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I. Structural Consequences of
AD

Steve Jackson

1. Introduction

In this article we survey recent advances in descriptive set theory, starting
(roughly) from where Moschovakis’ book [32] ends. Our survey is not in-
tended to be complete, but focuses mainly on the structural consequences
of determinacy for the model L(R), including the important case of the pro-
jective sets. By “structural” we are referring to the combinatorial theory
of the pointclasses (for example, the scale property which in some sense
describes the structure of the set) as well as the cardinal structure up to
the natural ordinal associated with these pointclasses. This might include
determining their cofinalities, partition properties. etc.

The axiom of determinacy, AD, is the assertion that every two-player
integer game is determined; we review the basic concepts below. The ax-
iom was introduced by Mycielski and Steinhaus in the 60’s, and it soon
became apparent that AD was a powerful tool for unlocking the combinato-
rial structure of sets of reals, and a program for doing this was begun. One
of the central achievements during this period was the extension, assuming
projective determinacy, to the general projective sets of the basic structural
theory of the Π1

1, Σ1
1 sets developed by the “classical” descriptive set the-

orists from the 20’s through the 40’s. [32] and [19] give a detailed account
of the history of these developments. The results we discuss here can thus
be viewed as extensions and refinements of the basic determinacy theory
developed by the descriptive set-theorists of the 60’s and 70’s as described
in [32], [19].

We note that more recent work of Martin, Steel, and Woodin [30, 41] (de-
scribed in a little more detail below) has pinpointed the connection between
large cardinal axioms and various levels of determinacy, including ADL(R).

We work throughout this paper in the base theory ZF + DC (except at a
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6 I. Structural Consequences of AD

few points where we mention the use of DC). However, we will be dealing
almost entirely in this paper with the consequences of AD. In particular we
assume AD throughout §3–§5. In §2 we mention explicitly the hypotheses
as needed. The reader should recall that AD contradicts choice as well as
many of its consequences. In particular, successor cardinals need not be
regular and measurable cardinals need not be limit cardinals.

There were two ways in which the earlier theory was inadequate. First,
the theory of the projective sets was described largely in terms of the so-
called projective ordinals, the δ1

n. The first four of these were computed, and
several general results were proved (a good reference here is [17]). Kunen
initiated a program for computing the δ1

n. The idea of a homogeneous tree,
which plays a central part in the program, arose independently in the work
of Kunen and Martin. Kechris and Martin independently (see [18]) then
formulated the general notion of a homogeneous tree. Despite this impor-
tant progress, however, the values of δ1

n for n ≥ 5, and the combinatorial
structure of the intervening cardinals were left open. Secondly, the projec-
tive sets represent only the sets of reals occurring in the first level of the
L(R) hierarchy. It is generally believed, however, that AD should suffice to
develop the structural theory (in some reasonable sense) of the entire model
L(R). Thus, two central goals emerge: first, to refine the arguments from
the projective sets to permit a detailed analysis of the cardinal structure
within the projective ordinals, and secondly, to extend this analysis as far
as possible.

In the early 80’s, Martin and Steel [29] showed that (Σ2
1)
L(R) was the

largest pointclass in L(R) having the scale property. Extending their meth-
ods, Steel [37] developed an analysis of the scale property in L(R). This
important work can be thought of as extending both the scale analysis of
the projective sets and also the “fine-structure” theory of L (developed by
Jensen), and uses methods of both. This fine-structure theory of L(R), like
the earlier theory of the projective sets, is not detailed enough to analyze
the fine combinatorial structure of the cardinals, nor to answer many ques-
tions about the model L(R) (though it suffices to answer many “scale type”
questions, e.g., showing which pointclasses are the κ-Suslin sets for some κ,
or showing every reliable cardinal is a Suslin cardinal; see [37]).

In the early 80’s, Martin [27] obtained a result on the ultrapowers of δ1
3

by the normal measures on δ1
3. Building on this and some joint work with

Martin, the author computed δ1
5. In the mid–80’s, this was extended to

compute all the δ1
n, and to develop the combinatorics of the cardinal struc-

ture of the cardinals up to that point. The analysis, naturally, proceeded
by induction. The complete “first-step” of the induction appears in [11].
The analysis revealed a rich combinatorial structure to these cardinals. In-
deed, even the answer δ1

5 = ℵωωω +1 hints at such a structure (in general
δ1

2n+1 = ℵω(2n−1)+1, where ω(0) = 1 and ω(n+ 1) = ωω(n)). A goal, then,
is to extend some version of this “very-fine” structure theory to the entire



1. Introduction 7

model L(R). In the late 80’s the author extended the analysis further, up
to the least inaccessible cardinal in L(R), although this lengthy analysis has
never been written up. It was clear, however, that new, serious problems
were being encountered shortly past the least inaccessible. In [10], for exam-
ple, results were given that show the theory fell far short of κR, the ordinal
of the inductive sets (the Wadge ordinal of the least non-selfdual pointclass
closed under real quantification).

More recently, attempts have been made to isolate some of the “global”
obstructions to extending the detailed L(R) analysis. Some combinatorial
principles were thus formulated which seem to be necessary for extending
the theory sufficiently high in L(R) and which seem not to be provable by
an inductive “from below” argument. The most important principle along
these lines is called the weak square property, �κ,λ, for κ a Suslin cardinal
and λ an ordinal < Θ (the supremum of the lengths of prewellorderings of
the reals). Recently, the author has established this choice-like principle
(to be defined in §6). This has a number of consequences. For example, it
follows that every regular κ which is either a Suslin cardinal or the successor
of a Suslin cardinal is δ2

1 supercompact in L(R). This and other global
choice-like principles will be discussed in §6.

At the time of the present writing, then, we may summarize the current
situation as follows. A detailed structural analysis for an initial segment of
L(R) including the projective sets is known. Certain choice-like principles
which seem to be important for further extensions have been established
globally (that is below Θ). What remains is to identify the further global
principles required, and integrate them with the inductive analysis.

In the present paper we will survey both approaches mentioned above.
We will adopt a somewhat informal style at times in order to keep this
paper reasonably self-contained, still give proofs, and keep the discussion
to a reasonable length. In §2 we will collect together and review various
results from descriptive set theory and determinacy theory we will need.
We will present proofs for some of these results of particular significance for
us, and reference the others. In §3 we develop the AD theory of the Suslin
cardinals, culminating in a classification theorem. In §4 we will develop a
theory of “trivial” descriptions. This is not actually necessary, and in fact
was omitted from [11]. Descriptions are the combinatorial ingredients that
“describe” how to generate equivalence classes of functions with respect to
certain measures. At the level of ω1 (here the measures are simply the n-
fold products of the normal measure), descriptions are trivial enough objects
that they need not be introduced explicitly, but rather absorbed into the
notation. Nevertheless, by introducing them explicitly the reader can see the
general flavor of the arguments while the combinatorics is still trivial. Using
this approach, we will show in this section the strong partition relation on
ω1, the weak partition relation on δ1

3, and give a new proof of the Kechris-
Martin theorem for Π1

3. In all cases, our proofs will use only the theory of
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the trivial descriptions and techniques that will generalize to higher levels
(in particular, no use is made of the theory of indiscernibles for L). In
§5 we will introduce the (non-trivial) notion of a description of level 1.
This corresponds to the analysis for computing δ1

5 and proving the strong
partition relation on δ1

3, etc. Although we state complete definitions and
theorems, we will illustrate proofs here frequently by considering examples
which show the reader the ideas involved without getting lost in details. In
§6 we introduce �κ,λ and other global choice-like principles. Some of the
results presented here are of interest in their own right, and several are new.

We hope §§4,5 will provide a good introduction to, and an overview of, the
modern theory of the projective sets (that is, the developments since [32]),
and §6 will give some insight into the problems being faced in extending the
theory and their possible solutions.

Although the focus of this paper is on the consequences of AD, we men-
tion briefly some connections with other hypotheses. Martin (see [24] and
[25]) showed Borel determinacy is a theorem of ZFC, although H. Friedman
[4] showed that ℵ1 iterations of the power set axiom applied to the reals
is needed to prove it. Martin also showed Π1

1 determinacy followed from
the existence of x# for every x ∈ ωω, and Harrington proved the converse.
Martin also showed the curious result that ∆1

2n determinacy implies Σ1
2n

determinacy (see [15] for another proof). More recently, Martin and Steel
[30] showed that the existence of n Woodin cardinals (see [30] for the defini-
tion) plus a larger measurable implies ∆1

n+1-determinacy. Woodin showed
that the existence of ω many Woodin cardinals plus a larger measurable
implies ADL(R). In fact, ∆1

n+1-determinacy is equiconsistent with the ex-
istence of n Woodin cardinals, and AD is equiconsistent with the existence
of ω many Woodin cardinals. Thus, the AD hypothesis now has the added
measure of respect that ADL(R) follows from more “conventional” large car-
dinal hypotheses. It should be noted, however, that the program of using
AD to explore the structural theory of the projective sets and beyond was
begun in the 60’s, well before this connection was known.

We review now some notation and terminology that we will use through-
out the paper. We generally work in the Polish space (complete, separable,
metric space) ωω, the space of functions from ω to ω topologized with the
product of the discrete topologies on ω. As a topological space this is home-
omorphic to the space of irrationals, but any two uncountable Polish spaces
are Borel isomorphic (in fact, isomorphic by a ∆0

3-measurable function).
We follow the usual convention of referring to the elements of ωω as “reals.”
By a perfect product space we mean a space of the form X = X1×· · ·×Xn,
where each Xi = ω or ωω (ω always with the discrete topology), and at
least one factor is ωω. All perfect product spaces are recursively homeo-
morphic to ωω by recursive coding and decoding maps, whose notation we
now standardize.
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For each n ≥ 2, fix a recursive bijection

(m0, . . . ,mn−1) → 〈m0, . . . ,mn−1〉n

from ωn to ω which is increasing in each argument, and let

m→ ((m)0, . . . , (m)n−1)

denote the recursive inverse map. Let (x0, x1, . . . ) → 〈x0, x1, . . . 〉 also de-
note the induced recursive bijection from (ωω)ω to ωω defined by

〈x0, x1, . . . 〉(m) = xm0(m1),

where (m0,m1) refers to the inverse of the coding map 〈 〉2. Similarly,
for any perfect product space X = X1 × · · · × Xn−1, there is a recursive
bijection betweenX and ωω, we will use the same notation (x0, . . . , xn−1) →
〈x0, . . . , xn−1〉n, and x → ((x)0, . . . , (x)n−1), for the coding and decoding
maps. Since the precise meaning is generally clear from the context, we will
usually drop the subscripts and extra parentheses from the notation.

For X a perfect product space and A ⊆ X, we write Ac for X−A (it will
always be clear which X we are referring to). If R ⊆ X × Y , the domain of
R is defined by dom(R) = {x : ∃y (x, y) ∈ R}. For any x ∈ X, we let Rx
denote the section of R at x, that is, Rx = {y : (x, y) ∈ R}.

A (boldface) pointclass Γ is a collection of subsets of perfect product
spacesX which is closed under continuous inverse image. That is, if f : X →
Y is continuous and A ⊆ Y is in Γ, then B = f−1(A) is in Γ. We also
say A is Wadge reducible to B, written A ≤w B. As is customary in
descriptive set theory, we frequently use logical notation in describing sets,
and thus we write A(x) for x ∈ A. Thus we may rewrite the above as
B(x) ↔ A(f(x)), and for this reason pointclasses are referred to as being
closed under continuous substitution (or Wadge reduction). Likewise ¬A(x)
means x /∈ A. For Γ a pointclass, Γ̌ denotes the dual pointclass, that is,
A ∈ Γ̌ iff Ac ∈ Γ. We say Γ is non-selfdual if Γ 6= Γ̌, and otherwise say Γ
is selfdual. We let ∃ω and ∃ωω

denote existential quantification over ω and
ωω respectively, and likewise for ∀ω and ∀ωω

. We apply this notation also
to pointclasses. For example, ∃ωω

Γ denotes the A ⊆ X for which there is
a B ⊆ X × ωω such that ∀x (A(x) ↔ ∃y ∈ ωω B(x, y)). For Γ a (usually
non-selfdual) pointclass we let ∆(Γ) = Γ ∩ Γ̌. When Γ is understood we
frequently just write ∆.

Let X,Y be perfect product spaces, and A ⊆ X, B ⊆ Y . Assuming
AD, Wadge’s lemma asserts that either A ≤w B or B ≤w Ac. In fact,
the proof shows something stronger. For example, suppose X = Y = ωω,
and let A,B ⊆ ωω. Consider the integer game where I plays integers a(i),
and II plays b(i), thereby producing reals a, b ∈ ωω, and II wins the run
iff (a ∈ A ↔ b ∈ B). If II has a winning strategy τ , then τ defines a
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Lipschitz continuous function (which we also call τ) from ωω to ωω. By
this we mean τ(a)�n depends only on a�n. Also, a ∈ A ↔ τ(a) ∈ B. If I
has a winning strategy σ, we likewise get a Lipschitz continuous function σ
such that b ∈ B ↔ σ(b) ∈ Ac. If we let ≤l denote reduction by a Lipschitz
continuous function, we therefore have either A ≤l B or B ≤l Ac.

For X a Polish space, we let Σ0
1 (respectively Π0

1) denote the collection of
open (respectively closed) subsets of X. For α < ω1, we recursively define
Σ0
α to the sets A ⊆ X which are countable unions of sets An, each of which

lies in Π0
β for some β < α. Also, Π0

α = Σ̌0
α, and ∆0

α = Σ0
α ∩ Π0

α. The
sets which are Σ0

α for some α < ω1 (equivalently Π0
α for some α < ω1)

are the Borel sets. The projective hierarchy is defined as follows. The Σ1
1

(or analytic) sets are the sets which are continuous images of closed sets in
Polish spaces. An equivalent definition is Σ1

1 = ∃ωω

Π0
1. Also, we define

Π1
1 = Σ̌1

1, and ∆1
1 = Σ1

1 ∩Π1
1. Suslin’s theorem says that the ∆1

1 sets are
exactly the Borel sets. In general, we define Σ1

n = ∃ωω

Π1
n−1, Π

1
n = Σ̌1

n, and
∆1
n = Σ1

n∩Π1
n. The lightface projective classes, Σ1

n, Π1
n, ∆1

n are defined an
an analogous manner, except at the bottom we take Σ0

1 to be the collection
of sets of the form

⋃
n∈ω Vf(n), where f : ω → ω is recursive, and {Vn}n∈ω

is a recursive presentation for the space X. See [32] for further details (we
will always have X a perfect product space, in which case any reasonable
enumeration of the usual basis for X will be a recursive presentation).

For s a finite sequence (i.e., a function with domain n ∈ ω), we let
lh(s) = n denote the length of s. Thus, s�m, for m ≤ n, is the initial
subsequence of s of length m.

By a tree on a set X we mean a set T ⊆ X<ω closed under subsequence.
Given sets X and Y , we frequently identify a tree T on the set X × Y with
a set T ⊆ {(s, t) ∈ (X × Y )<ω : lh(s) = lh(t)} closed under initial segment,
that is, if (s, t) ∈ T , then (s�m, t�m) ∈ T for any m < lh(s). Similarly,
we identify trees on X1 × · · · ×Xn with subsets of X<ω

1 × · · · ×X<ω
n . [T ]

denotes the set of paths or branches through T . We say a tree is well-
founded iff it is well-founded under the extension relation, and otherwise
say it is ill-founded. Thus, T is ill-founded iff [T ] 6= ∅. If T is ill-founded,
and X is equipped with a well-order <X , then T has a left-most branch
f ∈ [T ]. That is, for all g ∈ [T ], if f 6= g, then for the least n such that
f(n) 6= g(n) we have f(n) <X g(n). For T a tree on X × Y , and x ∈ Xω,
we let Tx = {s ∈ Y <ω : (x� lh(s), s) ∈ T} denote the section of the tree T at
x. For T a tree on X × Y , we let p[T ] denote the projection of [T ], that is,

p[T ] = {x ∈ Xω : ∃y ∈ Y ω ∀n (x�n, y�n) ∈ T}.

If T is a tree on λ1 × · · · × λn, and β ∈ ON, then we let

T �β = {(s1, . . . , sn) ∈ T : ∀m < lh(s1) (s1(m), . . . , sn(m) < β)}.

If (X,<X) is a well-ordered set, then for any n ∈ ω the setXn is well-ordered
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by the induced lexicographic ordering defined by:

s <lex t↔ ∃k(s(k) <X t(k) ∧ ∀l < k s(l) = t(l)).

We let |s|lex denote the rank of s ∈ Xn in the lexicographic ordering. If
T is a tree on X, then the well-order <X also induces a linear order on T ,
known as the Kleene-Brouwer order, defined by:

s <KB t↔ (s extends t) or ∃k < min{lh(s), lh(t)}
(s(k) <X t(k) ∧ ∀l < k s(l) = t(l)).

The Kleene-Brouwer order on T is a well-ordering iff T is well-founded,
that is, [T ] = ∅. If T is a tree on X and s ∈ T , we let T (s) denote
{t ∈ T : t extends s}. If T is a well-founded tree, we let |T | denote the
rank of T . In this case, we let |T |KB denote the rank of T in the Kleene-
Brouwer order (this also implicitly depends on the well-order of X). We
always have |T | ≤ |T |KB. Note that |T (s)| is the rank of s in T , and we
also denote this by |s|T . Also, |(T �α)(s)| denotes the rank of s in the tree
T �α, and likewise for |(T �α)(s)|KB. More generally, if ≺ is any well-founded
relation on δ ∈ ON, we let ≺�α denote ≺ ∩{(β, γ) : β, γ < α}. Likewise,
≺(α) = ≺ ∩ {(β, γ) : β, γ ≺ α}. We let |≺| denote the rank of ≺. Similarly,
|≺(α)| = |α|≺ both denote the rank of α in the well-founded relation ≺.

By a game on a set X we mean a two player game where players I and
II alternate playing x0, x1, . . . ∈ X building ~x ∈ Xω, and I wins the run
iff ~x ∈ A, where A ⊆ Xω is the payoff set. Although the game is officially
identified with its payoff set A ⊆ Xω, we sometimes write GA to denote this
game for conceptual clarity. A strategy for I (II) in a game onX is a function
from the sequences from X of even (odd) length into X. The strategy is
winning for I (II) if every run of the game where I (II) follows the strategy is
a win for I (II). A game A is determined if one of the players has a winning
strategy. AD is the assertion that every game on ω is determined. A quasi-
strategy for I (II) is a relation R ⊆ X<ω ×X such that ∀s ∈ X<ω ∃x ∈ X
R(s, x), and ∀s ∈ X<ω of odd (even) length, ∀x ∈ X R(s, x). We think
of a quasi-strategy as a multi-valued strategy. A quasi-strategy is winning
for I (II) if every run ~x ∈ Xω of the game such that ∀n R(~x�n, x(n)) is
a win for I (II). A game GA is quasi-determined if one of the two players
has a winning quasi-strategy. If X can be well-ordered (e.g., X = ω), then
from a winning quasi-strategy for one of the players we easily get a winning
strategy for the same player. If X is a perfect product space, Y is a set,
and A ⊆ X × Y ω, then aYA is the set B ⊆ X defined by x ∈ B iff I
has a winning strategy in the game GA(x) where I and II alternate playing
y0, y1, y2, · · · ∈ Y producing ~y ∈ Y ω, and I wins the run if (x, ~y) ∈ A. We
abbreviate this by writing x ∈ B ↔ ∃y0 ∀y1 ∃y2 ∀y3 · · · (x, ~y) ∈ A.

