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ARTIN GROUPS
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ABSTRACT. We show that for each positive integer k there exist right-angled
Artin groups containing free-by-cyclic subgroups whose monodromy automor-
phisms grow as n¥. As a consequence we produce examples of right-angled
Artin groups containing finitely presented subgroups whose Dehn functions

grow as nk12.
CONTENTS
1.__Introductionl 2
[2. Preliminaries on growth| 4
3. Bounding the Dehn tunction ot the double| 9
|4.  Cube complexes| 13
[T Special cube complexes 13
[£27 Morse theory for cube complexes]| 14
|_5. Groups G,k 15
(.1 TOG definitionl 15
5.2. CAT(0) structure for G, k| 16
F:’).S. Free-by-cyclic structure] 17
6. Constructing a special cover for Gy, | 20
6.1. 'The permutation representation| 20
6.2. A (2m + 1)—torus cover| 24
6.3. Exploring hyperplane pathologies 26
[L_Proofs of the Main Theorems 29
8. Growth of ¢ and ¢! 32
8.1. Upper bounds for the growth of ¢, ¢~ 32
8.2. Lower bounds for the growth of ¢, ¢~* 37
8.3. Lower bounds for the growth of ¢°| 38
9. Open questions| 39
|10. Appendix: virtual non-embeddability of Gersten’s group into RAAGs| 39

42

Date: August 28, 2020.
2010 Mathematics Subject Classification. Primary 20F65, 20E05, 20F67, 57TM20.



2 NOEL BRADY AND IGNAT SOROKO

1. INTRODUCTION

There has been intense interest in subgroups of right-angled Artin groups (RAAGs)
in recent years. This is due largely to the work of Agol, Wise and others on the
virtual fibering question in 3—manifold topology.

In [I] Agol showed that if M3 is a compact, oriented, irreducible 3-manifold with
X(M) = 0 and 71 (M) is a subgroup of a RAAG, then M virtually fibers. In [27]
Haglund and Wise showed that fundamental groups of special cubical complexes
are subgroups of RAAGs. Building on this machinery, Agol went on to solve the
virtual fibering conjecture in [2]. The fundamental result in [2] is that non-positively
curved cubical complexes with hyperbolic fundamental groups are virtually special.

In this paper we consider two questions about subgroups of RAAGs.

The first question asks which free-by-cyclic groups virtually embed in RAAGs.
In |25, 26] Hagen and Wise show that hyperbolic free-by-cyclic groups virtually
embed in RAAGs. It is also known that F5 x Z groups virtually embed in RAAGs.
The hyperbolic free-by-cyclic examples all have exponentially growing monodromy
automorphisms and the Fy x Z groups have exponential or linear monodromy au-
tomorphisms. In [24], Gersten gives an explicit example of an F3 x Z group which
does not virtually embed in a RAAGH Another such example was given by Wood-
house [35, Ex. 5.1] (in view of [36, Th. 5.10]). The groups considered by Gersten
and Woodhouse are not CAT(0) groups, and this prompts the following open ques-
tion. Does every CAT(0) free-by-cyclic group virtually embed in a RAAG? The
family of the so-called Hydra groups considered in [22] provides a test case for this
question where the monodromy automorphisms grow polynomially with arbitrary
degree. While we haven’t proved that Hydra groups virtually embed in RAAGs
(this is a topic of an ongoing research of the second-named author), we construct
analogues of the Hydra groups (where the base Z? subgroup is replaced by a more
complicated RAAG) which are CAT(0) free-by-cyclic with polynomially growing
monodromy automorphisms of arbitrary degree and which are virtually special.

Theorem A. For each positive even integer m there exist virtually special free-by-
cyclic groups Gy m = Fom X Z with the monodromy growth function gr¢(n) ~n™m
and Gy m—1 = Fap—1 Xy Z with the monodromy growth function gr (n) ~ n™=L.

Since finite index subgroups of free-by-cyclic groups are again free-by-cyclic (with
the monodromy automorphism having the same polynomial growth rate), and since
special groups embed into RAAGs, we obtain the following corollary.

Corollary A. For each positive integer k there exists a right-angled Artin group
containing a free-by-cyclic subgroup whose monodromy automorphism has growth

function ~ nk.

The second question asks what kinds of functions arise as Dehn functions of
finitely presented subgroups of RAAGs. Recall that Dehn functions capture the
isoperimetric behavior of Cayley complexes of groups. A lot is known about Dehn
functions of arbitrary finitely presented groups (see [9, [6, B3]). For example, a
group is hyperbolic if and only if its Dehn function is linear. CAT(0) groups and, in
particular, RAAGs, have Dehn functions which are either quadratic or linear. In [7]
there are examples of CAT(0) groups which contain finitely presented subgroups
whose Dehn functions are of the form n® for a dense set of a € [2,00). Restricting

Lwe provide a complete proof of this result in the “Appendix”.
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to the case where the ambient groups are RAAGs it gets harder to find examples
of subgroups with a wide variety of Dehn functions. In [§] there are examples of
finitely presented Bestvina—Brady kernels of RAAGs which have polynomial Dehn
functions of degree 3 or 4. In [21] it is shown that the Dehn function of such kernels
of RAAGs are at most quartic. In [I2] Bridson provides an example of a RAAG
containing a finitely presented group with exponential Dehn function. Our second
result shows that there are finitely presented subgroups of RAAGs whose Dehn
functions are polynomial of arbitrary degree.

Theorem B. For each positive integer k there exists a 3—dimensional right-angled

Artin group which contains a finitely presented subgroup with Dehn function ~ n*.

This is the extent of what is currently known about the isoperimetric behavior
of subgroups of RAAGs; it would be very interesting if one could produce examples
with other types of Dehn functions.

Our paper is organized as follows.

In section [2| we introduce the growth functions of automorphisms and prove
a folklore result (Proposition that the growth of an automorphism of a free
group is invariant under taking powers of the automorphism and under passing to
a subgroup of finite index. In doing that, we rely on the Gilbert Levitt’s Growth
Theorem [30] (whose proof uses train-track machinery).

Section |3|is devoted to providing estimates for the Dehn function of the double
of a free-by-cyclic group in terms of the growth of the monodromy automorphism.
We use Bridson’s lower bound from [I3] (Proposition and adapt the proof
of the upper bound, given in [I7] for the abelian-by-cyclic setting, to the case
of free-by-free groups needed for our construction (Proposition . Using these
estimates, we show later in section [7| that for the polynomially growing monodromy
automorphisms involved in our construction, the upper and lower bounds on the
Dehn function of the double actually coincide. If the monodromy automorphism
has polynomial growth of order n*, then the Dehn function of the double grows like
nk+2.

In section [4] we recollect all the relevant definitions related to the Morse theory
on groups and special cubical complexes, which will be used in sections [5] and [6}

In section [5| we introduce the free-by-cyclic groups G, i, which play the central
role in our construction. We define these groups through LOG notation, which is
a graphical tool to encode conjugation relations. We prove that the group G, i is
CAT(0) and free-by-cyclic, and exhibit explicit formulas for its monodromy auto-
morphism (Proposition . We defer until section [8| the proof that this automor-
phism has growth ~ n*.

The goal of section [f] is to exhibit a finite special cover for the presentation
complex K, , of the group Gy, ,, for arbitrary even m. The construction is done
in several stages. First, for arbitrary m, we engineer a certain right action of
Gum.m on a set of cardinality 22™*! which may be thought of as the O-skeleton
of a (2m + 1)-dimensional torus T2,,+1. This action defines a finite cover IA(m —
K m, which cellularly embeds into the 2-skeleton of 72,41 (Proposition .
Since I?m is a subcomplex of a product of graphs, it is free from three out of four
hyperplane pathologies in the definition of a special cube complex (Proposition.
To eliminate the fourth hyperplane pathology we observe that for even values of m,
the complex K, , is a VH-complex in the terminology of [27]. It follows that there
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exists another finite cover K,, — K,,, such that K,, is a special square complex
(Proposition [6.6)).

In section [7| we bring all the pieces together and prove Theorems A and B. For
even values of m, groups Gy, ,», are virtually special free-by-cyclic with the mon-
odromy automorphism growing as n”. To obtain growth functions of odd degree,
we observe that the presentation 2-complex K, ,,—1 of the free-by-cyclic group
G m—1 is a combinatorial subcomplex of K, ,,—1 and it is obtained by deleting
the hyperplane corresponding to the last generator asy,,1. Thus the pullback of
Kpym—1 in K,, is a finite special square complex covering Kyn,m—1. This makes
Gm,m—1 a virtually special free-by-cyclic group with the monodromy automorphism
growing as n™ L.

To prove theorem B, we look at the double of the special (free-by-cyclic) finite
index subgroups H of Gy m (Gm,m—1), and prove that the lower and the upper
bounds for its Dehn function coincide, and are of the order n™*?2 (resp., n™*1).
This double naturally embeds into a RAAG, whose underlying graph is the join
of the underlying graph for the RAAG containing H and the empty graph on two
vertices.

In section [8] we provide the computation of the growth function for the mon-
odromy automorphism of G, ; and its abelianization.

In section [0] we list three open questions related to the study in this paper.

Finally, in the “Appendix” we provide a proof of a folklore result that Gersten’s
group cannot virtually act properly by semi-simple isometries on any complete
CAT(0) metric space, from which it follows that Gersten’s group cannot virtually
embed into a RAAG.

Acknowledgments. Noel Brady acknowledges support from NSF grant DMS
0906962 and Simons Foundation award 430097. Ignat Soroko also acknowledges
support from Simons Foundation award 430097 and from the research assistantship
of Dr. Jing Tao (NSF grant DMS 1611758 and NSF Career grant DMS 1651963).
Both authors are grateful to Mark Hagen and Daniel Woodhouse for discussions
about Gersten’s group. Finally, both authors are very grateful to the referee for
valuable comments and suggestions which improved the quality of this paper.

2. PRELIMINARIES ON GROWTH

In what follows we will consider functions up to the following equivalence rela-
tions.

Definition 2.1. Two functions f, g: [0,00) — [0,0) are said to be ~ equivalent if
f <gand g < f, where f < g means that there exist constants A > 0 and B > 0
such that f(n) < Ag(n) + B for all n > 0.

Definition 2.2. Two functions f,g: [0,00) — [0,0) are said to be ~ equivalent
if f=gandg = f, where f = g means that there exist constants A, B > 0 and
C,D, E > 0 such that f(n) < Ag(Bn+C)+ Dn+ E for all n > 0.

We extend these equivalence relations to functions N — [0, c0) by assuming them
to be constant on each interval [n,n + 1).

Remark 2.3. Notice that f < g implies f = g and f ~ g implies f ~ g. However,
the relation ~ is strictly finer than ~, as the latter identifies all single exponential
functions, i.e. k™ ~ K" for k, K > 1, whereas the relation ~ does not. We will use
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the relations ~, < when dealing with growth functions of automorphisms and the
relations ~, = when discussing Dehn functions of groups (as is done traditionally).
The term Dn in the above definition of = is essential for proving the equivalence
of Dehn functions under quasi-isometries.

Let F be a free group of finite rank &k with a finite generating set A. Let d4(x,y)
be the associated word metric on F. If ¢: G — G is an automorphism, we define

gry a(n) := max [v"(a)] 4,

where |g|.4 is equal to d4(1,g) for g € F.
The following properties of gr,, 4 will be used in the sequel.

Proposition 2.4. Let F' be a free group of finite rank with a finite generating set
A, and let 1 be an automorphism of F. Then
(i) for each finite generating set B of F', gry, g ~ &ry 5
(ii) for each d €N, gry, 4 ~ grya 4;
(iii) for each finite index subgroup H < F invariant under v with a finite gen-
erating set B < H, we have gry, 4 ~ 8y, 5-

Proof. Let A = {a1,...,an}, B = {b1,...,by}. Since both sets A and B gen-

erate F, there exist words w; and v; such that a; = w;(b,...,by) and b; =
vi(ai,...,an), forall 1 < i < N, 1 < j < M. Let constants K and L de-
note the maximal lengths of w;, vj;, respectively, ie. K = maxici<n |wi|s,

L = maxi<j<um |vj]4. Then, obviously, for all ¢, j, n, one has:

[9"(ai)lls < K- [¢"(ai)|a and " (bj)]a < L~ 9" (bs)] 5
Now fix arbitrary 1 < j < M and assume without loss of generality that
vj(ai,...,an) = a;l ...a;", for values 1 < ip < N and g, = £1 or 0. Then

9" )l = 19" (@5 - a5)lls < 17 i, + -+ + 167 (as, ) s <
K (i)l + -+ K6 ai,)|a < KL max |67 (@)]4 = KLgr, a(n)

Therefore, gry, g(n) = maxicj<m [¢¥"(b))|s < KLgry 4(n), and, by symmetry,
gry, 4(n) < LK gry g(n). This proves (i).

Before proving parts (ii) and (iii), we state following remarkable result of Gilbert
Levitt:

Levitt’s Growth Theorem ([30, Cor. 6.3]). Let F' be a free group of finite rank
with a free generating set A. Given o € Aut(F) and g € F, there exist A = 1, an
integer m = 0 and constants A, B > 0 such that the word length |a™(g)| .4 satisfies:

VneN, AN < o™ (g)|a < BA™n™. O
Consider a sequence of growth parameters (\;,m;) from the Levitt’s Growth

Theorem corresponding to the generators aq,...,an, so that foreach 1 < i < N
there exist constants A;, B; > 0 such that

AN L ™ (ag)|a < BiAln™ for all n e N.

