k)z}, where 0 < k < n. The Julia sets of these maps contain Cantor bouquets. Note that this family includes exponential λ exp(z), sine (λ sin(z)) and cosine (λ cos(z)) families.

3. Elliptic functions

3.1. General Facts. If ω_1, ω_2 ∈ CI \ {0} are such that Im(ω_2/ω_1) ≠ 0, then the set Λ = {mω_1 + nω_2 : m, n ∈ ZZ} is called the lattice generated by the numbers ω_1 and ω_2. A non-constant meromorphic function f : CI → CI is called elliptic (with respect to the lattice Λ) if and only if

f(z + ω_1) = f(z + ω_2) = f(z)

FRACTAL MEASURES AND ERGODIC THEORY 25

for all z ∈ CI. This equivalently means that f is Λ-invariant, f(z + ω) = f(z) for all z ∈ CI and all ω ∈ Λ. The Fatou set of a meromorphic function consists of points z ∈ CI which admit neighbourhoods restricted to which all iterates of our meromorphic functions are welldefined and form a normal family. The Julia set is by definition the complement (in CI) of the Fatou set. Since f^{−1}(∞), the set of poles is an infinite set, J(f) is the closure of all prepoles ⋃ n≥0 f^{−n}(∞). For every pole b of f let q_b ≥ 1 denote its multiplicity. Define

q = max{q_b : b ∈ f^{−1}(∞)} ≥ 1.

Associating with the elliptic function f an infinite conformal iterated function system in the sense of [52] and determining its θ number introduced in [52], we were able to prove in [41] the following.

Theorem 3.1. If f : CI → CI is an elliptic function, then

HD(J(f)) > 2q 1 + q ≥ 1.

The obvious consequence of Theorem 3.1 is that if f has poles of large multiplicities, then the Hausdorff dimension of the Julia set of f is close to 2. It may suggest that this dimension is always equal to 2. In section 3.3 we will describe a large class of examples with Julia set of dimension less than 2. Here we will give a simple construction showing that for each lattice Λ there exists an elliptic Λ-invariant function whose Julia set is not the entire complex plane CI. Indeed, let Λ be a lattice and let g : CI → CI be an elliptic Λ-invariant function for which some zero, call it b, is not a critical point of g. Consider the family of functions {g_λ = λg +b}_{λ∈CI\{0}}. This family consists of Λ-invariant elliptic functions and g_λ(b) = λg(b)+b = 0+b = b, g^′_λ(b) = λg^′(b) for all λ ∈ CI \ {0}. So, if |λ| < 1/|g^′(b)|, then b is an attracting fixed point of g. The, non-empty, basin of attraction to b under g_λ is contained in the Fatou set, and consequently J(g_λ) ≠ CI. We would like to mention that using the same methods as in [41] it was shown in [49] that the Hausdorff dimension of the Julia set of any function of the form exp ∘f, where f is elliptic, is equal to 2. These functions are doubly periodic but have essential singularities. We would also like to mention that in the papers [28]-[29] elliptic functions, actually Weierstrass elliptic ℘-functions, were found with Julia sets of various topological types.

As the reader may recall, we dealt in Section 2 with the set of points not escaping to ∞, and despite of the fact that set of points escaping to ∞ was large (of Hausdorff dimension 2), its complement turned out to be geometrically and dynamically sound. For elliptic functions, the situation is in some sense better. We have the following.

26 JANINA KOTUS AND MARIUSZ URBAŃSKI

Theorem 3.2. If f : CI → CI is an elliptic function, then

HD(I_∞(f)) ≤ 2q 1 + q . And as its immediate consequence, we get the following.

Corollary 3.3. If f : CI → CI is an elliptic function, h := HD(J(f)), then H^h(I_∞(f)) = 0, and consequently l_2(I_∞(f)) = 0.

3.2. Gibbs and Equilibrium States. Keeping in this section the assumption that f : CI → CI is an arbitrary elliptic function, our aim is to discuss the results concerning Gibbs and equilibrium states obtained in [50]. Let T = CI/Λ be the torus generated by the lattice Λ and let Π : CI → CI/Λ be the canonical projection. Let P = Π(f^{−1}(∞)) be the set of ‘poles’ on the torus T . The map f : CI \ f^{−1}(∞) → CI uniquely projects down to the holomorphic map F : T \ P → T so that F ∘ Π = Π ∘ f, i.e. the following diagram commutes

CI \ f^{−1}(∞) f −→ CI Π Π T \ P F −→ T. (3.1)

Notice that we have a little bit more. Since the function f is constant on fibres of Π, there exists a unique holomorphic map f̂ : T → CI such that f̂(Π(z)) = f(z) for all z ∈ CI. Analogously as in Section 2, the dynamical system F : T \ P → T will be our our primary object of interest in this section.

Following the classical case of subshift of finite type [12] (more generally the case of open distance expanding maps) or, more appropriately in this context, the approach initiated in [18], one is tempted to develop the theory of Gibbs and equilibrium states for Hölder continuous potentials ϕ : T → IR. To be really general suppose that ϕ : T → IR is an arbitrary function; no other assumptions. The basic tool of any known version of thermodynamic formalism is an appropriate Perron-Frobenius operator which in our context would take on the form L_ϕg(x) = ∑ y∈F^{−1}(x) e^{ϕ(y)}g(y). Notice that the series defining the Perron-Frobenius operator L_ϕ is infinite and in order to make it well-defined and bounded on the Banach space C(T ) of continuous functions on T ,

FRACTAL MEASURES AND ERGODIC THEORY 27

one should demand that with a universal constant C > 0

L_ϕ(11) = ∑ y∈F^{−1}(x) e^{ϕ(y)} ≤ C for all x ∈ T . Let us examine what this requirement really means. First of all we immediately see that ϕ cannot be uniformly bounded from below. To get a deeper insight fix x̃ ∈ Π^{−1}(x). Then y ∈ F^{−1}(x) if and only if there exists ω ∈ Λ such that f̂(y) = x̃ + ω. Therefore

L_ϕ(11) = ∑ ω∈Λ ∑ y∈f̂^{−1}(x̃+ω) e^{ϕ(y)}.

If |ω| is big, then y ∈ f̂^{−1}(x̃ + ω) is near the pole b of f̂ : T → CI, where we can write that

x̃ + ω = f̂(y) = G_b(y) (y − b)^{qb} with G_b, a holomorphic function defined near b, such that G_b(b) ≠ 0 and where, let us recall, q_b ≥ 1 is the multiplicity of the pole b. Since the set of poles P ⊂ T is finite the series ∑ b∈P ∑ ω∈Λ |x̃ + ω|^{−(2+ϵb)} converges with arbitrarily chosen ϵ_b > 0. Trying to apply the comparison test, we would therefore require that with some constant L > 0 exp(ϕ(y)) ≤ L|x̃ + ω|^{−(2+ϵb)} = L ( |y − b|^{qb} |G_b(y)| )_{2+ϵb}

for all poles b ∈ P and all y ∈ f̂^{−1}(x̃ + ω) being close to b. Or equivalently

ϕ(y) ≤ log L − (2 + ϵ_b) log |G_b(y)| + (2 + ϵ_b)q_b log |y − b|

near b. This inequality suggests us that we deal with the class of potentials ϕ : T → CI, called in the sequel summable, satisfying the following two conditions. (a) For any open set V containing P, ϕ is Hölder continuous on T \ V . (b) For every pole b ∈ P there are ϵ_b > 0 and Hölder continuous function H_b such that ϕ(z) = H_b(z) + (2 + ϵ_b)q_b log |z − b| on a sufficiently small neighbourhood of b.

Of course the most significant potentials of the form −t log |F^′|, (t > 0). If the map F is hyperbolic then these potentials are summable and Bowen’s formula holds. If however F is not hyperbolic, in particular if the Julia set contains critical points, then the potentials −t log |F^′| are not any longer summable, and as in the case of rational functions, the theory described in this subsection does not apply to them. However, as long as the critical points are not recurrent a lot can be said about conformal, invariant and geometric measures associated to the potential −h log |F^′| (see Subsection 3.3).

28 JANINA KOTUS AND MARIUSZ URBAŃSKI

Given a measurable function ψ : T → [0, +∞], a Borel probability measure m on T is said to be ψ-conformal if and only if m(J(F )) = 1 and

m(F (A)) = ∫ A ψdm for every Borel set A ⊂ T such that F_{|A} is one-to-one. Unlike the case of hyperbolic exponential functions, due to compactness of the torus T , it is much easier here to construct (generalised) conformal measures. Namely, the map ν → L^∗_ϕν L^∗_ϕν(11) discussed in Subsection 2.2.1 is in our space continuous on the compact convex set of Borel probability measures on T . So, the Schauder-Tichonov theorem applies and we obtain a κe^{−ϕ}- conformal measure with some constant κ > 0. The problem of defining pressure is however the same as in Subsection 2.2.1 and we resolve it in the same way as there by employing the pointwise definition.

P (ϕ, x) = lim sup_{n→∞} 1 n log ∑ y∈F^{−n}(x) exp n−1∑ j=0 ϕ ∘ F^j(y) = lim sup n→∞ 1 n log L^n_ϕ(11)(x).

The key point to obtain all the results discussed below is a very detailed analysis of the behaviour of the normalised Perron-Frobenius operator L̂_ϕ = κ^{−1}L_ϕ. Apart from (a) and (b) the third general assumption is that sup{P (ϕ, x) : x ∈ T } > sup(ϕ). Concerning the operator L̂_ϕ itself, it turns out to be almost periodic and admits a continuous, everywhere positive function ρ : T → IR such that L̂_ϕ(ρ) = ρ. As a result of an extensive analysis of its behaviour, one gets the following.

Lemma 3.4. For every x ∈ T, P (ϕ, x) is the same, and the common value P (ϕ), called the topological pressure of ϕ, is given by the following formula

P (ϕ) = lim_{n→∞} 1 n log L^n_ϕ(x) = lim_{n→∞} 1 n log ||L^n_ϕ(11)||_∞.

Theorem 3.5. There exists a unique exp(P (ϕ)−ϕ)-conformal measure m_ϕ on T and a unique Borel probability F -invariant measure μ_ϕ absolutely continuous with respect to the measure m_ϕ. The measure μ_ϕ is in fact equivalent to m, and^{dμϕ}_{dmϕ} = ρ, the fixed point of the Perron- Frobenius operator L̂_ϕ, normalised so that ∫ ρdμ_ϕ = 1. The measure μ_ϕ is called the Gibbs state of the summable potential ϕ.

FRACTAL MEASURES AND ERGODIC THEORY 29

Passing to equilibrium states, denote by M_ϕ (M^e_ϕ) the space of all F -invariant (ergodic) Borel probability measures on J(F ) for which ∫ ϕdμ > −∞. Let χ_μ = ∫ log |F^′|dμ be the characteristic Lyapunov exponent of the measure μ. A simple observation (based on similar behaviour of ϕ and log |F^′| near poles) is that if μ ∈ M^e_ϕ then χ_μ < +∞. A more involved argument (more difficult than in the case of rational functions since F : T \ P → T is not Lipschitz continuous) leads to the following

Theorem 3.6. (Ruelle’s inequality) If μ ∈ M^e_ϕ, then h_μ(F ) ≤ 2 max{0, χ_μ}. In particular if h_μ(F ) > 0, then χ_μ > 0.

Another technical fact needed to establish the variational principle and to identify all equilibrium states (which are defined just below) of ϕ, is this.

Proposition 3.7. If μ ∈ M^e_ϕ and χ_μ > 0, then there exists a countable generating partition α (modμ) such that its entropy H_μ(α) is finite. In particular, h_μ(F ) = ∫ log J_μdμ, where J_μ is the Jacobian (_{dμ∘F} dμ ) of F with respect to the measure μ, well-defined on the complement of a set of measure zero.

Armed with these last two results and Theorem 3.5, one proves the following

Theorem 3.8. (Variational Principle) We have

P (ϕ) = sup{h_μ(ϕ) + ∫ ϕdμ : μ ∈ M_ϕ}. A measure μ ∈ M_ϕ is called an equilibrium state of ϕ if h_μ(ϕ) + ∫ ϕdμ = P (ϕ). The following result can be therefore treated as a completion of Theorem 3.8.

Theorem 3.9. The Gibbs state μ_ϕ (proved to exist in Theorem 3.5) is the unique equilibrium state of the potential ϕ.

