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(e) Use the methods of Section 7.2 to compute

ki
0 n-1
1 n—2
and thereby obtain expressions for ¢ and S, and eventually show that

R LR 1Y
M:J: = (MWM) Uy A {"""i}klrr

n

where [J, i3 the n % n matrix all of whose entries are ones and I, is the n x n identity
matrix.

(f) Show that for n > 2, all vertices for these directed graphs belong to cliques.

T2. Consider a round-robin tournament among n players (labeled aq, gz, a3, .. ., @,) Where g;
beats ay, a; beats as, a3 beats aq, . .., @y beats a,, and g, beats a;. Compute the “power”
of each player, showing that they all have the same power; then determine that common
POWET.

Hirt  Use a computer to study the cases r = 3, 4, 5, 6; then make a conjecture and prove
your sonjecture to be true,

%ﬁm@
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Game Theory

12

Row-wheet
of player R

116

173

Column-wheel
of player C

Figure 11.8.1

In this section we discuss a general game In which two competing play-
ers choose separate sirategies to reach opposing objectives. The optimal
strategy of each player is found in certain cases with the use of matrix tech-
niques.

UISITES: Matrix Multiplic
: 3asic '.E?Ob.ability: Concepts

To introduce the basic concepts in the theory of games, we will consider the following
carnival-type game that two people agree to play. We will call the participants in the
game player R and player C. Each player has a stationary wheel with a movable pointer
on it as in Figure 11.8.1. For reasons that wiil become clear, we will call player R’s wheel
the row-wheel and player C’s wheel the column-wheel. The row-wheel is divided into
three sectors numbered 1, 2, and 3, and the column-wheel is divided into four sectors
numbered 1, 2, 3, and 4. The fractions of the area occupied by the various sectors are
indicated in the figure. To play the game, each player spins the pointer of his or her wheel
and lets it come to rest at random. The number of the sector in which each pointer comes
to rest is called the move of that player. Thus, player R has three possible moves and
player C has four possible moves. Depending on the move each player makes, player C
then makes a payment of money to player R according to Table 1.

For example, if the row~wheel pointer comes to rest in sector 1 (player X makes
move 1), and the column-wheel pointer comes to rest in sector 2 {player C makes move 2),
then player C must pay player R the sum of $5. Some of the entries in this table ate
negative, indicating that player C makes a negative payment to player R. By this we
mean that player R makes a positive payment to player C. For example, if the row-wheel
shows 2 and the column-wheel shows 4, then player R pays player C the sum of $4,
because the corresponding entry in the table is —$4. In this way the positive eniries of
the table are the gains of player R and the losses of player C, and the negative entries are
the gains of player C and the losses of player R.
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Two-Person
Zero-Sum Matrix
Games

Table 1 Payment to Player R

Player C’s Move

1 2 3 4

1 $3 $5 | -%2 | %1

Player R’s
Move

2| —-$2 $4 | ~$3 | ~-$4

3 $6 | -85 30 33

fa this game the players have no control over their moves; each move is determined
by chance. However, if each player can decide whether he or she wants to play, then each
would want to know how much he or she can expect to win or lose over the long term
if he or she chooses to play. (Later in the section we will discuss this question and also
consider a more compiicated situation in which the players can EXErcise $ome contro)
over their moves by varying the sectors of their wheels.)

The game described above is an example of a fwo-persen zero-sum matrix game. The
term zero-swm means that in each play of the game, the positive gain of one player is
equal to the negative gain (loss) of the other player, That is, the sum of the two gains is
zero. The term matrix game is used to describe a two-person game in which each player
has only a finite mumber of moves, so that all possible outcomes of each play, and the
corresponding gains of the players, may be displayed in tabular or matrix form, as in
Table 1.

