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1 Introduction

Let S be a finite set. A Coxeter matrix over S is a square matrix M = (m;),,cs indexed by the
elements of S, with coefficients in NU {oo}, such that m, s = 1 forall s € S, and m;;, = m; 5 > 2 for
all s, € S, s # t. Such a matrix is usually represented by a labeled graph, I', called a Coxeter graph,
defined by the following data. The set of vertices of I' is S. Two vertices s,¢ € S are connected by an
edge if m,, > 3, and this edge is labeled with my ; if m,, > 4.

If a, b are two letters and m is an integer > 2, then we denote by Il(a, b, m) the alternating word aba. . .
of length m. In other words, Il(a, b, m) = (ab)% if m is even, and Il(a, b, m) = (ab)%a if m is odd.
Let I' be a Coxeter graph and let M = (my ), s be its Coxeter matrix. With I' we associate a group,
A[I'], called the Artin group of I', defined by the presentation

Al = (S | II(s, t,my ) = 1I(t, s,my ) for s,t € S, s # t, my; 7 00) .

The Coxeter group of I', denoted by W[I'], is the quotient of A[I'] by the relations s>=1,s€S5. We
say that I is of spherical type if W[I'] is finite.

Despite the popularity of Artin groups, little is known about their automorphisms and even less about
their endomorphisms. The most studied cases are the braid groups, corresponding to the Coxeter
graphs A, (n > 1), and the right-angled Artin groups, for which m,, € {2,00} for all 5,7 € S. The
automorphism group of A[A,] was determined in [DG81] and the set of its endomorphisms in [Cas09]
for n > 5, in [CKM19] for n > 4 and in [Ore24] for n > 2. On the other hand, there are many
papers dealing with automorphism groups of right-angled Artin groups, but little is known about their
endomorphisms.

Apart from these two classes, the Artin groups for which the automorphism group is determined are the
2-generator Artin groups [GHMRO00], some 2-dimensional Artin groups [Cri05, AC23], the large-type
free-of-infinity Artin groups [Vas25], the Artin groups of type B,, A, and C, [CCO5], the Artin group
of type D4 [Sor21], and the Artin groups of type D,, for n > 6 [CP23]. On the other hand, apart from
Artin groups of type A,, the set of endomorphisms is determined only for Artin groups of type D, for
n > 6 [CP23], and, very recently, for the Artin groups of type A, for n > 4 [PS25].
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The goal of the present paper is to determine a classification of the endomorphisms of the Artin groups
of spherical type A[B,] for n > 5, and of its quotients by the center A[B,]/Z(A[B,]) (see Theorems 2.1
and 2.8), where B, is the Coxeter graph depicted in Figure 1.1. This paper is a continuation of
the article [PS25] by the authors, in which, as a key ingredient, a classification of homomorphisms
A[A,—1] — A[A,] was obtained (see Proposition 4.1 therein). We apply this classification to the
study of endomorphisms of A[B,] by considering a well-known sequence of inclusions: A[A,_{] —
A[B,] — A[A,] (see Section 2). Thus an arbitrary endomorphism ¢: A[B,] — A[B,] gives rise to
a composition homomorphism

AlA,-11 < A[B,] == A[B,] — A[A,],
which can be analyzed using results from [PS25]. The techniques we use are mostly algebraic, with
an occasional involvement of combinatorics of essential reduction systems of curves for the mapping
classes of homeomorphisms of the punctured disk.

Figure 1.1: The Coxeter graph of type B, (n > 2)

The paper is organized as follows. In Section 2 we give definitions and precise statements of our
results. Section 3 contains preliminaries, Section 4 contains the proofs related to the endomorphisms of
A[B,] and Section 5 contains proofs related to endomorphisms of A[B,]/Z(A[B,]). Section 6 contains
some additional remarks, and in Section 7 we summarize the questions related to classification of
automorphisms and endomorphisms of Artin groups of spherical and affine types which, to the best of
our knowledge, remain open.
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2 Definitions and statements

2.1 Kaey definitions

As was mentioned above, two other Coxeter graphs play an important role in our study: the Coxeter
graphs A, and A,,_, depicted in Figure 2.1. Our key ingredient is the following sequence of inclusions:

AlA,1] —2— AB,] —2— A[A,],
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Figure 2.1: Coxeter graphs A, (n > 1),and A,_; (n > 3)
which we are going to define. We denote the standard generators of A[B,] as ri,...,r,, the standard
generators of A[A,] as s1,...,S,, and the standard generators of A[A,_1] as fo,t1,...,tu_1.

Define pp € A[B,] as

pPB =71 ... In—1"n.
A direct calculation shows that pp r; pgl =riy forall 1 <i<n-—2and p% Fn—1 pgz = r;. Thus if
we set rg = pg Fn—1 pgl, then ppr; pgl =ripg forall 0 <i<n—2and pp r,,_1p§1 = ro. (We note,
however, that r, and ry are two different elements of A[B,], since their images in the abelianization
of A[B,] are distinct.) It turns out (see [KP02, CC05]) that the subgroup (ro,...,r,—1) of A[B,] is

isomorphic to A[A,,—1], and there is a decomposition of A[B,] into a semidirect product:
A[B,] ~ A[A, 11X Z = (ro,. .., n—1) ¥ (pB),
such that conjugation by pp induces the cyclic shift on generators ry, ..., r,—1. We define ¢ as:
ti: A[A,—1] — A[B,], ti——r;, forall 0<i<n-—1.

From now on we identify A[A,—1] with the image of ¢5. So, A[A,_1] is viewed as the subgroup of
A[B,] generated by rg, ry,...,7,—1,and we have t; = r; for all 0 < i < n — 1 via this identification.
We define the second embedding ¢p: A[B,] — A[A,] as:

tp: A[Bn]l — A[An], ri—s;, forall 1<i<n—1, r,— (sp)>

The existence of an embedding A[B,] — A[A,] was observed independently by several authors
(see [Bri73, Lam94, Cri99]). A simple combinatorial proof that ¢p is an embedding is given in [Man97,
Proposition 1].

From now on we identify A[B,] with the image of tg. So, A[B,] is viewed as the subgroup of A[A,]
generated by sy, ... ,sn_l,(sn)z, and we have r; = s; forall 1 <i<n—1and r, = (s,)? via this
identification.

The Coxeter graphs B, and A,, are of spherical type, while the Coxeter graph A,, is not of spherical type
(it is of affine type). We know that the center of A[A,] is trivial (see [CP03, Proposition 1.3]), whereas
the centers of A[A,] and A[B,] are infinite cyclic. The center Z(A[A,]) of A[A,] is generated by A2,

where A is the so-called Garside element of A[A,] equal to:

A=C(s152...5)(5182...8,-1) ... (5182) 51,

see [KTO8, Theorem 1.24]. We have As;,A~! = 5,,1_; forall 1 < i < n. Similarly, the center
Z(A[B,]) of A[B,] is generated by the Garside element Ap of A[B,], which is equal to:

AB:(rl---rnflrn)n :P%,
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see [BS72, Satz 7.2] and [Bou68, Chapter VI, Section 4,n°5, (III)]. Moreover, under the identification
via the embedding ¢z, we have A = AZ?, so that A[B,,] and A[A,] share the same center, see [PS25,
Lemma 4.2].

Let, as before, I' be a Coxeter graph with the vertex set S. For X C S we denote by I'x the full subgraph
of ' spanned by X, by Ax[I'] the subgroup of A[I'] generated by X, and by Wx[I'] the subgroup of
W[T'] generated by X. We know by [Lek83] that Ax[I'] is naturally isomorphic to A[I'x], and we know
by [Bou68, Chapter 4, Section 1.8, Theorem 2(i)] that Wx[I'] is naturally isomorphic to W[I'x].

Denote Y = {t|,t2,...,t,—1} C A[A,_1]. Notice that the full subgraph of A,_; spanned by Y is
isomorphic to A,,_;. We denote by Ay = Ay[A,_] the Garside element of Ay[A,_]. In particular,

Ay = (titr.. . te—1) (it2 .. . 1y—2) ... (it2) 11,

and A% generates the center of Ay[A,_1]. Let

1 ) t_l

-1 -
po="nhty ... Ih—1, prL=1 1 1"

Clearly po,p1 € Ay[A,_1]. A direct calculation shows that po f; Po - p1t pl_1 = t;1 for all
1<i<n-—2and p%tn_lpaz = p%tn_lpl_z = 11. So if we define
Vozpoln—lpal, VI = p1 ln—lpl_l,

then py t,—1 ,o,?l = v and pg vk p,jl = t1, for k = 0,1. Figure 2.2 depicts the standard generators
t,...,t,—1 and elements vy and v; interpreted as braids on n+ 1 strands (viewed as elements of A[A,]
via the embedding ¢p o ¢3).

| |
) ) ) AN
tl t2 t3 Vo Vi
Figure 2.2: Braid pictures of the standard generators ¢, .. .,f,—; and elements vy and v, depicted for n = 4.