Order these parameters lexicographically: (A;,m;) < (Aj,m;) if and only if A; < ),
or A; = Aj and m; < my. Clearly, (Ai,m;) < (A;j,m;) if and only if AIn™i /Afn"™ —
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o0 as n — . Pick 1 <ip < N such that (\;,,m;,) is maximal with respect to this
order. Then for any constants C7,Cs > 0 and arbitrary 1 <7 < N we have:

Cl/\in L 02/\1'0” o,

which means that the left-hand side is less than or equal to the right-hand side for
all large enough n € N.
To prove (ii) in one direction, notice that for any 1 <i < N,

AEdmi M
[ (ai)a < B (dn)™ = (BAd™ )NIn™ « BEE (43,00 0m0) <

Bi)\.'d “i
" (aiy) ]| 4

iQ

Hence, there exist a constant Cp; > 0 such that

grya a(n) = max [[(¥9)"(ai)|a < Dery a(n) + Coig,

where D = maxi<;<n BiA{d™ /Ay, Thus, grya 4 < gry 4.
In the opposite direction, for any 1 < i < N we have:
[ ()] < BaATn™ < BiX{"(dn)™ « 2 (Aig Ay (dn)™0) < 2

10" 10

(aiy)].a-
By taking maximum, we get for arbitrary n € N:

gry.a(n) = max 9" (a)|a < DI (as,)|a + Coig < Dgrya a(n) + Chig

for D = max; B;/A;, and some Cjy;y > 0. This proves that gr, 4 < grya 4 and
hence that gr,, 4 ~ grya 4.

To prove (iii) in one direction, notice first that H, being of finite index in F
is quasi-convex in F' (see e.g. [16], II1.3.5]). Hence for any h € H, one has ||h|p <
C|h|a for some C' > 0. Writing each b; € B as a word b; = v;(a1,...,an) and
setting L = maxi<;j<n [vj].4, we obtain for arbitrary 1 < j < M:

19" (83)ls < Clp™ (b5)]4 < CL max [¢"(ai)|a = CLgry a(n),

so that gry, s(n) = maxigj<m [¥"(b)|s < CLgry 4(n), ie. gry, g < gry a-

In the opposite direction, notice that there exist an integer p > 0 such that for
every a; € A, we have af € H. As above, let (A\;,m;), 4;,B; > 0 be a sequence
of growth parameters for the generators aq,...,ay, and let ()\;,,m;,) be maximal.
Consider a new generating set B’ for H, B’ = B u {a} }. Then for arbitrary 1 <
1 < N we have:

[¥"(as)]a < Bidin™ « A (A N mzo) <Z

(@io)]a <

(af)a < £=LIY" (0 )s,

where L has a similar meaning as above. Here the fourth mequahty holds since,

in general, for any automorphism « € Aut(F), any g € F and any p > 0, one

has [a(g)|a < |a(g?)|la. (Indeed, one can write a(g) = uvu~! with v cyclically

veduced. Then [a(g)| = 2u] + [v], whereas |a(g?)] = JuvPu=t| = 2Ju] + pJv].)
By taking maximum, we get for arbitrary n € N:

gry.a(n) = max " (ai)]a < DLIY" (ag)ls + Crig < DLgry|,, 5(n) + Chig
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for D = max; B;/A;, and some Cy;y > 0. This means that gr,, 4 < 8Ty, Since,
by part (i), gry|, 5 ~ 8y|, 5, this proves that gr, 4 < gry, 5 and part (iii) is
proved. ([l

Remark 2.5. The proof of property (i) of Propositionworks for automorphisms
of arbitrary finitely generated groups.

Remark 2.6. For the growth of outer automorphisms, analogs of (ii), (iii) of
Proposition in the case when automorphisms are growing polynomially, follow
from Macura’s paper [31], where she proves that if two free-by-cyclic groups F;, x4
Z and Fj xy Z are quasi-isometric and both ¢ and ¢ are growing polynomially,
then the polynomial growth rate of the corresponding outer automorphism classes
[¢] and [¢] is the same. Here by the growth of an outer automorphism [¢] one
understands the function grp,) 4(n) := maxaea [¢"(a)|a, where |g| 4 is the length
of the cyclically reduced word in generators A corresponding to g. However, the
function gry, 4(n) provides a finer information about the growth of automorphisms
than grp,, 4(n) does, as the following example of Bridson and Groves shows.

Example 2.7. ([15 p. 36], see also [30, p. 1128]) Let ¢ be an automorphism of the
rank 2 free group Fy = F(x,y) acting on the generators x,y as follows: ¢(z) = z,
#(y) = yz. Let i, be the inner automorphism associated to y and set ¢ = i, 0 ¢.
Thus, () = yry 1, ¥(y) = y?>zy~!. Bridson and Groves notice that

(iy 0 )" (w) =y~ "oy ™). 0"y ") - ¢ (w) - ¢" () - Bly)y ]
and, since ¢"(y) = yz", it follows that grp, (n) ~ gry(n) =~ n, but gr,(n) ~ n*

In view of item (i) in Proposition in what follows we will suppress the
dependence on the generating set and adopt the notation

gry(n) == gry_a(n),
for an arbitrary generating set A c F'.

For the abelianization F,, = F/[F,F] = Z* we consider the induced automor-
phism z/Jab: F,, — Fy and denote {€;} be the generating set of Fy;, corresponding
to A: &; = a;[F,F],a;€ A,i=1,...,k. For any v € Z* let |v|; denote the £;-norm
on Z* viewed as a subset of C*: if v = Zle i€, then |v]; = Zle |ci]. Define

gty (n) = max ()" ().
Then the following is true:
Lemma 2.8.
gry(n) = grya(n).
Proof. Let €: F' — F,; be the natural homomorphism. Then
()" (@) = e(¢"(as))
and hence the length of the shortest word in generators {&;}F_; of the element
(12" (€;) € ZF is no bigger than |[¢"(a;)| 4. But the former is equal to |(/**)"(&;)]1

2(Added on 8/28/2020.) If iy(g) = ygy~!, then this formula should read
(iy 0 9)"(w) = yo(y) ... 6"~ (y) - " (w) - " (yTH) .. By YT
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hence |(**)"(&:)|1 < ||¢"(a;)|.4 for all i = 1,...,k. By taking maximum, we get
the required inequality. ([

By embedding ZF into C* we may consider C* as a vector space with the basis
{e:}F_,. Now let A be a linear operator on C* given in basis {&;}*_; by the matrix
(ai;)¥ -1, and let |v],. denote the £,-norm on C*: if v = Zle i€, then |v], =
max;—1__ |c;|. Consider two norms on End(CF), one is the operator norm with
respect to o:

Avl,
1Ay = sup 22— (a0,
v20 V] [v] =1

. . . 2
and another one is the supremum norm, which is the £,.-norm on the space C*:

Al sup = i,jrfﬁ.}.(.,k |aij].

Lemma 2.9.

max [Aé;|1 = | Allsup-
i=1,....k

Proof.
m?X|A§¢|1 > mlax|Aéi|I = n}a}x|aij| = | A sup- O

The following fact is well-known (see [28, Cor. 5.4.5]):

Lemma 2.10. There exist constants Cy, Cy > 0 such that
CilAlop < [Alsup < Ca] Aop- 0

Corollary 2.11. The growth function

grzup: nr— HAanuP

is ~ equivalent to the growth function
gy s m— A" op. u
The following results are proved in [14] Proof of Th. 2.1]:
Lemma 2.12. The ~ equivalence class of the function gry depends only on the
conjugacy class of A in GL(k,C). O
In view of Corollary and Lemma we need only to consider the growth

of the Jordan normal forms of matrices A.

Lemma 2.13 ([I4, Th.2.1]). Suppose that J is a matriz in the Jordan normal
form with all eigenvalues equal to 1. Then gr""(n) ~ n°"1, where c is the mazimal

size of Jordan blocks of J. (]
Combining all of the above, we get:

Corollary 2.14. Let ¥ be an automorphism of a free group F'. If the abelianization
Y has all eigenvalues equal to 1, and c is the size of the largest Jordan block in
the Jordan normal form J for 1%, then

gry(n) = n° ' and gryan(n) > nc
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Proof. Indeed,

gry(n) = grypa(n) (by Lemma [2.8))
> (%) sup (by Lemma [2.9))
> C ||(¢ab)"Hop (for some C; > 0, by Lemma [2.10))
~ [[T"lop (by Lemma
~net (by Lemma 2.13). O

3. BOUNDING THE DEHN FUNCTION OF THE DOUBLE

In this section we outline what is known about the upper and the lower bounds
for the Dehn function of the double group. The lower bound was established in [13]
Lemma 1.5] (see Proposition below). The argument for the upper bound (see
Proposition 3.4 below) follows the outline of [I7, Theorem 5.1]. In the latter paper
the argument is given in the setting of abelian-by-cyclic groups; we adapt this
reasoning to the free-by-free setting.

Definition 3.1. (Double) Let G be a free-by-cyclic group G = F x4 Z. The double
of G is the group I'(G) = G % G.

If G =~ (At | tat ! = ¢(a) for alla € A) then I'(G) = (A,s,t | sas™! =
Y(a), tat™! = 1(a) for all a € A). If one denotes F(s,t) the free group on the
generating set {s,t} and (¢): F(s,t) — Aut(F(A)) the homomorphism given on
the generators by s+ v, t = ¢, then I'(G) = F(A) %y F(s,t).

Definition 3.2. (Dehn function) Let a group I' be given by a finite presentation

P = (A | R). For each word w lying in the normal closure of R in the free group
F(A), define

Area(w) :=min{N | w =

F(A)

N
Hm;lmxi with z; € F(A),r; € R*}.
i=1

The Dehn function of P is the function dp: N — N defined by

dp(n) := max{Area(w) | w =1, |w||4 < n}.
r
where |w| 4 denotes the length of the word w in generators AE.

Viewed up to ~ equivalence, the Dehn functions are independent of the choice
of the presentation (see [11l 1.3.3]), so we denote dp(n) as dp(n).

Proposition 3.3 ([I3, Lemma 1.5] and [II, Proposition 7.2.2]). Let v be an au-
tomorphism of F and |.| denote the word length with respect to a fized generating
set of F'. Then for the Dehn function dr(n) of the double I of F' x, Z one has

n - max [ ()] = bo(n). 0

[oll<n
beF

Proposition 3.4. Let ¢ be an automorphism of a free group F and assume that
gry(n) < nt and gry—1(n) < n. Then for the Dehn function ér(n) of the double
[ =T(F xy Z) one has ép(n) = n*+2.

Later in section 7 we will use Proposition [3.3] to show that a particular double

has Dehn function growing at least as n?*2. Together with Proposition this will
imply that the Dehn function grows as ~ n%+2,
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Remark 3.5. It can be proved using train-tracks that gr,—:(n) ~ n if and only
if gr,(n) ~ n? (see e.g. [32, Th. 0.4]). However, for the reader who is unfamiliar
with the train-track machinery we make the exposition independent of this result.
Instead, in what follows we will apply Proposition to the automorphisms ¢
whose growth functions gr,(n) and gry-.(n) are computed in section [8| and are
shown to be ~ equivalent to each other.

Remark 3.6. The inequality or(n) =< n?*2 from Proposition may be strict
even if gr,(n) ~ gry-1(n) ~ n?. Indeed, if ¢ and ¢ are as in Example we
have: gr,(n) =~ n, gr,(n) ~ n?, Fy x4 Z = Fy x, Z and the corresponding doubles
Iy := I'(Fy xg Z) and T'y, := I'(Fy xy Z) are also isomorphic. Hence dr,(n) =~
or,(n) = n't?2 < n?+2

In order to prove Proposition [3.4] we need some preliminary results on combings
of groups. We start with some definitions from [10] and [17].

Let T" be a group with finite generating set A and d4(z,y) be the associated
word metric.

Definition 3.7. A combing (normal form) for I' is a set of words {0, | g € I'} in
the letters A% such that o, = g in I'. We denote by |o,| or |oy| 4 the length of the
word o, in the free monoid on A*.

Definition 3.8. Let
R ={p: N> N|p(0) =0; p(n+1) e {p(n), p(n) + 1} Yn; p unbounded }.
Given eventually constant paths p;,p2: N — (T, d) we define
D(pi,p2) = min {max{da(p:(p(): p2(p'())}}-
Definition 3.9. Given a combing o for I', the asynchronous width of o is the
function ®,: N — N defined by
D, (n )—maX{D 0g,0n) | da(1,9),da(1,h) < n; da(g,h —1}

Definition 3.10. A finitely generated group I' is said to be asynchronously com-
bable if there exists a combing ¢ for I' and a constant K > 0 such that ®,(n) < K
for all n € N.

Definition 3.11. The length of a combing o for I' is the function L: N — N given
by:
L(n) = max { |og4] | da(1,9) <n}.