In a general game of this type, let player R have m possible moves and let player
€ have n possible moves. In a play of the game, each player makes one of his or her
possible moves, and then a payoff is made from player C to player R, depending on the
moves. Fori = 1,2,...,m,and j = 1,2,...,n,letus set

a;; = payoff that player' C makes to player R if player R
makes move  and player C makes move j
This payoff need not be money; it may be any type of commedity to which we can attach
a numerical value. As before, if an entry a;; Is negative, we mean that player C Teceives

a payoff of |a;;| from player R, We arrange these mn possible payoffs in the form of an
m X n matrix

ay @z o Qa

ayy G2 - doa
A= . .

(27} A2 v nn

which we will call the payoff matrix of the game.

Each player is to malce his or her moves on a probabilistic basis. For example, for
the game discussed in the introduction, the ratio of the area of a sector to the atea of
the wheel would be the probability that the player makes the move corresponding 10
that sector. Thus, from Figure 11.8.1, we see that player R would make move 2 with
probability %, and player C would make move 2 with probability i—. In the general case
we make the following definitions:

pi == probability that player R makesmovei (i =1,2,..., m)
g; = probability that player C makesmove j  (j =1,2,..., n)
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It follows from these definitions that

pitprttpm =1

and
41 'i'q2+"'+9'n:1

With the probabilities p; and g; we form two vectors:
a1

g2
p=Ip P2 - pPm) and =]

Qn
We call the row vector p the strategy of player R and the column vector g the strategy
of player C. For example, from Figure 11.8.1 we have

e

p=[¢ § 3] and g=

hime L= b

for the carnival game described earlier.

From the theory of probability, if the probability that player R makes move i is p;,
and independently the probability that player ' makes move j 15 g;, then p;g; is the
probability that for any one play of the game, player R makes move i and player C makes
move j. The payoff to player R for such a pair of moves is a;;. If we multiply each
possible payoff by its corresponding probability and sum over all possible payoffs, we
obtain the expression

anpigr - appigr - ampige +anpag - Ao Pudn (1)

Equation (1) is & weighted average of the payoffs to player R; each payoff is weighted
according to the probability of its occurrence. In the theory of probability, this weighted
average is called the expected payoff to player R. It can be shown that if the game is
played many times, the lopg-term average payoff per play to player R is given by this
expression. We denote this expected payofl by E(p, ) to emphasize the fact that it
depends on the strategies of the two players. From the definition of the payoff matrix A
and the strategies p and g, it can be verified that we may express the expected payoff in
mairix notation as

ay 4y ot A 41
a & R < 1) q2

EpQ=[p pp - pal| o 7 1T =pAg @
w1l dmz 2 Gmn Gn

Because E(p, q) is the expected payoff to player R, it follows that —E(p, q) is the
expected payoffl to player C.

EXAMPLE 1 Expected Payoff to Player R

For the carnival game described earlier, we have
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THEORERM 11.8.1

i
3005 -2 1]}

E(p@=pAa=[F L IJ|-2 4 -3 —4)|]|=3=.1805...
6 -5 0 3]
§

Thus, in the long run, player R can expect to receive an average of about 18 cents from
player C in-each play of the game. €

So far we have been discussing the sitnation in which each player has a predetermined
strategy. We will now consider the more difficult situation in which both players may
change their strategies independently. For example, in the game described in the intro-
duction, we would allow both playess to alter the areas of the sectors of their wheels ang
thereby control the probabilities of their respective moves. This qualitatively changes the
nature of the problem and puts us firmiy in the field of true game theory. It is understood
that neither player knows what strategy the other will choose. It is also assumed that each
player will male the best possible choice of strategy and that the other player knows this,
Thus, player R attempts to choose a strategy p such that E{p, q) is as large as possible
for the best strategy q that player C can choose; and similarly, player C attempts to
choose a strategy  such that E(p, q) is as small as possible for the best stzategy p that
player R can choose. To see that such choices are actually possible, we shall need the
following theorem, called the Fundamental Theorem of Two-Person Zero-Sum Games.
(The general proof, which involves ideas from the theory of linear programming, wiil
be omitted. However, later we shall prove two special cases of the theorem.}

| Fundamental Theorem of Zero-Sum Ga_m_es_ -

There exist strategies p* and qF such that

E@S Q=BG a0 2 E@.q) ®

for all strategies p and q.

