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ABSTRACT. In this paper we introduce measurable expanding random systems, develop the
thermodynamical formalism and establish, in particular, exponential decay of correlations
and analyticity of the expected pressure although the spectral gap property does not hold.
This theory is then used to investigate fractal properties of conformal random systems.
We prove a Bowen’s formula and develop the multifractal formalism of the Gibbs states.
Depending on the behavior of the Birkhoff sums of the pressure function we get a natural
classifications of the systems into two classes: quasi-deterministic systems which share
many properties of deterministic ones and essential random systems which are rather
generic and never bilipschitz equivalent to deterministic systems. We show in the essential
case that the Hausdorff measure vanishes which refutes a conjecture of Bogenschiitz and
Ochs. We finally give applications of our results to various specific conformal random
systems and positively answer a question of Briick and Biirger concerning the Hausdorff
dimension of random Julia sets.

1. INTRODUCTION

In this paper we develop the thermodynamical formalism for measurable expanding ran-
dom mappings. This theory then is applied in the context of conformal expanding random
mappings where we deal with the fractal geometry of fibers.

Distance expanding maps have been introduced for the first time in Ruelle’s monograph
[19]. A systematic account of the dynamics of such maps, including the thermodynamical
formalism and the multifractal analysis, can be found in [18]. One of the main features of
this class of maps is that their definition does not require any differentiability or smoothness
condition. Distance expanding maps comprise symbol systems and expanding maps of smooth
manifolds but go far beyond. This is also a characteristic feature of our approach.

In this paper we define measurable expanding random maps. The randomness is modeled
by an invertible ergodic transformation 6 of a probability space (X, B,m). We investigate the
dynamics of compositions

T;L = Tgn—l(z) o...0 Tx , n Z 1,
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where the T, : J, — Jy(z) (v € X) is a distance expanding mapping. These maps are
only supposed to be measurably expanding in the sense that their expanding constant is
measurable and a.e. v, > 1 or [log~v, dm(z) > 0.

In so general setting we first build the thermodynamical formalism for arbitrary Holder
continuous potentials p,. We show, in particular, the existence, uniqueness and ergodicity of
a family of Gibbs measures {v,},ecx. Following ideas of Kifer [13], these measures are first
produced in a pointwise manner and then we carefully check their measurability. In Remark
3.3 and 3.4 of [12] Kifer and Khanin indicated a possibility to build thermodynamic formalism
for random distance expanding maps. They saw the obstacles to build such formalism in the
lack of Markov partitions since they needed them in order to use symbolic representation
from [1]. In our approach we do not need any Markov partitions or (even auxiliary) symbol
dynamics. Moreover, in [1] and [12] all fibers are required to be contained in the same compact
metric space. We do not even need these fibers to be contained in one metric space.

Our results contain those in [1] and in [13] (see also the expository article [16]). Throughout
the entire paper where it is possible we avoid, in hypotheses, absolute constants. Our feeling is
that in the context of random systems all (or at least as many as possible) absolute constants
appearing in deterministic systems should become measurable functions. With this respect
the thermodynamical formalism developed in here represents also, up to our knowledge, new
achievements in the theory of random symbol dynamics or smooth expanding random maps
acting on Riemannian manifolds.

Our approach to the thermodynamical formalism stems primarily from the classical method
presented by Bowen in [3] and undertaken by Kifer in [13]. Unlike recent trends to employ
the method of Hilbert metric (as for example in [8], [15], [21], [20]) our approach to the
thermodynamical formalism stems primarily from the classical method presented by Bowen in
[3] and undertaken by Kifer [13]. Developing it in the context of random dynamical systems
we demonstrate that it works well and does not lead to too complicated (at least to our
taste) technicalities. The measurability issue mentioned above results from convergence of
the Perron-Frobenius operators. We show that this convergence is exponential, which implies
exponential decay of correlations. These results precede investigations of a pressure function
x — P, () which satisfies the property

Vo) (Te(A)) = ePz(so)/ e du,
A

where A is any measurable set such that T}|4 is injective. The integral, against the measure
m on the base X, of this function is a central parameter EP(p) of random systems called the
expected pressure. If the potential ¢ depends analytically on parameters, we show that the
expected pressure also behaves real analytically. We would like to mention that, contrary to
the deterministic case, the spectral gap methods do not work in the random setting. Our
proof utilizes the concept of complex cones introduced by Rugh in [20], and this is the only
place, where we use the projective metric.

We then apply the above results mainly to investigate fractal properties of fibers of con-
formal random systems. They include Hausdorff dimension, Hausdorff and packing measures,
as well as multifractal analysis. First, we establish a version of Bowen’s formula (obtained in
a somewhat different context in [2]) showing that the Hausdorff dimension of almost every
fiber J,. is equal to h, the only zero of the expected pressure EP(y;), where p; = —tlog |f’|
and t € R. Then we analyze the behavior of h-dimensional Hausdorff and packing measures.
It turned out that the random dynamical systems split into two categories. Systems from the
first category, rather exceptional, behave like deterministic systems. We call them, therefore,
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quasi-deterministic. For them the Hausdorff and packing measures are finite and positive.
Other systems, called essentially random, are rather generic. For them the h—dimensional
Hausdorff measure vanishes while the h-packing measure is infinite. This, in particular,
refutes the conjecture stated by Bogenschiitz and Ochs in [2] that the h—dimensional Haus-
dorff measure of fibers is always positive and finite. In fact, the distinction between the
quasi-deterministic and the essentially random systems is determined by the behavior of the
Birkhoff sums

Pl () = Popn-1(2)(¢) + ... + Pu()

of the pressure function for potential ¢, = —hlog|f’|. If these sums stay bounded then we
are in the quasi-deterministic case. On the other hand, if these sums are neither bounded
below nor above, the system is called essentially random. The behavior of P, being random
variables defined on X, the base map for our skew product map, is often governed by stochastic
theorems such as the law of the iterated logarithm whenever it holds. This is the case for our
primary examples, namely conformal DG-systems and classical conformal random systems.
We are then in position to state that the quasi-deterministic systems correspond to rather
exceptional case where the asymptotic variance 02 = 0. Otherwise the system is essential.

The fact that Hausdorff measures in the Hausdorff dimension vanish has further striking
geometric consequences. Namely, almost all fibers of an essential conformal random system are
not bi-Lipschitz equivalent to any fiber of any quasi-deterministic or deterministic conformal
expanding system. In consequence almost every fiber of an essentially random system is not
a geometric circle nor even a piecewise analytic curve. We then show that these results do
hold for many explicit random dynamical systems, such as conformal DG-systems, classical
conformal random systems, and, perhaps most importantly, Briick and Bluirger polynomial
systems. As a consequence of the techniques we have developed, we positively answer the
question of Briick and Biirger (see [5] and Question 5.4 in [4]) of whether the Hausdorff
dimension of almost all naturally defined random Julia set is strictly larger than 1. We also
show that in this same setting the Hausdorff dimension of almost all Julia sets is strictly less
than 2.

Concerning the multifractal spectrum of Gibbs measures on fibers, we show that the multi-
fractal formalism is valid, i.e. the multifractal spectrum is Legendre conjugated to a tempera-
ture function. As usual, the temperature function is implicitly given in terms of the expected
pressure. Here, the most important, although perhaps not most strikingly visible, issue is to
make sure that there exists a set X,,, of full measure in the base such that the multifractal
formalism works for all z € X,,,,.

If the system is in addition uniformly expanding then we provide real analyticity of the
pressure function. This part is based on work by Rugh [21] and it is the only place where we
work with the Hilbert metric. As a consequence and via Legendre transformation we obtain
real analyticity of the multifractal spectrum.

We would like to thank Yuri I. Kifer for his remarks which improved the final version of
this paper.

2. EXPANDING RANDOM MAPS
This section introduces the general framework on expanding random maps.

2.1. Preliminaries. Suppose (X,F,m,#) is a measure preserving dynamical system with
invertible and ergodic map 6 : X — X which is referred to as the base map. Assume further
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that (J, 02), ¢ € X, are compact metric spaces normalized in size by diam,, (J;) < 1. Let
(2.1) J=J{z} x T .
zeX

We will denote by B,(z,r) the ball in the space (J., 0.) centered at z € J,, and with radius
r. Frequently, for ease of notation, we will write B(y,r) for B,(z,r), where y = (x, z). Let

Ta:jwﬁje(x) a:EEXa
be continuous mappings and let T': J — J be the associated skew-product defined by
(2.2) T(x,z) = (0(x), T.(2)).

For every n > 0 we denote T},' := Tyn-1(y) 0 ... 0Ty + T — Jgn(y)- With this notation one has
T (z,y) = (0™(x), T2 (y)). We will frequently use the notation

Tp=0"(x) , neZ.

If it does not lead to misunderstanding we will identify 7, and {z} x J.

2.2. Expanding Random Maps. A map T : J — J is called a expanding random map
if the mappings T, : J» — Jp(x) are continuous, open, and surjective, and if there exist a
function n : X — R4, z — n,, and a real number £ > 0 such that following conditions hold.

Uniform Openness. Ty(By(2,15)) D By (Te(2),€) for every (z,2) € J.

Measurably Expanding. There exists a measurable function v : X — (1,400), & +— 7, such
that 0g(z)(Te(21), Te(22)) > V202(21, 22) Whenever o(z1, 22) < 1z, 21,22 € J; holds m-a.e.

Measurability of the Degree. The map x — deg(T},) := SUDye 7, ) # T '({y}) is measurable.

Topological Ezactness. There exists a measurable function z — ng(x) such that
(2.3) Tgs(m)(Bz(z,f)) = Jpnetor,y forevery z€ J, andae zeX.

Note that the measurably expanding condition implies that T;|p(. ,,) is injective for every
(x,z) € J. Together with the compactness of the spaces 7, it yields the numbers deg(T) to
be finite. Therefore the supremum in the condition of measurability of the degree is in fact a
maximum.

The measurably expanding condition can be weaken as explained in Remark 2.2.

2.3. Uniformly Expanding Random Maps. Most of this paper and, in particular, the
whole thermodynamical formalism is devoted to measurable expanding systems. The study of
fractal and geometric properties (which starts with Section 5), somewhat against our general
philosophy, but with agreement with the existing tradition (see for example [1], [13] and
[8]), we will work mostly with uniform and conformal systems (the later are introduced in
Section 5).

A expanding random map T : J — J is called uniformly expanding if

- Ye=infpex ve > 1,
- deg(T) := sup ¢ x deg(T,) < oo,
- Mg i=SUPex Ne(T) < 00.
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2.4. Remarks on Expanding Random Mappings. The conditions of uniform openness
and measurably expanding imply that, for every y = (z,2) € J there exists a unique con-
tinuous inverse branch T, ' : By(y)(T(y),€) — Be(y,n.) of T, sending T,(z) to z. By the
measurably expanding property we have

(2.4) o(T; M (21), T, H(22)) < vy to(z1,22) for 21,22 € Byyy (T(y),€)
and T, (By(a)(T'(y), €)) C Be(y, 7z '€) C Ba(y,§). Hence, for every n > 0, the composition
(2.5) T, =T, oTppy 0. 0Tl Bon(ay(T"(9):€) = Ba(y,€)

is well-defined and has the following properties: T, : Bgn () (T"(y),§) — B (y,§) is contin-
wous, T o T, = Idp,. ., (Tn(y).6)» Ty, " (I3 (2)) = 2 and

(2.6) oT, ™(21), T, ™(22)) < () 'o(21,20)  for every 21,25 € Bon(ay (T (), €)
where V3! = Y2Yg(z) * ** Yon-1(a)- Moreover,

(2.7) Ty " (Byn () (T" (), €)) € Ba(y, (7)™ '€) C Bu(y,€).

Lemma 2.1. For every r > 0, there exists a measurable function x — n,.(x) such that a.e.
(2.8) T @) (B,(z,7)) = Tgnr@)(zy  Jor every z € Ty .

Moreover, there exists a measurable function j : X — N such that a.e. we have

(2.9) Tﬁf)@) (Bi_;(0)(2:8)) =Tx  for every z € Tu_,,,-

Proof. In order to prove the first statement, consider 7y > 1 and the essential set F' for —y
with constant —vo. Then for 2 € X/, 5, the limit lim, . (y2) ' = 0. Define

Xippi={rveXip: () re<r)

Then X rr C Xipr+1 and UkeN Xirg = X;F By measurability of x — v, Xypr is a
measurable set. Hence the function

Xl poz—n () :=min{k:z e X pp}+ne(x)

is finite and measurable. By (2.7) and (2.3), T;T(x)(Bm(z,r)) = Jognr @) (2)-
In order to prove the existence of a measurable function j : X — N define measurable sets

Xen i ={z € X ine(x) <n}, X¢,, =0"(X¢pn) and Xg =, e X¢,,- Then the map

Xisz—j(r):=min{neN:ze X, }

satisfies (2.9) for z € X{. Since m(0"(X¢,n)) = m(Xen) /1 as n tends to co we have
m(X{) = 1. O

Remark 2.2. One could consider an allegedly weaker expanding condition that

/log%dm(x) > 0.

However, this case can be reduced to our settings by looking at an appropriate induced map.
Indeed, it follows from Birkhoff’s Ergodic Theorem that there exist ng > 1 and Xy C X with
m(Xo) > 0 such that 47 > 2 for all z € X and all n > ng. Now observe that X, the set of all
points in Xy whose first return time to X; is larger than ng has positive measure. Replacing
0:X — X by 0x, : X; — X, the first return map to X, yields 4, > 2 for all z € X;. Here
4 is the expanding factor for the map 0x,.
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2.5. Spaces of Continuous and Hélder Functions. We denote by C(J,.) the space of
continuous functions g, : J, — R and by C(J) the space of functions g : J — R such that,
for ae. € X, 2 — g, := g7, € C(Jz). The set C(J) contains the subspaces C°(J) of
functions for which the function @ — ||g;||oc is measurable, and C!(J) for which the integral

mm:/wmwmm<w
X

Now, fix a € (0,1]. By H*(J.) we denote the space of Holder continuous functions on 7,
with an exponent . This means that ¢, € H*(J,) if and ouly if ¢, € C(J,) and v(p,) < 0o
where

valpe) = f{H, : lp(21) — 9(z2)] < Hao2 (21, 20)}.
where the infinimum is taken over all z1, 2o € J, with o(z1, 22) <.

A function p € CY(J) is called Hélder continuous with an ezponent a provided that there
exists a measurable function H : X — [1,4+0o0), x — H,, such that log H € L'(m) and such
that va(pe) < H, for a.e. x € X. We denote the space of all Holder functions with fixed «
and H by H*(J, H) and the space of all a-Holder functions by H*(J) = Uy, H*(J, H).

2.6. Visiting sequences. Let I’ € F be a set with a positive measure. Define the sets
Vip(x):={neN:0"(z)e F} and V_p(z):={neN:07"(z) € F}.

The set Vi p(z) is called wvisiting sequence (of F' at ). Then the set V_p(x) is just a visiting
sequence for =1 and we also call it backward visiting sequence. By n;(z) we denote the
jth-visit in F' at z. Since m(F') > 0, by Birkhoft’s Ergodic Theorem we have that
m(Xyp) =m(X'p) =1

where

Npo= {x € X : Vip(z) is infinite and jlggo n;;rz](j)x) = 1}
and X!  is defined analogously. The sets X, ;. and X’ ;. are respectively called forward and
backward visiting for F.

Let ¥(z,n) be a formula which depends on € X and n € N. We say that ¥(x,n) holds
in a visiting way, if there exists ' with m(F) > 0 such that, for m-a.e. v € X! and all
J €N, the formula W (6" (x),n;(x)) holds, where (n;())32 is the visiting sequence of F at z.
We also say that U(z,n) holds in a exhaustively visiting way, if there exists a family Fy, € F
with limg_,.o m(Fy) = 1 such that, for all k, m-a.e. z € Xf‘_Fk_, and all j € N, the formula
(6" (x),nj(x)) holds, where (n;(x))52, is the visiting sequence of Fj; at z.

Now, let f, : X — R be a sequence of measurable functions. We write that

s-lim f,, = f
if that there exists a family Fj, € F with limg_, m(F,) = 1 such that, for all k¥ and m-a.e.
r€ X p andall j €N,

lim fo, () = f(2)

J—00
where (n;)72, is the visiting sequence of Fy, at x.
Suppose that gi,...,gx : X — R is a finite collection of measurable functions and let
b1,...,b, be a collection of real numbers. Consider the set

k
Fi= (o7 (=00, bi]).
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If m(F) > 0, then F is called essential for g1, ..., g with constants by, ..., b, (or just essential,
if we do not want explicitly specify functions and numbers). Note that by measurability of
the functions ¢1, ..., gk, for every € > 0 we can always find finite numbers by, ..., b, such that
the essential set F for g1, ..., gr with constants by, ..., b, has the measure m(F) > 1 —e.

2.7. Transfer operator. For every function g :J — Candae. ze€X let

(2.10) Sngz = Z gz © T

and, if g : X — C, then S,g = Z;L Olg 06’. Let ¢ be a function in the Holder space H* (7).
For every x € X, we consider the transfer operator L, = Ly, : C(J) — C(Jy(z)) given by
the formula

(211) ‘Cacgz(w) = Z gm(z)e%t(z)y w e jﬁ(m)
Ty (2)=w
It is obviously a positive linear operator and it is bounded with the norm bounded above by
(2.12) [£2]loo < deg(Tz) exp({lspl]oo)-
This family of operators gives rise to the global operator £ : C(J) — C(J) defined as follows:
(Lg), (w) = Lo z)gefl(z)(w)-

For every n > 1 and a.e. x € X, we denote L} := Lon-1(y) 0 ... 0 Ly : C(Tz) — C(Ton(a))-
Note that

(2.13) Lgaw) = 3 ga(2)e5 D | we Tyna

z€Ty " (w)
where Sy, ¢, (2) has been defined in (2.10). The dual operator £} maps C*(Jy(z)) into C*(Jz).

2.8. Distortion Properties.
Lemma 2.3. Let o € H*(J,H), let n > 1 and let y = (x,2z) € J. Then

n—1
|Sna(Ty ™ (w1)) = Spa(Ty ™ (w2)| < 0™ (wi,wa) Y Hei(ay (Vg5 (2) "
7=0
for all wy,we € B(T}(2),€).
Proof. We have by (2.6) and Holder continuity of ¢ that
1Sn@e (T, ™ (w1)) = Snepa (T, " (w2))] < Z | o (T wi))) — @u (T (T, " (w2)))|
S (n—3) (1) S (n—) (n—3)
-] n—j (6% —(n—J n—j X
= 3 alT i ) = (TP )| £ 3 0 (Tl n), Tl (02) Ho o,
j=0 j=0
hence [Sne (T, ™ (w1)) = Snpa (T, ™ (w2))] < 0% (wr, w2) 32720 Haiay (vgr )~ O
Set
(2.14) Q= Qu(H ZHe 3@ V=sa) ™

j=1
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Lemma 2.4. The function x — Q. is measurable and m-a.e. finite. Moreover, for every
p e HNT, H),

|Sn<px(T;"(w1)) - Sn‘?ﬂt(ﬂjn(wﬂ)‘ < Qen(a;)ga(wla ws)
foralln>1, a.e. x € X, every z € Jp, and wy, w2 € B(T"(2),&) and where again y = (x, z).
Proof. The measurability of @, follows directly form (2.14). Because of Lemma 2.3 we are
only left to show that Q, is m-a.e. finite. Let F' be an essential set for —log(y — 1). Then

there exists G > 1 such that v, > G for all € F'. Then, using Birkhoff’s Ergodic Theorem

for 6=, we get that
j—1

1
liminf — Z log vg—i(z) > X := m(F)log(G)
I T =0
for m-a.e. x € X. Therefore, there exists a measurable function C, : X — [1,+00) m-a.e.
finite such that C;l(x)er/Q < fyg,jﬂ(z) for all j > 0 and a.e. & € X. Moreover, since

log H € L*(m) it follows again from Birkhoff’s Ergodic Theorem that

1
lim —log Hyg-i(;) =0 m — a.e.
J

Jj—00

There thus exists a measurable function Cy : X — [1,+00) such that

(215) Hg_y (z) < CH((E)GjaX/4 and Hg—j(w) < CH(LU)ejaX/4

for all 7 > 0 and a.e. z € X. Then, forae. z € X,alln>0and all a > j > n — 1, we have
Hpi(o)y = Hyp—n—5) (97 (a)) < CH(Hn(x))e(n_j)aX/4.

Therefore, still with x,, = 6™ (z),

n—1 n—1

Qq, = Z H(z;) (7)™ < Z Crr () DNACE (g, )em@(=Dx/2
=0 =0
n—1 )
< O (@n1)Crrlan) 3 ™I < O (1) Ct () (1 = 77
5=0
Hence Q, < C2(071(2))Cr(z)(1 — e~ *¥/*) 71 < +o0. O

3. THE RPF-THEOREM

We now establish a version of Ruelle-Perron-Frobenius (RPF) Theorem along with a mixing
property. Notice that this quite substantial fact is proved without any measurable structure
on the space J. In particular, we do not address measurability issues of A, and g,. In order
to obtain this measurability we will need and we will impose a natural measurable structure
on the space J. This will be done in the next section.

