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1

Introduction and general preliminaries

1.1 Introduction

The understanding of the dynamics and geometry of elliptic functions rapidly
develops since the papers [19], [20] and [15] have been published. Although
these functions are relatively 'regular’, they manifest such unexpected fea-
tures as the fact that the Hausdorff dimension of their Julia set is always
larger than 1 (see [19]) or, in the non-recurrent case, that the correspond-
ing Hausdorff measure always vanishes whereas the packing measure, in the
absence of parabolic points, is finite and positive.

In this manuscript we provide a systematic exposition of the geometric
measure theory and ergodic theory of regular pseudo-nonrecurrent elliptic
functions. In spite of possible associations steaming from the name, this is
not a narrow class of functions. Just the opposite, it contains for example
all hyperbolic and critically finite elliptic functions, and many more. In
contrast to [20] we now allow critical points to land at poles and to escape
to infinity. Unlike to [20], we treat in the present manuscript the conjugacy
problem resulting in the complete rigidity theorem (Theorem 6.1) primarily
saying that a Lipschitz conjugacy on Julia sets always extends to an affine
conjugacy on C. Its proof, although sharing some general features with the
case of rational functions and conformal expanding repellers, is more subtle
and involved. As one of the steps in its proof we establish in Theorem 6.3
real-analyticity of the Radon-Nikodym derivative of the of the invariant
measure p with respect to the conformal measure m.

As has been said our exposition is more systematic and elaborated than
that in [20]. It deals with a larger class of functions, contains new material,
new proofs, and improves many arguments used in [20].
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We have already mentioned geometry (Hausdorff and packing measures)
and rigidity. The third theme of the manuscript is the measurable dynam-
ics with respect to the h-conformal measure m, where h is the Hausdorff
dimension of the Julia set. The concept of conformal measure, essentially
purely dynamical, and its weaker version like semi-conformality and almost
conformality form the main technical tool employed in our manuscript. In
particular we provide a refined proof of the existence, uniqueness and con-
tinuity of an h-conformal measure. This measure plays an essential role
in showing that H"(J(f)) = 0 and, in the absence of parabolic periodic
points, this measure turns out to coincide with the packing measure II* up
to a multiplicative constant, i.e. although dynamically defined it gets purely
geometrical characterization.

As we have said, the third theme of our manuscript is the measurable dy-
namics with respect to the h-conformal measure m. We prove the existence
of an ergodic conservative o-finite measure p equivalent to m. Develop-
ing this direction, we study points of finite and infinite condensation of the
measure p, the concepts introduced in [35]. After collecting some basic facts
about these points we show in Chapter 5 that oo is always a point of finite
condensation, perhaps the most interesting fact about the measure p. In the
next section we relate points of infinite condensation with the set Q(f) of
rationally indifferent periodic points, providing in particular some sufficient
conditions (Q2(f) = () for the invariant measure p to be finite. At the end
of this chapter we deal with parabolic points themselves.

1.2 General preliminaries

All the points (numbers) appearing in this paper are complex unless it is
clear from the context that they are real. In particular x and y are always
assumed to be complex numbers and not the real and imaginary parts of
a complex number. Given a set A C C and r > 0, the symbol B.(A,r)
denotes the Euclidean open r-neighborhood of the set A. Throughout the
entire paper f*, diam, and Bg(A,r) denote respectively the derivatives,
diameters and open r-neighborhoods of the set A defined by means of the
spherical metric whereas f’ and diam, are considered in the Euclidean sense.
The spherical distance between any two points « and y in C is denoted by
|z — y|«. We emphasize that when calculating f*, we consider the spherical
metric in the domain and in the codomain.



1.2 General preliminaries 3

Definition 1.1 . If H : D — C is an analytic map, z € C, and r > 0, then
by
Comp(z, H(z),H,r)

we denote the connected component of H=Y(B.(H(z),r)) that contains z.

Suppose now that ¢ is a critical point of an analytic map H : D — C.
Then there exists R = R(H,c) > 0 and A = A(H,c) > 1 such that

A7z —cfPe <|H(2) — H(c)| < Alz — c[Pe
and
A_1|z — c|pc_1 <|H'(2)| < Alz — c\pc_l
for every z € Comp(c, H(c), H, R), and that
H(Comp(c, H(c), H, R)) = B.(H(c), R),
where p. = p(H, ¢) is the order of H at the critical point c. In particular
Comp(c, H(c), H, R) C Be(c, (RJA)Y?e).

Moreover, by taking R > 0 sufficiently small, we can ensure that the two
above inequalities hold for every z € Be(c, (R/A)Y/?¢) and the ball B.(c, (R/A)/?e)
can be expressed as a union of p. closed topological disks with smooth bound-

aries and mutually disjoint interiors such that the map H restricted to each

of these interiors, is injective.

Koebe’s ;-Theorem. Ifz € C,r > 0 and H : Be(z,7) — C is an arbitrary
univalent analytic function, then H(Be(z,7)) D Be(H(2),471|H'(2)|r).

Koebe’s Distortion Theorem, I (Euclidean version). There ezists a
function k : [0,1) — [1,00) such that for any z € C, r > 0, t € [0,1) and
any univalent analytic function H : Be(z,r) — C we have that

sup{|H'(w)| : w € Be(z,tr)} < k(t) inf{|H'(w)| : w € Be(z,tr)}.
We put K = k(1/2).
Koebe’s Distortion Theorem, I (spherical version). Given a number

s > 0 there ezists a function ks :[0,1) — [1,00) such that for any z € C,
r>0,t€[0,1) and any univalent analytic function H : B,(z,7) — C such
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that the complement C\ H(By(z,7)) contains a spherical ball of radius s we
have

sup{|H*(w)| : w € By(z,tr)} < ks(t) inf{|H*(w)| : w € By(z,tr)}.

B, stands in here for either Euclidean or spherical ball (if z # 00).

The following is a straightforward consequence of these two distortion
theorems.

Lemma 1.2 Suppose that D C C is an open set, z € D and H : D — C is
an analytic map which has an analytic inverse H 1 defined on B.(H(z),2R)
for some R > 0. Then for every 0 <r < R

Bo(z, K™'r|H'(2)|7Y) ¢ H;Y(B.(H(z),7)) C Be(z, Kr|H'(2)|7}).

Lemma 1.3 Suppose that D C C is an open set, z € D and H : D — C is
an analytic map which has an analytic inverse H; ' defined on Bs(H(z),2R)
for some R > 0 avoiding a spherical ball of some radius s. Then for every
0<r<R

By(z, kM (1/2)r[H* (2)|71) € HY(Bs(H(2),7)) € Bs(z, ks(1/2)r| H(2)] 7).

We also use the following more geometric versions of Koebe’s Distortion
Theorems involving moduli of annuli.

Koebe’s Distortion Theorem, II (Euclidean version). There exists
a function w : (0,400) — [1,00) such that for any two open topological
disks Q1 C Q2 with Mod(Q2 \ Q1) > t and any univalent analytic function
H : Qs — C we have

sup{[H'(€)| : € € Qu} < w(t) nf{|H'(€)] : € € Q1.

Koebe’s Distortion Theorem, II (spherical version). Given a number
s > 0 there exists a function ws : (0,400) — [1,00) such that for any two
open topological disks Q1 C Q2 with Mod(Q2 \ Q1) > t and any univalent
analytic function H : Qo — C such that the complement C\ H(Q2) contains
a ball of radius s we have

sup{|H"(§)] : £ € @1} < ws(t) mf{[H(§)] : § € Q1 }-
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Given an analytic function H defined throughout a region D C C, we put
Crit(H) ={z € D : H'(z) = 0}.

In the sequel we require the following technical lemma proven in [34] as
Lemma 2.11.

Lemma 1.4 Suppose that an analytic map Qo H : D — C, a radius R > 0
and a point z € D are such that

(a)
Comp(H (2), Q(H(2)),Q,2R) N Crit(Q) = 0
and
Comp(z,Q o H(z),Q o H,R) N Crit(H) # 0.
(b) If ¢ belongs to the last intersection and
diam, (Comp(z,Q o H(z),Q o H, R)) < (AR(H, c))'/e
then
|z —c| < KA?|(Qo H) (2)|'R.
Proof. In view of Lemma 1.2
Comp(H (2), Q(H(2)), Q, R) C Be(H(2), KR|Q'(H(2))| ).
So, since H(c) € Comp(H(z), Q(H(2)),Q, R), we get
H(c) € Be(H(2), KRIQ'(H(2))| ™).
Thus, using this and (b) we obtain

A7z — el < |H(z2) — H(c)l
< KR|Q'(H(2))| ™!
= KR|(Qo H)'(2)| ' |H'(2)]
< KR|(Qo H)' ()" Alz — [,

So, |z —¢c| < KA?|(Qo H)'(2)|"'R. m
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Lemma 1.5 Let p and v be Borel probability measures on Y, a bounded
subset of a Euclidean space. Suppose that there is a constant M > 0 and for
every point x € Y there is a decreasing to zero sequence {rj(z) : j > 1} of
positive radii such that for all 7 > 1 and all x € Y

p(Be(x,rj(2)) < My (Be(x,7(x)).

Then the measure p is absolutely continuous with respect to v and the Radon-
Nikodym derivative du/dv < C M, where C' is a universal constant depending
only on the dimension of the FEuclidean space under consideration.

Proof. Consider a Borel set £ C Y and fix € > 0. Since lim; .o 7j(z) =0
and since v is regular, for every x € E there exists a radius r(z) being of the
form 7;(x) such that v(,cp Be(z,r(2)) \ E) < €. Now, by the Besicovic
theorem (see [14]) we can choose a countable subcover {B.(z;,ri(z))}32,
from the cover {Be(z;,7i(z))}zer of E, of multiplicity bounded by some
constant C' > 1, independent of the cover. Therefore, we obtain

u(E) < ZM(Be(CUi,Ti(x)))
i—1
< MZV(Be(ivz,ri(w)))
i1

< MCV(U Be(zi,1i(x)))
=1
< MC(e +v(E)).

Letting £ \, 0 we obtain u(F) < MCv(FE). Thus p is absolutely continuous
with respect to v with the Radon-Nikodym derivative bounded by MC. B

Frequently in order to denote that a Borel measure p is absolutely con-
tinuous with respect to v we write p < v. We do not use any special symbol
to record equivalence of measures (mutual absolute continuity).

Given a o-finite measure space (X, F, 1) a measurable almost everywhere
defined, transformation 7' : X — X i said to be ergodic with respect to
i, or u is said to be ergodic with respect to T, if and only if u(A) = 0 or
u(X \ A) = 0 whenever the measurable set A is T-invariant, meaning that
T~1(A) = A. The measure p is said to be conservative with respect to T or
T conservative with respect to p if and only if for every measurable set A
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with u(A) > 0,

p{ze X ZleT"(z) < +oo}) =0.
n=0

Finally, the measure p is said to be T-invariant, or T is said to preserve
the measure g if and only if o T~ = p. It follows from Birkhoff’s Ergodic
Theorem that every finite ergodic T-invariant measure p is conservative,
for infinite measures this is not longer true. Finally, two ergodic invariant
measures defined on the same o-algebra are either singular or they coincide
up to a multiplicative constant.

By writing A < B we mean that there exists a positive constant C' such
that A < CB for all A and B under consideration. Then A = B means that
B < A, and A =< B says that A < B and B < A.

1.3 Preliminaries concerning iteration of meromorphic functions

The Fatou set F(f) of a meromorphic function f : C — C is defined in
exactly the same manner as for rational functions; F'(f) is the set of points
z € C such that all the iterates are defined and form a normal family on
a neighborhood of z. The Julia set J(f) is the complement of F(f) in
C. Thus, F(f) is open; J(f) is closed; F(f) is completely invariant while
FYHJI(f) € J(f) and f(J(f)) = J(f) U {oo}. For a general description of
the dynamics of meromorphic functions see e.g. [6]. We note that it easily
follows from Montel’s criterion of normality that if f : C — C has at least
one pole which is not an omitted value, then

J(f) = U f7(c0).
n>0
In further chapters we will be dealing with the points
Io(f)={z€C:z¢€ U f"(c0) or lim f"(z) = o0}
n>0

escaping to oo under iterates of f. Let us now provide two related concepts,
which play the central role in the approach undertaken in this paper. If
t > 0, then a measure mg supported on J(f) is said to be a spherical semi
t-conformal for f: C — C, if

ma(f(4)) > /A |t dimg (1.1)
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for every Borel set A C J(f) such that f|4 is injective and my is said to be
a spherical t-conformal for f : C — C if

mAﬂMf—AUﬂwms (1.2)

for these sets A. Notice that the o-finite measure m,. determined by the
requirement that
dme

() = (L [P (1.3)

has the property that

nuﬂszfhﬂwme

for this set A as above. It will be called an Euclidean t-conformal measure.
In particular for every w € A we get that

l/UWW%zmAﬂAD=m4ﬂA+w»=/‘me&
A A+w

Since the derivative f’ is periodic with respect to the lattice A, we thus get
the following.

Proposition 1.6 The Fuclidean t-conformal measure me is Ty -invariant
for every w € A, where Ty, : C — C is the translation about the vector w
given by the formula Ty(2) = z + w.

As an immediate consequence of this proposition, we get the following.

Corollary 1.7 For every r > 0,
M(t,r) = inf{me(Be(z,7)) : z € J(f)} > 0.

In the sequel we respect the convention that the spherical conformal mea-
sure (or their weaker versions) are labeled with the subscript ’s’ whereas
Euclidean conformal measures (and their weaker versions) are labeled with
the subscript ’e’. If no subscript is used, the conformal measure under
consideration can be spherical as well as Euclidean.
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The dynamics of pseudo non-recurrent elliptic
functions

2.1 Preliminary results concerning elliptic functions

As indicated in the introduction, throughout this paper f : C — C is a
non-constant elliptic function. Every such function is doubly periodic and
meromorphic. In particular, there exist two vectors wi, wa, Im(%) # 0,
such that for every z € C and n,m € Z,

f(2) = f(z +mw; + nwy).

The set

A ={mwy +nwy: mneZ}
is called the lattice of the elliptic function f. This object is independent of
the choice of its generators w; and we. We call two points z and w equivalent

and we write z ~ w if w — z € A, the lattice associated with the elliptic
function f. Let

R = {t1w1 +towo : 0 < ty,t9 < 1}
be the basic fundamental parallelogram of f. It follows from the periodicity
of f that f(C) = f(R). Therefore f(C), as a closed and open subset of

the connected set C is equal to C. This means that each elliptic function is
surjective. It also follows from the periodicity of f that

S (o0) = U (RN F71(00) + muwy + nuws).

mne”

For every pole b of f let ¢; denote its multiplicity. We define
q:=sup{q,:b€ f(co0)} =max{q :bc f1(c0)NR}.

For every 7 > 0 let B, = {z € C : |z| > r}. Given b € f~!(00) let By(r)
be the connected component of f~1(B,) containing b. More generally, given

9
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k>1andbe f%(c0), let B¥(b) be the connected component of f~*(B,)
containing b. Let T > 1 be so large that all components B,(T), b € f~!(00),
are mutually disjoint.

Recall that Crit(f) is the set of critical points of f i.e.

Crit(f) ={z: f'(2) =0}.

Its image, f(Crit(f)), is called the set of critical values of f. Since RNCrit(f)
is finite and since f(Crit(f)) = f(R N Crit(f)), the set of critical values
f(Crit(f)) is also finite. Thus, if R > T is large enough, say R > Ry, then
Bp contains no critical values of f, all sets By(R) are simply connected,
mutually disjoint, and there exists Ay = A;(f,b) > 1 such that for z € By(R)

Al_llz—b\*q” <|f(2)| < Ai]z — b| ™. (2.1)

If U € Br\ {00} is an open simply connected set, then all the holomorphic
inverse branches f (}1, oo S [} . of f are well-defined on U, there exists
As = As(f,b) > 1 such that for every 1 < j < ¢, and all z € U we have

Ly _wt L _aptl
Aylzl v <|(fpy) (D) < Aglz| o (2.2)
Therefore (cf. [19]),
Eko 21"
1zl ® _ zZl _ %
(245)7" 52 < (24,) 1T\b]2 < ’(fb,[},j) (2)]
A Y
zZ| 9 zZl 9
<2A <2A
SR T T

where the first left and the second right inequality sign we wrote assuming
in addition that |b| is large enough, say |b| > R; > Ry. We denote

A(f7 b) = ma’X{Al (f7 b)v AQ(fv b)} (24)

for b € f~1(c0). A straightforward observation from the local behavior
around poles is that for every k£ > 1 there exist constants Lp > 1 and
Ry, > 0 such that for all b € f~%(c0) and all R > Ry, we have

_1 _ 1
L 'R, ™ <diam.(Bf(R)) < LyR, ™,
. (2.5)

_ 1 _ 1
L'R, ™ (1+b)*) ! <diams(Bf(R)) < LiR, ™ (1 + [b*) 1.

Frequently, we will write L for L;.

By HD(X) we denote the Hausdorff dimension of the set X. Its formal
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definition and some relevant properties are given in Chapter 3. We make
the frequent use of the following fact, proven in [19].

Theorem 2.1 If f: C — C is an arbitrary elliptic function, then

20y
qg+1

where, we recall, ¢ = sup{qy : b € f~1(c0)} = max{g,: b€ RN f(c0)}.

HD(J(f)) >

Since the proof uses the theory of infinite conformal iterated function
systems, it will not be repeated here.

2.2 Local behavior around parabolic fixed points

In this section f : C — C is an arbitrary elliptic function of degree > 2;
in fact all the results stated here are of local character and are true for
all meromorphic functions. In particular, the map f is not assumed yet to
be critically pseudo non-recurrent. In what follows we basically summarize
the results concerning local behavior around parabolic fixed points which
have been proved in [1], [10], and [11]. Although they were formulated and
proved in the context of parabolic rational maps, that is, assuming that
the Julia set contains no critical points, nevertheless they and their proofs
are of local character and, in particular, extend to the class of all elliptic
functions. Let Q(f) denote the set of rationally indifferent periodic points
of f. Throughout this section w is a simple parabolic fixed point of f, that
is f(w) =w and f'(w) = 1.

First note that on a sufficiently small open neighborhood V of w a holo-
morphic inverse branch f;!: V — C of f which sends w to w is well defined.
Moreover, V can be taken so small that on V the transformation f! can
be expressed in the form

fl2) =2 —alz —w)P™ 4 ag(z —w)PT? +az(z —w)P3 + ... (2.6)
where a # 0 and p = p(w) is a positive integer. Thus
) —w=2—w—a(z —wP™ +as(z —w)P™? + azg(z —w)P> + ...

Consider the set {z : a(z —w)P € R and a(z—w)P > 0}. This set is the union
of p rays beginning in w and forming angles which are integer multiples of
27/p. Denote these rays by Li,La,...,Ly,. For 1 < j <p, 0 <r < o0
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and 0 < o < 27, let Sj(r,a) C V be the set of those points z lying in the
open ball B, (w,r) for which the angle between the rays L; and the interval
which joins the points w and z does not exceed a. Using (2.6), an easy
computation shows that there are @ > 0 and 6(w) > 0 such that

51 (2) —wl < |z —w| and |(f71)(2)] <1 (2.7)

for every w # z € S1(0(w),a) U...U Sy(8(w), ). The following version
of Fatou’s flower theorem, (see [1], [5], [27]) shows that the Julia set J(f)
approaches the fixed point w tangentially to the lines L1, Lo, ..., L,. This
can be precisely formulated as follows.

Lemma 2.2 (Fatou’s flower theorem) For every o > 0 there exists
0 < ri(w,a) <0(w) such that

J(f) N Be(w,m(w, ) C Si(r1(w,a),a) U...USp(ri(w,a),a).

Since the Julia set J(f) is fully invariant (f~1(J(f)) = J(f) and f(J(f)) =
J(f) U {oo}), we conclude from this lemma and (2.7) that for every 0 <
01(w) < O(w), we have

FoHI(f) N Be(w, 01(w))) € J(f) N Be(w, 61 (w)). (2.8)

Thus all iterates f;" : J(f) N Be(w,01(w)) — J(f) N Be(w,61(w)), n =
0,1,2,... are well defined. From Lemma 2.2 and (2.8) we obtain

Va >0 Ire(w,a) >0V1<j<p

-1 (2.9)
fw (Sj(TQ(wa Oé),Oé) N J(f)) - Sj(TQ(w’ O[), Oé).
Put
0 =0(f,w) =min{f (w),r1(w,a),rs(w,a) :w e Qf)}. (2.10)
Then, it follows from (2.7) and Lemma 2.2 that for every z € J(f)NB.(w,0),
nh—>Holo [o"M(2) = w. (2.11)

In fact, it can be proved that this convergence is uniform on compact subsets
of Be(w,0) N J(f) \ {w}. See (2.13) for even stronger result. By precise
computations one can prove the following.

Lemma 2.3 For every T > 0 sufficiently small and every z € J(f)NBe(w, 0)
fo (Be(z, 7|z = w) € Be(f5H(2), £ (2) — wl)-
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This lemma immediately leads to the following.

Lemma 2.4 For every 7 > 0 sufficiently small, every z € J(f) N Be(w,0)
and every n > 0 there exists a unique holomorphic inverse branch

Jo" s Be(2,27|2 = w]) = Be(f5"(2), 27|57 (2) — wl)
of f™ which sends z to f;"(z).

The following two results were proved in [1] (cf. Proposition 8.3 and
Theorem 8.4) and in [10] (cf. Lemma 1).

Lemma 2.5 For every z € J(f) N Be(w, ) there exists C(z) > 1 such that
for everyn > 1

Clm™ 5 < | G (5 (@) < Cen™ T (2.12)
and
Jim 1£7(2) = wln'’? = (Jalp) 7. (2.13)

Lemma 2.6 For every z € J(f) N Be(w, 8) there exists constants C(z) > 1
such that for everyn > 1

lim |£5"(2) = wln'/? = (lalp)~"/" (2.14)

uniformly on compact subsets of Be(w,8) N J(f) \ {w}.

Lemma 2.7 Let m be a semi t-conformal measure for f. Then for every
R > 0 there exists a constant C = C(t,w, R) > 1 such that for every 0 <
r<R

m(Be(w,r) \ {w})  m(Bs(w,r) \{w}) _

rot(w) ’ rot(w)

where ay(w) =t + p(w)(t — 1). If m is t-conformal, then in addition
mBe(w,r) \{w}) - m(Bslw,r) \{w}) S -1

rot(w) ’ rot(w)
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Proof. In view of (1.3) it suffices to prove this lemma for the Euclidean
measure m.. Take R > 0 so small that Be(w, R) C Be(w,6) and let

P=J(f)n{z: R2|fI)7" < |z —w| < R},

where || f'|| = sup{|f(2)[} (the supremum is taken over a compact neigh-
borhood Be(w, ) N J(f)). Let

0=rinf{|z —w|:2z€ P} >0.
Since P is compact, there are finitely many points z!,..., 27 in P, such that
P CJ(f)N (Be(z',8) U...UB.(2%,9)),
and we may assume that § is so small that
£5"(Bo(#,6)) N B.(,5) = 0

fori=1,...,qandn = 1,2,.... Fix a constant ¢; > max{(|a|p)~'/?, (|a|p)*/?}
and for every n > 1 define

Py ={z € Be(w,0) N J(f): ' VP < |57 (2) —w| S exn” V7).

By the local behavior of f around a parabolic point we conclude that for
every

z € (Be(w, B) \ {w}) N J(f)
there exists [ > 0 such that
RIS <If'(2) —w| <R,
i.e. fl(2) € P. Therefore, the set
J(f)n{z: R <lz—w| < R}
is non-empty (Be(w, R) N (J(f) \ {w}) is non-empty since J(f) is perfect).

Moreover, since it is open in J(f), we deduce that for some 1 < j < ¢ the
set Be(z7,0) N P has non-empty interior in J(f). Hence
M = me(Be(#7,5) N P) > 0.

By Lemma 2.6 there is ng > 1 such that f;"(z) € P, for every n > ny and
z € P. In other words this means that P, D f,"(P) for n > ng. Thus

Be(w,cin~YP) o [j P, D G fkP) U Ufw (z%,8) N P).
k=n k=n

k=n1=1

On the other hand, for any z € Be(w, R)\{w} let I[(z) > 0 be the smallest in-
teger such that f!(z) € P. Take n; > ng so large that if z € B(w,cin] /p),
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then I(z) > ng. Consider now any z € J(f) N Be(w, c1n~/?)\ {w} with n >
ny. Since I(z) > ng and f1*)(z) € P we conclude that z = f(;l(z)(fl(z) (2)) €
Py;).  Therefore e H(2)7P < ¢yn™YP and consequently I(z) > c;2pn.
Hence

J(N)NBe(w,ein™ Py c{wyu | £54P)={woly U £1(BZ,9)).
lch_zpn i=1 lch_Qpn

Since the sets {f;"(J(f) N Be(27,0))}, n = 1,2, ..., are mutually disjoint,
it follows from Koebe’s Distortion Theorem, I (Euclidean version) and the
semi-conformality of the measure m that

me(Be(w,cln_l/p) {w} < me U U fwz ) )))

= 1[26*210
<qk'Cy S U< (n )
lZCI_QPn
where C’ > 0 denotes some constant and where Cy = max{C(z1),...,C(z9)}.
If, in addition, m. is t-conformal we have
me(Be(w, c1n —1/py )\ {w}) > Zme (27,8) N P)
> ZK tC(29)~ i)t]\/[
A 2n pil
> ME'C(=0) S (k5!
k=n

> MEC()"n ((2n)"57)
= 2 T MK O () VPyor@),
(n41)~1/P

The proof is finished observing that lim,, . =11

2.3 Basic properties of critically pseudo non-recurrent elliptic
functions

We say that the elliptic function f : C — C is (critically) pseudo non-
recurrent if the following conditions are satisfied.

(1) If c € Crit(f) N J(f), then either
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(la) w-limit set w(c) is a compact subset of C (i.e. 0o ¢ w(c)) and
¢ ¢ w(c) or
(1b) c € U1 f7"(00), or
(Ic) limy,—s o f"(c) = o0,
and

(2) if ¢ € Crit(f) N F(f), then there exists either an attracting periodic
point w of f or a rationally indifferent periodic point w of f such that

w(c) C{f"(w), n = 0}.

We will frequently write critically pseudo non-recurrent as well as pseudo
non-recurrent, and in each case this will refer to functions defined above.

Definition 2.8 The set of critical points captured respectively by (1a), (1b)
and (1c) will be refereed to as Crit.(f), Crit,(f) and Criteo(f).

For every ¢ € Crit,(f) let n(c) > 2 be the only integer such f7(c) is well
defined for all 0 < j < n(c) and f™(c) = co. Set

PC(f)= |J {Flo:i>1}

c€Crite(f)
PCY(f) = Critc(f) UPCe(f),

PC,(f)= |J {F:1<j<n(o-1},

cECrity (f)
ch(f) = Crit,, (f) UPCp(f), (2.15)
PCo(f)= |J {FHlo:5>1},
c€Critoo (f)
PCO oo (f) = Criteo(f) UPCos(f),
PC(f) :==PCe(f) UPCy(f) UPCu(f),

PCY(f) = PGS(f) UPCH(f) UPCL(S):

It immediately follows from this definition that ¢ ¢ w(c) for all ¢ €
Crit(f) N J(f). For every ¢ € Critoo(f) let

gc = limsup ¢, (2.16)

n—oo
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where f™(c) is near the pole b,, and, we recall, g, is its multiplicity, p. was
defined just after Definition 1.1. Let

loo = max{pcqc : ¢ € Critoo(f)}
(if Critoo(f) =0, looc = 0). Our main hypothesis is that

2o
lo+1

h > (2.17)

and then the pseudo non-recurrent function f : C — C is called regular.

This assumption is needed in order to show that the h-conformal measure
constructed in Lemma 4.3 is atomless. This is a prerequisite for, essentially
all, our considerations concerning geometric measures (Hausdorff and pack-
ing) and measurable dynamics with respect to the measure class generated
by the conformal measure m. The place in the paper from which we do need
regularity is the proof of Lemma 4.26.

Therefore, for every ¢ € Crito(f), b > 2% Hence

Pegetl’
DPc — 1
5 h < (ge +1)h — 2¢c.
So there exists h_ € (1, h) such that
e — 1
P h- < (gc+1)h- — 2¢c, (2.18)

C
and therefore there exists k. > 0 such that
DPc — 1
Pe
The right-hand side of this formula is equivalent to the following

<h2__—nlic> <ch—:1> o1 (2.20)

0+(4) = |J ).

n>0

h_ < ke < (ge + 1)h_ — 2¢e. (2.19)

For any set A C C, let

Similarly as in the paper [19] the basic technical tool for our approach in
this paper is formed by an appropriate version of Mane’s Theorem. Let us
recall that we proved in [20] the following theorem.
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Theorem 2.9 Let f : C — C be an elliptic function and Q(f) denote the
set of rationally indifferent periodic points of f. If a point x € J(f)\Q(f) is
not contained in the w-limit set of a recurrent critical point, then for every
€ > 0 there exists a neighborhood U of x such that

(a) For allm > 0, every connected component of f~"™(U) has Euclidean diam-
eter < ¢g;

(b) There exists N > 0 such that for alln > 0 and every connected component
V oof f~™(U), the degree of fIT‘L/ s < N.