By a measure on a set X we mean a countably additive ultrafilter on X.
Recall that assuming AD, every ultrafilter on a set X is countably additive,
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that is, a measure. If ν is a measure on X, and f is a function with domain
X, we let [f ]ν denote the equivalence class of f in the ultrapower, that is,
f ∼ g ↔ ν({x ∈ X : f(x) = g(x)}) = 1. When considering ultrapowers by
measures, we also let [f ]ν denote the image of [f ]ν in the transitive collapse
of the ultrapower. We often say “A has measure one” in place of ν(A) = 1.
We also write ∀∗νx ∈ X to abbreviate “for ν measure one many x ∈ X.”

We introduce a useful notational convention. Let ν1, . . . , νn be measures.
If P ⊆ ON and δ ∈ ON, we let ∀∗ν1α1 ∀∗ν2α2 · · · ∀∗νn

αn P (δ(α1, . . . , αn))
abbreviate the statement: if [f1]ν1 = δ then for ν1 almost all α1, if [f2]ν2 =
f1(α1), then for ν2 almost all α2, if [f3]ν3 = f2(α2), . . ., for νn almost all αn,
P (fn(αn)). It is easily checked that this statement is well-defined. We also
extend this convention to properties of pairs of ordinals, etc. For example,
given measures ν1, . . . , νn and ordinals δ, ε, we might write ∀∗ν1α1 · · · ∀∗νn

αn
cof(δ(α1, . . . , αn)) ≤ ε(α1, . . . , αn). If the measures are understood, we
simply write ∀∗α1, . . . , αn P (δ(α1, . . . , αn)), etc.

If f : X → ON is a function and α ∈ ON, we write Nf (α) for the least
ordinal in the range of f greater than α. Likewise, if A ⊆ ON, we write
NA(α) for the least ordinal greater than α in A.

2. Survey of Basic Notions

Throughout §2 we work in the base theory ZF+DC, stating other hypotheses
explicitly as needed.

2.1. Prewellordering, Scales, and Periodicity

We begin with a review of the basic concepts of scale and prewellordering.
The definition of a scale was introduced by Moschovakis, and represents a
distillation of the key ideas in the Novikov-Kondo proof of uniformization
for Π1

1 sets.
Recall the basic notions of pointclass, Wadge reduction, etc., that were

defined in the introduction. If Γ is a pointclass, we say A ⊆ ωω × X
in Γ is universal for Γ�X (where X = X0 × · · · × Xn is a perfect prod-
uct space) if for every B ⊆ X in Γ, there is a y ∈ ωω such that B =
Uy = {x : (y, x) ∈ U}. Assuming AD, Wadge’s lemma implies that ev-
ery non-selfdual pointclass Γ has universal sets. For suppose A ∈ Γ −
Γ̌. For every product space X = X0 × · · · × Xn, define UX ⊆ ωω ×
X by UX(y, x0, · · · , xn) ↔ fy(〈x0, · · · , xn〉) ∈ A where we view every
y ∈ ωω as coding a Lipschitz continuous function fy : ωω → ωω (say by
fy(a0, · · · , an) = (y(〈a0〉), . . . , y(〈a0, . . . , an〉)). Clearly UX ∈ Γ. If B ⊆ X
is in Γ, then by Wadge B ≤l A, so for some y we have B = (UX)y.

The usual diagonal argument shows that a universal Γ set A ⊆ ωω × ωω

cannot lie in Γ̌, and thus if Γ has a universal set, it is non-selfdual. Also,
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the s-m-n and recursion theorems go through at this level of generality.
Specifically, we have:

2.1 Theorem Let Γ be a pointclass with a universal set. Then there are
universal sets UX ⊆ ωω × X for all product spaces X with the following
properties:

1. (s-m-n theorem) For every X = X1× · · · ×Xn, Y = X1× · · · ×Xn×
· · · × Xm where m > n, there is a continuous sY,X : ωω × X → ωω

such that

UY (y, x1, . . . , xn, . . . , xm) ↔ UX′(sY,X(y, x1, . . . , xn), xn+1, . . . , xm)

where X ′ = Xn+1 × · · · ×Xm.

2. (recursion theorem) For every product space X = X1 × · · · ×Xn and
Γ set A ⊆ ωω × X, there is a y∗ ∈ ωω such that for all x ∈ X,
UX(y∗, x) ↔ A(y∗, x).

Proof. Let U ⊆ ωω × ωω in Γ be universal for Γ subsets of ωω. For X =
X1 × · · · × Xn define UX(y, (x1, . . . , xn)) ↔ U(y0, 〈y1, x1, . . . , xn〉), where
here y → (y0, y1) denotes our recursive bijection from ωω to ωω × ωω.
Suppose Y = X1 × · · · ×Xn × · · · ×Xm. Then

UY (y, (x1, . . . , xn, . . . , xm)) ↔ U(y0, 〈y1, x1, . . . , xn, . . . , xm〉)

and
UX′(s, (xn+1, . . . , xm)) ↔ U(s0, 〈s1, xn+1, . . . , xm〉).

Thus, it suffices to take sY,X(y, x1, . . . , xn) = 〈ε, 〈y, x1, . . . , xn〉〉 where ε is
such that U(ε, 〈〈y, x1, . . . , xn〉, xn+1, . . . , xm〉) ↔ U(y0, 〈y1, x1, . . . , xm〉) for
all y, x1, . . . , xm. That is, choose ε so that for all z

U(ε, z) ↔ U(z0,0,0, 〈z0,0,1, z0,1, . . . , z0,n, z1, . . . , zm〉)

which is possible as U is universal (here z0,0,0 abbreviates (((z)0)0)0, etc.,
and these decoding functions refer to the obvious product spaces).

As for the recursion theorem, fix X = X1×· · ·×Xm, and let A ⊆ ωω×X
be in Γ. Let ε ∈ ωω be such that U(ε, y, x) ↔ A(s(y, y), x), where s is the s-
m-n function from (ωω)2 to ωω corresponding to the spaces ωω and ωω×X.
Thus, U(s(ε, y), x) ↔ U(ε, y, x) ↔ A(s(y, y), x) for all y, x, where we have
dropped the cumbersome subscripts on the U . Let then y = ε, and thus
y∗ = s(ε, ε). a

Following Moschovakis, we call sets UX satisfying theorem 2.1 good uni-
versal sets. We shall frequently implicitly assume (without loss of generality)
that our universal sets are good. Note that the construction of the UX is
uniform in the universal sets A.

We review now some of the general theory of prewellorderings and scales.
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2.2 Definition A (regular) norm on a set A ⊆ ωω is a map φ from A
into (onto) some ordinal. A norm φ : A → ON is said to be a Γ-norm
if there are Γ, Γ̌ binary relations ≤Γ

φ , ≤Γ̌
φ on ωω such that for all y ∈ A,

∀x [(x ∈ A ∧ φ(x) ≤ φ(y)) ↔ x ≤Γ
φ y ↔ x ≤Γ̌

φ y. A pointclass Γ has the
prewellordering property, written pwo(Γ), if every A ∈ Γ admits a Γ-norm.

Norms can be identified with prewellorderings of A (that is, transitive,
reflexive, connected binary relations � on A). We let ≺ denote the strict
part of a prewellordering � and vice versa (i.e., x ≺ y ↔ x � y ∧ ¬y � x).

The above definition generalizes immediately to any perfect product space
X as well. A standard and straightforward lemma (theorem 4B.1 of [32])
says that if Γ is closed under ∧,∨, then φ : A→ ON is a Γ-norm on A ∈ Γ
iff the following relations are in Γ:

x ≤∗φ y ↔ x ∈ A ∧ (y /∈ A ∨ φ(x) ≤ φ(y))

x <∗φ y ↔ x ∈ A ∧ (y /∈ A ∨ φ(x) < φ(y))

In fact, to show that the existence of the starred relations implies the
prewellordering property requires no closure assumptions on Γ.

If Γ has the prewellordering property and is closed under ∨, ∧, then any
two Γ sets A,B have comparable Γ-norms. That is, there are Γ-norms φ, ψ
on A,B respectively and Γ relations ≤Γ

ψ,φ, ≤Γ
φ,ψ and Γ̌ relations ≤Γ̌

ψ,φ, ≤Γ̌
φ,ψ

such that ∀y ∈ A ∀x [(x ∈ B ∧ ψ(x) ≤ φ(y)) ↔ x ≤Γ
ψ,φ y ↔ x ≤Γ̌

ψ,φ y, and
likewise ∀y ∈ B ∀x [(x ∈ A∧φ(x) ≤ ψ(y)) ↔ x ≤Γ

φ,ψ y ↔ x ≤Γ̌
φ,ψ y]. To see

this, let E = {〈i, z〉 : (i = 0 ∧ z ∈ A) ∨ (i = 1 ∧ z ∈ B)}. Let ρ be a Γ-norm
on E, and let φ(x) = ρ(〈0, x〉) for x ∈ A, and ψ(x) = ρ(〈1, x〉) for x ∈ B.
We can take, for example x ≤Γ

φ,ψ y iff 〈0, x〉 ≤Γ
ρ 〈1, y〉. Note, however, that

these norms are not regular.

2.3 Definition A set A ⊆ ωω is κ-Suslin if there is a tree T on ω×κ such
that A = p[T ]. Let Sκ denote the pointclass of κ-Suslin sets. A cardinal κ
is a Suslin cardinal if Sκ −

⋃
κ′<κ

Sκ′ 6= ∅.

A closely related concept (see lemma 2.5) is that of a scale.

2.4 Definition A semi-scale {φn}n∈ω on a set A ⊆ X (X a perfect product
space) is a collection of norms φn on A such that if {xm}m∈ω ⊆ A is a
sequence of points in A converging to x, and for all n, φn(xm) is eventually
constant, then x ∈ A. We say {φn} is an α semi-scale if all norms map
into α. We say {φn} is a scale if it in addition satisfies the lower semi-
continuity property: ∀n φn(x) ≤ λn

.= limm→∞ φn(xm). Likewise we define
α-scale.
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A (semi)-scale {φn} on A is a good (semi)-scale if whenever xm ∈ A and
for all n φn(xm) is eventually constant, then x = limm→∞ xm exists (and
thus x ∈ A).

A (semi)-scale is called very good if it is good and whenever x, y ∈ A and
φn(x) ≤ φn(y), then φi(x) ≤ φi(y) for all i < n.

A (semi)-scale is called excellent if it is very good and whenever x, y ∈ A
and φn(x) = φn(y) then x � n = y � n (assuming now X = ωω).

The notions of good α-scale, etc., are defined in the same manner, re-
quiring the norms to map into α.

The next lemma shows the essential equivalence of these concepts.

2.5 Lemma For every A ⊆ ωω and every α ∈ ON, A is α-Suslin iff A has
an α-semiscale iff A has an α-scale iff A has an excellent α-scale.

Proof. Clearly excellent scale → very good scale → good scale → scale →
semi-scale, for any α. If {φn} is a semi-scale on A into α, define the tree of
the semi-scale as follows:

((a0, . . . , an−1), (β0, . . . , βn−1)) ∈ Tφ ↔ ∃x ∈ A [x�n = (a0, . . . , an−1)∧
φ0(x) = β0, . . . , φn−1(x) = βn−1].

Clearly A ⊆ p[T ]. If (x, f) ∈ [T ], then ∃xm ∈ A such that xm → x and
φn(xm) → f(n) for all n. Thus, x ∈ A by definition of a semi-scale. Hence,
A = p[T ].

Thus, it suffices to show that A is α-Suslin implies A admits an excellent
α-scale. First note that A is α-Suslin iff A is κ-Suslin, where κ = |α|. Thus
we may assume α = κ is a cardinal. Fix a tree T on ω × κ such that
A = p[T ]. We consider two cases.

First assume cof(κ) > ω. Then ∀x ∈ A ∃β < κ (x ∈ p[T �β]). Define a
tree S by:

((a0, . . . , an−1), (β0, . . . , βn−1)) ∈ S ↔ β0 > β1, . . . , βn−1∧
((a0, . . . , an−2), (β1, . . . , βn−1)) ∈ T.

Thus, A = p[S] as well. For x ∈ A, define

φn(x) = |(f(0), x(0), . . . , f(n− 1), x(n− 1)|∗lex,

where f : ω → κ is the leftmost branch through Sx, and |~s|∗lex denotes
the rank of ~s in the lexicographic ordering restricted to ~t ∈ κ2n such that
t(0) > t(1), . . . , t(2n − 1). Thus, φn : A → κ. Suppose {xm} ⊆ A and
φn(xm) → λn for all n. Let ~sn be such that |~sn|∗lex = λn. Then ~sn+1

extends ~sn for all n, so xm → x ∈ ωω and the ~sn define an f : ω → κ
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for which (x, f) ∈ [T ]. This shows {φn} is a semi-scale, and the lower
semi-continuity and excellence are easily verified.

Suppose next that cof(κ) = ω. Let κi < κ with sup
i∈ω

κi = κ. We may

assume T is a tree on ω × (κ− ω). Define a tree S on ω × κ by “padding”
T as follows. An element of S will be of the form

((a0, . . . , an−1), (k0, 0, . . . , 0, β0, . . . , ki, 0, . . . , 0, βi, . . .))

such that:

1. Each kl ∈ ω, and after kl occur kl 0’s. Also, βl < κkl
.

2. ((a0, . . . , aj), (β0, . . . , βj)) ∈ T , where j is maximal so that (k0 + 2) +
· · ·+ (kj + 2) ≤ n.

Note that if (~a,~s) ∈ S, then ∀i ~s(i) < κi. Easily, A = p[S] as well.
We now define φn as in the previous case (using lexicographic ordering on
(κn)2n). It is easily checked that {φn} is an excellent α-scale. a

On standard consequence of scales is the Kunen-Martin theorem (c.f.
theorem 2G.2 of [32]) which we now state.

2.6 Theorem (Kunen, Martin) Every κ-Suslin wellfounded relation on ωω

has length less than κ+.

We next recall the fundamental notion of a Γ-scale, a notion introduced
by Moschovakis.

2.7 Definition A scale {φn} on a set A is a Γ-scale if all of the norms φn
are Γ-norms. We say Γ has the scale property, scale(Γ), if every A ∈ Γ
admits a Γ-scale.

The prewellordering and scale properties are the basic structural ingre-
dients in descriptive set theory, and have numerous applications there (this
theory is developed in [32]). For example, if pwo(Γ) and Γ is closed under
∀ω and ∧, ∨, then Γ has the number uniformization property, that is, every
A ⊆ ωω × ω in Γ can be uniformized by a Γ relation B ⊆ A. Namely, set

B(x, n) ↔ (∀m (x, n) ≤∗ (x,m)) ∧ (∀m < n (x, n) <∗ (x,m)),

where ≤∗, <∗ correspond to a Γ-norm on A. [The number uniformization
property can also be shown directly for pointclasses of the form ∃ωΓ where
Γ is closed under ∀ω but not ∃ω]. Likewise, if Γ has the scale property and
is closed under ∀ωω

and ∧,∨, then every Γ relation A ⊆ ωω × ωω has a Γ
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uniformization. To see this, note that if {φn} is a Γ scale on A ⊆ ωω × ωω,
and we define

ψn(x, y) = |(φ0(x, y), x(0), y(0), . . . , φn−1(x, y), x(n− 1), y(n− 1)|lex,

then {ψn} is a very good Γ-scale on A. For x ∈ dom(A), n ∈ ω, let
sn = (α0, x(0), y(0), . . . , αn−1, x(n− 1), y(n− 1)) be lexicographically least
such that for some (x, yn) ∈ A, ψn(x, yn) = |sn|lex. Note that sn+1 extends
sn. By the scale property, there is a (x, y) ∈ A with ψn(x, y) = |sn|lex for
all n, and by very goodness this y is unique. Thus if we define B(x, y) ↔
∀z∀n(x, y) ≤∗ψn

(x, z), then B uniformizes A.
It is a relatively straightforward ZF result that the prewellordering and

scale properties propagate from a pointclass Γ closed under ∀ωω

to ∃ωω

Γ.
The important periodicity theorems assert that, granted sufficient determi-
nacy, they also propagate from a pointclass Γ closed under ∃ωω

to ∀ωω

Γ. We
state without proof the first two of the three periodicity theorems (proofs
may be found in [32]). These theorems are due to Martin-Moschovakis,
Moschovakis, and Moschovakis respectively. We note that DC is not re-
quired for the following two theorems.

2.8 Theorem (First Periodicity) Let Γ be a pointclass closed under ∃ωω

with pwo(Γ). If ∆-determinacy holds, then pwo(∀ωω

Γ).

2.9 Theorem (Second Periodicity) Let Γ be a pointclass closed under ∃ωω

and ∧,∨ with the scale property. If ∆-determinacy holds, then ∀ωω

Γ has
the scale property.

2.10 Remark The proof of the second periodicity theorem also shows that
if A ⊆ λω × ωω admits a scale (that is, is Suslin), then so does B ⊆ λω,
where B(~α) ↔ ∀x ∈ ωω A(~α, x).

Thus, assuming projective determinacy the pointclasses amongst the Σ1
n,

Π1
n having the scale property are Π1

1, Σ1
2, Π1

3, Σ1
4, . . . , exhibiting a period-

icity of order two.
We also recall a version of the third periodicity theorem, due also to

Moschovakis. Because we will have specific need for this result later, we
give the proof. For the version we state, we require DC.

Let X be a set, and A ⊆ Xω. Recall GA is the game where I, II alternate
playing x0, x1, . . . ∈ X, and I wins iff (x0, x1, . . .) ∈ A. Assume I has a
winning quasi-strategy in the game GA, and A admits a very good semi-
scale {φn} (defined in an obvious way using Xω in place of ωω, where X is
given the discrete topology). We define (assuming sufficient determinacy)
a canonical winning quasi-strategy τ for I in GA as follows. Suppose s, t ∈
X<ω are winning positions for I in GA of the same odd length (i.e., II’s turn
to move). For n ∈ ω, consider the game Gns,t played as follows:
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s F a(0) S a(1) F a(2) S a(3)

t S b(0) F b(1) S b(2) F b(3)

The game consists of two players F and S (first and second), making
moves from X as shown. Let a, b ∈ Xω be the sequences they produce. We
say S wins the run of the game iff (saa) ≤∗φn

(tab). Let Wm, for odd m, be
the set of winning positions for I in GA of length m (i.e., I has a winning
quasi-strategy starting from that position). For s, t ∈ Wm set s ≤mn t iff S
has a winning quasi-strategy in Gns,t. We assume here that the games Gns,t
are quasi-determined. We claim that each ≤mn is a prewellordering on each
Wm. First note that there cannot be an infinite sequence s0, s1, . . . ∈ Wm

such that ∀i si �m
n si+1. For if so, fix winning quasi-strategies for F in all of

the games Gnsi,si+1
, and fill in the sequence of games as shown in figure I.1,

using DC.

s0

s1

s1

s2

s2

s3

s3

...
...

...
...