The relation of combings to Dehn functions is manifested in the following result:

Proposition 3.12 ([I7, Lemma 4.1]). LetT" be a group with a finite set of semigroup
generators AT. If there exists a combing o for T' whose asynchronous width is
bounded by a constant and whose length is bounded by the function L(n), then the
Dehn function ér(n) for any presentation of I' satisfies dr(n) = nL(n). O

In connection to the groups which are doubles, the following result from [I0] is
useful.
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Theorem 3.13 ([I0, Theorem B)). If G is word-hyperbolic and H is asynchronously
combable then every split extension

1—G—GxH—H—1
of G by H is asynchronously combable. O

Remark 3.14. From the proof of this result in [I0] it follows that if groups G
and H have combings 0¢ and o whose asynchronous width is bounded by some
constants, then the combing for the split extension G x H of G by H, whose length
is bounded by a constant, can be taken as the product (concatenation) o of
combings o and 0@, meaning that we traverse path o first, then path ¢“. Note
that the product of combings in the opposite order, ¢%o ¥, may not have bounded

asynchronous width, as the example of Baumslag—Solitar groups shows.

Now let again I' = F' xy) F(s,t) be the double of G = F' xy, Z, where F is a
free group on the set of free generators A.

Our goal is to obtain an upper bound on the length L(n) of the combing o*'(
o (A) in terms of the growth of the automorphism 1. (Here we treat a combing
on a free group as a unique reduced word in a fixed system of generators which
represents the given element of the group.) We prove the following proposition,
adapting the reasoning for the abelian-by-cyclic groups from [I7, Theorem 5.1] to
the case of free-by-free groups.

st) .

Proposition 3.15. Let P(n) be an increasing function bounding the growth of both
Y oand Y1, de. da(1,9™(a)) < P(|n]) for alla € A, n € Z. Then the length L(n)
of the combing o¥ 1) . oF(A) of the group T' = F(A) X () F(s,t) satisfies

L(n) < nP(n) +n.

Proof. Take arbitrary v € I' and write it as v = u - g, where u € F(s,t), g € F(A).
Let ng = d 40 s,,3(1,7) be the length of the shortest word in generators (Au{s, thH*
representing element v in I'. We would like to show that

oyl = low - og| = dsy(1,u) + da(l, 9) < noP(no) + no.
Considering the natural homomorphism 7: F(A) %y F(s,t) — F(s,t), one ob-
serves that u = n(7y) and hence dg,+(1,u) < ng. Therefore it suffices to show
that
dA(l,g) < noP(no).
Denote wy the shortest word in generators (A U {s,t})% such that wg =~ in T,
so that |wo|augs,sy = no. Then wy can be written as

Wo = UTW1UW2 - * =+ * Up Wy,
where u; € F(s,t), w; € F(A) for all i. Then
no = [wolavgs,sy = Y, il sy + Y lwila (*)

i=1 i=1
and u = uy ... u.
Denote

% i 1
Ui:Huj'wi'(Huj) 3 i=1,...,’l“.
j=1 j=1
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Then, as one easily checks,
¢ -1
V1V2 ... UVp = U1W1LU2W?Z . . . UrpWy - ( Uj)
j=1

so that i
Y =wWo = V1v2. .. Up (qu)
Hence j=1
(H ) Ttz ( - uj) =
j=1 b
100114 foen o)™ -
i=1 =1 j=1 i1 il

H (uflu;_ll . U,;rll) W (ui_,_l .. -U'r)-

If we denote by e: F(s,t) — Z the homomorphism defined on the generators as:
s+ 1, ¢t 1, then for any g € F(A) and any u € F(s,t) we have ugu~"' = (%) (g).
Therefore,

g_l_[u) e(Uig1...ur) Hq/} Zg =i+1 “J)( )
On the other hand,

> E(Uj)‘ < ) le(u)] < DT le(u)] < Y ujlisy = lulisy <no (%)
j=it1 j=it1 j=1 j=1

by the observation above.
Moreover, since for any a € A we have d4(1,%"(a)) < P(|n|), then for any
w; € F(A) we get
da(1,9"(w;)) < P(|n]) - da(1, w;).

Finally, we get for the element g the estimate:

00 S ) <5 (| 5 )

j=i+1

< [by (*%) ano cda(1,w;) = (no)'ZdA(Lwl) [by (*)] < P(no)no.

i=1
This shows that |0 | < noP(no) + no and finishes the proof of the Proposition. O

Now we are ready to prove the upper bound for the Dehn function of the double.

Proof of Proposition[3.4} As was noted above, I' = I'(F x4 Z) = F x(y) F(s,t). As
a free group, F' is asynchronously combable (with constant K = 1) and F'(s,t) is
also word-hyperbolic. Therefore by Theorem T" is asynchronously combable
and hence, by Proposition u 3.12] or(n) = nL(n). But due to Proposition

Ln)=n d+1 , and therefore or(n) = n d+2 -
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4. CUBE COMPLEXES

4.1. Special cube complexes. In their article [27] Haglund and Wise established
that the fundamental groups of the so-called special cube complexes admit embed-
dings into right-angled Artin groups. This gives us a natural class of subgroups of
right-angled Artin groups and suggests that we construct our examples within this
class. We summarize the relevant definitions and results from [27] about special
cube complexes in this section.

Definition 4.1. (Cube complex) An n—cube is a copy of [0,1]* ¢ R", viewed as
a metric space with the euclidean metric of R”. (We will suppress ‘n—" and call
‘n—cubes’ just ‘cubes’.) A face is a metric subspace of an n—cube obtained by
restricting some of coordinates (or all of them) to either 0 or 1. A cube complez is a
CW complex obtained by gluing n—cubes (of possibly varied dimensions n) together
along faces via isometries. If all cubes of a cube complex are 2—cubes, such cube
complex is called a square complex. A cube complex is simple if the link of every
vertex of is a simplicial complex. A simplicial complex is flag if any collection of
k+1 pairwise adjacent vertices spans a k—simplex. A cube complex is non-positively
curved if the link of each vertex is a flag simplicial complex.

Definition 4.2. (Hyperplane) A midcube of an n—cube [0, 1]™ is a subset obtained
by restricting one of the coordinates to % A hyperplane of a cube complex X is a
connected component of a new cube complex Y which is formed as follows:

e the cubes of Y are the midcubes of X;
e the restriction of a (k + 1)-cell of X to a midcube of [0,1]* defines the
attaching map of a k—cell in Y.

An edge a of X is dual to some hyperplane H if the midpoint of a is a vertex of H.

Definition 4.3. (Parallelism, Walls) Two oriented edges a, b of a cube complex X
are called elementary parallel if there is a square of X containing a and b and such
that the attaching map sends two opposite edges of [0,1] x [0,1] with the same
orientation to a and b respectively. Define the parallelism on oriented edges of X
as the equivalence relation generated by elementary parallelism. An (oriented) wall
of X is a parallelism class of oriented edges. Note that every hyperplane H in X
defines a pair of oriented walls consisting of edges dual to H.

Now we describe four pathologies for interaction of hyperplanes in a cube com-
plex, which are forbidden for special cube complexes.

Definition 4.4. (Self-intersection) A hyperplane H in X self-intersects, if it con-
tains more than one midcube from the same cube of X.

Definition 4.5. (One-sided) A hyperplane H is two-sided if there exists a com-
binatorial map of CW complexes H x [0,1] — X mapping H x {%} identically to
H. (Recall that a cellular map f: X — Y of CW complexes is combinatorial if
the restriction of f to each open cell of X is a homeomorphism onto its image.) A
hyperplane H in X is called one-sided if it is not two-sided.

Definition 4.6. (Self-osculating) A hyperplane H in X is self-osculating if there
are two edges a, b dual to H which do not belong to a common square of X but
share a common vertex. If in addition there is a consistent choice of orientation
on the edges dual to H which makes the common vertex for a, b their origin or
terminus, then the hyperplane H is called directly self-osculating.
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Definition 4.7. (Inter-osculating) Two distinct hyperplanes Hy, Ho of X are inter-
osculating if they intersect and there are edges a; dual to H; and as dual to Hy
which do not belong to the same square of X but share a common vertex.

Definition 4.8. (Special cube complex) A non-positively curved cube complex is
called special if its hyperplanes are all two-sided, with no self-intersections, self-
osculations or inter-osculations.

Definition 4.9. (Virtually special group) A group G is called special if there exists
a special cube complex X whose fundamental group is isomorphic to G. A group
G is virtually special if there exists a special cube complex X and a finite index
subgroup H < G such that H is isomorphic to the fundamental group of X.

Definition 4.10. (Right-angled Artin group) Let A be a finite simplicial graph.
The right-angled Artin group, or RAAG, associated to A, is a finitely presented
group A(A) given by the presentation:

A(A) =<{a; € Vertices(A) | [a;, a;] =1 if (ai, a;) € Edges(A)).

Definition 4.11. (Salvetti complex) Given a right-angled Artin group A(A), the
Salvetti complex associated to A(A) is a non-positively curved cube complex Sa
defined as follows. For each a; € Vertices(A) let S} be a circle endowed with
a structure of a CW complex having a single O-cell and a single 1-cell. Let
n = Card(Vertices(A)) and let T = H?:l S;j be an n-dimensional torus with
the product CW structure. For every full subgraph K — A with Vertices(K) =
{ai,,...,a; } define a k—dimensional torus Tk as a Cartesian product of CW com-
plexes: Ty = ]_[?:1 S;ij and observe that Tk can be identified as a combinatorial

subcomplex of T. Then the Salvetti complex associated with A(A) is
Sa =|J{Twx c T | K a full subgraph of A}.

Thus Sa has a single O-cell and n 1-cells. Each edge (a;,a;) € Edges(A) con-
tributes a square 2—cell to Sa with the attaching map aia]—ai_laj_l. And in gen-
eral each full subgraph K < A contributes a k—dimensional cell to San where
k = Card(Vertices(K)).

Theorem 4.12 (|27],Th. 4.2). A cube complex is special if and only if it admits a
local isometry into the Salvetti complex of some right-angled Artin group.

Since local isometries of CAT(0) spaces are mi-injective, one gets the following

Corollary 4.13. The fundamental group of a special cube complex is isomorphic
to a subgroup of a right-angled Artin group.

4.2. Morse theory for cube complexes. We will use the following definitions
from [3} 4.

Definition 4.14. (Morse function) A map f: X — R defined on a cube complex
X is a Morse function if
e for every cell e of X, with the characteristic map x.: [0,1]™ — e, the
composition fx.: [0,1]™ — R extends to an affine map R™ — R and fx.
is constant only when dime = 0;
e the image of the O—skeleton of X is discrete in R.
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Definition 4.15. (Circle-valued Morse function) A circle-valued Morse function
on a cube complex X is a cellular map f: X — S' with the property that f lifts
to a Morse function between universal covers.

Definition 4.16. (Ascending and descending links) Suppose X is a cube complex,
f: X — S'is a circle-valued Morse function and f: X — R is the corresponding
Morse function. Let v € X(% and note that the link of v in X is naturally isomorphic
to the link of any lift ¥ of v in X. We say that a cell ¢ € X contributes to the
ascending (respectively descending) link of ¢ if ¥ € € and f |z achieves its minimum
(respectively, maximum) value at 0. The ascending (respectively, descending) link
of v is then defined to be the subset of the link Lk(v, X) naturally identified with
the ascending (respectively, descending) link of ¥. Note that in the case when X is
a square complex, all ascending, descending and entire links are graphs.

For 2—dimensional cube complexes we have the following characterization of free-
by-cyclic groups, which was proven in [3] in the more general setting of affine cell
complexes (see also [29, Th. 10.1]).

Theorem 4.17 ([3], Proposition 2.5). If f: X — S* is a circle-valued Morse
function on a square cube complex X all of whose ascending and descending links
are trees, then X is aspherical and m(X) is free-by-cyclic. This means that there
is a short exact sequence

1—F,—>mX) —Z—1,

where the free group F,, is isomorphic to 7w (f~*(pt)), pt being any point on S*.

5. GROUPS G i

In this section we define a sequence of groups G, i, and study their presentation
complex. We show that it is a non-positively curved square complex and that the
groups are free-by-cyclic.

5.1. LOG definition. Recall that a labeled, oriented graph, or LOG, consists of a
finite, directed graph with labels on the vertices and edges satisfying the following;:
the vertices have distinct labels, and the edge labels are chosen from the set of
vertex labels.

A LOG determines a finite presentation as follows. The set of generators is the
set of vertex labels. The set of relations is in one-to-one correspondence with the
set of edges; there is a relation of the form a 'ua = v for each oriented edge labeled
a from vertex u to vertex v.

Let me N, m > 1. For k =0,...,m, let G,,, ;; be a group defined by the LOG
presentation in the Figure
ie.

Gk ={01,. @mikt1 | [0i,0ix1] =1, i=1,...,m,
1 .
am+j+1ajam+j+l = Qm+j, ] = 17’k>

Clearly Gy, 1 is an HNN extension of G, ;—1 with the stable letter a,,4r4+1 so
there is a natural tower of inclusions

Gm,O - Gm,l - Gm,2 c-- C GnL,m~
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ai a2 Qg Gk4+1 Am
A 42 am4-3 Am+k+1
Am+41 Q42 A+ k o Umtk+1

FIGURE 1. The LOG description of G, k.

oy
J
e > N + +
aj Clj+1
Aj+1 A Adi+1
\ , @ @1
>
a;
Qo 1
s at
S " >‘ .
a .
- m+j+1
aerj
Am+j+1 A A dm+j+1 .
a -
J _
Ny - >‘ D jia1
> aj
a;

FIGURE 2. The contribution of the relations ajjlajajﬂ = aj,
1 <j5<m,and a;nl_"_j+1ajam+j+1 = am+j, 1 < j <k, to the link
of the O—cell of the presentation complex K, k.