We first prove a version of Przytycki’s lemma from [29] for the sake of
completeness, since it forms the first step in the proof of Theorem 2.9 and
since there are places, where one has to proceed more subtly than in the
case of rational functions.

Lemma 2.10 For every integer K > 0 and every 0 < A < 1, the following
holds. For every e > 0 and every k > 0, there exists 5o = do(K,e,\, k) > 0
such that for every 6 < §p and every x € C at the distance at least k away
from the set of parabolic points and attracting points, for every n > 0 and
every connected component W = Comp(f~"(Be(z,d))) such that fhw has
at most K critical points counted with multiplicities, for every component

W' = Comp(f~"(B')) in W, for the disc B’ = Be(x,\d) we have
diam.(W') < e

and diamg(W') — 0 for n — oo uniformly (i.e., independently of the choices
of B and W').

Proof. Suppose, on the contrary, that there exist a sequence {zy}52; of
points in a distance at least « apart from the set of parabolic points and
attracting points, a sequence 6, \, 0, a sequence of components W,, =
Comp(f " (Be(xn,d,))) with k, — 0o, as n — oo such that the num-
ber of critical points of each map f*» on W, is bounded by K and W/,
the sequence associate to W, as in the statement of the lemma, such that
limy, oo diame (W) ) # 0. Then for each n, there exists L = L(n),0 < L < K,
such that there is no critical value of f‘l;’{,n in

P(n) = B, <xn 5 ()\ b1 A)IL{E))\BB (mn,én (/\ +(1— /\)Ki1>) .
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Without loss of generality, we may assume that all the components W),
intersect the fundamental region R. Put

W .= Comp (fk" <Be (mn, O <)\ +(1- A);(ﬂ))))

W .= Comp (f’“” <Be (xn On (A +(1- A)w))))

the components containing W) |

P, = W@\ wl
and for every 0 < m < k,, i = 1,2,
Wi, = [ WD), Pagn o= [P (Pa) = W\ Wi
For each n, let m = m(n) < k, be the least integer such that
diame(W,gﬁ)n) > inf{distc(c1,c2); c1,c2 € Crit(f), c1 # ca}.

So for every 0 < t < m(n), the set P, is a topological annulus. That is
so because at each step back by f*1 from P, ;1 to P,; there is at most

one branch point for f ~1 from Wrgfz—l to W(i)

nt» ¢ =1,2. Now, all the annuli
Py m(n)—1"s have moduli bounded below by 27 K(1-)) %H Since in addition
all the components W, intersect the fundamental region R, it follows from
Montel’s Theorem that there exists a topological (maybe not geometric)

annulus P contained in all P, ,,,,)—1’s for a subsequences n;, which bounds

a topological disk D. So D C Wg)m(ns)il. Hence

)= D) € Be(2n, ).

Passing yet to another subsequence, we may assume that the sequence
{z,}52; converges to a point y € C at distance at least x apart from the
set of parabolic points and attracting points. Thus the family of functions
{fmn)=1(D) — C}22, is equicontinuous and consequently D cannot inter-
sect the Julia set J(f). If they were contained in a preimage of a Siegel disk
or a Herman ring, the limit of diameters of iterates f™(™)=1(D) would be
positive. Thus D is contained in the basin of attraction to an attracting
periodic orbit or a parabolic periodic orbit. In either case, the limit of the
sets f™")=1(D) would be contained in either an attracting periodic orbit
or a parabolic periodic orbit. Since this limit would coincide with y, we get
a contradiction. The proof is complete. B
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Remark 2.11 Obviously this lemma remains true (with the proof requir-
ing only minor modifications) if, instead of the disk Be(x,d), one takes the
square centered at x and with edges of length 6. This is the version we will
need in the next theorem.

Proof of Theorem 2.9. The core of the theorem is (a), from which the
property (b) follows easily. Given an open set U C C, denote c¢(U,n) the
set of connected components of f~"(U). Observe that V € ¢(U,n) implies
fA(V)€ece(U,n—j)forall0 < j<n. IfV € c(U,n) define

A(Von) =4 € Vi (f")'(€) = 0},
counted with algebraic multiplicity. A square is the set S of the form
S={ze€C: |[Re(z—p)| <90, Im(z—p)| <3}

The point p is the center and ¢ is its radius. Let S be a square with center p
and radius &, given k > 0, denote by S* the square with center p and radius
ko.

(a) If S is a square with radius 0, denote by L£(S) the family of squares
contained in $%/2 — S and having radius 6/4. Denote by £*(S) the family of
squares 5’3/2 with Sy € £(S). Suppose that x is not a parabolic point and
does not belong to the w-limit set of recurrent critical point. Then there
exists dg > 0 such that

(1) there is no critical point c of f such that there exists 0 < nj < ng satisfying
|f"(c) —c| <dp and |[f"%(c)— x| < do;
(2) |z — p| > 100¢ for every parabolic or attracting periodic point p.
Given ¢ > 0, take 1 > 0 satisfying

(3) 0 < &1 < min{e/10,8,/10};
(4) if U is an open connected set with diam,(U) < 2e1, then diam.(W) < dy
for all W € ¢(U, 1).

Let Ny be the number of equivalence classes of the relation ~ between critical
points of f. Take N7 > 2 such that

(5) If S is a square and V' € ¢(S,n) satisfies A(V,n) < Ny + 1, then the
number of connected components of f~"(5%/3) contained in V is < Nj.

Finally, let 6 be given by
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(6) 6 = min{dy/10,21/10,5(2No,e1/20N1,2/3,80)}, where
(5(2]\70, 61/20N1, 2/3, 50)

was produced in Lemma 2.10.

Let Sy be the square of center x and radius §. Suppose that Theo-
rem 2.9(a) fails for U = Sy. Then there exists n > 0 and V € ¢(Sp,n)
with diame(V) > ¢ > 10g;. On the other hand, by (6), diam.(Sp) =
2V26 < 38 < e1. Hence there exists an integer ny > 0 such that there
exists Vp € 0(83/2, no) satisfying

(7) diame(f*(”ofi)(so) N f{(Vo)) < e for all 1 < i < ngp, and
(8) diame(f_”o (S[)) N Vo) > 1.
Since diam,(Sp) < €7 it follows that ng > 0. Now, starting with Sy we shall
construct a sequence of squares Sy, 51,52, ... and strictly positive integers
ng > ny > ng ... satisfying
(9) Sj+1 S £*(S]) and
(10) there exists V; € 0(55/2,nj) such that

diam, (fC70(85) N (V) < e
for all 1 <¢ < nj; and
diam,(f~" (S]) N V7) > €1.

From (7) and (8), it follows that Sy satisfies (10). If we construct such
a sequence of squares and integers, then Theorem 2.9 will be proved by
contradiction because the condition ng > ny > ng... > ny > ... > 0
implies that n; = n; for all > i for a certain 7. But (a) implies that the
radius of S is (%)jé; in particular diam(S;) — 0 when j — 4o00. But by
(10),
1 < diame(f7"(55) NVj) = diame(f 7 (55) N'Vj),
Vj e C(S?/Q,nj) = 0(55/2,71@-).

Taking j — 400, and recalling that ¢ is fixed and lim;_,o diam.(S;) = 0,
we conclude that the inequality above cannot hold.

The sequence {S;} and {n;} will be constructed by induction starting
with Sp. Suppose S; and n; are constructed for 0 < ¢ < j. To find Sj;1 and
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njt+1, we begin by observing that from (a) it follows that if p € S € L*(S}),
then, by the contraction of the squares S;,

j AN L o
lp—z| < ;diame(&;) = ; <8> diam,(Sy) = 2\/5% <8> § < 4v/26.

Hence, if a point ¢ satisfies dist.(q, S) < dg, we have
g — x| < 4V26 + 8y < 20p.
By (2), this means that

(11) diste(g,S) > dp for all S € L£*(S;) and all parabolic or attracting
periodic point q.

For the induction step (i.e., the construction of S;;1 and n;41), we shall
use the following lemma.

Lemma 2.12 If U C C is an open neighborhood of x and V € ¢(U,n)
satisfies

diam, (f*(V)) <, 0<i<n,

then
A(V, n) < No.

Proof. If A(V,n) > Ny + 1, there exists Ny + 1 different points x;, 1 <i <
No+1, in V such that (f")'(z;) = 0. This means that for each 1 <7 < Ny+1,
there exist 1 < m; < n, such that f™i(x;) is a critical point. Recalling that
Ny is the number of the equivalence classes of the equivalence relation ~,
we see that there exist two different points in the set {z;; 1 <i < Ny + 1},
which we denote by x1,x9, and two critical points ¢; and co in the same
equivalence class of the equivalence relation ~, such that f™(z1) = ¢; and
fM2(xq) = co. Assume without loss of generality that 0 < m; < mgy. Then
by the choice of dg, m1 < mg and

[T (e2) = co = [f T (er) — eof = [f (21) = [ (22))]

< diam,(f2(V)) < dp
and
[f772 (eg) — x| = | fTR(f (22)) — x| = | (w2) — 2] < o,

contradicting property (1) of dp. B
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Now, to find S;y1 and nj11 we first claim that there exists S € L(S;)
which for some 0 < n < nj; has V € ¢(S,n) with diam.(V) > 1/10N;.
Suppose that the claim is false. Then, for all 1 <17 < nj,

diame(f(V5)) < diame (£~ (85) 0 (V)
+ sup{diam.(W); W € ¢(S,n; —1),S € L(S;)}
< €1 +51/10N1 < 261.

From this inequality applied to ¢ = 1 and property (4), we have
diame(V}) < do.
Moreover, since 21 < dg (by (3)),
diame (f*(V})) < &g

for all 1 <7 < nj, hence for all 0 < 7 < n;. By Lemma 2.10, this proves
that A(Vj,n;) < Np. Then, since V; € c(S;/S,nj) it follows from (5), (11)
and Lemma 2.10 that

(W € ¢(Sj,n;), W C V;] = diam (W) < e1/10N;.
Moreover, by the way N1 was chosen, we have
#{W € c(Sj,n;); W CV;} < Ny
and we assume that
[S € L(S)),G € ¢(S,n;)] = diam.(G) < ¢/10N;.

Now observe that Vj is the union of sets G € ¢(S,n;),G C V;,S € L(S;) and
the sets W € ¢(S;,n;), W C V;. Moreover, for any two sets W/, W” in this
family there exist W/ = Wy, W1, ..., Wy, = W" in ¢(S;j,n;) and contained in
Vj such that for all 0 < i < k there exist S; € £L(S;) and U; € ¢(S;, nj) such
that U; "N W; # 0 and U; N W, 1 # (. Then

diame(Vj) < N; (81/10N1 + 81/10N1) = 61/5,

contradicting the last inequality in condition (10). This completes the proof
of the claim. Now we can take S € £(S;) such that diam.(V') > ¢/10N; for
some V € ¢(S,n),0 <n < n;. Take V € ¢(S%2,n) containing V. Suppose
that A(V,n) < Ny. Then by Lemma 2.10 and condition (6)

diam, (V) < e1/20NVy,
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since V € ¢((S%?2)%/3,n) and is contained in V. This contradicts the fact
that

diam. (V') > 1 /10N,
and proves A(V,n) > Ny + 1. From Lemma 2.12, it follows that
diam, (f1(V)) > do

for some 0 < i < n. Now we define ;11 = S3/2. Then f{(V) € ¢(S8%2,n—1)
and diam.(f*(V)) > &y > 10e1. Moreover, diam,(Sj+1) < 2§ < 1. Then
there exists 0 <nji1 <n—1i<n;—iand Vi € c(Sj41,n541) such that

diame (f 7" (Sj31) N Vi) > €1
and
diame(f_”f+1+i(5j+1) N fZ(VjH)) <e.

Observe that njy1 > 0 since diam, (Sj+1) < 26 < 1. This completes the
construction of the sequence {S;} and {n;} and the proof of part (a) of
Theorem 2.9. Property (b) of Theorem 2.9 follows from (a) and Lemma 2.12.
|

As its rather straightforward consequence, in exactly the same way as
Theorem 2.7 from [20] one can prove the following.

Theorem 2.13 Let f : C — C be a critically pseudo non-recurrent elliptic
function. If X C J(f)\ Q(f) is a closed subset of C, then for every ¢ > 0
there exists 6 > 0 such that for every x € X and every n > 0, all the
connected components of f~"(B(x,d)) have Euclidean diameters < e.

Since this theorem forms an extremely important tool in our paper and
promptly distinguishes the class of critically pseudo non-recurrent elliptic
functions from among all other elliptic functions, we would like to provide
a few words of comment. First, Mane’s original most general result is this.

Theorem 2.14 Suppose that f : C — C is a rational function of degree
d > 2. Suppose also that x € J(f) is not a rationally indifferent periodic
point nor does x belong to the w-limit set of any recurrent critical point.
Then for every € > 0, there exists § > 0 such that for every n > 0 all the
connected components of f~"(Bs(x,d)) have spherical diameters < e.
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It is easy to see that in the context of rational functions Theorem 2.13
follows from Theorem 2.14 if C is replaced by C and Euclidean diameters
are replaced by spherical ones. We also observe that Theorem 2.13 follows
easily from Theorem 2.9, the elliptic counterpart of Theorem 2.14, as long
as the set X C J(f) \ Q(f) is assumed to be a compact subset of the
complex plane C. The proof that Theorem 2.13 is also true for closed, not
compact, subsets of C results from its ”"compact” part as follows. Suppose
that X C J(f) \ Q(f) is a closed subset of C. Let

A = dist(Q(f), f1(c0)) > 0.

In view of (2.2) and (2.5) there exists R > 0 so large that if |f(2)| > R/2,
then for some b € f~1(00), 2z € By(R/2)

|f/(2)| > 2 and diam.(By(R/2)) < A/2. (2.21)
Consider now the compact set
Y'=XU(J(f)\ Be(Qf),A/2)) \ Br

and the corresponding number 0 < ¢ < min{e, R/2} ascribed to Y and the
number min{e, R/2} according to the ”compact” part of Theorem 2.13. In
order to complete the proof it suffices to show that if x € Bpg, then the
Euclidean diameter of each connected component C,(x) of f~"(B.(z,0))
does not exceed € for every € > 0. Indeed, fix w € f7"(z) N Cp(z) and let
1 < k < n be the least integer such that f"~*(w) ¢ Br provided it exists.
Otherwise, set £ = n. We shall show by mathematical induction that

diam, (f"77(Cp(x))) < § < min{e, R/2} (2.22)

for every 0 < j < k. For j = 0, this formula is true since f*(Cp(x)) =
Be(z,9). Suppose that it is true for some 0 < j < k—1. Since f"~/(w) € Br
and since diam,(f"7(Cy(z))) < R/2, we conclude that

f"7(Cn(x)) C Bpysa- (2.23)

It therefore follows from the first part of formula (2.21) that
diame (70D (Cy(2))) < %diame (F79(C())) < 6.

This proves formula (2.22). In the case when k& = n, the result follows from
(2.22). Otherwise, it follows from (2.23) and the second part of formula
(2.21) that

[P (Cn(2)) © C\ Be(QU(f), A/2).
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Since we also know that f"*(w) ¢ Bg, we conclude that f"~*(w) € Y, we
see that diam.(Cy,(z)) < min{e, R/2} < e. We are done.

Now we shall collect all the other results from Section 2.3 of [20] formu-
lated in the context of critically pseudo non-recurrent functions. The proofs
requires no modifications. As a consequence of Theorem 2.13 we prove the
following.

Corollary 2.15 Let f : C — C be a critically pseudo non-recurrent elliptic
function. If X C J(f)U{oc} \ Q(f) is compact, then for every e > 0 there
exists & > 0 such that for every x € X and every n > 0, all connected
components of f~"(Bs(x,0)) have Euclidean diameters < e.

Proof. Apply Theorem 2.13 for the set f~1(co) and given ¢ > 0. This gives
us the corresponding number §; > 0. Taking now £ > 0 so small that each
connected component of f~"(Bs(oo,§)) is contained in Be(b, 1) for some
pole b € f~!(c0) consider the set Y = X \ By(00,§). Since Y is a compact
subset of C, it follows from Theorem 2.13 that there exists do > 0 such
that for every z € Y and every n > 0 all the connected components of
[~"(Bs(x,0)) have Euclidean diameters < e. Consider a finite cover

{Bs(z1,02), ..., Bs(xk, d2), Bs(c0, &)}

of X, where z; € Y for all j =1,2,...,k. Taking as ¢ half of the Lebesgue
number of this cover (see [22]) finishes the proof. B

Let

0= 0(f) = min{min{8(f* ) : & € AN}, Seiste(F), Crit(£)} > 0,
(2.24)
where a > 1 is so large that all parabolic points of f¢ are simple and the
numbers 6(f*, w) are defined in (2.10). We denote

A= A(f) = max{A(f,c), A(f,b) : c € Crit(f),be fl(c0)},  (2.25)

where A(f,c) was defined just after Definition 1.1, A(f,b) was defined in
(2.4). Recall from Chapter 2 that two points z and w are equivalent and
write z ~ w if w — 2z € A, the lattice associated to the elliptic function f.
Obviously, z ~ w implies that O4(z) = O4(w) and w(z) = w(w). Since the
set Crit(f)N'R is finite, our assumptions on the set of critical points Crit(f)
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imply that each of the following three numbers below is positive.
min{diste(c, O (f(c)) : c € Crit(f)}
min{(A(f,¢)R(f,¢))"/P : ¢ e Crit(f)}
min{|c — | : ¢, € Crit(f) and ¢ # '},

where p. = p(f,c) is the order of the critical point ¢ of f. Both, p. and
R(f,c), were defined just after Definition 1.1. Fix a positive constant

B<6/2 (2.26)

smaller than those three numbers. Since f contains no recurrent critical
points, it follows from Theorem 2.13 that there exists 0 < v < 1/4 such that
if n > 0 is an integer, z € J(f) and f"(z) ¢ Be(2(f),0), then

diam, (Comp(z, f"(2), f",27)) < 8. (2.27)

From now on fix also 0 < 7 < 6 !'min{3,2v} so small as required in
Lemma 2.4 for every w € Q(f) and so small that for every z € J(f)

diam, (Comp(z, f(2), f,67)) < min{3,2v}. (2.28)

Lemma 2.16 If n > 0 is an integer, n > 0, z € J(f) and for every k €
{0,1,...,n}
diame (Comp(f*(2), f"(2), f**,n)) < 8,

then each connected component Comp(f*(2), f*(2), f*~%,n) contains at most
one critical point of f and the equivalence class of each critical point inter-
sects at most one of these components.

Proof. The first part is obvious by the choice of 3. In order to prove the
second part suppose that

c1 € Crit(f) N Comp(f* (2), [ (2), f**.m),
ca € Comp(f*2(2), f"(2), f* "2, 1)
and ¢y ~ co, where 0 < k; < k9 < n. But then
FPE(eg) = fFR(er) € Comp(f*(2), f7(2), 77, m)
so |fF27k1(cy) — ¢o| < B, contrary to the choice of 5. W

-1
Let k = (Hcecm( f)mec) :
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Lemma 2.17 If z € J(f), f"(2) ¢ Be(2(f),0), then
Mod(Comp(z, f"(2), f", 2y)\Comp(z, f"(2), f",7)) = log 2/#(Crit(f)NR).
Proof. By Lemma 2.16 there exists a geometric annulus
R C Be(f"(2),29) \ B(f"(2),7)
centered at f™(z) of modulus log2/#(Crit(f) NR) such that
S (R) N Comp(z, f(2), f*, 2y) N Crit(f") = 0.

Since covering maps increase moduli of annuli at most by factors equal to
their degrees, we conclude that

Mod (Comp(z, f™(2), f",27) \ Comp(z, f"(2), f",7))
> Mod(Ry,)

log 2 -1 2.29
> . .
= (#(Crlt(f) N R)) (HCECrlt(f)ﬂRpc) ( )
klog?2
#(Crit(f)NR)’
where R,, C Comp(z, f"(2), f",27) is the connected component of
7 (Be(f"(2),27)) enclosing Comp(z, f"(z), f",7). &

As an immediate consequence of this lemma and Koebe’s Distortion The-
orem, II (Euclidean version) we get the following.

Lemma 2.18 Suppose that z € J(f) and f"(z) ¢ Be(Qf),0). If0 <
E < n and f* : Comp(z, (), /™ 29) — Comp(f*(2), ["(2), f**,27) is
univalent, then

(/*) ()]

——— == < const

|(f*)' ()]
for all x,y € Comp(z, f*(2), f",7), where const is a number depending only
on #(Crit(f) NR) and k.

For A, B, any two subsets of a metric space put
dist(A, B) = inf{dist(a,b) : a € A,b € B}

and
Dist(A, B) = sup{dist(a,b) : a € A,b € B}.
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Lemma 2.19 Suppose that z € J(f) and f"(z) ¢ Be(Q(f),0). Suppose also
that QY ¢ Q® < B(f™(2),7) are connected sets. If Qg) is a connected
component of f~"(Q®?) contained in Comp(z, f™(2), f*, ) and QS) s a
connected component of f*"(Q(l)) contained in lez); then

diam, (Q,(ll)) diam, (Q(l))
- .
diam, (Q£L2)) ~ diam, (Q(Z))

Proof. Let 1 < nj; < ... < n, <n be all the integers k between 1 and n
such that

Crit(f) N Comp(f"~*(2), f*(2), f*,27) # 0.
Fix1 <i<wu. Ifj € [n;,ni+1—1] (we set ny41 = n—1), then by Lemma 2.18
there exists a universal constant 7' > 0 such that
diame(Q3”) _ - diam, (QL)
diame(Qg-z)) B diame(Q%))'
Since, in view of Lemma 2.16, u < #(Crit(f) NR), in order to conclude the

proof it is enough to show the existence of a universal constant £ > 0 such
that for every 1 <i <wu

diam,( (1)) - Ediame(Qgi)_l)
diam.(QY)) ~ diam(Q®) )’

Indeed, let ¢ be the critical point in Comp(f"~"(2), f™(z), f™,2v) and let
pe be its order. Since both sets Q,(llz.) and ini) are connected, we get for
j =1,2 that
diam(QY)_) = diam.(QY)) sup{|f'(z)| : = € Q¥)}
= diam, (Q;Z))Dlste (c, qu))

(2.30)

Hence
diame(Qslli)) diam. (Q n—l) DiSte(QQ?(wZi))
diam,(QY))  Diste(c, Q diam (7))

n;—1

)
diame( 1)
B dia‘me ( n;—1 )

The proof is finished. W
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2.4 Partial order in Crit.(J(f)) and stratifications of closed
forward-invariant subsets of J(f)

In this section all the distances and all closures are understood with respect
to the Euclidean metric and the topology on the Euclidean plane C. In
particular if lim, ., f"(2) = oo or z € |5~ f~"(c0), then w(z) = 0. Also
dist(A, ) = 0. What concerns critical points all the proofs in Section 2.4
from [20] used only the fact that ¢ ¢ w(c) and w(c) is a compact subset of
C for every critical point ¢ € Crit(f) N J(f). All these proofs go through
unchanged (only Crit(f) is replaced by Crit.(f) and PC(f) is replaced by
PCY(f) and we collect here the results and their proofs for the sake of
completeness and the convenience of the reader. Set

Crito(J(f)) = Crite(f) N J(f).

Lemma 2.20 The set w(Crit.(J(f))) is nowhere dense in J(f).

Proof. Suppose that the interior (relative to J(f)) of w(Crite(J(f))) is
nonempty. Then there exists ¢ € Crit.(J(f)) such that w(c) has nonempty
interior. But then there would exist n > 0 such that f"(w(c)) = J(f) and,
consequently, w(c) = J(f). This, however, is a contradiction, as ¢ ¢ w(c). R

Now we introduce in Crit.(J(f)) a relation < which, in view of Lemma 2.21
below, is an ordering relation, by putting

g <cy =  €w(c). (2.31)

Since ¢ ~ c3 implies w(cg) = w(cs), then if ¢; < ¢ and g ~ ¢3, then ¢1 < ¢3

Lemma 2.21 If ¢y < ¢y and co < c3, then ¢ < c3.

Proof. Indeed, we have ¢; € w(cz) C w(cz). W

Lemma 2.22 There is no infinite, linear subset of the partially ordered set

(Crite(J(f)), <)-

Proof. Indeed, suppose on the contrary that ¢; < ¢y < ... is an infinite,
linearly ordered subset of Crit.(J(f)). Since the number of equivalency
classes of relation ~ is equal to #(Crit.(J(f)) N R) which is finite, there
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exist two numbers 1 < ¢ < j such that w(¢;) = w(c;). But this implies that
¢ € w(cj) = w(c;) and we get a contradiction. The proof is finished. W

The following observation is a reformulation of the condition that J(f)
contains no recurrent critical points.

Lemma 2.23 If ¢ € Crit.(J(f)), then it is not the case that ¢ < c.

Now define inductively a sequence {Cr;(f)} of subsets of Crit.(J(f)) by
setting Cro(f) = 0 and

Cripi(f) =

¢ € Crite(J(M)\ | J Cry(f) : if ¢ <, then ¢ € Cro(f)U...UCri(f)

(2.32)

Lemma 2.24  (a) If c € Cri(f) and ¢ ~ ¢, then ¢ € Cri(f).
(b) The sets {Cr;(f)} are mutually disjoint.
(¢) Fpz1 Vizpra Cri(f) = 0.
(d) Cro(f)U...UCry(f) = Crit(J(f)).
(e) Cri(f) # 0.

Proof. Part (a) follows immediately from the definition of the sets C'r; and
the fact that two equivalent points have the same w-limit sets. By definition
Crit1(f) ﬂU;:l Cr;j(f) =0, so disjointness in (b) is clear. As the number of
equivalence classes of the relation ~ is equal to #(Crit(J(f)) N'R, which is
finite, (a) and (b) imply (c). Take p to be the minimal number satisfying (c)
and suppose that ¢ € Crit.(J(f)) \ U=, Cr;j(f). Since Crpt1(f) = 0, there
exists ¢ ¢ (J;_; Cr;(f) such that ¢’ < c. Iterating this procedure, we would
obtain an 1nﬁn1te sequence of critical points ¢; = ¢ > ¢y =¢ > c3 > ...
But this contradicts Lemma 2.22 proving (d). Now part (e) follows from (c)
and (2.32). W

As an immediate consequence of the definition of the sequence {Cr;(f)},
we get the following simple lemma.

Lemma 2.25 If ¢, € Cri(f), then it is not the case that ¢ < c'.
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For each point z € J(f), define the set

Crit.(z) = {c € Crite(J(f)) : c € w(2)}.

Lemma 2.26 If z € J(f) \ Io(f), then either z € o f"(Uf)) or
w(z) \ {00} is not contained in O4(f(Crit.(z)) UQ(f).

Proof. Suppose that 2z & U, 5o f7"(2(f)) U Io(f). Then by (2.11) the set
w(z) \ {00} is not contained in Q(f). So, if we suppose that

w(z) \ {oo} C O4(f(Crite(2)) UQ(), (2.33)

then, as w(z) \ {oo} # 0, we conclude that Crit(z) # 0. Let ¢; € Crit(z).
This means that ¢; € w(z); and as ¢; ¢ Q(f), it follows from (2.33) that
there exists co € Crit.(z) such that either ¢; € w(eg) or ¢p = f™ (¢2) for some

n1 > 1. Iterating this procedure, we obtain an infinite sequence {c;}52, such
that for every j > 1, either ¢; € w(cjy1) or ¢;j = f(cj41) for some nj > 1.
Consider an arbitrary block ¢k, cgq1,...,¢ such that ¢; = f"(cj4q1) for
every k < j <[l —1 and suppose that

I —(k—1) > #(Crit(f) N R).
Then there are two indexes k < a < b <[ such that ¢, ~ ¢;,. Then

fna+na+1+---+nb—1(ca) — f”a+na+1+---+nb—l(cb) — CaS

and consequently, as
Ng +Nagp1+ ... +np_1 2b—a>1,

¢q is a super-attracting periodic point of f. Since ¢, € J(f), this is a
contradiction; and in consequence, the length of the block ¢k, cgy1,...,¢ is
bounded above by #(Crit(f)NR). Hence there exists an infinite subsequence
{ni}r>1 such that ¢,, € w(cp,+1) for every k > 1 or, equivalently, ¢,, <
Cny,,, for every k > 1. This, however, contradicts Lemma 2.22 and we are
done. H

Recall that the integer p was defined in Lemma 2.24. Define for every
1=0,1,...,p,

Si(f) =Cro(f)U...UCri(f) (2.34)
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and for every i = 0,1,...,p—1, consider ¢’ € U ey, () w(c) NCrite(J(f))-
Then there exists ¢ € Cr;11(f) such that ¢ € w(c), which means that ¢ < c.
Thus, by (2.32), we get ¢ € S;(f). So

U wle)n(Crite(J(£))\ Si(f)) = 0. (2.35)

CECTi+1 (f)

Therefore, since the set (J.ccy,,, (s w(c) C C is compact and Crite(J(f)) \
Si(f) has no accumulation point in C,

5 =dist.( | w(e),Crite(J(£))\ Si(f)) > 0. (2.36)

CGCT'7;+1(f)
Set
p— %min{éi L= 0,1,...,p—1, diste (Os(Crite(f)), Crit,(f) U Crites (f))}.