...

a0(0)F

a1(0)
a1(0)F

a2(0)
a2(0)F

a3(0)
a3(0)F

a0(1)I

a1(1)F
a1(1)

a2(1)F
a2(1)

a3(1)F
a3(1)

a0(2)F

a1(2)
a1(2)F

a2(2)
a2(2)F

a3(2)
a3(2)F

a0(3)I

a1(3)F
a1(3)

a2(3)F
a2(3)

a3(3)F
a3(3)

	

	

	

	

	

	

I

I

I

I

I

I

· · ·

· · ·
· · ·

· · ·
· · ·

· · ·
· · ·

Figure I.1:

Here F follows the fixed winning quasi-strategies on all of the boards
(moves made by following one of F’s winning quasi-strategies are marked
with an F), S’s moves in the various boards are obtained by copying as
shown, except in the bottom run where S follows a fixed winning quasi-
strategy for the game GA starting from s0 (these moves are marked with a
I). Let a0, a1, a1, a2, a2 . . . , be the sequences they produce. Thus sa

0 a0 ∈ A
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I a0(0)

a(0)
a(0)

a(0)
a(0)

a(0)

S a0(1)

a(1)
a(1)

a(1)
a(1)

a(1)

I a0(2)

S a1(2)
a1(2)

a(2)
a(2)

a(2)

S a0(3)

a1(3)
S a1(3)

a(3)
a(3)

a(3)

I a0(4)

S a1(4)
a1(4)

S a2(4)
a2(4)

a(4)

S a0(5)

a1(5)
S a1(5)

a2(5)
S a2(5)

a(5)

I a0(6)

S a1(6)
a1(6)

S a2(6)
a2(6)

S a3(6)

I

I

	 I 	

	

I

I

...
...

...
...

...
...

...

· · ·

· · ·
· · ·

· · ·
· · ·

· · ·

Figure I.2:

and φn(s
a
0 a0) > φn(s

a
1 a1) > . . ., a contradiction. It follows that ≤mn is

well-founded, reflexive, and connected on each Wm. Transitivity of ≤mn also
easily follows, since if s ≤mn t, t ≤mn u, but ¬s ≤mn u, we could play quasi-
strategies for S in the first two games against one for F in the third game
to get a contradiction. Thus, each ≤mn is a prewellordering on each Wm.

Define the quasi-strategy τ as follows. If s = (s(0), . . . , s(2n − 1)) is a
winning position for I in GA of even length, saa ∈ τ iff saa is a winning
position for I and saa ≤2n+1

n sab for all b ∈ X such that sab is a winning
position for I.

To see this is a winning quasi-strategy, suppose a = (a(0), a(1), . . .) is a
run following τ . Consider then the play of the games as shown in figure I.2.

Here I is following a fixed winning quasi-strategy for GA on the bottom
run (these moves are marked with a I), and S is following winning quasi-
strategies for the Gns,t, s = (a(0),. . .,a(2n)), t = (a(0),. . .,a(2n− 1), an(2n)),
on all the boards (these moves are marked with an S). If we let an =
(a(0), . . . , a(2n − 1), an(2n), an(2n + 1), . . .), then an ∈ A and φn(an) ≤
φn(an−1). Since {φn} is a very good scale, it follows that all the φn(am)
are eventually constant and thus a ∈ A.

We state now our version of the third periodicity theorem.

2.11 Theorem (Third Periodicity) Let X be a set, A ⊆ Xω, and {φn}
a very good semi-scale on A. Assume I has a winning quasi-strategy in
GA, and all of the games Gns,t defined above are quasi-determined. Then
the canonical quasi-strategy τ defined above is winning for I. If each of the
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games Gns,t is determined, that is one of the players has a winning strategy,
then each of the relations ≤mn ∗, <mn ∗ corresponding to the prewellordering
≤mn on Wm is in aXφn. Specifically,

s≤mn
∗t↔∀a(0)∃b(0)∀b(1)∃a(1) . . . (saa) ≤∗φn

(tab)

s<mn
∗t↔∃b(0)∀a(0)∃a(1)∀b(1) . . . (saa) <∗φn

(tab).

Proof. Assuming all the games Gns,t are quasi-determined, we have defined
the quasi-strategy τ for I, and shown that it is winning for I. Assume now
that all of the games Gns,t are actually determined. For oddm, let ≤mn ∗, <mn ∗
be the starred relations corresponding to the prewellordering ≤mn defined
above; we must verify the equivalences stated in the theorem. Let s, t ∈ Xm,
and suppose first s≤mn ∗t. In particular, s ∈ Wm. If t ∈ Wm as well, so
s ≤mn t, then the right hand side of the first equivalence holds, since it just
asserts II has a winning strategy in the game Gns,t, which is the definition
of s ≤mn t in this case. If t /∈ Wm, II easily wins Gns,t by playing so the a, b
produced in the run of Gns,t satisfy (saa) ∈ A and (tab) /∈ A. Assume now
the right-hand side of the first equivalence, that is, II wins Gns,t. We must
have s ∈Wm, as otherwise I could easily win this game by playing to ensure
(saa) /∈ A. If t /∈Wm, s≤mn ∗t holds by definition, and if t ∈Wm then again
by definition s ≤mn t and so s≤mn ∗t.

For the second equivalence, note first that the right-hand side is asserting
that F has a winning strategy in the game Hn

s,t:

s S a(0) F a(1) S a(2) F a(3)

t F b(0) S b(1) F b(2)

where F wins the run iff (saa) <∗φn
(tab).

Assume first now that s, t ∈ Xm and s<mn
∗t. In particular s ∈ Wm. If

t /∈ Wm, then easily F has a winning strategy in Hn
s,t by playing to ensure

that (saa) ∈ A and (sab) /∈ A. So, assume t ∈ Wm. Suppose, toward a
contradiction, that S has a winning strategy ρ in Hn

s,t. Since ¬(t≤mn s), we
may fix also a winning strategy σ for F in Gnt,s. Using DC, fill in the runs
of the games as in figure I.3.
In the bottom run, the moves marked with a I are those following a winning
quasi-strategy to produce a0 with taa0 ∈ A. In the boards with moves
marked by F, those moves are made in accordance with σ. In the boards
with moves marked by S, those moves are made in accordance with ρ. The
other moves are made by copying as shown. Thus taa0 ∈ A, and from the
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t

s

s

t
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s

s
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a0(0)F

a1(0)
a1(0)S

a2(0)
a2(0)F

a3(0)
a3(0)S

a0(1)I

a1(1)F
a1(1)

a2(1)S
a2(1)

a3(1)F
a3(1)

a0(2)F

a1(2)
a1(2)S

a2(2)
a2(2)F

a3(2)
a3(2)S

a0(3)I

a1(3)F
a1(3)

a2(3)S
a2(3)

a3(3)F
a3(3)

	

	

	

	

	

	

I

I

I

I

I

I

· · ·

· · ·
· · ·

· · ·
· · ·

· · ·
· · ·

Figure I.3:

definitions of ρ, σ we have:

φn(taa0) > φn(saa1) ≥ φn(taa2) > φn(saa3) . . . ,

a contradiction. Assume finally the right-hand side of the second equiva-
lence, that is, F has a winning strategy in Hn

s,t. Easily this implies s ∈Wm.
If t /∈ Wm, then the left-hand side is true by definition, so assume t ∈ Wm

as well. If ¬(s<mn
∗t), then we would have t≤mn s, and so S would have a win-

ning strategy in Gnt,s. These two strategies may be directly played against
each other to get a contradiction. a

A case of particular importance is when X = ω, and A ⊆ ωω is Σ1
2n.

Assuming ∆1
2n determinacy (↔ Σ1

2n determinacy), theorem 2.11 shows that
if I wins GA, then I has a ∆1

2n+1 winning strategy. For we may define a
canonical winning strategy τ for I in GA by:

τ(s) = k ↔ ∀m (sak) ≤2l+1∗
l (sam) ∧ ∀m < k (sak) <2l+1∗

l (sam),

where lh(s) = 2l. Thus the relation τ(s) = k is Π1
2n+1 from theorem 2.11

since Σ1
2n has the scale property and Π1

2n+1 = aωω

Σ1
2n. Since this relation

does define a strategy, it follows that the relation is ∆1
2n+1. Similarly, if

I wins a Π1
2n+1 game, then, assuming Π1

2n+1 determinacy, I has a ∆1
2n+2

winning strategy.



22 I. Structural Consequences of AD

2.2. Projective Ordinals, Sets, and the Coding Lemma

The Moschovakis coding lemma is a basic tool in determinacy theory. We
present the result in a general form.

2.12 Theorem (AD + DC) (Coding Lemma) Let Γ be a non-selfdual point-
class closed under ∃ωω

and ∧, and ≺ a Γ well-founded relation on ωω of
rank θ ∈ ON. Let R ⊆ dom(≺)× ωω be such that ∀x ∈ dom(≺) ∃y R(x, y).
Then there is a Γ set A ⊆ dom(≺)×ωω which is a choice set for R, that is:

1. ∀α < θ ∃x ∈ dom(≺) ∃y [|x|≺ = α ∧A(x, y)].

2. ∀x∀y A(x, y) → [x ∈ dom(≺) ∧R(x, y)].

Proof. We may assume θ is minimal so that the theorem fails, and fix ≺,
R, and a good universal set U ⊆ (ωω)3 for the Γ subsets of (ωω)2. Easily,
θ is a limit ordinal. For δ < θ, say u ∈ ωω codes a δ-choice set provided (1)
holds for α ≤ δ using A = Uu, and (2) holds for A = Uu where we replace
x ∈ dom(≺) with x ∈ dom(≺) ∧ |x|≺ ≤ δ. By minimality of θ, for all δ < θ
there are δ-choice sets. Play the game where I, II play out u, v ∈ ωω, and II
wins provided that if u codes a δ1-choice set for some δ1 < θ, then v codes
a δ2-choice set for some δ2 > δ1. If I has a winning strategy, we get a Σ1

1

set B of reals coding δ-choice sets for arbitrarily large δ < θ. Define then
A(x, y) ↔ ∃w ∈ B U(w, x, y), which easily works.

Suppose now τ is a winning strategy for II. From the s-m-n theorem, let
s : (ωω)2 → ωω be continuous such that for all ε, x, t, w, U(s(ε, x), t, w) ↔
∃y ∃z [y ≺ x ∧ U(ε, y, z) ∧ U(z, t, w)]. By the recursion theorem, let ε0 be
such that U(ε0, x, z) ↔ z = τ(s(ε0, x)). A straightforward induction on |x|≺
for x ∈ dom(≺) shows that ∀x ∈ dom(≺) ∃!z U(ε0, x, z), and ∀x ∈ dom(≺)
∀z [U(ε0, x, z) → z codes a ≥ |x|≺-choice set]. Let A(x, y) ↔ ∃z ∈ dom(≺)
∃w [U(ε0, z, w) ∧ U(w, x, y)]. a

The coding lemma is frequently used where ≺ is the strict part of a
prewellordering � which is also in Γ (Γ as in theorem 2.12), and where the
set R is invariant, that is, there is an R′ ⊆ θ × ωω such that R(x, y) ↔
R′(|x|≺, y). In this case, the relation A may be taken to have domain
dom(�). For we may define A(x, y) ↔ ∃x′ [x′ � x ∧ x � x′ ∧ A′(x′, y)],
where A′ is the Γ choice set from theorem 2.12. A useful consequence of this
is that if there is a Γ prewellordering � of length α whose strict part ≺ is also
in Γ, then every S ⊆ α is ∆ in the codes provided by ≺. That is, there are
Γ, Γ̌ sets C,D such that for all x ∈ dom(�), S(|x|≺) ↔ C(x) ↔ D(x). To
see this, apply the coding lemma to the relation R(x, a) ↔ (|x|≺ ∈ S ∧ a =
1)∨(|x|≺ /∈ S∧a = 0) (identifying 0, 1 with two reals). Let A be an invariant
choice set for R in Γ, and set C(x) ↔ (x, 1) ∈ A, D(x) ↔ (x, 0) /∈ A.

Finally, if Γ is a non-selfdual pointclass closed under ∀ωω

, ∨, and pwo(Γ),
then we may improve the definability estimate. Namely, suppose P ∈ Γ− Γ̌
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and φ is a Γ norm on P mapping onto α. Then every S ⊆ α is ∆ = Γ ∩ Γ̌
in the codes provided by φ (rather than ∆(∃ωω

Γ)). To see this, let U be
universal for Γ̌�ωω × ω. For β < α (we may assume α is a limit ordinal),
say y codes S�β if for all (x, a),

Uy(x, a) ↔ (x ∈ P ∧ φ(x) < β ∧ x ∈ S ∧ a = 1)∨
(x ∈ P ∧ φ(x) < β ∧ x /∈ S ∧ a = 0).

From the coding lemma, for all β < α there is a y coding S�β. Play the
integer game where I plays x, II plays y, and II wins iff [x ∈ P → ∃β >
φ(x) (y codes S�β)]. II wins by boundedness (a winning strategy for I would
give a Σ1

1 set S ⊆ P coding cofinally in α many ordinals, from which we
would compute P ∈ Γ̌ by x ∈ P ↔ ∃y ∈ S x ≤Γ̌ y), and if τ is winning for
II, define D(x) ↔ Uτ(x)(x, 1) and C(x) ↔ ¬Uτ(x)(x, 0).

There is also a “uniform” version of the coding lemma (see [20]). Roughly
speaking, this asserts that A may be chosen so that A ∩ {(x,w) : |x|� ≤ δ}
is Σ1(�δ), where �δ denotes the prewellordering restricted to reals of rank
≤ δ. We refer the reader to [20] for a precise statement. This is particularly
useful for long prewellorderings, where the initial segments may be much
simpler than the overall prewellordering (this also provides another proof of
the result of the previous paragraph).

Recall from the introduction the definitions of the projective pointclasses
Σ1
n, Π1

n, ∆1
n. Also, assuming projective determinacy, Π1

2n+1 and Σ1
2n+2

have the scale property for all n. We now define the projective ordinals and
establish their basic properties.

2.13 Definition δ1
n = the supremum of the lengths of the ∆1

n prewellor-
derings of the reals.

2.14 Theorem (AD+DC) For all n, δ1
n is the supremum of the lengths

of the Σ1
n well-founded relations. Each δ1

n is a regular cardinal, δ1
2n+2 =

(δ1
2n+1)

+, and δ1
2n+1 = λ+

2n+1 for some Suslin cardinal λ2n+1 of cofinality
ω. Σ1

2n+2 = δ1
2n+1-Suslin and Σ1

2n+1 = λ2n+1-Suslin. The Suslin cardinals
within the projective ordinals are exactly the λ2n+1 and the δ1

2n+1.

It is worthwhile to first isolate a result of Martin that we need for the
proof of theorem 2.14, and we will also make use of later.

2.15 Theorem (AD + DC) (Martin) The pointclass ∆1
2n+1 is closed un-

der < δ1
2n+1 length unions and intersections.

Proof. It is enough to show closure under < δ1
2n+1 length unions. Towards

a contradiction, let λ < δ1
2n+1 and Aα, for α < λ, be a sequence of ∆1

2n+1

sets whose union A =
⋃
α<λ

Aα is not in ∆1
2n+1. We may assume λ is least so
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that the theorem fails, and thus we may assume the Aα form an increasing
sequence. Since there is a ∆1

2n+1 prewellordering of length λ, the coding
lemma implies A ∈ Σ1

2n+1, and we are assuming A /∈ ∆1
2n+1. For x ∈ A, let

φ(x) = the least α such that x ∈ Aα, and let <∗φ, ≤∗φ be the starred relations
associated to φ. Note that x <∗φ y ↔ ∃α < λ (x ∈ Aα∧y /∈ Aα). This shows
<∗φ is a λ union of ∆1

2n+1 sets, and thus by the coding lemma <∗φ is Σ1
2n+1.

Likewise ≤∗φ is Σ1
2n+1. This shows A admits a Σ1

2n+1 prewellordering, and
since every Σ1

2n+1 set is a continuous preimage of A (by Wadge’s lemma),
we have pwo(Σ1

2n+1). It is well known, however, that Σ1
2n+1, Π1

2n+1 cannot
both have the prewellordering property, thus we have a contradiction. [This
last fact can be argued by contradiction as follows: let A ⊆ ωω × ωω be a
universal Π1

2n+1 set, and φ a Π1
2n+1 norm on A. Define B(x, y) ↔ (x0, y) <∗φ

(x1, y), and C(x, y) ↔ (x1, y) <∗φ (x0, y), so B,C ∈ Π1
2n+1, and B ∩ C = ∅.

Let ψ1, ψ2 be comparable Σ1
2n+1-norms on Bc, Cc (see the discussion after

definition 2.2). Define E(x, z) ↔ (x, z) <∗ψ1,ψ2
(x, z). Note also E(x, z) ↔

¬(x, z) ≤∗ψ2,ψ1
(x, z), since Bc ∪ Cc = ωω × ωω. So E ∈ ∆1

2n+1. However,
E is also universal for ∆1

2n+1. For if D ⊆ ωω is ∆1
2n+1, let x be such that

Dc = Ax0 , D = Ax1 , and hence Dc = Bx, D = Cx. Then Ex = D. Being
selfdual, however, the pointclass ∆1

2n+1 cannot have a universal set by the
usual diagonal argument (the set S(x) ↔ ¬E(x, x) cannot be in ∆1

2n+1)].
a

proof of theorem 2.14. If φ : A→ δ is a regular Π1
2n+1 norm on a Π1

2n+1 set
A, then by definition δ ≤ δ1

2n+1 (as all initial segments of the prewellordering
are in ∆1

2n+1). Thus, from the scale property for Π1
2n+1, every Π1

2n+1, and
hence also every Σ1

2n+2 set is δ1
2n+1-Suslin. From the coding lemma it also

follows that every δ1
2n+1-Suslin set is Σ1

2n+2, so δ1
2n+1-Suslin = Σ1

2n+2. If
A is universal for Π1

2n+1, then in fact δ = δ1
2n+1. The proof is a typical

application of the recursion theorem. Fix a Σ1
2n+1 well-founded relation

≺. Fix a universal Π1
2n+1 set U ⊆ ωω × ωω and Π1

2n+1 norm φ on U . By
the recursion theorem, let α0 ∈ ωω be such that U(α0, y) ↔ ∀x (x ≺ y →
(α0, x) <∗φ (α0, y)). A straightforward induction on |x|≺ for x ∈ dom(≺)
shows that U(α0, x) and φ(α0, x) ≥ |x|≺. Thus, δ1

2n+1 = the supremum
of the lengths of the Σ1

2n+1 well-founded relations (this also follows from
the Kunen-Martin theorem mentioned below, but the argument above does
not need scales). The coding lemma easily shows that the supremum of the
lengths of the Σ1

n well-founded relations must have cofinality ≥ δ1
n. Thus,

δ1
2n+1 is a regular cardinal.
From the Kunen-Martin theorem 2.6, δ1

2n+2 ≤ the supremum of the
lengths of the Σ1

2n+2 well-founded relations ≤ (δ1
2n+1)

+. Conversely, let
≺ be a well-ordering of δ1

2n+1. The coding lemma implies that ≺ is ∆1
2n+2
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in the codes relative to a norm φ on a Π1
2n+1 universal set A, that is, the

relation (x, y ∈ A ∧ φ(x) ≺ φ(y)) is ∆1
2n+2. Thus, δ1

2n+2 = (δ1
2n+1)

+, and
δ1

2n+2 = the supremum of the Σ1
2n+2 well-founded relations. By our remarks

above, this shows δ1
2n+2 is also regular.