Also, we denote by & € A[B,] the element (recall that we identify #; with r; for 0 <i < n—1):

—1 2
0=(p)” po=rn-t1ln2...120r)72... T 2Fy_1,

which will be used in the description of endomorphisms and automorphisms of A[B,] written in the
standard generators in Corollaries 2.3 and 2.6. We note also that the word representing element ¢
appears in some other contexts in the literature, see Remark 3 in Section 6.

If G is a group and g € G, then we denote by conj,: G — G, h — ghg™", the conjugation by

g. We have a homomorphism conj: G — Aut(G), g — conj,, whose image is the group Inn(G) of
inner automorphisms, and whose kernel is the center of G. The group Inn(G) is a normal subgroup
of Aut(G), and the quotient Out(G) = Aut(G)/Inn(G) is the outer automorphism group of G. Two
homomorphisms ¢, p2: G — H are said to be conjugate if there exists h € H such that ¢, =
conj, o ;. Our classification of endomorphisms of A[B,] and A[B,]/Z(A[B,]) will be made up to
conjugation.
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2.2 Results on endomorphisms of A[B, ]

Now we are ready to state our results on endomorphisms of A[B,]. Their proofs will be given in
Section 4.

Theorem 2.1 Letn > 5 and ¢: A[B,] — A[B,] be an endomorphism. Then, up to conjugation,
belongs to one of the following three types, written in generators to, . . . ,t,—1, pp as follows:

(1) There exist g, h € A[B,] such that gh = hg and forall 0 <i<n—1:

Qp(ti) =4,
©o(pp) = h.
(2) Thereexist e € {1} and p,q € Z such that forall 0 <i<n—1:
1) =16 AY, ) =1t_; A,
(2a): Pl =1 B or (2b): Pl = 1y B

v(ps) = pp A}, ¢(pg) = py' Ap.
(Note that the indices are taken modulo n so that t, = ty.)
(3) Thereexiste € {+1}, k€ {0,1} and p,q,r,s € Z such that forall 1 <i<n-—1:
() = 1§ AP AY,
p(to) = vi AP A,
¢(pB) = pr A Ay
Except for endomorphisms of type (1), where the pair of commuting elements (g, /) is determined

only up to simultaneous conjugation in A[B,], there is no redundancy in Theorem 2.1, as the following
proposition shows.

Proposition 2.2 Let n > 5 and ¢ and i be two endomorphisms of A[B,], such that for some
x € A[B,] we have ¢ = conj, o 1. Then ¢ and 1 belong to the same type (1), (2a), (2b), or (3) of
Theorem 2.1, and parameters € € {£1}, k € {0, 1}, p,q,r,s € Z are the same for ¢ and 1.

We also give a description of endomorphisms of A[B,] in the standard generators.

Corollary 2.3 In the standard generators ry, . . ., r, of A[B,] any endomorphism ¢: A[B,] — A[B,],
viewed up to conjugation in A[B,], can be written as follows:

(I) There exist g,h € A[B,,] such that gh = hg and forall 1 <i<n—1:

w(r) = g,
o(ry) = h.
(II) Thereexiste € {£1} and p,q € Z such thatforall 1 <i<n—1:
ri) = rs AL ri) = rs AL
;PO T or awy: VT

pra) = 1, AR @(ry) = 01, ° A%

n
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(III) There exist € € {1} and p,q,r,s € Z such that forall 1 <i<n—1:
p(ry) = 1f A A
() = 6 ° AY A,

D = e AP AL
T e or (IITb):
o(rn) = Ay Ag

Remark 1 It will follow from the proof of Theorem 2.1, that case (IIa) of Corollary 2.3 combines case
€ = 1 of (2a) and case € = —1 of (2b) of Theorem 2.1, whereas case (IIb) combines case € = 1 of
(2b) and € = —1 of (2a). Similarly, case (Illa) of Corollary 2.3 combines case € = 1, k = 0 and case
e = —1, k=1 of (3), whereas case (IIIb) combines case ¢ = —1, k=0 andcase e =1, k =1 of (3)
in Theorem 2.1.

Corollary 2.4 Letn > 5 and ¢: A[B,] — A[B,] be an endomorphism.

(1) ¢ isinjective if and only if © is conjugate to an endomorphism of type (2a) or (2b) of Theorem 2.1.

(2) « issurjective if and only if @ is conjugate to an endomorphism of type (2a) or (2b) of Theorem 2. 1
with g = 0.

As another corollary of Theorem 2.1, we recover a description of the automorphism group and the
outer automorphism group of A[B,] for n > 5. This result was obtained for n > 3 in [CCO05], and,
independently, in [BMO7, Theorem 7], by different methods.
Corollary 2.5 (Charney—Crisp [CCO05], Bell-Margalit [BMO07]) Letn > 5. Then

Aut(A[B,]) ~ (Inn(A[B,]) X Z) x (Z/27 x 7.]27),

and
Out(A[B,]) ~ (Z X Z/27) X ZJ27 ~ Do X ZJ27 ,

where the 7 factor is generated by the transvection automorphism T ':

T(I,‘):li'AB, Ogign—l,

T(pB) = pB,
and the two copies of 7,/27. are generated by commuting involutions 7 and p:
T(t) =1, L pt) =",
(pB) = p5 " u(ps) = ps,

forall0 <i<n-—1,ie
Aut(A[B,]) = (Inn(A[B,]) » (T)) x ({u) x (1)),
Out(A[B, 1) == (T) »t ((u) x (7)) = ((T) % () x (),
with Do, = (T) x () being isomorphic to the infinite dihedral group.

We also get a description of automorphisms of A[B,,] given in the standard generators in Corollary 2.6
below. The proof of it follows from Corollaries 2.3 and 2.5 by direct computation using the relation

=r,—1---1 " PB-
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Corollary 2.6 Letn > 5 and o: A[B,] — A[B,] be an automorphism. Then ¢ is conjugate to an
automorphism written in the standard generators ry, . . ., r, of A[B,] in one of the following two forms:
o) = o) = rF - Y

(11a): s or (11b): o
gp(rn) = i.ABP(n 1) SO(Fn) _ 5—5’,'1—3 . ABp(n 1)7

for some € € {£1} and p € 7. The splitting generators T, T and p of Out(A[B,]) have the form (for
1<ig<n—1):
;. T =ri-Dg, () = Sy =1t

n—i»o
STy — e A==D T _ 11 —1 : _5
(ra) =1 - Ap , T(rp) =Ty Ty F_y .. T, wry) =6 -1y

Remark 2 The automorphism 7 looks rather exotic when written in the standard generators, and the
reader may wonder how 7 can be presented in one of the forms (Ila) or (IIb) of Corollary 2.6, up

to conjugacy. Observing that Ay riA;I =r,—; forall i = 1,...,n — 1, and taking into account
Lemma 4.2 below, we conclude that 7 = conj, , © 7/, where 7 is of type (Ila) with p = 0 and € = —1,
acting on the standard generators as follows: 7/(r;) = r; Uforalli=1,...,n.

2.3 Results on endomorphisms of A[B,]/Z(A[B,])

Here we state our results on endomorphisms of A[B,]/Z(A[B,]). Their proofs will be given in Section 5.

Denote for brevity A[B,] = A[B,1/Z(A[B,]) and let 7: A[B,] — A[B,] be the canonical projection.
For each 1 < i < n, we set 7; = w(r;), and for each 0 < i < n — 1, we set ; = 7w(t;). Recall that
Z(A[By,]) is generated by pj = Ap, and hence

A[B,] =~ A[A,—1]1 % (pB),

where pp = m(pp) has order n.

Note that if ¢: A[B,] — A[B,] has the property ¢(Z(A[B,])) C Z(A[B,]), it induces a natural endo-

morphism ¢: A[B,] — A[B,]. Let ¢: A[B,] — A[B,] be an arbitrary endomorphism. If there exists
an endomorphism ¢: A[B,] — A[B,] making the following diagram commutative

A[B,] —— A[B,]

& lr
A[B,] — AlB,]

we say that ¢ [ifts and that ¢ is a lift of ¢. Notice that any lift ¢ of any endomorphism ¢ of A[B,]
must have property ¢(Z(A[B,])) C Z(A[B,]).

Proposition 2.7 Letn > 5. Then every endomorphism of A[B,] lifts.