Fix a closed forward-invariant subset F of J(f) and for every i = 0,1,...,p,
define

Ei(f) = {= € E: dist. (04 (=), Critc (J(£) \ Si()) > p}.

Let us now prove the following two lemmas concerning the sets E;(f). Let
Ei :El(f), iZO,...,p.

Lemma 2.27 By CEy C...C E,=F.

Proof. Since Si+1(f) D Si(f), the inclusions E; C E;y; is obvious. Since
Sp(f) = Crite(J(f)), it holds E, = E. We are done. B

Lemma 2.28 There exists | = I(f) > 1 such that for everyi=0,1,...,p—
L,

U wle) cOr(fiCripa(f))) € PC(f)i € PCAS)i.

c€Crit1(f)

Proof. The left-hand inclusion is obvious regardless whatever [(f) > 1 is.
In order to prove the right-hand inclusion, fix ¢ € {0,1,...,p — 1}. By the
definition of w-limit sets, there exists I; > 1 such that for every ¢ € Cr;y1(f)
we have

diste (O (f1(c), |J w(e) <di/2.

CECTi+1 (f)
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Thus, by (2.36),
diste (O4(f(c)), Crite(J(f)) \ Si(f)) > &i/2.

Since p < §;/2 and since for every z € O, (fli(c)) also O4(2) C O4(f(c)),
we therefore get

O+ (f1(Crisi(f))) € PCAS)i-

So, putting I(f) = max{l; : i =0,1,...,p — 1} the proof is completed. B

2.5 Holomorphic inverse branches
Set
Sing™ (f) = |J /7" () U Crit(J(f) U £} (0))

n>0
and

()= £ (c0).
n>1
For every b € f~1(00) and every w € By(2T) let fb_ul} : Be(f(w),T) —
By(T) be the inverse branch of f sending f(w) to w. It follows from (2.2)

(comp. also (2.5)) that there exists constant L > 1 and the following prop-
erties are satisfied.

diam, (By(T)) < LT™Y/% and By(2T) D B(b, L'T~Y®)  (2.37)

and for every R € (0,7 sufficiently small

apt1

B (w LR ) €GB, R) B (LR

C Be(w, R),
(2.38)
w1
where the last inclusion was written assuming that |f(w)| > L % . Since
there are only finitely many equivalence classes of the relation ~ generated

by the poles of f, there exists Ry > 0 so small that w € B.(f!(00), Ry)
then |f(w)| > L.

Using now (2.38) and the right-hand side of (2.37) with T replaced by 27
a straightforward induction gives the following.
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Lemma 2.29 There exists
1
Ry € (0, min{T, (2LT)~%, Ry, idiste(ffl(oo), Crit(f))}

so small that if z € C,n > 1 and if {f7(2) : 0 < j < n—1} C Bo(f1(00), R)
then there exists a unique holomorphic inverse branch f;" : Be(f"(z), R2) —
Be(z, R2) sending f™(z) to z.

Now we shall prove the following.

Lemma 2.30 For every € > 0 there exists a = a(e) > 1 such that if
2 € C\ Be(f(00),¢) then z ¢ 72,41 Be(f7(Critos(f)), 5)-

Proof. Suppose on the contrary that there exists € > 0 for every a > 1
there exists 2, € ;2,14 Be(f7(Critoo(f)),5)\ Be(f 1 (00), ). Since the sets
f7(Criteo(f)) converge to oo when j — oo, it follows that limg e 2, = 0.
But then 2z, € B.(f!(c0),¢) for all a > 1 large enough. This contradiction
finishes the proof. B

Since the sets PC.(f) and PC,(f) are bounded, the number

D= %Diste(PCc( FYUPC,(/).0)

is finite. The main result of this chapter is the following.

Proposition 2.31 If z € J(f) \ Sing™ (f) then there exist:

(a) n(z) > 0.
(b) {”j}gﬁl; an increasing sequence of positive integers.
(¢) a sequence {x;(2)}52, C J()\ (Q(f)Uw(Crit(z))) with the following

properties:

(1) Comp(z, f"(2), f"9,n(2)) N Crit(f7) = 0.

(2) limjj oo [ "9 (2) — 2j(2)| = 0.

(3) If |xj(2)| > 2D for all j > 1, then n(z) > min{2, Ry}.

(4) If the sequence {xj(2)}32, is bounded, then it is constant.

(5) If imj_oc2;(2) = 00 and z ¢ I(f) then x;(2) ~ xp(z) for
all j,k > 1.
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Proof. If z € Io(f), equivalently, if lim,,_, diste(f"(z), f~*(c0)) = 0, then
in view of Lemma 2.29 we are done by setting n; = j+u and z;(2) = f7/74(z)
with some u > 0 large enough, so that diste(f'*%(z), f~}(c0)) < R2. So
suppose that there exists an € > 0 such that the set

S = {k>0:dist.(f*(2), f1(c0)) > €}

is infinite.

Now, suppose that A%, the set of limits points of Ag = {f¥(z) : k €
S} is unbounded. There exists w € A% and a(e) > 1 (a(e) comes from
Lemma 2.30) such that

a(e)
Be(w,5) N | | £7(Critoo(f) UPCe(f) UPC,(f) | =0 (2.39)
j=0
and |w| > 4D. There also exists an increasing sequence {”j}?i1 c S
such that limj .o f™(2) = w. Disregarding finitely many elements of
this sequence, we may assume without loss of generality that f"i(z) €
B.(w,min{1, D}) for all j > 1. In view of the definition of S, Lemma 2.30,
and (2.39), we see that for every j > 1 there exists a holomorphic inverse
branch f, " : B.(f™ (2),4) — C sending f™ (z) to z. Because of the same
premises w ¢ w(Crit(f)) and we are done in this case by setting z;(z) = w
for all j > 1 and n(z) = 4.

So, suppose that the set AdS is bounded. Assume first that
liminf dist. (f"(2), f~*(c0)) = 0.
n—oo
Then there exists {k; };-";1, an increasing sequence of positive integers such
diste(fkﬁl(z),f*l(oo)) > ¢ (2.40)
(ie. kj+1 € S, j > 1) and we require f*(z) to be so close f~1(c0)
(assuming € > 0 to be sufficiently small) that
|f5 ()| > 4D + 2 (2.41)

for all j > 1. Passing to a subsequence, we may assume without loss of
generality that the sequence {II(f*i+1(2)) 72 on the torus 7 converges to
the same point y € 7, where Il : C — 7 = C/ ~ is the canonical projection
from C onto the torus 7. Clearly, there exists a sequence {z;(2)}72; such

that lim;j_c | f%1(2) — 2;(2)| = 0 and II(z;(2)) = y for all j > 1.



2.5 Holomorphic inverse branches 37

Assume first that the sequence { f*i +1(z)}]°-';1 is unbounded. Passing to a
subsequence we may assume without loss of generality that lim; ., f kitl(z) =
00. Then, applying (2.40), Lemma 2.30, (2.41) and the definition of D, we
are done with n; = k; + 1 and 7(z) = 2. So, assume that the sequence
{fki*t1(2)}2, is bounded. We already know that

j=1
Be(f"7(2),2) N [ PC(H)UPC,(Hlu | fi(Critas(f)) | =0.
j=a(e)+1

Since the second component of this intersection is forward-invariant, we con-
clude that no accumulation point of the sequence {f*i *“(5)(2)}?‘;1 belongs
to

PC.(J) UPC,(J) UPC=(J) = PC(J).

If the sequence {f*i—9(5)(z) };";1 is unbounded, we may complete the argu-
ment in exactly the same way as above with k; + 1 replaced by k; — a(e).
If the sequence {f*i *a(g)(z)}j’il is bounded, we are immediately done by
passing to a converging subsequence.

So assume that

liminf diste(f"(2), f~*(00)) > 0.

n—oo

Then liminf, _,~ | f™(2)] < oo and the w-limit set is compact in the plane C.
In view of Lemma 2.26 there exists z € w(2) \ (Q(f)UO4(f(Crit(z))U{oo}).
The number

1= diste(,0(7) U O, (F(CHiE(=)))

is positive since w(Crit(z)) is a compact subset of C and Q(f) is finite. Then
there exists an infinite increasing sequence {m;};>1 such that

lim f™(z) ==z (2.42)
j—00
and

Be(f™i(z),m) N [ f*(Crit(2))

n>1

0. (2.43)

Now we claim that there exists 7(z) such that for every j > 1 large enough
Comp(z, f™(z), f™,n(z)) N Crit(f™) = 0. (2.44)

Otherwise we would find an increasing to infinity subsequence {m;, } of {m;}
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and a decreasing to zero sequence of positive numbers 7; such that 7; < n
and

Comp(z, f™i(z), f™i,m;) N Crit(f79) # 0.

Let ¢ € Comp(z, fMi(z), f™i,n;) N Crit(f™i). Then there exists ¢; €
Crit(f) such that fPi(¢;) = ¢; for some 0 < p; < mj, — 1. Since the set
f~Y(x) is at a positive distance from Q(f) and since n; — 0, it follows
from Theorem 2.13 that lim; .o & = 2. Since z & |J,,5o f7"(Crit(f)), it
implies that lim; .., p; = co. But then using Theorem 2.13 again and the
formula fPi(¢;) = ¢; we conclude that the set of all accumulation points of
the sequence {c¢;} is contained in w(z). Hence, passing to a subsequence,
we may assume that the limit ¢ = lim;_,o, ¢; exists. But since ¢ € w(z),
since w(z) is a compact subset of C and since oo is the only accumulation
point of Crit(f), we conclude that the sequence ¢; is eventually constant.
Thus, dropping some finite number of initial terms, we may assume that
this sequence is constant. This means that ¢; = ¢ for all i = 1,2,.... Since
c = fPi(¢), we get

‘fmh(z) - fmji_pi(c)‘ — ‘fmh(z) — fmh(éz)’ < 1.

Since lim; o, 7; = 0 and since w(z) is a compact subset of C, we conclude
that

Tim [f™5(2) — f™5 P (0)] = 0.

Since ¢ € Crit(z), in view of (2.43) this implies that m;, — p; < 0 for all i
large enough. So, we get a contradiction as 0 < p; < mj, — 1 and (2.44) is
proved. B

In particular for every j > 1 there exists f, 7 : Be(x;(2),n(2)) — C.
With the notation of this proposition, for every j > 1, let T; : C — C be a
translation T (w) = w + z;(2).

We shall prove the following.

Lemma 2.32 With the assumptions and notations from Proposition 2.81
the family F, .= {f. " o T; : Bc(0,n(2)) — C, j > 1} is normal and all its
limit functions are constant.

Proof. Decreasing 7(z) if necessary, we can always find a periodic orbit of
[ of period > 3 disjoint from all the balls B.(x;(2),71(2)). Then this orbit
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is also disjoint from all the sets
f2 0 Tj(Be(0,n(2)) = f2 7 o Tj(Be(x(2), 1(2)))-

Hence, by Montel’s Theorem, F, is a normal family. If there were non-
constant limit functions of the family F,, then there would exists a radius
r > 0 and an increasing subsequence {n;, }3; such that

T, ' o [ (Be(z,7)) C Be(0,7(2))
or equivalently
[ (Be(z,7)) € Tj,, (Be(0,1(2)))-

Passing yet to another subsequence, we may assume without loss of gener-
ality that

C\ U T5.(Be(0,n(=)))
k=1

has a non-empty interior, and consequently contains at least three points.
Thus the family

{f"k : Be(z,1) — C}f,

would be normal, contrary to the fact z € J(f). We are done. B

As an immediate consequence of this lemma, we get the following.

Corollary 2.33 Ifz € J(f)\Sing™ (f) and the sequence {n;} is taken from
Proposition 2.31, then

lim |(f")'(2)] = oc.

k—o0
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Conformal measures

3.1 Preliminaries from geometric measure theory

Given a subset A of a metric space (X, d), a countable family {B(z;,7;)}
of open balls centered at the set A is said to be a packing of A if and only
if for any pair ¢ # j

oo
=1

d(wi, xj) >+ ;.

Given t > 0, the t-dimensional outer Hausdorff measure H'(A) of the set
A is defined as

[ee)
H'(A) = sup inf 0
)= pimf{2 )

where infimum is taken over all countable covers {A4;}5°; by the sets A;,
1=1,2,..., with diameters r; < €.

The t-dimensional outer packing measure IT'(A) of the set A is defined as
t . t
M'(A) = inf {D TT(A0)}
1
(A; are arbitrary subsets of A), where
o0
IT¢ (A) = sup sup ril,
(4) = supsup{d_ri}
Here the second supremum is taken over all packings {B(x;,r;)}2, of the
set A by open balls centered at A with radii which do not exceed . These

two outer measures define countable additive measures on Borel o-algebra
of X.

40
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The definition of the Hausdorff dimension HD(A) of the set A is the
following

HD(A) = inf{t : H*(A) = 0} = sup{t : H(A) = oc}.

Let v be a Borel probability measure on X which is positive on open sets.
Define the function p = p(v) : X x (0,00) — (0,00) by
v(B(xz,r
o = HE)

The key facts from the geometric measure theory, needed in the sequel,
are included in the following two theorems. These are easy consequence of
Besicovi¢ covering theorem (see [14]).

Theorem 3.1 Let X = R" for some n > 1. Then there exists a constant
b(n) depending only on n with the following properties. If A is a Borel subset
of R™ and C > 0 is a positive constant such that

(1) for all (but countably many) x € A

limsup p(z,7) > C 7L,

r—0
then for every Borel subset E C A we have H'(E) < b(n)Cv(E) and,
in particular, H'(A) < oo,
or
(2) forallx e A

limsup p(z,7) < C7,

r—0

then for every Borel subset E C A we have H'(E) > Cv(E).

Theorem 3.2 Let X = R"™ for some n > 1. Then there exists a constant
b(n) depending only on n with the following properties. If A is a Borel subset
of R™ and C > 0 is a positive constant such that

(1) forallx € A

limiélfp(:n,r) <ch
r—

then for every Borel subset E C A we have II'(E) > Cb(n)~1v(E),
or
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(2) forallx e A
limiglfp(az,r) >C

then II'(E) < Cv(E) and, consequently, TI'(A) < oo.

(1°) If v is non—atomic then (1) holds under the weaker assumption that
the hypothesis of part (1) is satisfied on the complement of a countable
set.

3.2 Support of conformal measure

From now on throughout this section and the entire paper HZ stands for
the ¢-dimensional Hausdorff measure on C with respect to the Euclidean
metric whereas HY, refers to its spherical counterpart. The same convention
is applied to the packing measures IT) and II{. Note that the measures H'
and HY, as well as IIY and IT% are equivalent with Radon-Nikodym derivative
bounded away from zero and co on compact subsets of C. In particular the
Hausdorff dimension of any subset A of C has the same value no matter
whether calculated with respect to the Euclidean or spherical metric; it will
be denoted in the sequel simply by HD(A). If H or II* will be endowed
neither with the subscript ’e’ nor ’s’, it will refer to Euclidean as well as
spherical measures. We set

h = HD(J(f))-

Lemma 3.3 If m is a t-conformal measure, either Fuclidean or spherical,
then t > HD(J(f)) and H'|;(p) is absolutely continuous with respect to m
1.€. Ht|J(f) <m.

Proof. Since the measures m, and mg are equivalent as well as Hi and
H! are, it suffices to prove the lemma for Euclidean measures m, and H..
Now, fix z € J(f) \ Sing™ (f). Let the sequence {n;}32,, associated to z,
comes from Proposition 2.31. It follows from Koebe’s Distortion Theorem,
I (Euclidean version) that

27 (Be(£79(2),m(2)) € Be(z, 47 Kn(2)|(f)'(2)] 7).

Applying Koebe’s Distortion Theorem, I (Euclidean version) again, Corol-
lary 1.7 and conformality of the measure m, we thus get

me(Be(z, 47 Kn(2)|(f*) (2)I71) = K(f") (2)|"'me(Be(f (2),n(2)/4))
> KH(f™) (2)] 7" M(t,n(2)/4)
= M(t,n(2)/4) K~ 4'n(2) " (47 Kn(2)|(f) ()] 7"



8.2 Support of conformal measure 43
Thus

imsup L) > () /) (4 K 2)

and we are done because of Theorem 3.1(1). H

The next lemma we will need, proven in [20] as Lemma 3.4, required in fact
no assumptions about elliptic function in question (except non-constantness)
and we state it below with proof.

Lemma 3.4 If m is a t-conformal measure for f : C — C, then

m(loo(f)\ 1-(f)) = 0.

FEven more, there exists R > 0 such that
m({z : liminf |f"(2)| > R}) = 0.

Proof. It suffices to prove the lemma for the spherical measure mg,. Let b be
a pole of f: C — C. We shall obtain first an upper estimate on mg(By(R))
similar to the second inequality in (2.5). And indeed, covering Bg \ {co} by
two simply connected domains

Bl ={z€ Bp\ {co} : Imz > 0} and Bf = {z € Bg\ {oo} : Imz < 1}

we obtain
v )
moBURN D <Y [N he Y dma+ > [ 16 ..
j=1"Br " =1 7/Br "
Using now (2.3), we obtain
1 ap-1\ 1t
-1 * |t
dmg = —— q dm
[ g tame= [ (5t ) amato)

1 ap—1

Dy

< (14 bt / 12 T dma (2).
B+

R
Looking at the first line of this formula with a pole b of maximal multiplicity

g=1
g, we see that the integral [+ || @ tdms(z) is finite and even more:
R

lim [ |27 fdmg(z) = 0. (3.1)

R—o0 B;



44 Conformal measures

—1

Similarly, the integral [g |z|thdms(z) is finite and it also converges to 0
R

as R — oco. Putting

a1, a1,
Y r = max |z| @ “dms(z), |z| @ "dms(z)
Bf; Bl

R R

we therefore conclude that
mo(By(R) \ {b}) < 2gSp(1 + b2) ™ < 20T b2 (3:2)

Now the argument goes essentially in the same way as in [19]. We present it
here for the sake of completeness. We take Ry > Ry defined in Section 2.1
so large that

1
LR % < Ry (3.3)

for all poles b € Bpr, and all R > Ry. Given two poles by,by € Bap, we
denote by f,_ 1b1 o B.(b1,Ryp) — C all the holomorphic inverse branches

fl;}B(tho),j. It follows from (2.5) and (3.3) that

Foniorj (Be(bi, Ro)) C By, (2R — Ro) C By, (Ra) C Be(ba, Ro).  (3.4)
Set
IR(f) = {Z eC: Vnzo |fn(Z)| > R}

Since the series Dy r1(50) oy [0 converges for all s > 2 and since by

Lemma 3.3 and Theorem 2.1 (comp. Theorem 3 from [19]), ¢ > h > %,
there exists R3 > Ry such that

240 S pT <y, (3.5)

beBr,Nf~1(c0)
where Ay was defined in (2.2) and (2.3). Consider R > 4R3. Put
1= f_l(oo) N B(R/2)'

Since R/2+ Ry < R/2+ R3 < R/2+ R/2 = R, it follows from (3.4), (2.5)
and (3.3) that for every [ > 1 the family W; defined as

-1 -1 -1 —1 -1
{fblvbl—lvjl © fblf1ybzfzyjzf1 0.0 fb27b17j2 © fb17b07j1 (Bbo (R/2)\ f (oo))} ’
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where b; € I : 1 < j; < g, =0,1,...,1, is well-defined and covers Ig(f).
Applying (2.3) and (3.2) we may now estimate as follows.

ms(Ir(f)) <
an, aby
—1 —1 —1 —1
< Z Z T Z Z Z Ms (fbl:bl—lzjl © fblflybl—%jlfl R be,bhjz ° fb17b07j1 (BbO(R/Q)))
bel 5;=1 biel j1=1bgel
an, by
—1 —1 —1 —1 * t
< Z Z T Z Z Z H(fblabl—hjl © fbl—labl—%jl—l ©..-0 fb27b17j2 © fbl,bom) ‘Bbo(R/mH‘X’
blEIjlil b161j1:1 b()E[
X M (Bbo (R/2))

— t
ap,—1\ t by 1 ap, —1\ 1t

qv; by

bi_1| ™ Ly o1 |bo| 1
< 2A4,)" 7| =1 ) |
= Z Z Z Z Z( 2) BB EE 1612

bel ji=1 biel j1=1bgel

X (QQER)tW

av; dbq

= 20%R) (242" SN ST S S i (b ol

bel ;=1 biel j1=1bgel

v, b,

< (2q2R)t(2A2)lt Z Z o Z Z Z (|bl|7%t‘bl_1|i%t o ‘bdf%t)

biel ji=1 brel j1=1boel

l
< (2gZRr)"(242)" (Z Ibl_qzlt> q

bel
l

_ g+l
< (2¢Sp)" | q24)" Y T !
beBR,Nf~1(c0)

Applying (3.5) we therefore get ms(Ir(f)) < (2¢¥r)'27!. Letting I — oo
we therefore get mg(Ig(f)) = 0. Since mg o f~! < mg and since
{z:liminf | f*(z)] > R} = | /7 (Ir(£)),
§=0
we conclude that
ms({z : liminf | f"(2)| > R}) = 0.

We are done. B
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Hausdorft, packing and conformal measures

In this chapter Hg and TI? denote respectively the Hausdorff and packing
measures considered with respect to the spherical metric on C. Our aim
here is to prove first the existence of an h-conformal measure, its atomless
and ultimately the following main result.

Theorem 4.1 Let f : C — C be a regular pseudo non-recurrent elliptic
function. If h =HD(J(f)) =2, then J(f) =C. If h < 2, then

(a) HI(J(f)) = 0.
(b) T (I(F)) > 0.
(¢) T (J(f)) = oo if and only if (f) # 0.

As an immediate consequence of this theorem, we get the following.

Corollary 4.2 IfQ(f) = 0, then the Fuclidean h-dimensional packing mea-
sures 117 is finite on each bounded subsets of J(f).

4.1 Existence of conformal measures

Now we consider the situation where H : U; — Uz is an analytic map of
open subsets Uy, Uz of the complex plane C. We say that given ¢t > 0, the
Borel measure v finite on bounded sets of C is an Euclidean semi ¢-conformal
measure if and only if

V(H(A)) > /A H'[! dv

for every Borel subset A of U; such that H|4 is one-to-one and is called

w__”

t-conformal if the “>” sign can be replaced by an sign.

46
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Notice that if m is a spherical semi ¢-conformal measure for f : J(f) —
J(f) U {oo}, then the measure m, = (1 + |z|?)'m, is Euclidean semi ¢-

conformal, i.e.
A)= [ |ftdm,
A

for every Borel set A C J(f) such that f|4 is 1-to-1. If m is t-conformal,
then so is m. in the obvious sense. The measure m, is called the Euclidean
version of m. Obviously me is equivalent to m and is finite on bounded
subsets of C.

Let

- U T
n>1

Our main technical concept, also interesting on its own, is a conformal

measure. We prove first its existence.

Lemma 4.3 If f : C — C is a pseudo non-recurrent function, then there
exists an h-conformal measure m for f whose atoms are contained in

Uf (Crit(J(f))).

Proof. We shall construct an h-conformal measure with required properties
by utilizing the methods of K (V') sets developed in [9], comp. [21]. In order
to begin, we call Y C {oo} UQ(f)UU,,~; f*(Crit(J(f))) is a crossing set if
Y is finite and the following four conditions are satisfied.

(v1) 0 €Y.
v2) YN{f"(z):n 1} is a singleton for all z € Crit(J(f)).
(y3) YN Crlt(f)
(v4) Q(f) C

Since f(Crit(f)) is finite, crossing sets do exists. Let V C C be an open
neighborhood of Y such that

Crit(J(f)) nov = 0. (4.1)
Define
K(V N F™C\V)={z€J(f): V=0 f"(z) ¢ V}.

n>0
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Obviously f(K(V)) € K(V). Since f : C — C is continuous and V is open,
we see that K(V) is a closed subset of C. Since VN K (V) =0 and co € V,
K (V) is bounded. Thus, K(V) is a compact set. Applying Lemma 9.2
from [21] with X = K(V) and U(f) = C, we directly obtain a number
s(V') € [0, h] and a Borel probability measure my supported on K (V') such
that

my (f(A)) > /A PV dmy

for every special set A C C and
my(F(4) = [ 1Py

for every special set A C C\ V. From now on throughout the entire paper we
fix a crossing set Y and we consider an open neighborhood V' C C of Y such
that the closure of V is disjoint from at least one fundamental parallelogram
of f. All other neighborhoods of Y considered in this article will be always
assumed to be contained in this set V.

An Euclidean semi ¢-conformal measure m, is said to be almost ¢-conformal

if
me(f(A)) = /A | dme

for every Borel set A C J(f) such that f|4 is 1-to-1 and ANV = (. Hence
for every Borel set A such that f|4 is 1-to-1 and ANV = ) and for every
w € A, we have

[ 181 dme =mo( ) = me(fA+w) = [ (fdme, @2)
A A+w

and the last inequality sign becomes an equality either if in addition (A +
w) NV = 0 or if m, is a t-conformal measure, and we assume only that f|
is 1-to-1. Since f’ is periodic with respect to the lattice A, all the above
statements and assumptions lead to the following.

Lemma 4.4 For every w € A, every Borel set A C C such that ANV =10
and every almost t-conformal measure m

me(A 4+ w) < me(A). (4.3)

If either in addition (A+w) NV =0 or if m is h-conformal and we assume
only that f|a is 1-to-1, then this inequality becomes an equality. For every
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r > 0 there exists M(r) € (0,00) independent of any almost t-conformal
measure m such that

me(F) < M(r) (4.4)
for every Borel set F' C C with the diameter < r. If in addition m is h-

conformal, then for every R > 0 there exist constants Q(R) and Qp(R) such
that

me(Be(x,7)) > Q(R)r* > Qu(R)r" (4.5)
for all x € J(f) and all r > R.

Proof. Inequality (4.3) as well as its equality counterpart are an immedi-
ate application of (4.2). Formula (4.4) follows directly from (4.3) and the
fact that V is disjoint from at least one fundamental parallelogram. The
second part of formula (4.5) is clear. In order to prove the first one, fix a
fundamental parallelogram R and notice that

T(R) = inf{me(B(z,R)) : z€ J(f)NR} > 0.
Hence, if
R <r < 4diam.(R),
then for any = € J(f),

T(R) -

1
me(Be(ar)) 2 me(Beli, R)) 2 T(R) = =570 2 gt ™

and we are done in this case. So suppose that r > 4diam(R). Then each
ball B.(x,r) contains at least

v \T e

non-overlapping A-congruent copies of R. Therefore,

r2 . me(R)
me(Be(z,7)) > mme(fi) ~ 2diam,(R) 2

We are done. B
Taking the neighborhood V' with sufficiently small diameter, we see that

the limit set Jg defined on page 274 of [19] is branchwise (in the sense
of Appendix 1 of [21]) and contained in K (V). It therefore follows from
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Lemma 9.3 in [21] that s(V) > HD(Js). Hence, the last inequality in the
proof of Theorem 1.1 in [19] gives that s(V') > h,, with some h, > 1.

1< h. <s(V)<h. (4.6)

Fix from now (V;,)5;, a descending sequence of neighborhood of Y satis-
fying (4.1) and such that diam,(V,) < 1. In view of (4.6), passing to a
subsequence, we may assume without loss of generality that the sequence
(s(Vn))o2; converges. Denote its limit by s(Y'). We then have

1< hy <s(Y)<h. (4.7)

Passing yet to another subsequence, we may assume, that the sequence
(my;, )22, treated as probability measure on the compact space C, con-
verges weakly to a Borel probability measure my on C. We shall prove the
following.

Lemma 4.5 If s(V) is an accumulation point of the sequence s(Bs(Y, 1)),
then s(Y') € (0,h] and there exists a Borel probability measure my (an
appropriate weak accumulation point on J(f) with the following properties.

(a) my(f(A)) = [, |f*|dmy for every special set A C C.
(b) my (f(A)) = [, |f*|dmy for every special set AC C\Y.
(c) my (o) =0.

~— —

Proof. Following the hints to the proof of Lemma 3.3 in [9] without (a’) and
(d), and with I' =Y/, it is not hard to see that conditions (a) and (b) are
satisfied. We shall prove that (c) holds. Set

S
m, =my,, n>1,

and
my, = (mv,)e;  sn = $(Va).