Addressing referee’s questions we would like to remark that in Theorem 3.6 and Proposition 3.7 the assumption μ ∈ M_ϕ can be relaxed and as, a consequence, one gets similarly as in the case of rational functions, the following

Theorem 3.10. If μ is a Borel probability F -invariant ergodic measure with positive Lyapunov exponent, then HD(μ) = h_μ ξ_μ ,

30 JANINA KOTUS AND MARIUSZ URBAŃSKI

and moreover,

lim_{r→0} log μ(B(x, r)) log r

= HD(μ) for μ_ϕ − a.e. x ∈ J(F ).

3.3. Critically Non-Recurrent Elliptic Functions.

3.3.1. Preliminaries. Throughout this whole section except at the very end, we discuss the content of [42]. In the previous section an elliptic function was exclusively treated as a dynamical system. Trying to say something finer than in Section 3.1 about the fractal geometry of the Julia set of an elliptic function, some restrictions on the class of functions to be analysed are needed. In [42] this class was defined by analogy with the case of rational functions of the Riemann sphere treated in [69], [70]; comp. [73].

Definition 3.11. An elliptic function f : CI → CI is called critically non-recurrent if and only if the following three conditions are satisfied (a) c /∈ ω(c) for every critical point c of f lying in J(f) (b) ω(c) is a compact set for every critical point c of f lying in J(f) (c) every critical point c in the Fatou set belongs to the basin of attraction of either an attracting or rationally indifferent periodic point

Denote by Ω(f) the set of rationally indifferent periodic points of f. Let

Crit(J(f))

be the set of all critical points of f that are contained in the Julia set J(f). The result which permits us to start off and to continue our analysis of critically non-recurrent elliptic function is the following result bringing Mañé’s theorem from [47] to the context of elliptic functions.

Theorem 3.12. Let f : CI → CI be a non-recurrent elliptic function. If X ⊂ J(f) \ Ω(f) is a closed subset of CI, then for every ϵ > 0 there exists δ > 0 such that for every x ∈ X and every n ≥ 0, all the connected components of f^{−n}(B(x, δ)) have Euclidean diameters ≤ ϵ. Let Sing^−(f) = ⋃ n≥0 f^{−n} ( Ω(f) ∪ Crit(J(f)) ∪ f^{−1}(∞) ) . The following proposition is a consequences of Theorem 3.12. It is important for further considerations in [42], and is interesting in itself as it gives a very precise description of radial points.

FRACTAL MEASURES AND ERGODIC THEORY 31

Proposition 3.13. If z ∈ J(f) \ Sing^−(f), then there exist a positive number η(z), an increasing sequence of positive integers {n_j}_{j≥1}, and a point

x = x(z) ∈ ω(z) \ (Ω(f) ∪ ω(Crit(z)))

such that x ≠ ∞ if z /∈ I_∞(f), lim_{j→∞} f^{nj} (z) = x and

Comp(z, f^{nj} (z), f^{nj} , η(z)) ∩ Crit(f^{nj} ) = ∅

for every j ≥ 0, where Comp(z, f^{nj} (z), f^{nj} , η(z)) denotes the connected component of f^{−nj} (B(f^{nj} (z), η(z))) that contains z and Crit(z) = {c ∈ Crit(J(f)) : c ∈ ω(z)}.

3.3.2. Hausdorff, packing and conformal measures. As in Section 2 the link between dynamics and geometry of elliptic functions is provided by Sullivan’s conformal measures. Recall that given t ≥ 0, a Borel probability measure m_s on J(f) is called t-conformal if and only if

m_s(f(A)) = ∫ A |f^∗|^tdm_s, whenever A ⊂ J(f) is a Borel set such that f_{|A} is one-to-one and f^∗ is the derivative of f with respect to the spherical metric on CI. If we give up the finiteness assumption of m_s but we replace f^∗ by the standard Euclidean derivative f^′ of f, we denote the resulting conformal measure by m_e and call it the Euclidean t-conformal measure for f. The relation between these two measures is that dm_e dm_s (z) = (1 + |z|^2)^t.

In fact, several weaker versions of conformal measures are needed in [42], but we will not discuss them here. Let h = HD(J(f)) be the Hausdorff dimension of the Julia set of f. The h-conformal measure for f is constructed by the K(V )-method described in Appendix 1. The bad set here, called crossing in [42], is any finite set Y ⊂ {∞} ∪ Ω(f) ∪ ∞⋃ n=1 f^n(Crit(J(f))

such that the following conditions are satisfied (y1) ∞ ∈ Y .

(y2) Y ∩ {f^n(x) : n ≥ 1} is a singleton for all x ∈ Crit(J(f)). (y3) Y ∩ Crit(f) = ∅. (y4) Ω(f) ⊂ Y .

Now, we can choose any sequence {r_n}^∞_{n=1} of positive reals converging down to zero and such that ∂B_s(Y, r_n)∩Crit(f) = ∅, where the subscript ‘s’ indicates that the ball is considered with

32 JANINA KOTUS AND MARIUSZ URBAŃSKI

respect to the spherical metric on CI. Following the general scheme outlined in Appendix 1, one defines now the compact forward invariant sets

K_n = ∞⋂ j=0 J(f) \ f^{−n}(B(Y, r_n)), n ≥ 1, and one applies Lemma 8.2 to get semi-conformal measures. This is the beginning of the route. Introducing a special order in Crit(J(f)), a stratification of the closure of the postcritical set, fighting with rationally indifferent periodic points, critical points and poles of f, which are potential candidates for atoms of the described conformal measure, we eventually arrive at this.

Theorem 3.14. There exists a unique h-conformal measure m for f : CI → CI. This measure is atomless.

Using this conformal measure m to gain information about Hausdorff and packing measure, after lengthy and fairly technical considerations, we end up with the following.

Theorem 3.15. Let f : CI → CI be a critically non-recurrent elliptic function. If h = HD(J(f)) = 2, then J(f) = CI. So suppose that h < 2. Then (a) H^h(J(f)) = 0, (b) P^h(J(f)) > 0, (c) P^h(J(f)) = ∞ if and only if Ω(f) ≠ ∅,

where H^h and P^h are defined by the means of spherical metric on CI.

So, if HD(J(f)) < 2, then the Hausdorff measure always vanishes, whereas packing measures turns out to be the right geometric measure exactly when there are no parabolic periodic points. If Ω(f) ≠ ∅ then H^h(J(f)) = 0, P^h(J(f)) = ∞ (even locally) and no geometric interpretation of the h-conformal measure has been so far found in this case.

Note that a similar phenomenon has been observed by D. Sullivan in the context of geometrically finite Kleinian groups withs cusps of different ranks (see [67]) and in [52] in the case of conformal irregular infinite iterated function systems.

3.3.3. Invariant measures equivalent to h-conformal measure. Since it is not difficult to show that the h-conformal measure m of the postcritical set vanishes, the method of M. Martens (see Appendix 2) applies and leads to the following.

Theorem 3.16. There exists a σ-finite f-invariant measure μ that is absolutely continuous with respect to the h-conformal measure m. In addition, μ is ergodic and conservative.

FRACTAL MEASURES AND ERGODIC THEORY 33

The most intriguing problem here is to determine whether the σ-finite invariant measure μ is finite or infinite. In order to deal with this problem, it is useful to recall from [70] the concepts of finite and infinite condensations. Namely, a point z is of finite condensation with respect to a Borel measure ν if there is an open neighbourhood U of z such that ν(U) < ∞; otherwise z is said to be of infinite condensation of measure ν. Our strategy to cope with the problem of finiteness of the measure μ was to identify the points of its finite and infinite condensation. To our surprise, careful estimates permitted us to prove the following.

Theorem 3.17. ∞ is a point of finite condensation of the measure μ.

We were able to go further to establish the following.

Theorem 3.18. The set of points of infinite condensation of μ is contained in the set of parabolic points Ω(f).

As an immediate consequence of this theorem, we get the following.

Corollary 3.19. If Ω = ∅, then there exists an f-invariant probability measure μ equivalent to m.

Since the case J(f) = CI rules out parabolic points, as an immediate consequence of this corollary we get

Corollary 3.20. If J(f) = CI, then there is a unique probability measure μ equivalent to the Lebesgue measure on CI.

It follows from the above that in order to understand the problem of finiteness of the σ-finite f-invariant measure μ, one must analyse in detail the parabolic points. Such analysis has been done in [70] and moves unchanged to the case of critically non-recurrent elliptic functions to give the following.

Proposition 3.21. If ω ∈ Ω \ O_+(Crit(J(f))), then μ has infinite condensation at ω if and only if h ≤^{2p(ω)}_{p(ω)+1} .

As an immediate consequence of this proposition and Theorem 3.1, we get the following remarkable corollary.

34 JANINA KOTUS AND MARIUSZ URBAŃSKI

Corollary 3.22. If Ω ∩ O_+(Crit(J(f))) = ∅ and max{q_b : b ∈ R ∩ f^{−1}(∞)} ≥ max{p(ω) : ω ∈ Ω(f)}, then the invariant measure μ is finite.

Proposition 3.23. If ω ∈ Ω and h ≤^{2p(ω)}_{p(ω)+1} , then μ has infinite condensation at ω.

Theorem 3.24. If c ∈ J(f) is a critical point of f of order s, ω = f(c) ∈ Ω, and h ≤^{2sp(ω)}_{p(ω)+1} , then μ has infinite condensation at ω.

4. Walters expanding conformal maps

In this chapter we present the theory developed in [39]. The chapter begins with a very general setting and then we gradually narrow it down to applications to very concrete meromorphic functions.

4.1. Basic Facts and Definitions. We first define Walters expanding mappings and collect their selected properties needed in the sequel. For a full account of Walters theory see [80].

So, let X_0 be an open and dense subset of a compact metric space X endowed with a metric ρ. We call a continuous map T : X_0 → X Walters expanding provided that the following conditions are satisfied:

(1a) The set T^{−1}(x) is at most countable for each x ∈ X.

(1b) There exists δ > 0 such that for every x ∈ X and every n ≥ 0, T^{−n}(B(x, 2δ)) can be written uniquely as a disjoint union of open sets {B_y(x)}_{y∈T} −n_{(x)} such that y ∈ B_y(x) and T^n : B_y(x) → B(x, 2δ) is a homeomorphism from B_y(x) onto B(x, 2δ). The corresponding inverse map from B(x, 2δ) to B_y(x), y ∈ T^{−n}(x), will be denoted by T^{−n}_y .

(1c) There exist λ > 1 and n ≥ 1 such that for every x ∈ X, every y ∈ T^{−n}(x) and all z_1, z_2 ∈ B_y(x) d(T^n(z_1), T^n(z_2)) ≥ λd(z_1, z_2).

(1d) ∀ϵ > 0 ∃s ≥ 1 ∀x ∈ X T^{−s}(x) is ϵ-dense in X.

Recall that a function g : Y → IR, where (Y, ρ) is a metric space, is Hölder continuous if there exist β > 0 and L > 0 such that for all y_1, y_2 ∈ Y , |g(y_1) − g(y_2)| ≤ Lρ(y_1, y_2)^β. The parameter β is called the Hölder exponent of the function g and L is called its Hölder constant. A function ϕ : X_0 → IR is called dynamically Hölder if there exists β > 0 and L > 0 such that for every n ≥ 1, every x ∈ X and every y ∈ T^{−n}(x), the restriction ϕ|_T −n_{y (B(x,δ))} is Hölder continuous with exponent β > 0 and constant L. For every n ≥ 1 put S_nϕ(x) = n−1∑ j=0 ϕ ∘ T^j (x).

FRACTAL MEASURES AND ERGODIC THEORY 35

Using (1c), the standard argument in thermodynamic formalism shows that there exists a constant C > 0 such that ∀x ∈ X, ∀y, z ∈ B(x, δ), ∀n ≥ 0, ∀u ∈ T^{−n}(x) |S_nϕ(T^{−n}_u (y)) − S_nϕ(T^{−n}_u (z))| ≤ Cd(y, z)^β. (4.1) The function ϕ : X_0 → X is called summable if sup_{x∈X} ∑ y∈T^{−1}(x) exp(ϕ(y)) < ∞. Given x ∈ X, similarly as in the case of elliptic functions, we set

P_x(ϕ) = lim sup_{n→∞} 1 n log ∑ y∈T^{−n}(x) exp(S_n(ϕ(y))).

It is not difficult to prove that if ϕ : X_0 → IR is dynamically Hölder, then P_x(ϕ) = P_y(ϕ) for all x, y ∈ X. The common value is called the topological pressure of ϕ with respect to T and is denoted by P (ϕ). We should notice that P (ϕ) < ∞ if and only if ϕ is summable. From the results of P. Walters in [80] one can extract the following.