Note that δ1
n < δ1

n+1 as the Σ1
n well-founded relations can be “put to-

gether” into a single Σ1
n ∧Π1

n well-founded relation via a universal Σ1
n set.

Suppose A is a universal Σ1
2n+1 set, and write A(x) ↔ ∃yB(x, y) where

B ∈ Π1
2n. Clearly if B is κ-Suslin, then so in A. Now B admits a ∆1

2n+1

scale (using scale(Π1
2n+1)), and thus A is λ-Suslin for some λ < δ1

2n+1. Let
λ2n+1 be the least such λ. It follows that every Σ1

2n+1 set is λ2n+1-Suslin.
From the Kunen-Martin theorem and the definition of δ1

2n+1, it follows that
δ1

2n+1 = λ+
2n+1. We claim that cof(λ2n+1) = ω. For if not, then A could be

written as a λ2n+1 union of sets Aα, each of which is < λ2n+1-Suslin. Each
Aα must be Σ1

2n, as otherwise by Wadge, some Π1
2n-complete set, and hence

every Σ1
2n+1 set would be < λ2n+1-Suslin. By theorem 2.15, A ∈ ∆1

2n+1, a
contradiction. So, Σ1

2n+1 = λ2n+1-Suslin.
For any κ the pointclass of κ-Suslin sets is closed under ∃ωω

(as well as
∧,∨). From Wadge’s lemma, the only pointclasses within the projective
hierarchy that are closed under ∃ωω

(and contain the closed sets) are the
Σ1
n, and thus we have determined all the Suslin classes and cardinals within

the projective hierarchy. a

It follows also from our discussion above that δ1
1 = ω1 and δ1

2 = ω2.
Martin and Solovay also computed δ1

3 = ωω+1, and δ1
4 = ωω+2 (see also

the next section). In section 2.6 we will show (assuming AD) that each δ1
n

is measurable, and in fact has the countable exponent partition property
δ1
n → (δ1

n)
λ for all λ < ω1 (defined in §2.6).

2.3. Wadge Degrees and Abstract Pointclasses

We now recall some of the abstract theory of pointclasses. Additional back-
ground may be found in [35], [36], and [39]. We assume AD+DC throughout
this section, though the determinacy required is “local,” e.g., only projective
determinacy is required within the projective sets, etc.

If Γ is a pointclass and κ a cardinal, let
⋃
κ Γ denote those A ⊆ ωω which

can be written as A =
⋃
α<κAa where each Aα ∈ Γ. We similarly define⋂

κ Γ.
We note the simple observation that if Γ is a non-selfdual pointclass, then

the closure of Γ under ∃ω implies the closure of Γ under countable unions,
and likewise the closure under ∀ω implies the closure under countable inter-
sections. For suppose A ∈ Γ−Γ̌, and An ∈ Γ for n ∈ ω. Thus, An ≤w A for
all n, and it follows easily that B ≤w A as well, where B(x) ↔ x̄ ∈ Ax(0) and
x̄(i) = x(i+ 1). Then x ∈

⋃
nAn ↔ ∃i B(iax). Another simple but useful
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observation is that if Γ is non-selfdual and closed under countable intersec-
tions (respectively unions), then ∃ωω

Γ (respectively ∀ωω

Γ) is closed under
countable unions and intersections. As we already noted, ∃ωω

Γ is closed un-
der countable unions (since Γ has a universal set, so does ∃ωω

Γ, and hence
it also is non-selfdual). To check countable intersections, let An ∈ ∃ωω

Γ,
say An(x) ↔ ∃y Bn(x, y) with Bn ∈ Γ. Then x ∈

⋂
nAn ↔ ∃y B(x, y),

where B =
⋂
nBn and Bn(x, y) ↔ An(x, (y)n). Thus,

⋂
nAn ∈ ∃ω

ω

Γ.
Recall the definitions of Lipschitz reduction, ≤l and Wadge reduction

≤w from the introduction. We say a set A ⊆ ωω is selfdual if A ≤l Ac. A
theorem of Steel [39] says that A ≤l Ac iff A ≤w Ac. Thus, A is selfdual
iff the pointclass generated by A, namely ΓA = {B : B ≤w A}, is selfdual
(i.e., closed under complements).

Consider now pairs of the form (A,Ac) (if A is selfdual, we may equiva-
lently take just A in what follows). We extend ≤l to such pairs by setting
(A,Ac) ≤l (B,Bc) iff one of A,Ac is ≤l to one of B,Bc. This is easily seen
to be transitive, reflexive, and by Wadge’s lemma, connected. A Lipschitz
degree, or l-degree, denotes an equivalence class of a pair under the relation
(A,Ac) ≡l (B,Bc) iff (A,Ac) ≤l (B,Bc) and (B,Bc) ≤l (A,Ac). An im-
portant basic result of Martin (c.f.[39]) asserts that the strict part of ≤l is
well-founded.

The Wadge degrees, or w-degrees, are defined analogously, using ≤w in
place of ≤l. Of course, a Wadge degree is an amalgamation of l-degrees,
and it is immediate that the Wadge degrees are also well-ordered. From
the result of Steel mentioned above, it follows that only selfdual l-degrees
are amalgamated in forming a w-degree. It is shown in [39] that for α a
limit ordinal of cofinality ω, an l-degree of rank α must be selfdual, and
for cof(α) > ω the pair is non-selfdual. Furthermore, following any non-
selfdual l-degree (A,Ac), the next ω1 l-degrees are all selfdual and of the
same w-degree (that of the join of A and Ac, that is, {nax : (n is even ∧x ∈
A) ∨ (n is odd ∧ x /∈ A)}). This gives a general picture of the w-degrees:
the selfdual and non-selfdual w degrees alternate, and at limit ordinals α, a
pair of Wadge degree α is selfdual iff cof(α) = ω. For A ⊆ ωω, we let o(A)
denote the rank of (A,Ac) in ≤w.

In [36], [35] some additional structural results for general pointclasses
were obtained. Recall Γ has the reduction property, red(Γ), if for all A,B ∈
Γ ∃A′, B′ ∈ Γ such that A′ ⊆ A, B′ ⊆ B, A′ ∩B′ = ∅ and A′ ∪B′ = A∪B.
Γ has the separation property, sep(Γ), if for all A,B ∈ Γ with A ∩ B = ∅,
∃C ∈ ∆ (A ⊆ C ⊆ ¬B). A standard result in descriptive theory (see [32])
is that pwo(Γ) → red(Γ) for Γ closed under ∧, ∨, and red(Γ) → sep(Γ̌).
[36] shows that for any non-selfdual pointclass Γ, either sep(Γ) or sep(Γ̌),
and from [39], both sides cannot have the separation property. Also, if Γ is
closed under ∧,∨ then red(Γ) or red(Γ̌). More generally, Steel [35] shows
that if Γ is closed under ∧ and ¬ sep(Γ), then red(Γ). Finally, [35] shows
that if Γ is a Levy class, that is closed under ∃ωω

or ∀ωω

, and if we make
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the technical assumption that ∆ = Γ ∩ Γ̌ is not closed under well-ordered
unions (this is true in L(R), for example, for all selfdual ∆ 6= P(ωω)) then
either pwo(Γ) or pwo(Γ̌). It is also shown there that if ∆ is closed under
real quantifiers, and sep(Γ), then Γ is closed under ∃ωω

(and thus Γ̌ is closed
under ∀ωω

).

2.16 Definition Let Γ be a (possibly selfdual) pointclass. We let o(Γ) =
sup {o(A) : A ∈ Γ}. We let δ(Γ) = the supremum of the lengths of the ∆
prewellorderings of ωω (where ∆ = Γ ∩ Γ̌).

In [21] it is shown that for ∆ closed under real quantification, ∧ and ∨,
o(∆) = δ(∆) = the supremum of the ∆ wellfounded relations on ωω. We
note that for ∆ closed under real quantification, closure under ∧ and ∨ is
almost automatic; it is needed only to rule out the case of a largest Wadge
degree in ∆, which occurs only when ∆ = Γ ∪ Γ̌ for some non-selfdual
closed under real quantification (by the hierarchy analysis below).

If ∆ is selfdual, closed under real quantifiers, o(∆) has uncountable co-
finality, and we again make the technical assumption that ∆ is not closed
under well-ordered unions, then Steel [35] shows there is a non-selfdual
pointclass Γ closed under ∀ωω

with pwo(Γ) such that ∆ = Γ ∩ Γ̌. Steel
establishes this by getting a useful representation for the Γ sets. Namely,
if δ is the least ordinal such that ∆ is not closed under δ unions, then Γ
is the collection of Σ1

1-bounded δ unions of ∆ sets. A union A =
⋃
α<δ

Aα is

Σ1
1-bounded if for every Σ1

1 B ⊆ A, ∃δ′ < δ B ⊆
⋃
α<δ′

Aα.

Steel shows in [35] (generalizing results of [21]) that these results suffice
to place the prewellordering property within the Levy classes, as well as to
classify the Levy classes within projective-like hierarchies. We summarize
the conclusions. Suppose Γ is non-selfdual and closed under ∃ωω

or ∀ωω

. Let
α be the supremum of the limit ordinals β such that ∆β

.= {A : o(A) < β}
is closed under real quantifiers and ∆β ⊆ Γ. We have the following cases:

Type I Hierarchy cof(α) = ω. The pointclass Λ of Wadge degree α is
selfdual, consisting of ω-joins of sets of smaller degree. Let Γ0 be the
class of countable unions of sets, each of degree < α. Then Γ0 is the
smallest class closed under ∃ω containing Λ, and we have pwo(Γ0).
If we let Γ1 = ∀ωω

Γ0, Γ2 = ∃ωω

Γ1, etc., then pwo(Γn) for all n
by first periodicity. Γ0 is closed under countable unions and finite
intersections, and Γn for n ≥ 1 is closed under countable unions and
intersections. Also, Γ = Γi or Γ̌i for some i.

Type II, III Hierarchies cof(α) > ω, so there is a non-selfdual pointclass
Γ0 of degree α closed under ∀ωω

and with pwo(Γ0). We assume in
these cases that Γ0 is not closed under ∃ωω

. If we let Γ1 = ∃ωω

Γ0,
Γ2 = ∀ωω

Γ1, etc., then pwo(Γn) for all n. For n ≥ 1, Γn is closed
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under countable unions and intersections. If Γ0 is as well (by a result
of [35] this is equivalent to Γ0 being closed under finite unions), this
is referred to as a type II hierarchy, otherwise a type III hierarchy.
Clearly, Γ = Γi or = Γ̌i for some i.

Type IV Hierarchy cof(α) > ω, and for Γ0 as in the previous case, Γ0 is
closed under real quantifiers. Let Γ1 = {A∩B : A ∈ Γ0, B ∈ Γ̌0}. Let
Γ2 = ∃ωω

Γ1, Γ3 = ∀ωω

Γ2, etc. Then pwo(Γn) for all n, and for n ≥ 2
(or n = 0) Γn is closed under countable unions and intersections.
Clearly, Γ = Γi or = Γ̌i for some i.

2.17 Remark We refer to the pointclasses Γ0 as in the type II, III hierar-
chies above as Steel pointclasses.

We present one more result in the abstract theory of pointclasses which
we will need later, and which illustrates the usefulness of the hierarchy
classification.

2.18 Lemma If Γ is a non-selfdual pointclass closed under ∃ωω

and pwo(Γ),
then Γ is closed under well-ordered unions.

Proof. If Γ is closed under ∀ωω

as well, this is theorem 1.1 of [14], so assume
∀ωω

Γ 6= Γ. If Γ is closed under countable unions and intersections, the
result follows from lemma 2.4.1 of [21]. Suppose now Γ is not closed under
countable intersections. The hierarchy analysis above shows that Γ is the
base of a type I hierarchy, that is, Γ =

⋃
ω ∆, and ∆ is closed under real

quantifiers. Note that Γ is closed under ∧. Towards a contradiction, let κ
be the least cardinal so that

⋃
κ Γ * Γ. Thus, κ is regular. Let Γ1 = ∃ωω

Γ̌.
By Wadge’s lemma, Γ̌ ⊆

⋃
κ Γ, and thus Γ1 ⊆

⋃
κ Γ. Using the regularity

of κ, let 〈Aα|α < κ〉 be a strictly increasing κ sequence of sets in Γ whose
union A is in Γ̌ − Γ. Let B = {x : Sx ⊆ A}, where S ⊆ (ωω)2 is universal
Σ1

1. B ∈ Γ̌ as Γ̌ is closed under ∀ωω

and ∨. Let B =
⋃
α<κBα, where

Bα ∈ Γ. If we replace Aα by {y : ∃x ∈ Bα (y ∈ Sx)}, then the Aα form
a Σ1

1-bounded sequence of Γ sets with union A. Let U ⊆ (ωω)2 be a
universal Γ set. Play the game where I plays x, II plays y, z, and II wins
iff x ∈ A→ ∃α > |x|(Uy = Aα ∧ z ∈ Aα −

⋃
β<αAβ), where |x| is the least

α < κ such that x ∈ Aα. By Σ1
1-boundedness, II wins, say by τ . Define

x ≺ y iff x, y ∈ A∧ τ(y)1 /∈ Uτ(x)0 . Thus, ≺ is a Γ̌ prewellordering of length
κ. By the coding lemma, then,

⋃
κ Γ ⊆ Γ1, and hence

⋃
κ Γ = Γ1. Now,

∆1 = Γ1 ∩ Γ̌1 is clearly also not closed under κ unions, and any κ union
of sets in ∆1 is in Γ1. Thus, Γ1 =

⋃
κ′ ∆1, where κ′ ≤ κ is least such

that ∆1 is not closed under κ′ unions. This, however, shows pwo(Γ1), a
contradiction (this last part is Martin’s argument from theorem 2.15 again).

a

In the case of a type II, III, or IV hierarchy, the following observations
are occasionally useful.
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2.19 Lemma Let Γ be non-selfdual, closed under ∀ωω

, with pwo(Γ), and
assume ∆ is closed under real quantification. Let κ = o(∆). Then cof(κ)
is the least ordinal ρ such that ∆ is not closed under ρ-length unions. Fur-
thermore, there is a κ strictly increasing sequence of sets in ∆.

Proof. From pwo(Γ) we have that ∆ is not closed under δ(∆) = δ(∆) = κ
length unions. Let ρ be least so that ∆ is not closed under ρ-length unions.
Clearly ρ ≤ κ is a regular cardinal. Suppose ρ > cof(κ). Let {Aα}α<ρ be an
increasing sequence of ∆ sets whose union A is not in ∆. Since ρ > cof(κ)
is regular, there is a β < κ such that for cofinally in ρ many α we have
o(Aα) ≤ β. By lemma 2.18 we may find a non-selfdual Γ0 ⊆ ∆ which
is closed under wellordered unions and with o(Γ0) > β. Then A ∈ Γ0, a
contradiction. Suppose ρ < cof(κ) and again consider a sequence {Aα}α<ρ
as above. Since ρ < cof(κ), there is a β < κ such that for all α < ρ,
o(Aα) ≤ β, and we reach the same contradiction as before. So, ρ = cof(κ).

Fix now a sequence {Aα}α<cof(κ) of sets in ∆ whose union A is not in
∆. Let h(α) = o(Aα), so h is cofinal in κ. Without loss of generality we
may assume h is strictly increasing. Let � be a ∆ prewellordering of length
cof(κ) (we may assume cof(κ) < κ as otherwise there is nothing to show
in the second claim). View every real y as coding a Lipschitz continuous
function fy : ωω → ωω. By the coding lemma there is ∆ relation R ⊆ (ωω)2

with dom(R) = dom(�) and such that for all (x, y) ∈ R, f−1
y (A|x|+1) is a

prewellordering of length h(|x|), where |x| denotes the rank of x in �. For
β < κ define Eβ by:

(x, y, z) ∈ Eβ ↔ x ∈ dom(�) ∧ (∀γ < |x| h(γ) ≤ β) ∧R(x, y)
∧ |z|f−1

y (A|x|+1)
≤ β.

Clearly the Eβ form a κ-length strictly increasing sequence. To see that
Eβ ∈ ∆, let α0 < cof(κ) be least such that h(α0) > β. Then Eβ =⋃
α≤α0

Eα,β where:

(x, y, z) ∈ Eα,β ↔ x ∈ dom(�) ∧ (|x| = α) ∧R(x, y) ∧ |z|f−1
y (Aα+1)

≤ β.

Since ∆ is closed under < cof(κ) unions, it is enough to show each Eα,β ∈
∆. The first three conjuncts are clearly in ∆. For the last, note that
Py

.= f−1
y (Aα+1) is a ∆ prewellordering computed uniformly from y, that

is, (u, v) ∈ Py ↔ fy(〈u, v〉) ∈ Aα+1. From the coding lemma it is straight-
forward to compute that {(y, z) : |z|Py

≤ β} is projective in any pointclass
of Wadge degree at least o(Aα+1). a

2.4. The Scale Theory of L(R)

The pointclass results of §2.3 can be considered to be a generalization of the
“Spector” theory of the projective sets, that is, the theory which uses only
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the prewellordering property for the Π1
2n+1, Σ1

2n+2 sets. There is likewise
a generalization of the scale theory of the projective sets to the sets of reals
in L(R). This theory is developed in [37]. We survey without proof the
main results of this theory. We assume AD + V = L(R). Recall Θ is the
supremum of the lengths of the prewellorderings of the reals.

Recall that the Jα(R) hierarchy building up L(R) is defined similarly to
the Jα hierarchy for L, except we start with J1(R) = Vω+1. Thus, for limit
α, Jα(R) =

⋃
α′<α

Jα′(R), and Jα+1(R) is the closure of Jα(R) ∪ {Jα(R)}

under suitable rudimentary functions. Σn(Jα(R)) denotes the subsets of
Jα(R) which are Σn-definable over Jα(R) using parameters from Jα(R).
We also let Σn(Jα(R)) denote the pointclass Σn(Jα(R))∩P(R). Note that
Σ1
n = Σn(J1(R)), so the Σn(Jα(R)) hierarchy provides an extension of the

projective hierarchy to all the pointclasses in L(R). Recall that for X = ωω

or X = P(ωω), a relation R ⊆ X is Σ2
1 if it can be written in the form

R(x) ↔ ∃B ⊆ ωω P (x,B), where P is projective. That is, P (x,B) ↔
∃z1 ∈ ωω ∀z2 ∈ ωω · · · ∃(∀)zn ∈ ωω Q(x,B, z1, . . . , zn), where Q is in the
smallest collection containing any Borel relation on the real coordinates,
the relations zi ∈ B, zi ∈ x (if X = P(ωω)), and closed under countable

unions, intersections, and complements. Let δ2
1

L(R)
be the supremum of the

lengths of the (∆2
1)
L(R) prewellorderings. We will henceforth just write δ2

1

in place of δ2
1

L(R)
(we will never consider δ2

1 in a context outside of L(R)).
δ2

1 is the least ordinal δ such that Jδ(R) ≺R
1 L(R), that is elementary for Σ1

formulas with real parameters. Also, (Σ2
1)
L(R) = Σ1(Jδ2

1
(R)) ∩ P(R) and

(∆2
1)
L(R) = Jδ2

1
(R) ∩ P(R).