The strategies p* and g* in this theorem are the best possible strategies for players R
and C, respectively. To see why this is so, let v = E(p*, q*). The lefi-hand inequality
of Equation (3} then reads

E(p',q) = v for all strategies q

This means that if player R chooses the strategy p*, then no matter what straiegy q
player C chooses, the expected payoff to player R will never be below v. Moreover, i
is not possible for player R to achieve an expected payoff greater than v. To see why, =
suppose there is some strategy p** that player K can choose such that

E{p*,q) > v forall strategies q

Then, in particular,

But this contradicts the right-hand inequality of Equation (3), which requires that -
v > E(p*, q*). Consequently, the best player R can do is prevent his or her expected
payoff from falling below the value v. Similarly, the best player C' can do is ensure
that player R’s expected payoff does not exceed v, and this can be achieved by using

strategy g*.
On the basis of this discussion, we arrive at the following definitions.
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pr”‘wané g ;11'; L;;atgg;es suc;; that
| EQ".q) = E(p*.q") = E(p.q") )
for ali strategies p and g, then
(i) p*is calied an optimal strategy for player R.
(if) q* is called an optimal strategy for player C.
{11) v = E(p*, q") is called the value of the game.

The wording in this definition suggests that optimal strategies are not necessarily unique.
This is indeed the case, and in Exercise 2 we ask the reader to show this. However, it
can be proved that any two sets of optimal strategies always result in the same value v
of the game. That is, if p*, g* and p**, q** are optimal strategies, then

E(p* q") = E(p™, ¢") &)

The value of a game is thus the expected payoff to player R when both players choose
any possibie optimal strategies,

To find optimal strategies, we must find vectors p* and ¢* that satisfy Equation (4).
This is generaily done by using linear programming technigues. Next, we discuss special
cases for which optimal strategies may be found by more elementary techniques.

We now intreduce the following definition.

TS AR

An enfry a., in a payoff matrix A is called a saddie point if

B

{i) @ is the smallest entry in its row, and
(ii) @, is the largest entry in its column.

A game whose payoff matrix has a saddle point is called stricily determined.

For example, the shaded element in each of the following payoff matrices is a saddle
point:

0 -3 5 -9
[3 :1:} 28 “gg "72 15 —8 -2 10
—4 0 0 60 —30 710 6 9

6 11 -3 2

if a matrix has a saddle point a,,, it turns out that the following strategies are optimal
strategies for the two players:

F0
0
pr=0 0 "/1 cee 0] q = T | < sthentry
rth entry
wom
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That is, an optimal strategy for player R is to always make the rth move, and an optimg]
strategy for player C is to always make the sth move. Such strategies for which only ape
move is possible are called pure strategies. Strategies for which more than one move i
possible are called mixed strategies. To show that the above pure strategies are optimg)
the reader may verify the following three equations (see Exercise 6): ’

E@'.q") =p"Aq" = ax ®)
E(p*,q) =p*Aq = a,;  forany strategy q . 0
E(p,q") =pAqg" <a, forany strategy p ®)

Together, these three equations imply that

E(p*, q = E(p*, q*) = E(p.q")

for all strategies p and q. Because this is exactly Equation (4), it follows that p* and g
are optimal strategies,

From Equation (6) the value of a strictly determined garme is simply the nurmerical
value of a saddle point a,. Itis possible for a payoff matrix to have several saddle points,
but then the uniqueness of the value of a game guarantees that the rmrmerical values of
all saddle points are the same.