Theorem 4.1. If T : X_0 → X is a Walters expanding map and ϕ : X_0 → X is a dynamically Hölder summable function, then there exist m_ϕ and μ_ϕ, Borel probability measures on X such that (a) ∀n ≥ 1, ∀x ∈ X, ∀y ∈ T^{−n}(x) and for every Borel set A ⊂ T^{−n}_y (B(x, δ))

m_ϕ(T^n(A)) = ∫ A e^{P (ϕ)−Sn(ϕ)}dm_ϕ (b) μ_ϕ is T -invariant which means that μ_ϕ ∘ T^{−1} = μ_ϕ, ergodic and equivalent to m_ϕ with continuous Radon-Nikodym derivative bounded away from zero and infinity.

The reader familiar with thermodynamic formalism, for example with Sections 2.2.1 or 3.2, may notice that the property (a) means that the measure m_ϕ is an eigenmeasure of the operator dual to the appropriate Perron-Frobenius operator with eigenvalue e^{P (ϕ)}. Many additional stochastic properties of the dynamical system (T, μ_ϕ) can be found in [80].

A Walters expanding map F : X_0 → X is called conformal if X ⊂ CI and if for every x ∈ X, every n ≥ 1 and every y ∈ F^{−n}(x) the inverse map F^{−n}_y : B_X (x, 2δ) → X_0 has a (unique) holomorphic extension to the ball B_{CI} (x, 2δ). This extension will be denoted by the same symbol F^{−n}_y . From now and throughout this entire section we assume that F is a Walters expanding conformal map. Of special importance will be the following functions g_t : X_0 → IR, t ≥ 0 given by the formulae g_t(x) = −t log |F^′(x)|.

36 JANINA KOTUS AND MARIUSZ URBAŃSKI

It immediately follows from Koebe’s distortion theorem that each function g_t is dynamically Hölder with the Hölder exponent 1/3. Following [52] we define θ_F to be the infimum of all t ≥ 0 for which the function g_t is summable. Due to Proposition 2.4 in [39],

θ_F = inf{t ≥ 0 : P (g_t) < ∞}.

The following proposition is a straightforward standard consequence of the definition of pressure and property (1c).

Proposition 4.2. The function P : (θ_F , ∞) → IR is convex, continuous, strictly decreasing and lim_{t→+∞} P (t) = −∞.

We define h_F = h = inf{t : P (t) ≤ 0}.

Obviously h_F ≥ θ(F ). Following the terminology of [52] we call the map F regular if P (h) = 0, strongly regular if there exists t ≥ 0 such that 0 < P (t) < ∞ and hereditarily regular if P (θ_F ) = ∞ (which due to (1c) and (1d) implies that lim_{t↗θF} P (t) = +∞). In view of Proposition 4.2 each strongly regular map is regular and each hereditarily regular map is strongly regular. If F is regular, then m = m_{gh} is called the h-conformal measure for F . Its F -invariant version will be denoted by μ. Let

X_∞ = ⋂ n≥0 F^{−n}(X_0).

The following statement is an immediate consequence of Theorem 4.1

Theorem 4.3. If F is a regular Walters expanding conformal map, then there exists a unique F -invariant Borel probability measure μ_h absolutely continuous with respect to the h-conformal measure m_h. The measure μ_h is ergodic and the Radon-Nikodym derivative is bounded away from zero and ∞.

4.2. Hausdorff and Box Dimensions, Hausdorff and Packing Measures. In this entire section we will be primarily interested in the dynamical system F : X_∞ → X_∞ and geometry of the set X_∞. The first result in this direction, a version of Bowen’s formula is this.

Theorem 4.4. If F : X_0 → X is a Walters expanding conformal map, then HD(X_∞) ≤ h. If, in addition, F is strongly regular, then HD(X_∞) = h and, in particular, HD(X_∞) > θ_F .

Passing to the upper ball-counting dimension (occasionally called box-counting or Minkowski dimension), we let X be an arbitrary metric space and A an arbitrary subset of X. We denote by N_r(A) the minimal number of balls with centres in the set A and of radius r > 0 needed to cover A. The upper ball-counting dimension of A is defined to be

BD(A) = lim sup_{r→0} log N_r(A) − log r . The formula for the upper ball-dimension of the set X is given by the following.

FRACTAL MEASURES AND ERGODIC THEORY 37

Theorem 4.5. If F is a regular Walters expanding conformal map and if W is a finite δ-net of X, then BD(X) = max{HD(X_∞), BD(F^{−1}(W ))}

= max{HD(X_∞), max{BD(F^{−1}(w)) : w ∈ W }}.

We would like to bring the reader’s attention to the fact that although the set F^{−1}(W ) is countable, its box dimension can be positive. We would also like to emphasise the fact that in Theorem 4.5 only the first inverse iterate F^{−1}(W ) is involved and higher inverse iterates are not needed. The problem of determining whether Hausdorff (H^h) and packing (P^h) measures of the set X_∞ are finite and positive is a more delicate issue. However the following general result holds.

Theorem 4.6. If F is a regular Walters expanding conformal map, then H^h(X_∞) < ∞ and P^h(X_∞) > 0. In addition H^h ≪ m_h and m_h ≪ P^h.

The general tools, applied for example to jump-like conformal maps, to deal with the problem whether H^h(X_∞) is positive or vanishes or P^h(X_∞) is finite or infinite are collected in the following theorems.

Theorem 4.7. Suppose F is a regular Walters expanding conformal map. Assume there exist γ ≥ 1 and L > 0 such that for every x ∈ X_0 and for every r satisfying the condition r ≥ γdiam(F^{−1}_x (B(F(x), δ))), we have m(B(x), r)) ≤ Lr^h. Then H^h(X_∞) > 0.

Theorem 4.8. Suppose F is a regular Walters expanding conformal map. If there exist a sequence of points z_j ∈ X, j ≥ 1, and a sequence of positive reals {r_j}^∞_{=1} such that r_j ≤ δ/2 and lim_{j→∞} m_h(B(z_j , r_j)) r^h_j = ∞, then H^h(X_∞) = 0.

Theorem 4.9. Suppose that F is a regular Walters expanding conformal map. Assume that there exist γ ≥ 1 and 0 < ξ ≤ δ such that for every x ∈ X_0 and for every r satisfying the condition γdiam(F^{−1}_x (B(F(x), δ)))) ≤ r ≤ ξ, we have m_h(B(x, r)) ≥ Lr^h. Then P^h(X_∞) < ∞.

Theorem 4.10. Suppose F is a regular Walters expanding conformal map. If there exists a sequence of points z_j ∈ X, j ≥ 1 and a sequence of positive reals {r_j}^∞_{=1} such that lim_{j→∞} m_h(B(z_j , r_j)) r^h_j = 0,

38 JANINA KOTUS AND MARIUSZ URBAŃSKI

then P^h(X_∞) = ∞.

Let Asymp(f) denote from now on the set of asymptotic values of the function f under consideration. Concluding this rather abstract section we would like to write that if f : CI → CI is a meromorphic mapping for which J(f) ∩ ∞⋃ n=0 f^n(Crit_G(f) ∪ Asymp(f)) = ∅,

where J(f) is the Julia set of f, Crit_G(f) is the set of general critical points (i.e. the set of critical points or multiple poles of f), then it is not difficult to prove that if M : CI → CI is a Möbius transformation such that M(∞) /∈ J(f), then the Julia set of the map f̃ = M^{−1} ∘ f ∘ M : CI \ M^{−1}(∞) → CI is a compact subset of CI and f̃ restricted to its Julia set is a conformal Walters expanding map. In particular all the theorems proved in this section apply to f̃.

4.3. Barański and Post-Barański Maps, I. In this section based on Section 4 from [39] we give a brief account of the class of Barański and post-Barański maps. The latter are all Walters expanding conformal maps and provide a good motivation for dealing in the next section with the larger class of jump-like conformal maps. We consider a class of transcendental meromorphic functions of the form

f(z) = H(exp(Q(z))) and f̃(z) = exp(Q(H(z))),

where Q and H are non-constant rational functions. Let Q^{−1}(∞) = {d_j : j = 1, . . . , m} be the set of poles of Q. Then f(z) = H(exp(Q(z))) : CI \ {d_j; j = 1, . . . , m} → CI and f̃(z) = exp(Q(H(z))) : C̄I \ H^{−1}({d_j : j = 1, . . . , m}) → C̄I \ {0, ∞}. We additionally assume that there is at least one pole d_i of Q such that d_i ≠ H(0), H(∞). We may assume without losing generality that d_i = d_1. Then the set Ess_∞(f) := ∞⋃ n=0 f^{−n}({d_j : i = 1, . . . , m}) contains infinitely many points. Since {0, ∞} ∩ H^{−1}(d_1) = ∅, the set Ess_∞(f̃) := ∞⋃ n=0 f̃^{−n}(H^{−1}({d_j := 1, . . . , m})) contains infinitely many points. Using Montel’s criterion it can be easily proved that J(f) = Ess_∞(f) and J(f̃) = Ess_∞(f̃).

FRACTAL MEASURES AND ERGODIC THEORY 39

Notice that Asymp(f) = {H(0), H(∞)} and Asymp(f̃) = {0, ∞} are respectively the sets of asymptotic values f and f̃. We say that f is a Barański map if the following conditions are satisfied (1) J(f) ∩ ⋃_∞ n=0 f^n (Crit(f) ∪ Asymp(f)) = ∅, (2) if a ∈ Crit(Q), then exp(Q(a)) is not a pole of H, (3) if H has a multiple pole, then Q(∞) ≠ ∞.

The map f̃ is then called a post-Barański map. Barański himself in his pioneering paper [7] considered the case where Q is the identity map. The maps f and f̃ are closely related, namely as the following two formulae show, one is a factor of the other. f ∘ H(z) = H ∘ f̃(z) z /∈ Ess(f̃). (4.2)

exp(Q) ∘ f = f̃ ∘ exp(Q) z /∈ Ess(f). (4.3) These relations allow us to deduce lots of valuable dynamical and geometrical properties of the map f from the corresponding properties of the map f̃. This is why the rest of this section is devoted to the post-Barański map f̃. The first observation is that there is a κ ∈ (0, +∞) such that J(f̃) ⊂ {z : e^{−κ} < |z| < e^κ}. The second one is that J(f̃) ∩ ∞⋃ n=0 f̃ n ( Crit_G(f̃) ∪ Asymp(f̃) ) = ∅. Armed with these two observations, one can prove the following first basic results about post-Barański maps.

Theorem 4.11. f̃ : J(f̃) \ {b_j : j = 1, . . . , p} → J(f̃) is a Walters expanding conformal map.

Here {b_j : j = 1, 2, . . . , p} = (Q ∘ H)^{−1}(∞). For every j = 1, . . . , p let q_j ≥ 1 be the order of b_j treated as a pole of Q ∘ H. Note that for every z ∈ J(f̃), each holomorphic branch of f̃^{−1} defined on the ball B(z, 2δ) can be expressed in the form f̃^{−1}_{j,a,n}(w) = (Q ∘ H)^{−1}_{j,a} (log(w) + 2πin), (4.4)

where j = 1, . . . , p, a = 1, . . . , q_j , log w is the value of the logarithm of w lying in the rectangle [−κ, κ] × [0, 2π] and (Q ∘ H)^{−1}_{j,a} is a local holomorphic inverse branch of Q ∘ H. For n with sufficiently large modulus each such inverse branch can be interpreted as a branch of (Q∘H)^{−1} defined on some vertical strip either of the form [−κ, κ] × [T, +∞] or [−κ, κ] × [−∞, −T ],

40 JANINA KOTUS AND MARIUSZ URBAŃSKI

T >> 1, depending up on whether n is positive or negative and sending ∞ to the pole b_j of Q ∘ H. Let (X, d) be a compact metric space. For every A, B ⊂ X define dist(A, B) := inf{d(a, b) : a ∈ A, b ∈ B} and Dist(A, B) := sup{d(a, b) : a ∈ A, b ∈ B}. Tedious technical calculations lead to the following basic facts about post-Barański map.

Theorem 4.12. The map f̃_|J(f̃) is a jump-like conformal map, i.e. there exist C ≥ 1 and A ≥ 2 such that the following conditions are satisfied: (2a) {b_j : j = 1, . . . , b_p} ∩ f̃^{−1}(J(f̃)) = ∅.