Recall the automorphisms 7 and @ of A[B,] defined in Corollary 2.5. Projecting them to A[B,], we

get automorphisms 7, i of A[B,]:
7@ =1, pa) =7,

7(pB) = pg " fi(pB) = P,

T.
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foral0<i<n—1.
In what follows, Zg(g) = {x € G | xg = gx} denotes the centralizer of an element g in a group G.
Theorem 2.8 Let n > 5 and ¢: A[B,] — A[B,] be an endomorphism. Then we have one of the
following two possibilities up to conjugation:
(1) there exists k € {0,...,n — 1} such that:
o(pg) = p
¢o(t)=g forall 0<i<n—1.

with g € Zzp(py). Moreover, denoting d = ged(n, k), we have the following description of
the centralizer of py in A[B,] (with the identification %, = T ):

_ (pB), ifd=1,
Z (pB) = o R '
Al (B, Tataatsa - . . To), if d # 1.

In particular, if kK = 0, then d = n and ZT](ﬁI’}) = (pB, o) = A[B,].

(2) There exists € € {£1} such that forall 0 <i<n—1:
(2a): or (2b):
(PB) = s ¢(pB) = Pp
ie. ¢ € (T, ).

Except for the element g in case (1), which can be chosen up to conjugation in Zzz+(pp), there is no
other redundancy in Theorem 2.8, as the following proposition shows.

Proposition2.9 Letn > 5 and ¢ and ¢ be two endomorphisms of A[B,,], such that for some x € A[B,]
we have ¢ = conj, o). Then ¢ and v belong to the same type (1), (2a), or (2b) of Theorem 2.8, and
parameters ¢ € {+1} and k € {0,...,n — 1} are the same for ¢ and 1.

As the first consequence of Theorem 2.8 we recover a description of the automorphism group of A[B,],
which was obtained in [CCO05] for n > 3 by different methods.

Corollary 2.10 (Charney—Crisp [CCO5]) Letn > 5. Then

Aut(A[B,]) = Inn(A[B,]) x (7, i) ~ A[B,] x (Z/2Z x 7./27),
and Out(A[B,]) ~ Z/27 x 7.]27.
Recall that a group G is called Hopfian if every surjective endomorphism G — G is injective, and it

is called co-Hopfian if every injective endomorphism G — G is surjective. As another straightforward
consequence of Theorem 2.8 we obtain the following.

Corollary 2.11 Letn > 5. Then A[B,] is both Hopfian and co-Hopfian.
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Proof Indeed, endomorphisms of case (1) of Theorem 2.8 are neither injective nor surjective, and
endomorphisms of case (2) are automorphisms. O

Notice that the fact that A[B,] is co-Hopfian was proved for n > 3 in [BMO07] by different methods.
Also, that A[B,] is Hopfian is also known, but the proof of it is not very straightforward. It relies on
the fact that A[B,] admits a faithful linear representation (as a subgroup of the braid group), and that

the quotient by the center of a linear group is linear (see [Weh73, Theorem 6.4]).

Finally, recall that a subgroup H of a group G is called characteristic in G if for every automorphism
i € Aut(G) we have p(H) = H, and H is called fully characteristic in G if for every endomorphism
p: G — G we have p(H) C H. We get the following remarkable fact.

Corollary 2.12 Let n > 5. Then the subgroup A[A,_1] = (fo,...,%,—1) of A[B,] is characteristic,
but not fully characteristic in A[B,].

The fact that A[A,_] is a characteristic subgroup of A[B,] for n > 3 was mentioned in [CCO5, p. 328],
where this fact was established by different methods. Notice that A[A,,_1] is not characteristic in A[B,]
because of the presence of transvection automorphisms 7.

3 Preliminaries

In this section we state auxiliary results which we need for proving main theorems.

The first one is a description of homomorphisms from A[A,_;] — A[A,] from [PS25]. Recall that the
standard generators for A[A,_] are denoted 1g, 11, ...,t,—1, and the standard generators of A[A,] are
denoted s1,...,s,, with A denoting the Garside element of A[A,]. We also define two elements u,

u, € AlA,—11:
uy = fo, ur = Ay 1o Ay,
where, as before, Ay denotes the Garside element of Ay[A,_;] = (t1y... ta—1) ~ A[A,—1]. Recall

also that vo = pot,—1py ' and Vi = p1li—1 pfl, as defined in Section 2. We say that a group
homomorphism ¢: G — H is cyclic, if its image is a cyclic subgroup of H.

Proposition 3.1 (Paris—Soroko [PS25, Proposition 4.1]) Letn > 5. Let p: A[A,—1] — A[A,] be a
homomorphism. Then we have one of the following three possibilities:

(1)  iscyclic.
(2) There exist g € A[A,], k € {0,1}, e € {1} and q € Z such that p(t;) = gs5 A% g~ for all
1 <i<n-—1,and ©(ty) :guiAzqg*I.

(3) There exist g € A[A,], k € {0,1}, ¢ € {£1} and p,q € Z such that ¢(t;) = gs% A?f’ A% g1
foral]lgién—l,andgo(to):gviA%}’Aqu—l' -
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We will also need an interpretation of Artin groups A[A,—11, A[B,] and A[A,] as subgroups of the
mapping class group of the punctured disk. So, we give below the information on mapping class groups
that we will need, and we refer to [FM12] for a complete exposition on the subject.

Let X be a compact oriented surface with or without boundary, and let P be a finite family of punctures
in the interior of ¥.. We denote by Homeo™ (X, P) the group of homeomorphisms of ¥ which preserve
the orientation, which are the identity on a neighborhood of the boundary, and which leave set-wise
invariant the set P. The mapping class group of the pair (%, P), denoted by M(X, P), is the group
of isotopy classes of elements of Homeo™ (X, P), where isotopies are required to leave the set 9% U P
point-wise invariant. If P = &, then we write Homeo ™t (X) = Homeo™ (X, @) and M(X) = M(X, @).

A circle of (2, P) is the image of an embedding a: S' » % \ (0¥ U P). It is called generic if it does
not bound any disk containing O or 1 puncture, and if it is not parallel to any boundary component. The
isotopy class of a circle a is denoted by [a]. We emphasize that isotopies are considered in X\ (X UP),
i.e. circles are not allowed to pass through points of 9% U P under isotopies. We denote by C(X, P)
the set of isotopy classes of generic circles. The intersection index of two classes [a], [b] € C(X%,P)
is i([a], [b]) = min{|d' N V| | d’ € [a] and b’ € [b]}. The set C(X, P) is endowed with a structure of
simplicial complex, where a non-empty finite subset F C C(3, P) is a simplex if i([a], [»]) = O for all
[al, [b] € F. This complex is called the curve complex of (3, P).

In the present paper the right Dehn twist along a circle a is denoted by 7.

Anarcof (¥, P) is the image of an embedding a: [0, 1] < ¥\0X such that a([0, 1])NP = {a(0),a(1)},
with a(0) # a(1l). We consider arcs up to isotopies under which interior points of arcs are mapped
into ¥\ (02 U P). In particular, such isotopies are required to fix the set P pointwise. We denote the
isotopy class of an arc a by [a].

With an arc a of (X, P) we associate an element H, € M(3, P), called the (right) half-twist along a.
This element is the identity outside a regular neighborhood of a, it exchanges the two ends of a, and
H? = T, where & is the boundary of a regular neighborhood of a, see Figure 3.1. We refer the reader
to [KTO8, Section 1.6.2] for more information about properties of half-twists.

a

H,
—

Figure 3.1: A half-twist

We denote by D the closed disk, and we choose a collection P11 = {po,p1,---,Pn—1,Pn} of n+1
punctures in the interior of D (see Figure 3.2). Let by, ay, .. .,a,—1, a, be the arcs drawn in Figure 3.2.
In what follows we will be using the following facts, which were established in [PS25].

Proposition 3.2 With the notation of Figure 3.2,

(1) there is an isomorphism V: A[A,] — M(D, P,+1) which sends s; to the half-twist H,, for all
1<i<n;
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(2)

3)

4)

&)

the element ty is identified via W with the half-twist Hj,, so that the subgroup AlA,_1] =
(to, ..., t,—1) is generated by half-twists Hp,, Hg, , ..., Hy,

the elements ug, uy, vo, vi (appearing in Proposition 3.1) are identified via ¥ with half-twists
Hy,, Hy,, H.,, H., , respectively, where arcs by, by, co, c¢1 are depicted in Figure 3.3;

the element A3 corresponds via W to the Dehn twist T,, where the circle d is depicted in
Figure 3.3, and the element A? corresponds to the Dehn twist Tap about the boundary 0D of
the disk D ;

the subgroup A[B,,] = (ri, ..., u_1,7n) = (S1,...,5,_1,52) isidentified via U with the stabilizer
in M(D, P,+1) of the last puncture p,, i.e. A[B,] = {f € M(D, Put1) | f(Pn) = pu}- O

Figure 3.3: Arcs and a circle in the punctured disk for Proposition 3.2

Let X be an oriented compact surface, and let P be a finite collection of punctures in the interior of
Y. Assume the Euler characteristic of X \ P is negative. Let f € M(X,P). We say that a simplex
F of C(X,P) is a reduction system for f if f(F) = F. In this case any element of F is called a
reduction class for f. A reduction class [a] is an essential reduction class if, for each [b] € C(2,P)
such that i([a], [b]) # 0 and for each m € Z \ {0}, we have f™([b]) # [b]. In particular, if [a] is an
essential reduction class and [b] is any reduction class, then i([a], []) = 0. We denote by S(f) the set
of essential reduction classes for f. The following gathers together some results on S(f) that we will
use in the proofs.