EXAMPLE 2 Optimal Strategies to Maximize a Viewing Audience

Two competing television networks, R and C, are scheduling one-hour programs in the
same time period. Network R can schedule one of three possible prograrns, and network
C can schedule one of four possible programs, Neither network knows which program
the other will schedule. Both networks ask the same outside poiling agency to give
ther an estimate of how all possible pairings of the programs will divide the viewing
aundience. The agency gives them each Table 2, whose (i, j)-th entry is the percentage
of the viewing audience that will watch network R if network R’s program { is paired
against network C’s program j. What program should each network schedule in order
to maximize its viewing audience?

Table 2 Audience Percentage for

Network R
‘Né_t‘work Cs
P_rogr_am.-
v 23| a
11607203055
Network &'s & 5 1 50 | 75 | 45 | 60
Program
3| 70| 45 ] 35 | 30

Soiution

Subtract 50 from each entry in Table 2 to construct the following matrix:
0 -30 20 5
0 25 -5 10
20 -5 -15 -20
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This is the payoff matrix of the two-person zero-sum game in which each network is
considered {o start with 50% of the audience, and the (7, j)-th entry of the matrix is the
percentage of the viewing audience that network C loses to network R if programs i and
J are paired against each other. It is easy to see that the entry

dzy = —3

is a saddle point of the payoff matrix. Hence, the optimal strategy of network R is to
schedule.program 2, and the optimal strategy of network C is to schedule program 3.
This will result in network R’s receiving 45% of the audience and network C’s recetving
55% of the audience. €

Another case in which the optimal strategies can be found by elementary means occurs
when each player has only two possible moves. In this case, the payoff matrix isa 2 x 2

matrix
ay «a
A= [ it 12}
g2y axn
If the game is strictly determined, at least one of the four entries of A is a saddle point,
and the techniques discussed above can then be applied to determine optimal strategies

for the two players. If the game is not stricily determined, we first compute the expected
payoff for arbitrary strategies p and q:

E(p.q) =pAq=[p pl [““ ““2] [ﬂ

Gyy | (42
= ay p1g) + 2iapiga + a1 pagy + an page ®)
Because
prip=1 and g +qg=1 (10)

we may substitute p; = I — py and g = 1 — gy into (9} to obtain

E{p,q) =appigr+appi(l— g} +an( — pgr +anl—pdt—-q) (1)
If we rearrange the terms in Equation (11), we may write
E(p, Q) = [(ay +an — ap — a)py ~ @z ~ az)lgy + (@ —an)py + o (12)
By examining the coefficient of the ¢; term in (12), we see that if we set

% Gzz — A7)
pr=p= ay -+ ag — dp -~ a (1)

then that coefficient is zero, and {12) reduces to

# aydyz — 412831
E@ 9 a1+ dzg ~ iz~ g a0
Equation (14} is independent of q; that is, if player R chooses the strategy determined
by (13}, player C cannot change the expected payoff by varying his or her strategy.
In a sirniiar manner, it may be verified that if player C chooses the strategy determined
by

o — Ay

L3

gL = gy == (15)
ay; +dyg — dyp - a3

then substituting in (12) gives

Gy dyr — 41302)

Ep,q*) =
Equations (14} and (16) show that
E(p*, q) = E@"q) = E@.q) (17

(16}
aip + gy Ay G
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for all strategies p and ¢. Thus, the strategies determined by (13), (15), and (10) are -
optimal strategies for players R and C, respectively, and so we have the following resupe

@p‘ﬁ:ﬁmaﬂ Strategies for a 2 x 2 Matrix Game

For a 2 % 2 game that is not strictly determined, optimal strategies Jor players R am]f

C are
* [ dop — Oy ai] — a2 ]
an b ap - ap —dyy A b an — an -~ a
and
Gz — 12
w1 @ntap i
aip — a1

ay -+ a -~ ar — oz

The value of the game is
: a11dzs — djpdal

ayy +dy - dip @

In order to be complete, we must show that the entries in the vectors p* and q" are .
numbers strictly between 0 and 1. In Exercise 8 we ask the reader to show that this is
the case as long as the game is not stricily determined. _

Equation (17) is interesting in that it implies that either player may force the expected
payoff to be the value of the game by choosing his or her optimal strategy, regardiess of
which strategy the other player chooses. This is not true, in general, for games in which
either player has more than two moves.