(2b) For every x ∈ J(f̃) the set f̃^{−1}(x) can be uniquely represented as {x_{j,a,n} : n ∈ ZZ, 1 ≤ j ≤ p, 1 ≤ a ≤ q_j }. (2c) max_{1≤j≤p} max_{1≤a≤qj} sup_{x∈J(}~_{f )}{lim_{n→∞} Dist(b_j , f̃^{−1}_{j,a,n}(B(x, δ)))} = 0. (2d) ∀z ∈ J(f̃), ∀1 ≤ j ≤ p, ∀1 ≤ a ≤ q_j , ∀n ∈ ZZ, |n| ≥ A C^{−1}|n|^− qj +1 qj ≤ |(f̃^{−1}_{j,a,n})^′(z)| ≤ C|n|^− qj +1 qj . (2e) ∀w, z ∈ J(f̃), ∀1 ≤ j ≤ p, ∀a, b ∈ {1, . . . , q_j }, ∀k, n ∈ ZZ, ||k| − |n|| ≥ A, |n| ≥ A, |k| ≥ A dist(f̃^{−1}_{j,a,k}(B(w, δ)), f̃^{−1}_{j,b,n}(B(z, δ))) ≥ C^{−1} | | ||k|^{− 1qj} − |n|^{− 1qj} | | | . (2f) ∀w, z ∈ J(f̃), ∀1 ≤ j ≤ p, ∀a ∈ {1, . . . , q_j }, ∀k, n ∈ ZZ, kn > 0, ||k| − |n|| ≥ A, |n| ≥ A, |k| ≥ A Dist(f̃^{−1}_{j,a,k}(B(w, δ)), f̃^{−1}_{j,b,n}(B(z, δ))) ≤ C | | | ||k|^{− 1qj} − |n|^{− 1qj} | | | | . As an immediate consequence of (2d), with a bigger constant C perhaps, we get the following ∀x ∈ J(f̃), ∀_{1≤j≤p}, ∀1 ≤ a ≤ q_j , ∀n ∈ ZZ, |n| ≥ A C^{−1}|n|^− qj +1 qj ≤ diam(f̃^{−1}_{j,a,n}(B(x, δ))) ≤ C|n|^− qj +1 qj . (4.5) Letting k → ∞, it immediately follows from (2c), (2e) and (2f) that ∀1 ≤ j ≤ p, ∀_{x∈J(}~_{f)}, ∀1 ≤ a ≤ q_j , ∀|n| ≥ 2A C^{−1}|n|^{− 1qj} ≤ dist(b_j , f̃^{−1}_{j,a,n}(B(x, δ))) ≤ Dist(b_j , f̃^{−1}_{j,a,n}(B(x, δ))) ≤ C|n|^{− 1qj} . (4.6)

FRACTAL MEASURES AND ERGODIC THEORY 41

We end this section with large classes of examples of Barański maps. The family f_λ(z) = λ tan(z), 0 < |z| < 1 was explored in [7]. In fact the map λ tan(z) is a Barański map as long as both asymptotic values ±λi lie in basins of attraction to attracting periodic cycles. If Q(z) is a polynomial different than identity, we have a transcendental meromorphic function f of the complex plane with one essential singularity at ∞. The most transparent class of examples is provided by the following.

Example 1. Let f(z) = A exp(z^p) + B exp(−z^p) C exp(z^p) + D exp(−z^p) , AD − BC ≠ 0. Thus Crit(f) = {0}, Crit_G(f) = Crit(f) and Asymp(f) = {^A_C ,^B_D }. If^A_C ,^B_D ≠ ∞, then f is not entire. Notice that conditions (2) and (3) of the definition of Barański maps are always satisfied for the map f. If in addition, condition (1) is satisfied, then f is a Barański map and all the results stated in the forthcoming Section 4.5 apply. If Q is not a polynomial, then f has more then one essential singularity. Let us analyse in detail the following concrete example of this type.

Example 2. Let H(z) = z, Q(z) =^{z−1}_{z+1} . Then f : CI \ {−1} → CI \ {0, ∞},

f(z) = exp ( z − 1 z + 1 ) . and f̃ = f. Since the pole of Q is not an omitted value of f, we see that ⋃_∞ n=0 f^{−n}(−1) contains infinitely many points and consequently J(f) = ∞⋃ n=0 f^{−n}(−1). Since f^{−1}(S^1) ⊂ S^1, we have f^{−n}(−1) ∈ S^1 for all n ∈ IN. Therefore J(f) ⊂ S^1. We shall prove that f is a Barański map and its Julia set J(f) is a topological Cantor set. Note that Crit_G(f) = ∅ and Asymp(f) = {0, ∞}. One can check that f(1) = 1 and f^′(1) = 1/2, so the number = 1 is an attracting fixed point of f. Thus J(f) is a topological Cantor set contained in the circle S^1. In order to conclude the proof it is now sufficient to demonstrate that 1 attracts both asymptotic values 0 and ∞. Since f^′(x) > 0 for x ∈ IR \ {−1}, the function f is strictly increasing on (−∞, −1) and (−1, +∞). Now, if x ∈ (1, ∞), then f(1) < f(x) < x. This implies that lim_{n→∞} f^n(x) = 1 for all x ∈ (1, ∞). In particular lim_{n→∞} f^n(∞) = 1 since f(∞) = e ∈ (1; ∞). If x ∈ (−1, 1), then x < f(x) < f(1) = 1. This implies that lim_{n→∞} f^n(x) = 1 for all x ∈ (−1, 1). In particular lim_{n→∞} f^n(0) = 1 since f(0) = 1/e ∈ (−1, 1). We are done.

4.4. Jump-like Conformal Maps. It turns out that the properties established in Theorem 4.11 and Theorem 4.12 are themselves sufficient to provide a fairly complete description of dynamics and geometry of the maps appearing in these theorems. This motivated us to

42 JANINA KOTUS AND MARIUSZ URBAŃSKI

single them out and to introduce the class jump-like conformal maps. We call a Walters expanding conformal map F : X_0 → X jump-like if the following requirements are met. There exist C ≥ 1, p ≥ 1, A ≥ 2, b_j ∈ X and q_j ≥ 1 for every j = 1, . . . , p such that the following conditions are satisfied: (3a) {b_1, . . . , b_p} ∩ F^{−1}(X) = ∅. (3b) For every x ∈ X, the set F^{−1}(x) can be uniquely represented as {x_{j,a,n} : n ∈ ZZ, 1 ≤ j ≤ p, 1 ≤ a ≤ q_j }. (3c) max_{1≤j≤p} max_{1≤a≤qj} sup_{x∈X} {lim_{n→∞} Dist(b_j, F^{−1}_{xj,a,n} (B(x, δ)))} = 0. (3d) ∀x ∈ X, ∀1 ≤ j ≤ p, ∀1 ≤ a ≤ q_j , ∀n ∈ ZZ, |n| ≥ A, C^{−1}|n| qj +1 qj ≤ |F^′(x_{j,a,n})| ≤ C|n| qj +1 qj . (3e) ∀y, z ∈ X, ∀1 ≤ j ≤ p, ∀a, b ∈ {1, . . . , q_j }, ∀k, n ∈ ZZ, ||k| − |n|| ≥ A, |n| ≥ A, |k| ≥ A, dist(F^{−1}_{yj,a,k} (B(y, δ)), F^{−1}_{zj,b,n} (B(z, δ))) ≥ C^{−1} | | ||k|^{− 1qj} − |n|^{− 1qj} | | | . (3f) ∀y, z ∈ X, ∀1 ≤ j ≤ p, ∀a ∈ {1, . . . , q_j }, ∀k, n ∈ ZZ, kn > 0, ||k| − |n|| ≥ A |n| ≥ A, |k| ≥ A, Dist(F^{−1}_{yj,a,k} (B(y, δ)), F^{−1}_{zj,a,n} (B(z, δ))) ≤ C | | | ||k|^{− 1qj} − |n|^{− 1qj} | | | | . The name ‘jump-like’ is motivated by a fairly strong formal similarity of those maps and the jump maps considered in the theory of parabolic rational functions. It is a matter of relatively simple calculation to prove the following

Proposition 4.13. Suppose that F : X_0 → X is a jump-like conformal map and let q = max{q_j : 1 ≤ j ≤ p}. Then the map F is hereditarily regular and θ_F =^q_{q+1} .

As an immediate consequence of this proposition and Theorem 4.3, we get the following.

Theorem 4.14. If F is a jump-like conformal mapping, then there exists a unique F -invariant Borel probability measure μ_h absolutely continuous with respect to the h-conformal measure m_h. The measure μ_h is ergodic and the Radon-Nikodym derivative is bounded away from zero and ∞.

Since it is easy to see that if F is a jump-like conformal map, then for every x ∈ X, BD(F^{−1}(x)) =^q_{q+1} , where q = max{q_j : 1 ≤ j ≤ p}, as an immediate consequence of Proposition 4.13 and Theorem 4.5 we get the following.

Theorem 4.15. If F : X_0 → X is a jump-like conformal map, then

BD(X) = HD(X_∞).

FRACTAL MEASURES AND ERGODIC THEORY 43

Based on the assumptions (3a)-(3f) one can verify by very technical considerations the sufficient conditions established in Section 4.2. As the result we get the following complete description of geometric measures, and simultaneously, geometric characterisation of dynamically defined, conformal measure m_h.

Theorem 4.16. Suppose that F : X_0 → X is a jump-like conformal map. Then (a) If h < 1, then 0 < P^h(X_∞) < ∞ and H^h(X_∞) = 0. (b) If h = 1, then 0 < P^h(X_∞), H^h(X_∞) < ∞. (c) If h > 1, then 0 < H^h(X_∞) < ∞ and P^h(X_∞) = ∞.

4.5. Barański and Post-Barański Maps, II. In view of Theorem 4.11 and Theorem 4.12 from Section 4.3, all post-Barański maps are jump-like. Therefore, their fractal and dynamical properties proved in [39] can be briefly comprised in the following.

Theorem 4.17. Proposition 4.13, Theorem 4.15, Theorem 4.14 and Theorem 4.16 are true with jump-like conformal maps replaced by post-Barański maps.

Since H(J(f̃)) = J(f), where f is a Barański map and H is the rational function involved in the formula defining it, one can deduce relatively easily the following.

Theorem 4.18. If f is a Barański map, then:

(a) If h < 1, then P^h(J(f)) > 0 and P^h|_{J(f)} is σ-finite, while H^h(J(f)) = 0. (b) If h = 1, then P^h(J(f)) > 0, H^h(J(f)) > 0 and both measures restricted to J(f) are σ-finite.

(c) If h > 1, then H^h(J(f)) > 0 and H^h|_{J(f)} is σ-finite, while P^h(J(f)) = ∞, where the Hausdorff measure and packing measure are defined by means of Euclidean metric.

Theorem 4.19. If f is a Barański map, then: (a) If h < 1, then 0 < P^h(J(f)) < ∞ and H^h(J(f)) = 0. (b) If h = 1, then 0 < P^h(J(f)), H^h(J(f)) < ∞. (c) If h > 1, then 0 < H^h(J(f)) < ∞ and P^h(J(f)) = ∞, where the Hausdorff measure and packing measure are defined by means of spherical metric.

Call Hausdorff or packing measure on J(f) geometric if it is finite and positive. Using the semi-conjugacy H ∘ f̃ = f ∘ H established in Section 4.3, the following result is an immediate consequence of Theorem 4.17.

44 JANINA KOTUS AND MARIUSZ URBAŃSKI

Theorem 4.20. If f is a Barański map then there exists a unique f-invariant probability measure equivalent to a conformal measure.

5. Hyperbolic Meromorphic and Entire Functions

The paper [51], whose contents we briefly describe in this section, presents a new uniform approach to the theory of thermodynamic formalism for a very wide class of meromorphic functions of finite order. The key point is to associate to a given meromorphic function f : CI → CI a suitable Riemannian metric dσ = γ|dz|. One then uses Nevanlinna’s theory to construct conformal measures for the potentials −t log |f^′|_σ and control the corresponding Perron–Frobenius operator’s. Here |f^′(z)|_σ = |f^′(z)| γ ∘ f(z) γ(z) is the norm of the derivative of f with respect to the metric dσ. With this tool in hand one is able to obtain geometric information on the Julia set J(f) and on the radial (or conical) Julia set J_r(f) = {z ∈ J(f) : lim inf_{n→∞} |f^n(z)| < ∞} . In [51], in contrast to the works reported on in the previous sections, no periodicity is needed nor Walters expanding property is assumed to be satisfied. We now give a fairly precise description of the results obtained in [51].