5.2. CAT(0) structure for G,, ;. One way of producing a CAT(0) structure on
groups G, j is to verify that the presentation 2-complex corresponding to their
LOG presentation can be metrized so that it is a non-positively curved, piecewise
euclidean (PE) complex.

Let K, i denote the presentation 2-complex corresponding to the LOG presen-
tation above of G, i. It has one O—cell, (m+k+1) 1—cells labeled by a1, . .., @m+k+1,
and (m + k) 2—cells corresponding to the relations aj_jlajajﬂ =qg;jforl<j<m
and a;l{rj“ajamﬂﬂ = am4j for 1 < j < k. By construction, K, i is a subcom-
plex of K, p+1. We endow K, ; with a PE structure by using regular euclidean
squares for the 2—cells, and using local isometric embedding attaching maps.

Proposition 5.1. The presentation complex K, ; defined above is a non-positively
curved PE complex.
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Proof. We need to check the Gromov link condition [I6, Th. I1.5.20]. For the square
2—cells, it reduces to a purely combinatorial requirement that the link of every 0—cell
has no circuits of combinatorial length less than 4. Figure 2]shows the contributions
of the relations of G, to the link L of the unique O—cell of K,, ;. We adopt the
following notation: if a 1-cell a originates at 0—cell v and terminates at 0—cell v,
then it contributes a vertex denoted a™ to the link of u and a vertex denoted a™
to the link of v.
We see that the link L can be obtained as a union of a sequence of graphs:

Ll C L2 cC---C LTYL+]€+1 = L,

where L; is just a pair of disjoint vertices a;, a;, and L;41 is obtained from L; by
adding a new pair of disjoint vertices aztrl, a;,, and connecting each one of them
to some pair al, a7 with s < i+ 1. We observe that this procedure preserves the
following property: “for every [, vertices a;", a; are non-adjacent”. Indeed, the
shortest path between the “old” vertices a7, a; has length two, and the shortest
path between the newly added vertices aj +1> G541 1 at least two. This shows that
at each step we cannot create cycles of lengths two and three. Therefore the link

L has no cycles of length less than four. O
Corollary 5.2. Groups Gy, 1 are CAT(0).

Proof. Indeed, the universal cover IN(mk of non-positively curved square complex
K 1 is a CAT(0) complex and G, ; acts on it by isometries, properly discontinu-
ously and cocompactly. O

5.3. Free-by-cyclic structure. Notice that all the relations of groups G, » have
the form: a;-” = q;. This implies that there exists a well-defined epimorphism
Gm,x — Z, sending every a; to a fixed generator of Z. This epimorphism can
be realized geometrically by a circle-valued Morse function f: K,  — S!, which
can be defined as follows. Consider a CW structure on S consisting of one 0-cell
and one 1-cell. Then f takes the O-cell of K,, s to the O-cell of S*, maps 1-cells
of K, map homeomorphically onto the target 1-cell of S!, and extends linearly
over the 2—cells. Here by ‘extends linearly’ we mean that f lifts to a map of the
universal covers in the way depicted in the Figure (Note that, by the non-positive
curvature, characteristic maps of cells lift to embeddings in the universal cover.)

R
1
f
— 0
~1

FIGURE 3. The Morse function on each 2—cell and the preimage
set of 0.
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Proposition 5.3. The (circle-valued) Morse function f: Ky, — S induces a
short exact sequence

1_’Fm+k_’Gm,k_’Z_’la
where Fp, 1 1S a free group of rank m + k.

Proof. By Theorem [£.17] it suffices to show that the ascending and the descending
links of the O-cell in K,  are trees.

The ascending link of the O-—cell of K, \ is formed by those corners of 2—cells
of K, which are formed by a pair of originating edges (labeled a, in Figure .
Similarly, the descending link of the O-cell of K, j is formed by those corners of
2—cells of K, ; which are formed by a pair of terminating edges (labeled a}, in

Figure .

Ay (.Y
m+3 m+k:+1
—— o ¢ ... ° TS . cee —e——o
+ + + + + + + +
ay ] ag A U1 Qg2 Utk Cmtg+1

FIGURE 4. The ascending and the descending links for the Morse
function f: K, p —» R/Z.

From Figure [4] we observe that the ascending and the descending links of the 0-
cell of Ky, j, are indeed trees. By the definition of f, each 2—cell of K,  contributes
its diagonal loop to f~!(0-cell). Furthermore, f~1(0-cell) is a bouquet of these
diagonal loops. Hence f~!(0-cell) is a graph having a single O—cell and (m + k)
1-cells which are denoted in the Figure [3| by A;, B;. ]

The above Proposition implies that G, 1 = Fruyr X g,, ,, Z for some monodromy
automorphism ¢, . We shall determine explicitly the automorphism ¢,,  for a
particular choice of basis for Fj,yr. Let A;, B; be the diagonals of the 2—cells of
Ko 1, as shown in Figure [3| Note that they have the following expressions in the
generators of Gy, j:

_1 .
m+j+1aj7 1< J < k.

Aiza;_llai, 1<i<m; Bj=a
Proposition 5.4. For 0 < k < m, G, 1 has the following explicit free-by-cyclic
structure:

Gm,k =~ Foik Xy i Z
where
Fm+k=<A1,...,Am,B1,...,Bk>; Z=<a1>
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and the monodromy automorphism ¢, acts as follows (here overbar denotes the
inverse):

¢m,k5 A — Ay
Ay — A (Ag) gl
Ag — A1 Ay (A3) AQZ1

Am [ A1A2 “es Am—l (Am) Em—l AP Al

By — A1 Ay ... Ay, (By)
BQ > A1A2 e Am (BlBQ) Zl
Bg [ A1A2 e Am (BlBng) ZQ/Tl

Bk > A1A2 e Am (BlBQ e Bk) Zkflgkfg e Aggl.
Furthermore, ¢m 1 15 the restriction of ¢m m t0 Frik.

Proof. In the proof of Proposition [5.3] it was shown that F,,, . is freely generated
by all elements A;, B;.

As a generator of the Z factor we are free to choose any element that maps to a
generator of 1 (S1); without loss of generality, we may take Z = {a;).

To get the action of the monodromy automorphism ¢ on the generators A;, B;
of F,4+x we need to compute the conjugations alAiafl and alBjafl. That is, we
need to find words in generators A;, B; which are equal to alAiafl and alBjafl
in Kvmk-

A;
>

a A Ai+1 a; A aq

. a;
a a Ay 1\
v o ’ i1 as \as

A A -Aifl A A -Az Ay

FIGURE 5. The action of the monodromy automorphism on A;.

For alAZ-al_l7 we start with the triangle having A; on top and 1-cells a;11, a;
forming two bottom sides. We would like to express aia,;,; and a;a; ' as products
of free generators A;, B;. Since the descending link of the O—cell in K,  is a tree,
there exists a unique path in it connecting a; to a;;l and a unique path connecting
aj to af. These paths correspond to paths A1 As...A;_1A; and A;_; ... AxA;,

respectively, see Figure |5} Thus,
alAl-al_l = AlAQ e Ai—l (Az) Ai—l e gggl.
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B;

a1 A Am+j+1 Ay A ay

aj,1 as as
a3 as Am Am 41| Am4-2\Am+ 5

A A An B B; Aj Ay A
FIGURE 6. The action of the monodromy automorphism on B5;.

Similarly, for alBjal_l, we start with the triangle having B; on top and ap,+j41,
a; forming two bottom sides. Again, there are unique paths in the descend-

ing link from af to aILHH and from aj to af. They correspond to words

A1As ... ApB; ... Bj and /Tj,l ... Ay Ay, respectively, see Figure @ Hence,
alBjal_l :AlAQAm (Bl...Bj)gj_l...Aggl. O

6. CONSTRUCTING A SPECIAL COVER FOR G m

In this section we construct a certain permutation representation for a group
Gm,m and show that it defines a finite cover for its presentation 2—complex K, p,
which can be embedded in an (2m + 1)-dimensional torus. This allows us to con-
struct a finite special cover for K,, ,,, for all even values of m.

6.1. The permutation representation. We now define a right transitive action
of Gyn.m on a certain set Hoyp,qq of cardinality 227+,

Action set. For any n = 1,...,2m + 1 denote H, to be the set of all tuples
of length n consisting of 0’s and 1’s, i.e. H, = |]!_,{0,1}. There are natural
inclusions

H, > Hy1, (21,...,24) — (1,...,24,,0),
and we identify H,, with its image in H,, 41 under these inclusions. Also denote H*
a subset of H, .1 consisting of all tuples with the last coordinate 1:

H: = {(Z‘l, R ) 1)} (@ Hn+1~
With the above identifications, we have H, 1 = H,, u H} (disjoint union).
To define a right action of a group G on a set X, it suffices to associate to each
g € G a permutation 7(g) of X such that
w(gh) = w(h)w(g) for all g,h € G.

Equivalently, a right action of G on X is a homomorphism of the opposite group
G° to Sym(X), the group of all permutations of X, where G° equals G as a set,
with the new operation o defined as

aob:=ba.

We adopt the latter approach and construct the homomorphism from G7, ., to
Sym(Hzpm41).
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Recall that we have a natural tower of inclusions
Gmo CGmi < CGmm-
Since there are also inclusions
Hyy1 © Hpya © - € Hig 1) 4m = Hamta

this allows us to define the homomorphism 7: Gy, ,, — Sym(Ha, 1) inductively
by repeatedly extending the homomorphisms G}, ;,_; — Sym(Hpx) to G}, —

Sym(Hqxk41) for k=1,...,m as follows.
Base of induction. Let the m 4 1 generators ay, ..., @m41 of Gy 0 act on Hy,qq
as flips in the respective coordinates, i.e. for i =1,...,m + 1, set
7T(a’i)|Hm+1 = 61 (ACtQ)

where §;: Hopmi1 — Homiq given by

Bi(x1, . Ti1, @iy Tige1s .- ) = (T, Tim1, L= T4, Ty, .. 0)
is the operator that changes the i-th coordinate from 0 to 1 and vice versa, fixing
all others.

All the relations in G, (and G}, o) are commutators [a;,a;11] = 1, i =
1,...,m. Clearly, they are satisfied in Sym(H,,+1) since operators [3; pairwise
commute. Thus we have a well-defined homomorphism 7: G}, o = Sym(Hp,11).

Inductive step. For a fixed k € {1,...,m}, suppose that 7: Gy, ;| — Sym(Hp4)
is already defined. In particular, this implies that H,, ) is invariant under n(a;)
forall j =1,...,m + k. Also suppose that the following property holds:

forall j =k,....m, m(aj)|H,.r = BjlHumin- (Px)
The base of induction above guarantees that these suppositions are true for k = 1.
Our goal is to extend the homomorphism 7|ge = to 7: Gok — Sym(H 4 k+1)-

. _ N L ‘ C
Since Hpyrs1 = Hpyr 0 HY ., it will suffice to define 7r(aj)|H:l+k for j =
1,...,m+k, and 7T(Clm+k+1)|Hm+kuH:l:L+k.

To this end, we set
T(mskr)lm,, oo, o= Bmtksr (Acty)
and forall 1 < j <m+Ek,

W(aj)|Hj:L+k = Bmtk+1 " Chomtk - T(O5) | Hopr * Phomtk * Bmtk+1, (Acta)
where - denotes the composition and ¢ 4k Hmtk+1 = Hmir41 is the involution
that interchanges k-th and (m+k)-th coordinates leaving all other coordinates fixed:

Spk'm’L+k‘: (33‘1, ceey Ly e ,Z‘m+k,$m+k+1) = (3317 ey Tmtky e ,xk,$m+k+1)~
In other words, we transfer the action of G, 1 from H,, 1 to HY . while
twisting it with ¢ m+r. Notice that, with the above definitions, both sets H, 44
and HY ., are invariant under 7(a;) for j = 1,...,m+k. All the relations involving
generators aq, ...,y are satisfied on Hp, k1 = Hpppp U H::1+k since they hold
true on H,, 4, and the conjugation by B, 1 k+1@k,m+k iS @ homomorphism between

permutation groups on H,,y and HY .
The only relation in G, , involving the last generator ap,4r+1 is

—1
Qs k410 Am+k+1 = Am+k,
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which translates to
-1
Am+k+1 0 A O am+k+1 = Am+k
: [e]
in Gm,k-
Since Bynqk+1 sends Hy,yp to H
H,, i as follows:

41> the left-hand side of this relation acts on
T(amk+1) - m(an) - wagt g )
— T(amris) - 7ar)
(ax)

= T(amyk+1) - m(ak

Bk 1| Hogr
|H:+k -Bm+k+1|Hm+k
= T(am+k+1) - Brtk+1 * Prmetk - T Hpp gy, Pheymetk - Bkt 1) * Btk Hp
= T(Amtkt1) * Bmtkt1 Pk,m+k * W(ak)|Hm+k : <Pk7m+k|Hm+k
= (M(@maks1) * Bmaks1) - Cromak * Tk Hosr, = Cksmet k| Hoppr
= 1d- O mak - m(ar) | Hypr, - Promtk|H 0 = [by (Pr)]
= Okmik " Bkl Hpon " PhmtklHypr = Btk Hpw = T(@merk) | Hyprs
where the last equality holds due to the inductive definition of 7. Thus, the both

sides of the above relation act the same on H,, k.

