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Let F be a free group, H,K subgroups in F .

Define the join H ∨ K = 〈H,K 〉, and the reduced rank:

rrH = max(rankH − 1, 0).

Friedman–Mineyev Theorem (was: Hanna Neumann Conjecture)

rr(H ∩ K ) ≤ rrH rrK .

Q: How are rr(H ∩ K ) and rr(H ∨ K ) related?

In linear algebra:

dim(U ∩ V ) + dim(U + V ) = dimU + dimV .

Expectation: the bigger rr(H ∩ K ) is, the smaller rr(H ∨ K ).
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Results and Conjectures:

Imrich–Müller ’94: If H or K has finite index in H ∨ K , then
rr(H ∨ K ) rr(H ∩ K ) ≤ rr(H) rr(K ).

(False if H or K has infinite index.)

S. Ivanov ’17: Does rr(H ∩ K ) = rr(H) rr(K ) imply rr(H ∨ K ) = 1?

(Open question.)

Guzman ’14: A Group–Theoretic Conjecture (GTC):
Let rankH = rankK = m. If rank(H ∩ K ) ≥ m, then rank(H ∨ K ) ≤ m.

m = 2: true (Kent ’09, Louder–McReynolds ’09)

m = 3: true (Guzman ’14)

m = 5: false (Hunt ’15)

m ≥ 6: false (S. ’20)

m = 4: true (S. ’20)
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Connection to 3-manifolds:

Agol, Cullen, Shalen ’10,12: a program to study hyperbolic 3-manifolds.

Guzman ’14: GTC for m implies a ‘Geometric Conjecture’ for k = m + 2:

Geometric Conjecture

Let M be a closed, orientable, hyperbolic 3-manifold. If π1(M) is k-free
for k ≥ 3 then there exists a point P in M such that the set of all
elements of π1(M,P) represented by loops of length less than log(2k − 1)
is contained in a (free) subgroup of π1(M) of rank ≤ k − 3.

(A group is called k-free if all of its k-generator subgroups are free.)

Corollary (S. ’20)

The Geometric Conjecture is true for k = 6.

Note: Guzman and Shalen recently proved GC in full generality without
dependence on GTC.
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Ivanov: rr(H ∩ K ) ≤ i(i−1)
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Theorem (S. ’20): Values marked with an asterisk are non-realizable.
Conjecture (S. ’20): Light-gray area is non-realizable.
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Guzman’s GTC for m = 4
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Theorem (S. ’20)

Suppose H,K ≤ F with h = rankH, k = rankK. Then if
rank(H ∨ K ) = h + k − i for some i ≥ 3, then rank(H ∩ K ) ≤

( i
2

)
.

Hence Guzman’s GTC for rank 4 is true.



Guzman’s GTC for m = 4

rank(H ∩ K)

ra
n
k
H

∨
K

0 1 2 3 4 5 6 7 8 9 10

2

3

4

5

6

7

8

Guzman∗
∗

Theorem (S. ’20)

Suppose H,K ≤ F with h = rankH, k = rankK. Then if
rank(H ∨ K ) = h + k − i for some i ≥ 3, then rank(H ∩ K ) ≤

( i
2

)
.

Hence Guzman’s GTC for rank 4 is true.



Case rank(H) = 2:

Theorem (S. ’20)

Let integers k , v , c satisfy: k ≥ 2, 2 ≤ v ≤ k + 2 and 0 ≤ c ≤ k. Then
there exist subgroups H,K ≤ F such that rank(H) = 2, rank(K ) = k,
rank(H ∨ K ) = v, and rank(H ∩ K ) = c if and only if c + v ≤ k + 2.

c = rank(H ∩ K)
v
=
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All realizable values for rank(H) = 2, rank(K ) = 10.



Methods:

Stallings’ core graphs: ΓH , ΓK , ΓH∩K , ΓH∨K .
ΓH∩K is the pullback of ΓH , ΓK

ΓH∨K is the join of ΓH , ΓK , followed by cascade of foldings ⇒ hard to
estimate rank.

To relate ΓH∩K and ΓH∨K consider topological pushout T :
T is obtained from ΓH t ΓK by identifying x ∼ y if and only if (x , y)
belongs to ΓH∩K .
Alternatively, T is the join of ΓH , ΓK , folded only along edges of ΓH∩K .
One has:

rank T ≥ rank ΓH∨K .

Describe T in terms of Dicks’ graphs from his “Amalgamated graphs
conjecture” paper in Inventiones. This translates the problem into
(classical) graph theory.
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Example: H = 〈ca−1, cb−1ca−1bc−1〉, K = 〈ba−1, cb−1ca−1〉:

u v

ΓH

ΓK

ΓH∩K

1 2 3 4

5

6

7

8

{1,3,5,7} {2,4,6,8}T :

Legend: a–edges: b–edges: c–edges:
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3

5

(1,2)(3,4)

(7,6)

(3,2)

(5,8)(7,6)

(1,2)

(7,8)

(3,4)

(5,6)

46

2

8

The topological pushout modeled on the Dicks graphs.
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