5.1. Thermodynamical Formalism. The main idea, which among others allows one to abandon periodicity, is to associate to a given meromorphic function f a Riemannian conformal metric dσ = γ|dz| with respect to which the Perron-Frobenius-Ruelle (or transfer) operator L_tϕ(w) = ∑ z∈f^{−1}(w) |f^′(z)|^{−t}_σ ϕ(z) (5.1)

is well defined and has all the required properties that make the thermodynamical formalism work. Such a good metric can be found for meromorphic functions f : CI → CI that are of finite order ρ and do satisfy the following growth condition for the derivative:

Rapid derivative growth: There are α_2 > max{0, −α_1} and κ > 0 such that

|f^′(z)| ≥ κ^{−1}(1 + |z|^{α1} )(1 + |f(z)|^{α2} ) (5.2)

for all finite z ∈ J(f) \ f^{−1}(∞). Throughout the entire paper we use the notation

α = α_1 + α_2.

This condition is very general and forms the second main idea of [51]. It is comfortable to work with and relatively easy to verify for a large natural class of functions which include the entire exponential family λe^z, certain other periodic functions (sin(az + b), λ tan(z), elliptic

FRACTAL MEASURES AND ERGODIC THEORY 45

functions...), the cosine-root family cos( √ az + b) and the composition of these functions with arbitrary polynomials. The Riemannian metric σ we mentioned above is this. dσ(z) = (1 + |z|^{α2} )^{−1}|dz|. The third and fourth basic ideas in [51] were to revive the old method of construction of conformal measures from [16] (which itself stemmed from the work of Sullivan [66], [67], [68] and Patterson [56]) and to employ results and methods coming from Nevanlinna’s theory. These allow to perform the construction of conformal measures and to get a good control of the Perron-Frobenius-Ruelle operator, resulting in the following key result of [51].

Theorem 5.1. If f : CI → CI is an arbitrary hyperbolic meromorphic function of finite order ρ that satisfies the rapid derivative growth condition (5.2), then for every t >^ρ_α the following are true.

(1) The topological pressure P(t) = lim_{n→∞}^1_n log L^n_t (11)(w) exists and is independent of w ∈ J(f) ∩ CI. (2) There exists a unique λ|f^′|^t_σ-conformal measure m_t and necessarily λ = e^{P(t)}. Also, there exists a unique Gibbs state μ_t, i.e. μ_t is f-invariant and equivalent to m_t. Moreover, both measures are ergodic and supported on the radial (or conical) Julia set.

(3) The density ψ = dμ_t/dm_t is a continuous and bounded function on the Julia set J(f).

Note that for the existence of e^{P(t)}|f^′|^t_σ-conformal measures the assumption of hyperbolicity is not needed. Note also that even in the context of exponential functions (λe^z) and Walters expanding conformal maps, this result is strictly speaking new since it concerns the map f itself and not its projection onto infinite cylinder. An important case in Theorem 5.1 is when h is a zero of the pressure function t → P(t). In this situation, the corresponding measure m_h is |f^′|^h_σ-conformal, also called simply h-conformal. Such a (unique) zero h > ρ/α exists provided the function f satisfies the following two additional conditions:

Divergence type: The series Σ(t, w) = ∑ z∈f^{−1}(w) |z| −t diverges at the critical exponent (which is the order of the function t = ρ; w is any non Picard exceptional value).

Balanced growth condition: There are α_2 > max{0, −α_1} and κ > 0 such that

κ^{−1}(1 + |z|^{α1} )(1 + |f(z)|^{α2} ) ≤ |f^′(z)| ≤ κ(1 + |z|^{α1} )(1 + |f(z)|^{α2} ) (5.3)

for all finite z ∈ J(f) \ f^{−1}(∞).

Indeed, we have the following.

Theorem 5.2. (Bowen’s formula) If f : CI → CI is a hyperbolic meromorphic function that is of finite order ρ > 0, of divergence type and of balanced derivative growth with α_1 ≥ 0, then

46 JANINA KOTUS AND MARIUSZ URBAŃSKI

the pressure function P(t) has a unique zero h > ρ/α and

HD(J_r(f)) = h .

In addition, one easily proves that HD(J_r(f)) < 2.

5.2. Real Analyticity. In the paper [51] the authors developed a new approach to the issue of real analyticity of the hyperbolic dimension of hyperbolic meromorphic functions. It allowed them to employ the method of holomorphic extensions of generalised Perron-Frobenius operators worked out in [75] (comp. [14], [44] ). As the most transparent outcome of this work, the following theorem (extending the results from [74], [44] and [14]) has been proved.

Theorem 5.3. Let f : CI → CI be either the sine, tangent, exponential or the Weierstrass elliptic function and let f_λ(z) = f(λ_dz^d + λ_{d−1}z^{d−1} + ... + λ_0), λ = (λ_d, λ_{d−1}, ..., λ_0) ∈ CI^∗ × CI^d. Then the function λ → HD(J_r(f_λ))

is real-analytic in a neighbourhood of each parameter λ^0 giving rise to a hyperbolic function f_λ0 .

This result is an example of an application of the general Theorem 5.4 that we present below. Recall that the Speiser class S is the set of meromorphic functions f : CI → CI that have a finite set of singular values Sing(f^{−1}). We will work in the subclass S_′ which consists in the functions f ∈ S that have a strictly positive and finite order ρ = ρ(f), and that are of divergence type. Fix Λ, an open subset of CI^N , N ≥ 1. Let

M_Λ = {f_λ ∈ S_0 ; λ ∈ Λ} , Λ ⊂ CI^N ,

be a holomorphic family such that the singular points sing(f^{−1}_λ ) = {a_{1,λ}, ..., a_{d,λ}) depend continuously on λ ∈ Λ. Consider furthermore H ⊂ S_′, the set of hyperbolic functions from S_′ and put HM_Λ = M_Λ ∩ H.

We say that M_Λ is of bounded deformation if there is M > 0 such that for all j = 1, ..., N | | | | ∂f_λ(z) ∂λ_j | | | | ≤ M|f^′_λ(z)| , λ ∈ Λ and z ∈ J(f_λ). (5.4) We also say that M_Λ is of uniformly balanced growth provided every f ∈ M_Λ satisfies the condition (5.3) with some fixed constants κ, α_1, α_2.

FRACTAL MEASURES AND ERGODIC THEORY 47

Theorem 5.4. Suppose ϕ_λ0 ∈ HM_Λ and that U ⊂ Λ is an open neighbourhood of λ^0 such that M_U is of uniformly balanced growth and of bounded deformation. Then the map λ → HD(J_r(f_λ)) is real-analytic near λ^0.

6. Non-hyperbolic Barański maps In this section we report on the class R of function of the form f(z) = R ∘ exp(z), (6.1) where R is a non-constant rational function and the singular set Sing(f^{−1}) of f^{−1} is allowed to intersect the Julia set. The results we described were obtained by Kotus and Skorulski in [36],[37], [38] [63]. Note that formally the above function f is of the form of Barański functions explored in the last three sections of Chapter 4, with R = H and Q being the identity map. The singular set Sing(f^{−1}) clearly consists of (finitely many) critical values of f and two asymptotic values R(0), R(∞). The class R is defined to consist of those functions given by (6.1) for which there exists an integer q ≥ 0 such that ∞ ∈ f^q ( {R(0), R(∞)} ) . The class H instead consists of those functions defined by (6.1) for which ∞ ∉ {R(0), R(∞)} and the forward orbit of the set {R(0), R(∞)} under iterations of f stays within a positive distance from the Julia set J(f). In what follows, we will consider the classes R and H separately.

6.1. The Class R. First, single out from R the family P of all its entire functions, f ∈ P if and only if R^{−1}(∞) ∈ {0, ∞}. Set then Q := R \ P. Let Q_1 be the family of all those functions in Q for which exactly one of the asymptotic values R(0) or R(∞) is eventually mapped onto ∞. Put Q_2 := Q \ Q_1, i.e. both R(0) and R(∞) eventually land at ∞. Put P_1(f) := Θ^+(Sing(f^{−1})) \ Θ^+({R(∞)}) (6.2) and P_2(f) := Θ^+(Sing(f^{−1})) \ Θ^+({R(0), R(∞)}). (6.3) Let χ denote the chordal metric on the Riemann sphere CI. Set P^∗ :={f ∈ P : dist_χ(P_1(f), J(f)) > 0}, Q^∗_1 :={f ∈ Q_1 : dist_χ(P_1(f), J(f)) > 0}, Q^∗_2 :={f ∈ Q_2 : dist_χ(P_2(f), J(f)) > 0}. and R^∗ := P^∗ ∪ Q^∗_1 ∪ Q^∗_2. (6.4)

48 JANINA KOTUS AND MARIUSZ URBAŃSKI

Exactly as in Section 2, the map f is projected down to the map F of the cylinder C = CI/ ∼ and J_r(F ) is defined to be composed of all those points z ∈ J(F ) whose ω-limit set ω(z) is not contained in the union of {−∞, +∞} and the closure of the postsingular set of f. Using method of K(V ) set (see Appendix 1) the following two theorems have been proved in [63] (comp.[62]).

Theorem 6.1. Let f ∈ R^∗. Then

a) There exists h-conformal measure m on J(F ) for F such that m is atomless and m(J_r(F )) = 1.

b) If m^′ is a probabilistic measure on J(F ) which is t-conformal for some t > 1, then m^′ = m.

c) F is ergodic with the respect to the measure m. d) 1 < HD(J_r(F )) = h < 2. and Theorem 6.2. If f ∈ R^∗ and t > 1, then there exist a unique α_t and a unique (t, α_t)- conformal measure m_t for F : J(F ) → J(F ) ∪ {∞}. In addition, m_t(J_r(F )) = 1 and the map F is ergodic with respect to the measure m_t.

Restricting our attention to the class Q^∗_2 ⊂ R^∗, we would like to report that J.Kotus, making use of Theorem 6.1, was able to prove the following.

Theorem 6.3. If f ∈ Q^∗_2, then 0 < H^h(J_r(F )) < ∞, and, in particular, H^t and the conformal measure m (coming from Theorem 6.1) coincide up to a multiplicative constant.

Theorem 6.4. The packing measure P^h, restricted to J_r(F ), is locally infinite at every point of J_r(F ).

Theorem 6.5. For every function f ∈ Q^∗_2 there exists exactly one Borel probability F - invariant measure μ absolutely continuous with respect to the h-conformal measure m. Moreover μ is ergodic and equivalent to m.

6.2. The Class H. Let B = Π(f^{−1}(∞)), where Π is the canonical projection from CI onto the cylinder CI/ ∼. Notice that if f ∈ H, then there exists K̃ > 0 such that K̃ < ReJ(F ) < K̃. (6.5)

FRACTAL MEASURES AND ERGODIC THEORY 49

Observe that every point in B is a discontinuity point of F . We call the points of B the poles of F . The set of critical points of F we denote by Crit(F ) := π(Crit(f)). Let J_{bd}(F ) = {z ∈ J(F ) : sup_{n≥1} |Re(f^n(z))| < K̃, inf_{n≥1}{|f^n(z) − b_i|} > 0, b_i ∈ B }. Let c be a critical point of f eventually mapped onto ∞, i.e. there exists k ≥ 2 and a pole b ∈ B such that f^{k−1}(c) = b. Then there exist A = A(f^{k−1}, c) ≥ 1 and p ≥ 2 such that A^{−1}|z − c|^p ≤ |f^{k−1}(z) − f^{k−1}(c)| ≤ A|z − c|^p. (6.6) Then p = p(f^{k−1}, c) we call the order of f^{k−1} at the critical point c. Let q_b denote the multiplicity of the pole b. Define p := sup{p_c : c ∈ Crit(f) s.t. f^k(c) = ∞ for some k ∈ IN }

q := sup{q_b : b ∈ B s.t. ∃c ∈ Crit(f), ∃k ∈ IN and f^k(c) = b}.

Let J_r(F ) be the set of the points in J(F ) whose ω-limit set is not contained in B. The following results have been proved in [37].

Theorem 6.6. If f ∈ H then HD(J_{bd}(F )) >^{pq}_{pq+1} .

Theorem 6.7. If f ∈ H, then HD(J_r(f)) = HD(J_r(F )) = h ∈ (^{pq}_{pq+1} , 2).

Theorem 6.8. If f ∈ H, then the h-conformal measure m is a unique t-conformal probability measure, with t >^{pq}_{pq+1} , for F : J(F ) → J(f) ∪ {∞}. In addition, m is conservative and ergodic.