Theorem 3.3 (Birman—Lubotzky—McCarthy [BLM83]) Let X be an oriented compact surface, and
let P be a finite collection of punctures in the interior of ¥.. Assume the Euler characteristic of ¥. \ P
is negative. Let f € M(3,P).

(1) If S(f) # @, then S(f) is a reduction system for f .

(2) We have S(f") = S(f) foralln € Z \ {0}.
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(3) We have S(gfg™") = g(S(f)) forall g € M(X,P). o

In addition to Theorem 3.3 we have the following proposition, which is well-known and which is a
direct consequence of [BLMS83] (see also [Cas09, Corollaire 3.45]).

Proposition 3.4 Let 3 be an oriented compact surface, and let P be a finite collection of punctures
in the interior of . Assume the Euler characteristic of ¥ \ P is negative. Let fy € Z(M(X,P))
be a central element of M(X,P), let F = {[a1],[az],...,[ay]} be a simplex of C(X,P), and let
ki,ky, ..., k, be non-zero integers. Let g = Tﬁ; T[’Z - Tg;’fo. Then S(g) = F. O

4 Proofs for endomorphisms of A[B,]

Proof of Theorem 2.1 Letn > 5 and ¢: A[B,] — A[B,] be an endomorphism. Pre-composing ¢
with the embedding ¢5 : A[A,_1] — A[B,], and post-composing it with the embedding ¢5: A[B,] —
A[A,], we get a homomorphism v: A[A,_1] — A[A,]:

1 AlAy 1] = AB,] -5 ALB,] < A[A,].
By Proposition 3.1, we have one of the three possibilities:

(1) % iscyclic.

(2) There exist g € A[A,], k € {0,1}, ¢ € {£1} and p € Z such that ¢(t;) = gt A% g~! for all
1<i<n—1,and Y(ty) = gu; A¥ g~ !.

(3) There exist ¢ € A[A,], k € {0,1}, ¢ € {+1} and p,q € Z such that ¢(r;) = g5 A A2 g~!
forall 1 <i<n—1,and ¢(to) = gvi AF A g1,

Here Y = {t|,...,t,_1}, A and Ay denote the Garside elements of A[A,] and Ay[A,] = Ay[A,_],
respectively (so that A2 = Ap), ug = to, u; = A;ltoAy, Vo = potn,lpgl, v = pltn,lpfl, where
po =11 ...1h—1 and p1 = ll_l . l‘_1

Y S

We analyze all three possibilities (1), (2), (3) and deduce a description of ¢ in each of these cases.

Case (1): 1% is cyclic. Then, since tp is injective, ¢ o tj: A[A,—1] — A[B,] is cyclic as well.
From the relations #tiy1t; = tiy1titi+1 (with indices taken modulo n), it follows that there exists
g € A[B,] such that ¢(t;) = g for all i. Let h = @(pp). Since thi,ogl = ti11, we see that
hgh=! = ©(pp) v(t;)) (pg) ' = p(tir1) = g, hence h commutes with g, and ¢ has the form:

o: AlA,_1] % (pg) — A[B,], ti+— g, pp+— h.

On the other hand, any two commuting elements g, h € A[B,] define such an endomorphism of A[B,],
so we get case (1) of Theorem 2.1.

Case (2): We have (t;) = gt; A? g7 ! forall 1 <i < n—1,and (t) = guy A% g~ for some
p EZ, g€ AlA,], € € {£1}, k € {0,1}. Arguing as in the proof of Theorem 2.1 of [PS25], we see
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that g(p,) = px, and hence g belongs to A[B,], and we can consider ¢’ = conj,—1 0@ A[B,] — A[B,],
which acts on elements ¢; as follows:
) =6AP, for 1<i<n—1,
¢'(to) = ui A
We need to figure out how ¢’ acts on pg. Consider two cases: k =0 and k = 1.
Let k = 0. Then ¢/(ty) = uf)AzP = IEAZP We can write ¢'(pg) = h - pp for some h € A[B,]. We are
i <

going to prove that A € Z(A[B,]). Indeed, the equality ¢'(pp1; pg h= ¢'(ti41) reads for 0 <
(with indices taken modulo n):

<n-—-1

hepg- A% - pgt - hTl = A

which yields
h-tf+1 ! :t;irl, for 1<i+1<n

Hence /& commutes with all generators of A[A,—1], and the following lemma shows that & belongs to
the center of A[B,], which is generated by Ap.

Lemma 4.1 Zy5,(A[A,_1]) = Z(A[B,)).

Proof Letz € ZA[Bn](A[An,I]). Then z can be written according to the semidirect structure of A[B;]
asz=nh- pg for some i € A[A,_] and k € Z. Since zt;z ! =1; forall 0 < i < n— 1, we have

ti=h-ph-ti-pg* h =hoti-h

orh™'-t;-h= tivr. In particular, =" - t; - h" = t;11,, = t; for all i. Hence A" belongs to the center of
A[A,_1], which is trivial. Since A[A,_;] is torsion free, we conclude that h = 1, z = p’l‘; and tiyp =t
for all i. This means that & is a multiple of n, and hence z € (p}) = Z(A[B,]). |

We conclude that in Case (2) with k = 0, the homomorphism ¢’ has the form:
Ot =AY =M, for 0<i<n—1,
¢ (pp) = ppA* = ppA%, for some p,q € Z.
and this gives us the endomorphism of type (2a) of Theorem 2.1.
Let k = 1 now. Then for 1 <i < n— 1 we can write t; = A;l t,—; Ay. Then
) =A7'E_ Ay - A%, for 1<i<n—1,
O (to) = u - AP = Ay 15 Ay - A%
Denote ¢ = conj,, o ¢'. Then
Oty =1_,-A® for 1<i<n—1,
¢ (to) = 1 - A

Let us write gp”(pB) = h-pg' for some h € A[B,]. Then the equality ©"(ppt;pg') = ¢"(tir1)
yields: hpg!-£_, - pgh™' = £ for all i, which means that 4 - £ hl=¢ for all

n—1—i n—1—i n—1—i
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0 <i<n-—1. Therefore h € ZA[Bn](A[A,,_l]), and, by Lemma 4.1, h = A4 for some ¢ € 7, so that
o (pp) = pgl A% = pgl A%, and we get an endomorphism of type (2b) of Theorem 2.1.
Case (3): We have ¢(t;) = gtf AZP A% gl forall 1 <i<n—1,and () = gVvi Azp A2 g1 for
some p,q € Z, g € A[A,l, € € {£1}, k € {0,1}. Agaln, arguing as in the proof of Theorem 2.1
of [PS25], we see that g belongs to A[B,], and we can consider ¢’ = conjgfl op: A[B,] — AlB,],
which acts on elements ¢#; as follows:
Pty =6AF AN, for 1<i<n—1,
o' (tg) = ¢ A?f’ A%,

To determine ¢'(pg) we write ©'(pg) = h - px for some h € A[B,]. Then the condition ¢’ (thipgl) =
©'(tiyr1) gives us:

hpy - th%,p R -AZP, for 1 <i<n-—2,

hoi - pit_yp ' AY - p BT =1 AT
Notice that p; commutes with A%, hence the above equalities read:

hE B RAP R =6 - AY, for 2<i+1<n—1,
- 2, — 2

R hAY R =15 AY.
Recall that elements #; (1 < i < n—1) can be viewed as half-twists about arcs a; depicted in Figure 3.2,
and we denote as before by &; the boundary of a regular neighborhood of ;. Recall also that A% = T,
is the Dehn twist about the circle d, depicted in Figure 3.3. We now consider the sets of essential
reduction classes for the elements defined by the equalities above, viewing them as mapping classes

from M(ID, P,+1). Recall that, in our notation, S(f) denotes the set of all essential reduction classes
for a mapping class f.

If p =0, we have

heh ™' =6, forl <i<n-—1,
and we notice that S(#f) = S(tze) by Theorem 3.3(2). Since t2 is the Dehn twist T, about a;, we
conclude that S(tzg) = {[a;]} by Proposition 3.4, for 1 < i < n— 1. By Theorem 3.3(3), we see that

S(htt =1y = hS(£5) = {hl[a;]}, and hence h[a;] = [a ]foralll i<n—1.