3.1. Formulation of the Theorems. Let T : 7 — J be a expanding random map. Denote
by MY(J.) the set of all Borel probability measures on J,. A family of measures {fi; }zex
such that p, € M'(7,) is called T—invariant if pi, o Ty ' = pig(, for ae. x € X.

The main results proved in this section are listed below.

Theorem 3.1. Let p € H*(J) and let L = L, be the associated transfer operator. Then the
following holds.
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1) There exists a unique family of probability measures v, € M(J,) such that m-a.e.

(
(3.1) LiVo(z) = AeVz  where A = vg(yy (L 1).
(2) There exists a unique function q € C°(J) such that m-a.e.
2)

(3.2 Lrqe = /\xQO(w) and  vy(q.) = 1.

Moreover, q, € H*(J,) for a.e. x € X.
(3) The family of measures {p, = quVs}rex 18 T-invariant.

Theorem 3.2.

(1) Let ¢p = @r +10gq, —logqg(zy o T — log A\, where x +— q,. Denote L= Ls. Then,
for a.e. x € X and all g, € C(Tz),

L:gz I /gwqg:dya:-
n—oo

(2) Let pp = @r—log \,. Denote L = L. There exist a constant B < 1 and a measurable
function A : X — (0,00) such that for every function g € C°(J) with g, € H(Jx)
there exists a measurable function Ay : X — (0,00) for which

12" = ([ 90wt talloe < 4,67 2 A) "

for a.e. v € X and everyn > 1.
(3) There exists B < 1 and a measurable function A’ : X — (0,00) such that for every
for(z) € L (pon () and every g, € H*(Ty),

‘Mac ((fOn(:v) © T;)gw) — Hon(x) (f@”(w)):um(gm)‘

n Val\Gzqx n
< oy (fon o DA 0" ) ([ s + 4220
A collection of measures {y;}zex such that u, € MY(J,) is called a Gibbs family for
¢ € H*(J) provided that there exists a measurable function D, : X — [I,400) and a
function x — P,, called the pseudo-pressure function, such that

_1_ ke(TM(B(T"(y),€))) .
= exp(Spp(y) — SpPy) < Dy(z)D, (0™ (x))

for every n > 0, a.e. x € X and every z € J, and with y = (z, 2).

Towards proving uniqueness type result for Gibbs families we introduce the following con-
cept. Notice that in the case of random compact subsets of a Polish space (see Section 4.5)
this condition always holds (see Lemma 4.11).

(3-3) (D (2) Dy (6" ()))

Measurability of Cardinality of Covers. There exists a measurable function X 3 z +— a, €
N such that for every € X there exists a finite sequence wl, ..., w% € J, such that

U?il B(wi7£) = jx

Theorem 3.3. The collections {vz}tzex and {u;}zcx are Gibbs families. Moreover, if J
satisfies the condition of measurability of cardinality of covers and if {V.}rex is a Gibbs
family, then v., and v, are equivalent for almost every x € X.
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3.2. Frequently used auxiliary measurable functions. Some technical measurable func-
tions appear throughout the paper so frequently that, for convenience of the reader, we decided
to collect them in this section together. However, the reader may skip this part now without
any harm and come back to it when it is appropriately needed.

First, define

(3.4) De(z) := (deg T2) " exp(—2[Snpu )

with n = ng(z) being the index given by the topological exactness condition (cf. (2.3)). Then,
let 5 = j(x) be the number given by Lemma 2.1 and define

(3.5) Cy(z) == 9 deg (T} _ ) max { exp(2[|Skpa_ylloo) : 0 <k <j} > 1.
Now let s > 1. Put
(3.6) Chin(2) 1= e *Qwe 1592 jlle < 1
and
(3.7) Crmax () := "9 deg (T7) exp(2]| S loo)
where n := ng(z). Then we define
; l—exp(—(s—1)Hy ,v;%r°
@9 ) = G g
Since by (2.14)
(3.9) $Qu = 5Quz_ 7, % + sHe 7%,
(3.10) (sQa_y + Ha )70 = 5Q0 — (s = 1) Ho 7, % -

This, together with (3.5) and (3.6), gives us that

Omin(-r) (S - I)Hl—lfyz_:&l Cmin(x) <1
Co(x) 25Qq Cox) ~—

3.3. Transfer Dual Operators. In order to prove Theorem 3.1 we fix a point ¢ € X and,
as the first step, we reduce the base space X to the orbit

Oy ={0"(x0),n € Z}.

The motivation for this is that then we can deal with a sequentially topological compact space
on which the transfer (or related) operators act continuously. Our conformal measure then
can be produced, for example, by the methods of the fixed point theory, similarly as in the
deterministic case.

Removing a set of measure zero, if necessary, we may assume that this orbit is chosen
so that all the involved measurable functions are defined and finite on the points of O,.
For every x € O,,, let ¢, € C(J,) be the continuous potential of the transfer operator
Ly : C(Jz) — C(Js(x)) which has been defined in (2.11).

0< B(s) =

Proposition 3.4. There exists probability measures v, € M(J) such that
Livo) = Mava  for every x € Oy,
where

(311) )\z = ,C;(I/g(x))(]l) = I/‘g(x)(ﬁx]l).
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Proof. Let C*(J.) be the dual space of C(J,;) equipped with the weak* topology. Consider the
product space D(Oy, ) 1= Hwé@zo C*(J.) with the product topology. This is a locally convex

topological space and the set P(O,,) := Hzeomo M (TJ,) is a compact subset of D(O,,). A
simple observation is that the map ¥, : M (Jy(»)) — M*(J,) defined by

ﬁ;llg(m)
v = @)
x(VG(w)) E;Vg(z)(]l)
is weakly continuous. Consider then the global map ¥ : P(O,,) — P(O,,) given by
V= (Vx)xeomo — U(v) = (\Ifxl/‘g(gg))meozo )

Weak continuity of the ¥, implies continuity of ¥ with respect to the coordinate convergence.
Since the space P(O,, ) is a compact subset of a locally convex topological space, we can apply
the Schauder-Tychonoff fixed point theorem to get v € P(O,,) fixed point of ¥, i.e.

Livo) = Aela where Ay = L0y (1) = vg(z) (L (1))

for every z € Oy, . O
Remark 3.5. The relation (3.11) implies
(3.12) yi€n§ e W) < X\, <[|Lo1|co-

A straightforward adaptation of the proof of Proposition 2.2 in [9] leads to the following,
to Proposition 3.4 equivalent, characterization of Gibbs states: if T ;LI 4 is injective, then

(3.13) Von 2y (T (A)) = AZ / e S ?du,.
A

Here is one more useful estimate.

Lemma 3.6. For every x € Oy, andn > 1,

)\n
(3.14) zielbfm exp (Sppa(z)) < W%?) < Zsellz exp (Sppa(2)).
Moreover, for every z € J, and every r > 0,
(3.15) vy(B(z,7)) > D(x,r),
where
3.16 D(x,7) := (deg(TN)) ™" inf inf  Snep.(a) — Snepa(b
(3.16) (@) s= (deg(T)) " inf exp (_iut | Sweala) = sup Swen(®))

with N = n,(x) being the index given by Lemma 2.1. It follows that the set J, is a topological
support of vy. In particular, with De(z) defined in (3.4),

(3.17) va(B(%,€)) > De().
Proof. The inequalities (3.14) immediately follow from
oy (£21) = ((£2) V) (1) = Al (1) = A2,
Now fix an arbitrary z € J, and r > 0. Put n = n,(x) (see Lemma 2.1). Then, by (3.13),

Ve(B(z,7))A" sup e Smea@) > )\2/ e Py, > 1
a€B(z,r) B(z,r)

which implies (3.15). O
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3.4. Invariant density. Consider now the normalized operator £ given by
(3.18) Lo=M'L,, z€X.

Proposition 3.7. For every x € Oy, , there exists a function q, € H*(J:) such that

Esz = qo(x) and / Gzdvy = 1.

@

In addition, q,(z1) < exp{Q.0%(z1, 22) }qz(22) for all z1, 22 € T, with o(z1,22) <&, and
(3.19) 1/Cp(x) < go < Cyl(x),
where C, was defined in (3.5).
In order to prove this statement we first need a good uniform distortion estimate.
Lemma 3.8. For all wy,ws € J, andn > 1
ﬁ; 1(w1) A(wr)

(3.20) i ]l(wg) = Tws) = < Cy(z),
where C,, is given by (3.5). If in addition Q(wl,wg) <&, then
(321) L) e Que s
L3 T(ws)
Moreover,
(3.22) 1/C,(z) < E;_n]l(w) < Cy(x) for every we Jyandn > 1.

Proof. First, (3.21) immediately follows from Lemma 2.4. Notice also that

(3.23) exp (Qz0% (w1, w2)) < expQy

since diam(J,) < 1. The global version of (3.20) can be proved as follows. If n = 0,..., j(x),
then for every wy,ws € Jy,

deg (73" ) exp([|Snpx_, llo0)
Ly 1(wy) < — Ly T(ws) < Cp(x)Ly  L(ws).
—n ( 1) eXP(*”Sn(Px,nHoo) —n ( 2) <P( ) —n ( 2)

Next, let n > j := j(x). Take w] € Tw_jj (wy) such that

S W) = sup (S LIT(y))
yET 7 (w1)

and wh € T, 7 (wz) such that g, (w},wy) <& Then, by (3.21) and (3.23),
Ln

noM(wy) =L (L2771 (wy) < deg(TY)e%#™D) L1701 (wf)
< deg(TJ_)e®#D) e L1771 (wh) < Cy(w) L L(ws).
This shows (3.20). By Proposition 3.4
(3.24) L£r (1)dv, :/ 1dv, , =1,
T

T—n

which implies the existence of w,w’ € J, such that E;in]l(w) < 1 and ﬁgin]l(w’) > 1
Therefore, by the already proved part of this lemma, we get (3.22). |
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Proof of Proposition 3.7. Let € O,,. Then by Lemma 3.8, for every k > 0 and all w;,ws €
T with o(wy,we) < &, we have that

ILE W(wi) = LF 1(ws)] < Cp(2)2Qq0% (w1, w2)

and 1/Cy,(2) < Lk 1 < Cy(x). Tt follows that the sequence

]_nfl~

==Y LF 1 ,n>1,
nE _
k=0

is equicontinuous for every x € O,. Therefore, there exists a sequence n; — oo such that
Qen; — Qo uniformly for every = of the countable set O,,. The functions ¢, have all the
required properties. ([l

Let

(3.25) e = QuVs,

and let £, := L. be the transfer operator with potential ¢ = ¢+log g, —log go(z) 0T —log A
Then

(3.26) Loges = . Lo(geqs) for every g, € L (jig).
0(x)

Consequently

(3.27) L1y =g

Lemma 3.9. For all gg(,) € L' (g(x)) = L' (Vg(w)), we have
(3.28) ta(Go(z) © i) = to(x) (9o(x)) -
Proof. From conformality of v, (see Proposition 3.4) it follows that

L (116(2)) (92) fge( «(92)dtto@) = A7 [, (Legadz)dvo)

(3.29)
= )\ 1[: (Vg(m )(gqu) = V{E(gZQJZ) /’Lw(gw)

So, if fy - (go(m) oT,) € Ll(.ux)v then

11z ((90(z) © To) fo) = Li(tto(x)) ((90(2) © Ti) f)

(3.30) R
= [6(x) (‘CI((QG(I) o Tz)fz)) = p1o(z) (96(2) Lo (f2))

since L, ((go(z) © ) fz) = go(w)La(fz). Substituting in (3.30) 1, for f, and using (3.27), we
get the lemma. O

Remark 3.10. In Chapter 4 we provide sufficient measurability conditions for these fiber
measures v, and u, to be integrable to produce global measures projecting on X to m. The
measure p defined by (4.2) is then T-invariant.
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3.5. Levels of Positive Cones of Holder Functions. For s > 1, set
(8:31) A3 ={9€C(T): 920, vlg) =1 and glwn) < "2 (2152) g 1)

for all wy,ws € J, with o(wq,ws) < §}.
In fact all elements of AZ belong to H*(J). This is proved in the following lemma.
Lemma 3.11. If g > 0 and for all wy,wy € J, with o(w1,ws) < &, we have

g(w1> < estQa(wl’wz)g(’wg),

then
Va(g) < 5Qu(exp(sQx€™))E™||9l|oo-

Proof. Let wy,ws € J, be such that p(wq,ws) < &. Without loss of generality we may assume
that g(w1) > g(wsz). Then g(w;) > 0 and therefore, because of our hypothesis, g(ws) > 0.
Hence, we get

|g(w1) — g(wa)| _ g(wn)
|9(22)] g9(w2)

—1<exp (sQwQa(wl,wg)) -1

Then
l9(w1) — g(wz)| < sQu(exp(sQ2E™)) 0™ (w1, w2)]]g]|oo-
O

Hence the set AZ is a level set of the cone defined in (11.1), that is A2 = C3N{g : vz(g) = 1}.
In addition, in the following lemma we show that this set is bounded in H*(J).

S

Lemma 3.12. For a.e. x € X and every g € A3, we have ||g]lco < Cmax(x), where Ciax 1S
defined by (3.7).
Proof. Let g € AS and let 2z € 7,.. Since g > 0 we get fB(Z 6 9dvs < [7. 9dv, = 1. Therefore

there exists b € B(z,€) such that g(b) < 1/v,(B(2,£)) < 1/D¢(x) where the latter inequality
is due to Lemma 3.6. Hence
5@

D¢(x)

g(z) < es@=2" A g(h) < < Crnax ().

A kind of converse to Lemma 3.11 is given by the following.
Lemma 3.13. If g € HY(J,;) and g > 0, then
g+ va(9)/Qu
vz (9) +va(9)/Qu

Proof. Consider the function h = g + v,(g9)/Q-. In order to get the inequality from the
definition of A2, we take 21,22 € Jy. If h(z1) < h(z2) then this inequaliy is trivial. Otherwise
h(z1) > h(z2), and therefore

h(z1) | |h(21) — h(22)| < va(9)0 (21, 22)
h(z2) Ih(z2)l 7 val(9)/Qu

€Al

= Q0" (21, 22).
(]

An important property of the sets A? is their invariance with respect to the normalized
operator L, = A\, 1L,.
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Lemma 3.14. Let g € A]. Then, for every n > 1,

En
M < exp (8Qq, 0% (w1, w2)), w1, wa € Jon(y) with o(wy,wa) < &
Lrg(ws)

Consequently L7(A3) C A;"(w) for a.e. x € X and alln > 1.

Notice that the constant function 1 € A? for every s > 1. For this particular function our
distortion estimation was already proved in Lemma 3.8.

Proof of Lemma 3.14. Let g € A3, let ogn(z)(w1,w2) < &, and let 21 € T, "(w;). For y =
(z,21), we put 22 = T,7"(wz). With this notation, we obtain from Lemma 2.3 and from the
definition of A3 that

L SnPu
(3.32) C2g(wn) < sp P (Snpa(z1))g(z1)
‘ng(wQ) z21€T, " (w1) €xXp (Sn<Pz(Z2)9(Z2))
n—1
< exp (0 (wr,w2) (Y Hosgo ()™ +5Qu (1) ™).
§=0
Since
n—1 )
(3.33) Qe(v2) ™"+ Y Hoi(w) (15 )™ = Qo (a);
j=0
the lemma follows. O

Lemma 3.15. With Cyin the function given by (3.6) we have that
ljiﬂ,g > Cnin(w)  for every i > j(x) and g € A} _.

Proof. First, let ¢ = j(x). Since [, gdv, , =1 there exists a € J,_, such that g(a) > 1.
By definition of j(z), for any point w € J,, there exists z € T}, * (x) N B(a, £). Therefore

L, g(w) = e #e=1Glg(z) > Fi¥e—ilemo g(a) > Cuin ().

)

The case ¢ > j(z) follows from the previous one, since ﬁ;_fl(m 9z € Na_ (- g
3.6. Exponential Convergence of Transfer Operators.
Lemma 3.16. Let 3, = 3,(s) (cf. (3.8)). Then forx € X, i > j(z) and g._, € A;,__, there

exists hy, € A3 such that



16 VOLKER MAYER, BARTLOMIEJ SKORULSKI, AND MARIUSZ URBANSKI

Proof. By Lemma 3.15, we have Ei,{,gm—i > Cpin(x). Then by (3.19) for all w, z € J, with
02(2,w) <,

&:(exp (5Qu05 (2, 0))qu(2) _(Im(w)) <
< @(eXp Q.05 (2, w)) —exp (— SQxQEZ(Z,w)))qx(Z)
< B ((exp (5Ques (2 w)) — exp (= 5Qu05 (2, ) ) Cy(a)
< B:Cy () (1 — exp(—25Q. 05 (2,w)) ) exp (5Qq 05 (2, w))
< (exp (5Quo3 (2,w) = exp ((5Qu — Ha 73703 (2,w)) ) i g, (2)
< (exp (5Qx 05 (2, w)) — exp ((sQa_, +Hx_l)v;fi@?(z,w)))fi_igm_i(Z)-

Since by (3.32), for h € A2

r—1?

‘Exflh(z) S eXp ((SQ‘T—I + Hx—l)r}/;i Q;‘(Zaw))‘cxflh(w)v

£y 0o () < oxp ((5Qu, + He )"0 (2 )) B g2 ().
Then we have that
ﬁa:(exp (SQIQS(Z’ w))qw(z) - qﬂi(w)) < exp (SQng(Z, w))‘éfc,igaifi (Z) - E;,igwﬂ'(w)
and then
ﬁ;_7gm_ ( ) - ﬁqu(w) < exp (SQng(zaw)) (£;_7gz_7(z) - ﬂzqz(z))

Moreover, 8¢, < Cpin(z) < ﬁ;ﬂghi. Hence the function

L Go = Bete
hr. W AfE'

We are now ready to establish the first result about exponential convergence.

Proposition 3.17. Let s > 1. There exist B < 1 and a measurable function A : X — (0, 00)
such that for a.e. x € X for every N > 1 and g,_, € A} we have

T_N
H(/jNg)w - qfrHoo = HENiV,Nngw - qw”oo < A(x)BN

Proof. Fix x € X. Put g, := gu,, Bn = Br,, A, := A and (L") == (L"g)s,. Let
(i(n))p>; be a sequence of integers such that i(n 4 1) > j(z_g(,)), where S(n) =>"¢_, i(k),
n > 1, and where S(0) = 0. If g_g¢,) € A? 5(,y, then Lemma 3.16 yields the existence of a
function h,_1 € AS_S(H_l) such that

(Ei(’b)g) sty B-s(n-1)4—S(n-1) + (1 = B_s(n—1))hn—1

= (1 -(1- ﬂfs(nfl))>q7S(nfl) + (1 = B-smn-1))hn-1
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Since

(ﬁi(”)"‘i(”_l)g) . = (ﬁi(n—l) (Ei(n)g)) —S(n-2)

= (L:i("*l) (ﬂ*S(nfl)qfs(nfl) +(1- 675(n71))hn—1>)

= ﬂ—S(n—l)Q—S(n—Q) + (1 - ﬂ—S(n—l)) (‘éi(nil)(hn—l)>

it follows again from Lemma 3.16 that there is h,,_o € As—s(n—z) such that

[i(n)+i(n—1) ) _
( g —S(n—2)

= B_s(n-1)4-S(n-2) + (1 = B_s(n-1)) (ﬂ—S(n—meS(n—z) +(1— ﬁ—S(n—z))hn—z)
= (1 — (1= B_sn-2))(1 = 575(%1)))(15(%2) + (1= B-5(m-2))(1 = B-s(n-1))hn-1-
It follows now by induction that there exists h € A3 such that
([:S(n)g) _ (Ei(n)-‘rm-‘ri(l)g) = (1-1M)g, +IMp

—S(n—2)

—S(n—2)

where we set TI{") = Z;é(l — Br_s(y)- Since h € A3, we have |h| < Ciax(z). Therefore,

(334) ’(ES(H)Q)I - <1 - chn)>Q:c‘ < Cmax(l”)chn) if g—S(n) € As_g(n) .
By measurability of 8 and j one can find M > 0 and J > 1 such that the set
(3.35) G:={z:0, > M and j(z) < J}

has a positive measure larger than or equal to 3/4. Now, we will show that for a.e. x € X
there exists a sequence (ny)p2, of non-negative integers such that ng = 0, for k£ > 0, we have
that z_j,, € G, and

(3.36) #{n:0<n<ngpand x_;, e G} =k —1.

Indeed, applying Birkhoff’s Ergodic Theorem to the mapping #~ we have that for almost
every x € X,

.g—Jdm
s #OEERZ L@ EC _ g7y,
where &(1¢|Z;) is the conditional expectation of 14 with the respect to the o-algebra Z; of
0~ /-invariant sets. Note that if a measurable set A is §~7-invariant, then set uj;gej (A) is
6~ l-invariant. If m(A) > 0, then from ergodicity of =% we get that m(Uj:_OlHj (A)) =1, and
then by invariantness of the measure m, we conclude that m(A) > 1/J. Hence we get that
for almost every = the sequence ny is infinite and

k 3
. lim — > —.
(337 oy 2 0
Fix N > 0 and take [ > 0 so that Jn; < N < Jn;4;1. Define a finite sequence (S(k));zl by
S(k) := Jny, for k <l and S(I) := N, and observe that by (3.37), we have N < Jn;1 < 4J2l.