Martin and Steel [29] (using an idea of Moschovakis) show that (Σ2
1)
L(R)

has the scale property, and is the largest scaled pointclass in L(R). Steel [37]
refines this analysis as follows. Following Steel, call [α, β], where α ≤ β, a
Σ1-gap if Jα(R) ≺R

1 Jβ(R) and the interval [α, β] is maximal with this prop-
erty. The gaps thus partition the ordinals in [1,Θ]. [δ2

1,Θ] is the last gap,
and for the first non-trivial gap, that is where β > α, Σ1(Jα(R)) already
contains all the inductive sets (the smallest non-selfdual pointclass closed
under real quantification). For α beginning a gap [α, β], Σ1(Jα(R)) has the
scale property, and Σ1(Jα(R)) = Σ1(Jα(R); R), that is, every Σ1(Jα(R)) set
is Σ1 definable over Jα(R) using only parameters from R. If Σ1(Jα(R)) is
not closed under real quantifiers, then periodicity propagates the scale prop-
erty to Π2n(Jα(R)), Σ2n+1(Jα(R)). Otherwise (by a result of Martin), none
of the Σn(Jα(R)), Πn(Jα(R)) have the scale property for n ≥ 2. If β > α,
then none of the classes Σn(Jγ(R)), Πn(Jγ(R)) for α < γ < β have the scale
property. The existence of scales at the end of a gap hinges on whether the
gap satisfies a certain reflection property (a “strong” gap in the terminology
of [37]). If so, there are no new scaled classes at the end of the gap. If not (a
“weak” gap), then Σn(Jβ(R)) has the scale property, where n is least such
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that Σn(Jβ(R)) ∩ P(R) * Jβ(R). A periodicity argument then propagates
the scale property to the Σn+2k(Jβ(R)), Πn+2k+1(Jβ(R)). These results
place exactly the scale property among the classes Σn(Jα(R)), Πn(Jα(R)).
With a little extra argument, this suffices to place exactly the scale property
among the Levy classes in L(R) (the only additional classes with the scale
property are the Steel classes Γ0 such that ∃ωω

Γ0 = Σ1(Jα(R)) for some α
beginning a gap).

The analysis also shows that for α beginning a gap, a universal Σ1(Jα(R))
set Uα and a Σ1(Jα(R)) scale {φαn} on Uα can be constructed uniformly in
α. This uniformity, however, fails for the Steel pointclasses having the scale
property; this presents an obstacle in some arguments.

2.5. Determinacy and Coding Results

We begin by recalling a useful ordinal determinacy result. If λ1, . . . , λn ∈
ON and A ⊆ λω1 × · · · × λωn , we say A is Suslin if there is a tree T on
λ1 × · · · × λn × λn+1 for some λn+1 ∈ ON such that (~α1, . . . , ~αn) ∈ A iff
∃~αn+1 ∈ λωn+1 (~α1, . . . , ~αn+1) ∈ [T ]. The collection of Suslin A contains the
open and closed sets (λiω endowed with the product of the discrete topology
on λi), is closed under ∃ωω

, countable unions and intersections, continuous
preimages, and assuming AD, ∀ωω

(the only non-trivial part is closure under
∀ωω

which follows from the proof of the second periodicity theorem). We
say A is co-Suslin if (λω1 × · · · × λωn)−A is Suslin.

The following theorem is the basis for many ordinal determinacy results.

2.20 Theorem (AD) Let λ < Θ, and A ⊆ λω be Suslin and co-Suslin.
Then the ordinal game GA is determined.

The theorem is due originally to Moschovakis, and appears as theorem
2.2 of [31] (though in a weaker form). The proof there is similar to that of
the third periodicity theorem, using also the Harrington-Kechris theorem
to ensure the determinacy of certain real games. A second proof appears in
[20] (c.f. theorem 2.5), and is a more direct combinatorial proof.

An important tool in the theory of L(R) is the Solovay basis theorem.
This, along with theorem 2.20, will provide the determinacy of some of the
games we will consider later.

2.21 Theorem (ZF) (Solovay Basis Theorem) Let P (A) be a Σ2
1 relation

on sets A ⊆ ωω. If L(R) |= ∃A P (A) then L(R) |= ∃A ∈ ∆2
1 P (A).

Proof. Write P (A) ↔ ∃B ⊆ ωω Q(A,B) where Q is projective. Work inside
L(R). Since every set in L(R) is ordinal definable from a real, we may fix
reals x0, y0 and formulas φ1, φ2 such that for some α, β ∈ ON we have

L(R) |= ∃!A ∃!B [φ1(x0, α,A) ∧ φ2(y0, β,B) ∧Q(A,B)].
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Let ψ(x0, α, y0, β) abbreviate the right-hand side, and ψ′(x0, α, y0, β, A,B)
denote the part inside the square brackets. Let N ∈ ω be large enough so
that a transitive set model of ZFN +V = L(R) containing the reals must be
of the form Jδ(R). Let (δ0, α0, β0), where δ0 > α0, β0, be the lexicographi-
cally least triple such that

Jδ0(R) |= ZFN + ∃!A ∃!B[φ1(x0, α0, A) ∧ φ2(y0, β0, B) ∧Q(A,B)].

A hull argument shows that δ0 exists, and there is a map from the reals
onto Jδ0(R), and thus Jδ0(R) may be coded by a set of reals (that is, there
is a structure (R, E) isomorphic to Jδ0(R)). Let A,B be the unique sets of
reals in Jδ0(R) such that φ1(x0, α0, A), φ2(y0, β0, B), and Q(A,B) hold in
Jδ0(R). Since Q is projective, Q(A,B) holds in L(R), and thus P (A). We
have:
x ∈ A↔ ∃E ⊆ ωω × ωω ∃x′, x′0, y′0 ∈ R satisfying the following:

1.) (R, E) is well-founded, (R, E) |= ZFN + V = L(R),
and R ⊆ π(R, E), where π is the transitive collapse map.

2.) π(x′) = x, π(x′0) = x0, π(y′0) = y0
3.) (R, E) |= ∃α′, β′ [ψ(x′0, α

′, y′0, β
′)∧

∀(α′′, β′′) <lex (α′, β′) ¬ψ(x′0, α
′′, y′0, β

′′)∧
∃A′ ∃B′ ψ′(x′0, α′, y′0, β′, A′, B′) ∧ x′ ∈ A′].

4.) (R, E) |= ∀δ′ ∈ ON Jδ′(R) 2 ∃α′, β′ ψ(x′0, α
′, y′0, β

′).
Since (1)-(4) are projective statements about E, this shows that A ∈ Σ2

1,
and a similar computation shows ¬A ∈ Σ2

1. a

From this, we get a useful determinacy result.

2.22 Theorem (AD + V = L(R)) Let λ < Θ and F : λω × (ωω)n → ωω be
continuous, and A ⊆ ωω. Consider the game Gλ,F,A on λ where I, II play
α0, α1, . . . producing ~α ∈ λω, and I wins iff

∃x1∀x2 · · · ∃(∀)xnF (~α, x1, x2, . . . , xn) ∈ A.

Then Gλ,F,A is determined.

Proof. Suppose the theorem fails. By a hull argument, there is an E ⊆
ωω × ωω such that (R, E) is well-founded, R ⊆ π(M,E), where π denotes
the transitive collapse map, and there are λ′, F ′, A′ ∈ R such that (R, E) |=
ZFN+ “(λ′, F ′, A′) witnesses the theorem fails”. From theorem 2.21, we
may fix such an E which is ∆2

1. Let Jδ(R) = π(R, E). Let λ′′ = π(λ′),
A′′ = π(A′), F ′′ = π(F ′). So, Jδ(R) |= “(λ′′, A′′, F ′′) witness the theorem
fails”. Since E ∈ ∆2

1, easily A′′ ∈ ∆2
1. Hence A′′ is Suslin, co-Suslin in

L(R), and thus so is

{(~α, x1, . . . , xn) ∈ λ′′
ω × (ωω)n : F ′′(~α, x1, . . . , xn, ) ∈ A′′}
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By periodicity, Gλ′′,A′′,F ′′ is Suslin, co-Suslin in L(R) and therefore deter-
mined. However, a winning strategy for this game can be identified with a
subset of λ′′ < ΘJδ(R). By the coding lemma, the strategy must then lie in
Jδ(R), a contradiction. a

2.23 Corollary (AD + V = L(R)) Let λ < Θ, F : λω → ωω be continuous,
A ⊆ ωω, and G the game on λ with payoff F−1(A). Then G is determined.

If Γ is a pointclass closed under ∀ωω

,∨, and pwo(Γ), and if φ : A onto−→ κ
is a Γ norm on the Γ-complete set A, then the usual boundedness principle
applies: every B ⊆ A in Γ̌ is bounded below κ with respect to φ. In this
case, κ is the supremum of the lengths of the ∆ prewellorderings, and κ
is regular. There is a useful generalization of this principle, due to Steel,
which applies to all ordinals α < Θ. First, we recall one of the main results
of [35]:

2.24 Theorem (AD) (Steel) Let Γ be non-selfdual, and ∃ωω

∆ ⊆ ∆. Then
Γ is closed under intersections with κ-Suslin sets for κ < cof(o(∆)).

The non-trivial case of theorem 2.24 is when sep(Γ) holds, for if sep(Γ̌)
then Γ is closed under ∧ by [35].

Using theorem 2.24 we now have the following general boundedness prin-
ciple. We follow the proof in [12]. We say a norm φ : A onto−→ α is κ-Suslin
bounded if for every B ⊆ A which is κ-Suslin we have sup {φ(x) : x ∈ B} <
α.

2.25 Theorem (AD) (Steel) Let α < Θ be a limit ordinal. Then there
is an A ⊆ ωω and a norm φ : A onto−→ α which is κ-Suslin bounded for all
κ < cof(α).

Proof. First note that we may assume α is regular, since a norm of length
cof(α) which is κ-Suslin bounded for all κ < cof(α) produces one of length
α. For example, let δ = cof(α), h : δ → α be cofinal and increasing, and
ψ : B → δ a norm which is κ-Suslin bounded for all κ < δ. Let ρ : C onto−→ α
be a norm. Define for β < α,

Aβ(x) ↔ [x0 ∈ C ∧ ρ(x0) = β ∧ x1 ∈ B ∧ β < h(ψ(x1))]

Let A =
⋃
β<αAβ , and φ(x) = ρ(x0) for x ∈ A. Suppose S ⊆ A is κ-Suslin

for some κ < δ. Let S1 = {x1 : x ∈ S}. Then S1 is κ-Suslin and S1 ⊆ B, and
so η .= sup {ψ(x1) : x ∈ S} < δ. But clearly then sup {φ(x) : x ∈ S} ≤ h(η).
So assume α is regular.

Similarly, it suffices to produce a norm ψ : A onto−→ ρ which is κ-Suslin
bounded for all κ < α, for some ρ of cofinality α. For suppose ψ : A onto−→ ρ is



34 I. Structural Consequences of AD

such a norm, and cof(ρ) = α. Let h : α → ρ be cofinal. Define φ : A onto−→ α
by φ(x) = the least β < α such that h(β) > ψ(x). Then easily φ is κ-Suslin
bounded for all κ < α.

Let ρ > α be a limit cardinal of cofinality α such that the collection ∆
of sets of Wadge degree < ρ is closed under ∃ωω

. We produce an A and
a norm φ : A onto−→ ρ which is κ-Suslin bounded for all κ < α. Let Γ be
the non-selfdual pointclass closed under ∀ωω

with ∆ = Γ ∩ Γ̌ (see [35], we
assume α > ω as otherwise the result is trivial). Let B be a Γ universal
set. Define A by: x ∈ A iff x0, x1 code continuous functions fx0 , fx1 with
f−1
x0

(B) = ωω − f−1
x1

(B). For x ∈ A, let φ(x) be the Wadge degree of the ∆

set f−1
x0

. Clearly φ : A onto−→ ρ. Suppose S ⊆ A is κ-Suslin for some κ < α,
and assume towards a contradiction that sup {φ(x) : x ∈ S} = ρ. Define

C(x, y) def↔ (x ∈ S ∧ fx0(y) ∈ B) ↔ (x ∈ S ∧ fx1(y) /∈ B)

Thus, C ∈ ∆ by theorem 2.24. This is a contradiction, since any ∆ set is
Wadge reducible to C. For let D ∈ ∆, and take x ∈ S so that f−1

x0
(B) =

ωω − f−1
x1

(B) = D′ ≥w D. Then y ∈ D′ ↔ (x, y) ∈ C.
a

2.6. Partition Relations

We recall some facts and terminology associated with partition relations
that we will be using frequently. We give the definitions working in our
base theory ZF + DC, although to obtain non-trivial results we will have to
assume AD.

If f : α→ ON, we say f has uniform cofinality ω if there is a f ′ : α×ω →
ON such that ∀β < α f(β) = sup

n∈ω
f ′(β, n) and f ′ is increasing in the second

argument, that is, ∀β ∀n,m [n < m→ f ′(β, n) < f ′(β,m)].

2.26 Definition We say f : α→ ON is of the correct type if f is increasing,
everywhere discontinuous (i.e., for all β < α, f(β) > sup

β′<β
f(β′)), and of

uniform cofinality ω.

Generalizing this, we define:

2.27 Definition Let f, S : α→ ON. We say f has uniform cofinality S if
there is a function l : {(β, γ) : β < α∧ γ < S(β)} → ON which is increasing
in the second argument and ∀β < α f(β) = sup

γ<S(β)

l(β, γ). We frequently

just say f(β) has uniform cofinality S(β).
If µ is a measure (i.e., a countably additive ultrafilter) on α, we say f has

uniform cofinality S almost everywhere, for S as above, if ∀∗µβ < α f(β) =
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sup
γ<S(β)

l(β, γ). We usually just say f(β) has uniform cofinality S(β) almost

everywhere with respect to µ.

Note that the statement “f has uniform cofinality S almost everywhere
with respect to µ” depends only on [f ]µ, [S]µ.

For κ a cardinal and λ ≤ κ, we let (κ)λ denote the set of increasing
functions from λ to κ. We write κ → (κ)λ to mean: for every partition
P : (κ)λ → {0, 1} of the increasing functions from λ to κ into two pieces,
there is a homogeneous H ⊆ κ of size κ. That is, there is an i ∈ {0, 1} such
that for all f ∈ (H)λ we have P(f) = i. We define a variation on this as
follows. We say κ

c.u.b.−→ (κ)λ if for all partitions P : (κ)λ → {0, 1} of the
increasing functions from λ to κ into two pieces, there is a c.u.b. C ⊆ κ such
that for some i ∈ {0, 1} and all f : λ→ C of the correct type, P(f) = i.

The following well-known fact connects these two variations. The proof
is straightforward, and left to the reader.

2.28 Fact For all cardinals κ and ordinals λ ≤ κ:

1. κ c.u.b.−→ (κ)λ ⇒ κ→ (κ)λ

2. κ→ (κ)ω·λ ⇒ κ
c.u.b.−→ (κ)λ

The instances of the partition property of particular importance to us
are expressed in the following definition.

2.29 Definition We say a cardinal κ has the strong partition property if
κ → (κ)κ. We say κ has the weak partition property if κ → (κ)λ for all
λ < κ.

From fact 2.28 it follows that the notions of strong and weak partition
property of κ do not depend on which of the two variations of the definition
are used. In all of the determinacy arguments, it is the “c.u.b.” version of
the partition relation which is relevant. Since we will never need the other
variation, we therefore adopt the convention that henceforth, κ → (κ)λ

means κ c.u.b.−→ (κ)λ.
There are two slight generalizations of the strong partition property of κ

which we will employ frequently. First, if ≺ is a well-ordering of some set
dom(≺) of order-type κ, we have the strong partition property for partitions
of functions f : dom(≺) → κ of the correct type (defined in the obvious man-
ner). Second, instead of considering functions f : κ→ κ or f : dom(≺) → κ
of the correct type, we may consider f which are increasing, everywhere
discontinuous, and of uniform cofinality S, for any fixed S : κ → κ. Alter-
natively, we may consider partitions of functions f which are increasing,
continuous at limit ordinals (or points of limit rank in ≺), and such that
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f(α) has uniform cofinality S(α) at points of successor rank. In either case,
the generalized version of the strong partition property follows easily from
the usual strong partition relation.

We present now an abstract form of Martin’s proof of the strong partition
relation on ω1. We state it in the most general form for which we are able
to prove it.

2.30 Definition Let κ be a regular cardinal, λ ∈ ON, λ ≤ κ. We say κ
is λ-reasonable there is a non-selfdual pointclass Γ closed under ∃ωω

, and a
map φ with domain ωω satisfying (where ∆ = Γ ∩ Γ̌):

1. ∀x φ(x) ⊆ λ× κ.

2. ∀F : λ→ κ ∃x (φ(x) = F ).

3. ∀β < λ ∀γ < κ Rβ,γ ∈ ∆, where

x ∈ Rβ,γ ↔ φ(x)(β, γ) ∧ ∀γ′ < κ (φ(x)(β, γ′) → γ′ = γ).

4. Suppose β < λ, A ∈ ∃ωω

∆, and A ⊆ Rβ
.= {x : ∃γ < κ Rβ,γ(x)}.

Then ∃γ0 < κ ∀x ∈ A ∃γ < γ0 Rβ,γ(x).

We say κ is reasonable if it is κ-reasonable. If ∃!γ φ(x)(β, γ), then we
write φ(x)(β) for this unique γ. Note that the pointclass hypotheses of the
theorem are really just that ∆ = Γ ∩ Γ̌ for some Levy class Γ (i.e., Γ is
non-selfdual and closed under ∃ωω

or ∀ωω

) as the hypotheses are symmetric
between Γ and Γ̌. Recall that from AD we have either pwo(Γ) or pwo(Γ̌).

2.31 Theorem (AD) (Martin) If κ is ω · λ-reasonable, then κ→ (κ)λ.

Proof. We will show below that ∆ is in fact closed under < κ unions and
intersections; we assume this for now. We refer below to the sets Rβ , Rβ,γ
of definition 2.30.

Fix a partition P : (κ)λ → {0, 1}. Play the integer game where I plays
out x ∈ ωω, II plays out y ∈ ωω. If there is a least ordinal β < ω · λ such
that x /∈ Rβ or y /∈ Rβ , then II wins provided x /∈ Rβ . Otherwise, let
fx, fy : ω · λ → κ be the functions they determine (e.g., fx(β) = φ(x)(β)).
Define in this case fx,y : λ→ κ by fx,y(β) = sup

β′<ω·(β+1)

max(fx(β′), fy(β′)).

II then wins iff P(fx,y) = 1.
Assume without loss of generality that II has a winning strategy τ . For

β < ω · λ and γ < κ, define x ∈ Sβ,γ ↔ ∀β′ ≤ β ∃γ′ ≤ γ x ∈ Rβ′,γ′ .
Thus, Sβ,γ ∈ ∆. Hence, for all β < ω · λ and γ < κ, τ [Sβ,γ ] ∈ ∃ωω

∆
(note that for any Levy class Γ that ∃ωω

∆ is closed under ∧, ∨; an easy
consequence of the hierarchy analysis of §2.3). Now, τ [Sβ,γ ] ⊆ Rβ . Thus,
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θ(β, γ) .= sup {φ(x)(β) : x ∈ τ [Sβ,γ ]} < κ, from (4) of 2.30. Let C ⊆ κ be
the set of points closed under θ, and C ′ ⊆ C the set of limit points of C.