If p # 0, we have

hEAP R = £ AY, for 1<i<n—1,
and we notice that S(t;?A%p ) = S(tizeA?,p ) by Theorem 3.3(2). Since t%gAé;p = Tgiij , Proposi-
tion 3.4 tells us that S (t,-28 A;‘,” ) = {[a;],[d]}. Now, the above equality implies by Theorem 3.3(3) that

h{la:], [d]} = {[a],[d]} forall 1 <i< n—1. Since d encloses more punctures than any of the circles
a;, we conclude that h[d] = [d] and h[a;] = [a;] for 1 < i< n— 1, asin the case p = 0 above.

Let D; C D denote the disk bounded by the circle a;. Since hla;] = [a;] for each i, we can
choose a representative H; € Homeo™(ID, P, ) of the mapping class & such that H;(D;) = ID; and
Hi|sp, = idgp,. Then [H;|p,] belongs to M(D;, P»), which is a cyclic group generated by the half-twist
H,, = t;. Thus, [H,|p,] commutes with #;, and hence 7 commutes with elements #; forall 1 <i<n—1.
By [Par97b, Theorem 1.1], & € (A%, A2), so that ¢'(pg) = A¥ A% py = pAY AY, for some 7,5 € Z.
Therefore ¢’ is an endomorphism of type (3) of Theorem 2.1. |
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Proof of Proposition 2.2 The type of an endomorphism ¢ from Theorem 2.1 can be characterized by
the following properties, according to Corollary 2.4 (which we are going to prove later in this section,
without reliance on the proof of Proposition 2.2): if ¢ is of type (1), then the image of ¢ is abelian
and ¢ is non-injective; if ¢ is of type (2a) or (2b), then ¢ is injective; and if ¢ is of type (3), then the
image of ¢ is non-abelian and ¢ is non-injective. Notice that if ¢ = conj, o 1), then 1) has the same
classification according to these properties as , since conj, is an automorphism. Thus, it remains to
distinguish types (2a) and (2b) up to conjugation, and also to prove that parameters ¢, k,p, g, r,s are
determined uniquely. For that, consider a homomorphism

n: AlB,] = AlA, 11 % (pg) — Z*,  1;— (1,0), pg+— (0, 1).

Notice that 7 o conj, o ¢ = 1 o ¢ for any ¢ and x, since the image of 7 is an abelian group. Thus it
will suffice to show that for an arbitrary endomorphism ¢ of type (2a), (2b) or (3) of Theorem 2.1, its
type and the corresponding parameters are uniquely determined by the composition 7 o (.

Observe that n(Ap) = n(pf) = (0,n) and n(A%) = (n(n — 1),0). Notice also that n(v;) =
n(conj pk(t,,_l)) = n(t,—1) = (1,0). Hence we have the following formulas for 1 o ¢ for different
typesof ¢ (0<i<n—1):

type (2a): noyw: ti—(e,pn), pp+— (0,gn+ 1);

type 2b):  now: ti—(g,pn), pp+—>(0,qn—1);
type (3), k = 0: noyw: ti— (e+pnn—1),qn), pp— n—14rmn —1),sn);
type (3), k = 1: noyw: ti— (e+pnn—1),qn), ppr— (—(n—1)+rmmn—1),sn).

In particular, we see that an endomorphism ¢ cannot belong to both types (2a) and (2b). Indeed,
assume that ¢ corresponds simultaneously to parameters ¢ = g1 and g = @2, i.e. (pg) = ppA} =
xpglA?x*I for some x € A[B,], then we have from the above formulas that gjn+ 1 = gon — 1, which
is equivalent to (g2 — ¢g1)n = 2. This equality is impossible since n > 2. Itis also clear that parameters
€,p, q are uniquely determined in cases (2a) and (2b).

Similarly, ¢ cannot simultaneously belong to type (3) with both values of k = 0, 1. Indeed, if this is
the case, then for some ry,r, wehave n — 1 4+ rin(n — 1) = —(n — 1) + rpyn(n — 1), which is equivalent
to (rp, — ri)n = 2. The latter equality is impossible since n > 2.

We see in the same way that parameters £ and p are determined uniquely for ¢ of type (3). Indeed,
suppose that there are some 1,6, € {£1} and some p;,p» € Z such that & + pjn(n — 1) =
g7 + ppn(n — 1), which is equivalent to (py — p)n(n — 1) = 1 — e, with € — e, € {0,4+2}. Since
n > 2, this equality is only possible if p, —p; =¢; —ep = 0.

Similarly, parameter r is determined uniquely for ¢ of type (3). Indeed, assume that for some ry,
we have =(n — 1) +rin(n — 1) = =(n — 1) + ron(n — 1) (with the same choice of signs on both sides).
Then if follows that r; = r,. Also, it is clear that parameters g and s are determined uniquely for ¢ of
type (3). O

Proof of Corollary 2.3 Assume that we have an endomorphism (1) of Theorem 2.1, i.e. there exist
g,h € A[B,] suchthat gh = hg, o(t;) = g for 0 < i < n—1, and ¢(pp) = h. To write ¢ in the standard
generators ri,...,r,—1,r, of A[B,], weobservethat t; = r;, 1 <i<n—1,pp=1t...t,_11,, and



16 L Paris and I Soroko

w(pp) = g”_lgo(r,,) = h. Then p(r,) = g‘”“h commutes with g. On the other hand, an arbitrary
element & of A[B,] commuting with g defines an endomorphism ¢ by setting (r;) = g and p(r,) = h,
which is an endomorphism of type ().

Assume now that we have an endomorphism of type (2a) with £ = 1 in Theorem 2.1, i.e. ¢(;) = t;A}
for 0 <i < n—1and (pg) = ppA} for some p,q € Z. Then ¢(r;)) = r;Af for 1 <i<n-—1,
and p(pp) = p(r1) ... p(rp—1)e(ry) =r1 ... rn_lap(rn)All;("fl), and hence rir; ... r,,_lgo(rn)AIé("*l) =
... rn_lrnA%, which gives ¢(r,) = rnA%_p =D Since g € Z can be arbitrary, we get an endomor-
phism of case (Ila) with ¢ = 1.

For an endomorphism of type (2a) with ¢ = —1 we have: ¢(t;) = ti_lA‘Z, for0 <i<n-—1,and
©(pp) = ppA} for some p, g € Z. The last equality gives us:

1..—1

-1 - - -1
©(p) = p(riry ... rp_11y) =1 1, ..-r,,_llw(rn)A’é(" Y= riry A

which is equivalent to ©(r,) = r_1r—2...7 (r%) ... rn_lr,,A?;p("fl) =94- rnA;];p("fl). Since
q € Z can be arbitrary, we get a description of an endomorphism of type (IIb) with e = —1.

To analyze endomorphisms of type (2b), it will be more convenient to represent them differently. An
endomorphism of type (2b) has the form: ¢(#;) = #5_, A% and ¢(pp) = pglA%, for some p,q € Z.
Notice that A;ltn,lAy = ¢, forall 0 < i < n—1, if we consider indices i modulo n. Let
¢’ = conj A7 O P then the homomorphism ¢’ can be written as:
Gy =16-Af for 0<i<n—1,
o' (pp) = (A;nglAy) - Al forsome p,q € Z.

We need the following lemma.

Lemma 4.2 A;lpBAy = rylp—1...71.

Proof Noticethat pp =r;...1— 11y =po-tpand rprp_y... 1 =1y - (pl)_1 , hence we need to show
that
(A} p0) - 1 - (Aypr) = 7.

Recall that Ay = (rir...r—1)(rry...rm—2)...(nr)ri = r(r)snr) ... (Fa—1rh—a ... F2r1).
Denote Y1 = {r1,...,rys—2}, and Ay, = ri(r2r1)...(ra—2 ... r2r1). We see that

Ay -p1 =ri(rr) ... (T—a...12r)(Ip—1tp—a ... 1211) - p1 = r1(r2ry) ... (r—a ... 1211) = Ay,

and
—1 -1, —1_—1 —1 —1_ -1 -1 -1 —1. -1 —1
Ay opo=ry (ry 1y ) (B ety 1y )Ty Fyg -1y T ) o= AYI )

Hence,
(A} p0) - 1 - (Aypr) = Ay -1 - Ay, = 1,

since r, commutes with all generators from Ay, . O
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We conclude by Lemma 4.2, that an endomorphism of case (2b) may be written as follows:
gp’(t,-):t?A’;;, for O <n-—1,

o' (pp) = rl_ . rn_l1 r, A%, for some p,q € Z.