Then (3.19) and (3.34) give
1EY g = aelloe < [J23 o = (1= 10 )ar] |+ 110l

< (1= M) (Cp(@) + Cnax(@)) < (VI = M) (C () + Conax ().
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This establishes our proposition with B = *v/T — M and

A(z) = max{20max(a:)Bka;, (Cyp(x) + Crax(x))},

where £ is a measurable function such that we have n% > % for all k > k. O

From now onwards throughout this section, rather than the operator L',~, we consider the
operator L, defined previously in (3.26).

Lemma 3.18. Let s > 1 and let g : J — R be any function such that g, € H*(J.). Then,
with the notation of Proposition 3.17, we have

An n 9z qx n
29 - (/ggadux)]lH < O, (6"( /Igz|duz+4 al ))A(e (x))B
Qq
Proof. Fix s > 1. First suppose that g, > 0. Consider the function

go + Va(g2)/Qu
Ag
It follows from Lemma 3.13 that h, belongs to the set AJ and from Proposition 3.17 we have

hy, = where A, = Vm(gx) + Ua(gr)/Qm'

Higgx (/gx de)QO"(m) ’ < HAx‘cN;th - M‘E’Zﬂx - (/gaz de)QQ"(m) ’
00 Qm 00
A Va Gz An
= HAI‘Cghz - Azqe"(r) + (g ) (qen(m) - ﬁx]lx>
Qac S
< (A + ”“ngf))A(en(x))B
Then applying this inequality for g,q, and using (3.19) we get
H‘CTgm - (/gr d,u£>]19"(l') ‘ = ’ don (z) ’ ‘ HEZ(QTQI) - (/ngm de)qen(w) LC
n (gz%c) n
< Co0" @) ( [ g+ 2" ) A0 @) B
So, we have the desired estimate for non-negative g,. In the general case we can use the
standard trick and write g, = g — g5, where g}, g, > 0. Then the lemma follows. ]

The estimate obtained in Lemma 3.18 is a bit inconvenient for it depends on the values of
a measurable function, namely C,A, along the positive §-orbit of x € X. In particular, it
is not clear at all from this statement that the item (1) in Theorem 3.2 holds. In order to
remedy this flaw, we prove the following proposition.

Proposition 3.19. For m-a.e. x € X and every g, € C(J), we have

H‘C’zgﬂc (/gzdum>]len(z)

Proof. First of all, we may assume without loss of generality that the function g, € H*(J,)
since every continuous function is a limit of a uniformly convergent sequence of Holder func-
tions. Now, let A > 0 be sufficiently big such that the set

(3.38) Xqa={reX; Az) < A}

has positive measure. Notice that, by ergodicity of m, some iterate of a.e. x € X is in the set
X 4. Then by Poincaré recurrence theorem and ergodicity of m, for a.e. x € X, there exists

— 0.
0o N—00
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a sequence n; — oo such that 6™ (x) € X 4, j > 1. Therefore we get, for such an =z € X 4,

from Lemma 3.18 that
. -1
Lg7gw - (/gld,ua,)]la”J (x) (/ |gl| d/ll + 4,00((5;8%):)) < AB"

for every j > 1. Finally, to pass from the subsequence (n;) to the sequence of all natural
numbers we employ the monotonicity argument that already appeared in Walters paper [22].
Since L1, = 1g(s), we have for every w € Jy(,) that

nf ()< Y gu(2)eP) < sup ga(2).

2€Tx
2€Ty H(w) 7€Je

(3.39) (

Consequently the sequence (M, )72y = (SUPyc7,n - Lg.(w))e2, is weakly decreasing.

Similarly we have a weakly increasing sequence (1. )peo = (infwezyn ., L7g. (w))22,. The
proposition follows since, by (3.39), both sequences converge on the subsequence (n;). |

3.7. Exponential Decay of Correlations. The following proposition proves item (3) of
Theorem 3.2. For a function f, € L!(ju,) we denote its L'-norm with respect to y, by

1fulls = / Fuldpie.

Proposition 3.20. There ezists a O—invariant set X' C X of full m—measure such that, for
every x € X', every fon(s) € L' (pon(2)) and every g, € H*(Jy).

|1tz (for (z) © Ti)ge) — ton (@) (for (2) ) ba (92)] < Au(ge, 07 () B" || for ()1

where

Agar0"()) 1= Col0" () [ lgabdia + 4" 20 ) 400 0)).

Proof. Set hy = gy — | godpu, and note that by (3.30) and (3.27) we have that
ta ((for () © T)gz) — Hon(z)(for (z)) e (ga) =
(3.40) = on (@) (for ()L () — ton () (for (2)) b (92)
L2l (ha)).
Since Lemma 3.18 yields ||£7hg||oc < A.(gs, 0™ (x))B™ it follows from (3.40) that

= Hon(z) (f@“ ()

112 (for (z) © T3 )gz) — ton @) (for (2) )1z (92)] /|fan(;c)ﬁ 2)|dpign ()

< A, (gazaan /|f9"(z)|d/~’49"(1)

Using similar arguments like in Proposition 3.19 we obtain the following.

Corollary 3.21. Let fon(y) € L' (pign(z)) and go € L'(J,), where x € X' and X' is the set
given by Lemma 3.20. If || for(o)||l1 # O for all n, then

’Mw( o (z )OT )gw) MG“’(JC)(f@”(m))MI(gw)’
I for () |1

—0 as n — oo.
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Remark 3.22. Note that if || fon(4)||1 grows subexponentially, then

(3.41) |t (for (@) © T2 9a) = ton (o) (for (a) e (92)] — 0 as n — oo

This is for example the case if « +— log||f||1 is m-integrable since Birkhoff’s Ergodic Theorem
implies theat (1/n)log || fon()|l1 — 0 for a.e. x € X.

3.8. Uniqueness.
Lemma 3.23. The family of measures x +— v, is uniquely determined by condition (3.1).

Proof. Let 1, be a family of probability measures satisfying (3.1). For z € X choose arbitrarily
a sequence of points w;, € Jpn(,) and define
_ (L2) 0w,
Ven = 7 =7 -
L1 (wy,)
Then, by Proposition 3.19, for a.e. z € X and all g, € C(J,) we have
L7 gz (wy) . ﬁ? (92 /) (wn) Vi (9x)

3.42 lim v;,(9:) = lim ———= = lim — = =y (gs).
( ) o Ve, (g ) oo E;z]l(wn) n—oo C;’(l/qm)(wn) Vm(]l) (g )

In other words,

(343) Vx,n — V.
n—oo
in the weak® topology. Uniqueness of the measures v, follows. (Il

Lemma 3.24. There exists a unique function q € C°(J) that satisfies (3.2).
Proof. Follows from Proposition 3.17. (]

3.9. Pressure function. The pressure function is defined by the formula
x — P(p) = log A,.
If it does not lead to misunderstanding, we will also denote the pressure function by P,. It is
important to note that this function is generally non-constant, even for a.e. x € X. Actually,
if the pressure function is a.e. constant, then the random map shares many properties with
a deterministic system. This will be explained in detail in section 5. Note that (3.42) and
(3.11) imply an alternative definition of P,(y), namely
2 L (W)

(3.44) P.(p) = log(vg(z)(L,1)) = lim log —2———"T~

x () z n—00 Eg(x)ﬂ(wnJrl)
where, for every n € N, w,, is an arbitrary point from Jyn ().

Lemma 3.25. For m-a.e. x € X and every sequence (Wp)n C Ju

1 1
lim —S,P,_, — - log Ly 1, (w,)=0.

n—oo N T—n

Proof. By (3.19) and Proposition 3.17, we have that
1 n Lg,n]lw—n (w) n
o) A(z)B™ < T < Cy(z) + A(zx)B
for every w € J, and every n € N. Therefore

log (c:@) ~A@)) <logly L. (w) —logX._, <log (Cylx) + Alx)).
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Lemma 3.26. For m-a.e. x € X and for every sequence Yy, € Jy, , n > 0,

1 1
s-lim (ESHPT — E log Ezﬂz(yn)) =0.

n—oo

Proof. Using Egorov’s Theorem and Lemma 3.25 we have that for each § > 0 there exists a
set Fs such that m(X \ Xs) < d and

1 1
—Sp P, —— max logl? 1, (y)——0
n N yEJx, - ’ n—00

uniformly on Fjs. The lemma follows now from Birkhoff’s Ergodic Theorem. O

Lemma 3.27. If there exist g € L*(m) such that log ||L.1|e < g(z), then

=0.

o0

lim

n—oo

1 1
—SnPr — —log L1,
n n

Proof. Let F' := Fj be the set from the proof of Lemma 3.26, let 2 € X’ . and let (n;) be
the visiting sequence. Let j be such that n; <n < njy;. Then

(3.45) log L31(y) <log[|L7 1| + Sp—n,g(0" (x)) for every y € Tpn(q)-
Now, let h(z) := ||¢z]|co. Since by (3.12) —log Ay < ||¥z]co;

—log Al = —log A} —log )\Z:j"j < Sy Pe+ S, (0™ (x)).
Then by (3.45)

LS P~ IO LI (1) € oS, P = OB Ly, )+ 1 S 0+ D07 (1)
On the other hand, for y € Jyn(4),
log £21(y) > log £+ (T ™ (1)) = Snya-ng(07(2))

and by (3.12),

log Ay = log A7+t —log A7+t ™" <log [|L7 1| + Sy, —nh(07 (2)).
The lemma follows now by Birkhoff’s Ergodic Theorem. (|
3.10. Gibbs property.
Lemma 3.28. Let w € J,, set y = (z,w) and let n > 0. Then

(LM (BT (y),

@y < LI T D) _ g,
exp(Snp(y) — Snlu(p))

Proof. Fix an arbitrary z € J, and set y = (z,z). Then by Lemma 2.4 and (3.13)

va (T " (B(T"(9),)))  _ (A2) ™ on () (B(T™ (), €)) SUP s cm g () 69) €

S < ern(w).
exp(Snp(y) — SnPr(p)) (An)~LeSne(®)
On the other hand
T (B (0),€) O i) BT 0. ) e g €
exp(Snp(y) — SnPu(p)) — (An)~leSne()

> l/gn(m)(B(T"(y),f))e_QS"W’).
The lemma follows by (3.17). O
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Lemma 3.29. Let T : J — J satisfy the condition of measurability of cardinality of covers
and let {v; .}, where i = 1,2, be two Gibbs families with pseudo-pressure functions x — P, .
Then, for a.e. x, the measures vy 5 and Vo, are equivalent and

1
lim Snkpl = hm —Snkpgaj = hrn —SnkPI

k—oo N k—oo N

where (ny) = (ng(z)) s the visiting sequence of an essential set.

Proof. Let A be compact subset of J, and let 6 > 0. By regularity of v, ; we can find € > 0
such that

(3.46) V9.4(Bg(4,€)) < vy 4(A) + 0.
Now, let N, be a measurable function such that &(yN=)~! < e/2. Set
AL ={y e T7"(yl,) - ANT, ™ (B(yl, . €)) # 0}

Let Z be a L, N, D, D-essential set of a,, N, D1, Dy and let (n;) = (ng(x)) be the visiting
sequence of Z. Fix k € N and put n = ng(x). Then we have

AclJ U 1,7B,,€) C Bo(A,e).
I=lyeas
By (3.3) it follows that
Az, L
(3.47) 11.2(A) <D 1. (T, "By, ,€))< Di(x Z exp(Snp(y) — SnPru(9))-
J=lyeAl i=lyeAj,

Then by (3.46) and again by (3.3)

Qg oy

(3.48) 114(A) < Dy(x)Dexp(SpPoy — SnPr1y) Z Z exp(Snp(y) — SnP2(9))
I=lyeas,

< D1(2)Da(2)D? exp(Sp Pao — SuPi ) Z > k(T "By, . 6)
J=lyead

< Dy(x)Dy(z)D?L exp(SnPaz — SnP1o)ve.o(B(A,€))
< D1(z)D2(2)D*Lexp(SnPay — SnPiz)(v2,2(A) + 6),
since for y # y' such that y,y’ € T, "(y ), we have that
T,"B(y;,,§) NT, "By, &) = 0.
Hence the difference S,,, P2z — Sy, P12 is bounded from below by some constant, since oth-
erwise taking A = J, we would obtain that v ,(J,) = 0 on a subsequence of (ny) in (3.48).
Similarly, exchanging v , with 15 , we obtain that S, Pi z — Sy, P2, is bounded from above.
Then, letting ¢ go to zero, we have that v , and v, are equivalent.
Note that
eXp(_SnPI,JE)ﬁg]la:(yn) = Z eSne=(W)=SnPre
YyETL " (yn)
D@D Y a(T Blyns€)) < Di(2)Dino(Te) = Di(@)D.
YETE ™ (yn)
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Then ) 1 1
—log La14(yn) — - log(D1(x)D) < S Pra
On the other hand, by (3.47), on the same subsequence
1=v,(J) <Di(z)DL Y 5o =Snlie
yETL " (yn)

"

for some y,, € {y}gn, ooy Ypem b, Therefore, using Lemma 3.26 and the Sandwich Theorem, we
have that, for z € X, N Xp,

1 1
lim —S,, P, = lim —8,, P,.
ng k—o0 N

k—oc0
|
Remark 3.30. We cannot expect that P, , = P,(¢) m-almost surely since, for any measur-
able function z +— g,, P1. := Py(9) + 9o — go(x), is also a pseudo-pressure function (see
Lemma 3.28).

3.11. Some comments on Uniformly Expanding Random Maps. By C>(J) we denote
the space of B-measurable mappings g : J — R with g, : J, — R continuous such that
SUP,ex ||9zlloo < 00. For Hy > 0, by H(J, Hy) we denote the space of all functions ¢ in
HE(T)NCX(T) such that all of H, are bonded above by Hy. Let

H(T) = |J H(T, Ho).
Ho>0
For ¢ € H*(J, Hp) we put

— _aj _ Hoy™®
Q = Hy ; Y = m
Then Lemma 2.4 takes on the following form.
Lemma 3.31. For every ¢ € H*(J, Hy),

|Sn@w(Ty_n(wl)) - Sn‘pa:(Ty_n(w2>)| < QQa(wlwa)
foralln>1, allxz € X, every z € J, and every wi,wy € B(T™(2),£) and where y = (z, 2).
In this paper, whenever we deal with uniformly expanding random maps, we always assume
that potentials belong to HS(J). Hence all the functions Cy(x), Cmax(), Cmin(z) and [,
defined respectively by (3.5), (3.7), (3.6) and (3.8) are uniformly bounded on X. Therefore,
there exists A € R such that A(z) < A for all x € X, where A(x) is the function from
Proposition 3.17. In particular, we can prove the following.
Lemma 3.32. There ezists a constant Ay such that, for x € X and all y1,y2 € Ty,
L31(y1)
L7 1(y)
Proof. 1t follows from Proposition 3.17 that
Lo (L) (31) = Loy L(ya)| < 2AB™
Then by Lemma 3.6 and (3.22) we have, for some z-independent constant Ay, that
Lol(y) | 24578,

— | < A\B™.

e 2 < — < A,B".
Lz 1(y2) L3, (1)(y2)
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4. MEASURABILITY, PRESSURE AND GIBBS CONDITION

We now study measurability of the objects produced in the previous section. Up to now we
do not know, for example, whether the family of measures v, represents the disintegration of
a global Gibbs state v with marginal m on the fibered space J. Therefore, we define abstract
measurable expanding random maps for which the above measurabilities of A\;, g, v, and
1o can be shown. Then, we can construct a Borel probability invariant ergodic measure on
J for the skew-product transformation 7" with Gibbs property and study the corresponding
expected pressure.

Our settings are related to those of smooth expanding random mappings of one fixed
Riemannian manifold from [13] and those of random subshifts of finite type whose fibers are
subsets of NY from [1]. One possible extension of these works is to consider expanding random
transformations on subsets of a fixed Polish space. A general framework for this was, in fact,
prepared by Crauel in [6]. In Section 4.5 we show how Crauel’s random compact subsets of
Polish spaces fit into our general framework and, therefore, our settings comprise all these
options and go beyond.

The issue of measurability of A;, ¢z, ¥, and u, does not seem to have been treated with care
in the literature. As a matter of fact, it was not quite clear to us even for symbol dynamics
or random expanding systems of smooth manifolds until, very recently, when Kifer’s paper
[15] has appeared to take care of these issues.

4.1. Measurable Expanding Random Maps. Let T : J — J be a general expanding
random map. Define nx : 7 — X by 7x(z,y) = x. Let B := By be a o-algebra on J such
that

(1) mx and T are measurable,
(2) for every A € B, mx(A) € F,
(3) Blg, is the Borel o-algebra on 7.

By LY (J) we denote the set of all Bs-measurable functions and by C9,(J) the set of all
B 7-measurable functions g such that g, € C(J).
Lemma 4.1. If g € C2(J), then x + ||gz| s is measurable.

Proof. The proof is a consequence of (2). Indeed, let (G,,) be an increasing approximation
of |g| by step functions. So let G,, = Y_" | axla,, where (ax) is an increasing sequence of
non-negative real numbers, and Ay are Bs-measurable. Then, define

X, = Wx(Am) and X := Wx(Ak) \U;'nzk+17TX(Aj)

where k = 1,...,m—1. Let H,(z) := >_;" axlx, (z) = sup,c 7. Gn(z,y). Then the sequence
(H,,) is increasing and converges pointwise to the function z — ||g.||oo- O

The space L}, () is, by definition, the set of all g € LY, (7), such that [ ||gs||ccdm(z) < oco.
We also define

Con(T) = Cp,(T) N Ly, (T)
and

M (T) = Cp (T) NHA(T).
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By MY(J) we denote the set of probability measures and by M1 (7) its subset consisting

of measures /' such that there exists a system of fiber measures {v.}.cx with the property
that for every g € LL (J), the map x — fj gz dv), is measurable and

/gdu’:// gzdvldm(x).
J X STz

1

Then
(4.1) m=1vory

and the family (v/).cx is the canonical system of conditional measures of v/ with respect to
the measurable partition {7, }.cx of J. It is also instructive to notice that in the case when
J is a Lebesgue space then (4.1) implies that v/ € ML (7).

The measure p/ € M*(J) is called T—invariant if ' o T=1 = p/. If € ML (J), then, in
terms of the fiber measures, clearly T—invariance equivalently means that the family {u) }zex
is T-invariant; see Section 3.1 for the definition of T-invariance of a family of measures.

Fix ¢ € HL(J). Then the general expanding random map T : J — J is called a
measurable expanding random map if the following conditions are satisfied.

Measurability of the Transfer Operator. The transfer operator is measurable i.e. Lg € CO,(J)
for every g € CO.(J).

Integrability of the Logarithm of the Transfer Operator. The function X > z +— log || L1400
belongs to L!(m).

We shall now provide a simple, easy to verify, sufficient condition for integrability of the
logarithm of the transfer operator.

Lemma 4.2. Iflog(deg(T})) € L*(m), then x +— log ||L.1,||c belongs to L(m).

Proof. Recall that
ef‘lﬂoz”oc < Z B‘PI(Z) < deg(Tm)e”LPzHoc

Ty (z)=w
Hence —||¢z oo <log|[Lallslloo < log(deg(T%)) + [[¢xloo- U

4.2. Measurability. Now, we assume that T : J — J is a measurable expanding random
map. In particular, the operator £ is measurable. Armed with these assumptions, we come
back to the families of Gibbs states {v;}.ex and {u.}.cx whose pointwise construction
was given in Theorem 3.1. Since we have already established good convergence properties,
especially the exponential decay of correlations, it will follow rather easily that these families
form in fact conditional measures of some measures v and p from ML (7). As an immediate
consequence of item (3) of Theorem 3.1, we get that the probability measure p is invariant
under the action of the map T : J — J. All of this is shown in the following lemmas.

Lemma 4.3. For every g € L} (J), the map x — v,(g..) is measurable.

Proof. It follows from (3.42) that

En xZ [| o0
L

n—oo L1l

Then measurability of  — v,(g,) is a direct consequence of measurability of the transfer
operator. (]
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This lemma enables us to introduce the probability measure v on J given by the formula

v(g) = /X / ngduwdm(x).

This measure, therefore, belongs to M} (7).

Lemma 4.4. The map X > x — X\, € R is measurable and the functionq : J 3 (z,y) — ¢.(y)
belongs to LY, (TJ).