For every k > 0 consider Si, the square centered at the origin whose edges
are parallel to the coordinates axises are of length 2¥. Since by Lemma 3.7
in [20] and by (4.6), each measure m;, is almost conformal with an exponent
in [1,h], and since each ’annulus’ A = Sjp;1 \ Sk is a union of a 3 x 4F
unit squares, it follows from (a) and (b), which say that m{ is almost s,-
conformal, and from (4.6) that for all £ > 1 and all n > 1

m&(Agp) < 3M(1)4F.
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Consequently

3M(1)4k  3M(1)4%  3M(1)4F
< <
(1 + 4k)sn = 4gksn —  gkhs

Since h, > 1 (see again (4.6)), we thus get for all j > 1 and all n > 1 that

mZ(Sj+1) U Ak Zm Ak i?}M(l)ﬁl(l_h*)k

k=j k=j =J

ms(Ag) < = 3M(1)40 =Rk,

= 3M(1)(1 — 4 ") 1al=he)i,

Hence my (o0) = 0 and we are done. B

Lemma 4.6 We have my (Q(f))) = 0.

Proof. Indeed, fix w € Q(f). Take a > 1 so large that f*(w) = w and
(f*)(w) = 1. It then follows from Lemma 2.5 and Lemma 2.6 that there
exists a compact set F,, C (Be(w,0)\{w})NJ(f) and a constant C' > 1 such
that for every k > 1 and all z € F,,, we have

p(w)+1 (w)+1
O~ < (5™ ()] < Ok (48)

and for every n > 1, there exists k,, > 1 such that

n—oo

J(f)ﬂB( > Ufw‘” ) and  lim k, = oco. (4.9)

As in the proof of the previous lemma denote my;, by mj;, and s(V,,) by sp.
It therefore follows from Lemma 4.5, (4.9), (4.8) and (4.6) that for all n > 1

and all [ > 1.
1 oo
(0 1) < S
Jj=ki
(w)+1
< O Py on Z] P o
Jj=k
(o)
< O 0 3 e
Jj=ki
Consequently

() >
my <Be <w, })) < Cpmwtls(y) Z j_h*.

Jj=k
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Since lim;_,o k; = 00, we infer my (Q(f)) =0. ®

Now, we are in position to complete easily the proof of Lemma 4.3. Let
m i=my.

It follows from the definition of Q(f), Lemma 4.5, Lemma 4.6, and Corol-
lary 2.33 that my (Y) = 0. Therefore, since in addition, f(2(f)) = Q(f), in
order to prove s(Y)-conformality of the measure m, it suffices to show that

m(f(Y'\Q(f))) = 0.

But if y € Y \ (2(f) U {oc0}), then by our definition of Y, y ¢ Sing™(f);
and the formula m(f(y)) = 0 immediately follows from Corollary 2.33, the
formula

m(f"(f©) = 1) PN Im(f ()

and (4.7). Thus the s(Y)-conformality of m is proved; and, in addition, all
the atoms of m must be contained in J(f) \ Q(f). In view of Lemma 4.5
and Lemma 3.3, s(Y) = h. Applying now Lemma 3.4 and Corollary 2.33 we
see that all atoms of m must be contained in

-(f)yu [ r(crit(f)).

n>0

The proof is complete. B

4.2 Special facts from the geometric measure theory

We provide in this section some more technical facts taken from Section 2,
Section 3 and Section 4 of [34].

Definition 4.7 Given r > 0 and L > 0 a point x € C is said to be (r,L)-
t-upper estimable if p(x,r) < L and is said to be (r,L)-t-lower estimable
if p(z,7) > L. We will frequently abbreviate the notation writing (r, L)-t-
u.e. for (r,L)-t-upper estimable and (r, L)-t-l.e. for (r,L)-t-lower estimable.
We also say that the point x is t-upper estimable (t-lower estimable) if it
is (r, L)-t-upper estimable ((r, L)-t-lower estimable) for some L > 0 and all
r > 0 sufficiently small.
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Definition 4.8 Given r > 0, ¢ > 0 and L > 0 the point x € X is
said to be (r,o, L)-t-strongly lower estimable, or shorter (r,o, L)-t-s.l.e. if
v(Be(y,or)) > Lrt for every y € Be(z,r).

Lemma 4.9 If z is (r,0, L)-t-s.l.e., then every point x € Be(z,1/2) is
(r/2,20,2'L)-t-s.l.e..

Proof. Let x € Be(z,7/2). Then = € B(z,r) and therefore
v(Be(z,20(1/2))) = v(Be(z,0r)) > Lrt = 2'L(r/2)".
|
Lemma 4.10 Ifx is (r,0,L)-t-s.l.e., then for every 0 < u < 1t is (ur, o /u, Lu™")-
t-s.l.e..
Proof. If y € Be(z,ur), then y € Be(z,r) and therefore
v(Be(y, (o/u)ur)) = v(Be(y,or)) > Lr' = Lu™"(ur)".

We would like to finish this part with the following obvious statement.

Lemma 4.11 If v is positive on nonempty open sets, then for every r > 0
there exists E(r) > 1 such that every point x € X is (r,E(r))-t-u.e. and
(r, E(r)~1)-t-le..

The following lemma is a straightforward consequence of Koebe’s Distor-
tion Theorem, I (Euclidean version).

Lemma 4.12 Let v, be a Euclidean semi t-conformal measure. Suppose
that D C C is an open set, z € D and H : D — C s an analytic map which
has an analytic inverse H; ' defined on B.(H(z),2R) for some R > 0. Then
for every 0 <r <R

K™'e(Be(z, K| H'(2)[71)) < |H'(2)|""ve(Be(H(2),7)).
If, in addition, v, is t-conformal, then also

|H'(2)| " ve(Be(H(2),1)) < K've(Be(z, Kr|H'(2)| 7).
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Lemma 4.13 Suppose that v, is a Fuclidean t-conformal measure. Suppose
that D C C is an open set, z € D and H : D — C is an analytic map which
has an analytic inverse H, ' defined on B.(H(z),2R) for some R > 0. If
the point H(z) is (r,o, L)-t-s.l.e., where r < R/2 and o < 1, then the point
zis (K~ H'(2)|"'r, K%, L)-t-s.Le..

Proof. In this proof we apply Lemma 4.12 several times without special
indicating. Consider

x € Bo(z, K~ r|H'(2)|7h).
Then H(z) € B.(H(2),r) and therefore v.(B.(H(z),or)) > Lrt. Since
Bo(H(z),07) C Bo(H(2),2r) C B.(H(z), R)
we have
H Y (B.(H(z),07)) C Be(z, Kor|H'(2)| ") = Be(z, K20 (K [H'(2)|~'r)).
Thus
Ve(Be(z, K*o(KHH'(2)|"'r)) > K~ H'(2)| 'Lr' = L(K ' |H' ()| 'r)".

The proof is finished. W

Lemma 4.14 Suppose that ve is a Euclidean t-conformal measure. Let c

be a critical point of an analytic map H : D — C. If 0 <r < R(H,c) and

H(c) is (r,L)-t-Le., then c is ((Ar)'/Pe, A2 L)-t-l.e., where A was defined

in (2.25), pc is the order of H at the critical point c.

Proof. By Definition 1.1 we get B.(H(c),r) = H(Comp(c, H(c), H,r)). If
x € Comp(c, H(c), H,r)

then A=!|z—c|Pe < |H(x)—H(c)| < r which implies that 2 € Be(c, (Ar)Y/Pe).
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Thus B.(H(c),r) C H(Be(c, (Ar)'/P¢) and therefore

Lrt < vo(Be(H(c),r))
< Ve (H(Be(c, (Ar)V/P)))

IN

|H'(2)|" dve(2)

A

ANz = cfPe™h) dve(2)

/Be (c,(Ar)t/pe)

Be(e(An)!/7e)

< At(Ar) e ! ve(Be(c, (Ar)1/Pe)).

S0, Ve(Be(c, (Ar)1/Pe)) > A= L((Ar)'/Pe)t. m

Lemma 4.15 Let ¢ be a critical point of an analytic map H : D — C.
Let ve be a Euclidean semi t-conformal measure such that ve(c) = 0. If
0<r<R(H,c) and H(c) is (s,L)-t-u.e. for all0 < s <r, then c is

((A71r)t/Pe q(2A%) (2P — 1)71L) —t —wee.,
where A was defined in (2.25), pc is the order of H at the critical point c.

Proof. Take any s < r. then H(B.(c, (A" 's)1/P¢)) € B.(H(c),r). There-
fore, setting R(c,a,b) = {z:a < |z — ¢| < b}, abbreviating

R(c,27M/Pe(A7 ) Pe (A7 5) Pe)

by R(c) and using the decomposition of B(ec, (A~1s)'/Pe) described after
Definition 1.1 we obtain

Ls' > ve(Bo(H(c ) ))
> v (H(Be(c, (A™"s) /7))

- / B (2)]f due(2)
Be(e,(A™Ls)1/ve)
> po! / H(2)]! dve(2)
R(c)

P A2 AT S) 5 (R (e)).

So, ve (R(e, 2717 (A-1s)V/pe (A~15)1re)) < p2"0 750 A2 L (A1 5) /7o)t and
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therefore

Ve(Be(Ca (A_lr)l/pc)) = Ve( U R(C, 2_npt1 (A_lr)l/Pc7 Q—ﬁ(A—lr)l/pc))
n=0

Z R(c,2 e (AL mp)l/ee (A-1g=my)l/pe))
S pc(21*p%A2)tL Z(A*lzfﬂ,r)t/pc
n=0

_1 L _
= pe(2 2! A2) F((A lr)l/pc)t

= pc(2A2)t(2t/pc _ 1)*1L((A71r)1/pc)t'

The proof is finished. W

Lemma 4.16 Suppose that v, is a Euclidean t-conformal measure. Let c
be a critical point of an analytic map H : D — C. If0 < r < R(H c),
0 <o <1andH(c) is (r,o,L)-t-s.l.e, then c is ((A 1 )”pc o L) -t-s.l.e,
where & = (PP K A%0)/Pe | [, = Lmin{K?, (A2J) pe " A was defined
in (2.25) and p. is the order of H at the critical point c.

Proof. Let & € By(c, (A= r)1/Pe) 1f G(A~1r) /Pe > 2|2 — ¢|, then
Be(x,&(A_lr)l/pC) > Be(c,5(A™'r) /P /2)
Be(c, (2K)'/Pe(Aor)!/Pe)
Be(c, (Aar)'/7e).

It follows from assumptions that H(c) is (or,0'L)-l.e. and therefore, in
view of Lemma 4.14 the critical point ¢ is ((Aor)Y/Pe, A=%¢~'L)-l.e.. Thus

Ve (Be(, &(A_lr)l/pc)) > A" 2o L(Agr)i/Pe

(A2t ~1,\1/pc\t (4.10)
(A%a) we “L((A™r) /Pe)”.

So, suppose that
G(A™Yr)YPe < 2z — ¢, (4.11)

Since c is a critical point we have

pc—1

|H'(z)] > A Vo — P! > A7 1P (A1) 50 2lpe,
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which means that
G(A )P > A1 A1 2lPe| H ()] ! (4.12)
:4KO’T‘HI($)‘71 2KO’T|H’($)|71, .

In view of (4.11)
|H(x) — H(c)| > A7 |z — ¢Pe > A7127PegPe A~y = 2K or > 207
which implies that
H(c) ¢ Be(H(x),20r). (4.13)

Since |H(xz)—H (c)| < Alz—c|Pe < R/3, we have B.(H (z),20r) C B.(H(c), R).
So, (4.13) implies the existence of a holomorphic inverse branch H; ' :
Be(H(x),20r) — C of H which sends H(z) to z. Since, by assumptions
H(z)is (or, 0t L)-Le, it follows from Lemma 4.13 that x is (Kor|H'(x)| ™!, (K20)~tL)-
l.e.. Thus, using (4.12) we get
Ve(Be(z,5(A™1r)/Pe)) > vo(Be(x, Kor|H'(z)|71))
> (K?0) ™' L(Kor|H'(z)| 7"
> Kt Lrt A7 o — ¢|(1Pe)t

—DPc t
c

> Kt L(A™ ) (A ) s
= K tL((A7 ) /Peyt,

In view of this and (4.10) the proof is completed. B

Lemma 4.17 Suppose that v, is a Euclidean t-conformal measure. Then
for every R > 0 and every 0 < o <1 there exists L = L(w, R,0) > 0 such
that for every 0 < r < R every point w € Q(f) is (r,o, L)-az(w)-s.l.e. with
respect to the measure m,.

Proof. Let z € Be(w,r). If or > 2|z — w|, then B.(z,07) D Be(w, §r) and
therefore by Lemma 2.7

ve(Be(z,01)) > C(R/2) (‘;r)at(“) - (‘;)‘”(“’) C(R/2)r™@).  (4.14)

In order to deal with the opposite case first notice that always
B.(z,01) D Be(z,0]z — w|)
and therefore by Lemma 4.6 in [34] we have
Ve(Be(z,0m)) > C7Ho)|z — w|*@).
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As or < 2|z — w|, it implies that

ve(Be(z,07)) 2 O™ () (5) o).
So, putting

L(w, R,0) = (0/2)) min{C(R/2), C~} (o)}
finishes the proof. B

4.3 Conformal measure and holomorphic inverse branches

Let m be an almost ¢t-conformal measure and let m. be its Euclidean version.
The upper estimability and strongly lower estimability will be considered in
this section with respect to the measure m.. When we speak about lower
estimability we assume more, that the measure m is ¢t-conformal. Since the
number of parabolic points is finite, passing to an appropriate iteration,
we assume in this and the next section without loosing generality that all
parabolic points of f are simple. Consider a forward f-invariant closed
subset F of C such that

| f'1lg == sup{|f'(2)| : z € E} < +o0.

Such sets will be called f-pseudo-compact. Obviously, each f-invariant
compact subset E of C is f-pseudo-compact. Recall that 8 was defined
in (2.10), a4(w) in Lemma 2.7 and that 7 > 0 is so small as required in
Lemma 2.3.

The proofs of Proposition 4.15 and Proposition 4.16 from [20] carry out
verbatim to our case and we bring them here up for the sake of completeness
and convenience of the reader.

Proposition 4.18 Fizx an f-pseudo-compact subset E of J(f). Let z € E,
A >0 and let 0 <7 < 70||f'||z' A1 be a real number. Suppose that at least
one of the following two conditions is satisfied:

ze B\ | S (Crit(I ()

n>0

or
z€E and r>70|f||5P A inf{|(f") (2) 7t in=1,2,...}.
Then there exists an integer u = u(\,r,z) > 0 such that

r|(f7) (2)] < ATHor
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for all 0 < j < wu and the following four conditions are satisfied.
diam, (Comp(f7(2), f*(2), f*~7,7|(f*) (2)])) < 5 (4.15)

for every 5 =0,1,...,u.
For every n > 0 there exists a continuous function t — By = By(\,n) > 0,
€ [0,00), (independent of z, n, and r) and such that if f*(z) € Be(w,0)
for some w € Q(f), then
fU(z) is (el (f*)'(2)], Br) — ae(w)-u.e. (4.16)

and there exists a function Wy = Wi(\,n) : (0,1] — (0, 1] (independent of z,
n, and r) such that if f*(z) € Be(w,0) for some w € Q(f), then for every
o€ (0,1]

=) ds (r|(f")(2)], 0, Wi(0)) — aw(w)-s.l.e. (4.17)
If f(2) ¢ Bo(Q(f),0), then formulas (4.16) and (4.17) are also true with
au(w) replaced by t. (4.18)
Proof. Suppose first that
sup{Ar((f7) (2)] : 5 > 1} > 07| || 5"

(which implies that ||f/||z > 1) and let n = n(\,z,7) > 0 be a minimal
integer such that

Ar|(£7) ()| > 6 min{L, |||} (4.19)

Then n > 1 (due to the assumption imposed on r) and also
A7) (2)] < o (4.20)
If f™(2) ¢ Be(2(f),0) set u = u(\, 7, 2) =n. The items (4.16), (4.17) and

(4.18) are obvious in view of our assumptions imposed on E.

Suppose that f"(z) € B.(Q(f),0), say f"(2) € Be(w,0), w € Q(f). Let
0 <k =k(\ z ) <n be the smallest integer such that f7(z) € B.(Q(f), )
for every j =k, k+1,...,n. Consider all the numbers

ri = |f'(z) = wl[(f) ()7,

where i = k,k+1,...,n. Put ||f'[|5 = (min{1,||f]|5'}) . By (4.19) we
have

o= |7 (2) = wl|(F) ()7 < Ol IR0 7~ A = (||~ A
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and therefore there exists a minimal k& < u = u(\,r,z) < n such that
Ty < Hf’HET_I/\r. In other words

[f4(2) =@l S IIFIET Ml (F) (2)I- (4.21)

If sup{\r|(f7)(2)| : 5 > 1} < 07| f'||", then it follows from Corollary 2.33
that z € ;50 F77(Q(f)). Define then u(X, z,7) = k() z,7) to be the min-
imal integer j > 0 such that f7(z) € Q(f) and put w = f“(z). Notice
that in this case formulas (4.20) and (4.21) are also satisfied. Our further
considerations are valid in both cases. First note that by (4.21) we have

Be(f*(2),nrl(£*) (2)]) € Belw, @+ [1f 15~ "N (f)' (2)]) - (4.22)
and in view of Lemma 2.7 and (4.20)
me(Be(f*(2),nrl(f*) (2)1) < CQLA+ I |5 n~ A (nr|(f4) (2)]) ).

So, item (4.16) is proved. Also applying (4.21), Lemma 4.17, Lemma 4.9
and 4.20) we see that the point f*(z) is

(LB MY G ol ][5 A 22 Lw, 21 ][50, o211 £115) " nA™)
—ay(w)-s.le. So, if || f/||577*A > 1, then by Lemma 4.10, f*(z) is
(e (£ @) o I A~ @ Lw, 20| 1[50, o (211 ][ £) " m)A ™)
—ag(w)-s.le. If instead ||f'||e7"'A < 7, then again it follows from (4.21),
Lemma 4.17, Lemma 4.9 and (4.20) that the point f*(2) is
(] (£*)' (2)], 0, 22 L(w, 20mA "', 0//2))

—ay(w)-s.l.e.. So, part (4.17) is also proved.

In order to prove (4.15) suppose first that u = k. In particular this is the
case if z € ;5o F77(Q(f)). Then

Comp(f*~1(2), f*(2), £,7[(f*) (2)]) € Comp(f*~!(2), f*(2), f,67)

and by the choice of k and (2.7) we have f*1(2) ¢ B.(Q(f),0). Therefore
(4.15) follows from the choice of 7 (see (2.28) and (2.27)).

If u > k (so the first case holds), then r,_1 > ||f||g7~'Ar and by (2.7)
we get

/() — vl
[f4Hz) =

Ty = PN a2 115 a2 77
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So, A\r|(f*)'(2)] < 7|f*(2) — w| and applying Lemma 2.4 and (2.7) u — k
times we conclude that for every k < j < u

diame(Comp(fj(z), fu(z), o, Ar(f4) (2)]) < 67 < 8.

And now for j =k —1,k—2,...,1,0, the same argument applies as in the
case u = k. H

Proposition 4.19 Fizx an f-pseudo-compact subset E of J(f). Let ¢ and
A be both positive numbers such that ¢ < Amin{l,771, 71771y} If
0<r<70|f||z'\"" and z € B\ Crit(J(f)), then there exists an integer
s =s(\ e, r,z) > 1 with the following three properties.

(f*)'(2)] #0. (4.23)

Let uw = u(\,r, z) be defined in Proposition 4.18. If uw = u(,r, z) is well-
defined, then s < u(\,r,z).

If either u is not defined or s < wu, then there exists a critical point ¢ €
Crit(f) such that

£°(2) = el <er|(f*)(2)]. (4.24)
In any case

Comp(z, *(2), f*, (K A?) 127 HOHDTRer|(£2) (2)]) N Crit(f*) = 0,
(4.25)
where A was defined in (2.25).

Proof. Since z ¢ Crit(J(f)) and in view of Proposition 4.18, there exists a
minimal number s = s(\, e, 7, z) for which at least one of the following two
conditions is satisfied

£°(2) — ¢ < er|(f*)(2)] (4.26)
for some ¢ € Crit(J(f)) or
u(A,r, z) is well-defined and s(\, e, 2) = u(A, 7, 2). (4.27)

Since |(f%)'(z)| # 0, the parts (4.23) and (4.24) are proved.

In order to prove (4.25) notice first that no matter which of the two
numbers s is, in view of Proposition 4.18 we always have

er|(F5) (2)] < ex~Lor. (4.28)
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Let us now argue that for every 0 < j < s
diame (Comp(f*~(2), f*(2), 7, er|(f*) (2)])) < 5. (4.29)

Indeed, if s = u, it follows immediately from Proposition 4.18 and (4.15)
since ¢ < \. Otherwise |f*(2)—c| < er|(f*)'(z)| < eA7'07 < 0 and therefore,
by (2.24), f*(z) ¢ Be(2(f),0). Thus (4.29) follows from (2.27).

Now by (4.29) and Lemma 2.16, there exists 0 < p < #(Crit(f) NR), an
increasing sequence of integers 1 < ky < by < ... < kp < s and mutually
distinct critical points ci, ¢, ..., ¢, of f such that

{er} = Comp(f*M(2), £2(2), fM, er|(f*) (2)]) N Crit(f) (4.30)
for every I =1,2,...,p and if j & {k1, ko, ..., ky}, then
Comp(f*7(2), f*(2), 7, er|(f*)'(2)]) N Crit(f) = 0. (4.31)
Setting ko = 0 we shall show by induction that for every 0 < < p
Comp(f*~"(2), f*(2), fM, (KA®)~'2 7 er| () (2)]) N Crit(f) = 0. (4.32)

Indeed, for [ = 0 there is nothing to prove. So, suppose that (4.32) is true
for some 0 <[ <p— 1. Then by (4.31)

Comp(f*~ "7 (2), f5(2), fRer =t (KA%) 712 er|(f°) (2))NCrit(f5+1 1) = 0.
So, if
cip1 € Comp(f*7FH1 (2), £2(2), fF1er, (KA?) 12~ U er|(£9)(2)))

then by Lemma 1.4 applied for holomorphic maps H = f, Q@ = f*+1~1 and
the radius R = (K A?)~12=UHer|(£5)(2)] < v we get

PR (2) = ] < KAR|(fR Y (0 (2)] 7 (R A%) o er (79 (o)
= 2 (Her| (R (2))
< erl(fo Ry (2))

which contradicts the definition of s and proves (4.32) for [+ 1. In particular
it follows from (4.32) that

Comp(z, f(2), %, (K A?) "t #EHIMRcr| (£ (2)]) N Crit(£°) = 0.

The proof is finished. W

We will also need the following similar result.
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Lemma 4.20 Assume Q(f) = (. Then there exist two constants a,& > 0
such that the following holds. Suppose that z € J(f) \ Up—y f"({oc} U
Crit(f)). Suppose also that v € (0,7(a&)™'). Then there exists s > 0 with
the following properties

(a) rag|(f*)'(2)| = v or

(b) rag|(f*) (2)] <~
and

(c¢) there exists a critical point ¢ € Crit(J(f)) such that |(f*)(z) — ¢| <
rE|(f*) (2)] or

(d) there exists a pole b € f~1(c0) such that |(f*)(z) — b| < r&|(f*)'(2)].

In either case

Comp(z, f*(2), f*,26r|(f*) (2)]) N Crit(f*) = 0.

Proof. Put a = 2K A22HCU)R) where A was defined in (2.25). Fix
p € (0,1/2) so small that for every w € (C\ Crit(f) U f~*(c0)), the map f
restricted to the set

Be(w, 2pdist. (w, Crit(f) U f~1(c0))

is one-to-one. Set ¢ = 27%p. Take A > 0 in Proposition 4.19 such that & > 0
appearing there can be taken to be equal to a¢. In view of Corollary 2.33
there exists a least integer n > 0 such that ra&|(f™)'(z)| > =, where v was
defined in (2.27). Since r < 7y(af)~!, we see that n > 1. If there exists
an integer 0 < j < n — 1 satisfying (c) or (d), take s to be the least one.
Otherwise take s = n. By the definition of n, it follows from (2.27) that

diame(comp(zv fk(z)a fk7 2§T‘(fk),(z)|)) < /8

for all kK = 0,...,n — 1. Thus, we see that (4.29) is satisfied if s < n —1
and the proof of the last formula in our lemma is complete by verbatim
repetition of the fragment of the proof of the Lemma 4.19 from ”Now by
(4.29)” till its end. If s = n, the same argument shows that

Comp(z, [~ (2), [, 26r((f" ™) (2)]) N Crit(f71) = 0. (4.33)
By the choice ¢ and the definition of n we also know that the map fm!
restricted to the ball B.(f""1(z),16¢r|(f771)(2)|) is injective. Thus by
Koebe’s %—Theorem

F(Be(f"7H(2), 16€r|(f" 1) (2)]) D Be(f"(2), 4€r|(£*) (=),

and therefore

Comp(f"~H(2), f"(2), £, 26r ("1 (2)]) € Be(f"~H(2), 16€r](f" 1) (2)])-
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Combining this with (4.33) and injectivity of f restricted to

Be(f" (=), 1667 (F* 1) (2))),

we conclude that
Comp(z, f"(2), f*,26r|(f")(2)]) N Crit(f") = 0.

We are done. W

4.4 Conformal measure; uniqueness, ergodicity and
conservativity
Let ms be a Borel probability measure on C and let m, be its Euclidean
version, i.e.
dme
dmg

(2) = (1+ =)

We prove from the following.

Lemma 4.21 If z € J(f), r, \, 0 and

M <liminfr, 'me(Be(z,r,)) < limsup liminf 7, 'me(Be(z,r,)) < M,

then
2\\—1
by ey <2
and
g 7o P20+ ) ) oy

n—00 201+ |22)~trp)t
Proof. Since for every r > 0 sufficiently small

Be(z,27 (1 + |2*) ') € Bs(z,7) C Be(z,2(1 + |2[*)r)

and since
- me(Be(z,1)) N
lim —————% = (1
A (Bl — TR
we get
B 2(1 N, _
timeup Te(Bel QUATR) Tra) ) meBelsm) gy

S
n—o0 (QA+[=2) 7 )t 7 =00 2781+ [22) 7,
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and

lim g P22 20 4 [2P)Tra) T G ) B
n—00 1+ 2%~y n—oo 2t(1 + |2[2)~trE,

We are done. W

Our first goal is to show that the h-conformal measure m proven to exist
in Lemma 4.3 is atomless and that H?(J(f)) = 0 if h < 2. We will consider
almost t-conformal measures v with ¢t > 1. The notion of upper estimability
introduced in Definition 4.7 is considered with respect to the Euclidean
almost ¢-conformal measure v.. Recall that | = I(f) > 1 is the integer

claimed in Lemma 2.28 and put
Ri(f) =inf{R(f7,¢c): c € Crit(f) and 1 < j <I(f)} L34
=min{R(f?,c):c€ Crit(f)NRand 1 < j <I(f)} < o0 (4.34)

and

Ai(f) = sup{A(f7,¢) : c € Crit(f) and 1 < j < I(f)}

: . ! (4.35)
= max{A(f’,c):ce Crit(f)NR and 1 < j <I(f)},

where the numbers R(f7, c) and A(f7,c) are defined just after Definition 1.1.
Since

O+ (f(Crite(J(f))))

is a compact f-invariant subset of C (so disjoint from f~!(c0)) and since

PCY(f) = 0+ (Crite(J(f))) = Crite(J(f)) U O+(f(Crite(J(f)))),

we have the following straightforward but useful fact.

Lemma 4.22 The set PCY(f) is f-pseudo-compact.

Recall for the needs of the two next lemmas that the sequence {Cr;(f)}
was defined inductively by the formula (2.34) and the sequence S;(f) was
defined by the formula (2.34).

Since the number of equivalence classes of the relation ~ is finite, looking
at Lemma 2.28 and Lemma 4.4, the following lemma follows immediately
from Lemma 4.15.
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Lemma 4.23 If Rgu) > 0 is a positive constant and t +— C't(lf) € (0,00),
t € [1,00), is a continuous function such that all points = € PCO(f); are
(r, Ct(z))-t—u.e. with respect to any Fuclidean almost t-conformal measure v,
(with t > 1) for all 0 < r < Rgu), then there exists a continuous function
t — C~'t(7f) > 0, t € [1,00), such that all critical points ¢ € Criz1(f) are
(r, C’t(j;))—t—u.e. with respect to any Fuclidean almost t-conformal measure v,
forall0 <r < AI_IREU).

In the above lemma the superscript u stands for "upper”. In the lemma
below it has the same connotation. The number u is also used to denote the
value of the function u(\,r, z) defined in Proposition 4.18. This should not
cause any confusion.