Concerning Gibbs and equilibrium states, we would like to end this section by bringing reader’s attention to the fact that, as it was shown in [36], with the same methods as those worked out in [50], one can prove all the same results for the functions in the class H and appropriate potentials, as those stated in Section 3.2 for elliptic functions.

7. Transcendental entire and meromorphic functions - the Lebesgue measure outlook

7.1. The Lebesgue Measure of Points Escaping to ∞. In the previous chapter we have explored in detail the fractal and dynamical properties of some significant classes of transcendental entire and meromorphic functions. We have frequently supplied the reader with the information concerning the Lebesgue measure of Julia set and points escaping to infinity. In this chapter we would like to deal with much bigger classes (S and B) of transcendental

50 JANINA KOTUS AND MARIUSZ URBAŃSKI

functions and to discuss the Lebesgue measure of corresponding Julia sets and points escaping to ∞. Recall that S = {f : CI → CI : transcendental meromorphic s.t. Sing(f) is finite} and B = {f : CI → CI : transcendental meromorphic s.t. Sing(f) is bounded}, where Sing(f^{−1}) = {z ∈ CI : z is a finite singularity of f^{−1}}.

Recall also that P (f) = {z ∈ CI : z is a finite singularity of f^{−n} for some n ≥ 1} and for every n ≥ 1 define I_n(f) = {z ∈ CI : lim_{m→∞} f^{mn}(z) = ∞}. Let l_2 be the Lebesgue measure on CI. For a long time, it was expected in conformal dynamics that either J(f) = CI or l_2(J(f)) = 0. Whereas this is still an open problem in the class of all rational functions, for transcendental functions this dichotomy fails. This failure was already established in 1987 by C. McMullen who proved in [53] the following remarkable fact.

Theorem 7.1. Let for all a, b ∈ CI, f_{a,b}(z) = sin(az + b). If a ≠ 0, then l_2(I_1(f_{a,b})) > 0. Consequently l_2(J(f_{a,b})) > 0.

We would like however to add that (see Section 2.5) I. Coiculescu and B. Skorulski proved in [13] that the set of points not escaping to infinity under the action of f_{a,b}, a ≠ 0 has Hausdorff dimension less than 2. In the opposite direction A. Eremenko and M. Lyubich in [26] formulated a rather general sufficient condition for the set I_1(f) to have zero Lebesgue measure. Given r, R > 0 let Θ_R(r, f) denote the linear measure of the set {θ : |f(re^{iθ})| < R}. Let f : CI → CI satisfy the following condition.

E(f, R) := lim inf_{r→∞} 1 ln r ∫_r 1 Θ_R(r, f) dt t > 0. (7.1)

The sufficient condition of A. Eremenko and M. Lyubich is this.

Theorem 7.2. If f ∈ B is a transcendental entire function and E(f, R) > 0 for all R > 0, then l_2(I_1(f)) = 0.

The assumption of this theorem has been checked for all entire functions of finite order which have at least one finite logarithmic singularity, in particular for all exponential maps z ∈ λ exp(z), λ ∈ CI \ {0}, studied in Chapter 2.

FRACTAL MEASURES AND ERGODIC THEORY 51

Theorem 7.2 was extended in [34] to the class of meromorphic functions (in B) under some additional conditions on the orders of poles, their residual and principal parts. In particular, these assumptions are satisfied for all elliptic functions. However in [41] (see Section 3.1) we have proved for these maps much stronger result, that HD(I_1(f)) < 2 with completely different methods. Another important class of meromorphic functions fulfilling the assumptions of Keen and Kotus from [34] is formed by the maps λ tan(z), λ ∈ CI \ {0}.

By other methods, results of a different kind were obtained by Bock in [11]. First, for every n ≥ 1, he introduced the class

B_n := {f : CI → C̄I : transcendental meromorphic s.t. n−1⋃ i=0 f^i(Sing(f^{−1})) ∩ CI is bounded}.

Notice that {B_n}^∞_{n=1} is a descending sequence and B_1 = B. A plane set E is called thin at ∞ if its density is bounded away from 1 in all sufficiently large disks, that is, if there exist a positive R and ϵ such that for all complex z and every disc B(z, r) of centre z and radius r > R density(E, B(z, r))) = l_2(E ∩ B(z, r)) D(z, r) < 1 − ϵ. Bock’s first result is this.

Proposition 7.3. Let ω ∈ CI \ {0} and let f ∈ B_n be periodic with period ω. If there is r > 0 such that the set f^{−n}(B(0, r)) is thin at ∞, then l_2(I_n(f)) = 0.

It easily follows from this proposition that the Lebesgue measure of the set of points escaping to infinity under any fixed member of the exponential or tangent family is equal to zero.

Let us now formulate Bock’s results going in the opposite direction. For any s ∈ (−π, π), α > 0 and K > 0 let W_{α,K} (s) := {z ∈ D(0, 1) : ∃v ∈ {−1, 0, 1} |arg(z) − s − 2vπ| ≤ K/(− log(|z|))^α}. The announced theorem is this.

Theorem 7.4. Let f ∈ B_n, n ≥ 1. Suppose that there exist α > 0, t_0 > 0, R_0 > 1, N ≥ 1, and angles s_0, . . . , s_{N−1} ∈ [−π, π) such that for all t > t_0 B(0, R_0) \ ⋃ {W_{α,t}(s_v) : v ∈ {0, . . . , N − 1}} ⊂ f^{−n}(B(0, e^t)). Then l_2(I_n(f)) > 0.

This theorem along with Proposition 7.3 has rather unexpected consequences for the tangent family. Let g_λ(z) = λ tan(z), λ ∈ CI \ {0}. For every p ≥ 1 let C_p = {λ ∈ CI \ {0}, g^p_λ(±λi) = ∞}.

52 JANINA KOTUS AND MARIUSZ URBAŃSKI

It follows from Theorem 7.4 that if λ ∈ C_p, then l_2(I_{p+1}(g_λ)) > 0, whereas we already noted, that l_2(I_1(g_λ)) = 0 by Proposition 7.3.

7.2. Milnor’s Metric Attractors. Let (M, ρ) be a compact Riemann manifold, let X be an arbitrary subset of M and let T : X → M be a continuous map. Put X_∞ = ⋂_∞ n=0 T^{−n}(M).

Then T (X_∞) ⊂ X_∞. A closed set A ⊂ M is called a Milnor’s metric attractor of T provided that there exists a Borel set B ⊂ X_∞ with the same Lebesgue measure as X_∞ and such that lim_{n→∞} ρ(T^n(z), A) = 0 or equivalently ω(z) ⊂ A for all z ∈ B. Notice that any countable intersection of Milnor’s attractors is a Milnor’s attractor. A is called a minimal Milnor’s attractor if it does not contain any proper subset which is a Milnor’s attractor.

The structure of Milnor’s attractors for transcendental meromorphic functions was described fairly completely in [11]. Let us formulate it here. We treat CI as a compact Riemannian manifold with the spherical metric. Bock’s result is this.

Theorem 7.5. Let f be a transcendental meromorphic function. Then at least one of the following statements holds:

(a) the set P (f) ∪ {∞} is a Milnor’s attractor for f : J(f) → CI (b) J(f) = CI and CI is the minimal Milnor’s attractor for f : J(f) → CI. Furthermore, the map f : CI → CI is conservative with respect to the Lebesgue measure.

We would like to note that an analogous result in the class of rational functions has been proved by M. Lyubich in [45]. In [40] we have provided an alternative proof of a part (b) of Bock’s theorem. The precise formulation of our result is the following.

Proposition 7.6. Let f : CI → CI be a transcendental meromorphic function such that J(f) = CI. If l_2({z : ω(z) ⊂ P (f) ∪ {∞}}) = 0, then f is ergodic and conservative with respect to the Lebesgue measure.

As an immediate consequence of Theorem 7.5, we get the following result noted in Bock’s paper [11].

Corollary 7.7. If the set Sing(f^{−1}) is finite and each singularity of f^{−1} is preperiodic but not periodic then the statement (b) holds for f. In particular CI is the minimal attractor for f. For an entire transcendental function f it is impossible to satisfy the assumption of this criterion because in this case ∞ is a transcendental singularity which does not belong to the domain of f and therefore can not be a preperiodic point of f. However Bock proved in [10] the following.

FRACTAL MEASURES AND ERGODIC THEORY 53

Corollary 7.8. Let f be non-constant entire function. Suppose that Sing(f^{−1}) is finite and each singularity of f^{−1} is preperiodic but not periodic. Then either ∞ or CI is a minimal Milnor’s attractor for f : CI → CI. In the later case it even holds that ω(z) = CI for Lebesgue a.e. z ∈ CI. The first example of a transcendental function for which P (f) is a metric attractor is due to M. Rees who proved in [59] that if E(z) = e^z, then {E^n(0)}^∞_{n=0} ∪ {∞} is a Milnor’s attractor for f. She also proved that the exponential map is not recurrent, i.e. that there exists a Borel set B ⊂ CI with positive Lebesgue measure such that B ∩ f^n(B) = ∅ for all n ≥ 1. M. Lyubich has clarified the situation completely by proving in [46] the following (see also Section 2.1)

Theorem 7.9. {E^n(0)}^∞_{n=0} ∪ {∞} is the minimal Milnor’s attractor’s for the exponential function E(z) = e^z. In addition, E is not ergodic with respect to the Lebesgue measure.

J.M. Hemke has provided in [30] several sufficient conditions for the alternative (a) from Theorem 7.5 to hold. We present now some of his results. The most general of Hemke’s sufficient conditions is this.

Theorem 7.10. Let f : CI → CI be a meromorphic function, A ⊂ CI finite and G ⊂ CI, such that (a) there exists ϵ > 0, such that the map s : G → A ∪ {0} : z → { s if ∃s ∈ A : |f(z) − s| ≤ exp(|z|^ϵ) 0 if |f(z)| ≥ exp(|z|^ϵ) is well defined and there are δ_1, δ_2 ∈ IR, such that for all z ∈ G, |z|^{δ1} ≤ | | | | f^′(z) f(z) − s(z) | | | | ≤ |z|^{δ2} ; (b) there exists B > 1 and β ∈ (−∞, 1), such that for every measurable set D ⊂ {z : dist(z, CI \ G) ≤ 2|z|^{−δ1} }, l_2(D) ≤ Bdiam(D) sup_{z∈D} |z|^β;

(c) lim_{m→∞} f^m(s) = ∞ and B(f^m(s), 2|f^m(s)|^τ ) ⊂ G for some τ > β, almost all m ∈ IN and all s ∈ A.

Then the set T (f) := {z : ω(z) ⊂ Θ^+(A)} has positive measure. In particular, if A = P (f), then P (f) is a Milnor’s attractor for f.

54 JANINA KOTUS AND MARIUSZ URBAŃSKI

A point z ∈ CI is said to escape exponentially, if lim_{n→∞} f^n(z) = ∞ and |f^n(z)| ≥ exp(|f^{n−1}(z)|^δ) for some δ > 0, and all integers n ≥ 1. Theorem 7.10 was applied in [30] to the class of function of the form f(z) = ∫_z 0 P (t) exp(Q(t))dt + c (7.2)

with polynomials P and Q and c ∈ CI, such that Q is non-constant and P not identically zero. These functions have at most deg(Q) finite asymptotic values and deg(P ) critical points. Namely:

Theorem 7.11. Let f be a meromorphic function of the form (7.2). Suppose that all finite asymptotic values escape exponentially. Then the Julia set J(f) has positive Lebesgue measure and P (f) is a Milnor’s attractor for f : J(f) → J(f) ∪ ∞. In addition, if deg(Q) ≥ 3, then l_2(F (f)) < ∞.

The function f(z) = exp(z^3 + az + b), where a =

(_{27π2} 16 )_{1/3} and b = log( √ a/3) was proved in [30] to satisfy all the assumptions of Theorem 7.10. Under additional assumption Hemke was able to identify the Milnor’s minimal attractor by proving the following. Theorem 7.12. Let f satisfy the assumptions of Theorem 7.11. Suppose also that every critical point either escapes exponentially, is pre-periodic or is contained in an attractive Fatou-component. Then Θ^+(A) is the minimal Milnor’s attractor for f, where A denotes the set of finite asymptotic values of f.

All the functions defined by (7.2) are entire and have a rational Schwarzian derivative. The asymptotic behaviour of such functions is understood fairly well. Theorem 7.11 continuous to be true for all such functions satisfying some additional natural assumptions (see [30]).