Proof. Since v € M1 (J), measurability of \’s follows from the formula (3.11) and measura-
bility of the transfer operator. Then measurability of A’s and of the transfer operator together

with lim, .o £ 1 = g, (see Proposition 3.17) imply measurability of g. a
From this lemma and Lemma 4.3 it follows that we can define a measure y by the formula
(4.2) u(g) = / / Gz G dVedm(x).
X STz
4.3. The expected pressure. The pressure function of a measurable expanding random
map has the following important property.
Lemma 4.5. The pressure function X > x — P,(p) is integrable.
Proof. Tt follows from the definition of the transfer operator, that
(4.3) —[l¢zlloc <logvp(z)(Lal) < log Lol

Then, by (3.11) and integrability of the logarithm of the transfer operator, the function P, (y)
is bounded above and below by integrable functions, hence integrable. (|

Therefore, the expected pressure of ¢ given by

wmzﬂammw

is well-defined.
The equality (3.42) yields alternative formulas for the expected pressure. In order to
establish them, observe that by Birkhoff’s Ergodic Theorem

1
(4.4) EP(p) = lim —log A} forae. z € X.

n—oo N

In addition, by (3.11), A} = Ave (1) = vgn(5) (L5 (1)). Thus, it follows that

1 1 kn, n
~log \" = lim — log kﬁx (We+n) .
n k—oo N ‘Con(x)]le"(m) (warn)

However, by Lemma 3.27 we can get even more interesting formula.

Lemma 4.6. For every p € HS(J) and for almost every x € X

1
EP(p) = lim —log L1 (wy,)

n—oo N,

where the points wy, € Jgn(y) are arbitrarily chosen.
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4.4. Ergodicity of u.
Proposition 4.7. The measure p is ergodic.

Proof. Let B be a measurable set such that T-1(B) = B and, for x € X, denote by B, the
set {y € T, : (z,y) € B}. Then we have that T, *(By(,)) = B,. Now let

Xo:={z e X :p.(B;) >0}

This is clearly a #-invariant subset of X. We will show that, if m(Xg) > 0, then p,(B;) =1
for a.e. z € Xj. Since 0 is ergodic with respect to m, this implies ergodicity of T' with respect
to p.

Define a function f by f, := 1p,. Clearly f, € L*(u,) and for () o T} = fo m—a.e. Let
r € X' N Xg, where X’ is given by Proposition 3.20. Let g, be a function from L!(7,)
with [ g,dp, = 0. Then using (3.41) we obtain that limy,—.cc fte ((fon(z) © T0)gz) — 0.
Consequently [ B, Yo dp, = 0. Since this holds for every mean zero function g, € L*(7,) , we
have that p,(B,) =1 for every z € X’ N Xy. This finishes the proof of ergodicity of T" with
respect to the measure pu. ]

A direct consequence of Lemma 3.29 and ergodicity of T is the following.

Proposition 4.8. The measure p € ML (J) is a unique T-invariant measure satisfying
(3.3).
4.5. Random Compact Subsets of Polish Spaces. Suppose that (X, F,m) is a com-
plete measure space. Suppose also that (Y, g) is a Polish space which is normalized so that
diam(Y) = 1. Let By be the o—algebra of Borel subsets of Y and let Ky be the space of
all compact subsets of Y topologized by the Hausdorff metric. Assume that a measurable
mapping X 3z — J, € Ky is given.

Following Crauel [6, Capter 2|, we say that a map X > x — Y, C Y is measurable if for
every y € Y, the map = — d(y,Y,) is measurable, where

d(yayx) = lnf{d(yayz) YUYz € Ym}
This map is also called a random set. If every Y, is closed (res. compact), it is called a closed
(res. compact) random set. With this terminology X > = — J, C Y is a compact random
set (see [6, Remark 2.16, p. 16]).

Closed random sets have the following important properties (cf. [6, Proposition 2.4 and
Theorem 2.6]).

Theorem 4.9. Suppose that X > x — Y, is a closed random set such that Yy # ().
(a) For all open sets V C Y, the set {x € X : Y, NV # 0} is measurable.
(b) The set J := graph(z — Yy) :={(x,ys) : ¢ € X and y, € Yy} is a measurable subset
of X XY i.e. J is a subset of F @ By, the product o-algebra of F and By .
(c) For every n, there exists a measurable function X > x +— y, n, € Y, such that

Yy = cl{ysn : n € N}
In particular, there exists a measurable map X 3 x — y, € Y.
Note that item (b) implies that J is a measurable subset of X x Y. Let By := F ® By | 7.
Then by Theorem 2.12 from [6] we get that for all A € By, nx(A) € F.
Now, let X > z — Y, be a compact random set and let » > 0 be a real number. Then

every set Y, can be covered by some finite number a, = a,(r) € N of open balls with radii
equal to r. Moreover, by Lebesgue’s Covering Lemma, there exits R, = R;(r) > 0 such that
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every ball B(y,, R;) with y, € Y, is contained in a ball from this cover. As we prove below,
we can actually choose a, and R, in a measurable way. Hence for the compact random set
x — J, the measurability of cardinality of covers (see Section 3.1, just before Theorem 3.3)
holds automatically.

In the proof of Lemma 4.11 we will use the following Proposition 2.1 from [6, p. 15].

Proposition 4.10. For compact random set x — Y, and for every e, there exists a (non-
random) compact set Yo CY such that

m{rzeX:Y,CY})>1—c

Lemma 4.11. There exists a measurable set X! C X of full measure m such that, for every
r > 0 and every positive integer k, there exists a measurable function X, > x +— y, 1 € Yy
and there exist measurable functions X > x — ay € N and X| > x — R, € Ry such that for
every x € X,

Ay
U Bﬁ?(yac,lmr) DY,
k=1

and for every y, € Yy, there exists k =1,...,a, for which By (Y, Ry) C By (Ys i, 7).

Proof. For n € N let Y7, C Y be a compact set given by Proposition 4.10. Then the set
X, :={r € X :Y, CYy} is measurable and has the measure m(X,) greater or equal to
1 —1/n. Define
X, = Xn.
neN

Then m(X)) = 1.

Let {yn : n € Ny} be a dense subset of Y. Since Y}, is compact, there exists a positive
integer a(n) such that

a(n)
(4.5) U Bk, m/2) > Y1/
k=1

Define a function X/ 3 z +— a,, by a, = a(n) where n := min{k : € X }. The measurability
of X,, gives us the required measurability of = — a,.

Let {yx : kK € N} be a countable dense set of Y and m € N. For every k € N define a
function x — G, by

a . B(yx,r/2) if Y, N By, r/2) # 0
il Y, otherwise.

Since, by Theorem 4.9 (a), the set {z € X : Y,NB(yg,r/2) # 0} is measurable, it follows that
X 3 2+ Gy is a closed random set. Hence, by Theorem 4.9 (c), there exists a measurable
selection X 3 z + y, 1 € G, . Note that, if y, x € B(yk,7/2), then B(yk,7/2) C B(yzk,7)-
Therefore, by (4.5),

U

U B(Yzk,m) D Y1y, DY, forall ze€X,.

k=1
Finally, for x € X,,, let R, > 0 be a real number such that, for y € Y,,, there exists
k=1,...,U(n) for which B(y, R;) C B(yx,7/2) C B(Yzk,r). Then X{, 3 z — R, € Ry is
also measurable. ([l
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5. FRACTAL STRUCTURE OF CONFORMAL EXPANDING RANDOM REPELLERS

We now deal with conformal expanding random maps. We prove an appropriate version
of Bowen’s Formula, which asserts that the Hausdorff dimension of almost every fiber 7,
denoted throughout the paper by HD, is equal to a unique zero of the function ¢ +— EP(t).
We also show that typically Hausdorff and packing measures on fibers respectively vanish and
are infinite. A simple example of such a phenomenon is a Random Cantor Set described.

Later in this paper the reader will find more refined and general examples of Random Con-
formal Systems notably Classical Random Expanding Systems, Briick and Biirger Polynomial
Systems and DG-Systems.

In the following we suppose that all the fibers J, are in an ambient space Y which is a
smooth Riemannian manifold. We will deal with C''*®-conformal mappings f, and denote
then |f!(z)| the norm of the derivative of f, which, by conformality, is nothing else than the
similarity factor of f.(z). Finally, let ||f.||c be the supremum of |f.(z)| over z € J,. Since
we deal with expanding systems we have

(5.1) |f2] > 7, forae z€X.

Definition 5.1. Let f : (z,2) — (6(z), f.(2)) be a measurable expanding random map having
fibers J, C Y and such that the mappings f, : J» — Jy(») can be extended to a neighborhood
of J, in Y to conformal C'** mappings. If in addition log||f.||cc € L'(m) then we call f
conformal expanding random map.

A conformal random map f : J — J which is uniformly expanding is called conformal
uniformly expanding.

5.1. Bowen’s Formula. For every ¢t € R we consider the potential ¢, (z, z) = —tlog|f.(2)|.
The associated topological pressure P(p;) will be denoted P(t). Let

EP(t) = /X Pu(t)dm(z)

be its expected value with respect to the measure m. In view of (5.1), it follows from Lemma
10.6 that the function ¢ — EP(t) has a unique zero. Denote it by h. The result of this
subsection is the following version of Bowen’s formula, identifying the Hausdorff dimension
of almost all fibers with the parameter h.

Theorem 5.2 (Bowen’s Formula). Let f be a conformal expanding random map. The pa-
rameter h, i.e. the zero of the function t — EP(t), is m-a.e. equal to the Hausdorff dimension

HD(J.) of the fiber J,.

Bowen’s formula has been obtained previously in various settings first by Kifer [14] and
then by Crauel and Flandoni [7], Bogenschiitz and Ochs [2] and Rugh [20].

Proof. Let (vyn)zex be the measures produced in Theorem 3.1 for the potential ¢;. Fix
x € X and z € J, and set again y = (x, z). For every r € (0,&] let k = k(z,r) be the largest
number n > 0 such that

(5:2) B(z,r) C [, "(B(fi(2),€)).

By the expanding property this inclusion holds for all 0 < n < k and lim, ¢ k(z,7) = +0o0.
Fix such an n. By Lemma 3.28,

(5.3)  van(B(z,1)) < van(fy " (B(f1(2),€)) < exp(hQon(a)|(f2) ()| 7" exp(— Py (h)).
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On the other hand, B(z,7) ¢ fy_(sH)(B(fjH(z), £)) for every s > k. But, since by Lemma 2.4,
B(z,exp(=Qpe+1 (&) (f271) (2)|71€) € f CFV(B(fi4(2), €)),

we get
(5.4) exp (= Qo1 () E)(fIT) ()T <7
and |(f5) (2)| 7! < €7 exp(Qp+1()€*) 7. Inserting this to (5.3) we obtain,
(5.5) vpn(B(z, 1)) < §_hexp(hQ9n(m)) exp(thsH(x)f“)rh
cexp(=Pp ()| (fd ™) (F2 ()™

or, equivalently,

logvan(B(z.r) |, hQonw) | hQoenmé® | MO8 (| )

(56) logr 2 h logr log r log r
—hlogé —Pr(h)
logr logr
Our goal is to show that
liminfw >h forae. z€ X andall z € 7.
r—0 log r

Since the function xz +— @, is measurable and almost everywhere finite, there exists M > 0
such that m(A) > 0, where A = {x € X : Q, < M}. Fix n = ng > 0 to be the largest
integer less than or equal to k such that 8™ (z) € A and s = sy to be the least integer greater
than or equal to k such that §°*1(z) € A. It follows from Birkhoff’s Ergodic Theorem that
limg_,00 Sk /nk = 1. Of course if for & > 1 we take any r; > 0 such that k(z,r;) = k, then
1imk_,oo T = 0.

Now, note that by (5.2), the formula

FyM(B(f7(2),6)) € B(z,exp(Qon () ) (1) (2)| 7€)
yields r < exp(Qgn () &*)|(f1) (2)| €. Equivalently,
—logr > log|(f;)'(2)| — £"Qpn(x) — logé&.

Since log |(f)(2)| > log~Z and since the function x +— log~y, is integrable and

X = min{l,/logvdm} >0

we get from Birkhoft’s Ergodic Theorem that for a.e. € X and all r > 0 small enough (so
k and ny and sy large enough too)

(5.7) —logr > gn > gs
Remember that 0" (x) € A and 671(x) € A. We thus obtain from (5.6) that

.. loguy p(B(z,7)) . 1 ‘ st1-my/ ‘ 1
. = = > h - n n )
(5.8) 11£n 161f log 7 h —3h hlrcn sup log ( ( o (2) ) (f2(2)) ) — 27an (h)

for a.e. € X and all z € J,. But as [ P,(h)dm(z) = 0, we have by Birkhoff’s Ergodic
Theorem that

(5.9) lim L P () = 0.

n—oo N
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Also, since the measure pyp, is f-invariant, it follows from Birkhoff’s Ergodic Theorem that
there exists a measurable set Xy C X such that for every = € X there exists at least one (in
fact of full measure p; ) 2, € J, such that

tim log|(/2)'(22)] = & = /J log | £1(2)ldpn(x, 2) € (0, +00).

j—o0 ]

Hence, remembering that 0™ (x) and 05+ (z) belong to A, we get

lim sup ~ 1og(\( ) ()| ) = tmsup ~ (1og | (757 ()| - 1o | (7))

k—oo k—oo
= limsup — <log‘ f‘"Jrl ‘ — log‘ ) z@) )
k—oo
< limsupflog‘(f;"'l)/(zw) — hmlnf log’ gE) = x—-—x = 0
k—oo S —o0 S
Inserting this and (5.9) to (5.8) we get that
log vy 5 (B(z,
(5.10) lim inf 1287en(BET) o )
r—0 log r
Keep z € X, z € J, and r € (0,£]. Now, let I =(z,7) be the least integer > 0 such that
(5.11) £, (B(f3(2),€)) € B(z,7).

Then, by Lemma 3.28,
ven(B(2,7)) = v n(f, (B(£4(2),€)))
> Di(0'(x)) exp(=Qor () ) (f2)' ()| " exp(—Py(h)).
On the other hand f; "™ (B(f:"1(2),€)) ¢ B(z,r). But, since
£y (B (2),) € Bly, exp(Qpu— (2)€)|(F471) (2)71€),

(5.12)

we get
(5.13) r < Eexp(Qp1 @& (fr ) (W)™
Thus |(f571) (2)| 71 > € exp(—Qpi-1(2)€)r. Inserting this to (5.12) we obtain,

(5.14)  vpn(B(z,r)) = € D1 (0" (2))e” P @ (for1(a) (F2 ()] 7"
exp(—thz_1($)§°‘)rh exp(—PL(h)).
Now, given any integer j > 1 large enough, take 2; > 0 to be the least radius » > 0 such that

[/ (B(fi(2),€)) € B(z,r).

Then I(y, R;) = j. Since the function () is measurable and almost everywhere finite, and
0 is a measure-preserving transformation, there exist a set I' C X with positive measure m
and a constant E > 0 such that Q, < E, Di(z) < E and Qg-1(,) < E forallz € T'. It
follows from Birkhoff’s Ergodic Theorem and ergodicity of the map ¢ : X — X that there
exists a measurable set X; C X with m(X;) = 1 such that for every x € X; there exists an
unbounded increasing sequence (j;)$2; such that §7i(z) € T for all i > 1. Formula (5.13) then
yields

X .
5 Jis

—log Rj, > —E¢" +log€ +log|(f1' ' (2)| = —BE™ +log& +logy) ™ > 5
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where the last inequality was written because of the same argument as (5.7) was, intersecting
also X; with an apropriate measurable set of measure 1. Now we get from (5.14) that

log v 1 (B(z, Rj,) 2logE 2E 2h1 2hEYE
B i) gy 208 B 2B 2R Ly il - 2
log Rj, XJi  XJi X Ji XJi
2h1 21 .
- 2ot 2 L pin)
XJi X Ji
Noting that [, P. + Pu(t)dm(x) = 0 and applying Birkhoff’s Ergodic Theorem, we see that the

last term in the above estimate converges to zero. Also % log [|(fpii-1(2))|lcc converges to
zero because of Birkhoff’s Ergodic Theorem and integrability of the function x — log || f%||cc-
Since all the other terms obviously converge to zero, we thus get for a.e. x € X and all z € 7,
that

log v, n (B(z, Ry,

lim inf logvan(B(z,1) Ve.n(B(z7)) < liminf oBr 7h( (2 ]‘))

r—0 logr i—o0 log R;,
Combining this with (5.10), we obtain that

1 B

lim inf —2 Y205 1)) ven(B(z 1)
r—0 log r

for a.e. x € X and all z € 7. This gives that HD(J,) = h for a.e. © € X. We are done. [

<h.
=h

5.2. Quasi-deterministic and essential systems. We now investigate the fractal structure
of the Julia sets and we will see that the random systems naturally split into two classes
depending on the asymptotic behavior of Birkhoff’s sums of the topological pressure P (h).

Definition 5.3. Let f be a conformal uniformly expanding random map. It is called essen-
tially random if for m-a.e. x € X,

(5.15) limsup P}’ (h) = 400 and liminf P'(h) = —oo,

n— oo n—00

where h is the Bowen’s parameter coming from Theorem 5.2. The map f is called quasi-
deterministic if for m—a.e. x € X there exists L, > 0 such that

(5.16) —L, <P}h) <L, for m-almostall x € X and all n>0.

Remark 5.4. Because of ergodicity of the transformation 6§ : X — X, for a uniformly conformal
random map to be essential it suffices to know that the condition (5.15) is satisfied for a set
of points x € X with a positive measure m.

Remark 5.5. If the number
2
o2(P(h)) = lim ~ / (Sn(P(h))) dm >0

n—oo N
and if the Law of Iterated Logarithm holds, i.e. if
by (h) b (h)
202(P(h)) =1i f ———— < z =
o (P(h)) lnnilog vnloglogn — lﬂso%p vnloglogn
then our conformal random map is essential. It is essential even if only the Central Limit
Theorem holds, i.e. if

m({xeX: P”El/(ﬁh) <r}) U\/%/ e /205 (P() g,

202(P(h)) m— a.e,
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Remark 5.6. If there exists a bounded everywhere defined measurable function v : X — R
such that P, (h) = u(z) —uof(x) (i.e. if P(h) is a coboundary) for all z € X, then our system
is quasi-deterministic.

For every a > 0 let H® refer to the a-dimensional Hausdorff measure and let P“ refer to
the a-dimensional packing measure. Recall that a Borel probability measure u defined on a
metric space M is geometric with an exponent « if and only if there exist A > 1 and R > 0
such that

A < pu(B(z,1)) < Ar®
for all z € M and all 0 < r < R. The most significant basic properties of geometric measures
are the following:
(GM1) The measures p, H®, and P are all mutually equivalent with Radon-Nikodym deriva-
tives separated away from zero and infinity.
(aM2) 0 < H(M), P*(M) < +o0.
(GM3) HD(M) = h.
The main result of this section is the following.

Theorem 5.7. Suppose f: J — J is a conformal uniformly expanding random map.
(a) If the system f: J — J is essential, then H"(J,) = 0 and P"(J,) = +oo for m-a.e.
xeX.
(b) If, on the other hand, the system f : J — J is quasi-deterministic, then for every
x € X vl is a geometric measure with exponent h and therefore (GM1)-(GM3) hold.

Proof. Part (a). Remember that by its very definition EP(h) = [ P,(h)dm(z) = 0. By
Definition 5.3 there exists a measurable set X; with m(X;) = 1 such that for every z € X3
there exists an increasing unbounded sequence (n;)72; (depending on x) of positive integers
such that

(5.17) lim P} (h) = —oc.

J—00

Since we are in the uniformly expanding case, the formula (5.12) from the proof of Theorem 5.2
(Bowen’s Formula) takes on the following simplified form

(5.18) ve(B(z,7)) > D™ 1rh exp(—Pgi(Z’T)(h))
with some D > 1 and all z € J,. Since the map is uniformly expanding, for all j > 1 large
enough, there exists r; > 0 such that [(z,7;) = n;. So disregarding finitely many terms, we
may assume without loss of generality, that this is true for all j > 1. Clearly lim; ., r; = 0.
It thus follows from (5.18) that

vz n(B(z,15)) > D_lr? exp(—P;’J (h))
for all z € X3, all z € J,, and all j > 1. Therefore, by (5.17),

B B i
lim sup L}Sz,r)) > lim sup M > D! limsup exp(— P} (h)) = +00
r—0 r j—o0 rj j—oo

which implies that H"(7,) = 0.

The proof for packing measures is similar. By Definition 5.3 there exists a measurable set
Xo with m(X32) = 1 such that for every € X5 there exists an increasing unbounded sequence
(55)32; (depending on z) of positive integers such that

(5.19) lim P2 (h) = +00.
j—o0
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Since we are in the expanding case, formula (5.5) from the proof of Theorem 5.2 (Bowen’s
Formula), applied with s = k(z,r), takes on the following simplified form.

(5.20) vy (B(z,1)) < Drh exp(—Pﬁ(z’T)(h))

with D > 1 sufficiently large, all z € X5 and all z € J,. By our uniform assumptions, for all
j > 1 large enough, there exists R; > 0 such that k(z,R;) = s;. Clearly lim; .., R; = 0. It
thus follows from (5.20) that

Ve n(B(z,rj)) < DR;-‘ exp(—P_,fj (h))
for all z € Xs, all z € J,, and all j > 1. Therefore, using (5.19), we get

x B P . . €T B 9 ] . . .
hmigfw < hmme}ij < Dliminf exp(— P2 (h)) = 0.
r— T J—00 7 Jj—00

Thus P"(J,) = +oo. We are done with part (a).

Suppose now that the map f : J — J is quasi-deterministic. It then follows from Defini-
tion 5.3 and (5.18) along with (5.20), that for every € X and for every r > 0 small enough
independently of x € X, we have.