Analogously, on HY . the left-hand side acts as:

T(Qmik+1) - T(ak) 'Tr(ar_nl-l-k+l)|H L= Bkt - T(ar)|Hyppr .5m+k+1|H,ﬁ+k

ES
m+
= [by (Bo)] = Bmaksr - Biltgn - Bmtrsrlax = Brlps

and the right-hand side:

W(am+k)|H:‘l+k = Bomtkt1 Pkm+k - 7T((lm+lc)|Hm+;c *Pkm+k 'ﬁm+k+1|H:;+k
= [by the inductive definition] = By1k+1 - Cr,m+k - Btk * Phm+k 'ﬂm+k+1|H7ﬁ+k
= Bmtk1 - Br - Bmtrtrlgr = Brlux -

Since the two sides act the same on Hy, . 1 HY = Hp, 11, the above relation
is satisfied in Sym(H,4k+1), which proves that 7 is well-defined on G7, ;.

It remains to be proved that the auxiliary condition (Py) is preserved under the
inductive step, i.e. that (Py) implies (Py1).

Indeed, (Py) means that m(a;)|g = BjlHny, for j = k,...,m. Thus, for

J>k,

m+k

m(aj)lgx

= Btk Promtk (@) g Phmtk - Bkt g
= /Bm-'rk-'rl *Pkm+k " ﬂj|Hm+k *Pkm+k /B'rn+k+1|H:i+k
= [since j # k, m + k] = Bj|HfL+k'
This proves that 7(a;)|xa
holds.
This finishes the inductive construction of the homomorphism

7 Gy = Sym(Ham 1)

m,m

= BjlHpinss for j=k+1,...,m, ie. that (Pyy1)

m+k+1

and the proof that it is well-defined. Thus one gets a right action of G,,,, on
Hs,, 11 which will also be denoted 7.
Figure |Z| shows the permutation representation for G ».
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FIGURE 7. The case of m = 2, k = 2: the action of
Gao = {a1,a2,a3,a4,a5 | [a1,a2] = 1,[as,a3] = 1,a5'a1a4 =

as, aglagas = a4y on Hy. Elements of Hs are arranged at vertices
of the hypercube graph marked with the corresponding tuples of
0,1’s. (Thus, each edge of this graph corresponds to a pair of oppo-
site edges in the 1-skeleton of the 5—dimensional torus 75 defined
below.) The subset Hj is represented by the upper left-hand corner
subgraph, and Hy by the upper half of the picture. If 7(a;) inter-
changes vertices v and v we mark the edge uv with the italicized
digit 1.

Proposition 6.1. The right action 7 of Gy m 0on Hapm 1, defined above, has the
following properties:
(1) G,k acts transitively on Hy,qpxq1 for allk =0,...,m.
(2) Fach generator a;, i =1,...,2m + 1, acts as an involution on Hopy1.
(3) For any v € Hopmy1, and any a;, i =1,...,2m+1, 7(a;)v differs from v in
exactly one coordinate. In particular, w(a;) has no fixpoints.
(4) For any i # j, m(a;a;) has no fizxpoints.
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Proof. (1) An easy induction. The case k = 1 is obvious since Gy, ¢ acts on Hy,41
by coordinate flips. So one can start with any (m + 1)-tuple of 0,1’s and obtain
any other (m + 1)-tuple by changing one coordinate at a time. Suppose now that
G, k—1 acts transitively on Hy, . Then by (Actz), HY , comprises another orbit
for G k-1 and am 1 glues Hypy g and HY - into one orbit for G, x by (Acty)
thus proving that Gy, 1, is transitive on Hy,pr1 = Hppp 0 HY

(2),(3) Follow by induction from formulas (Actg)—(Acts).

(4) Again, this is obvious for a;, a; with 1 <4, j < m + 1 acting on H,,41 since
they act as different coordinate flips §;, 8;. Suppose that the statement is proven
for some k€ {1,...,m + 1}, for all a;, aj, 1 <4,j < m+ k acting on Hy, 4. Then
m(asa;) has no fixpoints on HY , either, since otherwise if v € H  , is such a
fixpoint, then by (Acta), Ykm+k * Bm+k+1(v) would be a fixpoint for 7(a;a;) in
H,, 1. Finally, if, say, i = m + k + 1 then 7(a;) changes the last, (m + k + 1)-st,
coordinate on H,, 4,41, whereas for j < 4, m(a;) preserves both subsets H,,+; and
H* so it doesn’t change the (m + k + 1)-st coordinate. Hence, the composition

m+k>
of m(a;) and m(a;) has no fixpoints. O

€o

€1

FI1GURE 8. The CW complex Cs.

6.2. A (2m + 1)-torus cover. Let Cy = R/2Z be a 1-dimensional CW complex
with the following CW structure: its O—cells are 0+27Z and 1+ 27Z, which we denote
by 0 and 1 respectively. The 1—cells are [0, 1]+ 2Z and [1, 2] + 2Z, which we denote
by eg and ey respectively, see Figure

We denote by T, the CW complex R™/(2Z)" =~ (R/2Z)"™ with the product CW
structure. Notice that the natural action of (2Z)™ on R™ preserves the standard
unit cubulation of R™, hence induces the structure of a cubical complex on T,.
Observe that 7, is homeomorphic to an n—dimensional torus.

In what follows, it will be convenient to parametrize points of 7, by n—tuples
(z1,...,2n) of numbers from [0, 2] viewed up to the identification 0 ~ 2.

The 0-skeleton of 7, is naturally identified with the set H, of all n-tuples of
{0,1} introduced before.

The 1—cells of 7, are formed by fixing an edge ey or e; in some factor of 7, =
Cs x Cy x --- x (9, say, in position 7, and taking product with vertices 0 or 1 in all
other positions. (So if two 0—cells of 7Tq differ in only one coordinate, then there is

a unique directed edge in ’7}(1) from the first 0—cell to the second one and a unique
directed edge from the second one to the first one.) Thus, a typical 1—cell in 7,, can
be identified with a product of the form

V1 XUy X === XVUj1 X€y XVjgp1 X+ X Up,

where each v; € {0,1} and oo = 0 or 1.
Similarly, an arbitrary 2—cell of 7, is a product

V1 X = XVj—1 X €y X’l)i+1X"'XUj_1X€BXUj+1 X oo X Vg
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for some choice of 1 < 4,5 < n (i # j), with each vy, € {0,1}, and «, 8 € {0, 1}.

Let K, m be the presentation 2-complex for G, . Recall that it consists of
one 0—cell, (2m + 1) 1-cells corresponding to the generators ai, ..., azm+1 of Gmom
and 2m 2-cells corresponding to the relations of Gy, .

Consider the right action 7: Gy, ,, — Sym(Hzy,11) constructed in the previous
section and denote

S={g€ Gmm|7(9)(0,0,...,0) =(0,0,...,0)}
the stabilizer of the point (0,0, ...,0) in Gy, m. Subgroup S defines a finite covering
K, = Ky, m whose properties we now describe.

Proposition 6.2. The covering space I?m cellularly embeds into the 2—skeleton of
7—2m+1 .

Proof. The 0—cells of I?m are in one-to-one correspondence with the right cosets
S\Gpm,m. Since the action of Gy, is transitive on Hoy,q1 by Proposition 1),
K consists of |Grm @ S| = 22T vertices which we can identify with 7-2781)“7
the O—skeleton of 72,11, which was earlier identified with the set Ha,, 1 of all
(2m + 1)—tuples consisting of {0, 1}.

The 1-cells of IA(m are in one-to-one correspondence with pairs of right cosets
(Sg, Sga;) where a;, i = 1,...,2m + 1 runs through all the generators of Gy, .
Proposition 3) guarantees that each such 1-cell is not a loop, and it actually
belongs to the 1-skeleton of the (2m + 1)—torus Tom41-

The 2—cells of I?m are lifts of the 2—cells in K, . Each such 2—cell is uniquely
determined by the base vertex (a lift of the base vertex of K,, ,,,) and by the fixed
cyclic order of the relator word of G,, ,,, which defines the attaching map of a
2-cell in K m. Indeed, since w: Gy, ,,, — Sym(Ho,41) is @ homomorphism, every
relator word w of Gy, », acts as the identical permutation. There are two types of
relators in the presentation for G, y:

-1

aaivia; ey =1 fori=1,...,m, and

—1 -1 _ L
U j 413 Amt j+10,, 5 =1 for j=1,....m,

each of which has length 4. Thus they define length 4 loops in I?m, based at every
vertex, each of such loops has to be filled with a 2—cell because these loops must
be nullhomotopic when projected to K,, . Thus, each 2—cell of I?m can be given
by a word aiajafla;1 for some values ¢ # j, j # [, see Figure @

Sga; a; Sgaja; = Sga;a;
@ A ) S
Sg a; Sga;

FIGURE 9. A typical 2—cell in I?m.
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If we identify cosets S\G, m with 7;(7?1)“ = Hypy1, Proposition 3) shows
that for any i = 1,...,2m + 1, every edge (Sg, Sga;) changes only one coordinate
of the (2m+1)—tuple of {0, 1} representing vertex Sg, therefore it maps to a suitable
1—cell of Topa1.

Let’s show that each 2—cell of the above form at a vertex Sg € I?T(,?) naturally

embeds into 7'2(7721) +1 under the embedding induced by the embeddings of K and

I?,(r}) to ’7'2(7,11)Jrl introduced above. Denote p, ¢, 7, s the positions in {1,...,2m + 1}

in which the endpoints of the following edges differ: (Sg,Sga;), (Sgai, Sga;a;),
(Sg, Sga;), (Sga;, Sga;a;), respectively. By Proposition 4), a;a; and aja; have

no fixpoints on Hy,,y1, hence p # ¢ and r # s. And since the square above is

commutative, we conclude that 2—element sets {p, ¢} and {r, s} are equal. Again,

by Proposition 2), a; and a; act as involutions, hence p # r, since otherwise
-1

a; a; = a;a; would have a fixpoint Sga;. Therefore, p = s, ¢ = r, and the 2-cell

under consideration actually belongs to 7'2(7721) 41 since each pair of its parallel edges
changes coordinates of vertices in the same position, one in position p = s and
another in ¢ = r. ([l

6.3. Exploring hyperplane pathologies. We will need the following description
of hyperplanes and walls in the n—torus 7.

Lemma 6.3. The hyperplanes and oriented walls in T, are in 1-1 correspondence
with pairs (i,eq), where 1 <1 < n and a € {0,1}. More explicitly:
(1) the hyperplane corresponding to the pair (i,es) is a subset of T, of one of
the following two types:

{(Ilw--xi—17%7xi+17---7xn) | T;€ [0,2]}
if eq = €g, and
{(xla- --xi717%7x73+17"'>xn) |xj € [OaQ]}

if ea = €1 (with the identification 0 ~ 2).
(2) the oriented wall through a 1—cell

VL X o X Vi1 X €q X Vg1 X =+ X Uy
consists of all 1—cells
Up X s X Ujmg X € X Ujp] X +0 0 X Up
with i, eq fized, and ug’s taking all possible values of {0,1}.
The oriented wall in (2) is dual to the corresponding hyperplane in (1).

Proof. (1) Recall that the structure of a cube complex on 7,, = R"/(2Z)™ is induced
by the standard cubulation of R™. Hyperplanes in R™ are subsets of the form

Hi’kZ{($1,...,1’i,1,k+%,.’Ei+1,...,$n)|.’Ej€R}, 1<’L<TL, ke Z.
Modding out by the action of (2Z)" yields the result.

(2) Recall that the oriented wall containing a 1-cell a of a cube complex X is
the class of all oriented 1—cells of X which are connected to a through a sequence
of elementary parallelisms via the 2—cells of X. Notice that an arbitrary 1—cell of
Tn is a product of the form: vy X -+ X v;_1 X eq X V;11 X - -+ X U, Where each vertex
vk € {0,1} and a = 0 or 1, and an arbitrary 2—cell of T, is a product

Vp X oo X U1 X €q X Vjgp1 X0+ XVj_1 X€g XVjp1 X+ X Up
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for some choice of 1 < 4,5 < n (i # j) and o, € {0,1}. Thus, the elementary
parallelism via the above 2—cell establishes equivalence of the 1—cells

Vg X oor X Uj—1 X € XVjg1 X2 XUj X XUy
and
V1 X oo XVUj—1 X €y X Vjgq1 X oo+ X (1—1}j) X oo X Up.
Since index j varies independently of i, we conclude that any 1-cell u; x -« X
Uimq X €q X Ujr1 X -+ X Up, ug € {0,1}, is contained in the parallelism class of
V1l X oo XVUj—1 X €y XVjp1 X o+ X Up. (Il

Now we show that the complex I?m does not have three of the four pathologies
in the definition of a special cube complex.

Proposition 6.4.

(a) Hyperplanes of K, do not self-intersect.
(b) Hyperplanes of K,, do not self-osculate.
(¢) Hyperplanes of K,, are two-sided.

Proof. 1t is convenient to work with the oriented walls dual to hyperplanes. Since,
by Proposition I,(\'m is a square subcomplex of Ta,,11, every wall of I?m is a
subset of some wall of T3,,;1. By Lemma the walls in 75,41 consist of all
1—cells of the form wuy X «++ X u; 1 X €q X Uj11 X * -+ X Ugy,41 for a fixed i, ey, and
arbitrary uy, € {0, 1}.