Lemma 4.24 If Rz(ﬁ) > 0 is a positive constant and t — C’t(zj)l € (0,00),

t € [1,00), is a continuous function such that all critical points ¢ € S;(f) are

(r, Ct(;?l)-t-u.e. with respect to any Fuclidean almost t-conformal measure
Ve (with t > 1) for all 0 < r < Riﬁ), then there exist a continuous function
t— C’t(qj)l >0, te[l,o00), and Rl(ul) > 0 such that all points z € PCY(f); are
(r, C’f;}l)-t—u.e. with respect to any Euclidean almost t-conformal measure
Ve (witht > 1) for all 0 <r < Rl(qfl)

Proof. We shall show that one can take

Ri“l) = min{TQ)\_le,H%m? RS?? 1}

and

ét(,l;,)l = max{K22tC(u)

2t
1ins K Bit.

Indeed, denote #(Crit(f) N R) by #. Put ¢ = 2K (K A%)2%, A was defined
in (2.25), and then choose A > 0 so large that

e < Amin{l,77! 671"  min{p, Rg’ul)/2}}. (4.36)

Consider 0 < r < Rgul) and z € PCY(f);. If z € Crit(J(f)), then z €
Critc(J(f)) and z € S;(f), and we are therefore done. Thus, we may assume
that z ¢ Crit(J(f)). Let s = s(\,e,7, z). By the definition of e,

2Kr|(f°) (2)] = (KA%) "2 Fer|(f°) (2)]. (4.37)
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Suppose first that u(\,r, z) is well defined and s = u(A,r,z). Then by
item (4.16) in Proposition 4.18 or by item (4.18) in Proposition 4.18, applied
with n = 2K, we see that the point f*(z) is (2K7r|(f*)'(2)|, Bt)-t-u.e. Using
(4.37), we obtain from item (4.25) in Proposition 4.19 and Lemma 4.12 that
the point z is (r, K?"B;)-t-u.e..

If either w is not defined or s < u(A\,r,2), then in view of item (4.25)
in Proposition 4.19, there exists a critical point ¢ € Crit.(J(f)) such that
|f5(2) — c| < er|(f*)(2)|].- Since s < u, by Proposition 4.18 and (4.36) we
get

2Kr|(£°)(2)| < er|(f*)'(2)] < min{p, R\ /2}. (4.38)

Since z € PCY(f);, this implies that ¢ € S;(f). Therefore using (4.38), the
assumptions of Lemma 4.24, and (4.37) and then applying item (4.25) in
Proposition 4.19 (remember that by Lemma 4.22 the set PCY(f) is f-pseudo-
compact) and Lemma 4.12, we conclude that z is (r, K 22tC£3}1)—t—u.e. The
proof is complete. B

For k > 1 recall that for any pole b of f¥, the number ¢, denotes its
multiplicity and BF(R) is the connected component of f~%(Bg) containing
b. We have proved Lemma 4.21 in [20] with no assumptions on the elliptic
functions. In fact, the following more general lemma is true (with the same
proofs), where f~! replaced by f~*.

Lemma 4.25 Ifb < f%(c0), k > 1, if v. is a Buclidean almost t-conformal

measure with t > qilﬁl such that v.(b) = 0, and if m is the h-conformal

measure proven to exist in Lemma 4.3, then

gttt

ve(BF(R) < R* " '

and
me(B(b, 1)) &= rl@tDh=2a0

for all 0 <7 <1, where BF(R) is the connected component of f~*(Bg).

Proof. Tt follows from Lemma 4.4 that m.({z € C: R < |z| < 2R}) < R?
and v.({z € C: R < |z|] < 2R}) =< R? for all R > 0 large enough. It
therefore follows from (2.2) that

- 1
ap+ h

me(BE(R) \ Bf(2R)) < R* R @ (4.39)
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and
_%tl

ve(Bf(R)\ BF(2R)) = R*R™ o . (4.40)

Now fix r > 0 so small that R = (r/L;)"% is large enough for formulas
(4.39) and (4.40) to hold. Using (2.5) and (4.40), we get

ve(By(R)) =ve | | J(B}(2'R) \ Bf(2*1R))
j>0

=" v(BN2R) \ BE(2IR))

=0
o _aptl
<> (@RP@R) W
j=0
o
_ R2—q’31:1t 23‘(2—‘11;:%)
=0

g9ty O aptl
_ LZb( qp )T(qb+1)t—2qb § 2](2_ ap t)
=0

- +1)t—2
~ p(@+1) w

where the last comparability sign holds since %t > 2. We are done with
the first part of our lemma. Now replace v, by m. and t by h (which is
greater than qiibl by Theorem 2.1 in the above formula. In this case, the
<’ sign can by (4.39) be replaced by the comparability sign "<’; since the
first equality sign becomes '>’ (we do not ruled out the possibility that
me(b) > 0 yet) and me(B(b,7)) > v(By(R)), we are also done in this case.
|

From now onwards, in all our considerations, we assume f : C — C to be
a regular pseudo non-recurrent elliptic function.

We shall prove now the following.

Lemma 4.26 The h-conformal measure m for f : J(f) — J(f) U {oc}
proven to exist in Lemma 4.3 is atomless.

Proof. By induction on i = 0,1,...,p, it follows from Lemma 4.24 (this
lemma provides the base of inductions as Sp(f) = 0 and simultaneously
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contributes to the inductive step), Lemma 4.23 and Lemma 2.27 that there
exists a continuous function ¢ — C; € (0,00), t € [1,00), such that if v is
an arbitrary almost t-conformal measure on J(f), then

ve(B(z,7)) < Cyrt (4.41)

for all x € PCY(f) and all r < rq for some ry > 0 sufficiently small. Con-
sider now the almost s,-conformal measure m; = my; , introduced in the
beginning of the proof of Lemma 4.5, where s,, = s(V},). Letting n — oo and
recalling that m is a weak limit of measures m? , we see from formula (4.41)
that

me(B(x,7)) < Cpr" (4.42)
for all z € PCY(f) and all r < rq. It now follows from Lemma 4.21 that
ms(B@1) _ohe, (4.43)

for all 2 € PCY(f). In particular, m4(Crit(f)) = 0; consequently,

m (| f(Crit(f))) = 0. (4.44)

n>0

Now fix k > 1,b € f~*(c0) and u € (q ) ,h). Consider all integers n > 1 so

large that s, > u. Since m&(f%(00)) < m&(f~*(Vy)) = 0, it follows from
Lemma 4.25 that

apt+1

ap+1
me(BE(R) < R w " <R % "

Hence m.(b) = 0. Since ms and m, are equivalent on C, this gives m4(b) = 0.
Consequently ms(f~!(00)) = 0 and mg(Crit,(f)) = 0. Since s, / h and
since h— < h (h— was defined in (2.18)), disregarding finitely many j’s, we
may assume without loss of generality that

S5 > h_ (4.45)

for all j > 1. Fix ¢ € Critoo(f). Fix also j > 1 and put ¢ := s;. Since
lim,, o f™(c) = o0, there exists £k > 1 such that ¢, < g. (where b, €
f~(c0) is near f"(c), q. was defined in (2.16)) and

|f™(c)] > max{1, 2Dist, (0, f(Crit(f))} (4.46)

for all n > k. Put a = f¥(c) (we may need in the course of the proof k > 1
to be bigger). We recall that k. was defined in (2.19).
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We shall prove the following.

Claim 1. There exists a constant c1 > 1, independent of j, such that

m;(Be(aa T)) <eprfe

for all r > 0 small enough independently of j.

Proof. Put q = ¢.. In view of (4.46) for every n > 1 there is a well-defined
holomorphic inverse branch f, ! : Bo(f"(a), 5| f"(a)|) — C of sending f"(a)
to f""!(a). Let b, € f~(c0) be the unique pole (assuming k # 1 is large
enough) such that

|f"(a) —by| <A1,
Then, by Lemma 1.2

it (e (@ qir@) ) < B (17 @ @I o)

C B(f"Y(a), Ol @) f (@) )
— B.(f""\(a),C|f"(a)| 1)
A ORI )

with some C' > 0, where the last inclusion was written assuming that

|f*1(a)| > 2cl\f"(a)|7% which we can assume that to hold for all n > k
large enough. So, the composition

—n — — — n 1 n
et =ttt oo gt B (@) g1 @) — €
sending f™(a) to a is well-defined and this is a holomorphic branch of f~".
Take 0 < r < 15|a| and let n+ 1 > 1 be the least integer such that
1

(T (@] = 6l @)

apt1
Such integer exists since |f/(z)] < |f(z)| @ if z is near a pole b. By defini-

tion n > 0, and since r < %|a|, we have

n 1 n
r|(f") (@) < 751 (F)(@)l:
Then by %—Koebe’s Distortion Theorem

Be(a,r) C fi "(Be(f"(a), 47(f") (a)]))- (4.47)
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Now we consider three cases determined by the value of r|(f™)(a)|.
Case 1. A <7|(f")(a)] < %|f"(a)].

In view of (4.47) and Koebe’s Distortion Theorem along with almost con-
formality of the measure mj, we get that

mS(Be(a,r)) < K'(f")(a)|~'mS(Be(f™(a), 4r](f™) (a)]))
< K'|(f™) (@) (4] (/) (@)])? (4.48)
= 2|(f") (@),
Put
dn = Gb,,-
Since t > h_ (see formula (4.45)) and g, < g, it follows from (2.20) that
() () =
F(@)] <|f™(a) [
=If/ (" (@) =
<|(f"Y (@)
=Y @I (@) 2

Combining this and Case 1 assumption, we get

Hence,

t—2

"= %I(f")’(a)!_l\f”(a)l = (") (a)]>

Therefore 127" < |(f*)(a)|!2, or equivalently 72|(f")"(a)]?*~t < rfc. To-
gether with (4.48), we obtain

m(Bla. ) < 7.

mint1 mint1
Case 2. [f"(a) — by| < 324 amin 7|(f™) (a)] < 32A 9min A, where A was
defined in (2.25) and @uin is the minimal order of all critical points and
poles.

intl!

Put ¢ = 324 tnin . Then
Be(f"(a), 4r[(f") (a)]) C Be(bn, (4 + c)r[(f") (a)]) C Be(bn, (4 + ¢)A)
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and it follows from Lemma 4.25 that

(B (@), 4r](F") (@)])) < (ar](f7 (@)]) ot D020,
Thus

m$(Be(a,r)) < K'|(f™) (@) (4r|(f™) (a)]) (@D 20

- T(qn+1)t—2qn|(fn)/(a)|(t—2)qn

< plent1)t=2gn
But, as g, < ¢c and ¢t > h_, it follows from (2.19) that
(gn + 1)t — 2¢, > (gn + 1)t — 2qc > ke
and therefore

mj(B(a,r)) < rfe.

It remains to consider

_ min+1

Case 3. 7|(f™)(a)] < 3—12A wmin | f"(a) — by

But then
rl(f7 (@) = () (@)1 (£(a))]

dmint1! gn+1

1 _
< g5 A i f7(@) = bal(ALf (@)

min+1
< AT AT o
]' n
3 (a)]
1 mn
E'f +1(a)’

contrary to the definition of n. So, Claim 1 is proved.

<

<

The last step of our proof is to demonstrate the following.

Claim 2. There exist co > 1 and R > 0, all independent of j, such that

m;(Be(C,T')) S CQTpcf‘Cc‘f'h(l—pC)

for all 7 > 1 and for oall v < R, where p. is the order of critical point ¢ of
the map f*.
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Proof. Let p := p. > 2. There exists R > 0 so small that
FH(Be(e), R) € Be(f*(c), 27 f*()])

and that there exists M > 1 such that

Mz =P < |fF(2) = fM(e)| < Mz —
and

MYz =P < () ()] < M|z = o
for all z € Be(c, R). Thus, for all K > 0 and all r < R

P(Ae, 27 270)) € A(fF(c); M~ trp2 20D ppppo =Pl

Since the map f‘kBe(c R) is p-to-one, using almost conformality of the measure
m¢ and the right-hand side of (2.19), we get that

mS(A(f¥ (c); M~ P2 P Nppp2ly)
> }M—h(2—(l+1)r)t(p_1)m§(A(c’ 91 91y
p

> pfleh(2f(l+1)T,)h(p 1) j(A(C 92— (l+1)7,7 2717”))'

Applying Claim 1, we therefore get

m$(Be(c, 7)) = ij(A(c, 9~y 9~1p)

<th h(1—p) ZQh(p 1)(1+1) ( (fk:( ) rp2—p(l+1),Mrp2—pl))
=0

< thclgh(pfl)rh(lfp) Z 2h(P*1)l(MTP2*PZ)Nc
p=0

e}

= p2h®=1) ¢y pphtricph(1=p)+pre Z 9(h(p—1)=pre)l
1=0

= p2h =Dy pplitrie (1 — ghp=1)=pre) =1 preth(l=p)

where writing the last equality sign we used the fact that pr.+h(1 —p) >0
equivalent to the left-hand side of (2.19). Repeating again that px. + h(1 —
p) > 0, Claim 2 implies that the limiting measure m does not charge the
critical point ¢, and we are done. B
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The argument from the beginning of the proof of this lemma, based on
Lemma 4.24 and Lemma 4.23 gives the following,

Lemma 4.27 The set PCY(f) is uniformly h-upper estimable.

Denote by Tr(f) C J(f) the set of all transitive points of f, that is the
set of points in J(f) such that O4(z) = J(f).

Theorem 4.28 There exists a unique atomless t-conformal measure m for
fJ(f) = J(f)U{occ}. Thent = h, m is ergodic conservative and all
other conformal measures are purely atomic, supported on Sing™ (f) with
exponents larger than h. Consequently m(Tr(f)) = 1.

Proof. In view of Lemma 4.26 there exists an atomless h-conformal measure
m for f: J(f) — J(f) U {oco}. Suppose that v, is an arbitrary Euclidean
t-conformal measure for f and some t > 0. By Lemma 3.3, t > h. Fix
z € J(f)\ (Loo(f)USing™(f)). Then in view of Proposition 2.31 there exist
points x; = x;(2) € J(f) and an increasing sequence {n;};°, such that
x(z) = limy_,o0 [ (2) and z; ~ x, for all j,k > 1. Define for every [ > 1

Zy=A{z € J(f)\ (Uso(f) USIng™(f)) : |2(2)| < I and n(z) > 1/1},
fix I > 1 and z € Z;. Consider for k large enough the sets

(e d) (o)

where f " is the holomorphic inverse branch of f™ defined on B.(z, 2%)
and sending ™ (z) to z. Using conformality of the measure v along with
Koebe’s Distortion Theorem, I (Euclidean version) we easily deduce now
that

B(ve, l) 2 el(£7%) ()| < ve (Bl el (7Y (2)| 1)) < Blwes el (F7)' ()| "

(4.49)
for all £ > 1 large enough, where K > 1 is the constant appearing in the
Koebe’s Distortion theorem and ascribed to the scale 1/2 and ¢ > 0 is some
constant comparable with 1. Fix now F, an arbitrary bounded Borel set
contained in Z;. Since m, is regular, for every = € F there exists a radius
r(z) > 0 of the form from (4.49) such that

me( | Be(z,7(2)) \ E) <. (4.50)
zeFE
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Now by the Besicovi¢ theorem (see [14]) we can choose a countable subcover

{Be(zi,r(xi) 124,

r(zi) < e, from the cover {B.(x,r(x))}zer of E, of multiplicity bounded by
some constant C' > 1, independent of the cover. Therefore by (4.49) and
(4.50), we obtain

ve(E) Ve(Be(xi, (1)) < B(Ve, 1)

1 =1

B(ve, ) B(me, 1) Y (@) "me(Be(wi, r(2:)))
=1

T

s
Mg

.
Il

IN

(4.51)

< B(ve,1)B(me, 1)Ce " "me(| ) Be(wi,r(x:)))
i=1
< CB(ve,|)B(me, et ™" (e + me(E)).

In the case when ¢t > h, letting € \, 0 we obtain v.(Z;) = 0. Since

T\ (Iso(f) USing= () = | .
=1

we therefore get

Ve (J(f) \ (Iso(f) U Sing™(f))) = 0

which by Lemma 3.4 implies that v, (Sing™ (f)) = 1 and the last part of our
theorem is proved . Suppose now that ¢ = h. Since, in view of Lemma 3.4,

Ve(Ioo (f) \ 1-(f)) = me(Io(f)) = 0,

using (4.51) and letting [ " oo, we conclude that

Vel sp\sing= () = Melagpnsimeg= () = Mslip)sing= ()

Exchanging the roles of m, and ve we infer that the measures v ;(r)\ging~ ()
and M| (p\ging—(f) ar€ equivalent. Suppose that ve(Sing™(f)) > 0. Then
there exists

y € Crit(J(f)) UQ(f) U fH(o0)
such that ms(y) > 0. But then

SO < o0,

ey~
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where y~ = U5 f7"(y) and for every £ € y~, n(§) is the least integer
n > 0 such that f"(§) = y. Hence,

L ey (") (€)|"o
T ey [(FO) ()"

is a spherical h-conformal measure supported on y~ C Sing™ (f). This con-

tradicts the proven fact that the measures l/y|J £)\Sing~(f) and M|, ()\Sing=(f)
are equivalent and ms(J(f)\Sing™(f)) = 1. Thus v, and m; are equivalent.

Let us now prove that any h-conformal measure v, is ergodic. Indeed,
suppose to the contrary that f~!(G) = G for some Borel set G C J(f) with
0 < v5(G) < 1. But then the two conditional measures vg and vy(s)\¢
vs(BNG) vs(BNJ(f)\G)
o Wne(B) = S ENE

vs(G) vs(J(f)\ G)

would be h-conformal and mutually singular; a contradiction.

vG(B) =

If now v, is again an arbitrary spherical h-conformal measure, then by a
simple computation based on the definition of conformal measures we see
that the Radon-Nikodym derivative ¢ = dvs/dmys is constant on grand orbits
of f. Therefore by ergodicity of ms we conclude that ¢ is constant ms-almost
everywhere. As both m, and vg are probability measures, it implies that
¢ =1 a.e., hence vy = my.

Let us show now that m is conservative. We shall prove first that every
forward invariant (f(E) C E) subset E of J(f) is either of measure 0 or 1.
Indeed, suppose to the contrary that 0 < m(E) < 1. Since

m(Iso(f) USing™(f)) =0,

it suffices to show that

m(E\ (Io(f) USing™(f))) = 0.
Denote by Z the set of all points z € E'\ (Io(f) USing™(f))) such that

Lo (B ) 0 (B (Le(f) USing™ (1))

r—0 me(B(z,7))

In view of the Lebesgue density theorem (see for example Theorem 2.9.11

in [12]), me(Z) = me(E). Since me(E) > 0 we find at least one point z € Z.
Since

= 1. (4.52)

z € J(f) \ (Uso(f) USing™ (f)),
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let © € J(f), n(z) > 0, and an increasing sequence {n;}7>, be given by
Proposition 2.31. Put

5 = n(z)/8.

Suppose that me(Be(z,d) \ E) = 0. By conformality of m., me(f(Y)) =0
for all Borel sets Y such that m.(Y) = 0. Hence,

0= me(f"(Be(x,0) \ E)) = me(f"(Be(2,0)) \ f"(E))

> e (f7(Be(x,6)) \ E) > me (f(Be(x,6)) — me(E) (4.53)

for all n > 0. Since J(f) = U,,>; [7"(c0), for some p > 2, the image
fP~Y(Be(z,8)) contains an open neighborhood of co. Thus, it contains at
least one (in fact infinitely many) copy of the fundamental parallelogram R
and consequently fP(Bg(z,6)) = C . In particular me(f?(Be(z,6))) = 1.
Then (4.53) implies that 0 > 1 — m.(FE) which is a contradiction. Conse-

quently m.(B(z,0) \ E) > 0. Hence for every j > 1 large enough,
me(Be(f"(2),20) \ E) = me(Be(x,6) \ E) > 0.

Therefore, as f~1(J(f)\ E) C J(f)\ E, the standard application of Koebe’s
Distortion Theorem, I (Euclidean version) and Lemma 4.12 shows that

 m(B(r)\E)
s = (B(.1))

which contradicts (4.52). Thus either m.(E) = 0 or m.(E) = 1.

>0

Now conservativity is straightforward. One needs to prove that for every
Borel set B C J(f) with m(B) > 0 one has m(G) = 0, where

G={zeJ(f): Y _xn(f"(x)) < +oo}.

n>0

Indeed, suppose that m(G) > 0 and for all n > 0 let

Gn={z e J(f): ) xp(f"(x) =0}

k>n

={z e J(f): fk(:c) ¢ B for all k> n}.

Since G = |J,;>¢ Gn, there exists k& > 0 such that m(Gy) > 0. Since all
the sets G,, are forward invariant we conclude that m(Gy) = 1. But on
the other hand all the sets f~"(B), n > k, are of positive measure and are
disjoint from Gj. This contradiction finishes the proof of conservativity of
m. Consequently m(Tr(f)) = 1. We are done. B
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4.5 Hausdorff measure

The proof of part (a) of Theorem 4.1. Let m be the unique h-conformal
atomless measure proven to exist in Theorem 4.28. Consider an arbitrary
point z € Tr(f). Since f is regular pseudo non-recurrent, there exists

be U F77(20) \ 04 (Crit (),

say b € f~%(00) \ Oy (Crit(f)). Hence, there exists v > 0 such that
Be(b,v) N OL(Crit(f)) = 0. (4.54)
Since 2z € Tr(f), there exists an infinite increasing sequence {n;}?2, such
that
lim f"%(z) =b and |f"(2) — b| < /4 (4.55)

J*)OO

for every j > 1. It follows from this and (4.54) that for every j > 1 there
exists a holomorphic inverse branch

f2"  Be(f™(2),37/4) — C

of f% sending f"i(z) to z. Using now Koebe’s Distortion Theorem I, (Eu-
clidean version), Lemma 4.12 and Lemma 4.25, we conclude that

me(z, Be (K[(f") (2)|7'2] f"(2) - b]))
> me(Be(f"(2), 21 (2) = o)) (/") (
> me(Be(b, |f" () = D) I(f")' ()| 7"
= |79 (2) = b| @t DRR | (pray ()7
= (K|(f") ()7 (2) = b)" K27 (2) = bl =2,
Since h < 2, using (4.55), this implies that

Tmr"me(Be(z, 1)) = oc.

r—0
Hence
H}(Tx(f)) =0

in view of Theorem 3.1 (1). Since by Theorem 4.28 m.(J(f) \ Tr(f)) =0, it
follows from Lemma 3.3 that H?(J(f) \ Tr(f)) = 0. In conclusion

H(J(f)) =0,
which completes the proof. B



4.6 Packing measure 1 79

4.6 Packing measure 1

Proposition 4.29 The conformal measure m is absolutely continuous with
respect to the packing measure II" and moreover, the Radon-Nikodym deriva-
tive dmy /dI1" is uniformly bounded away from infinity. In particular

*(J(f)) > 0.

Proof. Since
J(f) Nw(Crit(f) \ Crit(J(f))) = Q(f),

we conclude from Lemma 2.20 that there exists y € J(f) at a positive
distance, say 87, from O, (Crit(f)). Fix z € Tr(f). Then there exists an
infinite sequence n; > 1 of increasing integers such that f"(z) € Be(y,n).
Therefore

Bo(f™ (), 4n) N O4(Crit(f)) =
and consequently

Comp(z, f(z), f™,n/2) N Crit(f™) = 0.
Hence, it follows from Lemma 1.2 and Lemma 4.12 that

lim inf 71716(36}52, r)
r—0 r

<B

for some constant B € (0,00) and all z € Tr(f). Applying Lemma 4.21 we

therefore get that
B
lim it 72 Be(Z:7)
r—0 r

< 2"B.

Hence, by Theorem 3.2(1), the measure mg|m (s is absolutely continuous
with respect to II” |1y ). Since, by Theorem 4.28, ms(J(f) \ Tr(f)) =0, we
are done. W

Lemma 4.30 If Q(f) # 0, then I"(J(f)) = +oo0.

Proof. Fix £ € Q). Since
Urme©

n>0

is dense in J(f) and, by Lemma 2.20, w(Crit(f)) is nowhere dense in J(f),
there exist an integer s > 0, a real number 1 > 0, and a point

ye 1O\ B £r(Crit(£)),m).

n>0
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Since by Theorem 2.1, h > 1, it follows from Lemma 2.7 and Lemma 4.15
(y may happen to be a critical point of f*!) that
lim inf 77%(3@]5,% r)
r—0 r

=0. (4.56)

Consider now a transitive point z € J(f), i.e. z € Tr(f). Then there exists
an infinite increasing sequence n; = n;(z) > 1 of positive integers such that

Jim [f%(z) —yl =0 and - ry = (2) —y| <n/T

forevery j = 1,2,.... By the choice of y, for all j > 1 there exist holomorphic
inverse branches

£ Be(f™(2),6r5) = C

sending f"(z) to z. So, applying Lemma 1.2 and Lemma 4.12 with R = 3r;,
we conclude from (4.56) that
B
lim inf me(Be(z,7)) e}EZ, )
r—0 r

=0.

Applying Lemma 4.21, we conclude that the same formulas remain true
with me replaced by ms and Be(z,r) by Bs(z,r). Therefore, it follows from
Theorem 4.28 (ms(Tr(f)) = 1) and Theorem 3.2(1) that II*(J(f)) = +oo.
We are done. B

4.7 Packing measure II

From now on let m denote the unique atomless h-conformal measure proven
to exist in Theorem 4.28. Our aim in this section is to show that in the
absence of parabolic points the h-dimensional Euclidean packing measure is
finite on bounded subsets of J(f) and II*(J(f)) < occ.

Recall that the numbers R;(f) and A;(f) have been defined by formulas
(4.34) and (4.35) respectively. Since the number of equivalence classes of
the relation ~ is finite, looking at Lemma 2.28 and Lemma 4.4, the fol-
lowing lemma (where the superscript [ indicates that we mean the “lower”
estimates) follows immediately from Lemma 4.16.

Lemma 4.31 If C'Z-(l) >0,0< Rz(l) < Ri(f)/3, and 0 < o < 1 are three real
numbers such that all points z € PCY(f),

)

are (r, 0, Ci(l))-h—s.l.e. with respect

to the measure me, then there exists C~'i(l) > 0 such that all critical points
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c € Crip1(f) are (r,5, C’i(l))—h—s.l.e. with respect to the measure me for all
0<r<Af)" 'RV

., where ¢ was defined in Lemma 4.16.

Let us prove the following.

Lemma 4.32 Suppose that Q(f) = 0. Assume that C-(ll) >0, RE? > 0 and

0 < o <1 are three real numbers such that all cm’tz’lc’al points ¢ € Si(f)
are (r,o, C’i(vll))—h—s.l.e. with respect to the measure me for all 0 < r < Rl(g
Then there exist C’f}l) >0, 15%(2 > 0 and such that all points z € PCY(f); are
(r, K3 A22#(Crit(f)R) 5. C’f}ll))—h—s.l.e. with respect to the measure m, for all
0<r< REQ, where A was defined in (2.25).

Proof. Recall that by Lemma 4.22 the set PCY(f) is f-pseudo-compact. We
shall show that this time one can take

R{} = min{rol| ]| 7'A R and O = (8(KA%)2%)" ),
where ||f'|| = Hf/HPCO(f).' Indeed, denote again #(Crit(f) NR) by #. Take
£ = 4K (K A?)2# and then choose A > 0 so large that

£ < Amin {1, 71 07 7 min{p, Rz(l%/2}} . (4.57)

Consider 0 < r < Rl(g and z € PCY(f),. If z € Critc(J(f)), then z € S;(f)
and we are done. Thus, we may assume that z ¢ Crit.(J(f)), then z ¢
Crit(J(f)).
Let s = s(\,e,7,2). By the definition of €
AKT|(f°) (2)] = (KA®) "2 Fer|(f°)'(2)- (4.58)

Suppose first that u(\,r, z) is well defined and s = u(A, r, z). Then by item
(4.17) in Proposition 4.18, applied with n = K, we see that the point

fi(2) is (Kr|(f%) (2)],0/K* Wy(0/K?)) — h-s.le..

Using (4.58) it follows from item (4.25) in Proposition 4.19 and Lemma 4.13
that the point z is (r,o, Wj,(0/K?))-h-s.l.e.. If either u is not defined or
s < wu(A, 1, 2), then in view of item (4.24) in Proposition 4.19, there exists a
critical point ¢ € Crit(f) such that

|1°(2) = o < erl(£°)(2)].
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Since s < u, by Proposition 4.19 and (4.57) we get
£(2) = el < erl(£*) ()] < min{p, B[} /2}. (4.59)

Since z € PCY(f), it implies that ¢ € S;(f). Therefore, by the assumptions

of Lemma 4.32 and by (4.59) we conclude that c is (2e7|(f*)(2)|, 0, Cfvll))—h—

s.l.e.. Consequently, in view of Lemma 4.9, the point f*(z) is (er|(f*)'(2)], 20, 2hC’Z-(l1))—
h-s.l.e.. So, by Lemma 4.10 this point is

(Kr|(f5) (2)], 20/ K, (2e K" )" CL)) — hes.Lee.