Thus in case (2b) with £ = 1, we have:

©'(p5) = &' )P (1) ... @ ) (r) = rira - ra 1@ ) A D = o A,
which is equivalent to
o' (ry) = rn__ll e 1"2_1(1"1_2)1"2_1 . rn__ll . rn_lA%_p("_l) =51 r;lA%_p("_l) .
Since g € Z is arbitrary, we get an endomorphism of case (IIb) with € = 1.
Similarly, in case (2b) with ¢ = —1, we get:
#(pp) = &P () )P () = 'y AT = A,

which is equivalent to ¢/(r,) = r; ' - ALV Since g € Z is arbitrary, we get an endomorphism of
case (Ila) with ¢ = —1.
Assume now that we have an endomorphism of type (3) with k = 0 and € = 1 in Theorem 2.1, i.e.
(t) = t,-A%,pA% = A2PA%, for 1 <i<n-—1,and p(pg) = poAZ’AY =rr.. .rn_lA%’A‘}g for
some p,q,r,s € Z. Since pg =r| ... F,—11,, we see that

Plpp) = (1) . D)) = rira 1yl APOTVAL V() = rira o AT A,
from what we deduce that ¢(r,) = A%,r_zl’ =D A‘;—q("_l). Since r and s are arbitrary integers, we get
an endomorphism of type (IIla) with € = 1. Similarly, an endomorphism of type (3) with k = 1 and
€ = —1 of Theorem 2.1 yields an endomorphism of type (Illa) with e = —1.

An endomorphism of type (3) with & = O and € = —1 in Theorem 2.1 is given by the formulas:
p(t) = 1 IAZPA‘I — *1A2PA%’ for 1 <i<n-—1,and p(pg) = pOAZrAB — . rn—lA%/rASB
for some p,q,r,s € Z. On the other hand,

@(pB) = P(r1) . .. @Ura_)p(ra) = ri b APV AL D o),

from what we get that

O(1) = Fu1Tn_n...12(FP . .. rn_zrn_lA%,rizp("fl)A?q("fl) =9- A%,rizp("fl)qu("fl).

Since r and s are arbitrary integers, we get an endomorphism of type (IlIb) with € = —1.

In exactly the same manner, an endomorphism of type (3) with k = 1 and € = 1 in Theorem 2.1 yields
an automorphism of type (IlIb) with £ = 1. This finishes the proof of Corollary 2.3. a

Proof of Corollary 2.4 The endomorphisms of type (1) of Theorem 2.1 are neither injective nor
surjective, since their image is an abelian subgroup of A[B,].

The endomorphisms of type (3) are not injective. To see this we notice by direct check that if k = 0
and e =1 orif k =1 and € = —1 we have () = ©(vp). Similarly,if k =0and e = -1l orif k =1
and € = 1 we have ¢(#y)) = ©(v1). Since ty, vg and v; are half-twists about pairwise non-isotopic arcs
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by, co, and cy, respectively, in M(D, P,1) (see Figure 3.3), we conclude by Corollary 3.6 of [PS25]
that 7, vo and v; are three distinct elements of M(ID, P, 1), and hence ¢ is not injective.

To see that an endomorphism ¢ of type (3) is not surjective, we show that its composition 7 o ¢
with the natural epimorphism by the center 7: A[B,] — A[B,]/Z(A[B,]) is not surjective. Indeed,
recall that A[B,] = A[A,_i] % (pp), with the center Z(A[B,]) generated by Ap = pj, and thus
Z(A[B,]) NA[A,_1] = 1. Hence A[B,]/Z(A[B,]) = A[A,_1] x {pg), where pp = m(pp). We observe
that in case (3) the image Im(m o ) lies entirely in the A[A,—1] factor of A[A,_1] X (pB), and so it
does not contain pg.

To analyze endomorphisms ¢ of types (2a) and (2b), we observe that they are transvections of certain
automorphisms, i.e. such an endomorphism has form: ¢(x) = ¢(x) - A(x) for any x € A[B,], where ¢
is an automorphism of A[B,] and \: A[B,] — Z(A[B,]) is a homomorphism, defined as follows:

¢(ti) = t;? 5 ¢(fi) = tyal—iv )‘(ti) = Allgv

(2a): (2b):
) ®(pB) = pB , d(pp) = pg ", App) = A}

The statements of Corollary 2.4 will be deduced from the following general lemma.

Lemma 4.3 Let G be a group with center Z, and let an endomorphism ¢ of G be a transvection of
an automorphism, i.e. ¢ = ¢ - A with ¢ an automorphism of G and \: G — Z some homomorphism.
Then p(Z) C Z and for the restriction |z: Z — Z we have:

(1) ¢ is injective if and only if |z is injective;

(2) ¢ is surjective if and only if ¢|; is surjective (i.e. Im(p|z) = Z).

Proof (1) The kernel of ¢ is equal to kerp = {x € G | ¢(x) - A(x) = 1}. Thus, if x € ker ¢, then
é(x) = Mx)~! € Z, hence x € Z. Thus kerp C Z, which proves that if |7 is injective then ¢ is
injective. The opposite statement is obvious.

(2) Assume that ¢ is surjective. Then for each x € G there exists y € G such that x = p(y) = d(V)A(Y).
In particular, taking x € Z, we get ¢(y) = xA(y) ! € Z, hence y € Z. Le. x = ¢(y) for y € Z, which
means that Z C Im(p|z), i.e. that ¢|z is surjective.

Now let ¢|z be surjective. Take arbitrary x € G and let z € Z be such that ¢(z) = A(x). Then
p(x) = P(X)A(x) = P(x)p(z) so that ¢p(x) = c,o(x)<p(z)*1 € Im . Since ¢ is an automorphism and x is
arbitrary, we conclude that G = Im ¢ C Im ¢, i.e. that ¢ is surjective. a

To finish the proof of Corollary 2.4 we observe that ¢ acts on the generator pj of the cyclic center of
A[B,] as follows:

P(ph) = (ppA%Y' = A" in case (2a),

o) = (pg ALY = A" incase (2b).
In particular, we see from Lemma 4.3 that ¢ is always injective, and that ¢ is surjective if and only if
A%”il € {Ag, Agl}, which is true if and only if ¢ = 0, since n > 2. m]
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Proof of Corollary 2.5 We see from Corollary 2.4 that an arbitrary automorphism ¢ of A[B,] is
conjugate to one of the following two types:

1)) = t; A 1)) = t;_ ;AR
(2a): o(t;) i 5B or (2b): o(t;) n _ll B
©(pB) = ps ©(pB) = pp
for0<i<n—1,p € Zand ¢ = 1. We see that an automorphism of type (2a) is equal to 77
if e =1 and to pu7? if ¢ = —1, and an automorphism of type (2b) is equal to 7777 if ¢ = —1

and to urT7? if ¢ = 1. Hence Aut(A[B,]) is generated by Inn(A[B,]), T, 7 and u. We check
directly that u?> = 72 = 1, pur = 7, pTp = T~', and 7T = T7. Denote by ¢: A[B,] — Z the
homomorphism that sends #; — 1 and pp — 1. We observe that inner automorphisms preserve &,
ie. &(gxg™!) = &(x) for any g,x € A[B,]. On the other hand, an arbitrary automorphism ¢ of type
(2b) above is not inner, since £(p(pp)) = —&(pB), and £(pp) # 0. For an automorphism ¢ of type
(2a) we have £(p()) = f(tfpgp) =dl+np #1=E&¢),asn>5,exceptif e =1and p =0,
which means ¢ is the identity. So, ¢ is not inner in case (2a) if different from id. We conclude that
Inn(A[B,]) N (T, T, n) = {id}.

Clearly, 7 ¢ (T, u), since T and u fix pg, but 7 does not. Since 7 and p are commuting involutions
and T has infinite order, T ¢ (7, ). Also u(ps) = pp # pg' = T(T*(pp)) for any k € Z, hence
p# 7T forany k € Z,i.e. u ¢ (T, ) either. Thus all the decompositions of Corollary 2.5 are true as
stated. |

5 Proofs for endomorphisms of A[B,]/Z(A[B,])

Proof of Proposition 2.7 Let ¢: A[B,] — A[B,] be an endomorphism. We are going to construct an
endomorphism ¢: A[B,] — A[B,] such that ¢ = ¢. For that, we define elements u; € A[B,] which
serve as the images ¢(r;) of the standard generators 7;, in such a way that all Artin relations between u;
are satisfied. Recall that the center of A[B,] is the cyclic group generated by Ag. First, we choose any
uy € A[B,] such that w(u;) = ¢(7;). Assume by induction that 2 < i < n— 1 and an element u;_; with
the property m(u;—1) = ¢(7;—1) is already defined. Choose arbitrary u; € A[B,] such that 7(u}) = (7).
Since ¢(Fi_ 7i7i1) = ¢(FiFi_y 7;), there exists k; € Z such that u;_j ulu;_1 = ubu;_y ul AN . 1f we
now define u; = u} A’g, we have m(u;) = w(u}) = ¢(7;) and

ki 2k; ki ki
Wiy w1 = iy Wiy Ap = i uiy u AT = AR wi—y (u) Ay) = wiui—y u;,
so that the braid relations between generators u; and u;_; are satisfied.
Choose additionally u, € A[B,] to be an arbitrary element such that 7(u,) = ¢(7,).