If a hyperplane of [A(m were self-intersecting, the corresponding wall would con-
tain edges with e,, in two different coordinate positions ¢ and j, which is impossible.
This proves (a).

If a hyperplane of I?m were self-osculating, the corresponding wall would contain
a pair of edges U1 X Uy X +++ X Uj_1 X €q X Uil X <+ + X Ugmeq and v X vg X -+ X
Vi1 X €q X Vi1 X+ X Vg1 With common extremities: either their origins or their
termini coincide (for direct self-osculation), or the origin of one edge coincides with
the terminus of the other (for indirect self-osculation). In either case the tuples
(U1, ey Ujm 1y Ui 1y - oy Uapp1) DA (V1,00 Vim1, Uity - -+, Uamy1) are equal, which
means that the original 1—cells are equal and there is actually no self-osculation
happening. This proves (b).

To prove (c) we observe that a hyperplane H of [A(m lies in a unique hyperplane
in Tapma1. In particular, by the above lemma, in the coordinate system on 7a,,+1,
the hyperplane H has the following description:

H= { (.1?1, cee X1, 6 T, - ax2m+l) }
forsomel1 <i<2m+1,t= % or %, and some values from [0, 2] for the rest of the
variables. Since K, is a square complex, H is the union of mid-cubes of some set

of square 2—cells. Hence each point z of H belongs to a square 2—cell C of IA(m of
the form

C=U1X---X’Ui_lXeaXUi_;,_lX---XUj_lXEﬁX’Uj_;,_lX---XUQmJ,_l

for some 1 < j < 2m + 1, where all v;’s are 0 or 1. (The index j may be less than
or bigger than i.)
Suppose that e, = ey so that ¢ = % Then z actually has coordinates:

— 1
z = (Ula <2 Vi1, 5, Vit - -5 Vj—1,8, Vj+15 - - - ,’U2m+1)
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where s is some value from [0,2]. We see that the set

z X [O, 1] = { (’Ul, e Vi1, E Vi1, yVj—158, Vi1, .- ,U2m+1) | te [0, 1] }
also belongs to the same square C' above. We conclude that the product
H x [0,1] = {(1'1,...xi_l,t,$i+1,...,$n) | te [0,1]}

is a union of 2-cells of K,,. This defines a combinatorial map H x [0,1] — K
(actually, an embedding) such that H x {3} is identified with H itself.

A similar reasoning applies if e, = e, t = % (we parametrize H x [0,1] by
tel,2]).

This proves that every hyperplane of K, is two-sided. [

Unfortunately, cube subcomplexes of a Cartesian product of three or more graphs
can have inter-osculating hyperplanes, as the example in the Figure [L0| shows. The
2—complex in Figure [10]is a subcomplex of the product of two segments of length
one and a segment of length two.

FI1GURE 10. A subcomplex in a product of three graphs with inter-
osculating hyperplanes.

However, Haglund and Wise have proved in [27, Th. 5.7] that in the case when the
square complex is a so-called VH-complex, the absence of the first three hyperplane
pathologies guarantees the existence of a finite special cover.

Definition 6.5. (VH-complex) A simple square complex is called a VH-complex
if its edges are divided into two disjoint classes: wvertical and horizontal, such that
the attaching map of each square is of the form vhv'h’ where v, v’ are vertical and
h,h' are horizontal edges.

Proposition 6.6. For all even integers m, the complexes K, ,, and IA{m are VH-
complexes. Hence there exist a finite special cover K,, — K,,.

Proof. From the LOG definition (see section of groups Gy, we observe that,
for the even integers m, the odd-indexed and the even-indexed generators form two
classes V and H (‘vertical’ and ‘horizontal’) such that all relators of G, ,,, have the
form: U{L = vy or h{ = hy for some v,v1,v9 € V, h,hy,ho € H. This implies that
the complex K, , is a VH-complex.

The complex I?m, being a finite cover of K, ,,, inherits the structure of a VH-
complex from K, . Indeed, the preimages of the vertical and horizontal edges
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in K, under the covering map p: IA(m — K, m form two disjoint classes V=
p~ (V) and H= p~Y(H), and all edges of K., are contained in V U H. The link
of every vertex of K,,,, is a bipartite graph corresponding to parts V' and H,
and links of vertices are mapped isomorphically under covering maps. Thus all
links of vertices in IA(m are bipartite with respect to parts V and H. Therefore
all 2—cells of I?m have boundaries of the form vihivohs with vy, ve € XA/, hi,ho €
H. By Proposition hyperplanes of [A(m have no self-intersections and no self-
osculations. Hence, by Theorem 5.7 in [27], there exist a special cube complex K,
and a finite cover K, — IA(m O

7. PROOFS OF THE MAIN THEOREMS
Now we are ready to prove our main results.

Theorem A. For each positive even integer m there exist virtually special free-by-
cyclic groups Gy, m = Fay g Z with the monodromy growth function gry(n) ~ n™
and Gym-—1 = Fap—1 Ny Z with the monodromy growth function gr (n) ~ nm L

Proof. We have seen in Proposition that for each even integer m > 0, there
exist a special cover K,,, — K, , for the presentation complex K, ,, of the group
Gmm = Fapm Xg Z. In Propositions [8.1] and [8.12] of section [§] we show that the
growth function for ¢ = ¢y, is ~ n'™. This proves the first part of Theorem A.

For the second part, recall that Gy, ;m—1 = Fom—1 Xg¢ Z, where ¢' = dppm—1
is the restriction of ¢ on the free subgroup on the first 2m — 1 generators. By
construction, the presentation complex K, 1 for Gy, 1 is a subcomplex of
Ky m, and is actually obtained from K, ,, by deleting the loop corresponding to
the last generator as,,+1 and also the single open 2-cell adjacent to agm,+1 (i-e.
which have ag,,+1 as one of their sides).

Letp: K,,, — K, m be the special cover of Ky, ,,, from Proposition Consider
a square subcomplex K’ < K,, which is obtained by:

(1) deleting all 1—cells of K, which map under p onto the loop labeled ag, 1
in Koy m;

(2) deleting all open 2-cells of K,, which have 1-cells from (1) as one of their
sides;

(3) taking a connected component of the resulting complex.

We claim that p: K/, — m,m—1 is a finite special cover of K, 1.

Indeed, by construction, p(K7,) lies in K, ;,—1. The hyperplanes of K/, are two-
sided, do not self-intersect and do not self-osculate, since they are subcomplexes of
the corresponding hyperplanes in the special complex K.

To see that the complex K’ has no inter-osculating hyperplanes, observe that
in steps (1), (2) above we deleted only the hyperplanes which are dual to the 1-
cells corresponding to the last generator ag,, 1. This doesn’t change the absence of
inter-osculation of the remaining hyperplanes of K,,. Therefore, the hyperplanes
in K, do not inter-osculate either, and K, is special.

Again, that the growth of ¢’ is ~ n™~! is shown in Propositions and in
section (8] since ¢' = ¢y m—1. O

Corollary A. For each positive integer k there exist a right-angled Artin group

containing a free-by-cyclic subgroup whose monodromy automorphism has growth

function ~ nk.
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Proof. In Theorem A we have proved that for any positive integer k (where k = m
or m — 1 for arbitrary even m) there exists a free-by-cyclic group G = F %, Z
with gr,,(n) ~ n*, such that some finite index subgroup H < @ is isomorphic to a
fundamental group of a special cube complex. By Haglund and Wise’s celebrated
result (see Corollary , there exists a right-angled Artin group A(A) with H
isomorphic to a subgroup of A(A).

Let’s prove that H is free-by-cyclic itself. Indeed, we have a commutative dia-
gram:

l— F —— Fx,Z ——7Z—1

7]

1 N H 7 1

Here N = H n F and {¢Z is the image of H under . Since H has finite index in
G, ¢ # 0. Hence the subgroup N is invariant under ¢ and is a free group. Since
F < G, FH is a subgroup of G, and

|[F:N|=|F:HnF|=|FH:H|<|G: H| < .
Therefore, N is a finitely generated free group, and H = N x,¢ Z, a free-by-cyclic

groupf]
Parts (ii) and (iii) of Proposition [2.4] tell us now that

grye|y () ~ gry(n) ~ nk. O

Theorem B. For each positive integer k there exists a 3—dimensional right-angled

Artin group which contains a finitely presented subgroup with Dehn function ~ nF.

Proof. In Theorem A we proved that, for all even integers m, the free-by-cyclic
group G m = Fom XgZ (resp. G m—1 = Fom—1 X4 Z) has the following properties:
gry(n) ~ n™ (resp. gry(n) ~ n™ '), and it contains a finite index subgroup H
which embeds into a right-angled Artin group. In Corollary A we showed that H
is itself free-by-cyclic: H = N x4 Z (resp. H = N x4 Z) for some finite index
subgroup N < Fy,, (resp. N < Fy,—1) with the monodromy automorphism being
#" (resp. (¢')*) for some £ > 0.

3(Added on 8/28/2020.) The group H is indeed free-by-cyclic, but the conclusion that H =
N x,e Z is not justified. However we can always find a finite index subgroup H; < H, which is
free-by-cyclic and has the required form: H; =~ N; Xk Z for some k, which is sufficient for the
proof of Corollary A. Indeed, replacing H with its core in G if necessary (which still has a finite
index in G), we may assume that H is normal in G. Then H = N x, {z), where z = ft’ is a lift
of the generator of £Z and 7 acts as n(n) = znz—! = ftént—¢f~1. We have a decomposition of
H into cosets by N: H = |,z Nz¥, where the coset Nz* can be written in terms of f and ¢ as
follows:

N2F = Nfpr(f). B () ik =0,

NzF = Nyt =1y % if k< 0.
Since H is normal in G, N = F n H is also normal in G, and each coset Nz¥ is invariant
under the conjugation by t. But then t(Nz)t~! = ¢(Nft‘)t—! = No’(f)t! and we conclude
that Nf = Nu¢(f), and hence Nyp=¢(f~1) = Nf~1. In particular, every coset Nz* has the
form NzF = NfFt*. Let d be the order of the element Nf in the finite group F/N. Then for
all m € Z we have Nz%m = N fdmgtdm — Ngldm — This means that the finite index subgroup
Hy =N {(z%y < H is isomorphic to N Xyed {44y, a finite index free-by-cyclic subgroup of G

of the required form.
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We claim that the double of H, T'(H) = H %kp H, has Dehn function or(n) ~
equivalent to gry(n)-n? (resp. gry(n)-n?), and itself embeds into a RAAG.

We now prove this claim for the case of subgroup H < G, 1, the monodromy
automorphism ¢¢, and k = m, and notice that the case of H < Gy m—1, the
monodromy automorphism (b’ and kK =m — 1, is proved in a similar fashion.

The upper bound dr(n) = nF*? is established as follows. By Propositions
and 2, gry(n) ~ n¥ and gry—1(n) ~ n*. Proposition|2.4(ii) implies that gre(n) ~
n* and gr(pey-1(n) = gr(g-1ye(n) ~ n*, and so the upper bound follows from Propo-
sition 3.4

The lower bound: n-max|yj<n, ten ¢ (b)] = dr(n) was given in Proposition
If we show that maxyyj<p, ben ¢ (b)|| Z n*+1, it will follow, in view of the above,
that dp(n) ~ nF+2,

We prove in section [§| that in the group G.,m = Fom X¢ Z, containing H, the
maximum in the definition of the growth functions gr,(n) and gr..(n) is achieved
at the generator B,, (see Corollary : o™ (Bm)| ~ (2 1) (Bk)|1 ~n™ =nk,
(Here the bar over an element of Fy,, denotes its image in the abelianization of
F2m~)

Since the subgroup N is of finite index in Fy,,, there exists an integer p > 0 such
that B2, € N. Then we have:

max [ 6] > [ (B2 2 o (@) (B, = prlen)™ ~
beN

Since k = m, this proves that ép(n) ~ nF*+2.

To prove that I' embeds into a RAAG, consider a homomorphism p: I' - H x
F(u,v), where F(u,v) is a free group of rank 2 on free generators u, v (the Bieri
embedding), which is described as follows. Recall that H = N x4 Z, where N is a
free group of finite rank. Denote for brevity 1) = ¢* and take three copies of Z with
generators s, t and 7. Then I' = (N x4 (s)) sk (N xy () and H x F(u,v) =
(N %y () x F(u,v). Define y on I as follows:

wly =idy, s TU, t— To.

We check at once that p is a homomorphism, and it is easily proved using the
normal forms of elements in free amalgamated products, that p is injective.

Thus, if we denote the right-angled Artin group containing H as A(A), for some
graph A, then T' € H x Fy is a subgroup of A(A) x Fy, which is itself a RAAG
(corresponding to the graph join of A and the empty graph on two vertices).

To prove that A(A) x Fy has 3—dimensional Salvetti complex, notice that the
graph A is the intersection graph of hyperplanes of K,,. The latter being a VH-
complex implies that A is bipartite, hence triangle-free. This makes the Salvetti
complex for A(A) 2—-dimensional, and the one for A(A) x Fy 3—dimensional. O

Remark 7.1. The embedding p from the above proof has its genesis in section 4
of the Bieri’s paper [5]. By properly modifying y, namely, by letting u(s) = Tu*,
p(t) = 7o, we can ensure that the group I" actually lies in the BestvinaBrady ker-
nel of A(A)x F(u,v),i.e. in the kernel of the homomorphism €: A(A) x F(u,v) — Z

sending all RAAG generators to 1.