Using now formula (4.58) and item (4.25) in Proposition 4.19 along with
the fact that Ke~! < 1 we have from Lemma 4.13 that the point z is
(r,2Keo, (25K‘1)h0i(7l1))-h—s.1.e.. The proof is completed. B

As a fairly straightforward consequence of these two lemmas we get the
following.

Lemma 4.33 With some R > 0 and some G > 0 each point of PCY(f), (in
particular each point of Crite(f)) is (r,1/2,G)-h-s.l.e. for every r € [0, R].

Proof. Since Sy(f) = 0, starting with o > 0 as small as we wish, it immedi-
ately follow from Lemma 4.32, Lemma 4.31 and Lemma 2.27 by induction on
i =0,1,...,p that all the points of S;(f) and PC2(f), are (r,1/2, G)-h-s.le.
with same G, R > 0 and all r € [0, R]. We are done. R

This lemma and Lemma 4.25, taken together, give the following.

Lemma 4.34 Every point of the set Crit(J(f)) U f~1(c0) is h-s.l.e. with
o€ (0,1) arbitrary.

Fix ¢ € Crits(f). Since lim,,_,o f"(c) = oo, there exists k > 1 such that
@, < qc (where b, € f71(c0) is near f"(c), q. was defined in (2.16)) and

|f"(c)| > max{1, 2Dist. (0, f(Crit(f))} (4.60)

for all n > k. Put a = f*(c) (we may need in the course of the proof k > 1
to be bigger).

We shall prove the following.
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Lemma 4.35 There exists a constant c; > 1, such that
me(Be(a,r)) > cl_lfrh
for all r > 0 small enough.

Proof. Put ¢ = ¢.. In view of (4.60) for every n > 1 there is a well-defined
holomorphic inverse branch

fi s Bfa), @) — €

of sending f"(a) to f"~!(a). Let b, € f~!(cc) be the unique pole (assuming
k # 1 is large enough) such that

1f™(a) — bp| < A < 1.

Then, by Koebe’s Distortion Theorem, I (Euclidean version)

it (e (@ gir@) ) < B (£ @ @I et
C B @), el @I @)
= B/ )l (@) )
B (1@ 417 @),
where ¢ > 0 is a constant and the last inclusion was written assuming that

£ @)] > el ()T

which we can assume that to hold for all n > k large enough. So, the
composition

fa_n:fflof;lo...ofgl:Be (fn(a)7i|fn(a)‘) —>(C

sending f"(a) to a is well-defined and this is holomorphic branch of f=".
Take 0 < r < §|a| and let n 4+ 1 > 1 be the least integer such that

r|(f" ()] > \f”“( )l

apt1
Such integer exists since |f'(z)| < |f(z )] % if z is near a pole b. By defini-

tion n > 0 and, since r < K]a|, we have

(Y @)l < S0 @)l
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Then by Koebe’s Distortion Theorem, I (Euclidean version)

Be(a,r) D fo"(Be(f"(a), K~H(f") (a)])- (4.61)

Now we consider three cases determined by the value of r|(f")(a)].
Case 1. A <7|(f")(a)| < §[f"(a)l.

In view of (4.60) and Koebe’s Distortion Theorem, I (Euclidean version)
along with almost conformality of the measure m., we get that

me(Bla,r)) = K~"|(f") (a)|™"me(Be(f" (), 4r|(f")' (a)]))
= KM (@) (4] (£7) (a)])?
= (™ (@)l " (4r|(f7Y (@))"

— ghyh,

(4.62)

and we are done in this case.

mint1 mint1
Case 2. |f™(a) — by| < 324 imin r|(f)(a)] < 324 amin A, where A was
defined in (2.25).

It follows from Lemma 4.25 that
me(Be(f™(a), K|(f") (a)])) = (KH(f") (a)])".
Thus
me(Be(a,r)) = K"((f") (@) (B (™) (@))* = "
And we are done in this case.

It remains to consider

9mint1
Case 3. 7|(f")(a)] < A min K|f™(a) — by|.
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But then
@] =l @)
< B AT @) — bal A ()

8
min+1
< %A At ()]

K n+1
< <1 (@)

contrary to the definition of n. So this case is ruled out and lemma is proved.
|

We are ready to prove the following.

Theorem 4.36 If Q(f) = 0 then the h-dimensional packing measure II" of
every bounded Borel subset of J(f) is finite and II*(J(f)) < co.

Proof. Consider arbitrary point

eI\ U J"({o0} U Crit(f)

and a radius 7 € (0,v(a&)™!). Let s > 0, associated to the point z and the
radius 7/, come from Lemma 4.20. If the case (a) of this lemma holds, then
we have from Lemma 1.2 and Lemma 4.12 that

me(Be() = KM @ e Bl (), K () ()
= KM () (2))? (4.63)
< () ()P =

s\/

If the case (b) of this lemma holds, then applying this lemma along with
Lemma 4.34 (with 0 < K~1¢), we get that

me(Be(z,)) > K" (f°)' (2)|"me(Be(£*(2), K~rl(£°)'(2)])
= KUY @) E () () =

Combining this and (4.63), completes the proof of the first part because
of Theorem 3.2(a). Since I*(A) = TI?(A 4 w) for every w € A and since
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dn?
dIIh

(2) = (1 + |2[*)~", we get with R = 4diam(R) that

L (J(f)) = i I1 (A(0,2" R, 2571 R)) + I (Be (0, R))
k=0

< T}(B(0,R)) + > _TIX(A(0,2"R, 2" R)) R4~
k=0

<ML (Be(0, R)) + > (2"R)*R™>M4~"*
k=0

= TI(B(0, R)) + RO 40k < o,
k=0
since h > 1. We are done. B

Proposition 4.37 If HD(J(f)) = 2, then J(f) =C.

Proof. Since I1? and Iy, the two-dimensional Lebesgue measure on C coincide
up to a multiplicative constant, it follows from (already proved) Theorem 4.1
(b) that if h = 2, then lo(J(f)) > 0. So, in order to prove our proposition
it suffices to show that if J(f) & C, then l3(J(f)) = 0. So, suppose that
J(f) # C. By Corollary 1.3 in [19], l2(Iso(f)) = 0. Thus, we are to show
that

L(J(f)) \ (o (f) U Sing™ (f)) = 0.

Let for any [ > 1 the set Z; have the same meaning as in the proof of
Theorem 4.28. Since J(f) is a nowhere dense subset of C, there exists € > 0
such that for every y € B¢(0,2l) there exists y. € Be(y, %) such that

Buloe.2) < Be (1) \ IO (4.64)

Keep the notation from the proof of Theorem 4.28. Fix arbitrary z € Z;.
Disregarding finitely many iterates we may assume without loss of general-
ity that f™(z) € Be(0,2l) for al £ > 1. By Koebe’s Distortion Theorem

(Euclidean version), Koebe’s -Theorem and (4.64), we have

F2(Be(f™3) ) € frm (Be(f™), (20) 7))\ ()
C Be(z, K|(f™) ()| 120~ \ J(f)

and

FEM (Bl (2)2,€)) D Bl (™ (2)e), 3ol (FY (2) 7).
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Therefore, we see that
la(Be(z, K|(f™) ()| 120D\ I(f) (el
la(Be(z, K|(f™)' ()71 (2)71)) - ( > -0

2K
So, z is not a Lebesgue’s density point for Z;, and therefore l2(Z;) = 0.
Hence

L(J(F)\ (Ino(f) U Sing™ (f)) = la(| ] 20) = 0,
=1
and we are done. H

Theorem 4.1 is now a logical consequence of Chapter 4.5, Proposition 4.29,
Lemma 4.30 and Theorem 4.36.
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Invariant measures

In this chapter we deal with o-finite invariant measures equivalent to the
conformal measure m. We prove their existence, ergodicity, conservativity
and we detect the points around which these measures are finite or infinite.
This allows us to provide sufficient conditions for their finiteness.

In order to prove Theorem 5.2 below we apply a general sufficient con-
dition for the existence of o-finite absolutely continuous invariant measure
proven in [25]. In order to formulate this condition suppose that X is a
o-compact metric space, v is a Borel probability measure on X, positive on
open sets, and that a measurable map f : X — X is given with respect to
which measure v is quasi-invariant, i.e.

vof <

Moreover we assume the existence of a countable partition o = {A4,, : n > 0}
of subsets of X which are all o-compact and of positive measure v. We also
assume that

V(X\ U An) :0,

n>0

and if additionally for all m,n > 1 there exists k > 0 such that
v(f*(An) NA,) >0,

then the partition « is called irreducible. Martens’ result comprising Propo-
sition 2.6 and Theorem 2.9 of [25] reads as follows.

Theorem 5.1 Suppose that o = {A,, : n > 0} is an irreducible partition
for T : X — X. Suppose that T is conservative and ergodic with respect to

88
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the measure v. If for every n > 1 there exists K,, > 1 such that for all k > 0
and all Borel subsets A of A,

IR A
V(A = WA = A,y

then T has a o-finite T-invariant measure p that is absolutely continuous

K;!

with respect to v. In addition, p is equivalent to v, conservative and ergodic,
and unique up to a multiplicative constant. Moreover, for every Borel set
ACX

i Sheor )
pld) = i S R )

From now on throughout the chapter mg stands for the unique h-conformal
measure.

The first result of this chapter is the following.

Theorem 5.2 There exists a o-finite f-invariant measure p that is abso-
lutely continuous with respect to the h-conformal measure mg. In addition,
1 is equivalent to mg, ergodic and conservative.

Proof. Let £ € C be a periodic point of f with some period p > 3. We put

P3(f) = O1(f(Crit(f))) U{E, £(),-... 77O

Since O4 (f(Crit(f)) is a forward-invariant nowhere-dense subset of J( f) and
since the h-conformal measure my is positive on nonempty open subsets of
J(f), it follows from ergodicity and conservativity of mg (see Theorem 4.28)
that

ms(0+(f(Crit(f)))) = 0.
Since mg has no atoms (see Theorem 4.28) we therefore obtain that
ms(P3(f)) = 0.

We shall now construct the partition « of the set J(f) \ P3(f). We shall
check next that it satisfies the assumptions of Theorem 5.1. We first define
the family of balls

1
{Be <z, —dist,(z, P3(f))) } .
2 €I (H\Ps(f)

This family obviously covers J(f)\ P3(f). Since J(f)\ Ps3(f) is an open set,
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it is a Lindelof space, and therefore we can choose a countable subcover of
J(f)\ P3(f), which we denote by

{Be <zi,;diste(zi,P3(f))>}oo .

i=1
We inductively define a partition A = {A4;}5°, of J(f) \ P3(f) as follows.
Let

Ay = B, <ZU, ;diste(ZO,P3(f>)> .

Assume that we have defined the sets A1, ..., A, such that

Aj C B, <zj, ;diste(Zj,PB(f))>

and
IntAj ?é 0.

Then A,,1+1 we define as
1. "
Apnt1 = Be <2n+1, 2d18t6(2n+17p3(f))> \ U 4j.

j=1

The set A, 11 is disjoint from the sets Aq,..., A, and
1. " 1.

Apnt1 C Be | Zn+1, §d18t6(2n+1,P3(f)) \ U Be | zj, §dlste(zj,P3(f)) )
j=1

Thus either A, 41 =0 or IntA,+1 # 0 and we remove all the empty sets.

We shall now check that the partition is irreducible. And indeed, it follows
from the construction of the sets {A4;}3°, and continuity of the measure m
that it suffices to demonstrate that if z € J(f), r > 0 and K C Cis a
compact set, then there exists n > 1 such that

F | Be(zm)\ | £75(o0) | 2 KN\ 7 (00).

k>0 k>0

Since the set of repelling periodic points is dense in the Julia set ([2], comp.
[6]), there thus exists a periodic point x € Bc(z,r), say of period ¢ > 1.
Since x is repelling there exists s > 0 so small that Be(x,s) C Be(z,r) and
f4Bc(x,s)) D Be(x,s). Since

U f¥(B.(x.s)) > C,

Jjz1



Invariant measures 91

since K is a compact subset of C and since { f% (B.(z, s)) 221 is an increasing

family of open sets, there thus exists k > 1 such that f9%(B.(z,s)) D K.

Let us check now the distortion assumption of Theorem 5.1. And indeed,
in view of Koebe’s Distortion Theorem, I (spherical version) there exists a
constant K > 1 such that if

f*—n : Be(Zi,diSte(Zi,Pg(f))) —C

is a holomorphic branch of f~", then for every k > 0 and all z,y € Ay we
have

Uy Wl _ g

|(f")* ()]
where Ay, C B, (zi, %dis‘c6 (zi, P3(f ))) We therefore obtain for all Borel sets
A, B C Ay, with mg(B) > 0 and all n > 0 that

ms(fo(A) _ Ja I ] dms
ms(f(B)) [y (") hdms
- supa, {1(fi™)*"Ims(4)
— infa, {[(f7)* | bms(B)
ms(A)
ms(B)’

(5.1)

< K"

and similarly

ms(f{n<‘4)) > k—h ms(A) )

ms(f"(B)) ms(B)
Since by Theorem 4.28 the measure is conservative ergodic, all the assump-
tions of Theorem 5.1 have been checked and we are done. B

The following lemma easily follows from Theorem 5.1.

Lemma 5.3 For every n > 0 we have 0 < p(A4,) < oo.

We say that the f-invariant measure p produced in Theorem 5.2 is of finite
condensation at x € J(f) if and only if there exists an open neighborhood V
of z such that u(V) < oco. Otherwise p is said to be of infinite condensation
at . We respectively say that x is a point of finite or infinite condensation
of u. We end this chapter with the following obvious results.
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Lemma 5.4 If x is a point of infinite condensation of u, then each point
of the closure {f™(x) : n > 0} is also of infinite condensation of .

Lemma 5.5 The set of points of infinite condensation of the measure p is
contained in the union O4(Crit(f)) U Q(f) U {co}.

Proof. If
z ¢ O4(Crit(f)) UQ(f) U {oo},

then by local finiteness of the family {A, : n > 0} there exist an open
neighborhood V of z and an integer k > 0 such that m(V '\ U?:o Aj) =0.
Hence, in view of Lemma 5.3 and Theorem 5.2 (1 < mg) we get

k
u(V) < 37 (A)) < oo
7=0
The proof is finished. W

Fix w € J(f)\ Be(Q2(f), 6) and an open Jordan domain Q C B.(w,27). A
sequence {Q,}5°, of connected components of inverse images of f~"(Q) is
called w-nested if f(Qn+1) = @y, for all n > 0. We start with the following
simple fact.

Lemma 5.6 All the sets Q,,n > 0, are open Jordan domains.

Proof. Suppose that the lemma is not true and let n > 0 be the least integer
such that @, is not a Jordan domain. Then n > 1 and @), _1 is a Jordan
domain. Since @, is a connected component of f~(Q,,_1), the set Q,, must
contain a critical point of f, say ¢. Since @, C Bc(¢,n) and

Be(e,n) N f~(00) = 0,

it follows from the Maximal Modulus Principle that @,, is simply-connected.
This finishes the proof. B

Let Crity,(f) be the set of all critical points of f that are h-upper estimable.
The key fact for what will follow is this.
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Lemma 5.7 For every § > 0 there exists a constant Tz > 1 with the fol-
lowing properties. Let w € J(f)\ Be(2(f),0), let Q C Be(w,7) be a Jordan
domain with diam.(Q) > &, and let {Qn}o>, be a w-nested sequence of
connected components of the sets f~(Q). For every n > 0 let W, be the
connected component of f~"(Be(w,27)) containing Q. If

(Crit(f) \ Crita(f)) N |J Wa =0,
n=1

then
Mme(Qn) < Tg‘diamg(@n)

for all n > 0.

Proof. Since My, = sup{m¢(Be(z,27)) : z € J(f)} < o0, we get

My Mo, .

Thv{h < ghvdlamZ(Q). (5.2)
Fix k£ > 0 and n > 0. Suppose that Wy, contains no critical points of f™.

It then follows from Koebe’s Distortion Theorem, II (Euclidean version) and
(2.29) (note that also @ C (Be(w,7)) that

Me(Qrin) < sup{|(f*)(2)| 7"+ 2 € Qran}me(Qp)
< KPinf{|(f") (2)| ™" : 2 € Qryn}me(Qr)
p diann (Qpn) m (5.3)
dlamZ(Qk) e(Qk)

h me(Qk—i—n) . h
" (@) e (Qren):

me(Q) < My =

with an appropriate universal K* > 1. Now suppose that W} contains a
critical point ¢ of f. By (2.27) and Lemma 2.16, ¢ is the only critical point
of f in Wyy1. Suppose first that

diste(f(c), Qx) > 4diam,(Qy).
Fix z € Qk. Then Qp C Be(z,diame(Qy)),

F(Crit(f)) N Be(z, 2diam(Qy)) = 0

(assuming that v,n > 0 sufficiently small), which makes other (finitely
many) critical values lying sufficiently far apart from f(c). Hence denot-
ing by

f*_1 : Be(z,2vdiam,(Q)) — C
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the holomorphic inverse branches of f whose image covers Qi, using Koebe’s
Distortion Theorem, II (Euclidean version) we estimate similarly as above

Mme(Qry1) < sup{|(f7) (@)|": 2 € Qry1}me(Qr)
< KMinf{|(f71) (2)" : € Qry1tme(Qr)

hdiamZ(Qk—H)

5.4
= Gt " o
(@ .
< Kthlamg(QkH).
Now, assume that
diste(f(c), Qr) < 4diam.(Qx). (5.5)

We thus get that Qr C Be(f(c), bdiam.(Qy)), and therefore
Qii1 C Be(c, A(5diam.(Qy)) /7).
Hence, making use of h-upper estimability of the point ¢, we get that
me(@rs1) < L(A(5diam, (Qy)) /7 )", (5.6)
It follows from (5.5) that

Diste(c, Qk+1) S A(DiSte(f(c)v Qk))l/pc
< A(diste(f(c), Qr) + diam, (Qy)) /e
<A

(5diam, (Q))"/7e.
Therefore
diame(Qx) < diame(Q41) A(Diste(c, Qry1))P* ™
< AZ5VP diam, (Qps )diam. ™ (Qx).
Thus

diam!/?e(Qr) < A%5Y/Pediame (Qpy1).
Inserting this to (5.6), we get that
Me(Qry1) < L(25)"Pe A¥/Pediam (Qp41).-

Applying this, (5.2) (5.3), (5.4) and making use of Lemma 2.16 along with
(2.27), a straightforward inductive argument yields that for every j > 1

me(Q;) < [L((25A%) P K K,)" My, "diam!(Q;).

We are done. W
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As an immediate consequence of this lemma, Lemma 2.19 and Koebe’s
Distortion Theorem, II (Euclidean version) we obtain the following.

Lemma 5.8 Let w € J(f)\ Be(Qf),0), let V C Be(w,7) be a Jordan do-
main with diam.(V) > &, let U be a Jordan domain contained in V. Let
{Va}o2y be a w-nested sequence of connected components of f~™(V) and
let {U,}5, with Uy, C V,,, be a w-nested sequence of connected compo-
nents of f~"(U). For every n > 0 let Wy, be the connected component of
T (Be(w,2y)) containing V,,. Suppose that

(Crit(f) \ Crity(£)) N | Wn =0
n=1

cind that there exists a Jordan domain U such that U C U C V and
UNPC(f)=0. Then

me(Un) 2 (27T5)_hdiamZ(U),

and the same inequality remains true (perhaps with a larger constant on the
right-hand side) with m. replaced by ms since the diameter of the sets are
bounded by .

Now we can take the first fruit of this lemma.

Proposition 5.9 All the points of the set PCY(f)\ Q(f) are of finite con-
densation with respect to the invariant measure L.

Proof. Take an arbitrary point w € PC2(f) \ Q(f). Assuming # > 0 to be
small enough, we will have w ¢ B.(Q(f),0). Fix V C Be(w,7), a round
open neighborhood of w disjoint from PC,(f) UPCoo(f). Since PCY(f) is
a nowhere dense subset of J(f), we may assume without loss of generality
that Ag, the set coming from Theorem 5.2 is an open ball centered at the
point of J(f)\ PC2(f), such that 249 C V and 249 N PC(f) = 0. Invoking
Lemma 4.27 it immediately from Lemma 5.8 that

ms(f7"(Ao) N Vi) = Agms (Vi)

for every n > 0, where V}, is a connected component of f~"(V') and

A¢ = (29T¢) " "diam? (Ay). (5.7)
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Therefore, summing over all connected components V;, of f~"(V'), we obtain
ms(f " (Ao)) = ms(f"(Ao) N (V) = Aems(f (V).
Consequently

YoM V))
Sk oms(f(Ag)) T

and invoking the formula for the measure u, stated in Theorem 5.1 we
conclude that p(V') < oo, which finishes the proof. B

Lemma 5.10 All the points of the set ch(f) UPCY (f) are of finite con-
densation with respect to the measure p.

Proof. Fix a point w € PCg(f) UPCY (f). There exists j > 0 so large that

F(w) N (04(Crit(f)) U Q(f)) = 0.

Therefore, taking # > 0 and v > 0 small enough, there exists open disk V'
centered at w with the following properties:

a) For every z € f~7(w), diste(z, Q(f)) > 6.
b) For every z € f~J(w), if V, is the connected component of f~7(V) con-
taining z, then V; is Jordan domain and V, C (Be(z,7)).

c) Uzefﬂ'(w) Be(z,27) NPC(f) = 0.

We may assume without loss of generality Ay to be a round disk centered

(at the point of J(f)) such that 24y C V and 24 NPC(f) = 0. It follows
from condition (c) that

Cit()n  |J U Belz2) = 0.

So, we may apply Lemma 5.8 to the pairs (U, V,), z € f =7 (w), where U, are
the connected components of f~7(Ap) contained in V;, to get, similarly as
in the proof of Proposition 5.9, that for every z € f~/(w) and every n > 0,

st(f_’(‘/;)) < A;1 st(f_’([jz)),
1=0 1=0

where U, z € f~7(w), is the union of all components of f~7(Ay) contained
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in V,, and A, <1 is a universal constant depending on w. Summing over
all z € f~7(w), we thus get

Jj+n n
S ma (V) = S ma(FHEI(V))
i1=j =0

jtn

<AL Z ms(f7"(Ao))

Since both Zz 0 Y ms(f(Ap)) and ZZ —oms(f(V)) are finite, we thus get

m Yoo ms(f7H(V)) —1
A S (7 (Ag)) = M

So u(V) < oo, and we are done. B

As an immediate consequence of this lemma, Proposition 5.9 and Lemma 5.5
we get the following.

Theorem 5.11 The set of points of infinite condensation of the measure
is contained in Q(f) U {oco}.

Now we will deal with point co. We shall prove the following.

Proposition 5.12 If Criteo(f) C Crity(f), then oo is a point of finite con-
densation of the invariant measure f.

Proof. Fix R > 0 so large that for each f~!(Bg)NPCY(f) = §) and for every
pole b € f~1(00), V4, the connected component of f~1(Bpr) containing b,
is a Jordan domain disjoint from B.(2(f),6) and is contained in B.(b,~).
Assume without loss of generality that Ag is a round disk centered at a point
of J(f) such that 249 C Br and 247 N PC(f) = (. Notice that

= inf{diam.(V}) : b € f~1(c0)} > 0.

For every b € f~1(c0) let A4 be a connected component of f~!(Ag) contained
in V, and let 2A% be the connected component of f~!(24y) containing AY.
Since the set Py := PC(f) N f~!(co) is finite, proceeding as in the second
part of the proof of Lemma 5.10 with the pair (A, V) replaced by (A%, V3),
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we see that there exists £ > 0 such that for all n > 0

k+n
DD ma(f (W) < A7 IZZmS (5.8)
bePy j=k bePr j=k

Where A¢ was defined in (5.7). Since Critoo(f) C Crity(f), it directly follows
from Lemma 5.8 that for all j > 0,

ms(f77(AG) N Vi) = Aems(Viy)

for all b € P := f~1(00) \ Pi. Summing over all connected components V ;
of f~1(V}), we thus get that ms(f~7(A§)) > Aems(f~7(V4)). Hence, for all
n >0,

S om0 £ Y Yomr

beP, j=0 beP, j=0

Adding this inequality and (5.8) side by side, we get that

n n
Y omo(f(Br) = F <A Y mo(f7(Ao)) - G
j=0 §=0
with positive numbers F' and G independent of n. Thus, the formula for the
invariant measure p stated in Theorem 5.1, yields that u(Br) < Agl < 00.
We are done. B

Corollary 5.13 If f : C — C is a critically pseudo non-recurrent elliptic
function and Criteo (f)UQ(f) = 0, then the invariant measure p, equivalent
to the conformal measure mg (which in this case coincide with the packing
measure TI"), is finite.

and

Corollary 5.14 If f : C — C is a critically pseudo non-recurrent elliptic
function whose Julia set is equal to the entire complex plane C, then there
exists a unique Borel probability f-invariant measure p equivalent to the
planar Lebesgue measure on C.

Proof. Since Q(f) = 0 and Crita(f) = Crit(f), there existence of u fol-
lows immediately from Theorem 5.11 and Proposition 5.12. Uniqueness is
guaranteed by Theorem 5.2. B



6
Rigidity

In this chapter we extend the rigidity theorem proved in [30] for tame ra-
tional function and in [33] for holomorphic expanding repellers, to the class
of regular pseudo non-recurrent elliptic functions.

Our ultimate goal in this chapter is to prove the following rigidity theorem.

Theorem 6.1 Suppose that f and g are two regular pseudo non-recurrent
elliptic functions. Let h : J(f) — J(g) be a homeomorphism conjugating f
to g, namely ho f = goh on J(f). Then the following conditions (1)-(6)
are equivalent.

1) h extends to an affine conjugacy from C to C between f : C — C and
g:C—C.

2) h extends to a conformal homeomorphism conjugating f and g on
neighborhoods of J(f) and J(g) in C .

3) h extends to a real-analytic diffeomorphism conjugating f and g on
neighborhoods of J(f) and J(g) in C .

4) The homeomorphisms h : J(f) — J(g) and h=' : J(g) — J(f) are
Lipschitz continuous.

5) For every periodic point z of f, say of period p, |(fP)'(2)] = |(¢7) (h(2))].

6) The measure class of my is transported under h to the measure class
of myg.

For this we need to know that the Jacobian D, = % is real ana-

lytic. This in turn requires to know that the Radon-Nikodym derivative

%‘: (equivalently %) is real-analytic, the fact interesting itself. This is

our aim now. The first step toward this end is to project the dynamics
as well as conformal and invariant measures to the torus C/ ~. We shall

99
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describe this procedure now. Indeed, let 7 = C/ ~ be the quotient space of
C with respect to the equivalence relation ~, i.e. the torus generated by the
lattice A. Let II : C — 7 be the corresponding canonical projection. Put
T =TI(C\ f~*(o0)). Since the elliptic function f : C\ f~*(c0) — C respects
the equivalence relation ~, it induces a holomorphic map f : 7T — T and
the following diagram commutes

C\fHee) L, C

Let J = I(J(f)) € 7. Define the probability measure /i on J by the
formula

m(A) :=m.(II 1 (A) NR).

This definition is in fact independent of the choice of the fundamental region
R, and the measure m is clearly h-conformal with respect to the map f.
Because the above diagram commutes the Borel probability measure

fii=poll™!

(ﬂ( (f)) = 1) is f-invariant, and since p is equivalent to me, fi is equivalent
to m. We shall prove the following.

Lemma 6.2 The Radon-Nikodym derivative p = % has a real analytic
extension on a neighborhood of J \ I(PC(f)) in T.