Suppose F : λ → C ′ is of the correct type; we show that P(F ) = 1. Let
x be such that φ(x) determines a function fx : ω · λ→ C such that F (β) =

sup
β′<ω·(β+1)

fx(β′). We may assume fx(β) ≥ β for all β. Let y = τ(x). From

the definition of C it follows that φ(y) determines a function fy : ω · λ→ κ
such that fy(β) ≤ fx(β + 1) for all β. Thus, F = fx,y, so P(F ) = 1.

We show now that ∆ is closed under < κ unions. Suppose not, and let
δ < κ be least such that some union A =

⋃
α<δ

Aα is not in ∆. Note that

R0 =
⋃
γ<κ

R0,γ is a κ union of ∆ sets, and R0 /∈ ∃ω
ω

∆. Suppose first pwo(Γ).

Then Γ is closed under well-ordered unions by lemma 2.18. Thus A ∈ Γ,
and by Wadge’s lemma, R0 =

⋃
α<δ

Sα for some Sα ∈ ∆. Since κ is regular,

one of the Sα ⊆ R0 must be “unbounded” in κ, a contradiction to ω · λ-
reasonableness. So assume pwo(Γ̌), and thus pwo(Γ1), where Γ1 = ∃ωω

Γ̌.
Thus, Γ1 is closed under well-ordered unions, and so R0 ∈ Γ1. We cannot
have

⋃
δ ∆ = Γ, as otherwise Martin’s argument (theorem 2.15) shows

pwo(Γ). It follows that
⋃
δ ∆ ⊇ Γ̌, and so

⋃
δ ∃ω

ω

∆ ⊇ Γ1 (and hence
actually Γ1 =

⋃
δ ∃ω

ω

∆). Thus, R0 =
⋃
α<δ

Sα, with each Sα ∈ ∃ωω

∆. As

before, this contradicts reasonableness. a

2.32 Remark The proof shows that if Γ,φ witness the λ-reasonableness of
κ, then ∆ is closed under < κ unions. With a little extra work one can
show Γ is closed under countable unions, intersections, and pwo(Γ̌).

The next lemma shows that all the δ1
2n+1, and in particular ω1, have the

countable exponent partition relation. We will take this as the start of our
analysis in the next section.

2.33 Theorem (AD) Let Γ be a non-selfdual pointclass closed under ∀ωω

,
∧,∨ and assume pwo(Γ). Let δ = δ(Γ) = the supremum of the lengths of
the ∆ = Γ ∩ Γ̌ prewellorderings. Then δ → (δ)λ for all λ < ω1.

Proof. Fix λ, and a bijection π : ω → λ. Fix also a Γ universal set P and a
Γ norm ψ on P . We may assume ψ is onto an ordinal, in which case that
ordinal is δ. We define the map φ so that Γ̌, φ witness the λ- reasonableness
of δ. Define φ(x)(β, γ) iff xn ∈ P ∧ ψ(xn) = γ, where π(n) = β. (1)-(3) are
immediate, and (4) follows since a Γ̌ subset of P is bounded. a

Note that if we know directly that Γ is closed under countable unions
and intersections, then the pointclass arguments in theorem 2.31 are not
necessary for the application to theorem 2.33, as the sets S(α, γ) as defined
there are in ∆ directly.
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3. Suslin Cardinals

In this section we develop the basic theory of Suslin cardinals and scales as-
suming AD. Steel’s analysis of scales in L(R) (which we overviewed in §2.4)
provides a more detailed description if one assumes in addition V = L(R),
but just assuming AD suffices to develop the main facts. The main result
is theorem 3.19. We assume AD throughout this section. The arguments of
this section are mainly due to Martin and appear in [23], which we follow.

We assume in this section a basic knowledge of homogeneous and weakly
homogeneous trees, though we only need here (aside from theorem 3.2 be-
low) the basic definitions and general properties of the homogeneous tree
construction. The reader could skip ahead to definition 5.1 and the following
paragraphs for a discussion.

Recall that S(κ) denotes the pointclass of κ-Suslin sets. Recall also the
definitions of o(Γ), δ(Γ) from definition 2.16. We will use frequently the fact
mentioned previously (from [21]) that for ∆ closed under real quantification,
∧ and ∨, we have o(∆) = δ(∆).

We state two theorems we will need for this analysis. The first, due to
Steel and Woodin is the following.

3.1 Theorem (Steel, Woodin) The set of Suslin cardinals is closed below
their supremum.

Thus, assuming AD, the set of Suslin cardinals is closed below Θ except
that the supremum of the Suslin cardinals, if less than Θ, may perhaps
not be a Suslin cardinal. Woodin [42] has isolated a strengthening of AD
called AD+ which implies that the Suslin cardinals are closed below Θ. It
is apparently unknown whether AD implies AD+. We refer the reader to
[42] for further discussion of AD+.

We will also need the following theorem of Martin and Woodin on weak
homogeneity. We refer the reader to [26] for a proof.

3.2 Theorem (Martin, Woodin) Let κ be less than the supremum of the
Suslin cardinals. Then every tree on ω × κ is weakly homogeneous.

3.1. Pointclass Arguments

We recall the following fact about the homogeneously Suslin sets.

3.3 Lemma Let κ be a cardinal. Let Γ be the collection of A ⊆ ωω which
can be written in the form A = p[T ] where T is a homogeneous tree on ω×κ.
Then Γ is a pointclass and is closed under ∀ωω

.

Proof. It is straightforward to check that Γ is a pointclass. We first show
that ∀ωω

Γ ⊆ S(κ). Suppose A(x) ↔ ∀y B(x, y) where B ∈ Γ, say B = p[T ]
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where T is a homogeneous tree on ω × ω × κ. Let {si}i∈ω enumerate ω<ω

in a reasonable manner. Define the tree U on ω × κ by:

(t, ~α) ∈ U ↔ ∀i < lh(t) (t� lh(si), si, ~β) ∈ T,

where ~β = (αj(0), αj(1), . . . , αj(lh(si)−1)), and j(a) is the integer such that
sj(a) = si�a. Clearly p[U ] ⊆ A. The inclusion A ⊆ p[U ] follows also if
we have that for every x ∈ A there is a Lipschitz continuous f : ωω → κω

such that for all y ∈ ωω, (x, y, f(y)) ∈ [T ] (for this f will produce a branch
through Ux). The existence of f follows from the homogeneity of T : play the
(closed for II) game where I plays integers y(i), II plays ordinals α(i) < κ,
and II wins the run iff for all n, (x�n, y�n, ~α�n) ∈ T . Since T is homogeneous,
II has a winning strategy in this game, and this gives the desired function
f . So, ∀ωω

Γ ⊆ S(κ).
If Γ = S(κ), then this shows ∀ωω

Γ = Γ (and Γ is closed under ∃ωω

as
well). Suppose Γ ( S(κ). If κ is not the largest Suslin cardinal, then from
lemma 3.2 we have S(κ) = ∃ωω

Γ. If ∀ωω

Γ 6= Γ, then by Wadge’s lemma
∀ωω

Γ ⊇ ∀ωω

Γ̌ = Š(κ), a contradiction. If κ is the largest Suslin cardinal,
then S(κ) is closed under ∀ωω

(as well as ∃ωω

) as otherwise periodicity would
give a larger Suslin class. So, ∆(S(κ)) is closed under real quantification.
Also, any A ∈ S(κ) − Š(κ) cannot be in Γ (or even be the projection of a
weakly homogeneous tree), as otherwise ωω − A would be Suslin from the
homogeneous tree construction. Thus, in this case Γ ⊆ ∆(S(κ)). From
theorem 3.2 it follows that Γ = ∆(S(κ)), and so Γ is closed under ∀ωω

. a

We need the following simple lemma.

3.4 Lemma Let κ be a Suslin cardinal. Then there is a κ-length strictly
increasing sequence of sets in S(κ). If cof(κ) > ω, then there is a κ-length
strictly increasing sequence of sets each of which is < κ-Suslin.

Proof. The proof that every Suslin cardinal is reliable (c.f. lemma 4.6 of
[37]) shows that for any Suslin cardinal κ there is an A ∈ S(κ)− Š(κ) and
a scale {φi} on A with norms into κ and with φ0 onto κ. We recall the
argument. Let B ∈ S(κ)− Š(κ), and {ψi} a regular scale on B with norms
into κ. Let A = {x : x′ ∈ B}, where x′(n) = x(n + 1). Define for x ∈ A,
φ0(x) = ψx(0)(x′), and φi+1(x) = ψi(x′). Then φ0 is onto κ as otherwise
A ∈ S(λ) for some λ < κ. For α < κ let Aα = {x ∈ A : φ0(x) ≤ α}. Each
Aα is in S(κ). Moreover, the Aα form a strictly increasing sequence of S(κ)
sets of length κ.

Suppose now that cof(κ) > ω. We now use the argument of lemma 2.1
of [14]. Recall φ0 maps onto κ. For α < β < κ define

Aα,β = {x : ∀i φi(x) < β} ∪ {x : ∀i φi(x) ≤ β ∧ φ0(x) ≤ α}.
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Each Aα,β is β-Suslin, and hence λ-Suslin (as κ is the next Suslin cardinal
after λ). If we view the increasing pairs (α, β) as ordered first by the sec-
ond coordinate and then the first, clearly the Aα,β form a (not necessarily
strictly) increasing sequence of order type κ. For each α < κ, there is an x
with φ0(x) = α and for this x there is a least β > α such that ∀i φi(x) ≤ β.
It follows that for these α, β that Aα,β −

⋃
α′,β′ Aα′,β′ 6= ∅ where the union

ranges over (α′, β′) less than (α, β) in the ordering described. Thus there is
a κ length subsequence of the Aα,β which is strictly increasing. a

We will need the following result, due to Chuang, in the theory of point-
classes. The methods used in the proof are similar to those of [14].

3.5 Theorem (Chuang) Let Γ be non-selfdual, closed under ∀ωω

, ∨, and
assume pwo(Γ). Then there is no strictly increasing or decreasing sequence
of Γ sets of length (δ(Γ))+.

Proof. Let ∆ = Γ ∩ Γ̌ as usual. Note that Γ is closed under countable
intersections and ∃ωω

Γ (which may be Γ) is closed under countable unions
and intersections. We fix a universal Γ set U ⊆ ωω × ωω, so every real x
codes a Γ set Ux ⊆ ωω. Let δ0 be the supremum of those limit β such that
{A : o(A) < β} is closed under real quantification and is contained within ∆.
Let ∆0 = {A : o(A) < δ0}. Let δ = δ(Γ) = the supremum of the lengths of
the ∆ prewellorderings. Suppose {Aα}α<δ+ is a strictly increasing sequence
of Γ sets. By thinning the sequence we may assume that for all α < δ+

that
⋃
β<αAβ ( Aα. Let A =

⋃
αAα. For x ∈ A let φ(x) < δ+ be the least

ordinal α such that x ∈ Aα. Let ≺ be the strict prewellordering defined by

x ≺ y ↔ x, y ∈ A ∧ φ(x) < φ(y).

Thus, ≺ has length δ+.
We consider two cases, though the argument in each case is similar.
Case I. Γ is not closed under ∃ωω

.
By periodicity pwo(∃ωω

Γ), and so by lemma 2.18 ∃ωω

Γ is closed under
well-ordered unions. It follows that ≺ ∈ ∃ωω

Γ since x ≺ y iff ∃α < β <
δ+ (x ∈ Aα ∧ y ∈ Aβ ∧ y /∈ Aα). We use here the fact that Γ̌ ⊆ ∃ωω

Γ as Γ
is not closed under ∃ωω

. Let C ⊆ (ωω)3 be defined by:

(x, y, z) ∈ C ↔ ∃α < δ+ (Ux = Aα ∧ y, z ∈ A ∧ φ(y) = α ∧ φ(z) = α+ 1).

Applying the coding lemma to the ∃ωω

Γ relation ≺ gives an ∃ωω

Γ set S ⊆ C
such that for all α < δ+ there is an (x, y, z) ∈ S with φ(y) = α. From pwo(Γ)
and the closure of Γ under ∨ the usual boundedness argument shows that
if ψ is a regular Γ norm on a Γ complete set B, then ψ maps onto δ
and every Γ̌ subset of B is bounded in the norm. In particular, every Γ̌
wellfounded relation has length less than δ (otherwise the coding lemma
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gives an unbounded Γ̌ subset of B). Also from pwo(Γ), every Γ set is a δ
union of ∆ sets. It follows that every ∃ωω

Γ set is a δ union of ∃ωω

∆ ⊆ Γ̌
sets. So write S =

⋃
β<δ Sβ , where each Sβ ∈ Γ̌. For β < δ let ≤β be the

prewellordering on Sβ defined by

(x1, y1, z1) ≤β (x2, y2, z2) ↔ (x1, y1, z1), (x2, y2, z2) ∈ Sβ ∧ φ(y1) ≤ φ(y2)
↔ (x1, y1, z1), (x2, y2, z2) ∈ Sβ ∧ y1 ∈ Ux2

↔ (x1, y1, z1), (x2, y2, z2) ∈ Sβ ∧ z2 /∈ Ux1

Thus, ≤β can be written as the intersection of Sβ × Sβ with a Γ set or
with a Γ̌ set. In particular, ≤β ∈ Γ̌, and has length less than δ. A similar
computation shows the strict part <β of the prewellordering to be in Γ̌ as
well.

This, however gives a one-to-one map of δ+ into δ × δ, a contradiction.
Namely, given α < δ+ let π0(α) be the least ordinal β < δ such that there is
an (x, y, z) ∈ Sβ with φ(y) = α. Let π1(α) be the rank of any (x, y, z) ∈ Sβ
with φ(y) = α in the prewellordering ≤β . It is easy to check that this is
well-defined and that α 7→ (π0(α), π1(α)) is one-to-one.

Case II. Γ is closed under ∃ωω

.
In this case Γ is closed under real quantification, countable unions and

intersections. Define C as in case I. If there is a Γ wellfounded relation of
length δ+, then using the coding as in case I gives a Γ set S as in that
case. We still have that every Γ̌ wellfounded relation has length less than
δ, and we thus get a contradiction exactly as in case I. So suppose every
Γ wellfounded relation has length less than δ+. From the coding lemma
there are Γ wellfounded relations of any length less than δ+, so δ+ is the
supremum of the lengths of the Γ wellfounded relations. From this, the
coding lemma easily implies that δ+ is regular. Consider the integer game
where I plays out w ∈ ωω and II plays out (x, y, z) ∈ (ωω)3. II wins the run
iff (where U ′ is universal for Γ subsets of (ωω)2):

U ′w is wellfounded → ((x, y, z) ∈ C ∧ φ(y) > |U ′w|),

where |U ′w| denotes the rank of the relation U ′w. I cannot have a winning
strategy, as this would give a Σ1

1 set of codes of Γ wellfounded relations
whose lengths were unbounded in δ+, and from this we would get a Γ
wellfounded relation of length δ+ (in fact there can be no Γ set of codes
of Γ wellfounded relations having lengths unbounded in δ+). Let τ be a
winning strategy for II. Define the relation

w1 � w2 ↔ (U ′w1
, U ′w2

are wellfounded) ∧ y2 /∈ Ux1 ,

where τ(w1) = (x1, y1, z1) and τ(w2) = (x2, y2, z2). From the closure of Γ
under quantifiers it follows easily that �∈ Γ̌, and from the regularity of δ+

an easy argument shows that � has length δ+ [for α < δ+ let f(α) < δ+
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be least such that for some w with U ′w wellfounded and |U ′w| = α we have
f(α) = φ(y) where τ(w) = (x, y, z). Let C ⊆ δ+ be c.u.b. and closed
under f . By a straightforward induction check that for α ∈ C and w with
|U ′w| = α, we have |w|� ≥ γ, where α is the γth element of C.] Thus we
have produced a Γ̌ wellfounded relation of length δ+, a contradiction.

We have shown that there is no strictly increasing sequence of Γ sets
of length δ(Γ)+. The argument for decreasing sequences is similar in each
case (we use now for C the set of all (x, y, z) such that x codes some Aα,
y ∈ Aα −Aα+1, and z codes Aα+1). a

By a limit Suslin cardinal we mean a Suslin cardinal which is the supre-
mum of the smaller Suslin cardinals. A limit Suslin cardinal is necessarily
a limit cardinal. By a successor Suslin cardinal we mean a Suslin cardinal
κ which is the least Suslin cardinal greater than some Suslin cardinal λ.
κ may or may not be a successor cardinal in this case. From theorem 3.1
it follows that every Suslin cardinal is either a limit Suslin cardinal or a
successor Suslin cardinal.

3.6 Lemma Let κ be a Suslin cardinal and assume S(κ) is closed under
∀ωω

. Then κ is a regular limit of Suslin cardinals and scale(S(κ)).

Proof. In this case S(κ) is closed under real quantification and thus also
countable unions and intersections. So ∆ = ∆(S(κ)) is closed under real
quantification, countable unions and intersections. Thus, S(κ) is at the
base of a type IV hierarchy. Let δ = o(∆). Since S(κ) is closed under ∧,
∨, an argument using the coding lemma shows that δ is regular. [If δ were
singular, then the coding lemma would give a S ∈ ∆ consisting of pairs
(x, y) coding Lipschitz continuous function fx, fy with f−1

x (A) = f−1
y (B),

where A is a S(κ) complete set and B is Š(κ) complete. So, (x, y) codes a
∆ set of some Wadge rank |(x, y)| < δ. Also, {|(x, y)| : (x, y) ∈ S} will be
cofinal in δ. Let

D ={(x, y, z) : (x, y) ∈ S ∧ fx(z) ∈ A}
= {(x, y, z) : (x, y) ∈ S ∧ fy /∈ B}.

But then D ∈ ∆ yet every set in ∆ is Wadge reducible to D, a contradic-
tion.]

We cannot have δ > κ as then there is a ∆ prewellordering of length κ,
and by the coding lemma every subset of κ could be coded in ∆, and so S(κ)
would be contained in ∆. So, δ ≤ κ. On the other hand, from lemma 3.4
there is a κ strictly increasing sequence of S(κ) sets. From theorem 3.5 we
have κ < δ+, so κ ≤ δ. Thus, κ = δ. In particular, κ is regular.

Let λ be the supremum of the Suslin cardinals which are less than κ. We
show that λ = κ. Suppose λ < κ. From lemma 3.4 there is a κ strictly
increasing sequence of sets in S(λ) (note: λ is actually a Suslin cardinal



3. Suslin Cardinals 43

by theorem 3.1, but we don’t need this here. Note that S(λ) is properly
contained in ∆ from the regularity of δ, even if λ is not a Suslin cardinal).
Within the projective hierarchy over S(λ) we may find a non-selfdual Γ0

closed under ∃ωω

and pwo(Γ0), and so by lemma 2.18, Γ0 is closed under
wellordered unions. Then S(κ) ⊆ Γ0, a contradiction (as Γ0 ⊆ ∆). Thus,
κ is a limit Suslin cardinal.