We claim that all other Artin relations between elements u; are also satisfied. To prove that, consider
the homomorphism z: A[B,] — Z, r; — 1 forall 1 < i < n. If i,j € {1,...,n} are such that
rir; = r;r;, then we have ¢(7;7;) = ¢(7;7;), and hence u;u; = uju; A% for some k € Z. Applying the
homomorphism z to both sides of the latter equality, and recalling that Ag = (rir2 ... r,)", we see that
2(Ap) = n? and

2(u) + 2(w)) = 2(uy) + 2(u;) + kn?,
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hence k = 0, and therefore u;u; = uju; .
Similarly, for elements r,_; and r, we have: ¢(F,— 7 Fu—1 ) = @(Fy Fyy—1 Fp Tn—1) SO that
Un—1 Un Uy 1 Uy = Up Un—1 Uy Up—1 A
for some ¢ € Z. Applying z to both sides, we get:
22ty —1) + 22(up) = 22uy) + 22(tty—1) + In”,
and we again conclude that £ = 0 and that u,, | u, uy—1 Uy, = Up Up—1 Uy Up—1 .

Hence the correspondence r; — u; for 1 < i < n, defines a homomorphism ¢: A[B,] — A[B,], which
is a lift of ¢. o

Proof of Theorem 2.8 Let n > 5 and ¢: A[B,] — A[B,] be an endomorphism. We know from
Proposition 2.7 that ¢ admits a lift ¢: A[B,] — A[B,]. By Theorem 2.1, there are three possibilities
for ¢ up to conjugation. We will analyze them and deduce the structure of ¢ in each of these cases.

Case (1): there exist g,h € A[B,] such that gh = hg, and forall 0 < i < n—1 we have o(;)) = ¢
and @(pg) = h. Then, since ©(Z(A[B,])) € Z(A[B,]), we have o(pf) = ,0’;3” for some k € Z.
Hence 1" = p(p}) = p&. By [LL10, Theorem 1.1], it follows that & and p% are conjugate in A[B,],
which means that we may assume without loss of generality that ¢(pg) = p% and ¢(#;) belongs to the
centralizer ZA[BH](plé) of p’é in A[B,]. On the other hand, a description of ZA[Bn](pg) is known from
[GWO04, Proposition 3.5], and it can be adapted for our situation as follows.

Lemma 5.1 (Gonzdlez-Meneses—Wiest [GW04]) Let d = ged(n, k) and r = n/d. If d = 1, then
Zas(P%) = (pB), and if d > 2 then Zaip,|(p%) = (pB,tataa - - - tra), with the convention that t,; = ty.
In particular, if d = n, i.e. if k is a multiple of n, then Za(p,1(p%) = (pp,to) = A[B,]. O

Projecting to A[B},], we get the following description of ¢ in Case (1):
&(pp) = p, forsome ke {0,...,n—1},
gb(;l) = ga

with g belonging to 7(Zaz,(pj)), which is equal to (pp) if gcd(n, k) = 1 and to (pp, titra . .. To) if
d = ged(n, k) # 1. Notice that, in general, we have m(Zy(p,1(x)) = Zm(w(x)) for arbitrary x € A[B,].
(Indeed, denoting Z = Z(A[B,]), we have Zzz~(m(x)) = {n(g) € A[B,] | gxg~' € xZ}. Now, using
the homomorphism &: A[B,] — Z, t; — 1, pg — 1, we observe that if gxg~! € xZ then gxg~! = x,
for arbitrary g € A[B,],1.e. g € Zsp,)(x).) Thus we can write that g € Zm(ﬁg) in this case.

Case (2): there exist € € {1} and p,q € Z such that for all 0 < i < n — 1 we have one of the two
options:
1) =17 Al ) =1t,_; A}
(2a): o(t;) i Bq or (2b): o(t;) n_; 2
©(pB) = pp Aj w(pg) = pg AB.

We see that in both these cases p(pp) = pgt"A%" = A%"il € Z(A[B,]), as needed, and for ¢ = p we
have:

(2a): ¢Eti) - tf ’ or (2b): ¢fti) - t:l ’
®(pB) = PB &(pB) = pg -



Endomorphisms of Artin groups of type B, 21

Case (3): In this case the endomorphism ¢ has the property p(pp) = pA¥AY for k € {0,1},
r,s € Z. In particular, pyA¥ € A[A,_;] and A[A,_] intersects trivially with kerm = (p}). Hence,
T(p(pp)) = ﬂ(pkAz’") # 1, which means that ¢(p%) does not belong to Z(A[B,]). We conclude that
in Case (3), ©(Z(A[B,])) € Z(A[B,]), hence ¢ cannot be a lift of an endomorphism of A[B,]. O

Proof of Proposition 2.9 If ¢ belongs to case (1), then the image of ¢ is abelian, and hence ¢ is
non-injective, whereas if ¢ belongs to case (2a) or (2b), then ¢ is actually an automorphism. If
¢ = conj, o, then 7 has the same properties, since conj, is an automorphism. Thus, ¢ and v cannot
belong to case (1) and to either case (2a) or (2b) simultaneously. Consider a homomorphism

7 A[By) — Z & Z/nZ, F+—> (1,0) foralli, pgr— (0,1).

Notice that the image of 7 is an abelian group, hence j o conj, o ¢ = 7j o ¢, for any ¢ and x, so it will
suffice to show that cases (2a) and (2b) are distinguished by the image of the composition 7 o ¢ and
that parameters € and x are determined by 7 o ¢ uniquely. We have the following formulas for 7 o ¢:

case (1): nog¢: ti—(£(),0), ppr— (0,K);
case (2a): nog¢: ti+——(5,0), pp+—— (0,1);
case (2b): fo¢g: ti—(5,0), pp+— O,n—1).
where ¢ denotes the homomorphism &: A[A,_1] — Z, sending 7; — 1 forall 0 < i < n — 1. From

these formulas we see that endomorphism ¢ cannot belong to cases (2a) and (2b) 51mu1taneously, since
7i(¢(pp)) is different in the two cases. And clearly, parameters € and  are determined uniquely by
these formulas. d

Proof of Corollary 2.10 From Theorem 2.8 we see that endomorphisms of case (1) are not surjective,
since their image is abelian, and hence all automorphisms of A[B,] up to conjugation come from
case (2). Hence Aut(A[B,]) = (Inn(A[B,]), 7, fi). Since, in general, for an arbitrary automorphism
a € Aut(G) and arbitrary element ¢ € G of a group G we have « o conj, o a~!
conjugation by 7 and by ji inside Aut(A[B,]) leaves Inn(A[B,]) invariant. Also notice that 7 and ji are
commuting involutions. So to establish that Aut(A[B,]) = Inn(A[B,]) x (7, i) we just need to prove
that (7, i) N Inn(A[B,]) = {id}.

= CONj, . the

Consider the homomorphism &: A[B,] — Z/nZ, & — 1, pp — 1. Since Z(A[B,]) = (o), & is well-
defined. We notice that for any g € A[B,,], we have £(gxg— ") = £(x) forall x € A[B,], i.e. £ is invariant
under conjugation. Now we observe that f(Tu(pB)) = f(T(pB)) = f(pBl) = —1 whereas 5_(,53) =1,
which proves that automorphisms 7 and 7 are not inner. Similarly £(i()) = G ) = —1 # 1 =
&(%;), so that fi is not an inner automorphism either, which proves that (7, i) N Inn(A[B,]) = {id}.

To conclude that Inn(A[B,]) ~ A[B,] we prove that the center of A[B,] is trivial (this fact is known
to experts, though is not readily available in the literature). Indeed, let 7 € Z(A[B,]) and let z €
A[B,] be such that m(z) = Z. Then for an arbitrary x € A[B,] we have zxz —1 = x7 for some
7 € Z(A[B,]) = (p}). Considering the homomorphism &: A[B,] — Z, t; »—> 1, pg — 1, we notice
that £(x) = &(xz™!) = €(x7') = &) + £(Z)), so that £(Z) = 0. But 7/ = p ' for some k € Z, hence,
£(Z) = kn which is equal to 0 if and only if k = 0, i.e. if and only if z/ = 1. Hence zxz~! = x for
every x € A[B,], which means that z € Z(A[B,]) and Z = 1. O
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Proof of Corollary 2.12 Indeed, recall that A[B,] = A[A,—1] % (pp), and from Corollary 2.10 we
see that Aut(A[B,]) ~ Inn(A[B,]) x (7, i) ~ (A[An,l] X (p3>) x (T, ). Clearly, conjugation by pp
preserves A[A,—1] and we see directly that 7, i leave A[A,—] invariant. This shows that A[A,_]
is a characteristic subgroup of A[B,]. On the other hand, there exist endomorphisms of case (1) of
Theorem 2.8 which send 7 to a nontrivial element of (7g), i.e. A[A,—1] is not a fully characteristic
subgroup of A[B,,]. O

6 Additional remarks

Remark 3 The word representing the element , which participates in the expressions for endo- and
automorphisms of A[B,] in terms of the standard generators of A[B,],

2
0 =rp_itp—2...nn(r)ra...rp—2rn_1,

appears in a few other contexts in the literature. One situation where this expression shows up is a
natural embedding of the Artin group A[A,_;] into that of type A[A,—1]. To keep notation the same,
assume that A[A,_] = Ayx,[B,] is generated by X; = {r1,...,r,—1} and that A[A,_2] = Ax,[B,] is
generated by X, = {ry,...,r,—2}. Then the element § is equal to the quotient of two generators of the
centers of A[A,,_i] and A[A,,_»], L.e.