(LyD)"trh < Ve n(B(y,r)) < L.Dr", ze X, z¢e J,.

This means that each v, 5, x € X, is a geometric measure with exponent h and the theorem
follows. |

As a straightforward consequence of this theorem we get a corollary transparently stating
that essential conformal random systems are entirely new objects, drastically different from
deterministic self-conformal sets.

Corollary 5.8. Suppose that conformal random map f : J — J is essential. Then for
m-a.e. x € X the following hold.
(1) The fiber J,. is not bi-Lipschitz equivalent to any deterministic nor quasi-deterministic
self-conformal set.
(2) T is not a geometric circle nor even a piecewise smooth curve.
(3) If J. has a non-degenerate connected component (for example if T, is connected),
then h = HD(J,) > 1.
(4) Let d be the dimension of the ambient Riemannian space Y. Then HD(J,) < d.

Proof. Ttem (1) follows immediately from Theorem 5.7(a) and (b3). Item (3) from Theo-
rem 5.7(a) and the observation that H!(W) > 0 whenever W is connected. The proof of (4)
is similar. Since (3) obviously implies (2), we are done. O

5.3. Random Cantor Set. Here is a first example of an essentially random system. Define
fo(z) = 3z(mod 1) for z € [0,1/3] U [2/3,1]

and
f1(z) = 4z(mod 1) for z € [0,1/4] U [3/4,1].

Let X = {0,1}%, 0 be the shift transformation and m be the standard Bernoulli measure. For

r={(..,21,70,21,...) € X define f, = fu,, fi = for-1(a) © for—2(2) ... 0 fz and

o0

Jo = () (fH7H([0,1).

n=0
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The skew product map defined on | J Jz by the formula

reX
f(@,y) = (0(), f2(y))

generates a conformal random expanding system. We shall show that this system is essential.
To simplify the next calculation, we define recurrently:

o _
gm(l) = { i 1f ig — (1) ) gm(n) = 59"—1(93)(1)51(” - 1)

Consider the potential ¢! defined by the formula ¢! = —tlog&,(1). Then

Sny = —tlog&s(n).
Let C,, be a cylinder of the order n that is C,, is a subset of 7, of diameter (£,(n))~! such
that f}'|c, is one-to-one and onto Jyn(,). We can project the measure m on J, and we call
this measure p,. In other words, p, is such a measure that all cylinders of level n have the
measure 1/2". Then by Law of Large Numbers for m-almost every x

log 12 (Ch) log 2 log 4

6o log diam(C},) - (1/n)log &, (n) T logl2
Therefore the Hausdorff dimension of 7, is for m-almost every x constant and equal to h.
Next note that

o (Cn)

(5-21) diam(C), )

= exp(—SnP:)

where

P, :=log2 — hlog&,(1).
This will give us the value of the Hausdorff and packing measure. So let Zy, Z1,... be
independent random variables, each having the same distribution such that the probability
of Z, =log2 — hlog3 is equal to the probability of Z, =log2 — hlog4 and is equal to 1/2.
The expected value of Z,,, EP, is zero and its standard deviation ¢ > 0. Then the Law of the
Tterated Logarithm tells us that the following equalities

Zi+ ...+ 7 Z1+ ...+ Z,
lim inf S —V20 and limsup Lt A on V20

n—oo 4/nloglogn n—oo v/nloglogn
hold with probability one. Then, by (5.21),
1 —_— = d 1 f——
oo diam(Cy, )" O T diam(Cy, )"
for m-almost every x. In particular, the Hausdorff measure of almost every fiber 7, vanishes

and the packing measure is infinite. Note also that the Hausdorff dimension of fibers is not
constant as clearly HD(Jp) = log 2/ log 3, whereas HD(J1~) = log2/log4 = 1/2.

=0

6. MULTIFRACTAL ANALYSIS

The second direction of our study of fractal properties of conformal random expanding
maps is to investigate the multifractal spectrum of Gibbs measures on fibers. We show that
the multifractal formalism is valid. It seems that it is impossible to do it with a method
inspired by the proof of Bowen’s formula since one gets full measure sets for each real «a
and not one full measure set X,,, such that for all x € X,,,, the multifractal spectrum of
the Gibbs measure on the fiber over x is given by the Legendre transform of a temperature
function which is independent of = € X,,,. In order to overcome this problem we work out
a different proof in which we minimize the use Birkhoff’s Ergodic Theorem and instead we
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base the proof on the definition of Gibbs measures and the behavior of the Perron-Frobenius
operator. In this point we were partially motivated by the approach presented in Falconer’s
book [10]

Another issue we would like to bring up here is real analyticity of the multifractal spectrum.
We establish it assuming that the system is uniformly expanding and we apply the real-
analitycity results proven for the expected pressure in the Appendix 11.3.

6.1. Concave Legendre Transform. Let ¢ € H,,(J) be such that EP(¢) = 0. Fix g € R.
We will not use the function g, and therefore this will not cause any confusion. Define
auxiliary potentials

Pa,a,t(Y) = q(z(y) — Pu(p)) — tlog | fa(y)|.

=gq
By Lemma 10.5, the function (¢,t) — EP(q,t) := EP(pq) is convex. Moreover, since
log|fi(y)| > log~y, > 0, it follows from Lemma 10.6 that for every ¢ € R there exists a
unique T'(¢) € R such that

5P((pq’T(q)) =0.

The function ¢ — T'(q) defined implicitly by this formula is referred to as the temperature
function. Put

Pq = Pq,T(q)

By D7 we denote the set of differentiability points of the temperature function 7. By
convexity of EP, for A € (0,1),

EP(Aq1 + (1 = N2, AT (q1) + (1 = N)T'(q2)) < AP (q1,T(q1)) + (1 = N)EP(qa, T(q2)) = 0.
Since t — EP(Aq1 + (1 — N)go, t) is decreasing,
T(Aq1+ (1= XN)g2) < AXT(q1) + (1 = \)T(g2).

Hence the function ¢ — T'(g) is convex and continuous. Furthermore, it follows from its
convexity that the function T is differentiable everywhere but a countable set, where it is left
and right differentiable. Define

L(T)(«) :== inf (aq + T(q)),

—00<g<o0

where

a€Dom(L) = | lim —T"(¢7), lim —T"(¢")].

g——00 q—0o0

We call L the concave Legendre transform. This transform is related to the (classical) Legendre
transform L by the formula L(T")(a) = — L(T)(—«). The transform L sends convex functions
to concave ones and, if ¢ € D, then

L(T)(-T"(q)) = =T"(9)q + T(q).
Lemma 6.1. Let ¢ € Dp. Then for every € > 0 there exists 6. > 0, such that, for all
0 € (0,9.), we have
EP((1+6)q,T(q) + (47" (q) +€)3) <0
and
EP((1 = 0)q,T(q) + (—qT"(q) +€)d) <.
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Proof. Since the temperature function 7T is differentiable at the point ¢, we may write
T(q+6q) = T(q) + T'(q)dq + o(9)-
for all § > 0 sufficiently small, say § € (0, 5§1)). So,
T(q) + (¢T"(q) + )6 — T((1 + 8)q) = + 0(5) > 0.
Then, in virtue of Lemma 10.6, we get that
EP((1+6)q, T(q) + (¢T"(q) +€)6) < EP((1 +8)q), T((1 + d)q)) = 0,

meaning that the first assertion of our lemma is proved. The second one is proved similarly

W6

producing a positive number 5;2). Setting then J. = min{4 )} completes the proof. O

6.2. Multifractal Spectrum. Let p be the invariant Gibbs measure for ¢ and let v be the
p-conformal measure. For every a € R define

_ log ja(Bly,
KI(CV) = {y S jx : d#m(y) = }%W — Oé}.

and
log i (B(y, 7))

K, = {y € Jo : the limit lim
r—0 logr

does not exist}.

This gives us the multifractal decomposition

To = |4 Kola) W K},
a>0

The multifractal spectrum is the family of functions {g,, }sex given by the formulas
9. (@) := HD(Ky ().

The function d,,, (y) is called the local dimension of the measure yi, at the point y. Since for m
almost every x € X the measures u, and v, are equivalent with Radon-Nikodym derivatives
uniformly separated from 0 and infinity (though the bounds may and usually do depend on
x), we conclude that we get the same set K, («) if in its definition the measure p, is replaced
by v,. Our goal now is to get a ”smooth” formula for g, .

Let pq and vy be the measures for the potential ¢, given by Theorem 3.1. The main
technical result of this section is this.

Proposition 6.2. For every q € Dr there exists a measurable set X ,q C X withm(X,e) =1
and such that, for every x € X4, and all ¢ € Dr, we have

9. (=T"(q)) = —qT"(q) + T(q)

Proof. Firstly, by Lemma 10.4, for every 0 < R < ¢ there exists a measurable function
Dp : X — (0,400) such that for all ¢ € R, all x € X, all y € J,, and all integers n > 0, we
have

Uq,g;(fy—n<B(fn(y),R))) v g
exp(a(nely) — PRIy T = Pr @)

where ¢* := (¢,T(q))* as defined in (10.1). In what follows we keep the notation from the
proof of Theorem 5.2. The formulas (5.2) and (5.11) then give for every j > [ and every

(6.1) DR* (0"(x)) <
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0 <1i <k, that
D (67 ()~ exp(a(Sjp(y) — PL@)) (1) (w)|7"@ <
(6.2) < vga(Bly,7)) <
< DY (0°(x))) exp(q(Sip(y) — Pi(eo)(£2) ()| 779
By Q. we denote the measurable function given by Lemma 2.4 for the function —log |f’|.
Let X, be an essential set for the functions X 3 z — R;, X 3 z — a(x), x — Q,, and
X >z — D¢(z) with constants R, a,  and De. Let (n;)1° be the positively visiting sequence
for X, at z. Let X¢ be the set given by Lemma 10.5 for potentials ¢+, ¢,t € R?. Let
X = X4 N X,y
Let us first prove the upper bound on g, (—7"(q)). Fix v € X/. Fix &1 > 0. For every j > 1
let {wg(zn,;): 1 <k < a(z,,)} be a § spanning set of Tz, As EP(¢q) = 0, it follows from
Lemma 10.6 that v := %SP(gbq,T(q)Hl) < 0. So, in virtue of Lemma 10.5, there exists C' > 1
such that
(63) £¢q,T(Q)+61’z]l(wk(xnj)) S Ce—"/ﬂj
a

forall j < 1land all k = 1,2,...,a(0™ (z)) <
qeo > 0. For every integer | > 1 let

Ko(eal) = {y € Ku(—T'()) i~ T'(q)

. Now, fix an arbitrary €5 € R such that

1 log v (B(y,))

1
< <-T7 =
2|<€2| < log 7 < (9) + 2|52‘

forall 0 <r < 1/l}.

Note that
(6.4) K,(-T"(q)) = | Ku(e2,0)-
=1
Let
a(@n;)
T,(@)=Sz€ |J £ (wilzn,)) : Kalea,1) 0 2 (B(f(2),€/2)) # 0
k=1
Then
(6.5) Koenl) € | 7™ (B (2),€/2)).
zEl"nj(x)

For every z € Iy, (z), say z € fo " (wi(2n,)), choose £ € Ky(e2,1) N f2 " (B(wk(zn,),£/2)).
Then B(wy(n;),£/2) C B(f™(2),€), and therefore
fo (Blwi(an,),6/2)) € £ (B(f™ (2),6)).
It follows from this and (6.5) that
©6) Koy c | B E).0).
ZGFnj (z)

Put R N
rPE) = Q7Y ()T and rP)(2) = QUMY (B)
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We then have
1) /4 —n; nisa ~ 2\ /2
B(2.r)(2)) € 77 (B(f"(2).€)) € B(2.7()(2)).
Therefore, assuming j > 1 to be sufficiently large so that the radii r§1)(,§) and r( )(z) are
sufficiently small, particularly < 1/1, we get

log v (f ™ (B (f"J( ),€))) < log v (B(2), Q7' (f7)'(2)| )
—log|(f27)'(2)] B —log|(fz")'(2)]

log vy (B(2), "V (2))

" log(r{?(2)) +log Q

< =T'(q) + le2l-

and
log v, (f; " (B (f"ﬂ(Z) £)) >logvx( (2),Q AI( (3
—log |(fz7)' (%) - —10g|( )()I
logz/z( )
> — leal.
s ®)(: >> 1ogc2 =T
Hence, R
lal (log v (£ (B(f™(2),€))) — (T"(q) + le2]) log [(f37)'(2)]) <0
and

lal (log v (£ (B(f™(2),€))) — (T"(a) — |e2) log | (f27)'(2)]) = 0.

So, in either case (as e2g > 0),

—q(log v (2™ (B(f"(2),€))) — (T'(q) — le2) log |(f39)'(2)]) < 0

or equivalently,

(67 v (T (BU™ @), I G @ <1,
Put ¢t = —¢T'(q) + T(q) + €1 + €2q. Using (6.7) and (6.3) we can then estimate as follows.

S diam OO (0 (B (2),6))) =

zely, (w)

= 3 dian™OH (F (BU (), ) diam T D (17 (B (2), )
zel', (3:)

< Y QeI TOEQe (Y () W
zanj(z)

= Q1) Y exp(al(Sn,0(2) = i) — (T(q) + €1 log|(f37) (2)])-

ZEFnj(x)
.eXp(q(Pgi (@) — Snjso(z))|(fnj)/(2)|qT/(q)_82q
< (Qé‘*l)zteqéh Z (ngl)% Z eXp(q(Snjgp(z) — Pmi(p))—

ZEFnJ(JIJ) zEFnj(w)
— (T(q) + 1) log |(f77)'(2)]) exp(a(Py () = S, () |(f")' (2)] 17 (=<2
<(QETH)e™@e > QTP Y exp(q(Sn,e(2) — Py () —

2€T; (z) z€ln; (z)
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= (T(q) +£1)og [ (£72)'(2) ) (£ (BU™ (2), )I(F) ()] (=20
S(Qg—l)ztquM Z (Q§—1)2t Z exp(q(S’ o(z) — P (p))—

zanj(z) z€Tn; ()
—(T(q) + &) log |(f27)'(2)])
a(@n,)
S(QETNHe1% 3 Loyripiey allwi(zn,))
k=1
< C(fol)zteq@’a(mnj)e*”"j < C(fol)zteqéd’ae*“’”ﬂ
Letting j — oo and looking also at (6.6), we thus conclude that H!(K,(e2,1)) = 0. In virtue

of (6.4) this implies that H*(K,(—T'(g))) = 0. Since &1 > 0 and e2q > 0 were arbitrary, it
follows that

(6.8) 9u, (=T"(q)) = HD(K.(=T"(q))) < —qT"(¢) + T(q).

Let us now prove the opposite inequality. For every s > 1 let s_ be the largest integer in
[0,s — 1] such that 6°-(z) € X, and let sy be the least integer in [s + 1,+00) such that
0%+ (z) € X.. It follows from (6.2) applied with j = I and ¢ = k_, that (5.4) is true with
s+ 1 replaced by k4, and (5.13) is true with [ — 1 replaced by {_, that

log vg.r(B(y.r)) _ —4"10g De +a(St,0(y) = Pr" () = T(a) log]|(f=")'(v)

logr - log€ 4+ £2Q 10g|(fa" ) ()]
and
log V.0 (B(y,1)) . 4" log De +a(Sk_o(y) = P&~ () —T(@) log (™) ()|
logr - log & — £2Q — log |(ff§+)’(y)\
Hence,

log vg,«(B(y:7)) _

6.9 1
(6:9) HTn_S)(l)lp logr

< lim sup

n—oo

P (0) — S, (1) logl() )
(q Tog | (72 (9)] )*T( Dlim sy )

and

(6.10) liminf08YexBW.T))

r—0 logr
Py (o) = S,
> lim inf <q () . /_so(y)) +T(q)liminf log|(fz )/(y)l.
oo log [(fz")" ()] n—cc log|(fa ") (y)]
Now, given € > 0 and J. > 0 ascribed to € according to Lemma 6.1, fix an arbitrary 6 € (0, d¢].

Set,
¢ = 61} = S115)01(0)+ (a1 (04205 €D (— (1 + ) P ()
and
3 = 6%} = O1_8)0 (0 + (a1 (@) +2)6 XD (— (1 + 0) P(5y)).
Since

EP(M)) = EP(d(118)q.7(a) + (41" (@) +2)s) + (1 +3) / P(¢q)dm = EP(¢(146)q,T(q)+(aT" (a)+)5)



DISTANCE EXPANDING RANDOM MAPPINGS 41

and
EP(¢®)) = EP($(1-8)g.1(q)+(~aT" (@)+2)5) + (1 = 3) /P(¢q)dm

= EP(D(1-8)0.7()+(~aT" () +2)3)
it follows from Lemma 6.1 and Lemma 10.5, there exists = k(q, ¢, ) € (0,1) such that for all
k=1,2, and all n > 1 sufficiently large, we have %log LZ(M (1)(w) < logk for all z € X/, and

all w € Jypn(y). Equivalently,

Now, for all z € X/, all j > 1, all 1 <k < a(6™(z) < &, and all z € f5 "7 (wy(zy,)), define
z) = {y € 2 (Bwi(zn,),8)) : B(f" (y), R) C B(wg(zn,),)} -

Note that
a(a:nj)
(6.12) U U A(z) = J(2).
k=1

sefs ™ (wi(@n,)
Fix any ¢ € D and set
A= sup {max{(1+6)0.T(@)+ (4T'(0) +2)9)", (1-6)0.T(@)+ (~aT' (@) +2)0)"}}.
< —=Ye
Let v € X/ . Set
M := exp(Qd(—qT"(q) + T(q) — €)).-
Then, using (6.12), Lemma 2.4 (for the potential (x,z) — log|f.(2)|, (6.2), and (6.11), we

obtain

(613) Vwﬂye%:vqyz(f;”%B(f"j(> >>> () ()| @@ ey)

zl/qm({yejx'z/qz(fy_"ﬂ'(B R))|(f19) ()|~ @+ T (@) == > 1))
= qu({y € s z(fy_"j (B(f ) (fra)! |6( a7 ()+T()=¢) > 1})
: /J va.o(f, " (B(f" (y), 1*?)))|(fgl”)'(y)\‘S —ar’ (q”T(q)_E)qu,m(y)

a(en;)
< S [ v e e, )

k=1 n; A(?)

zefr (wp (In )
[(f29) ()| DD =)y ()

a(xnj)

< S v (T (Blu(aa,), )

|(f27) (2) AT OO My, 4 (A(2)

a(:z:"j)

<M ) Yo Ve (F (Blwi(n, ), ON)I(f20) ()T @FT @)

F=Lsefs ™ (wilen,)
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Vg (£ (Blwi (i, ),€))))

a(w” )

e Yo v (7 (Blwg(an, ), ON)|(f27) (2)P T (@FT(@=2)
R=1oer” (w(mnj))
a(;vn )

<MDAZ > exp ((L+8)a(Sn,0(2) = P2 (9(2) = (1+6)Pa(6)

=loess J(wk(mn )

(29 (z)] - @O FET DT @D exep(—(1 4 6)P7 (64(2)))
a(xnj)

=MD Y. Y e (14 0)g(S,0(2) — P2 (9(2) — (L4 9)Pe(6]))

F=loers ™ (i)

(fp9) (2)| T @FHAT DTN exp(—(1 + 6) P (¢4(2)))
= MDgAE Z ‘CZEIU (ﬂ)(wk(xn])) < MD?Eaﬁn'j
Therefore,
Y v ({y € Tot e (£, (B (), R) > |(£29) ()|~ /T @OFT@1F2}) < foc.
Jj=1

Hence, by the Borel-Cantelli Lemma, there exists a measurable set J/_ , C J, such that
Vq,x(jlqﬁyx) =1 and
(614) #{j =1 va({y € To s g (£, (BU™ (4), B)))

> |(f79) ()|~ 9T @+T (@)= s})} < co.

Arguing similarly, with the function ¢() replaced by ¢, we produce a measurable set
‘72(1’8@ C J, such that I/q_,z(jf’s’z) =1 and
(615) #{i =1 v ({y € To: g (£, (BU™ (v), B)))
< |(f20) ()|~ I @@ | <o,
Set

oo
— q q
jmq - m jl,l/n,a;ﬁj2,1/n,a:'

n=1

Then v, ,(JZ) = 1 and, it follows from (6.13) and (6.1), that for all y € 77, we have

Q(Pznj (4,0) - Snj <p(y))
j=oe log|(fa”) (y)]
Since lim;,_ o Zf =1, it thus follows from (6.9) and (6.10) that

(6.16) dy, .(y) = —qT"(q) + T(q),

=—qT"(q)
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and (recall that 11 , = v, and T(1) = 0)

log vz (B(z,
g V2 (B)
r—0 log
for all y € JJ. As the latter formula implies that J2 C K(—T"(q)), and as vy ,(JJ) = 1,
applying (6.16), we get that

9. (=T"(q)) = HD(K,(=T"(q))) = HD(TY)) = —qT"(q) + T(q).
Combining this formula with (6.8) completes the proof. a

As an immediate consequence of this proposition we get the following theorem.