Since cof(κ) > ω, every S(κ) set is a κ union of sets in ∆. Thus, ∆ is
not closed under wellordered unions and so either pwo(S(κ)) or pwo(Š(κ)).
We cannot have pwo(Š(κ)) as then Š(κ) would be closed under wellordered
unions and then S(κ) ⊆ Š(κ), a contradiction. So, pwo(S(κ)). Thus, S(κ)
is closed under wellordered unions. Hence, S(κ) =

⋃
κ∆. To see now

scale(S(κ)), let A ∈ S(κ)− Š(κ) and let T be a tree on ω×κ with A = p[T ].
For x ∈ A, let φ0(x) be the least α < κ such that x ∈ p[T �α]. For i > 0 let

φi(x) = 〈φ0(x), `
φ0(x)
0 , . . . , `

φ0(x)
i (x)〉,

where `βi (x) is the ith coordinate of the left-most branch of (T �β)x. Here
〈β, α0, . . . , αi〉 denotes the rank of the tuple (β, α0, . . . , αi) in lexicographic
ordering on those tuples satisfying β ≥ max{α0, . . . , αi}. It is easy to check
that {φi} is a scale on A with all norms into κ. Moreover, each of the norms
φi is an S(κ)-norm as the norm relations ≤∗i , <∗i are easily expressible as κ
unions of ∆ sets. a

We consider first Suslin cardinals of uncountable cofinality. First we
consider the successor Suslin cardinals.

3.7 Lemma Let κ be a successor Suslin cardinal with cof(κ) > ω. Let λ
be the largest Suslin cardinal less than κ. Then κ = λ+ and cof(λ) = ω.
Furthermore, S(κ) has the scale property and S(κ) = ∃ωω

Š(λ). Also, κ is
regular.

Proof. Let A ∈ S(κ) − Š(κ), and let {φi} be a regular scale on A with
norms into κ. From lemma 3.4, there is a κ strictly increasing sequence
of λ-Suslin sets. We cannot have pwo(S(λ)) as then S(λ) would be closed
under wellordered unions by lemma 2.18, and so A would be in S(λ). So,
pwo(Š(λ)). From theorem 3.5 applied to Š(λ) it follows that κ < δ(Š(λ))+,
and thus κ ≤ δ(Š(λ)). Every ∆(Š(λ)) prewellordering is in S(λ) and so by
the Kunen-Martin theorem has length < λ+. So, κ ≤ λ+ and thus κ = λ+.

Since κ ≤ δ(Š(λ)), there is an S(λ) wellfounded relation of length λ. From
the coding lemma it follows that S(λ) is closed under λ unions. Suppose that
cof(λ) > ω. Then every S(λ) set is a λ union of ∆(S(λ)) sets. Thus S(λ) =⋃
λ∆(S(λ)). By Martin’s argument this give pwo(S(λ)), a contradiction.

So, cof(λ) = ω. Since pwo(Š(λ)) we also have pwo(∃ωω

Š(λ)) and so from
lemma 2.18, ∃ωω

Š(λ) is closed under wellordered unions. Note that S(λ)
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is not closed under ∀ωω

as otherwise by lemma 3.6 λ would be regular. It
follows that S(λ) ⊆ ∃ωω

Š(λ). Every S(κ) set is a wellordered union of
S(λ) sets, and thus S(κ) ⊆ ∃ωω

Š(λ). To show the other inclusion it suffices
to show that Š(λ) ⊆ S(κ), and this is immediate by Wadge’s lemma. So,
S(κ) = ∃ωω

Š(λ).
Since pwo(Š(λ)) and S(κ) = ∃ωω

Š(λ) we have pwo(S(κ)). Thus, S(κ)
is closed under wellordered unions by lemma 2.18. It follows that S(κ) =⋃
κ∆(S(κ)). Since κ = λ+, cof(κ) > ω, and so the argument at the end

of lemma 3.6 shows that every S(κ) set admits a scale all of whose norm
relations can be written as κ unions of ∆(S(κ)) sets. Thus, scale(S(κ)).

Finally, from κ = δ(S(λ)) and the Kunen-Martin theorem it follows that
κ is the supremum of the lengths of the S(λ) wellfounded relations. The
coding lemma implies that for any non-selfdual pointclass Γ closed under
∃ωω

, ∧, the supremum of the lengths of the Γ prewellorderings is a regular
cardinal. Thus, κ is regular. a

Next we consider the limit Suslin cardinals of uncountable cofinality.

3.8 Lemma Let κ be a limit Suslin cardinal with cof(κ) > ω. Then scale(S(κ)).
Furthermore, if ∆ =

⋃
λ<κ S(λ) and Γ is the corresponding Steel pointclass,

then S(κ) = ∃ωω

Γ. Also, scale(Γ).

Proof. Let ∆ =
⋃
λ<κ S(λ). Thus ∆ is selfdual and closed under real

quantification, countable unions and intersections (for countable unions and
intersections we use cof(κ) > ω). Let δ = δ(∆) = o(∆). Let Γ be the
corresponding Steel pointclass, that is, ∆ = ∆(Γ) and Γ is closed under
∀ωω

. Similar to an earlier argument, we cannot have κ < δ as then the
coding lemma would compute S(κ) ⊆ ∆. So, δ ≤ κ. Suppose δ < κ. From
lemma 3.4 there is a strictly increasing sequence {Aα}α<κ of ∆ sets of
length κ. For each β < δ let Sβ ⊆ κ consist of those α such that o(Aα) = β.
If all the Sβ had size < δ, then since κ =

⋃
β<δ Sβ , we would have a map

from δ × δ onto κ, a contradiction. Fix β so that |Sβ | ≥ δ. Thus we have
a δ-length strictly increasing sequence of sets {Bγ}γ<δ of Wadge degree
≤ β. Within ∆ we can find a non-selfdual pointclass Γ0 closed under ∧,
∨ and closed under wellordered unions and properly containing the sets of
Wadge degree ≤ β (from lemma 2.18). The prewellordering associated to
the Bγ (i.e., x ≺ y ↔ ∃η1 < η2 (x ∈ Bη1 ∧ y ∈ Bη2 ∧ y /∈ Bη1)) is a Γ0

prewellordering of length δ, a contradiction (recall δ is the supremum of the
∆ wellfounded relations). So, κ = δ.

Recall also pwo(Γ) (c.f. [37]). Thus pwo(∃ωω

Γ), and by lemma 2.18 ∃ωω

Γ
is closed under wellordered unions. Since cof(κ) > ω, every S(κ) set is a
union of ∆ sets, and so S(κ) ⊆ ∃ωω

Γ. Since S(κ) is closed under ∃ωω

, it
follows from Wadge’s lemma that either S(κ) = ∃ωω

Γ or S(κ) = Γ̌. We
claim the first possibility holds. To see this, let A ∈ S(κ) − Š(κ), and
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let A = p[T ] with T a tree on ω × κ. From theorem 3.2, T is weakly
homogeneous. Thus, there is a homogeneous tree T ′ on ω × κ such that
x ∈ A↔ ∃y 〈x, y〉 ∈ p[T ′] (here x, y 7→ 〈x, y〉 denotes our coding function).
Let Γ′ denote the pointclass of sets which are projections of homogeneous
trees on ω × κ. Thus, S(κ) = ∃ωω

Γ′. From lemma 3.3, Γ′ is closed under
∀ωω

. If Γ is not closed under ∃ωω

, then the facts that S(κ) ⊆ ∃ωω

Γ and
S(κ) = ∃ωω

Γ′ where Γ′ is closed under ∀ωω

imply that Γ = Γ′ and S(κ) =
∃ωω

Γ. If Γ is closed under real quantification, then S(κ) ⊆ ∃ωω

Γ = Γ (and
also Γ = Γ′) Thus in all cases S(κ) = ∃ωω

Γ.
Since pwo(Γ) we also have pwo(S(κ)), and so S(κ) is closed under well-

ordered unions. Since cof(κ) > ω, the argument at the end of lemma 3.6
shows that every S(κ) sets admits a scale all of whose norm relations can
be written as κ unions of ∆ sets, and thus are S(κ) relations. Thus,
scale(S(κ)).

It remains to show scale(Γ). We use an argument similar to one of [35].
Let A ∈ Γ. Let U ⊆ (ωω)2 be universal Σ1

1. Define B = {y : Uy ⊆ A}. As
Γ is closed under unions with Σ1

1 sets (from theorem 2.1 of [35]), B ∈ Γ.
Let B = p[T ] where T is a tree on ω × κ. Let S be a tree on (ω)3 with
p[S] = {(x, y) : U(y, x)}. Let V be the tree on (ω)3 × κ defined by:

(s, t, u, ~α) ∈ V ↔ (s, t, u) ∈ S ∧ (t, ~α) ∈ T.

Clearly A = p[V ]. We identify V with a tree V ′ on ω × κ by ordering
the triples (a, b, α) ∈ ω × ω × κ by reverse lexicographic order (i.e., order
by α first). Let V ′′ be the slight modification of V ′ (using cof(κ) > ω)
so that for (s, ~α) ∈ V ′′, α0 ≥ max{α1, . . . , αlh(s)}. Let {φi} be the very-
good scale derived from V ′′, so each φi maps into κ. To show that ≤∗φi

∈ Γ
(and similarly for <∗φi

) it suffices to show that ≤∗φi
can be written as a

Σ1
1-bounded κ-length union of ∆ sets. For α < κ let

Cα = {(x, y) : x ∈ A ∧ φi(x) = α ∧ ¬(y ∈ A ∧ φi(y) ≤ α)}.

Clearly Cα ∈ ∆ (it is a Boolean combination of α-Suslin sets). Suppose
S ⊆ ωω × ωω is Σ1

1 and for all (x, y) ∈ S, x ≤∗φi
y. In particular, x ∈ A.

Let S′ = {x : ∃y (x, y) ∈ S}. Let y be such that Uy = S′. Then y ∈ B. Fix
~α ∈ κω so that (y, ~α) ∈ p[T ]. Let α′ ≥ max{~αi}. Then S′ ⊆ p[V ′�(ω)3×α′].
So for some α′′ < κ, S′ ⊆ {x : φi(x) ≤ α′′}. It follows that S ⊆ Cα′′ . Thus,
{φi} is a Γ-scale on A. a

3.2. The Next Suslin Cardinal

The results presented so far suffice to give the theory of the Suslin cardinals
up to the least κ so that S(κ) is closed under real quantification, that is, at
the base of a type IV hierarchy (we will give the details below). However,
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at the base of a type IV hierarchy a new method is needed since we cannot
propagate the scale property upwards by periodicity. Martin [23] developed
a method for analyzing the next Suslin cardinal which works not just in this
case, but in general. Although we only need this construction in the case
where we are at the base of a type IV hierarchy, we present Martin’s method
in general. The idea is to describe the pointclass where the next scale gets
constructed as those sets which are “Wadge reducible to a measure on κ.”
We will make this statement precise later.

3.9 Definition (Martin) Let A = {Aα}α<κ be a sequence of sets Aα ⊆ ωω,
for some κ ∈ ON. Then Ā is the collection of A ⊆ ωω such that for all
countable S ⊆ ωω there is an α < κ such that S ∩A = S ∩Aα.

For Γ a pointclass and κ ∈ ON we let

Λ(Γ, κ) = ∪{Ā : A ⊆ Γ ∧ ||A|| ≤ κ},

where ||A|| denotes the cardinality of A.

Note that Ā is the closure of {Aα : α < κ} under the topology on P(ωω)
with basic open sets of the form Nf = {A : ∀x ∈ dom(f) (x ∈ A↔ f(x) =
1)}, where f : S → {0, 1} and S ⊆ ωω is countable.

Following [23] we next prove a few basic facts about Λ.

3.10 Lemma Let Γ be non-selfdual, closed under ∀ωω

, and pwo(Γ). If
∆ is not closed under real quantification, then assume also scale(Γ). Let
κ = δ(∆). Then there is a A = {Aα}α<κ with each Aα ∈ ∆ such that for
every A ∈ Λ(Γ, κ) there is a B ∈ Ā with A ≤w B.

Proof. First consider the case where Γ is closed under ∃ωω

(so Γ is at the
base of a type IV hierarchy), and so also countable unions and intersections.
First we show in this case that for every A = {Aα}α<κ with each Aα ∈ Γ
there is an A′ = {A′α}α<κ with each Aα ∈ ∆ such that Ā ⊆ Ā′. Let W be a
Γ complete set and φ a Γ norm on W . Let C = {(x, y) : x ∈W ∧y ∈ Aφ(x)}.
By the coding lemma C ∈ Γ. Let C =

⋃
β<κ Cβ where Cβ ∈ ∆. For

α, β < κ let A′α,β = {y : ∃x (x ∈ W ∧ φ(x) = α ∧ (x, y) ∈ Cβ}. Then
A′α,β ∈ ∆ and easily Ā ⊆ Ā′. Next we show that there is a “universal”
A = {Aα}α<κ with all Aα ∈ Γ. That is, for all A′ ∈ Λ(Γ, κ), A′ ≤w A
for some A ∈ Ā. Let U1 ⊆ (ωω)2, U2 ⊆ (ωω)3 in Γ be universal for Γ�ωω,
Γ�(ωω)2 respectively. For α < κ let Aα ⊆ ωω × ωω be defined by

(x, y) ∈ Aα ↔ ∃z, u [z ∈W ∧ φ(z) = α ∧ U2(x, z, u) ∧ U1(u, y)].

Each Aα lies in Γ. Given A′ = {A′α}α<κ with each A′α ∈ Γ, by the coding
lemma there is an x0 such that for all α < κ, A′α = (Aα)x0 . Suppose
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A′ ∈ Ā′. For each Turing degree d, let β(d) be the least β < κ so that A′

and A′β agree on all x ∈ d (i.e., A′ ∩ d = A′β ∩ d). Define A ⊆ ωω × ωω by:

(x, y) ∈ A↔ ∀∗d [(x, y) ∈ Aβ(d)].

Clearly A′ = Ax0 . Also, we easily have A ∈ Ā. [If S ⊆ ωω×ωω is countable,
then for every (x, y) ∈ S let dx,y be a large enough degree so that for all
d ≥T dx,y we have (x, y) ∈ Aβ(d) iff (x, y) ∈ A. Then for any d above all
the dx,y for (x, y) ∈ S we have that A and Aβ(d) agree on all (x, y) ∈ S.] So
A′ = Ax0 ≤w A ∈ Ā.

Suppose now we are in the case where ∆ is closed under real quantifica-
tion, but Γ is not closed under ∃ωω

(so Γ is at the base of a type II or III
hierarchy). Again in this case κ = o(∆). Suppose A = {Aα}α<κ with each
Aα ∈ ∃ωω

Γ. From lemma 2.19 there is an ∃ωω

Γ set W and an ∃ωω

pre-
wellordering of W of length κ with corresponding norm φ say, such that for
each α < κ, Wα = {x ∈ w : φ(x) = α} ∈ ∆. Let C be defined as in the first
case. Then C ∈ ∃ωω

Γ. We can write C =
⋃
β<ρ Cβ where each Cβ ∈ ∆ and

ρ ≤ κ (in fact ρ = cof(κ) from lemma 2.19). For α < κ, β < ρ let as in the
first case A′α,β = {y : ∃x (x ∈W ∧φ(x) = α∧(x, y) ∈ Cβ)}. Then A′α,β ∈ ∆
and Ā ⊆ Ā′. It suffices then to construct a universal A = {Aα}α<κ with all
Aα ∈ ∃ω

ω

Γ. This is done as in the first case, using the W , φ just mentioned,
universal sets U1, U2 for ∃ωω

Γ, and the coding lemma with respect to the
pointclass ∃ωω

Γ.
Suppose finally that ∆ is not closed under real quantification. Inspecting

the hierarchy analysis shows that Γ is closed under countable unions and
intersections. It follows that a Γ-norm φ on a Γ complete set W has length
κ. We are assuming scale(Γ), and it follows that any regular Γ-scale on
a Γ-complete set has norms that map onto κ. From this and the coding
lemma it follows that κ is a Suslin cardinal and S(κ) = ∃ωω

Γ. Also, κ is
the supremum of the Γ̌ wellfounded relations which shows κ is regular. The
same argument as in the previous case also shows here that there is a single
A = {Aα}α<κ with all Aα ∈ ∃ω

ω

Γ which is universal for all such sequences.
It remains to show that for such a A we can find a A′ = {A′α}α<κ with
A′α ∈ ∆ such that Ā ⊆ Ā′. Let {φn} be a regular Γ-scale on a Γ-universal
set U . Let T ⊆ (ω × κ)<ω be the tree of the scale {φn}. From the coding
lemma there is an ∃ωω

Γ relation R ⊆ ωω ×ωω with dom(R) = W and such
that R(x, y) implies Uy = Aφ(x). For α < κ let β(α) be the least reliable
ordinal > α with respect to {φn} (β(α) < κ since κ is regular). As in the
Becker-Kechris theorem (see [3]), there is an ordinal game Gβ(α)(z) (defined
uniformly from β(α) and z ∈ ωω) in which I plays ordinals < β(α), II plays
ordinals < κ, and the game is closed for II satisfying: for all z ∈ ωω, z ∈ Aα
iff II has a winning strategy in Gβ(α)(z). For γ < κ, let Gβ(α),γ(z) be the
game played as Gβ(α)(z) except now II’s ordinal moves are restricted to
be < γ. Let Aβ(α),γ be the set of z such that II has a winning strategy
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in Gβ(α),γ(z). Thus, Aβ(α) =
⋃
γ Aβ(α),γ . Finally, for δ < κ let Aβ(α),γ,δ

be the set of z such that I does not win the open game Gβ(α),γ(z) with
ordinal < δ (that is, it is not the case that the empty node has rank < δ
in the rank analysis of the open game). Clearly for any countable S ⊆ ωω

and any α, there are γ, δ < κ such that Aα ∩ S = Aβ(α),γ,δ ∩ S. Also,
each Aβ(α),γ,δ ∈ ∆ since ∆ is closed under < κ unions and intersections by
Martin’s argument (c.f. the proof of theorem 2.15). We use here the fact
that the games Gβ(α)(z) are “uniformly” closed for II, that is, the set of all
(~η, z) such that ~η is a winning run for II in Gβ(α)(z) is closed in κω × ωω.
If we let the A′α enumerate the Aβ(α),γ,δ then Ā ⊆ Ā′. a

Note that if ∆ is any selfdual class closed under ∧, and κ is any cardinal,
then Λ(∆, κ) is closed under ∧, ∨, and ¬. For example, to see closure under
∧, given A = {Aα}α<κ, and B = {Bα}α<κ and A ∈ Ā, B ∈ B̄, consider the
sequence C = {Aα ∩ Bβ : α, β < κ}. Easily A ∩ B ∈ C̄. In particular, for
any Levy class Γ and any κ, Λ(∆(Γ), κ) is closed under ∧, ∨, ¬. Thus as
an immediate corollary to lemma 3.10 we have the following.

3.11 Corollary Under the hypotheses of lemma 3.10, Λ(Γ, κ) is closed un-
der ∧, ∨, and ¬.

The next lemma shows that if Γ is closed under real quantification, then
so will be Λ.

3.12 Lemma Let Γ be non-selfdual, closed under ∀ωω

, ∃ωω

, and pwo(Γ).
Let κ = δ(∆) = o(∆). Then Λ(Γ, κ) is closed under ∀ωω

, ∃ωω

.