5 = AXI [Bn]2 . AXZ [Bn]_2 ’

where Ay, [B,] (resp. Ax,[B,]) denotes the Garside element of A[A,_1] = Ax,[B,] (resp. A[A,—2] =
Ax,[By,]). The proof of this follows from [CP23, Lemma 5.1].

Another context where the element § appears, is the presentation of the mapping class group of a closed
orientable surface. Namely, let 2, be a closed orientable surface of genus g, and let ¢y, ..., ce 11 bea
chain of isotopy classes of simple closed curves in X, for which i(ck, ck41) = 1 and i(cy, ¢;) = 0 for
|k — 1| > 1. Then the so-called hyperelliptic involution % of ¥, is given by the formula (see [FM12,
section 5.1.4]):

h=T,

Cog+1

Tey o ToyTe, ... Tey, T,

C2g+1 b
which formally coincides with the expression for ¢ if one sets r; = T,,, forall 1 <i<n—1=2g+1.
This coincidence can be explained as follows. It is well-known that the so-called chain relations
between the Dehn twists corresponding to a chain of simple closed curves on a surface can be written
in terms of the generators of the centers of the corresponding Artin subgroups. Namely (see [LPO1,
Proposition 2.12]),

ATy, Topy ) = (T, ... T,

28+2
C2g+]) 8+2 = Td| sza
where d;, d> are the two boundary components of the regular neighborhood of the chain {ci}_zg +1. For

=1 -
an even number Of curves we get:
2
A(Tey, o Tey) = ((Tey . T )6 = Ty,

where d is the single boundary component of the regular neighborhood of the chain {c,-}l.zﬁ - Itis
also known (see e.g. [Mat00, Table 1]) that the square of A(T¢,,...,Tc,,) is equal to the hyperelliptic
involution & on X,. Since on the closed surface X, all twists Ty, , T4,, T4 are trivial, we get:

h=ATy,. ... T, =id- ATy, ..., To)) > = ATey, o Ty ) ATy, Tey)) 2,

) 7 Cogtl
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which is exactly the above expression for § as a quotient of the two generators of the centers of the
corresponding Artin subgroups.

Remark 4 There is a considerable interest in finding embeddings of different Artin groups into one
another and into mapping class groups, see e.g. [Cri99, BM07, Mor12, Ryf23, Poo24]. In this regard,
Corollary 2.3 provides a few new ways to embed Artin group A[l>(4)] = A[B;] into A[B,] and A[A,].
Namely, since r,—1 and r, satisfy the Artin relation of length four: r,_r,r,—1 7 = Fprp—1 ¥ ntn—1,
the elements ¢(r,—1) and ¢(r,,) also satisfy this relation, for any homomorphism ¢. In their simplest
form, for endomorphisms ¢ of types (IlIb) and (IIb) of Corollary 2.3, these relations read:

(6-1) 5r;_115r;_11 :r;_llér;_llé,

(6-2) @ra)r by @rayrty =t Gr) (6

Denote §' = rn__ll ) rn__l1 = ry_n...r2(r))*ry...ry—n. Then relation (6-1) can be written as § 8’ = &' §
and it is equivalent to yet another Artin relation of length four:

(6-3) 8 118ty =116 e 8.

Of course, these relations are satisfied since ¢ is a homomorphism, by Corollary 2.3. However, one
can see the validity of these relations directly. For relations (6—1) and (6-3), we recall the expression
for 6 and &’ as the quotient of two generators of centers of the respective parabolic subgroups (see
Remark 3): § = Ay, [B,]*> - Ax,[B,]7% and &' = Ay,[B,]* - Ax,[B,]72, where X3 = {ry,...,r3}.
Since all the four participating factors commute with one another, the identity § &' = ¢’ § holds.

To see the validity of relation (6-2) directly, we note that r,, commutes with ¢’ and that I, ! (0= 8 ry_1.
Then (we apply obvious identities to the underlined subwords):

'ntp—1 " TI'n =

—1 —1 / -1 -1 -1 —1
Or)r, O r)r,_ = 0ry 0 Fy1Taly_ 1y ~Tn =010 1, 1,_,

/o —1 / —1 —1 —1 —1 —1 /
00 1, Tnuln—11n =0 0T, Tnln1Tn =1, (0T, (0, Tnln 1Ty =1,_100 InTy_11; =

1 @) = G (G

7 Some open questions

Inrecent years there has been a series of publications concerning automorphisms and endomorphisms of
certain types of spherical and affine Artin groups. As arule, in these publications small rank cases were
excluded, since the methods employed were not applicable for them. In this section we summarized
what is known and what is not known concerning automorphisms and endomorphisms of Artin groups
of these types, to the best of our knowledge. Ideally, the problem of determining the automorphism
group of a group G should involve obtaining a description of Aut(G), Out(G) and deciding whether the
short exact sequence 1 — Inn(G) — Aut(G) — Out(G) — 1 splits. The problem of determining the
endomorphisms of a group G involves obtaining a sensible explicit description of all endomorphisms
of G, possibly, up to an equivalence of some sort.
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Type I,(m), m > 3, m # oo:

* Coxeter graph: " o
e Automorphisms: Out(A[/>(m)]) was determined in [GHMROO0, Theorem E], Aut(A[l>(m)]) was
determined in [CP02, Theorem 5.1].

* Endomorphisms: the problem is open (for m = 3 see type A, for n = 2 below).

Type A,, n > 1:

» Coxeter graph: ——o—o—---—o—
1 2 3 n—1 n

e Automorphisms: determined in [DG81] and, independently, in [CCO05] for n > 3. For n = 2
see also the references for type I(m) with m = 3.

* Endomorphisms: determined for n > 5 in [Cas09], and, independently, for n > 4 in [CKM19],
for n > 3 in [Ore24], and for n = 2 a description without proof is given in [Ore24, Proposi-
tion 1.8].

Type B,, n > 2:

4
» Coxeter graph: ——eo—o—---—o—
1 2 3 n—1 n

* Automorphisms: determined in [CCOS5] for n > 3 and, independently, in the present paper for

n > 5. For case n = 2, see type I,(m) with m = 4.

* Endomorphisms: determined for n > 5 in the present paper. The problem is open for n = 2,3, 4.

Type D,, n > 4:

—1
* Coxeter graph: ——eo—o—--- !
1 2 3 n—2
n

e Automorphisms: determined in [CP23] for n > 6 and in [Sor21] for n = 4. The problem is
open for n = 5.

* Endomorphisms: determined in [CP23] for n > 6. The problem is open for n = 4, 5.

Type A,, n > 1: 0

* Coxeter graph: --- forn > 2, — o forn=1.
1 2 n—1 n 0 1
* Automorphisms: determined in [CCOS5] for n» > 2 and, independently, in [PS25] for n > 4.

A[A|] ~ F,, the free group of rank 2, so the case n = 1 may be considered as known.

* Endomorphisms: determined in [PS25] for n > 4. The problem is open for n = 2, 3.
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Type C,, n > 2:

» Coxeter graph: ———eo—---—o—

* Automorphisms: determined in [CCO05] for n > 2.

¢ Endomorphisms: the problem is open for all n > 2.

Problem 7.1 Establish the remaining open cases in the above list. In particular, determine Aut(A[Ds]).

Except for type I(m) and the original paper [DG81] on A[A,], all articles cited above were relying on
embedding of the respective Artin groups into mapping class groups of surfaces, and used topological
methods to establish results. These methods are unavailable for the rest of spherical and affine Artin
groups, so it would be desirable, if possible, to develop other methods, which do not use mapping class
groups, to determine the automorphism groups of these Artin groups and describe their endomorphisms.

Problem 7.2* Determine the automorphism group of any irreducible spherical or affine Artin group,
not listed above.

Problem 7.3* Describe endomorphisms of any irreducible spherical or affine Artin group, not listed

above.
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