Theorem 6.3. Suppose that f(x,z) = (0(x), fz(2)) is a conformal random expanding map.
Then the Legendre conjugate, g : Range(—T") — [0,+00), to the temperature function R >
q — T(q) is differentiable everywhere except a countable set of points, call it D, and there
exists a measurable set X,nq C X with m(Xe) = 1 such that for every o € DY) and every
T € X, we have

Iu, (@) = g(a).
6.3. Multifractal spectrum for uniformly expanding random maps. Now, as in Sec-
tion 12, we assume that we deal with a conformal uniform random expanding map. In

particular, the essential infimum of ~, is larger than some v > 1 and functions H,, n¢(z),
j(x) are finite. In addition, we have that there exist constants L and ¢ > 0 such that

(617) Sn‘Pz(?J) < -nc+L

for every y € J, and n and EP(¢) = 0. With these assumptions we can get the following
property of the function 7.

Proposition 6.4. Suppose that f : J — T is a conformal uniformly random expanding map.
Then the temperature function T is real-analytic and for every q, we have

fj @dﬂq

(6.18) 7@ = g [l

< 0.

Proof. The potentials

Ca.zt(y) = q(pz(y) — Pu(p)) — tlog|fr(y).

extend by the the same formula to holomorphic functions C x C 3 (¢,t) — ¢q.2,+(y). Since
these functions are in fact linear, we see that the assumptions of Theorem 11.11 are satisfied,
and therefore the function R x R 3 (q,t) — EP(q,t) is real-analytic. Since |f.(y)| > 0, in
virtue of Proposition 12.1 we obtain that

9EP(q; 1)

(6.19) — = /jlog |foldpg,z rdm(z) < 0.

Hence, we can apply the Implicit Function Theorem to conclude that the temperature function
R > ¢ — T(q) € R, satisfying the equation,

&P(q,T(q)) =0,
is real-analytic. Hence,

s LA2A T'(q).
dq dq tzT(q)Jr ot lt=1(q) (@)

0
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Then

88P( )

T’(q) _ ! ‘t T(q) _ fy Py)dpg,dm(z)
%L @ f —log |fw|d,uq’wdm(m)
fj adpigedm(x) — [ Pedm(z) B fj odpiy
fj10g|fa:|dﬂq,mdm( ) fj10g|f/|d/‘q'

So, we obtain (6.18). It follows, in particular, that
(6.20) T'(q) < 0,
since by (6.17), the integral fJ wdug is negative. a

Combining this proposition with Proposition 6.2 we get the following result which concludes
this section.

Theorem 6.5. Suppose that f : J — J is a conformal uniformly random expanding map.
Then the Legendre conjugate, g : Range(—T") — [0,+00), to the temperature function R >
q — T(q) is real-analytic, and there exists a measurable set X,q C X with m(Xpa) = 1 such
that for every a € Range(—T") and every x € X, we have

9 (@) = g(@).

7. CLASSICAL EXPANDING RANDOM SYSTEMS

Having treated a very general situation up to here, we now focus on more concrete random
repellers and, in the next section, random maps that have been considered by Denker and
Gordin. The Cantor example of Section 5.3 and random perturbations of hyperbolic rational
functions like the examples considered by Briick and Biirger are typical random maps that
we consider now. We classify them into quasi-deterministic and essential systems and analyze
then their fractal geometric properties. Here as a consequence of the techniques we have
developed, we positively answer the question of Briick and Biirger (see [5] and Question 5.4 in
[4]) of whether the Hausdorff dimension of almost all (most) naturally defined random Julia
sets is strictly larger than 1. We also show that in this same setting the Hausdorff dimension
of almost all Julia sets is strictly less than 2.

7.1. Definition of Classical Expanding Random Systems. Let (Y, p) be a compact
metric space normalized by diam(Y) = 1 and let U C Y. A repeller over U will be a
continuous open and surjective map T : Vi — U where Vi, the closure of the domain of T, is
a subset of U. Let v > 1 and consider

R=R(U,v)={T:Vyr - U ~—expanding repeller over U}.

Concerning the randomness we will consider classical independently and identically dis-
tributed (i.i.d.) choices. More precisely, we suppose the repellers

(7.1) /A LN

are chosen i.i.d. with respect to some arbitrary probability space (I, Fo,mg). This gives rise
to a random repeller Ty =T, _, o...0Ty,, n > 1. The natural associated Julia set is

To = ﬂ T, "(U) where x = (x0,21,...).

n>1
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Notice that compactness of Y together with the expanding assumption, we recall that -
expanding means that the distance of all points z1, zo with p(z1, 22) < nr is expanded by the
factor ~, implies that 7, is compact and also that the maps T' € R are of bounded degree. A
random repeller is therefore the most classical form of a uniformly expanding random system.

The link with the setting of the preceding sections goes via natural extension. Set X = I%,
take the Bernoulli measure m = m5 and let the ergodic invariant map 6 be the shift map
o: 1% — I?. If 7 : X — I is the projection on the 0 coordinate and if = — T} is a map
from I to R then the repeller (7.1) is given by the skew-product

(7.2) T(@,2) = (o(2). To (1)) (2.2) €T = |J {a} x 7.

zeX
The particularity of such a map is that the mappings 7}, do only depend on the 0" coordinate.
It is natural to make the same assumption for the potentials i.e. ¢, = Yr(z). We furthermore
consider the following continuity assumptions:

(T0) I is a bounded metric space.

(T1) (z,2) — T, () is continuous from J to K(U), the space of all non-empty compact
subsets of U equipped with the Hausdorff distance.

(T2) For every z € U, the map x — ¢(#) is continuous.

A classical expanding random system is a random repeller together with a potential de-
pending only on the 0*"—coordinate such that the conditions (T0), (T1) and (T2) hold.

Example 7.1. Suppose V,U are open subsets of C with V' compactly contained in U and
consider the set R(V,U) of all holomorphic repellers T : Vr — U having uniformly bounded
degree and a domain Vp C V. This space has natural topologies, for example the one induced
by the distance

p(T,T2) = dg (Vry, Vi, ) + | (Th — 13) v, vy oo »
where di denotes the Hausdorff metric. Taking then geometric potentials —tlog |T'| we get
one of the most natural example of classical expanding random system.

Proposition 7.2. The pressure function x — P.(p) of a classical expanding random system
18 continous.

Proof. We have to show that x — X, is continuous and since L21(y)/Ll '1(y) converges
uniformly to A, for every y € U (see Lemma 3.32) it suffices to show that z — L21(y) does
depend continuously on z € X. In order to do so, we first show that condition (T1) implies
continuity of the function (z,y) — #7T, 1 (y).

Let (z,y) € X x U and fix 0 < ¢ < £ such that B(wy,£') N B(wsy, &) = 0 for all disjoint
wi,we € T 1(y). From (T1) follows that there exists § > 0 such that

du (T, (y), T, () Sg . whenever o((z,y),(z',y)) <94.

But this implies that for every w € T, 1(y) there exists at least one preimage w’ € T, Y)n
B(w,¢"). Consequently #7,'(y') > #T,(y). Equality follows since T, is injective on every
ball of radius £, a consequence of the expanding condition.

Let z € X, let W be a neighborhood of x and let y € U. From what was proved before we

have that for every w € T, !(y), there exists a continuous function @’ + z,(2’) defined on W
such that T,/ (24 (2")) =y, 2w(z) = w and

T (y) = {zu(a’) s w e T ()}
The proposition follows now from the continuity of ¢, i.e. from (T2). O
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We say that a function g : I — R is past independent if g(w) = g(7) for any w, 7 € IZ
with w|g® = 7|8°. Fix x € (0,1) and for every function g : IZ — R set

v (9) = sup{ven(9)},
n>0

where
Urn(g) = & " sup{lg(w) —g(7)] : Wl = 7[5 }-
Denote by H,. the space of all bounded Borel measurable functions g : I* — R for which

vs(g) < +o00. Note that all functions in H, are past independent. Let Z_ be the set of
negative integers. If I is a metrizable space and d is a bounded metric on I, then the formula

d+ (wa T) = Z 2_nd(wn7 Tn)
n=0

defines a pseudo-metric on I%, and for every 7 € I%, the pseudo-metric d, restricted to
{7} x N, becomes a metric which induces the product (Tychonoff) topology on {7} x N.

Theorem 7.3. Suppose that T : J — J and ¢ : J — R form a classical expanding random
system. Let X : IZ — (0,+0o0) be the corresponding function coming from Theorem 3.1. Then
both functions X and P(¢$) belong to Hy, with some k € (0,1), and both are continuous with
respect to the pseudo-metric d .

Proof. Let y € U be any point. Fix n > 0 and w, 7 € IZ with w|? = 7|?. By Lemma 3.32, we
have

n+1 n+1
%71@)wa < Ar™ and 6271@)7 Al <A™
Cg(w)]l(y) 'Cg(r)]l(y)

with some constants A > 0 and « € (0,1). Since, by our assumptions, L2 1 (y) = L2111 (y)
and L7 1(y) = L7, 1(y), we conclude that [A, — Ar| < 2A4k™. So,

v (A) < 24.

Since, by Proposition 7.2, the function A : IZ — (0, +00) is continuous, it is therefore bounded
above and separated from zero. In conclusion, both functions A and P(¢) belong to H,, with
some k € (0,1), and both are continuous with respect to the pseudo-metric d. . O

Corollary 7.4. Suppose that T : J — J and ¢ : I* — R form a classical expanding random
system. Then the number (asymptotic variance of P(¢))

P (P(o) = lim [ (S,(P6) - nEP(@)) dm > 0

n—oo N

exists, and the Law of Iterated Logarithm holds, i.e. m-a.e we have

sy P —nEP($) _ . Pr(¢) —néP(9) _ o
—V20%(P(¢)) = lim inf ~/nloglogn < hran—>Solip ~ /nloglogn Y 202(P(9)).
Proof. Let 7 : I” — I be the canonical projection onto the Oth coordinate and let G = 7= (B),
where B is the o-algebra of Borel sets of I. We want to apply Theorem 1.11.1 from [18].
Condition (1.11.6) is satisfied with the function ¢ (object being here as in Theorem 1.11.1
and by no means our potential!) identically equal to zero since |m(AN B) —m(A)m(B)| =0
for every A€ GI" :=GNo 1 (G)N...c7™(G) and B € G = ;r:ofl o77(G), whenever n > m.

The integral [ |P(¢)|?>t9dm is finite (for every § > 0) since, by Theorem 7.3, the pressure
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function P(¢) is bounded. This then implies that for all n > 1, |P(¢)(w) — E(P(¢)|GF)(w)] <
v, (P(¢))K™, where v, (P(¢)) < +o0o. Therefore,

[ 1P(@) = (P13 dm < v ()",

whence condition (1.11.7) from [18] holds. Finally, P(¢) is G§°-measurable, since P(¢) belong-
ing to H,, is past independent. We have thus checked all the assumptions of Theorem 1.11.1
from [18] and, its application yields the existence of the asymptotic variance of P(¢) and the
required Law of Iterated Logarithm to hold. ]

Proposition 7.5. Let g € H,. Then o2(g) = 0 if and only if there exists u € C((supp(mg))?)
such that g — m(g) = u — uo o holds throughout (supp(my))Z.

Proof. Denote the topological support of mg by S. The implication that the cohomology
equation implies vanishing of o2 is obvious. In order to prove the other implication, assume
without loss of generality that m(g) = 0. Because of Theorem 2.51 from [11]) there exists
u € La(m) independent of the past (as so is g) such that

(7.3) g=u—uog

in the space La(m). Our goal now is to show that u has a continuous version and (7.3)
holds at all points of S%. In view of Lusin’s Theorem there exists a compact set K C S%
such that m(K) > 1/2 and the function u|x is continuous. So, in view of Birkhoff’s Ergodic
Theorem there exists a Borel set B C SZ such that m(B) = 1, for every w € B, 0 "(w) € K
with asymptotic frequency > 1/2, u is well-defined on |J/>° _ o~"(B), and (7.3) holds on

te o7™(B). Let Z_ = {—1,-2,...} and let {m,}

n=—oo

conditional measures for the partition {{7}x I}

rer?— be the canonical system of
rer?— With respect to the measure m. Clearly,
each measure m., projected to I, coincides with m . Since m(B) = 1, there exists a Borel
set F' C S%- such that m_(F) = 1 and m, (BN ({7} x IN)) = 1 for all 7 € F, where m_
is the infinite product measure on S%-. Fix 7 € F and set Z = pn(B N ({7} x IV)), where
pn @ IZ — IV is the natural projection from IZ to IN. The property that m, (BN({r}xIY)) =1
implies that Z = SN. Now, it immediately follows from the definitions of Z and B that
for all 2,y € Z there exists an increasing sequence (n;)72, of positive integers such that
o " (tx),0”™(1y) € K for all k > 1. For every 0 < g < nj we have from (7.3) that

> (97 (07 (1y))) — g(0? (07 (r2)))) + Z (9(c7 (07" (y))) — g(o? (7™ (12))))
=0 j=nk—q+1

= (u(o™"™(ry)) — ule™"* (12)) + (u(Tz) — u(1y)).

Since g € H,, we have

S (907 (0" (ry))) — (07 (0~ Z l9(0 (o= (7)) — g(o? (=" ()]
Jj=0 Jj=
< 3 (g™ < va(g)(1— r)1R1,
=0

Now, fix ¢ > 0. Take ¢ > 1 so large that v, (g)(1—r) 'k < £/2. Since the function g : IZ — R
is uniformly continuous with respect to the pseudometric d, there exists § > 0 such that
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l9(b) — g(a)| < 3; whenever d(a,b) < 4. Assume that d(z,y) <0 (so d(c™(tx), 07 (1y)) < 6
for all ¢ > 0) It follows now that for every k > 1 we have

€
2q

£ £ —np —n
<5+ g5 HlueT™ () —ulo T (1))l

— et S+ ulo " (ry)) — u(e " (ra))]

u(rz) — u(ry)] < ve(g)(1 = £) 767 + g0+ [u(o™ ™ (1Y) — u(o ™" (1))

Since o~ (7x),0 " (Ty) € K for all k > 1, since limy_, o d(o™ ™ (12),0 ™ (7y)) = 0, and
since the function w, restricted to K, is uniformly continuous, we conclude that

Tim [u(o ™" (y)) — u(o™"(72))] = 0.

We therefore get that |u(rz) — u(7y)| < € and this shows that the function w is uniformly
continuous (with respect to the metric d) on the set

W= UFBm({T} x V)

Since W = S% (as m(W) = 1) and since u is independent of the past, we conclude that
u extends continuously to S%. Since both sides of (7.3) are continuous functions, and the
equality in (7.3) holds on the dense set W No~1(W), we are done. O

7.2. Classical Conformal Expanding Random Systems. If a classical system is confor-
mal in the sense of Definition 5.1 and if the potential is of the form ¢ = —tlog|f’| for some
t € R then we will call it classical conformal expanding random system

Theorem 7.6. Suppose f: J — J is a classical conformal expanding random system. Then
the following hold.

(a) The asymptotic variance o?(P(h)) exists.

(b) If 02(P(h)) > 0, then the system f : J — J is essential, H"(J,) = 0 and P"(J,) =
+o0o for m-a.e. x € IZ.

(c) If, on the other hand, o®(P(h)) = 0, then the system f : J — J, reduced in the base
to the topological support of m (equal to supp(mg)?), is quasi-deterministic, and then
for every x € supp(m), we have:

(cl) v! is a geometric measure with exponent h.

(c2) The measures v, H"|7, , and P"| 7, are all mutually equivalent with Radon-
Nikodym derivatives separated away from zero and infinity independently of x €
I” and y € J,.

(¢3) 0 < HM(T,), P"(T:) < 400 and HD(J,) = h.

Proof. Tt follows from Corollary 7.4 that the asymptotic variance o(P(h)) exists. Combining
this corollary (the Law of Iterated Logarithm) with Remark 5.5, we conclude that the system
f:J — J is essential. Hence, item (b) follows from Theorem 5.7(a). If, on the other hand,
o2(P(h)) = 0, then the system f : J — J, reduced in the base to the topological support
of m (equal to supp(mg)?), is quasi-deterministic because of Proposition 7.5, Theorem 7.3
(P(h) € Hy), and Remark 5.6. Items (c1)-(c4) follow now from Theorem 5.7(b1)-(b4). We

(Il

are done.

As a consequence of this theorem we get the following.
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Theorem 7.7. Suppose f: J — J is a classical conformal expanding random system. Then
the following hold.
(a) Suppose that for every x € 1%, the fiber J, is connected. If there exists at least one
w € supp(m) such that HD(J,,) > 1, then HD(J,) > 1 for m-a.e. z € IZ.

(b) Let d be the dimension of the ambient Riemannian space Y. If there exists at least
one w € supp(m) such that HD(J,,) < d, then HD(J,) < d for m-a.e. = € I%.

Proof. Let us proof first item (a). By Theorem 7.6(a) the asymptotic variance o?(P(h))
exists. If 02(P(h)) > 0, then by Theorem 7.6(a) the system f: 7 — J is essential. Thus the
proof is concluded in exactly the same way as the proof of Theorem 5.8(3). If, on the other
hand, o2(P(h)) = 0, then the assertion of (a) follows from Theorem 7.6(c4) and the fact that
HD(J,,) > 1 and w € supp(m).

Let us now prove item (b). If 02(P(h)) > 0, then, as in the proof of item (a), the claim
is proved in exactly the same way as the proof of Theorem 5.8(4). If, on the other hand,
o?(P(h)) = 0, then the assertion of (b) follows from Theorem 7.6(c4) and the fact that
HD(Jw) < d and w € supp(m). We are done. O

7.3. Complex Dynamics and Briick and Biirger Polynomial Systems. We now want
to describe some classes of examples coming from complex dynamics. They will be classical
conformal expanding random systems as well as G-systems defined later in this section. In-
deed, having a sequence of rational functions F' = {f,}°2, on the Riemann sphere C we say
that a point z € C is a member of the Fatou set of this sequence if and only if there exists
an open set U, containing z such that the family of maps {f,|v. }52, is normal in the sense
of Montel. The Julia set J(F') is defined to be the complement (in C) of the Fatou set of F.
For every k > 0 put Fr, = {fr4n 52, and observe that
(7.4) T (Fi1) = fi(T (Fi))-
Now, consider the maps
fo(2) = fac(z) =2 +¢, d>2.

Notice that for every e > 0 there exists d. > 0 such that if |c| < §,, then

f-(B(0,¢)) C B(0,¢).
Consequently, if w € B(0,¢)%, then J({f.,}3%,) C {z € C: |z| > ¢} and

d-1
(7.5) 1o (2)] = de
for all z € J({fu,,, tnzo) Let 6(d) = sup {55 re> 1 1/d}. Fix 0 < § < §(d). Then there
exists € > ?7{/1/d such that § < .. Therefore, by (7.5),
d—
(7.6) |fo ()] = de®!

for all w € B(0,6)%, all k > 0 and all z € J({fu,,., }520). A straight calculation ([4], p. 349)
shows that 6(2) = 1/4. Keep 0 < § < 6(d) fixed. Let

fdﬁ = {fd,c 1cE E(O,(g)}

Consider an arbitrary ergodic measure-preserving transformation § : X — X. Let m be
the corresponding invariant probability measure. Let also H : X — F4 s be an arbitrary
measurable function. Set fy, = H(z) for all z € X. For every x € X let J, be the
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Julia set of the sequence { fgn () }neg, and then J = |J,cx J». Note that, because of (7.4),
fa,2(Jz) = Jo(a)- Thus, the map

(7.7) fase.m(®,y) = (0), fa:(y) z € X,y € T,

defines a skew product map in the sense of Section 2.1 of our paper. In view of (7.7), when
6 : X — X is invertible, fj 50 g is a distance expanding random system, and, since all the
maps f, are conformal, fis50 g is a conformal measurably expanding system in the sense of
Definition 5.1. As an immediate consequence of Theorem 5.2 we get the following.

Theorem 7.8. Let 0 : X — X be an invertible measurable map preserving a probability
measure m. Fiz an integer d > 1 and 0 < § < 6(d). Let H : X — Fgs be an arbitrary
measurable function. Finally, let fq50.1 be the distance expanding random system defined by
formula (7.7). Then for almost all v € X the Hausdorff dimension of the Julia set J, is
equal to the unique zero of the expected value of the pressure function.

Theorem 7.9. For the conformal measurably expanding systems fqs0.m defined in Theo-
rem 7.8 the multifractal theorem, Theorem 6.4 holds.

We now define and deal with Briick and Biirger polynomial systems. We still keep d > 2
and 0 < 6 < 6(d) fixed. Let X = B(0,6)” and let

6 : B(0,6)2 — B(0,6)%

to be the shift map denoted in the sequel by o. Consider any Borel probability measure mg on
B(0,6) which is different from dp, the Dirac § measure supported at 0. Define H : X — Fy5
by the formula H(w) = fq,.w,- The corresponding skew-product map fys5 : J — J is then
given by the formula

fas(w,2) = (0(w), faw (2)) = (0(w), 2" +wo),

and fg6.,(2) = 2%+ wo acts from J,, to J, (), where T, = T ((faw,)Zo). Then f: T — J
is called Briick and Biirger polynomial systems. Clearly, f : J — J is a classical conformal
expanding random system.