Remark 7.2. Following the proof of Proposition given in [I3, Lemma 1.5]
(see also [I1 Proposition 7.2.2]), we can exhibit an explicit sequence of words
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wy, = [(st™1)", " BE"t~“"] (where k = m or m—1, as above) which realize the lower
bound for the Dehn function dr(n). To understand what van Kampen diagrams for
these words look like, the reader is referred to the proof of [13] Lemma 1.5]. In the
notation of [13], 8 = By, t1 = t, to = s.

8. GROWTH OF ¢ AND ¢~

In Propositionwe have shown that, for all 1 < k <m, G = Frnqk Xg,, . Z,
where F,, 1 is a free group with generators Ai,..., A, B1,...,Bg. For conve-
nience, in what follows we adopt the notation:

(b = ¢m,m

and use the fact that ¢, is the restriction of ¢ on the first m + k generators.
The goal of this section is to prove that ¢y, x and (¢m k)~ have growth ~ nk. In
particular, grg,(n) ~ gry—1(n) ~ n™.

Throughout this section, |.| will denote the word length in F,, with respect to
the system of free generators {4, B;}.

Recall (see Proposition that the automorphism ¢ is given by the formulas
(where the overbar denotes the inverse):

¢ = ¢m,m: A — Ay (1)
AQ > A1 (AQ) Zl
Az — A1 Ay (A3) X2A1

Am > A1A2 e Am,1 (Am) Am,1 N A1

B1 > A1A2 .. Am (Bl)
BQ [ AlAg o .. Am (BlBg) E1
Bg > A1A2 N Am (BlBQBg,) Aggl

Bm [ A1A2 o Am (BlBQ o e Bm) A’Zm—lgm—Z N AgAl.

8.1. Upper bounds for the growth of ¢, ¢L.

Proposition 8.1. For the automorphism ¢, ;. we have:

gr%l’k(n) <n* and gr((bm_’k)_l(n) < nF.

We will need few basic lemmas.

Lemma 8.2. Fori=1,...,m,
P (Ay) = ATAY AT - A AR L ADAT.
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Proof. We prove the statement by induction on n, observing that it is true for
n=20,1:

¢"TH(Ai) = G(¢"(Ai)) = Q(ATAL .. AT 1) - 6(Ai) - G(A] ... AZAT)
= O(AT)P(A3)P(AF) ... H(ATL1) - G(Ai) - §(ALy) - .. §(AF)P(A3)P(AT)
= (A7) (AL AS A (A1 A AT AQAy) oo (Ay . Ao AT (A 5. AY)
X (Ao Ag g A A A x (A A AT A o AY) L (A1 A AT AR AY)
x (A AR AL (A7) = APTrARTL AT A AT AT AL O
Corollary 8.3. Fori=1,...,m,
lo™ (A = 2(i = n + 1. 0
Lemma 8.4. ¢"(By) = ATAY ... A, - B;.
Proof. The statement is true for n = 0, 1. By induction,
¢"H(B1) = ¢(¢"(B1)) = p(AT A ... A7) - 6(B1)
= (A7) (A1 A5 A1) (A1 A AZ AQAq) .. (Ay . Ay 1A A 1. AY)
x (A1Ag... Ay - By) = ATTLADTL AL By O
Corollary 8.5. |¢™(B1)| =mn + 1. O
Lemma 8.6. ¢"(A;Ay... Ay) = AP AR AL VA, AR L ADATY.
Proof. We do induction on n, the case n = 0 being evident:
O A1y A) = $(O" (A1 Az . Ar)) = G(ATT)B(AFTY) L o(ATH)
X G(Am) - (A7, 1) .. p(A3)D(AT) = (ATH) (A1 A3 A1) (A1 A2 A5 AR AY)
X (Ar oo Ay s A" VA o A (Ar e At A Ay )
< (A1 oo Apys AT Ao o ALY (A As AT AR AL) - (AL ADAL)(AD)
= ATTRADTZ A2 LA, ATL AR AT O
Lemma 8.7. |¢"(By)| = Zn® + (% +2)n + 1.
Proof. One observes that
¢(B2) = ¢(B1) - Bz - Ay
This gives by induction in view of Lemma [8.4}
¢"(Bz) = ¢"(B1)¢" '(B1)...¢(B1) - By - A}
= (ATAD .. A" By) - (A7 TATT AR L (A1 Ay A By) - By - AT
Hence,
l¢™(B2)|| = [mn+1]+[m(n—-1)+1]+...+ [m+1]+1+n
2t Lo 1= 12 4 (214l O
Claim 8.8. Fork=1,...,m,
[6"(Br)| < n*.
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Proof. From the formulas we get for all k > 2,
¢(Brs1) = ¢(Br) - (Ar... Ap_1) - Bey1 - ¢(Ag ... Ay).

Therefore,
¢"(Br41) = ¢"(Bg) - 0" (A1 Apo) - 0" (Brgn) - 0" T (AL AT (2)
Lemma [3.6] gives:

[o" H(Ar... A = 2(k = 2)(n — 1) + (k - 1),
o™ (Ar ... A) 7Y = 2(k — 1)(n — 1) + ,
so that the total length of ¢™(By,1) is bounded above by
[6"(Bu)| + 6" (Br+1)| + [(4k — 6)n — (2k — 5)].
Now if we denote
f(k,n) == [l¢"(Bg)l,

we will have

d f(ka 0) =1

e f(1,n) =mn+1, by Corollary

o f(2,n) =2n*+ (% +2)+1, by Lemma
and for k > 2,

flE+1,n) < f(k,n)+ f(k+1,n—1) + [(4k — 6)n — (2k — 5)].
We have an inequality here (instead of an equality) because in the formula there
can be some cancellations. Let’s define another function g(k,n) as follows:
g(k,O) =1
g(L,n) = f(1,n) =mn +1,
9(2,n) = f(2,n) = Fn® + (3 +2) + 1,
g(k+1,n)=g(k,n)+glk+1,n—1)+[(4k — 6)n — (2k — 5)], for k = 2.
Obviously, g is well-defined in a recurrent fashion. An easy induction shows that
flk,n) < g(k,n) forallk>1,n>0,

so that g(k,n) gives an upper bound for the growth of |¢"(By)].
To estimate the order of growth of g(k, n), let’s look at finite differences in n:

glk+1,n)—glk+1,n—1) =g(k,n) + [(4k — 6)n — (2k — 5)]
so if we assume by induction that g(k,n) is a polynomial in n of degree k, then we

conclude that g(k + 1,n) is a polynomial of degree k + 1 in n.
Since this assumption is true for k¥ = 1 and 2, this proves Claim O

Now we establish a similar bound for ¢~!. One could use the train-track ma-
chinery (along the lines of [32, Th. 0.4]) to prove that the growth of ¢! is the same
as the growth of ¢, when it is polynomial, but we give here a simple direct proof.
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One easily checks that the inverse automorphism ¢! acts as follows:
o7 Ay — Ay
Ay — Ay (A2) A
Az —— A1 Ay (A3) Ag Ay

Am [ A1A2 N mel (Am) Am,1 e A2A1

Bl > glgg PN Zm—lgfm . Bl
By — (B1B3)A;
B3 —> Al (Eng) Ax Ay

Bm > 111112 e Zm72 (Emlem) Am,1 e A2A1.
Lemma 8.9. Fori=1,...,m,
67" (Al = ll¢" (Al = 2(i = n + 1.

Proof. Define an automorphism ¢: H — H of the subgroup H = {(4,...,

given by ¢: A; — A;, j =1,...,m. One easily checks that

¢~ = 1o (lm)or™,
therefore ¢~ (A4;)| = |¢"(A;)| and the result follows from Corollary

Claim 8.10. Ffork=1,...,m,

lo~™(By)|| < n".
Proof. Denote for any i = 0, k > 2:
Ty ,; := By,
Thsim By Al_ Ai_, .. ALAI
Sii= AAL. A A

In this notation, the action of ¢~! can be written as follows:
¢ (Thi) = Th1.1 - Trivos
¢S+ T11) = Siy1-Tia-
The first relation is obvious, and the second one follows by easy induction.
Lemma 8.11. [¢~"(By)|| = mn + 1.
Proof. Indeed,

¢7"(B1) = ¢7"(So Tia) = ¢~ TI(S1 - Tun) = ¢~ "TH(Sy - Tha) = ...
=¢ *(Sh2-Ti1) =¢ "(Sp1-T11) = Sy T
Define for any k > 1,4 > 0, n > 0 a function f(k,4,n) as follows:

e f(1,i,n) =mn+1;
o f(k,i,n) = | " (T},)|, for k = 2.

35
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Then relations imply
where we have an inequality (but not an equality) because of possible cancellations
in the reduced expression for ¢~ (T} ;).

To obtain an upper bound on f(k,%,n) we introduce a function g(k,,n) defined
recurrently as follows:

o g(k,i,0) = |Ti| = (k—=1)i+1,forall k> 1,47 > 0;

e g(1,4,n) =|¢~™(B1)| =mn+1, for all i = 0, n > 0;

o glkyi,n+1)=g(k—1,1,n)+g(k,i+1,n), forall k > 2,i>0,n > 0.
These formulas define g(k,i,n) recurrently for all values of k > 1,4 > 0, n = 0.
Indeed, one proceeds by layers numbered by n, with the case n = 0 given by the
first formula, and the case of arbitrary n given by the third one, which is valid for
k = 2. The remaining case k = 1 is given by the second formula.

Clearly, f(k,i,n) < g(k,i,n) for all k > 1,7 > 0, n > 0, so that the function g
can be used to establish the upper bound for ||¢~™(By)|:
lo™" (Bi)ll = ¢~ " (Tk0)ll = f(k,0,n) < g(k,0,n).
To estimate the growth of g(k,4,n), consider the finite difference g(k,i,n+ 1) —
g(k,i,n). Applying the recurrent relation several times, we get:

glk,i,n+1)=g(k—1,1,n) + g(k,i+ 1,n)

=gk—1,1,n)+gk—-1,1,n—1)+g(k,i +2,n—1)

=[gk-1,1,n)+gk—-1,1,n—1)+ -+ g(k—1,1,0)] + g(k,i + n+ 1,0).
Similarly,
glk,i,n)=[glk—1,1,n—1)+g(k—1,1,n—=2)+---+g(k—1,1,0)] + g(k,i +n, 0).
Since by definition

glk,i+n+1,0)=(k—-1@GE+n+1)+1,
glk,i+n,0)=(k—-1)(GE+n)+1,
we have for all k > 2,1 >0, n > 0:
g(k,i,n+1) —g(k,i,n) =gk —1,1,n) + (k—1). (5)

In particular,
If we assume by induction on k that g(k — 1,1,n) is a polynomial function in n of
degree k — 1 (which is true for k = 2 since g(1,4,n) = mn + 1), then we conclude
at once that g(k,1,n) is a polynomial function in n of degree k.

Now the formula similarly implies that g(k,i,n) is a polynomial in n of
degree k.

Therefore, |¢~"(Bs)| < g(k,0,n) ~ n*, which finishes the proof of Claim
(I

Proof of Proposition[8. According to Corollary [8.3|and Lemma[8.9] [|¢="(A4,)|| <
n for i = 1,...,m, and according to Claims and ¢ (Bg)| < n*, for
]

k=1, ..., m. Therefore gr,  (n)< n* and BT (g )1 () < n®.
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8.2. Lower bounds for the growth of ¢, ¢ !.
Proposition 8.12. For the automorphism ¢, 1, and ¢;11k, we have:
gy, (n) > n*  and 8L (gn )1 () = n®.

Claim 8.13. The size of the largest Jordan block of the Jordan normal form for
both ¢2° ., (o1 )% is k + 1.

m,k’ m,k

Proof. Tt is sufficient to prove the claim just for ¢%’7k, as (qb;:k)“b = ( %’,k)’l.

By direct inspection of formulas , we see that ¢Z€’1k is represented by the
following (m + k) x (m + k) matrix:

Im Dmk
Okm | Cri

where I, is the identity m x m matrix, Ok, is the zero k x m matrix, and D,
and Cyr are m x k and k x k matrices, respectively, given by the formulas:

ab

m,k )

1 1 ... 1 1 1 ... 1

1 1 ... 1 o1 ... 1
Dy = ) Crr =

1 1 1 0 0 1

It is known that the number of Jordan blocks of a matrix M € GL(m + k,C)
with all eigenvalues 1 is given by the number

dimker(M — Ly, 1x) = m + k —rank(M — Iy1),

and the number of Jordan blocks of M with all eigenvalues 1 and size at least 2 is
given by

dimker[(M —1I,,, 4 1)?] —dim ker(M —1I,,, ) = rank(M — I, ) —rank[(M — I, 1 1)?].