It is well-known and easy to see that if f is a transcendental meromorphic function and ⋃ n≥0 f^{−n}(∞) contains at least three distinct points, then J(f) = ⋃ n≥0 f^{−n}(∞). It may in particular happen that if all singular values of f belong to J(f), then after finitely many iterates all these singular values land on poles. Such situation was thoroughly studied for functions of the form f(z) = a exp(z^p) + b exp(−z^p) c exp(z^p) + d exp(−z^p) , p ∈ IN, a, b, c, d ∈ CI, ad − bc ≠ 0. All these functions are said to form the class F. Given z ∈ CI we put Θ^+(z) = {f^n(z)}^∞_{n=1}.

We say that f ∈ F satisfies condition (C1) if the following statements are satisfied

FRACTAL MEASURES AND ERGODIC THEORY 55

(i) The asymptotic values^a_c and^b_d are finite and eventually mapped onto ∞ i.e. there are q_1, q_2 ∈ IN such that f^{q1−1}(^a_c ) = f^{q21}(^b_d ) = ∞ (ii) If zero is a critical point, then either the trajectory of zero is bounded or zero is eventually mapped onto ∞ and

Θ^+(0) ∩ ( Θ^+ ( a c ) ∪ Θ^+ ( b d )) = {∞}. We say that a function f ∈ F satisfies condition (C2) if condition (C1) holds and, if zero is a critical point and it is not eventually mapped onto infinity, then l_2({z ∈ J(f) : ω(z) ⊂ Θ^+(0)}) = 0.

B. Skorulski proved in [61] and [62] the following.

Theorem 7.13. If f satisfies condition (C1), then (i) there exists a set E ⊂ J(f) with a positive Lebesgue measure such that ω(z) = P_{Asymp(f)} := Θ^+(^a_c ) ∪ Θ^+(^b_d ) for all z ∈ E, and the action of f is not ergodic on J(f) with respect to the Lebesgue measure.

(ii) if q_1 ≠ q_2 then l_2(I_n(f)) = 0 for every n ≥ 1.

Moreover, if condition (C2) is satisfied, then in particular P_{Asymp(f)} is the Milnor’s attractor of f.

Corollary 7.14. Let p > 1, k ∈ ZZ and

f(z) =^p √ πi 2 + kπi exp(z^p) − exp(−z^p) exp(z^p) + exp(−z^p) . Then the Fatou set F (f) is nonempty since zero is a superattracting fixed point. The asymptotic values ξ_1 =^p √ πi/2 + kπi, ξ_2 = −^p √ πi/2 + kπi are mapped onto ∞ i.e. f(ξ_1) = f(ξ_2) = ∞. The Julia set J(f) has positive measure and for almost all z ∈ J(f), ω(z) = P_{Asymp(f)}. In particular, P_{Asymp(f)} is the Milnor’s attractor of f. Moreover, f is not ergodic with respect to the Lebesgue measure on J(f).

Theorem 7.13 has been recently extended by Skorulski in [63] to the large class R thoroughly treated in Section 6.1. Sticking with the class of functions dealt with in Section 6.1, note that each function f ∈ P can be represented in the following form f(z) = n_1∑ j=−n_2 a_j e^{jz}. So, if n_1, n_2 > 0, then f has no finite asymptotic values. Denote the class of those functions by P_2 and its complement (in P) by P_1. Put also R_1 = Q_1 ∪ P_1 and R_2 = Q_2 ∪ P_2.

56 JANINA KOTUS AND MARIUSZ URBAŃSKI

For every f ∈ R, put P_{Asymp}(f) = Θ^+({R(0), R(∞)}). The combined results of Skorulski from [62] and [63] give the following.

Theorem 7.15. If f ∈ R_2, then P_{Asymp}(f) is a Milnor’s attractor for f. In particular, the Lebesgue measure of J(f) is positive. Let R^∗_2 := {f ∈ R_2 : dist_χ(P_2(f), J(f)) > 0}.

B. Skorulski has proved in [63] the following.

Theorem 7.16. 1. If f ∈ R^∗_2, then P_{Asymp}(f) is the minimal Milnor’s attractor for f.

2. If q_1 ≠ q_2, then the Lebesgue measure of the set

I_n(f) := {z : lim_{k→∞} f^{nk}(z) = ∞}

is equal to zero for all n ∈ IN.

3. If f ∈ R^∗_2 ∩ Q, then there does not exist any f-invariant measure on J(f) which is absolutely continuous with the respect to the Lebesgue measure and finite on all compact subsets of J(f).

4. If f ∈ R^∗_2 and n_1 = n_2, then f is not ergodic on J(f) with the respect to the Lebesgue measure.

7.3. The Lebesgue Measure of Julia Sets. It is by now a standard fact (see [68] for the first proof) that the Julia set of an expanding rational function has Lebesgue measure zero. As shows Theorem 7.1 with a, b ≠ 0 sufficiently small in moduli, this property already fails in the class of expanding sine maps. Let us however see what can be said assuming in addition that the Julia set is thin at ∞. In order to avoid any confusion let us introduce the following two classes of functions.

E := {f : CI → CI : f is entire such that dist(P (f), J(f)) > 0} and E_0 := {f : CI → CI : f is entire such that P (f) is compact, P (f) ∩ J(f) = ∅}.

Obviously E_0 ⊂ E. The following theorem was first proved by C. McMullen in [53] for the class E_0 and by G. Stallard in [64] for the class E.

Theorem 7.17. If f ∈ E and B is a measurable completely invariant subset of J(f) such that B is thin at ∞, then l_2(B) = 0. In particular if J(f) is thin at ∞ then l_2(J(f)) = 0.

FRACTAL MEASURES AND ERGODIC THEORY 57

Going beyond hyperbolicity but still keeping a rather general setting, we formulate the following two remarkable results, the first one proved by A. Eremenko and M. Lyubich in [26] and the second proved by B. Skorulski in [61]

Theorem 7.18. Suppose that f ∈ S is a transcendental entire function such that E(f, R) > 0 for all R > 0. Assume that the orbit of every finite singularity of f^{−1} is either absorbed by a repelling cycle or converges to an attracting or to a neutral rational cycle. Then either J(f) = CI or l_2(J(f)) = 0.

Theorem 7.19. Let f ∈ F. If one of the two asymptotic values of f is mapped onto ∞, while the second asymptotic value and the critical point of f are in the Fatou set, then l_2(J(f)) = 0.

8. Appendix 1: (K(V) method of constructing semiconformal measures)

Given a continuous map T : X → X from a topological space X into itself, the map T is said to be non-open at the point x ∈ X if and only if for every open neighbourhood V of x there exists an open set U ⊂ V such that T (U) is not open. The set of all points in X at which T is not open, is denoted by NO(T ). A point c ∈ X is said to be critical of T if there is no open neighbourhood W of c such that the map T_{|W} is one-to-one. The set of all critical points of T is denoted by Crit(T ).

Now let X be a compact subset of the extended complex plane CI. We say that f ∈ A(X) provided that f : X → X is a continuous map which can be meromorphically extended to a neighbourhood U(f) = U(f, X) of X in CI. Denote by M^+_e (f) the set of all Borel probability ergodic f- invariant measures on X with positive entropy and for any Borel measure μ on X we denote HD(μ) the Hausdorff dimension of the measure μ. Finally, define

DD(X) = sup{HD(μ) : μ ∈ M^+_e (f)}.

Obviously DD(X) ≤ HD(X). Proceeding as in [17] (comp. Chapter 10 of [57]) for more mature exposition) with the set K(V ) replaced by X, one can prove the following two useful auxiliary results.

Lemma 8.1. Suppose that X is a compact subset of CI, f ∈ A(X) and f : X → X has no critical points. Then for all t ≥ 0 there exist P(t) ∈ IR and a Borel probability measure m_t on X with the following two properties: m_t(f(A)) ≥ ∫ A e^{P(t)}|f^′|^tm_t,

58 JANINA KOTUS AND MARIUSZ URBAŃSKI

and, if in addition A ⊂ U(f) \ NO(f), then

m_t(f(A)) = ∫ A e^{P(t)}|f^′|^tm_t.

Lemma 8.2. Suppose that X is a compact subset of CI, f ∈ A(X) and f : X → X has no critical points. Then there exists s(X) ∈ [0, DD(X)] and a Borel probability measure m called s(X)-semi-conformal on X with the following two properties: (a) m(f(A)) ≥ ∫ A |f^′|^{s(X)}dm for any Borel set A ⊂ U(f) such that f_{|A} is one-to-one

(b) m(f(A)) = ∫ A |f^′|^{s(X)}dm for any Borel set A ⊂ U(f) \ NO(f) such that f_{|A} is one-to-one.

Given two compact sets X ⊂ Y ⊂ CI and a function f ∈ A(Y ), we say that X is a branchwise contained in Y provided that the following condition is satisfied. There is δ > 0 such that for every x ∈ X and for every n ≥ 0 there exists a holomorphic inverse branch f^{−n}_x : B(f^n(x), δ) → CI of f^n sending f^n(x) to x and such that f^j(f^{−n}_x (B(f^n(x), δ)) ⊂ U(f, Y ) \ NO(f) for all j = 0, 1, . . . , n. Proceeding similarly as in the proof of Lemma 3.2 in [77] with the same obvious modifications, one gets the following.

Lemma 8.3. Suppose that Y is a compact subset of CI and f ∈ A(Y ). If f has no critical points in Y and X is a compact set branchwise contained in Y (notice that we do not assume X to be a forward invariant under f), then HD(X) ≤ s(Y ).

These two lemmas are most frequently applied in the context when f : S → S is a holomorphic map of a Riemann surface S (usually CI, CI, CI \ {0}) into Riemann surface S such that ⋃ n≥0 f^{−n}(V ) ⊃ (S \ S) ∪ Crit(f). Next one defines the set

K(V ) = ∞⋂ n=0 f^{−n}(S \ V ). Then f(K(V )) ⊂ K_V and if S \ V is compact, then so is the set K(V ). One can apply Lemma 8.1 and Lemma 8.2 with X = K(V ) and U ( f|_{K(V )} ) = S \ V . Notice that NO(f|_{K(V )}) ⊂ ∂V . In order to get a conformal measure one lets V decrease to a set which is usually finite and one takes an arbitrary weak limit measure of semi-conformal measures produced in Lemma 8.1 or Lemma 8.2. It requires a separate proof (sometimes easy, sometimes difficult) to show that such a limit measure is conformal for f : S → S. Finally, one

FRACTAL MEASURES AND ERGODIC THEORY 59

may control the exponent with the help of Lemma 8.2 and Lemma 8.3. However, the latter lemma is not always applicable and then one must undertake another approach in order to determine the exponent of the conformal measure produced as that weak limit.

9. Appendix 2: Martens’ method of constructing σ-finite invariant measures

Suppose that X is a σ-compact metric space, ν is a Borel probability measure on X, positive on open sets, and that a measurable map f : X → X is given with respect to which measure ν is quasi-invariant, i.e. ν ∘ f^{−1} << ν. Moreover, we assume the existence of a countable partition α = {A_n : n ≥ 0} of subsets of X which are all σ-compact and of positive measure ν. We also assume that ν(X \ ⋃ n≥0 A_n) = 0, and if additionally for all m, n ≥ 1 there exists k ≥ 0 such that ν(f^{−k}(A_m) ∩ A_n) > 0, then the partition α is called irreducible. Martens’ result comprising Proposition 2.6 and Theorem 2.9 of [48] reads as follows.

Theorem 9.1. Suppose that α = {A_n : n ≥ 0} is an irreducible partition for T : X → X. Suppose that T is conservative and ergodic with respect to the measure ν. If for every n ≥ 1 there exists K_n ≥ 1 such that for all k ≥ 0 and all Borel subsets A of A_n K^{−1}_n ν(A) ν(A_n) ≤ ν(f^{−k}(A)) ν(f^{−k}(A_n)) ≤ K_n ν(A) ν(A_n) , then T has a σ-finite T -invariant measure μ that is absolutely continuous with respect to ν. In addition, μ is equivalent to ν, conservative and ergodic, and unique up to a multiplicative constant. Moreover, for every Borel set A ⊂ X μ(A) = lim_{n→∞} ∑_n k=0 ν(f^{−k}(A)) ∑_n k=0 ν(f^{−k}(A_0)) . This theorem is widely used in conformal dynamics in the context where ν is a conformal measure. The distortion assumption, the higher displayed formula above, is usually derived from Koebe’s distortion theorem.

References

[1] J.M. Aarts, L.G. Oversteegen, The geometry of Julia sets, Trans. A.M.S. 338(2) (1993) 897-918. [2] I.N. Baker, J. Kotus, Y. Lü, Iterates of meromorphic functions I, Erg. Th. and Dynam. Sys. 11 (1991), 241-248.