In [4] Briick speculated on page 365 that if § < 1/4 and mg is the normalized Lebesgue
measure on B(0,6), then HD(J,) > 1 for m -a.e. w € B(0,)" with respect to the skew-
product map

(w,2) = (o(w), 2% + wo).

In [5] this problem was explicitly formulated by Briick and Biirger as Question 5.4. Below
(Theorem 7.10) we prove a more general result (with regard the measure on B(0,§) and the
integer d > 2 being arbitrary), which contains the positive answer to the Briick and Biirger
question as a special case. In [4] Briick also proved that if § < 1/4 and the above skew product
is considered then A\2(J,) = 0 for all w € B(0,6)N, where A2 denotes the planar Lebesgue
measure on C. As a special case of Theorem 7.10 below we get a partial strengthening of
Briick’s result saying that HD(7,) < 2 for m -a.e. w € B(0,5)N. Our results are formulated
for the product measure m on B(0, )%, but as m is the projection from B(0,d)% to B(0, )N
and as the Julia sets J,, w € B(0,6)? depend only on w|f>, i.e. on the future of w,
the analogous results for m and B(0,0)" follow immediately. Proving what we have just
announced, note that if wy € supp(mg) \ {0}, then

HD(jw(‘]”)) = HD(j(fwo)) € (172)
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(the equality holds already on the level of sets: Juee = J(f.,)), and by [5], all the sets 7,
w € B(0,6)%, are Jordan curves. Hence, since f : J — J is a classical conformal expanding
random system, as an immediate application of Theorem 7.7 we get the following.

Theorem 7.10. If d > 2 is an integer, 0 < § < 6(d), the skew-product map fas5: T — T is
given by the formula

fd,(S(CU, Z) = (U(W)v fd,wo(z)) = (U<W), Zd + W0)7

and mq is an arbitrary Borel probability measure on 2(0,6), different from dy, the Dirac ¢
measure supported at 0, then for m-almost every w € B(0,8)% we have 1 < HD(J,) < 2.

8. DENKER-GORDIN SYSTEMS

We now want to discuss another class of expanding random maps. This is the setting from
[8]. In order to describe this setting suppose that Xy and Zy are compact metric spaces and
that 6y : Xg — X and Ty : Zyg — Zj are open topologically exact distance expanding maps
in the sense as in [18]. We assume that T is a skew-product over Zy, i.e. for every z € Xy
there exists a compact metric space J, such that Zy = Uxcx, {7} X J: and the following
diagram commutes

T
Zo 0, 7,
s ™
)
X0 ° . X,

where 7(x,y) = x and the projection 7 : Zy — Xj is an open map. Additionally, we assume
that there exists L such that

(8.1) dx,(0o(x),00(z")) < Ldx(z,2")

for all x € X and that there exists & > 0 such that, for all z, 2’ satisfying dx,(z,2") < &
there exist 3,7’ such that

(8.2) d((z,y), (=',y")) <&
We then refer to Ty : Zg — Zy and 6y : Xo — X as a DG-system. Note that

To({x} x Tp) C {bo(x)} X Toy(a)

and this gives rise to the map T, : Jo — Ty, (a)-

Since Ty is distance expanding, conditions uniform openness, measurably expanding mea-
surability of the degree, topological exactness (see Chapter 2) hold with some constants
Yo > v > 1, deg(T,) < N1 < 400 and the number n, = n,(z) in fact independent of x.
Scrutinizing the proof of Remark 2.9 in [8] one sees that Lipschitz continuity (Denker and
Gordin assume differentiability) suffices for it to go through and Lipschitz continuity is incor-
porated in the definition of expanding maps in [18]. Now assume that ¢ : Z — R is a Holder
continuous map. Then the hypothesis of Theorems 2.10, 3.1, and 3.2 from [8] are satisfied.
Their claims are summarized in the following.

Theorem 8.1. Suppose that Ty : Zg — Zy and 0y : Xg — Xo form a DG system and that
¢ : Z — R is a Hélder continuous potential. Then there exists a Holder continuous function
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P(¢) : Xo — R, a measurable collection {v,}zex, and a continuous function q : Zy — [0, +00)
such that

(a) Vgy(a)(A) = exp(Pu()) [, e % dvy for all z € X, and all Borel sets A C J, such
that Ty| 4 is one-to-one.

(b) sz qzdvy = 1 for all x € Xg.

(¢) Denoting for every x € Xo by p, the measure q,v, we have

Z (T 1 (A)) = pp(A) for every Borel set A C J, .
weby * (x)

This would mean that we got all the objects produced in Section 4 of our paper. However,
the map 0y : Xg — Xp need not be, and apart from the case when X; is finite, is not
invertible. But to remedy this situation is easy. We consider the projective limit (Rokhlin’s
natural extension) 6 : X — X of 6 : Xo — Xo. Precisely,

X ={(xn)n<o : Oo(xn) = Tpy1Vn < —1}
and

0((2n)n<o) = (00(xn))n<o-

Then 6 : X — X becomes invertible and the diagram

)
X X
(8.3) D P
0
X 0 . X,

commutes, where p((xn)n < O) = z¢. If in addition, as we assume from now on, the space
X is endowed with a Borel probability fy-invariant ergodic measure myg, then there exists a
unique f-invariant probability measure measure m such that m o7t = mg. Let

Z = | J{a} x Tnp-
reX
We define the map T : Z — Z by the formula T'(z,y) = (0(x),T,,(y)) and the potential
X 3z — ¢(xg) from X to R. We keep for it the same symbol ¢. Clearly the quadruple
(T,0,m,¢) is a Holder fiber system as defined in Section 2 of our paper. It follows from
Theorem 8.1 along with the definition of # a commutativity of the diagram (8.3) for z € X
all the objects Py (¢) = Pyy(9), Ao = exp(Pr(®))s ¢o = Qugs Vo = Vo, and iy = piz, enjoy all
the properties required in Theorem 3.1 and Theorem 3.2; in particular they are unique. From
now on we assume that the measure m is a Gibbs state of a Holder continuous potential on
X (having nothing to do with ¢ or P(¢); it is only needed for the Law of Iterated Logarithm
to hold). We call the quadruple (7,6, m, ¢) DG*-system.
The following Holder continuity theorem appeared in the paper [8]. We provide here an
alternative proof under weaker assumptions.

Theorem 8.2. If dx(z,2') <&, then |y — M| < Hd% (z, ).
Proof. Let n be such that
(8.4) dx (6?7 1(z),0*" 1 (2")) < & and dx (6°"(z), 0" (z)) > &.
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Let z € T72""1(y) and 2’ € T~2"1(y'). Then for all k =0,...,n —1
p(T*(2)) = p(T*(2"))] < Cd*(T*(2), T*(2')) < Oy~ omy~ o=k De,

Then
Suplz) = Sug)] < T
Put C" :=C¢/(1 — ). Then
n—1
L0 (w _ /:g(z)]l(w) _
log == < OlyTem and ‘ og ———=——| < C'y7om,
’ & E;,Il(w’) - v & »Cg(;,l)]l(w/) — v
Then
n]l n,]l /
50(90)]1(11}) EG(I,)]l(w )
Let o/ := (alog~)/(2log L). Then by (8.4)
2n 2n (. )\ nya'
,ana — L72na' < (d(a (LE/),@ (‘?: ))) < (d(%,:ﬂ/)) )
fix [ —2na il
Then (8.5) finishes the proof. O

Since the map 6y : Xo — X is expanding, since m is a Gibbs state, and since P(¢) : X —
R is Holder continuous, it is well-known (see [18] for example) that the following asymptotic
variance exists

P*(P(@) = lim - [ (8.(P(@) - neP(@)) dm.

n—oo n

The following theorem of Livsic flavor is (by now) well-known (see [18]).

Theorem 8.3. Suppose (T,0, m, @) is a DG*-system. Then the following are equivalent.
(a) o*(P(¢)) = 0.
(b) The function P(¢) is cohomologous to a constant in the class of real-valued continuous

functions on X (resp. X ), meaning that there exists a continuous functionu : X — R
(resp. u: Xo — R) such that

P(¢) = (u—wucl) (resp. P(¢) = (u—wuocby))

15 a constant.

(¢) The function P(¢) is cohomologous to a constant in the class of real-valued Holder
continuous functions on X (resp. Xo), meaning that there exists a Holder continuous
function u: X — R (resp. u: X — R) such that

P(p)—(u—uob) (resp. P(¢p)— (u—wuoby))

18 a constant.
(d) There exists R € R such that P(¢) = nR for alln > 1 and all periodic points © € X
(resp. Xo).

As a matter of fact such theorem is formulated in [18] for non-invertible (6y) maps only but it
also holds for the Rokhlin’s natural extension 6. The following theorem follows directly from
[18] and Theorem 8.1 (Holder continuity of P(¢)).
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Theorem 8.4. (the Law of Iterated Logarithm) If (T,0,m, ¢) is a DG *-system and if o*(P(¢)) >
0, then m-a.e. we have

/307 (P(@)) = limint L2\ ZMEP©@) o T O = nEPO) _ p .

n—oo  y/nloglogn n—oo vnloglogn
8.1. Conformal DG*-Systems. Now we turn to geometry. This section dealing with, be-
low defined, conformal DG*-systems is a continuation of the previous one in the setting of
conformal systems. We shall show that these systems naturally split into essential and quasi-
deterministic, and will establish their fractal and geometric properties. Suppose that (fo,60)
is a DG-system endowed with a Gibbs measure mg at the base. Suppose also that this system
is a random conformal expanding repeller in the sense of Section 6.1 and that the function
¢ : Z — R given by the formula

o(x,y) = —log|f(y)l,

is Holder continuous.

Definition 8.5. The corresponding system (f, 8, m) = (f, 8, m, ) (with 6 the Rokhlin natural
extension of 6y as described above) is called conformal DG*-system.

For every t € R the potential ¢, = t¢, considered in Section 6.2, is also Hélder continuous.
As in Section 6.2 denote its topological pressure by P(t). Recall that h is a unique solution to
the equation EP(t) = 0. By Theorem 5.2 (Bowen’s Formula) HD(7,) = h for m-a.e. € X.
As an immediate consequence of Theorem 5.7, Theorem 8.4, and Remark 5.6, we get the
following.

Theorem 8.6. Suppose (f,0,m) = (f,0,m,d) is a random conformal DG*-system.
(a) If o*(P(h)) > 0, then the system (f,0,m) is essential, and then

HYT) =0 and P"T) = +oc.

(b) If, on the other hand, o(P(h)) = 0, then (f,0,m) = (f,0,m, ¢) is quasi-deterministic,
and then for every x € X, we have that v? is a geometric measure with exponent h
and, consequently, the geometric properties (GMI1)-(GM3) hold.

Exactly as Corollary 5.8 is a consequence of Theorem 5.7, the following corollary is a
consequence of Theorem 8.6.

Corollary 8.7. Suppose (f,0,m) = (f,0,m, ) is a conformal DG*-system and o*(P(h)) >
0. Then the system (f,0,m) is essential, and for m-a.e. x € X the following hold.
(1) The fiber T, is not bi-Lipschitz equivalent to any deterministic nor quasi-deterministic
self-conformal set.
(2) T is not a geometric circle nor even a piecewise smooth curve.
(3) If J. has a non-degenerate connected component (for example if J, is connected),
then
h=HD(J,) > 1.
(4) Let d be the dimension of the ambient Riemannian space Y. Then HD(J,) < d.

Now, in the same way as Theorem 7.7 is a consequence of Theorem 7.6, Corollary 8.7 yields
the following.

Theorem 8.8. Suppose (f,0,m) = (f,0,m,d) is a conformal DG*-system. Then the follow-
ing hold.
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(a) Suppose that for every x € X, the fiber J, is connected. If there exists at least one
w € supp(m) such that HD(J,,) > 1, then

HD(J;) > 1 for m-a.e. x€I”.

(b) Let d be the dimension of the ambient Riemannian space Y. If there exists at least
one w € X such that HD(J,,) < d, then HD(J,) < d for m-a.e. x € X.

We end this subsection and the entire section with a concrete example of a conformal
DG*-system. In particular, the three above results apply to it. Let

X:=58;,={z€C:|z| =6}

Fix an integer k¥ > 2. Define the map 6y : X — X by the formula 6y(z) = §'*2*. Then
04 (x) = k61 ~*2*~1 and therefore |0} (z)| = k > 2 for all x € X. The normalized Lebesgue
measure Ag on X is invariant under 6y. Define the map H : X — Fy by setting H(z) = f,.
Then

fGO,H,O(SE’y) = (k(slikxkilagd + (E)
Note that (f907H70,90,)\0) is a uniformly conformal DG-system and let (fg z,6,A) be the
corresponding random conformal G-system, both in the sense of Section 5. Theorem 8.6,
Theorem 8.8, and Corollary 8.7 apply.

9. RANDOM EXPANDING MAPS ON SMOOTH MANIFOLD

We now complete the previous examples with some remarks on random maps on smooth
manifolds. Let (M, p) be a smooth compact Riemannian manifold. We recall that a differen-
tiable endomorphism f : M — M is expanding if there exists v > 1 such that

| f2 ()] = ~|[v]] for all x € M and all v € T, M .

The largest constant v > 1 enjoying this property is denoted by ~v(f). If ¥ > 1, we denote by
E,(M) the set of all expanding endomorphisms of M for which v(f) > . We also set

&) = | & (),

i.e. E(M) is the set of all expanding endomorphisms of M.
9.1. Topological exactness. We shall prove the following.

Proposition 9.1. Suppose that for each n > 1, f, € &M) and lim, oo I17_;v(f;) = +oo.
If U is a non-empty open subset of M, then there exists k > 1 such that F,(U) = M, where
Fi = fro fe—10...0 fi. If there exists v > 1 such that f,, € (M) for all n > 1, then for
every r > 0 there exists ki, > 1 such that for every x € M, we have

Fy (B(x,r)) = M.

Proof. Let M be the universal cover of M and let 7 : M — M be the corresponding
projection. Let ¢ = dim(M) be the dimension of M. It is well known that M is diffeomorphic
to R? and that M can be canonically endowed with a Riemannian metric j such that for
every x € M, the derivative Dym : Tx M — Tr(z)M is an isometry and all covering maps of

M are isometries too. Fix a point w € M. Since

U m(B(w,R)) =7 ( U B(w,R)) =n(M) = M,

R>0 R>0
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since the sets 7(B(w, R) form an ascending family and since all of them are open, it follows
from compactness of M that there exists R > 0 such that

(9.1) 7(B(w, R)) = M.

Since the the group of deck transformations of M acts transitively on each fiber, 7= 1(z),
where € M, and since each deck mapping is an isometry, we conclude from (9.1) that

(9.2) m(B(z,2R)) =M for all z € M.

Now, each map f, : M — M has a lift fn : M — M such that f, om = 7o f,. Clearly
fn: M — M is a diffeomorphism and

P(fn(@), fa(y)) = 1(fa)B(a,y)  forall az,ye M.
Consequently,
PFn (), Fn(y)) = Ty v(f3)p(2,y),

where Fk = fk o f~k,1 0...0 fl and
(9.3) w(B(z,7)) 5 B (Fu(2). r_7(f))

for all z € M and all » > 0. Now, since U is a non-empty open subset of M, the set 7=1(U)
is open in M. Thus, there exists r > 0 such that

(9.4) B(z,r) c 7 HU).

Take n, > 1 so large that rII7_;y(f;) > 2R. It then follows from this, (9.4), (9.3), and (9.4),
that

Fo,(U) = 7 (P, (x71(U))) 5 7 (B (B(,7)) > 7 (B (P, (@), 2R) ) = M.

The first assertion of our proposition is thus proved. The seccond assertion also follws from

this proof by taking k, = FE (%) + 1. 0

9.2. Stationary measures. Let M be an n- dimensional compact Riemannian manifold and
let I be a set equipped with a probabilistic measure mgy. With every a € I we associate a
differentiable expanding transformation f, of M into itself. Put X = I” and let m be the
product measure induced by mg. For = ...a_japa; ... consider ¢, := —log|det f; |. We
assume that all our assumption are satisfied. Then the measure v = voly; (where voly; is the
normalized Riemannian volume on M) is the fixed point of the operator £} , with A, = 1.
Let g, be the function given by Theorem 3.1, and let u, be the measure determined by

We write IZ = I™N x IN where points from I~ we denote by = = ...a_sa_; and from
IN by 2t = agai.... Then 2T means £ = ...a_1apa1 .... Note that g, does not depend
on zT, since nor does Ly 1(y). Then we can write q,- := ¢, and pi,- = p,. Since
pa(g o fag) = Ho(a),

(9.5) pz— (9 © fa) = Ha—a(9)

for every a € 1.
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Define a measure p* by du* = dp,-dm™(x~) where m™ is the product measure on I,
Then by (9.5)

[wtge fdmo(@ = [ (g0 fa)im™ ()
— [ [ 1ealg)im™ @ )dmo(a) = u(9).

Therefore, p* is a stationary measure.

10. APPENDIX A: THE PRESSURE AS A FUNCTION OF A PARAMETER

Here, we will have a careful close look at the measurable bounds obtained in Section 3
from which we deduce that the theorems from that section can be proved to hold for every
parameter and almost every x (common for all parameters).

10.1. The pressure as a function. In this section we only assume that T : J — J is a
measurable expanding random map. Let o1, o) € H,,(J) and let t = (t1,t5) € R?. Put

(10.1) [t| := max{|t1], |t2|} and t* := max{1, |¢|}.
Set @y =: t1pM) + 502 and
(10.2) ¢ = lpM] + [¢®)].

Fix o > 0 and a measurable log-integrable function H : X — [0, +00) such that o), o3 €
HE (T, H). Then for all z € X and all y1,y2 € J,, we have

ot (y2) — ot (1) < Haltapg (y2, y1) + Haltz|pg (y2, 1) < 2[t[Hupg (y2,y1)
Therefore p; € HY (T, 2[t|1H) C H (T, 2t*H). Also, for all € X and all y € J,,, we have
1S @te )] < [t1]1Sn el W) + 21150 e ()] < [8]Snpa ()] < [t]]]SnPalloo-
This implies
(10.3) [[Sn@tzlloo < [H[1Sn@elloo < t°]|Snpz|loo-

Concerning the potential ¢, we get

2 (y2) — 0P (y1)| < 2H,p% (yo, 1)

|02 (y2) — a(yr)] < [|08 (y2) — @&”(yl)‘ +
Thus
(10.4) p €M (T, 2H).

Denote by Ct, Ct max, Ctmin, De ¢ and 5i(s), the respective functions associated to the po-
tential ¢, as in Section 3.2. If the index ¢ is missing, these numbers, as usually, refer to the
potential ¢ given by (10.2). Using (10.3) and (10.4), we then immediately get

(10.5) Deq(x) = D,

Ci(w) < exp(Qx (26" H)) max {exp (27 [1Skezyllo0) }

(10.6)

-
< (eXP(Qx(2H)) Orgggj{exp(2|5k%klloo)}) =G,

*

(10.7) Cimin(z) = exp(—Qq (26" H)) exp(—2t*||Sn¢z||oc) = Cumin ()",
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(10.8) Cimax () = exp(Q, (26" H)) deg(T2) exp (26| |Sn ¢z loo) < Cinax(2),

and therefore,

Cmin(x) b (S - 1)2t*HCE—1’y;_a1 o Cmin(m) b (S - 1)HI717;_041
Prals) 2 ( @) ) Q. ( C,(a) ) 250,

() () -

Finally we are going to look at the function A(x) and the constant B obtained in Proposi-
tion 3.17. We fix the set

G:={z:0, > M and j(z) < J}
as defined by (3.35). Note that by (10.1), for z € G we have, 3, > M". Denote by G’_ the
corresponding visiting set for backward iterates of 8, and by (nj)$° the corresponding visiting

sequence. In particular limy_, o n% > %. Putting B; = “V/1 — M- and
Ay(w) i= max{2Cki, (@) By ", Ol (1) + Cli (@)}

as an immediate consequence of Proposition 3.17 and its proof along with our estimates above,
we obtain the following.

Proposition 10.1. For every t € R?, for every x € G'_, and every g, € AL
I1£5_, 192 — dralloo < Ai(2) B
More generally, if g. € H*(J.), then

1800 = ([ gwtin)1]| | < ct@ @) ( [ loal i + 222228, 00 )7

In here and in the sequel, by qi., A{, and Li, we denote the respective objects for the
potential @y.

Remark 10.2. Tt follows from the estimates of all involved measurable functions, that, for
R > 0 and ¢ € R such that |¢| < R, the functions A; and B; in Proposition 10.1 can be
replaced by Apmax(r,1} and Bax{r,1} respectively.

Now, let us look at Proposition 3.19. Similarly as with the set G, we consider the set X 4
defined by (3.38) with A(z) generated by ¢. So, if x € X4, then A¢(x) < A; for some finite
number A; which depends on t. Denote by X 1’4’ . the corresponding visiting set intersected
with G’_. Therefore, the following is a consequence of the proof of Proposition 3.19 and the
formula (3.43).

Proposition 10.3. For every R >0, every x € Xy |, and every g, € C(J,) we have that

L 90 — (/grdﬂt,zﬁen(@ Lo} =0.