Proof. Since the measure m, is ergodic and conservative (Theorem 4.28), so
is the measure m. Since we have bounded distortion on the complement of

II(PC(f)) by Koebe’s Distortion Theorem, the _assumption of Theorem 5.1
are satisfied for the dynamical system f J — J and the conformal measure
m. Therefore,

p(z) nILn;oa 12 Z (6.1)
k=0 ¢e f—k

for every z € J\II(PC(f)), where a,, = ZZ:o m(f~%(Ap)) with some set Ag
as required in Theorem 5.1. Fix such an arbitrary point z € J \ II(PC(f))
and take r = r(z) > 0 so small that

B(z,2r)NIL(PC(f)) = 0.
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We can assume without loss of generality that Ay C B(z,r). For every k > 0
and every & € f7K(2), let fﬁ_k : B(z,2r) — T be the unique holomorphic

inverse branch of f k¥ defined on B(z,2r) and determined by the requirement
fgk(z) = ¢. Now embed C into C? by the formula z +iy — (z,y) € C2. For

every £ € f~*(2) consider the map ge - B(2,2r) — C defined as follows

(0
(W) = 2
(feM)(2)

Since the ball B(z,2r) is simply connected, since the Jacobian g¢ nowhere
vanishes on B(z,2r) and since g¢(2) = 1, there exists log g¢ : B(z,2r) — C,
a unique holomorphic branch of logarithm g¢ such that log g¢(2) = 0. By the
Koebe’s Distortion Theorem, I (Euclidean version) and Koebe’s Distortion
Theorem for arguments ([18] vol. II, Cor. p. 353), there exists a constant
K such that |log g¢| < K throughout B(z,r). Expand log g¢ into its Taylor
series

o0
log g¢ = Z up(w — 2)".
n=0
By Cauchy’s estimates
lup| < K/, n>0. (6.2)
For every point x + iy € B(z,2r), we can write

Relog g¢(x + iy) = Re <Z up, ((x — Rez) +i(y — Imz))n>
n=0

_ i Re (up+q (p + q) z'q) (2 — Rez)?(y — Tmz)?

p,g=0 ¢
= Z ¢pq(x — Rez)P(y — Imz)7.
In view of (6.2) we can have

epql < Kr=rogpse,

Hence Relog g¢ extends, by the same power series expansion

Z cpq(z — Rez)P(y — Imz)?,

to the polydisc D¢2(z,7/3) and its modulus is bounded there from above by
4K. Denote this extension by Relog g¢. Now, for every n > 0 consider the
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function b, : B(z,2r) — C given by the formula

'Y Y

k=0¢cf-*k )

Each function b,, extends to a holomorphic function B,, : D¢2(z,2r) — C as
follows

=a," Y D ()€1 exp(hRelog ge).
k=0¢ef=*(2)

Since Ay C B(z,2r), it follows from (6.1) and Koebe’s Distortion Theorem,
I (Euclidean version) that L = sup,>q{bn(2)} < +00. Therefore, for every
w € De2(z,7/3), we get

By, !<a_1z > (O exp(hRelog ge(w))|

k=0¢ef-+ )
—12 Z )'( exp(h\ﬁeloggf(wm
k=0 ¢e f-k )
gexp(4hf?)a;12 >
kz()gef—k(z)
= exp(4hk)bn(7«')

< Lexp(4hK).

Hence, applying Cauchy’s Integral Formula (in D¢2(z,7/2)), we see that
the family {B,}72 is equicontinuous on D¢2(z,7/4). Thus, we can chose
from {B,}2°, a subsequence uniformly convergent on D¢2(z,7/5). Its limit
function

G, :De2(z,7,/5) — C
is analytic and
GZ‘jﬁDCQ(z,TZ/ES) - ﬁ|jm]D)C2 (z,72/5)"

So G%|B(z,r./5) is a real-analytic extension of ﬁlijCQ(‘Z r./5)" Now, if

B(z,r,/10) N B(2',7./10) # 0,

2,2 € J\II(PC(f)), then chose a point
v € B(z,r,/10) N B(2',r,/10).
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We may assume without loss of generality that r, < r,. Then

/
/ /
zeB(z —10+ 10) C B(#,r,/5).

So, z € B(z,7,/5) N B(Z',r./5); in particular
JN B(z,r./5)NB(Z,r/5) # 0.
Since this intersection is not contained in any real-analytic curve (its Haus-
dorff dimension is larger than 1), we thus conclude that
Gz|B(z,rz/5)ﬂB(z’,r’z/5) = Gz’\B(z,rZ/E))ﬁB(z’,r’Z/E))'

In particular,
G2|B(z,r./10)0B(2' 1., /10) = G2/ |B(z2,r. /10)nB(2' . /10) -

So, the formula G(w) = G.(w) if z € J\ I(PC(f)) and w € B(z,r,/10)
provides a well-defined real-analytic function on (J,. ATIPCD) B(z,r,/10)

which coincides with p on J \ II(PC(f)). We are done. B

Now, we can prove one of the main results of this chapter.

Theorem 6.3 The Radon-Nikodym derivative d has a real-analytic
extension on a neighborhood of J(f)\ PC(f) in (C.

Proof. Fix a point z € J(f)\PC(f) and put R, = idist(z, PC(f)). Fix also
a point & € f~1(z). Then for every Borel set A C B(z, R.), we have
pA) (7)) mele (4)
me(A) me(fg (4))  me(A)
>wen Hw + e (A) me(feH(A))
me(fe ' (A) me(A)
_ B (A) meli N (A)
MI(f1(A)  me(4)
Hence, passing to Radon-Nikodym derivatives, we get
) = B @) @)l
for all w € B(z,R,) N J(f). Since by Lemma 6.2, the function

dj -1 —1y/
(I @) )]

o

|~

w —
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is real analytic on some ball B(z, }éz), 0 < R. < R., we conclude, exactly
as in the proof of this lemma, that the formula

e (fg I ()"

w —

S
for z € J(f) \ PC(f) and w € B(z, R./2) gives a real analytic extension of
d(#: onto UzEJ(f)\W(f) B(Z, Rz/2 |

Since

dpo f _ h o
y oA ()

as an immediate consequence of Theorem 6.3, we get the following.

Corollary 6.4 The Jacobian D, f = % has a real analytic extension
on

a neighborhood of J(f) \ (PC(f)U f~1(c0)) in C.

We recall that the sets PC(f) and PCO(f) were defined in (2.15). Let
PSO(f) := PCO(f) U f~(o0), U F(PsO(s

Given a set A C C and r > 0 let B(A,r) = {z € C : dist(z,A) < r}.
Let B(A,r) denote its closure. For A being a point this is the closed ball
centered at A and of radius r.

If Y is a subset of C, then we say that « : Y — S! is an invariant line

, 2
field on Y if u(f(2)) = () u(@) for all o € ¥ 1 f71(Y),

Theorem 6.5 If f : C — C is a critically pseudo non-recurrent elliptic
function, then no of the following statement is true.

(a) The Jacobian Dy, : J(f) \ PSY(f) — (0, 400) is locally constant.

(b) The function log|f'| : J(f) \ PS°(f) — R is cohomologous to a lo-
cally constant function on J(f) \ PS(f) in the class of continuous
functions on J(f)\ PS°(f).

(c) There exists a continuous f-invariant line field on J(f)\ PSO(f).
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(d) For every n > 1 and every point z € J(f) \ PS_(f),
4et(V (D, o f)(2). V(D) (=) = 0.

Proof. The structure of the proof is to establish the following implica-
tions

(a) = (b), (d) =(a)V(c) and to show that both (b) and (c) lead to a
contradiction.

a) =—>(b). Let p = At Since D, = po flf'|"p~!, we get that
dme 5

log Dy, =logpo f+ hlog|f'| —logp.
Hence

log |f'| =h~'log Dy, +h "logp—h~"logpo f.
Since p : J(f) \ PS°(f) — (0,400) is by Theorem 6.3 continuous and since
log Dy, is locally constant by (a), (b) follows.

(d) = (a) Vv (c). Suppose first that VD, =0 on J(f) \ PSY(f). This of
course equivalently means that D), is locally constant on J(f) \ PSY(f)

giving (a). So, suppose that there exists v € J(f) \ PS(f) such that
VD, (v) # 0. Since the gradient VD,,, is locally real-analytic, there thus

exists a simply-connected neighborhood W c C\ PSY(f) of v € C on which
the gradient nowhere vanishes. Then there exists a continuous function
l: W — S! such that I(z) is orthogonal to VD, (z) at every point z € W.

Now, for every z € J(f) \ PSO(f) there exists n > 0 and £ € W N f7"(2).
Then define

1(z) = (f")(€)UE)-
We want to show first that the function I is well-defined on J(f) \ PS°(f)
i.e. that if ( € f~™(2) N W, m > 0, then
(f") (L) = (f™)(OIQ). (6.3)

Suppose on the contrary that (6.3) fails with some z,&,( as above. Then
there exists a point x € (J(f) \ PS°(f))NW, k >0, and w € f~*(x) so
close to z that there are two points y; € f~"(w) and y2 € f~™(w) so close
respectively to £ and ¢ that

(™) (i) # (F™) (y2)l(y2)-
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Hence,

(FEmY ()l (yn) # (F™) (y2) U (y2).-

So, either

(Y (y)lyn) # Uz) o (47 (y2)l(y2) # 1) (6.4)

Suppose without loss of generality that the first of these two inequalities
holds. Consider now gradients as horizontal vectors and vectors parallel to
[ as vertical ones. The standard inner product becomes then the product
of matrices (horizontal or vertical). Let ¢ be a unit vector parallel to I(z).
Since, by the Chain Rule,

V(Dyy o f4) (1) = VD, (7 () (F7) (91) = V Dy () (F7) (1)

and since the matrix ((f*T™)(y;))~" is symmetric, we get

< V(Dyy o ) (), (S (1) 1 >=
<V (Dy, o ) ) () ()t >=
< VD, (z),t >=0.

Combining this and (6.4) we see that [(y;) is not perpendicular to

V(D o f5) (w1).

This means that VD, (y1) and V(D,,, o f¥+)(y;) are not parallel, or equiv-
alently,

det(v(Duf © fk+n)(y1)v VDNf(yl)) 7é 07

contrary to (d) since y; ¢ PS_(f). Thus I : J(f) \ PS°(f) — S! is well-
2

defined and the invariance of the line field u(z) = (%) defined on J(f)\

PSY(f) is immediate from the definition of I. The implication (d) =(a)V

(¢) is thus established.

Item (c) leads to a contradiction. By item (c) there exists a continuous
function 1 : J(f) \ PSY(f) — S! such that

(4 2
) =) (55 (6:5)

for all z € J(f)\ (PSO(f)uU f~1(PS°(f))). Fix apole b € f~1(c0). Let ¢ > 1
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be the order of b. Taking R > 0 sufficiently small, there exists r > 0 and a
holomorphic function

A:Bb,r)—={zeC:r<|z|<r 1}

such that

for all z € B(b, R). Consequently
F(2) = A(z = w)(z —w— b)1
for all w € A and for all z € B(b+ w, R). So,
F(2) = (2 = w— ) T (A (2 —w)(z — w — b) - gA(2).
Therefore,

1'(2) _ |z —w — b A'(z —w)(z —w —b) — qA(z — w)
') (2= w =0t A (z —w)(z —w = b) — qA(z — w)|’

(6.6)

Now note that for every w € A with sufficiently large modulus, there exists
zw € B(w + b, R) with a fixed point of f, i.e.

f(zw) = Rw- (6.7)
Note also that lim|,| s [2w — (b + w)| = 0. Therefore,
) A(zy — w) (2 — w — b) — qA(2y — w) A(b)
lim = - . 6.8
lw|—+oo | A/ (2 — W) (2 — W — b) — qA(2y — W)] |A(b)| (6:8)

If |w| is large enough, then

2w € J(f)\ (PSU(F) U f7H(PS°(£))),
and it therefore follows from (6.5) that

2
(f'(z0)/1f (z0)])” = 1.
Hence, combining (6.6) and (6.8), we get that

(=) = ()

(2 — w — b2+ ngz;g’)? | 69)

Thus,

lim =
w|—o0 |2y — w — b|2(a+D)
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By (6.7), A(zy — w)(zy —w — b)™% = z,, or equivalently, (z, — b — w)? =

A(zy — w)zy,!. Hence,

(2 —w = b)) <A<zw—w> 2D [z ) 20D
) )

|2 — w — b2a@+D) — \ |A(2y — w) Zuw

Since lim|,y| o (20w — w) = b, inserting this to (6.9), we get that

an () - ()

This is a contradiction since the set of accumulation points of the sequence

( Zw ) N is the entire unit circle S1. We are done.
we

e

Item (b) leads to a contradiction. Let N := f(f(Crit(f)). Since
HD(J(f)) > 1, in fact the Hausdorff dimension of every non-empty open
subset of J(f) is equal to HD(J(f)) > 1, we conclude that there are closed
polygonal arcs y1, 91, - - -, YN, YN YN+1, YN-+1 consisting of finitely many straight
line segments with the following properties

(i) There exists z € C\ U;%0 F~(PSY(f)) such that for all different

(ii) The arcs v1,%1,-.-,YN, YN are compact.

(iii) The arcs yy4+1 and x4 are unbounded and yy4+1 N An4+1 = {z}.

(iv) For every 1 < j < N the arcs v; and 4; have the same endpoints,
one of which belongs to f(Crit(f)), and the intersection v; N7; is a
doubleton. In particular, v; U4; is a closed Jordan curve.

(v) fQ = U;V:Jil 7; and Q= Ujvztl 4;, then each connected component
of C\ (QU Q) intersects J(f).

(vi) f(Crit(f)) is contained in the set of endpoints of v;,j7 = 1,...,N
(and also 45,7 =1,...,N).

Take a fixed (with respect to f) point w € J(f)\ PS°(f) (note that there
are infinitely many of such points). Fix also an arbitrary point

& € J(f)\ (QUPS’(f))

and an arbitrary radius R > 0 so large, say R > R*, that B({, R) \ @ and
B(&, R) \ Q are open topological disks. For every &; € f~1(&) there then
exists a unique holomorphic inverse branch f¢ L' B(&,R)\Q — C of f

sending &y to £_1. Note that all the sets fgll(B(fo, R) \ Q) are uniformly
bounded, have piecewise smooth boundaries and

dist(fg, (B(o, ) \ Q). () > 0.
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Recalling also that PC.(f) is bounded and PC,(f) is bounded (even finite),
we thus deduce that for all & € f1(&) with sufficiently large modulus
(depending on R),

f& (B(&, R)\ Q) nPS°(f) = 0. (6.10)

Denote by V' the unbounded connected component of

C\ £, (B(6o B) \ Q).

Obviously V is an open simply connected set whose boundary is a piecewise
smooth Jordan curve contained in 8(f£_11(B(§0,R) \ @)). Fixing & with
sufficiently large modulus, we will also have,

C\VNPC(f)=0.
Then there exists r > 0 such that, for every s € (0, 7],

Ws = B(C\V,s) D B(f'(B(&%, R)\ Q),s)

is a topological disk disjoint from PC(f). Extend now &y and &; to a sequence
& = {&,}° such that f(&,41) =&y for all n > 0 and

lim &, = w. (6.11)
n—oo
For every n > 2, let f,, (n=1), W, — C, be the unique holomorphic inverse
branch of f*~! sending &; to &,. For every z € W, put z, = fn_(n_l)(z),
n > 2. We now shall show that the series

o0

> (log | (&) — log | £ (zn)]) (6.12)

n=2

converges uniformly on W, /5. Indeed, take arbitrary 1 < k <. Then by
the Chain Rule

l , ool LT )
Z (log\f(fj” —10g|f(zj)|) = |log W )

j=k+1 k.l )I(gk)

where f,; l(l_k) f (k_l)(Ws) — C, the unique holomorphic inverse branch

sending & to &, is equal to fl_(l_l) o fk-1
I l(lfk) extends univalently (and holomorphically) to B(&, %dist(w, PC(f)))

and since limy, o |2, —&,| = 0 uniformly on W, 5, we conclude from Koebe’s

. Since for all k£ > 1 large enough
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Distortion Theorem, II (Euclidean version) that

l
lim  sup sup{ 3" (log|£/(&)] — log | £'(z))]) }0- (6.13)

k=00 2eW, )5 1>k ey

This means that the sequence of partial sums of the series (6.12) is uniformly
Cauchy (fundamental), and it therefore converges uniformly to a harmonic
function. Thus the function

ur(2) = u(éo) + log | f'(&1)| — log | f'(fg' (2))]

> B (6.14)
+ > (log |/(&)| — log £/ (5 (D))
n=2
is well defined and harmonic on B({p, R) \ Q. By the assumption (b) there
exists a continuous function u : J(f) \ PS°(f) — R and locally constant
function ¢ : J(f) \ PS°(f) — R such that

log | f'(2)] = e(2) + u(z) — u(f(2)) (6.15)

for all z € J(f)\ (PS°(f) U f~1(PS°(f))). Consider now the set E C J(f)
consisting of all those points y for which f~!(y) is not a subset of PS°(f).
Note that J(f) \ E C f(Crit(f)). Fix z € f~!(y)\ PS°(f). Making use

of (6.15), for points z near z, we deduce that u extends continuously to E.
Noting also that if z € J(f)\PS°(f), then f(z) € E, we further deduce that
(6.15) holds for all z € J(f) \ PS°(f), i.e.

log | £'(2)] = c(2) + u(z) — u(f(2)). (6.16)

Now using (6.10) and (6.11) we conclude also that there exists Rg > 0 so
small that the function ¢ : J(f)\ PS°(f) — R is constant on each set

Fr (B, R)) N (I () \ PSO(f))

and on the set

B(&1, fig) 0 (J(N)\ PS°(/)).
Taking Rg = Rg ¢ € (0, R) so small that
B(&, Rq) € B(&, R)\ @

and

fe ' (B(%0, Rq)) C B(&1, Rq),



Rigidity 111
and recalling that

lim (£ (2))n) = u(w) = lim (&)

n—oo n—oo

for all z € B(§o, R) \ @, uniformly on B(y, Rg) (apply (6.10) along with
Koebe’s Distortion Theorem, I (Euclidean version) and the standard nor-
mality argument), we conclude from (6.16) and (6.14) that

u(z) = ugr(z) (6.17)

for all z € B(&y, Rg) N (J(f) \ PS°(f)) and u(z) — ug(z) is locally constant
throughout

(B(¢, R)\ Q) N (J(f) \ PS°(f))-

Suppose now that 0 < R* < Ry < Rsy. Since, by Theorem 2.1, HD(J(f)) > 1
and PS%(f) is a nowhere dense subset of J(f), J(f)\PS%(f)) is not contained
in any countable union of real-analytic curves. It therefore follows from
(6.17) that up, restricted to B(&p, R1)\ @ coincides with ug,. Thus, we can
define a harmonic function i : C\ @ — R by the formula 4g(2) = u|;41(2)
and it holds that

ug(z) = u(z) (6.18)

for all z € B(&, Ro) N (J(f) \ PS(f)) and

Claim 1. u(z) — ug(z) is locally constant throughout (C\ Q) N (J(f) \

PS'(/)).

Using condition (v), we thus conclude that

Claim 2. The function ﬂQ — 1t is constant on each connected component

of C\ (QUQ).

Combining Claim 1 again and (6.16), we conclude that ag—ago f—log | f’|
is locally constant and harmonic on

(C\(QU Q) NI () \ PS (/).

Using the fact that PS%(f) is nowhere dense in J(f), we get the following.

Claim 3. The function @g —ug o f —log |f’| is constant on each connected
component of C\ (QU f~1(Q)) that intersects J(f)).
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Our nearest goal now is to extend this claim to all connected components
of C\ (QU f71(Q)). And indeed, consider S, a connected component of

C\f7HQ) = fH(C\Q).

Two connected components S; and Sy of

C\(QU Q)

contained in S are called equivalent if S; N S5 is a non-degenerate segment
of @ (since S is simply-connected, the other possibilities are that either
S1NSy = 0 or SN Ss is a singleton contained in Q). A connected component
S of C\ (QU f~1(Q)) is called tame if the function

g —ug o f —log|f|

is constant on S’. We shall prove the following.

Claim 4. Suppose S is a connected compact component of C\ f~(Q). If S;
and Sy are two arbitrary equivalent connected components of C\(QUf~(Q))
contained in S and Sp is tame, then so is Ss.

Proof. Let A = S; NSy C Q. Perturbing A a little bit we can replace it by
a closed segment A with the following properties:

- A has the same endpoints as A.

- IntA C S,.

- If Q is obtained from Q by replacing A by A, then there exists S, a
connected component of C\ (QUf~1(Q)) that has non-empty intersections
with S7 and Ss.

Consider S3 1, a connected component of S; N S3. Then

S31 U f(S51) CC\ (QUQ),

and it follows from Claim 2 that Uy — UQ and g © [ —tg o f are both
constant on S3 1. Since S is tame, we thus conclude that

uQ—aQof—log\f’|

is constant on S3 1, and hence, on S3. Let S32 be a connected component
of 3N S3. As above, g — fLQ and ug o f — ﬂQ o f are both constant on
S3.2. Therefore

g —ug o f —log|f'|
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is constant on S3 2 and hence, S is tame. The proof of Claim 4 is complete.

Since each connected component S of

C\fH (@) =f1(C\Q)

intersects the Julia set J(f), the component S contains at least one tame,
connected component of C\ (Q U f~(Q)). Since in addition, any two con-
nected components S’ and S” of C\ (Q U f~1(Q)) contained in S can
be connected by a sequence S’ = S1,S55,...,S, = S” of components of
C\ (QU f~1(Q)) contained in S such that any two consecutive are equiva-
lent, we thus conclude from Claim 4 the following.

Claim 5. The function ag — g o f —log | f’| is constant on each connected

component of C\ (QU f~1(Q)).

Define Sing , (@) and Sing_(4g), the sets of singularities of @ as follows.

Sing, (tig) = {w € C : limsupug(z) = +oo}.

Z—w
and

Sing_(tg) = {w € C : liminfag(z) = —oo}.
It immediately follows from Claim 2 that

Sing (ug) U Sing_(ug) C {x} U f(Crit(f)). (6.19)

Since the family of closures of connected components of C\ (QU f~1(Q)) is
locally finite, as an immediate consequence of Claim 5, we get the following.

f((Sing (@g) \ £~ (00)) U (Crit(f) \ Sing_(ig))) C Sing, (ig)  (6.20)
and
f~(Sing, (iig)) C Sing, (iig) U Crit(f). (6.21)

Now, since the set f(Crit(f)) is finite, for every point w € f(Crit(f)) there
exists

2 € (Crit(f) \ ({z} U f(Crit(N)))) N [ f"(w).
n=1

It then follows from (6.19) that z ¢ Sing_(4g). Hence, using (6.20), we see
that f(z) € Sing, (tg). Since there is n > 1 such that w = f"(z), applying
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(6.20) n—1 times, we conclude that w € Sing, (4g). So, we have proved the
following.

f(Crit(f)) C Sing, (uq). (6.22)

Claim 6. The set [J,~, f™(f(Crit(f)) is finite.

Proof. Suppose on the contrary that this union is infinite. Since the set
f(Crit(f)) is finite, there thus exists w € f(Crit(f)) such that all the points
f™(w), n > 0, are mutually distinct. If then follows from (6.22) and (6.20)
that

{/"(w)}pZo C Sing, (4gq).

Since, by (6.19), the set Sing, (tug) is finite, we get a contradiction which
finishes the proof.

Due to Non-Wandering Theorem [4] and classification of periodic compo-
nents of the Fatou set F'(f) given in [3], as an immediate consequence of
this claim, we get the following.

Claim 7. Either f has a superattracting periodic orbit or else J(f) = C.
Consider now two cases.
Case 1. The elliptic map f : C — C has a critical periodic point c.

By (6.22) and (6.20) both points ¢ and f(c) belong to Sing, (ig) (the
whole forward orbit of ¢ does). Since Sing, (tg) U Sing_(ug) is finite by
(6.19), since [c], the equivalence class of ¢ with respect to the relation ~, is
infinite, there exists

w € [c] \ (Sing, (tg) U Sing_(uq)).

There then exist two constants C1,C2 € R, A € A, and a sequence {wy,}2°
with the following properties:

(a) Vn >1 w, ¢ Sing , (tg) U Sing_ (1g),

(8) limy,— 00 wy, = w and limy, o0 (wy, + A) = ¢,

) GQ(wn) — q(f(wn)) —log|f'(wy)| = C1, (Claim 5)

) wg(wn + X) — ag(f(wn + X)) —log | f/(wn, + A)| = Co, (Claim 5)
)

e) limy o0 Ug(wy + A) = 00.

(v
(0
(
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Since f(wy, + A) = f(wy) and f'(w, + A) = f(wy), (7) and (§) imply that
tQ(wyn + A) = tg(wy) + Co — C1. Since w ¢ Sing, (4g), we conclude that

Mn_mﬁQ(wn + )\) =Cy—Ch1+ mn_,ooﬂQ(wn) < 00,

contrary to (¢). The Case 1 is ruled out.

Case 2. J(f)=C

By Claim 6 the set C\ PS°(f) is connected, and therefore, the locally
constant function ¢ : C\PSY(f) — R is constant, say equal to ¢. By Claim 6

there exists a sequence {z,}5° of points in C \ PSY(f) with the following
properties

lim z, = o
n—oo

and f(z,) = 2z, for all n > 1. Since lim,,—,o f(z,) = 00, it follows that

lim dist(z,, f~*(c0)) =0,

n—oo

and therefore limy, o log | (2, )| = 00, contrary to (6.16) from which follows
that log |f'(zn)| = ¢(2n) = ¢. We are done. B

We will prove the chain of implications (2) = (3) = (4)... = (6) of
Theorem 6.1.

We will frequently apply the following easy fact.

Lemma 6.6 Fvery homeomorphism h : X — Y, where X andY are closed
subsets of C, is uniformly continuous with respect to the spherical metric on

C.

Proof. 1If one of the sets X or Y is compact, then so is the other, and
we are done. So, we may assume that neither X nor Y are compact. It
suffices to show that the map h : X U{oo} — Y U {co}, determined by the
requirements ﬁ| x = h and h(co) = oo, is continuous at co. To prove this

suppose for the contrary that h is not continuous at co. This means that
there exists a sequence (z,)°°, C X converging to oo such that (h(z,))%%,
does not converge to co. Passing to a subsequence, we may assume without
lost of generality that the sequence (h(z,))2%, is bounded. But then its
closure (m)fzo is compact. So, the set h_l((m)?zo) is compact,
thus bounded. Since (7,,)%, C h™ (h(zn)2%,), the sequence (), is

bounded, contrary to the assumption that it converges to co. B
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Using this lemma we get the following.

Proposition 6.7 If a homeomorphism h : J(f) — J(g) satisfying condi-
tion (5) of Theorem 6.1 conjugates two critically pseudo non-recurrent el-
liptic functions f and g, then h(Crit(J(f))) = Crit(J(g)), h(Q([f)) = Qg),
h(f~1(00)) = g~ !(c0) and h(PC(f)) = PC(g).

The implications (2) = (3) and (3) = (4) are obvious. For the sake of
completeness we provide now an easy proof of the implication (4) = (5).
Suppose that x € J(f) is a periodic point of period p and

() ()] # 1(g") (h(=))].

Without losing generality we may assume that

[(f7) ()] < |(g")' (h(2))].
Fix
[(fP) (@) < < A< [(g") (h(2))]-

Let U be a neighborhood of x such that both continuous inverse branches
fz? U — U of fP and g;(’;) :R(UNJ(f)) = h(UNJ(f)) of g” sending
respectively x to z and h(x) to h(x) are well defined. Taking U sufficiently
small we may assume that |f; 7" (2) — x| > =™ and |g,:(€g(w) —h(z)] < A7
forallm > 1, z€ U and w € h(U). Hence

) =l (AN
(7))~ h@)] A )

if n — co. The implication (4) = (5) is proved.

In order to show that (5) = (6) we need first the following version of the
closing lemma (or shadowing lemma).

Lemma 6.8 Fiz s > 0. Then for all 0 < py < s there exists py > 0 an
integer ny > 1 such that for every n > ny if f*(x) € J(f)\ Bs(PC(f),s)
and if f"(x) € Bs(z, p1), then there exists y € J(f) such that f"(y) =y and

1f3(x) = fI(y)l« < p2 for all0 < j <n—ny and |y — f*(x)]+ < pa.
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Proof. It easily follows from Corollary 2.15, Koebe’s Distortion Theorem, I
(spherical version) and the normal family argument that

lim sup{diam(P,)} =0,
n—oo

where P, ranges over all connected components of f~"(Bs(z,p2)),

z € J(f)\ Bs(PC(f),s). Take ny so large that diams(P,) < p2/2 for all
n > ny. Take p1 < pa/2. Let B,, n > ni, be the connected component
of f™™(Bs(f™(z),p2)) containing z. Let f." : Bs(f"(x),p2) — By be the
holomorphic inverse branch of f” sending f"(x) to . We then have

fo "(Bs(f™(), p2)) C Bs(w,p2/2) C Bs(f™(), p1 + p2/2) C Bs(f™(2), p2)-

Hence by the Brower fixed point theorem there exists y € Bs(f"(x), p2) such
that f~"(y) = y which implies that f"(y) = y. Finally note that

@) = £ WD) = 17 (@) = £ )] < p2/2 < o

forall j >n,. B

By topological exactness of f the set of transitive points of f is dense in
J(f). Choose one such a point, say z. For every z € J(f)\(Crit(f)Uf~(c0))
define

1(z) =loglg'(h(2))| — log | (2)|-
Note that z ¢ Crit(f)U f~(co) and for every n > 1, set

n—1

u(f* (@) =Y n(f (@) (6.23)

j=0
Lemma 6.9 Suppose that condition (5) of Theorem 6.1 holds. Then for
every s > 0 the function u restricted to the set (J(f)\Bs(PC(f),s))N{f"(x) :

n > 0} is uniformly continuous with respect to the spherical metric.

Proof. By Lemma 6.6 and Proposition 6.7 there exists s’ > 0 such that

h(J(£)\ Bs(PC(f), ) C J(9) \ Bs(PC(g), ).