[3] I.N. Baker, J. Kotus, Y. Lü, Iterates of meromorphic functions II: Examples of wandering domains, J.

London Math. Soc. 42 (1990), 267-278.

[4] I.N. Baker, J. Kotus, Y. Lü, Iterates of meromorphic functions III: Preperiodic domains, Erg. Th. and Dynam. Sys. 11 (1991), 603-618.

60 JANINA KOTUS AND MARIUSZ URBAŃSKI

[5] I.N. Baker, J. Kotus, Y. Lü, Iterates of meromorphic functions IV: Critically finite functions, Results in Math. 22 (1992), 651-656.

[6] I.N. Baker, P.J. Rippon, Iteration of exponential functions, Ann. Acad. Sci. Fenn. Ser. A I Math. 9 (1984), 49-77.

[7] K. Barański, Hausdorff dimension and measures on Julia sets of some meromorphic functions, Fund.

Math. 147 (1995), 239-260.

[8] W. Bergweiler. Iteration of meromorphic functions, Bull. A.M.S. 29:2 (1993), 151-188. [9] W. Bergweiler, Comments and corrections to Iteration of meromorphic functions. Walter Bergweiler’s web page, http://analysis.math.uni-kiel.de/bergweiler/bergweiler.engl.html [10] H. Bock, On the dynamics of entire functions on the Julia set, Results in Math. 30 (1996), 16-20. [11] H. Bock, Über das Iterationsverhalten meromorpher Funktionen auf der Juliamenge, PhD Thesis, Aachen, 1998.

[12] R. Bowen, Equilibrium states and the ergodic theory for Anosov diffeomorphisms. Lect. Notes in Math.

470, Springer, 1975.

[13] I. Coiculescu, B. Skorulski, Thermodynamic formalism of transcendental entire maps of finite singular type, Preprint 2004.

[14] I. Coiculescu and B. Skorulski, Perturbations in the Speiser class, Preprint 2004. [15] M. Denker, F. Przytycki, M. Urbański, On the transfer operator for rational functions on the Riemann sphere, Ergod. Th. and Dynam. Sys. 16 (1996), 255-266.

[16] M. Denker, M. Urbański, On the existence of conformal measures, Trans. A.M.S. 328 (1991), 563-587. [17] M. Denker, M. Urbański, On Sullivan’s conformal measures for rational maps of the Riemann sphere, Nonlinearity 4 (1991), 365-384.

[18] M. Denker, M. Urbański, Ergodic theory of equilibrium states for rational maps, Nonlinearity 4 (1991), 103-134.

[19] R.L. Devaney, Julia sets and bifurcation diagram for exponential maps, Bull. A.M.S. 11 (184), 167-181. [20] R.L. Devaney, Structural instability of exp(z), Proc. A.M.S. 94 (1985), 545-548. [21] R.L. Devaney, Dynamics of entire maps, Dynamical Systems and Ergodic Theory, Banach Center Publ.

vol. 23, Polish Scientific Publishers, Warsaw, 1989, 221-228.

[22] R.L. Devaney, e^z: dynamics and bifurcations, Intern. J. Bifurcation Chaos, 1 (1991) 287-308. [23] R.L. Devaney and M. Krych, Dynamics of exp(z), Erg. Th. and Dynam. Sys. 4 (1984), 35-52. [24] R.L. Devaney, F. Tangerman, Dynamics of entire functions near the essential singularity, Erg. Th. and Dynam. Sys. 6 (1986), 498-503.

[25] A.E. Eremenko, On the iteration of entire functions, Dynamical Systems and Ergodic Theory, Banach Center Publ. vol. 23, Polish Scientific Publishers, Warsaw, 1989, 339-345.

[26] A.E. Eremenko and M.Yu. Lyubich, Dynamical properties of some class of entire functions, Ann. Inst.

Fourier (Grenoble) 42 (1992), 989-1020.

[27] P. Fatou, Sur l’itération des fonctions transcendantes entèries, Acta Mat. 47 (1926), 3337-360. [28] J. Hawkins, L. Koss, Ergodic properties and Julia sets of Weierstrass elliptic functions, Monat. Math.

137, (2002), 273-301.

[29] J. Hawkins, L. Koss, Connectivity properties of Julia sets of Weierstrass elliptic functions to appear Topol. and Appl.

[30] J.M. Hemke, Measurable dynamics of meromorphic maps, PhD Thesis, Kiel, 2005. [31] B. Karpińska, Area and the Hausdorff dimension of the set of accessible points of the Julia sets of λ exp z and λ sin z, Fund. Math. 159 (1999), 269-287.

[32] B. Karpińska, The Hausdorff dimension of the hairs without endpoints for λ exp z, Compt. Rend. l’Acad.

Sci. Paris, Série I. t. 328 (1999) 1039-1044.

[33] B. Karpińska, M. Urbański, How points escape to infinity under exponential maps, J. London Math. Soc.

73 (2006) 141-156.

FRACTAL MEASURES AND ERGODIC THEORY 61

[34] L. Keen and J. Kotus, Ergodicity of some classes of meromorphic functions, Ann. Acad. Sci. Fenn. 24 (1999) 133-145.

[35] J. Kotus, Elliptic functions with critical points eventually mapped onto infinity, Preprint 2004, to appear in Monatshefte für Mathematik.

[36] J. Kotus, Gibbs state for some class of meromorphic functions, Preprint 2005, to appear in Indagationes Mathematicae.

[37] J. Kotus, Conformal measures for non-entire functions with critical values eventually mapped onto infinity, to appear in Analysis.

[38] J. Kotus, Probabilistic invariant measures for non-entire functions with asymptotic values mapped onto ∞, Illinois Journal of Mathematics 49 (2005) 1203-1220.

[39] J. Kotus and M. Urbański, Conformal, geometric and invariant measures for transcendental expanding functions, Math. Ann. 324, 2002, 619-656.

[40] J. Kotus and M. Urbański, Existence of invariant measures for transcendental subexpanding functions, Math. Zeit. 243 (2003) 25-36.

[41] J. Kotus and M. Urbański, Hausdorff dimension and Hausdorff measures of Julia sets of elliptic functions, Bull. London Math. Soc. 35 (2003), 269-275.

[42] J. Kotus and M. Urbański, Geometry and ergodic theory of non-recurrent elliptic functions, Journal d’Analysis Math. 93 (2004), 35-102.

[43] J. Kotus and M. Urbański, The finer geometry and dynamics of some meromorphic functions, Preprint 2004, to appear in Math. Nachrichten.

[44] J. Kotus and M. Urbański, The dynamics and geometry of the Fatou functions, Discrete & Continuous Dyn. Sys. 13 (2005), 291-338.

[45] M.Yu. Lyubich, The dynamics of rational transforms: the topological picture, Russian Math. Surveys 41 (1986) 43-117; translation from Uspekhi Math. Nauk 41 (1986), 35-95.

[46] M.Yu. Lyubich, Measurable dynamics of the exponential, Sib. Math. J. 28 (1988), 780-793; translation from Sib. Math. Zh. 28( 1987), 11-127.

[47] R. Mañé, On a theorem of Fatou, Bol. Soc. Bras. Mat. 24 (1993), 1-11.

[48] M. Martens, The existence of σ-finite invariant measures, Applications to real one-dimensional dynamics, Front for the Mathematics ArXiv, http://front.math.ucdavis.edu/; math.DS/9201300.

[49] V. Mayer, M. Urbański, Exponential elliptic give dimension two, Illinois J. Math. 49 (2005), 291-294. [50] V. Mayer, M. Urbański, Gibbs and equilibrium measures for elliptic functions, Math. Zeit. 250 (2005), 657-683.

[51] V. Mayer, M. Urbański, Geometric Thermodynamical Formalism and Real Analyticity for Meromorphic Functions of Finite Order, Preprint 2005.

[52] R.L. Mauldin, M. Urbański, Dimensions and measures in infinite iterated function systems. Proc. London Math. Soc. 73:3 (1996), 105-154.

[53] C. McMullen, Area and Hausdorff dimension of Julia set of entire functions, Trans. A.M.S. 300 (1987), 329-342.

[54] M. Misiurewicz, On the iterates of e^z, Ergod. Th. and Dynam. Sys. 1 (1981), 103-106. [55] S. Morosawa, Y. Nishimura, M. Taniguchi, T. Ueda, Holomorphic Dynamics, Cambridge Univ. Press, 2000.

[56] S. J. Patterson, The limit set of a Fuchsian group, Acta Math. 136 (1976), 241-273. [57] F. Przytycki, M. Urbański, Fractals in the Plane - Ergodic Theory Methods, to appear, available on Urbanski’s webpage.

[58] M. Reed, B. Simon, Methods of Modern Mathematical Physics, IV: Analysis of Operators, Academic Press 1978.

[59] M. Rees, The exponential map is non-recurrent, Math. Zeit. 191 (1986), 593-598. [60] B. Skorulski, Non-ergodic maps in the tangent family, Indag. Math. N.S. 14:1 (2003), 103-118.

62 JANINA KOTUS AND MARIUSZ URBAŃSKI

[61] B. Skorulski, Metric properties of the Julia set of some meromorphic functions with an asymptotic value eventually mapped onto a pole, Math. Proc. Cambridge Phil. Soc. 138 (2005), 117-138.

[62] B. Skorulski, Metric properties of the Julia set of meromorphic functions, PhD Thesis, Warsaw, 2004. [63] B. Skorulski, The Existence of Conformal Measures for Some Transcendental Meromorphic Functions, Contemporary Mathematics 396 (2006).

[64] G.M. Stallard, Entire functions with Julia sets of zero measure, Math. Proc. Cambridge Philos. Soc. 108, (1990) 551-557.

[65] G.M. Stallard, Dimensions of Julia sets of transcendental meromorphic functions, Survey article to appear in the book dedicated to I.N. Baker.

[66] D. Sullivan, Seminar on conformal and hyperbolic geometry, Preprint IHES (1982). [67] D. Sullivan, Entropy, Hausdorff measures old and new, and the limit set of a geometrically finite Kleinian groups, Acta. Math. 153 (1984), 259-277.

[68] D. Sullivan, Conformal dynamical systems, Lect. Notes in Math. vol. 1007 (Springer 1983), 725-752. [69] M. Urbański, Rational functions with no recurrent critical points, Ergod. Th. and Dynam. Sys. 14 (1994), 391-414.

[70] M. Urbański, Geometry and ergodic theory of conformal nonrecurrent dynamics, Ergod. Th. and Dynam.

Sys. 17 (1997), 1449-1476.

[71] M. Urbański, Recurrence rates for loosely Markov dynamical systems, Preprint 2004, to appear Journal of Australian Math. Soc.

[72] M. Urbański, Thermodynamic formalism and multifractal analysis of finer Julia sets of exponential family, Preprint 2005.

[73] M. Urbański, Measures and dimensions in conformal dynamics, Bull. A.M.S. 40 (2003), 281-321. [74] M. Urbański, A. Zdunik, The finer geometry and dynamics of exponential family, Michigan Math. J. 51 (2003), 227-250.

[75] M. Urbański, A. Zdunik, Real analyticity of Hausdorff dimension of finer Julia sets of exponential family, Ergod. Th. and Dynam. Sys. 24 (2004), 279-315.

[76] M. Urbański, A. Zdunik, The parabolic map f_{1/e}(z) =^1_e e^z, Indag. Math. 15 (2004), 419-433. [77] M. Urbański, A. Zdunik, Geometry and ergodic theory of non-hyperbolic exponential maps, Preprint 2003, to appear Trans. Amer. Math. Soc.

[78] Alexander M. Davie, M. Urbański, A. Zdunik, Maximizing measures on metrizable non-compact spaces, Preprint 2004, to appear Proc. Edinburgh Math. Soc.

[79] M. Urbański, M. Zinsmeister, Parabolic Implosion and Julia-Lavaurs Sets in the Exponential Family, Preprint 2004, to appear in Monatshefte für Mathematik.

[80] P. Walters, An introduction to ergodic theory, Springer-Verlag, 1982.

Janina Kotus, Faculty of Mathematics and Information Sciences Warsaw University of Technology Warsaw 00-661, Poland E-mail: janinak@impan.gov.pl

Mariusz Urbański, Department of Mathematics, University of North Texas, P.O. Box 311430, Denton, TX 76203-1430, USA E-mail:urbanski@unt.edu Web: http://www.math.unt.edu/∼urbanski