Moreover, we obtain the following consequence of Lemma 3.28 and (10.5).

lim sup { ’

Lemma 10.4. There exist a set X' C X of full measure, and a measurable function X >
x +— Dq(x) with the following property. Let v € X', let w € J, and let n > 0. Puty = (z,w).

Then
v (T, " (B(T"(y),€)))
exp(Sn@t(y) — SnPr(pt))

(D1(0" ()" < < (Du(0" ()"
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for all t € R2.

For all t € R? set
EP(t) := EP(ipy).
We now shall prove the following.

Lemma 10.5. The function EP : R? — R is convex, and therefore, continuous. There exists
a measurable set X¢ such that m(X¢) =1 and for all v € X¢ and all t € R?, the limit

1
(10.9) lim —log £}, 1(w,)

n—oo N
exists, and is equal to EP(t).

Proof. By Lemma 4.6 and Lemma 3.27 we know that for every ¢ € R? there exists a measurable
X/ with m(X]) =1 and such that

1 1
(10.10) lim —log L} 1(w,) = lim —log A}, = EP(1)
n—oo n ’ n—oo n ’
for all z € X]. Fix A € [0,1) and let t = (t1,t2) and ¢ = (#},t5) € R?. Holder’s inequality
implies that all the functions R? > t +— %log L3 A(wy), n > 1, are convex. It thus follows
from (10.10), that the function R? > ¢ — EP(t) is convex, whence continuous. Let

X = ﬂ X/
teQ?

Since the set Q? is countable, we have that m(X¢) = 1. Along with (10.10), and density of
Q? in R?, the convexity of the functions R? 3 ¢ — L log £}, 1(wy) implies that for all z € X¢
and all ¢t € R? the limit lim, % log L}, 1(w,) exists and represents a convex function,
whence continuous. Since for all ¢ € Q? this continuous function is equal to the continuous
function EP, we conclude that for all z € X¢ and all ¢t € R?, we have

1
lim —log £}, 1(wy,) = EP(t).

n—oo 1

We are done. O

Lemma 10.6. Fix t; € R and assume that there exist measurable functions L : X > x +—
L,eRandc: X 3 x— ¢, >0 such that

(10.11) Snpz1(z) < —ncy + Ly for every z€ J, and n>1.
Then the function R 3 t1 — EP(t1,t2) € R is strictly decreasing and

(10.12) lim EP(ty,t3) = —o0 and  lim EP(t1,ta) =400 m —a.e.

t1—+o0 t1——00
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Proof. Fix x € X¢. Let t; < ¢}. Then by (10.11)
Z exp(Sngo(tlth)(z)) = Z exp(tlSngol(z)) exp(tQSncpg(z))

2€TE " (wy) 2€T; " (wn)

= Z exp (t'l Sngal(z)) exp(tQSngog(z)) exp((t1 — ta)Sngol(z))
2€T, " (wn)

> Z exp (1 Snp2(2)) exp(t2Snp2(2)) exp((t1 — 1) (Le — ney))
2€T, " (wn)

= Z exp(Sn@ (1) (2)) exp((t) — t1)(nee — Ly))
2€T; " (wn)

Therefore,

1 n 1 n
n log L7, 1(wy) > " logﬁ(t’l,tQ),x]l(wn) + (t1 —t1)(ce — La/n).

Hence, letting n — oo, we get from Lemma 10.5 that EP(t1,ta) > EP(t),ta) + (8] — t1)cs. It
directly follows from this inequality that the function t; +— EP(t1,t2) is strictly decreasing,
that limy, 4o EP(t1,t2) = —oo and that limy, o, EP(t1,t2) = 400. O

11. APPENDIX B: REAL ANALYTICITY OF THE PRESSURE

In this Appendix we adapt the approach of Rugh [20] based on complex cones and establish
real analyticity of the pressure function. Via Legendre transformation, this completes the
proof of real analyticity of the multifractal spectrum (see Section 6).

11.1. Real cones. Let H, := Hg, := H*(J,) and let He , := Hr,z @ iHr 5 its complexifi-
cation.

(11.1) Csi=Ch = {9 € Hy : g(wy) < e (W1:22) g (1) if o(wy, wo) < €}

Whenever it is clear what we mean by s, we also denote this cone by C,.
By CJ we denote the subset of all non-zero functions from C3. For I € (H,)*, the dual
space of H,, we define

lallglla
K(C;,l):= sup ————.
* gect ‘<l’g>|

Then the aperture of Cj is
K(C;) :=inf{K(C;,l): 1l € (Hy)",1 #0}.
Lemma 11.1. K(C) < co. This property of a cone is called an outer regularity.

Proof. Let w, € J, k =0,..., N be such that Ui;l B(wyg, &) = J. Define

LT/

(11.2) lo(g) == _ g(wy).
k=1

Then by Lemma 3.11 we have

9l < (5Qu(exp(sQu€)) +1)llglloo < (5Qu(exp(sQuE™)) +1) exp(sQuE)o(9)-
Note that ||lg]|a = Lz, since lo(9) < Lg||g||oo < Lz||glla and lg(1) = L, = L.||1||o. Hence

lollalglle <K, :=1L, (st(exp(SQzﬁa)) + 1) exp(sQ2£”).

(1L3) or9)
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Let

, o 8Que e+ He 020

v Qa '

By (3.33) for s > 1, s/, < s. Moreover, like in (3.32) we have the following.

S

Lemma 11.2. Let g € C and let wi, wy € Jp(z) with o(wy,wz) < &. Then, fory € Ty ' (wy)

e () a(y)

11.4 : - { / P, }
(19 Ty ) g(Ty ) — 7 86(2) Qo () 0" (W1, w2)
Consequently

L.g(wr) ,

ZEINT) < o

Loglws) ~ 7 {60 Qoo™ (wrw2) |
Lemma 11.3. There is a measurable function Cr : X — (0,00) such that

L, g(w)

L g(x) = w(z) for everyi > j(z) and g € CS

Proof. First, let i = j(z). Let a € T, " (z) be such that

eiP@Wga) = sup eS*Wg(y).
YeT: ", (2)

By definition of j(z), for any point w € J, there exists b € T, * (w) N B(a, ). Therefore

L g(w) > 5 =P g(2) > exp(Sipa_, (b) — Sipa_, (a))e® 7=V e g(q)

exp(—2||5- x (pm_]- z ||oo - SQw) i _ i
> M) £i (=) > (Cr(z) 'L g(2)

- deg(Tg_j)
where
-1
€xXp ( —8Qy — 2||Sj(r)90w—j<m) HOO)
(11.5) Cr(z) = (2) =1
deg(Ti,j )
The case i > j(z) follows from the previous one, since E;_,Z(x)gx,i € Cf:,j(wy -

Let s > 1 and s’ < s. Define

1—e — (s +5")Qr* /
(11.6) Ty i= Tg,s,s = SUP xp( ( /)Q ) < S+ s/'
re(o,e] 1 —exp ( —(s—s )er‘l) s— 5

Lemma 11.4. For g,, f, € le,

SUPye, [92(y)]

o z— 9z € Cp -
nfyes | fuly) 9 R
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Proof. For all w,z € J, with 0,(z,w) < &,
7allgi/ Foloo (03D (5Qu08 (2, w)) fu(2) = fu(w) )
> 790/ Fullo ((€xP (5Qu0 (2, w) = exp (5'Quel (2, ) ) fol2)
> (eXp (5Qu05 (2,w)) —exp (— SIQng(Zaw))>9x(z)
> exp (sQu 05 (2,0)) g2 (2) — gu(w).
Then exp (sQu03 () (allg/ flloofo(2) = 92(2)) = Tallg/ Flloofo(w) = g2 (w). O
We say that g, € C3 is balanced if

(11.7) Ja(v) < Cr(z) forall y1,y2 € Ty
fw (y2)
Let gy, fo € C3. Put By s(fy, gz) :=inf{r > 0: 7f, —g, € C3} and define the Hilbert projective
distance Pdist : C; x C; — R by the formula
PdiStx(fxagac) = PdiStx,s(fxagac) = IOg(ﬁx,s(f:mgx) . ﬁaﬁ,s(g:m fa:))
Let ‘
Ay = diames (L], (C7  r)),
where diames | is the diameter with respect to the projective distance and j = j(x). Then by
Lemma 11.2, Lemma 11.3 and Lemma 11.4 we get the following.

Lemma 11.5. If g,, f, € C;/ are balanced, then

/
Pdist, (f2, g2) < 2log (5 A CR(a:))

s—5
and, consequently,

+ s

A, < 210g($

s—s'

: CR(I))

11.2. Canonical complexification. Following the ideas of Rugh [20] we now extend real
cones to complex ones. Define C} := {l € (Hy)* : l|c, > 0} and

Cé,w = {g S HCJ : vlhleC; Re<llag><l27g> Z 0}

Denote also by Ca . the set of all g € C¢ , such that g # 0. There are other equivalent
definitions of C¢ ,. The first one is called polarization identity by Rugh in [20, Proposition
5.2].

Proposition 11.6 (Polarization identity).
Cio={alf"+ig"): fr£g" € Cﬂ{z and a € C}.
In our case we can also define C¢ , as follows. Let o(w,w") < &. Define
L, (9) = g(w) — > (g ')
and
Fyp o= {lyw : o(w,w') <&} CCr.
Then
C; ={9 € Hy : Vier,l(g) > 0}.
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Later in this section we use the following two facts about geometry of complex numbers.
The first one is obvious and the second is Lemma 9.3 from [20].

Lemma 11.7. Given c1,co > 0 there exist p1,p2 > 0 such that if sg := c1p2 and
Ze{re™:1<1+s3, |ul <2p1 + 250},

then there exist o, 3,7y > 0 such that ReZ > a, ReZ < 8, ImZ < and vca < a.

Lemma 11.8. Let z1, 29 € C be such that Rez; > Re zy and define u € C though

Z1 _ p?2
i Im z1 e €

€ u

eRe z21 eRe 2o "

Then
|Im(2z1 — 22)] Im(z; — 29) )2
Re(z1 — 22) Re(z1 — 22)
Let ¢ = Re ¢p+iIm ¢ be such that Re ¢, Im ¢ € H*(J). We now consider the corresponding
complex Perron-Frobenius operators £, , defined by

»Cz,gagm(w) = Z ecpz(z)gx(z)7 w e j0(1)~

T (2)=w

|Argul < and 1§\u2|§1+(

Lemma 11.9. Let w,w',z,2" € T, such that o(w,w’) < & and o(2,2") < . Then, for all
91,92 € C; g,
lw,w’ (La:,gagl)lz,z’ (‘Cx,chQ)

=7
lw,w’ (L:m,Rc Lpgl)lz,z’ (Aca:,Rc LpQZ)
where
(11.8) Z A, ={re™:1<r<1+s2|ul <2/[Tme||e + 250}
and
oI ;¢
(11.9) 5o 1= ame)

(s = $h(2)) Qo)
Proof. For y € T, ' (w), by y' we denote T, (w’). Then for g € C,
L (Lapg) i= Lo pg(w) — e *Q= @0 £ g1

= Y efWg(y) — e @ wNer Wy = N ny(p.g),
YETS () YETS ()
where
ny (0, 9) == e%(y)g(y) _ e—Sng“(ww’)esa(y’)g(y/)_
Define implicitly u, so that n,(Rep, g)e!™ ¢y, = n, (¢, g). Put 21 := ¢(y) + log g(y) and
29 1= —5Qz0%(w,w') + p(y') + log g(y'). Then

iIm 21 _ el — e
€ Uy = eRezl _ eRezz :
By (11.4)
Rep(y) —logg(y) — (Rep(y’) +1log g(y")) = —sp(,) Qo) 0™ (wr, wa).
Hence

Re(z1 — 22) > (s = 8p()) Qo(a) 0 (w1, w2).
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We also have that
| Im(21 — 22)| < va(Imp)y, 0™ (w1, w2),

since Im(z1 — z2) = Im ¢(y) — Im ¢(y'). Therefore, by Lemma 11.8

Ve (Im @)y, @

| Arguy| < 5= = )@ and 1< |uy[* <1+ s3.
Since
bow (Lapg) = Y mylp.g)= D €™y, (Regp,g),
y€T * (w) y€T * (w)
L (L
where
ZeA, = {re™:1<r<1+sul <2 Img||o + 250}
Similarly
Lo (Lapg1)lz 2 (Lo pg2) _

L (LaRe 91)lz,2 (L Re 0 92)

for possibly another Z € A,. g
Let p1, p2 be the real numbers given by Lemma 11.7 with
c1 = % and ¢y = cosh 71

Having Lemma 11.9, Lemma 11.7 and Lemma 11.5 the following proposition is a conse-
quence of the proof of Theorem 6.3 in [20].

Proposition 11.10. Let j = j(x). If
(11'10) ||Im’s’47'<p$7j”00 <m and U(X(ImSjsowfj) < po,
then

L, (€. ) CClye

T—j

Let Iy (the functional defined by (11.2)). Then by Lemma 5.3 in [20] we get

lollallglla
K = K(C3,.lp) == sup [lolollglla

< K, = 2V2K/,
gecs, (o, 9)l

where K is defined by (11.3). By I we denote the functional which is a normalized version
of (1/Lz)lo. So [|l|[a = 1. Then, for every g € C¢ ,,

(11.11) 1<
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11.3. The pressure is real-analytic. We are now in position to prove the main result of
this appendix. Here, we assume that T : J — J is uniformly expanding random map. Then
there exists j € N such that j(z) = j for all x € X. Without loss of generality we assume
that j = 1.

Theorem 11.11. Let tg = (t1,...,t,) € R™, R >0 and let
D(to,R) :={z=(z1,--.,2n) € C" : Vi |21 — tx| < R}.

Assume that the following conditions are satisfied.

(a) For every x € X and every w € Ty, 2 — @, z(w) is holomorphic on D(ty, R).
(b) For z € R™* N D(ty,R), ¢2.2 € Hr o

(¢) For all z € D(ty, R) and all x € X, there exists H such that |9, z|o < H.

(d) For every e > 0 there exists 6 > 0 such that for all z € D(to,d) and all z € X,

[T oo < =
Then the function D(tg, R) NR™ 3 z +— EP(¢,) is real-analytic.

Proof. Since we assume that the measurable constants are uniform for z € X we get that
from Proposition 11.10 and condition (d) that there exists r > 0 such that, for all z € D(tg, )
and all x € X,

ﬁz,x,1 (C(é,xfl ) - C([S:vz'

Then by (11.11),

12, Dl _
(L, ()

L2, (D)(w)

Z,T_p

Therefore, by Montel Theorem, the family L) is normal. Since, for all z € R™ N
D(tg,r) and all z € X we have that

L7, (1)(w) )

lx(‘cg,x,n (]1)) n—oo Zx(q.z,xy

we conclude that there exists an analytic function z — g, ,(w) such that

L7 1)(w
(11.12) zr(Zn( )(1); —— Gz (W)
Since, in addition,
L,  (Dw)y L2 (1)(w) L2, (1) (w)
E”(lm(ﬁg’mfn(]l))) T, (£2E (1)) 'lrl( Z"T(Q(EQ’L"(]I))))’

we therefore get that

£, (D)
o Gy

2, —n

) by (£ (02)) 00, -

Thus, using again (11.12), we obtain L. 4(9z,2) = la, (£2,2(92.0))9a,,2- As for all z € D(to, )N
R™,

qz,x — L;pq,z,a:
ly (Qz,x) Z,JLO qz.x (wk)7

9z =
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we conclude that,
zZ,x l{L’ 1,2
(1113) ZI1 ('CZ,Igz,w) = lm1 ('Cz,xqi’) = )\z,zM

By the very definitions
L.
lxl (Ez,wgz,x) = (1/L:c) Z Lz,;cgz,ac (wk)
k=1
and
Lz,zgz,z(w) = Z ewz’z(y)gz,z(y)'
yeT, ' (w)
Denote g, . (w) by F(z) and ¢, ,(w) by G(2). Then, for z = (21,...,2,) € D(to,7/2), and
T(u) = z+ ((r/2)e*™ ™ ... (r/2)e* ) where u = (uy,...,u,) € [0,27]", by the Cauchy
Integral Formula,

OF |t F(¢) .
azk( )’ ’(QWi)Q/I‘(51_Zl)--~(€k—Zk)Q...(£2—Zz)d£ < 2K/

for k =1,...,n. Similarly we obtain that

oG
— <2H
0z <Z)‘ - /’I“
fork=1,...,n. Then, for k=1,...,n,
a Yz, (y) o w
e 9=, (y) ‘ = ‘6@225 )GLPZ,w(y)gZ’I(y) + 6¢z,w(y) ng’;k(y)

8Zk
< (2H/r)e' K + e (2K /r).
It follows that there exists Cy such that for all z € X,

‘ Ol (L2 2922)

11.14
(11.14) or

< C,.

Using (3.19) we obtain that
C;1 S qto,x(y) S Cap
and then
Co <lolaro(v)) < Cy
for all z € X. Moreover, it follows from Lemma 3.6 that Ay, 5 > exp(—||¢1,2]l00)- Then
lrl (qt,fbl)
lz (qt,z)

Hence, by (11.14), there exists r; > 0 so small that

Lz, ('Cz,a:gz,x) S D(Zo, 20/2)

for all z € D(tg,r1). Therefore, for all x € X we can define the function

20 = Uz, (Lty 2 Gt0,2) = Ma > exp(— 51612 ||<,095HOO)C‘;2 > 0.
x

D(to,m1) 3 2z logly, (L£2.2924) € C.

Now consider the holomorphic function

Since the measure m is f-invariant, by (11.13)
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10810, (Leageam(e) = [ 10g Az,rlﬂ;lngydm(x)
z\ldz,z

= /logx\z7zdm+/lwl(qz,wl)dm— /ll(qz,w)dm(x) = /log)\z7zdm:é’P(gpt)
for z € D(tg,r1)NR™. Therefore the function D(tg,1)NR™ 3 2z — EP(p,) is real-analytic. O

12. APPENDIX C: DERIVATIVE OF THE PRESSURE

Now, let T : J — J be uniformly expanding random map. Throughout the section, we
assume that ¢ € H,,(J) is a potential such that there exist measurable functions L : X >
rz— L, €Randc: X 32+ ¢, >0 such that

(12.1) Snpe(2) < —neg + Ly
for every z € J, and n and ¢ € H,,(J). For t € R, define
pr =t + .

Let R > 0 and let [tg| < R/2. Since we are in the uniform case, it follows from Remark 10.2
that there exist constants Ar and Bg such that, for ¢ € [-R, R],

(12.2) HE?—“"Q - (/gmdut,z)

qom (x)

= (loelle + 222 4

Proposition 12.1.
dEP(t
dt( ) :/cpzduidm(x) :/sodut~

Proof. Assume without loss of generality that |t| < R/2 for some R > 0. Let z +— y(z) € Y,
be a measurable function and let

1
EP(Ln) = / " log L1, 1y ().
Then lim,,_,o, EP(t,n) = EP(t) by Lemma 4.6. Fix x € X and put y,, := y(z,). Observe that

dLy 12 (yn) S (ot
T _ n (#5)(Y)
dt = Z e =S, 0. (y)
yET: " (yn)
n—1 n—1
=Y Y S (Tly) = L7 (er; 0 T (yn)-
I=0 yeT; " (yn) J=0

Since Sn(93)(y) = Sj(95)(Y) + Sn—j(#%,)(Ty) we have that
L7 (P, 0 TH(y(n)) = L1537 (00, £1 :12) (y(@n)).
Then by a version of Leibniz integral rule (see for example [17], Proposition 7.8.4 p. 40)
dEP(t,n) / L Lo (0, £1 1) (y(n)
a Ly 1e(yn)

Since £7727(pa, £, 1) (n) = NeLy27 (010,81 010 ) () and L3, Ta(yn) = N2LpLa(yn) we
have that

(
)

dm(z).

(12.3) L7 (P 0 T (yn) _ Loz <“’"’”J‘Eiwﬂz)(yn>
Eﬁxﬂx(yn) ‘C?,m]lx(yn)
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The function ¢, Eixﬂx is uniformly bounded. So does its Holder variation. Therefore it
follows from (12.2), that there exists a constant Ar and Bg such that

and

|22 (02t ) @ /ae, = ([ oaBlutadir )| < ArBy

Hﬁm YYn)/ @z, — s,

‘ S ARB}T%a
o)

From this by (12.3) it follows that

S ou B Nadvty — ARBY T L7, (00, 0 T (yn) _ J #u,LlaTedvl, + ARBy
1+ ARB}% - [,g]lyz (yn) - 1-— ARB}_% ’

Since m is f-invariant, we have that

//cpm Loy 1,dvt Jdm(z //cpm v, (Ao dvidm(z).

Hence, for large n,

n—1 n—j
ffgpw(% L'; J’tlla:fj)duidm(x) - %ijo (ApBg% ) g dEP (o, n)
1+ AgpB}, - dt
n—1 7j n—1 n—j

< ff@:r<% Zj:o ‘C‘le‘fj,t]lej>d1/§3dm(x) - %Zj:o (ArBR ™)

= 1— ARBY '
Therefore

dEP(t
Jim %’n) - / prdpigdm(z)
uniformly for t € [-R, R]. O
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