EXAMPLE 3 Using Theorem 11.8.2

The federal government desires to inoculate its citizens against a certain flu virus. The :
virus has two strains, and the proportions in which the two strains occur in the virus
population is not known. Two vaccines have been developed. Vaccine I is 85% ef-.
fective against strain 1 and 70% effective against strain 2. Vaccine 2 is 60% effective
against strain 1 and 90% effective against strain 2. What inoculation policy should the :
government adopt? '

Solution

We may consider this a two-person game in which player R (the government} desires 10
make the payoff (the fraction of citizens resistant to the virus) as large as possible, and
player C (the virus) desires to make the payoff as small as possible. The payoff matzix i§

Strain
1 2
. 1 7.85 70
Vaccine 5 [.60 ‘90]
This matrix has no saddle points, so Theorem 11.8.2 is applicable. Consequently,
doy — 2] .90 — .60 30 2

P~ —an | B35+ 90— 70— 60 45 3
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(el 2

Pr=imh=imy=g

w dyy — dy . 90 - 70 M.Z()mé%

B am—an—ay | 854 00— 70— .60 45 9
4 s

’lem $m§_m—_mm

42 @ 575

dy1da7 = dyady _ (85}(90) — (70)(60)

an +ap —ap — ay

345
85+ 90— 70— 60 — A5 1066

Thus, the optimal strategy for the government is to inoculate % of the citizens with
vaceine 1 and % of the citizens with vaccine 2. This will guaraniee that about 76.7% of
the citizens will be resistant to a virus attack regardless of the distribution of the two
strains. :

In contrast, a virus distribution of f‘9~ of strain 1 and g of strain 2 will result in the
same 76.7% of resistant citizens, regardless of the inoculation strategy adopted by the

government {see Exercise 8). ¢
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11.8

1. Suppose that a game has a payoff matrix

4 6 —4 1
A=| 5 =7 3 3
-8 0 6 -2

(a) Ifplayers R and C use strategics

Bfrn e B faie

respectively, what is the expected payoff of the game?

(b) If player C keeps his strategy fixed as in part (a), what strategy should player R choose
o maximize his expected payoff?
(¢) Ifplayer R keeps her strategy fixed as in part (a), what strategy should player C choose
to minimize the expected payoff to player R?
2. Construct & simple example to show that optimal strategies are not necessarily unique, For
example, find a payoff matrix with several equal saddle points.

3. For the strictly determined games with the following payoff matrices, find optimal strategies
for the two players, and find the vaiues of the games,

[s 2 =3 2
(@) ® | 2 4
73
L -4 1
g 320
© |~6 0 -5 @ |,
2
L7 ? -3 4 6

4. For the 2 x 2 games with the following payoff mafrices, find optimal strategies for the two
players, and find the values of the games.
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6 3 40 20 3 7
@) [mz 4} ®) [—10 30] () [ms 4il
305 7 -3
@ [5 2] © Ls mz}

Player R has two playing cards: a black ace and a red four, Player C also has two cards: 4
biack two and a red three. Each player secretly selects one of his or her cards. I both selecteq
cards-are the same color, player C pays player R the sum of the face values in dollars. If the
cards are different colors, player R pays player C the sum of the face values. What are optimat
strategies for both players, and what is the value of the game?

Verify Equations {6), (7), and (8).

7. Verify the statement in the last paragraph of Example 3.

8. Show that the entries of the optimal strategies p* and g* given in Theorem 11.8.2 are numbers
sirictly between zero and one.