An easy computation shows that

0 1 1 1
ab I Omm Dmk h C 001 1
m,k m+k = s wnere Kk = | -oreee e s
Okm | Chy, 00 0 1
0 0 O 0
and )
Omm Dmk:
(gn _Im k) - )
k + O C;Zk
where
[0 0 1 2 k-2
0 1 2 k—1 0 0 0 1 k—3
;1001 2 .0 k-1 N
Do =\ ’ k=10 0 0 0 1
0 1 2 k-1 00 0 O 0
_0 0 0 O 0
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Note that rank Cy,, = k—1, rank Cy), = k — 2, hence rank(¢2? , — I 4x) = k and
rank|( %’)k — Imwyk)?] = k — 1. Therefore,

the number of Jordan blocks for f,ﬁk =(m+k)—k=m,
the number of Jordan blocks of size > 2 for qzﬁf,f,k =k—(k-1)=1.

This means that there is only one block of size bigger than 1, let’s denote this
size ¢, and there are m — 1 blocks of size 1. Hence, m + k = ¢+ (m — 1) - 1 so that

c=k+1. O
Proof of Proposition[8.12 The Proposition follows now from Corollary and
Claim B3 O

8.3. Lower bounds for the growth of #?°. In the proof of Theorem B in sec-
tion m we needed a certificate for the growth of the abelianization of ¢y, k, i.e. an
element of the basis that realizes the maximum in the definition of the growth
functions. Now we can provide it:

Corollary 8.14. With the above notation, let B, be the image of the generator By,
in the abelianization of F'. Then

|G i)™ (Bi)| ~ (632 )™ (Br)|, ~ |(650 )" (Br)|, ~ n*.

Proof. An elementary computation with the matrix from the proof of Claim [8.13
shows that ((bf?f’ x)" is represented by the matrix with the following structure:

( abk)n _ Im P?nk
" Okm | Qrk

where I,,, is the identity m x m matrix, O, is the zero k x m matrix, and P,
and Qi are m x k and k x k matrices, respectively, given by the formulas:

1 Cin -+ Ck—2n Ck-1n
Ciln Con ... Ckn ’ ’
0 1 Ck—3n Ck—2n
P _|¢n Con ... Ckn _
mk = R Qkk =
.C ..... PR C .. 0 0 1 C1n
in 2n kn 0 0 0 1

Here P, has all rows equal to each other and @y is upper triangular with the
same number on each diagonal sequence of entries parallel to the main diagonal.
The numbers c¢14,, Cop, .. ., Cryn satisty the following identity, which follows from the
matrix multiplication rule:
4
Cln+l = Z Cin,
i=0

with the convention that cp, = 1. We now show by double induction on pairs
(i,n) that ¢;, = ("+f_1). Indeed, this equality is true for pairs (i,n) = (0,n) with
arbitrary n, since cg,, = 1 by our convention, and for (i,n) = (i,1) with arbitrary
i, since ¢;; = 1 in the matrix representation for ¢%, (see the proof of Claim .

Now suppose that the equality c;,, = ("ﬁfl) is already proved for all pairs (i,n)
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with n fixed and 7 arbitrary, and for all pairs (i,n + 1) with 0 < ¢ < £ — 1. Then
for the pair (¢,n + 1) we get:

= n+0—1 n+0—1 n+¢
Con+1 = Z Cin + Ctn = Co—1n+1 + Con = /-1 + / = / 5

i=0
as needed.

In particular, the coefficients of the vector (¢%’7k)"(B;€) are: 1, cip, ..., Ckn, With
Chn = ("“L,]:*l) being a polynomial ~ n*.
Since, by Claim lom, k(B < n*, we have:

n* = |on w(Br)| = (¢ )" (Br)|, = |(¢50 )" (Bk)|, = n,
and we conclude that
| 1 (Bi)|| ~ [(d5 )™ (Br)|, ~ (D5 )™ (B )| ~ n. O

Remark 8.15. It can be proved in a similar manner that the same elements By, and
By, also serve as certificates for the growth of automorphisms gb;blk and ( %’ W)L
respectively. However the formulas involved are more complicated, and we don’t

need this result for our construction.

9. OPEN QUESTIONS
We conclude our paper with three open questions.
Question 1. Does every CAT(0) free-by-cyclic group virtually embed into a RAAG?

Question 2. Do there exist finitely presented subgroups of RAAGs whose Dehn
functions are either super-exponential or sub-exponential but not polynomial?

Question 3. Do there exist finitely presented subgroups with polynomial Dehn
functions of arbitrary degrees inside 2—-dimensional RAAGs?

10. APPENDIX: VIRTUAL NON-EMBEDDABILITY OF GERSTEN’S GROUP INTO
RAAGS

In [24], Gersten provided an example of a free-by-cyclic group G = F3 x Z which
cannot act properly by semi-simple isometries on any complete CAT(0) metric
space. Note that he states his result (Proposition 2.1 of [24]) for cocompact actions,
but his proof is valid without the cocompactness assumption. Another account of
his proof is outlined in [I6, Ex. I11.7.18(2)] and we adopt the terminology from [16]
for the rest of this section.

Gersten’s group is given by the presentation

G ={a,b,c,t | tat™ = a, tht™" = ba, tet™ = ca®).

Being the first example of a non-CAT(0) free-by-cyclic group, it has attracted a lot
of attention as a test example for different conjectures (see e.g. [18, 19| 20, [34]).
Since G cannot be a subgroup of any group that acts properly by semi-simple
isometries on complete CAT(0) spaces, G itself is not special in the terminology of
Haglund-Wise [27]. Here we provide a proof of a folklore fact that no finite index
subgroup of G can act properly by semi-simple isometries on a complete CAT(0)
space either. This implies that G cannot virtually embed into a RAAG, and, in
particular, that Gersten’s group is not virtually special. Another approach to prove
virtual non-specialness of Gersten’s group was suggested in [20, p. 60-61].
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Claim 10.1. No finite index subgroup of Gersten’s group G can act properly by
semi-simple isometries on a complete CAT(0) metric space.

The Claim will follow from the metric analog of the Serre’s theorem [23 Th. 7.2.7]
on the existence of an induced action:

Proposition 10.2. Let G be a group and H < G a finite index subgroup. If H
admits a proper action by isometries on a geodesic metric space X, then G admits
a proper action by isometries on the product metric space X™, where n = |G : H|.
If the action of H is free and G is torsion free, then the action of G on X™ is also
free. If X is a complete CAT(0) metric space then X™ is also a complete CAT(0)
metric space, and if H acts by semi-simple isometries on X, then G acts on X™ by
semi-simple isometries as well.

Proof. We adjust the proof given in [23] Th. 7.2.7] for the metric setting. In what
follows we denote the action of H on X by = — hz.

Definition of a left action of G on X™. Let H\G = {Hg1,... Hg,} be set of all
right cosets of H in G, for some fixed elements g1, ..., g,. The right action of G on
H\G defines a right action ¢ — i.g of G on {1,...,n} by the formula g;g € Hg, 4.
This formula also uniquely defines elements h(g,) € H such that g,g = h(g,1)gi.q.
Notice that elements h(g,) satisfy the following condition:

h(gg',i) = h(g,i)h(g’,i.g) forall g,¢' € G, and alli € {1,...,n}. (1)

Indeed, gi(99’) = h(g9'.1)i.(49) and (9i9)g" = (h(g,1)gi.4)9" = h(g,1)(g’,5.9)9(i.g).q"-
Since ¢ = i.g is a right action of G, g; (4¢') = g(i.g).q» and the equality follows.
Now define the required left action of G on X™ as follows:
g1y 20) 1= (B(gs Drrge- - h(g,m)ng)- 4

We have for arbitrary g,¢' € G:
99/~($1, s axn) = (h(gg/7 1)x1.gg’a ) h(ggla n)mn.gg’)-
On the other hand,
g/'(xla cee 7xn) = (h(glv ]-)fl.g’a ceey h(glv n)xn.g’) = (xllv cee >$In)a
and

/ !

g9.(zh, .. 2y) = (hlg, D)2l g, .. hlg.n)ay, o) =
(h(ga ]-) ) h(gla ]-'g)x(l.g).gH SERE) h(ga n) ) h(glv ng)x(ng)g’)
Since holds, we have g¢'.(z1,...,z,) = g.(¢'.(x1,...,2,)) and the action of
G on X" is well-defined.

Action by isometries. We now prove that if H acts on X by isometries, then the
action ([f)) of G on X™ is by isometries as well. By the definition of the product of
metric spaces, the distance between two points (x1,...,x,) and (y1,...,y,) of X"
is given by the Pythagorean formula:

d((zla e 7xn)7 (yh .. 'ayn))Q = Z d(xuyz)z
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Thus for an arbitrary g € G we have:

d(g-(x1, .- 20),g-(Y1, - yn)) " =
d((h(g, D)2 1.gs - - h(Gs0)@ng), (h(g, VY15 - s (g, 1) Yng))” =

A(h(g,D)zig, 19, )yig)” = D) i y)? = d((@1,- o 20), (s 9m)

n
=1 i=1

K3
where the next to the last equality holds since every h(g,) is an isometry of X
(and since 7 — i.g is a bijection). This proves that an arbitrary g € G acts as an
isometry on X".

Properness of the action. According to the definition from [I6, 1.8.2], G acts

properly on X" if for every T = (x1,...,2,) € X" there exists an € > 0 such that
the set Gz := {g€ G| 9.B(Z,e) n B(Z,e) # @} is finite.
Arguing by contradiction, suppose that there exists a point = (z1,...,x,) €

X™ such that for any € > 0 the set Gz is infinite. If g € Gz . then d(¢9.Z,Z) < 2e,
which means Y " | d(h(gJ);Ei.g,xi)z < (2¢)?, and, in particular, d(h(g, i)z;.4, ;) <
2¢ for any fixed i. If Gz is infinite, then, by the pigeonhole principle, there
exists a permutation 7 € Sym({1,...,n}) such that infinitely many elements from
Gz, induce 7 via the action ¢ — i.g. Hence, for infinitely many elements g from
Gz, we have: d(h(g,i)xw(i),xi) < 2e. Then for the midpoint y of the geodesic
[h(9, )T (), 2:] we have d(h(g,i)xﬁ(i),y) < ¢ and d(y,x;) < €, which means that
h(g,1)B(2r(),€) N B(xi,€) # @, or, equivalently, h(g,i)*lB(xi,e)mB(:ﬂw(i),s) # J.
Recall that from the definition of elements h(g,i) we have h(g,i) = g,»gg;gl. Thus,
infinitely many elements g € Gz inducing 7 on {1,...,n} give rise to infinitely
many elements h = gigg;(li) € H with the property

h'B(zi,e) 0 B(zy,€) # O.

If we denote these elements hg, b1, ho, ..., then for any element hj from this list we
have d(h;lmi,mﬂ(i)) < 2¢. Hence,

d(hy @i, hi i) < d(hg @i, Trgiy) + d(@ey, by tai) < 26 + 26 = 4e,

which is equivalent to d(hihg Yos, ;) < 4e for any k. Again, for the midpoint y
of the geodesic [hkhalxi,xi] we have d(hkhalxi,y) < 2¢ and d(y,x;) < 2e. This
means that
hihy ! B(z;,2¢) 0 B(x,2¢) # @

for infinitely many elements hihg e H. Since ¢ > 0 was arbitrary, we get a
contradiction with the properness of the action of H on X. This proves that the
action of G on X™ is proper.

Freeness of the action. Now let H act freely on X and let G be torsion free.
Suppose that g.(x1,...,2,) = (x1,...,2,) for some (z1,...,2,) € X", g€ G. For
the right action of G on {1,...,n} defined above, we have i.g™ =i for any i. Thus,

(21, 2n) = g™ (21, ..., @) = (h(g”!, Dy, ..., h(g"!,n)xn)

and we conclude that h(g™,i) = 1 for all i, since H acts freely on X. Therefore,
gi9™ = h(g™,i)g; = gi, and g"' = 1. Since G is torsion free, it follows that g = 1.
This proves that the action (f) of G on X™ is free.
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Semi-simplicity of the action. The product of two (complete) CAT(0) metric
spaces is again (complete) CAT(0), see [16, I1.1.15(3)]. Now let H act semi-simply
on X. Arguing as in the previous paragraph, we have g™ € H for all g € G and

gn!'(xlv s 7In) = (h’(gn'a 1)1:1’ EERE h(gn'7n)xn)

We see that g™ preserves the decomposition X™ = X x---x X and acts as a product
of isometries hy x - - - x hy,, where each h; := h(g™,4) belongs to H. Proposition I1.6.9
of [16] implies then that ¢™ is semi-simple, since all h; are semi-simple. Now
Proposition I1.6.7 and Theorem I1.6.8(2) of [16] imply that g itself is semi-simple.

|

Proof of Claim[10-1 Suppose that H < G is a finite index subgroup of Gersten’s
group G which acts properly by semi-simple isometries on a complete CAT(0)
metric space X. We can apply Proposition and conclude that G itself acts
properly by semi-simple isometries on the complete CAT(0) metric space X™, in
contradiction with the Gersten’s result. (]

Corollary 10.3. Gersten’s group G does not virtually embed into a RAAG. In
particular, G is not virtually special.

Proof. Suppose that H < G is a finite index subgroup of Gersten’s group G which
embeds into some right-angled Artin group A(A). Since A(A) acts properly on the
complete CAT(0) complex X = S A, the universal cover of the Salvetti complex for
A(A), so does H. By Ex. I1.6.6(2) of [16], the group A(A), and hence H as well,
acts by semi-simple isometries on X, in contradiction with Claim [I0.1] The second
part of the Corollary follows from the fact that special groups embed in RAAGs [27,
Th. 4.2]. O
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