Fix § € (0, min{s, s'}). By Lemma 6.6 there exists 0 < pa < § so small that
|h(2) — h(w)|« < 6 whenever |z — w|, < p2. Choose p; and n; according to
Lemma 6.8 applied to the function f. Consider two points f"(x) and f™(x)
in J(f)\ Bs(PC(f), s) such that n > m and |f™(z) — f™(z)|+ < p1. Then in
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view of Lemma 6.8 there exists a point y € J(f) such that f*~™(f"(y)) =
™),

[f7H (@) = [ () < p2

for all j = 0,1,..., —m —ny, and |f"(x) — f"(y)|« < p2. Since by the
assumption » .7 U n(f7(y)) = 0, we therefore get

n—1 n—1

u(f (@) —u(f"(@) = Y n(f(z)) = Z(n(fj(l‘)) —0(f ()
n—1
Z (log g (h(f? (2)))| — log |¢'(A(f? (y)))])

— (log | f'(f7 ()| = log |f' (£ (1))])
(g"™™)'(h(f™(x))) oy (fm(ﬂf))"
(gn=m) (h(f™(y))) (fr=my (fm(y))
We want u(f"(x)) and u(f™(x)) to be close one to the other if f™(z) and

f™(x) are. For this it suffices to know that each term log ‘ E?:::;:EZ%Z:EZ;B ‘
(=™ (™ ()

and log =y () is small. But for the later the term this follows
from the Koebe’s Distortion Theorem, I (spherical version) since |f™(x) —
F™(y)|« < p2 < § and the inverse branch f;,,S’Z;{”’ sending f™(x) to f™(x) is
defined on Bs(f"(x),s). For the former term, since |f™(x) — f™(y)|« < p2
we have

=log — log

9" (h(x)) — g™ (h(@)) ]+ = [R(f™(x)) = h(f™ ()|« <6,
and note that the inverse branch g, —(n (_(x))) sending ¢"(z) to ¢ (x) is defined
on Bg(g™(x),s’). The proof is finished. W

Consequently the function u extends continuously to each set
J(f)\ Bs(PC(f),s), s>0,
and therefore to the set J(f) \ PC(f).

Lemma 6.10 The functions log|f'(z)| and log|¢'(h(z))| are cohomologous
in the class of continuous functions on (J(f)\PC(f)) N f~1(J(f)\PC(f)).
More precisely there exists a continuous function w : J(f)\PC(f) — R such
that

log|g'(h(2))| —log|f'(2)| = u(f(2)) — u(2)
for all z € (J(f) \PC(f)) N 1 (J(f) \ PC(f)).
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Proof. From (6.23) we get

n(f"(2)) = u(f" (@) — u(f* (2)).

Since the set {f™(z) : n > 1} is dense in

(J(HNPCH) NI\ FHPC)

and all the functions 7, u, u o f are continuous in this set, the lemma is
proved. B

Proof of the implication (5) = (6). Let

T(f) = {z € J(f) : limsupdists(f’(z),PC(f)) > 0}

Jj—00

and

T.(f) = {z € J(f) : limsupdists(f’(2),PC(f)) > 2/n}, n € N.
j—o00
Then T,,(f) C T(f). By Lemma 6.6 and Proposition 6.7 there exists k, > 1
such that dists(x, PC(f)) > 2/n implies dists(h(z), PC(f)) > 2/k,. In
particular

WTn(f)) C T, (9)-

Fix now z € T;,(f). Then there exists an infinite sequence n; = n;(z) such
that dists(f™ (z), PC(f) > 2/n for all j > 1. Applying now Lemma 6.9 and
Lemma, 6.10 we see that there exists a constant @, > 1 such that
|(g™)'(h(2))]
[(f79)'(2)]

In view of uniform continuity of h there exists v, < 1/n such that

h(J(f) O Bs(2,7m)) C Bs(h(x),1/kn)

Q" < < Qn. (6.24)

for all z € J(f). By the choice of the sequence n; = n;(z) for every j > 1
there exists an inverse branch

£ Bo(f(2),2/n) = C

sending f™ (2) to z. Set r;(2) = K~ (f. ")*(f" (2))|n. Then by Lemma 1.3
and Corollary 2.15,

By(z,1j(2)) D f= "7 (Bs(f" (2), K~ *ym)),
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and therefore
my(Bs(z,j(2))) = KM(f") (f" ()" mp(Bs(£79(2), K *m)
> MoK~ (" ()™,
(6.25)
where M,, = inf{m(Bs(z, K~2v,) : & € J(f)} > 0. Similarly, by Lemma 1.3
and Corollary 2.15, By(z,7j(2)) C f2 7 (Bs(f" (2),7n)). Hence
h(J(f) N Bs(z,75(2))) C h(fz " (Bs(f"(2),79m) N I (£)))
= Gy (W(Bs (7 (2),7) NI (£)))
C Gy (Bs(h(f(2)), 1/kn)))
Iy (Bs(g™ (h(2)),1/kn)).

Therefore using (6.24), (6.25) and the Koebe’s Distortion Theorem II (spher-
ical version), we get

my o h(Bs(2,75(2))) < mglgy s (Bs(g™ (h(2)),1/kn))
< K"9|(gy3)* (9" (h(2))["9mg (Bs(g" (h(2)),1/kn)
< K"|(g" )" (h(2))| "
< thQZg‘(f"j)*(z)‘*hﬂr(hf*hg)
< MUK e Qum (B2, (2)|(F77)"(2)[1 .

If hy —hy < 0, then it would follow from Lemma 1.5 and the fact that
lim; o0 |(f™)'(2)| = oo (it implies that lim; o [(f™)*(2)| = 00), that mg o
h(T.(f)) = 0 for every n > 1. Since

Uz =

n>1

it would imply that mgy(h(T'(f)) = 0. But since h(PC(f)) = PC(g), using
uniform continuity of A and h=!, we conclude that h(T(f)) = T(g). Hence
mg(T(g)) = 0 which would contradict Theorem 4.28. Thus for every n > 1
and every z € T,,(f)

mg o h(B(z,1j(2))) < My KM Quimy(By(z,1()).

Therefore, applying Lemma 1.5 we conclude that mg o k|7, (5 is absolutely
continuous with respect to m f‘T for every n > 1. Since

Uz =

n>1
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this implies that m, o h|p(y) is absolutely continuous with respect m|py).
Since

myg o h(PC(f)) = my(PC(f)) =0

and

mg(PC(f)) =0,
we obtain that mgy o h is absolutely continuous with respect to my. By
symmetry mj o h~1 is absolutely continuous with respect to mgy and con-
sequently the measure my o h and my are equivalent. The proof of the
implication (5)=-(6) is finished. W

We are left to establish the implication (6) = (1). As the first step, we
shall prove the following

Lemma 6.11 If condition (6) of Theorem 6.1 is satisfied, then h : J(f) —
J(g) extends to a real-analytic endomorphism from a neighborhood of

J(f)\ PSO(f) onto a neighborhood of J(g) \ PS°(g).

Proof. In view of Theorem 6.5 (d) there exist n > 1 and z € J(g) \ PS—_(9)
such that

det(V(Dy, © g")(2), V(Dy,)(2)) # 0.
Therefore, using Corollary 6.4, we conclude that there exists an open set
W cC\Uj- g7 (c0) containing z and such that

det(V(Dy, © g")(w), V(Dy, ) (w)) # 0 (6.26)

for all w € W. Since the measures my o h~! and mg are equivalent, the
ergodic measures f1r o ™! and p, coincide up to a multiplicative constant.
Thus

Dy, off =Dy, 0g50h (6.27)

throughout J(f) \ Us_y f~7(PS°(f)) for every k > 0. Define

F(x) = (Duf($)7D,uf © fk(x»
and
G(y) = (Dy,(y), Dy, 0 4" ()

for € U, an open neighborhood of J(f)\ Uj'::o f7(PS°(f)) and y € V, an

open neighborhood of J(g) \ U?:o g 7(PS°(g)). We may of course assume
that W C U (as a matter of fact W had to be chosen after U was chosen) and,
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because of (6.26) that G is invertible on W. By (6.27), F(h=1(2)) = G(2),
and therefore, there exists U, C U, an open neighborhood of h~!(z), such
that F(U,) C G(W). Hence, the map G~! o F is well-defined on U,, and,
because of (6.27) again,

G 'o F(z) = h(x)

for all x € J(f)NU,. Now we consider &, an arbitrary point in J(f)\PC(f).
Since f : J(f) — J(f) is topologically transitive, there exists k¥ > 0 and
el, N f7%(€). Then there exists r¢ > 0 so small that re < %dist(ﬁ, PC(f))
and fé_k(B(ﬁ,rg)) C U,. So, the map

gko (G_l oF) ofé_k
is well-defined on B(&,r¢), real analytic, and since (h conjugates f and g)
gko (Gil oF) ofé_k

restricted to J(f) N B(&,r¢) coincides with h. Now, since no open subset
of J(f) is contained in a countable union of real-analytic curves, the same
argument as in the end of the proof of Lemma 6.2, shows that all the maps

gko(G_loF)ofgk

glue together on the balls B(&,7¢/2) to form a real-analytic map from

UzEJ(f)\W(f) B(z,7,/2) onto an open neighborhood of J(g) \ PS°(g). This

map restricted to J(f) coincides with h. W

Now we shall prove the next step.

Lemma 6.12 If the topological conjugacy h : J(f) — J(g) has a real- ana-
lytic extension on an open neighborhood of J(f)\PS(f) in C, then it has a
holomorphic conformal extension on an open neighborhood of J(f)\PS°(f).

Proof. Let H : U — C be a real analytic extension of h on an open neigh-
borhood U of J(f)\ PS°(f). Hence, the complex dilatation ug = g—g is
well-defined throughout U (decreasing it if necessary). Since Ho f = go H,

we get H = go H o f; ! on some ball B(f(z),r,) and all

ze J(N)\ (PS’(f)u fHPSU(f))).

Hence, since f and g are conformal,

(4 2 (4 2
1) =) (1555 ) =m0 (i) - 629
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It follows from this equation that if gy (w) = 0 at some point w € J(f)

PSY(f), then pp vanishes everywhere on f~!(w) and f~'(w) NPSO(f) =
So, by induction, pg vanishes on (J;—, f~"(w). Since, by transitivity of

\
0.
[
this set is dense in J(f) and since ug is continuous on J(f) \ PSO(f), we
thus conclude that pz vanishes throughout J(f)\ PS°(f). So, if pg(z) # 0
at some point z € J(f)\ PS(f), then py does not vanish anywhere on
J(f) \ PS°(f). Tt then firstly follows from (6.28) that the modulus of up is
constant on orbits of f, and secondly, that

B () = ( r) ) 2 e J(H\ (PSP U F 1 (PSI))).
] rAANZE A

Thus |Z—§| is a continuous invariant line field on J(f) \ PS°(f), contrary to

Theorem 6.5 (c). So, ug(z) = 0 for all z € J(f)\ PS(f). Since ug is
real-analytic on U and since no non-empty open subset of J(f)\ PSY(f)
is contained in a countable union of real-analytic curves, we conclude that
g vanishes on some neighborhood of J(f) \ PS%(f), meaning that H is
conformal on this neighborhood. We are done. B

Lemma 6.13 Suppose that the topological conjugacy h : J(f) — J(g) has

a holomorphic conformal extension on a neighborhood Uy C C\ PS°(f) of
J(f) \ PSU(f), where U; has the property that for each point z € Uy there
exists 7, > 0 such that J(f) N Be(z,7.) # 0 and Be(z,7.) C Uy, and h™' :
J(g) — J(f) has a conformal extension on a neighborhood U, C C\ PS%(g)
of J(9) \ PS%(g), where U, has the property that for each point z € U, there
exists . > 0 such that J(g) N Be(z,72) # 0 and Be(z,7,) C Uy, then h
extends to an affine map (az + b) on C and this is a conjugacy between

f:C—Candg:C—C.

Proof. Let H : Uf — C be the holomorphic extension of the conjugacy
h:J(f) — J(g) coming from the hypothesis of the lemma. Shrinking Uy if
necessary we may assume without loss of generality that H maps bounded
subsets of Uy onto bounded subsets of C. We shall prove the following.

Claim. If B is a round open ball contained in Uy and f," : B — Cis a
holomorphic inverse branch of f™ such that f,;™(B) C Uy, then

g"oHofi":B—C
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coincides with H.

Proof. Fix z € B and let r, > 0 come from the hypothesis of our lemma.
We have w = f;"(z) € Uy and Be(z,7,) N PSY(f) = 0. There thus exists
a unique holomorphic inverse branch f,;" : Be(z,75) — C of f" sending z
to w. Since f; ™ and f,™ agree on B N Be(z,7,), they glue together to a
holomorphic function F': BU Be(z,r,) — C. Since

(J(F)\PS*(f)) N Be(z,72) # 0,

there exists a round open ball B C B(z,7,) such that

B (J(f)\PS°(f)) #0
and f;"(B) C Uy. Therefore,
g o Ho fu"grsisy) = Manss:
Consequently ¢g" o H o f;"| 5 = h|z. Thus F|z = h|g. Since
B c B.(z,7.) C Be(z,7.) UB C Uy,
we therefore conclude that F' = H|gyp,(z,r.)- SO,

g oHof " =F

B:H|B-

We are done. B

Consider the family ® of all pairs (V, ¢) with the following properties:

(a) V isan open subset of C containing U and ¢ : V' — C is a holomorphic
function mapping bounded subsets of V' onto bounded subsets of C.

(b) ¢lu, = H.

(c¢) For all z € C, r > 0, and integers n > 0 if B.(f"(2),r) C V,

Be(f"(2),r)n | F(Crit(£)) = 0,
j=1
and f7"(Be(f"(2),7)) C Uy, then ¢ and ¢g" o H o f;" coincide on
Be(fn(z)7 T)'

First we shall argue that (Uy, H) € ®. Conditions (a) and (b) are obvious.
Condition (c) follows directly from the Claim. Thus (Uy, H) € ® and, in
particular, ® # (). We partially order the set ® by declaring that (V,¢) <
(W, ) if and only if V. C W and 9|y = ¢. Now, if (V, dx)rea is a linearly
ordered subset of ®, then setting V' := ¢, Vi, the formula ¢(2) = ¢ (2)
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if z € Vy, defines well a holomorphic map ¢ : V — C. It is easy to see that
(V,9) € ® and (Vy,¢n) < (V,¢) for all A € A. So, Kuratowski-Zorn Lemma
applies to give a maximal element (W, 1)) € ®.

We shall show that W D C\ Q(f). Indeed, suppose on the contrary that

W 2 C\Q(f).

Then OW \ Q(f) # 0 and (OW N W)\ Q(f) = 0. Fix an arbitrary point
y € oW \ Q(f). Since PC.(f) is bounded, since the points of Crite(f)
escapes to oo, since f(Crit(f)) is finite and since the set of the repelling
fixed points of f (lying in the Julia set of f) is unbounded, there exists a, a
repelling fixed point of f belonging to J(f) \ PSY(f). Take ¢ > 0 so small
that Be(a,2e) C Uy. If y € J(f), take 6 > 0 ascribed to € > 0 according to
Theorem 2.13. If y ¢ J(f) take 6 > 0 so small that

Be(y,26) N J(f) =0

and for every £ > 0 the Euclidean diameter of each connected component
of the set f~%(B,(y,26)) is less than ¢ (this is possible since f has no Siegel
disks, nor Herman rings). Since Ur N J(f) # (), there exists n > 0 such that
f"(y)NnUs #0. Fix x € Ug N f~"(y). Since the set

| F(crit(f))

j=1
is finite, there exists R € (0, 0] so small that

&@MmUﬂwmmcw}

Take r € (0, R] so small that Uy, the connected component of f~"(Be(y,r))
containing x, is contained in Uy. Let A; be a closed ray emanating from y.
Fix f{ " : Be(y,7) \ A1 — C, an arbitrary holomorphic inverse branch of f"
whose range is contained in U,. Then the composition

g'oHo fi": Be(y,m)\ A1 — C

is a well-defined meromorphic map with a closed (relative to Be(y,r) \ A1)
countable set being the closure of essential singularities. It follows from
condition (c) that g"oHo f{ " coincides with ¢ on each connected component
of WN (Be(y,7)\ A1). Now, let Ay be a different closed ray emanating from
y and let

fo " i Be(y,m) \ Ay — C
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be the corresponding inverse branch. So, g" o Ho f; ™, g" o Ho f3 " and 1,
all coincide on connected components of

WﬂBe(y,T) \ (Al UAQ).

Consequently, g" o Ho f{ ™ and ¢g" o H o f; ™ glue to a holomorphic function
Yy on Be(y,r) \ E that coincides with ¢ on B.(y,r) N W and where E is a
relatively closed countable subset of B.(y,r) such that

Tit,—slafy (a)] = +o0

for all b € E, where a converges to b in B.(y,r) \ E. If OW N B(y,r) C
E, then the set OW N Bc(y,r) is a countable and closed (as E is). We
can therefore find an isolated point & € OW N B.(y,r). Consequently,
there exists 7o > 0 so small that Be(§1,72) \ {&1} N W # 0. So, the set
Yy (Be(&1,72) N W) is bounded, contrary to the fact that & € E. Thus
OW N Be(y,r) \ E # 0, then

E€ OWNBe(y,r)\E

and let 71 > 0 be so small that Be(§,2r1) C Be(y,r) and Be(§,2r1)NE = 0.
Thus /g, (¢,2r,) is holomorphic and 1y (Be(§,71)) is bounded. Set then
G = B¢(§,r1). Thus, we get a holomorphic function ¢ defined on W U G
whose restriction to W coincides with ¢ and whose restriction to G equals
. We claim that (W U G,%) € ®. Indeed, since (G) = 1,(G) is a
bounded set and since 1) maps bounded subsets of W onto bounded subsets,
conditions (a) and (b) are clearly satisfied.

In order to prove condition (c) suppose z, r3 (corresponding to r) and
n3 (corresponding to n) are taken as required in this condition. We may
assume without loss of generality that G N B.(f"3(2),r3)) # 0. Fix k > 0
so large that f*(B.(a,c)) contains the connected component of f~"3(G U
B.(f™3(z),r3)) containing z. Since the set

n3+k

U F(Crit())

j=1

is finite, there exists an open simply-connected B C G such that BNW # (),
B B.(f"(2),13) 7 0 and

n3+k

Bn ] ACrit(f) =0.

j=1
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There thus exists f, (nath) . p C, a holomorphic branch of f~("%k) such
that
£ (BY A Bo(a,e) # 0
and f¥o f. (n5+R) pestricted to B N Be(f™(z) N'rs) coincides with f" re-

stricted to the same intersection. Since B C G C B.(f"(y),9), dlam(f;(n+k)(B)) <
€, and therefore

£ 3R (B) € Bo(a,2¢) c Uy
It therefore follows from condition (c) applied to the pair (WW,1)) that
g3tk o Ho g (st
coincides with v (hence 1/3) on BNW. So,
g3tk o Ho g (st
and 12) coincide on B. Now, since
J" (BN Be(f*(2),7r3)) C Uy
and since f; " (B) C Uy, we conclude from the Claim that
gt o Ho f " o pra
coincides with H on f;™(B N Be(f™(z),r3)). Thus,

n n —(n k
V| BAB. (73 ()05 = 9" TF 0 Ho fy (na+ )’BﬂBe(f"S(z),TB)

n n3+k n —-n
=g 0 gt o Ho [T 0 [ pous e gy © £ BB (732

=g" o Ho f™|pAB,(f13(2)rs)-

Hence ¢|B (f13(2)r3) = 9" O H 0 f7"3| g (fn3(2),r4)- Thus the pair (W UG, )
satisfies condition (c), and consequently, (W UG,1) € ®. Since, obviously
(W, ) < (W UG, ) and (W, ) # (W UG, ), we have contradiction with
maximality of (W,+). Thus W D C\ Q(f).

Since ¢ maps bounded sets onto bounded sets and () is finite, 1) extends
to a holomorphic function Ay : C — C and

Ayl =h.

PAPSO(f) —

By the symmetry of the situation there exists a holomorphic function
Ay : C — C such that

-1
A9|J(g)\PS°(Q) -
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Consequently AjoA; and Ayo A, are identities respectively on J(f)\PS%(f)
and J(g) \ PSY(g). Therefore, there are identities on C also, and so, both
A;:C— Cand A, : C — C are homographes. The equality Afo f = go A,
clearly both holds on C. The implication (6)=-(1) now readily follows from
Lemma 6.11, Lemma 6.12 and Lemma 6.13. We are done. B




References

1. J. Aaronson, M. Denker, M. Urbanski, Ergodic theory for Markov fibered
systems and parabolic rational maps, Trans. of A.M.S. 337 (1993), 495-548.

2. IN. Baker, J. Kotus, Y. Lii, Iterates of meromorphic functions I, Ergod. Th.
and Dynam. Sys. 11 (1991), 241-248.

3. LLN. Baker, J. Kotus,Y. Lii, Iterates of meromorphic functions III: Preperiodic
domains, Erg. Th. and Dynam. Sys. 11 (1991), 603-618.

4. I.N. Baker, J. Kotus, Y. Lii, Iterates of meromorphic functions IV, Results
Math. 22 (1992), 651-656.

5. A.F. Beardon, Iteration of Rational Maps, Springer-Verlag, New York, 1991.

D

. W. Bergweiler, Iteration of meromorphic functions, Bull. Amer. Math. Soc. 29:2
(1993), 151-188.

7. R. Bowen, Equilibrium states and the ergodic theory for Anosov diffeomor-
phisms, Lect. Notes in Math. 470, Springer, 1975.

8. M. Denker, M. Urbanski, On the existence of conformal measures, Trans.
A.M.S. 328 (1991), 563-587.

9. M. Denker, M. Urbanski, On Sullivan’s conformal measures for rational maps of
the Riemann sphere, Nonlinearity 4 (1991), 365-384.

10. M. Denker, M. Urbanski, Geometric measures for parabolic rational maps,
Ergod. Th. and Dynam. Sys. 12 (1992), 53-66.

11. M. Denker, M. Urbanski, The capacity of parabolic Julia sets, Math. Zeitsch.
211 (1992), 73-86.

12. H.F. Federer, Geometric measure theory, Springer-Verlag, New York Inc. 1969.

129



130 References

13. J. Graczyk, J. Kotus, G. Swiatek, Non-recurrent meromorphic functions, Fund.
Math. 182 (2004), 269-281.

14. M. Guzman, Differentiation of integrals in R™, Lect. Notes in Math. 481,
Springer Verlag.

15. J. Hawkins, L. Koss, Ergodic properties and Julia sets of Weierstrass elliptic
functions, Monash. Math. 137 (2002), 273-301.

15. J. Hawkins, L. Koss, Parametrized dynamics of the Weiestrass elliptic function,
Conf. Geom. Dynam. 8 (2004), 1-35.

15. J. Hawkins, L. Koss, Connectivity properties of Julia sets of Weisestrass elliptic
functions, Topol. and its Appl. 152
(2005), 107-137.

16. E. Hille, Analytic function theory, Vol.Il, Ginn, 1962.

17. J. Kotus, M. Urbariski, Hausdorff dimension and Hausdorff measures of elliptic
functions, Bull. London Math. Soc. 35 (2003), 269-275.

18. J. Kotus, M. Urbanski Geometry and ergodic theory of non-recurrent elliptic
functions, Journal d’Anal. Math. 93 (2004) 35-102.

19. J. Kotus, M. Urbanski, Fractal measure and ergodic theory for transcendental
meromorphic functions, to appear in the LMS Lecture Notes Series. Available
on the web http://www.math.unt.edu/urbanski.

20. K. Kuratowski, Topology I, Academic Press, PWN, 1968.

21. R. Mané, On a theorem of Fatou, Bol. Soc. Bras. Mat. 24 (1993), 1-11.

22. R. Mané, The Hausdorff dimension of invariant probabilities of rational
maps, Dynamical Systems, Valparaiso 1986, Lect. Notes in Math. 1331,
Springer-Verlag (1988), 86-117.

23. M. Martens, The existence of o-finite invariant measures, Applica-
tions to real one-dimensional dynamics. Front for the Math. ArXiv,

http://front.math.ucdavis.edu/math.DS/9201300.

24. R.D. Mauldin, M. Urbanski, Dimensions and measures in infinite iterated
function systems, Proc. London Math. Soc. 73:3 (1996), 105-154.

25. J. Milnor, Dynamics in one complezx variable, Vieweg, 2000.

26. F. Przytycki, Hausdorff dimension of harmonic measure on the boundary
of an attractive basin for a holomorphic map, Invent. Math. 80 (1985), 169-171.

27. F. Przytycki, Iterations of holomorphic Collet-Eckmann maps: conformal and
invariant measures, Trans. AMS 350:2 (1998), 717-742.



28

29.

30

31

32

33.

34

References 131

. F. Przytycki, M. Urbanski, Rigidity of tame rational functions, Bull. Pol. Acad.
Sci. Math. 47:2 (1999), 163-182.

F. Przytycki, M. Urbanski, Fractals in the plane - the ergodic theory
methods, to appear in Cambridge Univ. Press. Available on the web
http://www.math.unt.edu/urbanski.

. D. Ruelle, Thermodynamic formalism, Encyclopedia of Math. and Appl., vol.
5, Addison - Wesley, Reading Mass., 1976.

. D. Sullivan, Quasiconformal homeomorphisms in dynamics, topology, and
geometry, Proc. Internat. Congress of Math., Berkeley, Amer. Math. Soc.,
1986, 1216-1228.

. M. Urbanski, Rational functions with no recurrent critical points, Ergod. Th.
and Dynam. Sys. 14 (1994), 391-414.

M. Urbanski, Geometry and ergodic theory of conformal non-recurrent
dynamics, Ergod. Th. and Dynam. Sys. 17 (1997), 1449-1476.

. P. Walters, An Introduction to Ergodic Theory, Springer-Verlag, 1982.



Index

=<, 8 dist(A, B), 30

=, 9

=, 9 equivalent measures, 8
=,9 equivalent points z ~ w, 11
~, 11 ergodic measure, 8, 76
A(f), 28 f, 102

A(£,0), 12 | ' I, 60

A(f, ), 5 1,

Au(f), 67 F(f), 9

Oét(w)v 15 f*, 4

absolutely continuous measure, 8 Fatou set, 9

almost t-conformal measure, 50 Fatou’s flowers theorem, 14

finite condensation, 93

Bz’f (R), 69 fundamental parallelogram, 11
Bb(T'), 11

BS(A7T)74 Ht,42

B, 11 Hi, 44

B, 45 HY, 44

B%, 45 ha, 52

Bs(A,r), 4 h_, 19

B, 29 Hausdorff dimension, 43

c1 < c2, 32

cohomologous function, 106
Comp(z, H(z),H,r), 5
conservative measure, 8, 76
CT’i(f), 33

Crite(f), 18

Crite(J(f)), 32

Crite(z), 34

Crity (f), 94

Criteo (f), 18

Critp(f), 18

Crit(f), 7, 12

crossing set, 49

qme 10
D, 101

di, 35

diame, 4
diamg, 4
Dist(4, B), 31

Hausdorff measure, 42
HD, 43

I_(f), 36
Iso(f); 9
invariant line fields, 106

invariant measure, 9
irreducible partition, 90

J, 102
Julia set, 9

Ke, 19
K, 29
Koebe’s i-Theorem7 5

Koebe’s Distortion Theorem, I (Euclidean

version), 5

Koebe’s Distortion Theorem, I (spherical

version), 5

132



Koebe’s Distortion Theorem, II (Euclidean

version), 6
Koebe’s Distortion Theorem, II (spherical
version), 6
loo, 19
A, 11
m, 102
m, 49
Me, 10
ms, 9
M(t,r), 10
Maiie’s Theorem, 19
[, 102
H, 91
multiplicity of the pole, 11
04(4), 19
w, 13
Q(f), 20
w-nested, 94
order at the critical point, 5
I, 44
1%, 44
p(w), 13
Dec, D
packing measure, 42
PC.(f), 18
PC(f), 18
PCo,(f), 18
pCl(f), 18
PCl,(f), 18
PCl(f), 18
PCwo(f), 18
PC,(f), 18
II, 102
Ik, 48
I, 42
PSO(f), 106
PS_(f), 106

pseudo non-recurrent function, 19
pseudo-compact, 60

q, 11

qb, 11
e, 18
quasi-invariant measure, 90

R, 11

(r, o, L)-t-strongly lower estimable, 55
Rl (f)7 67

5,102

p, 107

Sing , 115

Index 133

Sing_, 115

s(V), 50

Si(f), 34

Sj(r,a), 14

semi t-conformal measure, 9
set of transitive points, 76
Sing™ (f), 36

spherical derivative f*, 4
spherical distance | z — y |«, 4

7,102

7,102

0, 28

t-conformal measure, 10
t-lower estimable, 54
t-upper estimable, 54
T(f), 121

T,(f), 121

Tw, 10

Tr(f), 76

u, 106
upr(z), 112