SeCTION 11.8

Technology
' Exercises

The following exercises are designed to be solved using a technology utility. Typically, this will be
MATLAE, Mathematica, Maple, Derive, or Mathcad, but it may also be some other type of linear
algebra software or a scientific caleulator with some linear algebra capabilities. For each exercise
you will need to read the relevani documentation for the particular utility you are using. The goal
of these exercises is to provide you with a basic proficiency with your technelogy utility. Once you

have mastered the techniques in these exercises, you will be able to use your technology utility to
solve many of the problems in the regular exercise sets.

T1. Consider a game between two players where cach player can make up to n different moves
(n > 1). Ifthe ith move of player R and the jth move of player C are such thati 4 18 even,
then C pays R $1. If i + j is odd, then R pays C $1. Assume that both players have the
same strategy—that is, p, = [2:]ixn and q,, = [p:]nsr, where oy + o2+ p3 + -+ 0. = 1,
Use a computer to show that

Epy ) = (01 — )
E(ps, 45} = (o1 — p2 + 03)°
E(y, 45) = (o1 — p2 + 03 = pa)°
E(ps, qs) = (o1 — pz + pa = pa + ps)*
Using these results as 2 guide, prove jn general that the expected payoff to player R is
. 2
E@,q)=| > _(-D*o;} 20
Jel
which shows that in the long run, player R will not lose in this game.
T2.

Consider a game between two players where each player can make up to different moves
{n > 1). If both players make the same move, then player C pays player R $(zn - 1).
However, if both players make different moves, then player R pays player ¢ $1. Assume
that both players have the same strategy—that is, p, = {#i]ix» and q, = [0 1nxs, Whese
oL+ ok g+ o, = 1, Use a computer to show that

E(py, q) = L(o1 — 0007 + J(p1 = o) + § (o2 = o) + (02 — p2)”
Epy, 45} = 201 = pi) + $on = o2 + 345 — pa)?
+ 4o = o) + Lo~ )+ 5 (02 — )

+ Los = o) + $oa — 0207 + 33 — o)
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E(py, g0) = (01 — 0 + 1001 — m)* + Loy = o3 + $ (o1 — pa)?
3 2 2,1 2,1 3
+ il — o)+ 30— @) + 3o~ ;) 5 (e — Ba)
A (o) EGos = 2 + Lo — o) + 203 — pa)?
+ 5008 = p0)* + §(ps — 02)* + 304 = 23)* + (05 — pa)?

Using these results as a guide, prove in general that the expected payoff to player R is

i »n

E(pn’ q.'l) = %ZZ(}OI '"Pj)2 z 0

j=i i

which shows that in the long run, player R will not lose in this game.

11.9

LEONTIEF
ECONOCMIC
MODELS

Economic Systems

Leontief Cilosed
{Input-Cutput) Model

In this section we discuss two linear models for economic systems. Some
results about nonnegative matrices are applied to determine equilibrium
price structures and outputs necessary to satisfy demand.

Matrix theory has been very successful in describing the interrelations among prices,
outputs, and demands in economic systems. In this section we discuss some simple
models based on the ideas of Nobel laureate Wassily Leontief. We examine two different
but related models: the closed or input-output model, and the open or production model.
In each, we are given certain economic parameters that describe the interrelations be-
tween the “industries” in the economy under consideration. Using matrix theory, we
then evaluate certain other parameters, such as prices or output levels, in order to satisfy
a desired economic objective. We begin with the closed model.

First we present a simple example; then we proceed to the general theory of the model.

EXAMPLE 1 An Input-Output Model

Three homeowners—a carpenter, an electrician, and a plumber—agree to make repairs in
their three homes. They agree to work a total of 10 days each according to the foliowing
schedule:

- Wb;kPer[qrmeéﬁy "— :

Carpenter Eléc_tﬁcia_n Plumber

Days of Work in H.(';ix%_lé_of C_a:_'p_ente_f 2 1 6

Days .of__W_or:_l{ in H(:)i.l;.le of Electrician 4 3 1

Days of Worl in Home of Plumber. - 4 4 3