Proof. Let A ⊆ ωω × ωω be in Λ = Λ(Γ, κ). Fix A = {Aα}α<κ with each
Aα ∈ ∆ and with A ∈ Ā (here each Aα ⊆ ωω × ωω). Define x ∈ B ↔
∃y (x, y) ∈ A. View every real z as coding a countable sz ⊆ ωω and a
fz : sz → {0, 1}. For d a Turing degree, let αz(d) be the least ordinal < κ,
if one exists, such that ∀x ∈ sz (fz(x) = 1 ↔ ∃y ≤ d (x, y) ∈ Aα). Let
C = {z : ∀∗d αz(d) is defined}. A straightforward computation using the
closure of Γ shows that C ∈ Γ. Let φ be the norm on C corresponding to
the prewellordering z1 � z2 ↔ ∀∗d (αz1(d) ≤ αz2(d)). A straightforward
computation shows that the norm relation ≤∗φ, <∗φ are in Γ, so φ is a Γ-norm
on C. For example,

z1 ≤∗φ z2 ↔ ∀∗d ∃α < κ ∀β < α [∀x ∈ sz1 (fz1(x) = 1 ↔ ∃y ≤ d (x, y) ∈ Aα)

∧ ¬∀x ∈ sz2 (fz2(x) = 1 ↔ ∃y ≤ d (x, y) ∈ Aβ)]

This is in Γ using the closure of ∆ under < κ intersections. Thus φ has
length κ.

For z ∈ C, define Bφ(z) by:

x ∈ Bφ(z) ↔ ∀∗d ∃y ≤ d (x, y) ∈ Aαz(d).
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A straightforward computation as above shows Bφ(z) ∈ ∆. It suffices to
show that B ∈ B̄ where B = {Bφ(z) : z ∈ C}. Let s ⊆ ωω be countable.
Define f : s → {0, 1} by f(x) = 1 iff x ∈ B. Let z code s, f . Since A ∈ Ā
it follows that z ∈ C, so φ(z) is defined. Let d0 be a large enough degree so
that for all x ∈ s we have x ∈ B iff ∃y ≤ d0 (x, y) ∈ A. For any d ≥ d0 and
x ∈ s we then have:

x ∈ B ↔ ∃y ≤ d (x, y) ∈ A
↔ ∃y ≤ d (x, y) ∈ Aαz(d),

which shows that for x ∈ s, x ∈ B iff x ∈ Bφ(z). a

We next make precise the statement that Λ(Γ, κ) is the pointclass of
sets “Wadge reducible to a measure on κ.” Let Γ, κ be as in lemma 3.10.
From the coding lemma, every subset of κ by be coded within the pointclass
∃ωω

Γ. To make this precise, let U ⊆ ωω × ωω be universal for ∃ωω

Γ. Let ψ
be an ∃ωω

Γ-norm on a ∃ωω

Γ set W of length κ (the existence of ψ follows
from lemmas 2.18 and 2.19). For z ∈ ωω, define Bz ⊆ κ by α ∈ Bz iff
∃x ∈W (ψ(x) = α∧U(z, x)). By the coding lemma, every subset of κ is of
the form Bz for some z. We now define the code set Cµ of a measure µ on
κ.

3.13 Definition Let Γ, κ be as in lemma 3.10. For µ a measure on κ
define Cµ = {z : µ(Az) = 1}.

3.14 Lemma Let Γ, κ be as in lemma 3.10. Then A ∈ Λ(Γ, κ) iff there is
a measure µ on κ such that A ≤w Cµ.

Proof. First suppose µ is a measure on κ and we show Cµ ∈ Λ(Γ, κ). For
α < κ define Aα = {z : α ∈ Az}. Clearly Aα ∈ ∃ω

ω

Γ. It suffices to observe
that Cµ ∈ Ā, where A = {Aα}α<κ (using the fact that Λ(∃ωω

Γ, κ) =
Λ(Γ, κ) from the proof of lemma 3.10). Let s ⊆ ωω be countable. Let α(s)
be the least element of

⋂
z∈sA

′
z, where A′z = Az if z ∈ Cµ and otherwise

A′z = κ − Az. Then for all z ∈ s we have z ∈ Cµ iff z ∈ Aα(s). So,
Cµ ∈ Λ(Γ, κ).

Suppose next that A ∈ Λ(Γ, κ). Fix A = {Aα}α<κ with A ∈ Ā. For d a
Turing degree let f(d) be the least ordinal less than κ such that for all z ∈ d,
z ∈ A iff z ∈ Af(d). Define µ = f(ν) where ν is the Martin measure on
the Turing degrees. Consider the relation R(w, x) ↔ (x ∈W ∧ w ∈ Aψ(x)),
where W , ψ are defined just before definition 3.13. From the coding lemma,
R ∈ ∃ωω

Γ. From the s-m-n theorem there is a continuous function h : ωω →
ωω such that Uh(w) = {x ∈W : w ∈ Aψ(x)}, and thus Bh(w) = {α : w ∈ Aα}.
We then have that for all w ∈ ωω, w ∈ A iff ∀∗d (w ∈ Af(d)) iff ∀∗µα (w ∈ Aα)
iff h(w) ∈ Cµ. So, A ≤w Cµ. a

We next show that the pointclass Λ(Γ, κ) is where the next scale is con-
structed. We first show the upper bound.
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3.15 Lemma Let Γ be non-selfdual, closed under ∀ωω

, and pwo(Γ). As-
sume also ∃ωω

Γ has the scale property with norms into κ .= δ(Γ). Assume
also that there is a Suslin cardinal greater than κ. Then every set in ∀ωω

Γ̌
admits a scale with each norm a Λ(Γ, κ)-norm.

Proof. In all cases we have cof(κ) > ω. If A ∈ ∃ωω

Γ then there is a
tree T on ω × κ with A = p[T ] by hypothesis. Since cof(κ) > ω we may
assume T has the property that if (s, ~α) ∈ T with ~α = (α0, . . . , αn−1), then
α0 > max{α1, . . . , αn−1}. From theorem 3.2, T is weakly homogeneous.
The homogeneous tree construction then produces a tree T ′ with p[T ′] =
ωω−A .= B. Let {φn} be the scale on B associated to T ′. For x ∈ B, φn(x)
is of the form [fx]µ where fx is the rank function on Tx and µ is a measure
on κj for some j. Our property of T gives that fx(~α) < κ for every ~α ∈ Tx.
It suffices to show that the norm relations ≤∗φn

, <∗φn
are in Λ = Λ(Γ, κ).

We consider the case φ = φ0 which is of the form φ(x) = [fx(α)]µ (that is,
j = 1). The general case is similar. For α, β < κ, let

Aα,β = {(x, y) : |α|Tx ≤ β ∧ ¬(|α|Ty ≤ β)},

where |α|Tx ≤ β means α is in the wellfounded part of Tx and has rank
≤ β. We claim that each Aα,β is in ∆ = ∆(Γ). If Γ is closed under real
quantification or ∆ is not closed under real quantification, then this follows
from the fact that ∆ is closed under < κ unions and intersections. The
remaining case is when Γ is at the base of a type II or III hierarchy. Since
∆ is closed under real quantification, we may apply the coding lemma to a
suitable non-selfdual pointclass Γ0 ⊆ ∆ closed under ∃ωω

to code functions
h : (α + 1)<ω → β. From this and the closure of ∆ under quantifiers we
easily compute Aα,β ∈ ∆.

Suppose s = {(xn, yn) : n ∈ ω} is a countable set of pairs. For each n
such that xn ≤∗φ y, let Bn be a µ measure one set such that for all α ∈ Bn,
fx(α) ≤ fy(α) (we allow here the possibility that ~α is in the illfounded part
of fy). For other n, let Bn be such that for all ~α ∈ Bn we have either α is
in the illfounded part of Tx or else fy(α) < fx(α). Fix α ∈

⋂
nBn. Let β be

large enough so that for all n, if fxn
(α) is defined, then fxn

(α) < β. Then
for all n we have xn ≤∗φ yn iff (xn, yn) ∈ Aα,β . This shows ≤∗φ ∈ Ā where
A = {Aα,β}. A similar argument works for <∗φ. a

We next get the lower bound.

3.16 Lemma Let Γ, κ be as in lemma 3.15. Let A be ∀ωω

Γ̌-complete. Then
A does not admit a scale all of whose norm relations are Wadge reducible
to some B ∈ Λ(Γ, κ).

Proof. Fix A = {Aα}α<κ with each Aα ∈ ∆ and which is universal for
Λ = Λ(Γ, κ) (i.e., every A ∈ Λ is Wadge reducible to some B ∈ Ā). This is
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possible from lemma 3.10. View every real r as coding a continuous function
r : (ω)2 × (ωω)3 → ωω. Define D ⊆ ωω × ωω by:

D(x, y) ↔ ∃r ≤T x ∀∗d ∃α < κ ∀n,m ∈ ω (y(n) = m↔ ∃z ≤T d ∀w ≤T d
r(n,m, x, z, w) ∈ Aα).

From the closure of ∃ωω

Γ under wellordered unions it follows easily that
D ∈ ∀ωω∃ωω

Γ. Also, each section Dx of D is countable since it can be
wellordered (for fixed r ≤T x, the wellordering is induced by the map y →
[f ]ν where ν is the Martin measure on the degrees and f(d) is the least
α < κ satisfying the definition above). Consider ¬D ∈ ∃ωω∀ωω

Γ̌. Since we
are assuming every ∀ωω

Γ̌ set has a scale all of whose norms are reducible
to some B ∈ Λ, a standard argument shows that ¬D has a uniformizing
function f : ωω → ωω such that the relation R(n,m, x) ↔ f(x)(n) = m is in
aΛ. To see this, write ¬D(x, y) ↔ ∃u E(x, y, u) with E ∈ ∀ωω

Γ̌. Let {φn}
be an excellent scale on E with all norm relations ≤∗φn

Wadge reducible to
B ∈ Λ (in particular φn(x, y, u) determines (x�n+1, y�n+1, z�n+1)). This
is possible since Λ is closed under ∧, ∨. Let f be the canonical uniformizing
function for ¬D from this scale (that is, for some u, (x, f(x), u) has minimal
φn norm for all n). Then f(x)(n) = m iff I wins the game Gn,mx where I
and II play out z = 〈y, u〉, w = 〈y′, u′〉 respectively and I wins the run iff
y(n) = m and (x, y, z) ≤∗φn

(x, y′, z′). Fix now a B ∈ Λ and a real r coding
a continuous function so that for all n,m, x, z, w,

f(x)(n) = m↔ I wins the game Gn,mx
↔ a〈z, w〉 r(n,m, x, z, w) ∈ B
↔ ∀∗d ∃z ≤T d ∀w ≤T d r(n,m, x, z, w) ∈ B.

Fix now x ≥T r and let y = f(x), so ¬D(x, y). On the other hand, for
d a Turing degree let α(d) < κ be least such that B and Aα(d) agree on
reals in d. Then for any n, m we have y(n) = m iff ∀∗d ∃z ≤T d ∀w ≤T
d r(n,m, x, z, w) ∈ Aα(d). Intersecting countably many cones gives that

∀∗d ∀n,m (y(n) = m↔ ∃z ≤T d ∀w ≤T d r(n,m, x, z, w) ∈ Aα(d)).

Since r ≤T x, this shows that D(x, y), a contradiction. a

Lemmas 3.15 and 3.16 show that Λ(Γ, κ) is precisely where the norms
relations for the next Suslin class are constructed. We record this in the
following theorem.

3.17 Theorem Let Γ be non-selfdual, closed under ∀ωω

, and pwo(Γ). As-
sume also ∃ωω

Γ has the scale property with norms into κ .= δ(Γ). Assume
also that there is a Suslin cardinal greater than κ. Then every ∀ωω

Γ̌ set
admits a scale all of whose norm relations lie in the pointclass Λ = Λ(Γ, κ).
Furthermore, there is no scale on a ∀ωω

Γ̌ complete set all of whose norm
relations are Wadge reducible to some B ∈ Λ.
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It is immediate from theorem 3.17 that cof(o(Λ)) = ω. When Γ is closed
under real quantifiers we can say a bit more.

3.18 Lemma Let Γ be non-selfdual, closed under real quantification, and
scale(Γ). Assume there is Suslin cardinal greater than κ = o(Γ). Then
λ
.= o(Λ) (where Λ = Λ(Γ, κ)) is the least Suslin cardinal greater than κ.

Furthermore, every set in Λ admits a scale all of whose norm relations lie
in Λ.

Proof. Recall in this case that Λ is a selfdual class closed under real quantifi-
cation. If A ∈ Γ̌ and {φn} is the scale on A as in lemma 3.15 (i.e., from the
homogeneous tree construction) then each norm relation ≤∗n is in Λ and so
has length less than δ(Λ) = o(Λ). Thus, A is λ-Suslin. On the other hand,
if A were λ′-Suslin where λ′ < λ, then from the coding lemma and the clo-
sure of Λ under real quantifiers a straightforward computation shows that
for some B ∈ Λ, ≤∗n is Wadge reducible to B for all n, a contradiction to
lemma 3.16 [Since δ(∆) = o(∆) we can find a non-selfdual Γ0 ⊆ ∆ closed
under ∃ωω

, ∧, ∨, with pwo(Γ0) and such that there is a Γ0 prewellordering
of length λ′. Then each ≤∗n is in Σ2(Γ0).] Thus, λ is the next Suslin cardinal
after κ.

Suppose now B ∈ Λ, and consider again the scale {φn} on A ∈ Γ̌ − Γ
as in lemma 3.15. Let Γ0 ⊆ Λ be a non-selfdual pointclass containing B
and ωω − B. Let Γ1 ⊆ Λ be non-selfdual, closed under ∃ωω

, pwo(Γ1), and
Γ1 properly contains Γ0. Let λ1 < λ be greater than the supremum of
the lengths of the Γ1 prewellorders. Fix n so that φn has length > λ1 (by
the previous paragraph). For α less than the length of φn, let Aα = {x ∈
A : φn(x) ≤ α}. If all the Aα are in Γ0, then from lemma 2.18 we would
have a Γ1 prewellordering of length ≥ λ1, a contradiction. Fix α so that
Aα /∈ Γ0. Then B ≤w Aα. The scale {φn} restricted to Aα is a scale on
Aα with all the norm relations in Λ. Since B ≤w Aα, B also admits such a
scale. a

3.3. The Classification of the Suslin Cardinals

We are now ready to classify the Suslin cardinals and scale property assum-
ing AD. This is the content of the next theorem. The reader should recall
the definition of the Steel pointclass from remark 2.17

3.19 Theorem Let κ be a limit of Suslin cardinals, and suppose there is
Suslin cardinal greater than κ. Then κ is a Suslin cardinal and one of the
following cases applies.

Case I. cof(κ) = ω.
Let Σ0 =

⋃
ω S<κ, where S<κ =

⋃
ρ<κ S(ρ). Define Π0 = Σ̌0, and for

i > 0, define as usual Σi = ∃ωω

Πi−1 and Πi = ∀ωω

Σi−1. Then Σ0 has the
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scale property with norms into κ. Also, S(κ) = Σ1. Let δ2i+1 = δ(Π2i+1).
Then for all i, scale(Π2i+1) and scale(Σ2i+2) with scales into δ2i+1. δ2i+1

is a Suslin cardinal and S(δ2i+1) = Σ2i+2. Also, δ2i+1 = (λ2i+1)+, where
λ2i+1 is a Suslin cardinal of cofinality ω, and λ1 = κ. S(λ2i+1) = Σ2i+1.
The sequence δ1, λ3, δ3, . . . enumerates the first ω Suslin cardinals greater
than κ.

Case II. cof(κ) > ω and the Steel pointclass Γ0 is not closed under ∃ωω

.
Let Σ0 = ∃ωω

Γ0, Π0 = Σ̌0, and for i > 0 define the Σi, Πi as usual. Then
scale(Γ0) and scale(Σ0) with norms into κ. Let δ2i+1 = δ(Π2i+1). Then
for all i, scale(Π2i+1) and scale(Σ2i+2) with scales into δ2i+1. δ2i+1 is a
Suslin cardinal and S(δ2i+1) = Σ2i+2. Also, δ2i+1 = (λ2i+1)+, where λ2i+1

is a Suslin cardinal of cofinality ω. S(λ2i+1) = Σ2i+1. The sequence λ1, δ1,
λ3, δ3, . . . enumerates the first ω Suslin cardinals greater than κ.

Case III. cof(κ) > ω and the Steel pointclass Γ0 is closed under ∃ωω

.
Γ0 has the scale property with norms into κ. Let Λ = Λ(Γ0, κ). Let Σ0 =⋃
ω Λ, Π0 = Σ̌0, and for i > 0 define Σi, Πi as usual. Then for all

i, scale(Π2i+1) and scale(Σ2i+2) with scales into δ2i+1. δ2i+1 is a Suslin
cardinal and S(δ2i+1) = Σ2i+2. Also, δ2i+1 = (λ2i+1)+, where λ2i+1 is a
Suslin cardinal of cofinality ω. S(λ2i+1) = Σ2i+1. The sequence λ1, δ1, λ3,
δ3, . . . enumerates the first ω Suslin cardinals greater than κ, and λ1 = o(Λ).

Proof. Consider first case I, that is, cof(κ) = ω. Let A ∈ Σ0, and write
A =

⋃
iAi with Ai ∈ S<κ. Let {φin}n∈ω be a scale on Ai of length

γi < κ. From the coding lemma, all of the norm relations ≤∗φi
n
, <∗φi

n
are

in S<κ. Define the norms ψn on A as follows. ψ0(x) = µi (x ∈ Ai),
ψk+1(x) = 〈φ0(x), φ

φ0(x)
k (x)〉, where 〈α, β〉 denotes the rank of (α, β) in the

lexicographic ordering on (γi)2. This is easily checked to be a scale on A
with norms into κ, and is clearly a Σ0-scale. Thus, scale(Σ0). From the
coding lemma an easy computation show S(κ) ⊆ Σ1. Also, Σ1 ⊆ S(κ) as
S(κ) is closed under ∃ωω

and countable intersections. Thus, S(κ) = Σ1.
By periodicity, scale(Π2i+1), scale(Σ2i). By definition of δ2i+1, every regu-
lar Π2i+1 scale has length ≤ δ2i+1. In particular, every Π2i+1, and hence
every Σ2i+2 set is δ2i+1-Suslin. A straightforward computation from the
coding lemma shows S(δ2i+1) ⊆ Σ2i+2, so S(δ2i+1) = Σ2i+2. Every Π2i+1

set admits a Π2i+1-scale with norms into δ2i+1, and the standard argument
transferring the scale property to ∃ωω

Π2i+1 shows that every Σ2i+2 set ad-
mits a Σ2i+2-scale with norms into δ2i+1 (that is, the lengths of the norms
do not increase with this transfer). Since Π2i+1 is closed under ∀ωω

, ∧, ∨
and pwo(Π2i+1), another standard argument (c.f. the proof of theorem 2.14)
shows that δ2i+1 is the supremum of the lengths of the Σ2i+1 wellfounded
relations, and from the coding lemma this must be a regular cardinal. So,
δ2i+1 is regular. Clearly δ2i+1 cannot be a limit Suslin cardinal (there are
only finitely many Levy classes between Σo and Σ2i+1). From lemma 3.7,
δ2i+1 = λ+

2i+1 for some Suslin cardinal λ2i+1 with cof(λ2i+1) = ω. Also from
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that lemma, Σ2i+2 = ∃ωω

Š(λ2i+1), and thus S(λ2i+1) = Σ2i+1 (this also
follows from the fact there is only one Levy class closed under ∃ωω

between
Σ2i and Σ2i+2). As we have now accounted for all the Levy classes closed
under ∃ωω

, we must have δ1 = κ+ and δ1, λ3, δ3, . . . enumerates the next
ω Suslin cardinals after κ.

Consider next case II. From lemma 3.8 we have scale(Σ0) with norms into
κ. Since Σ0 is not closed under ∀ωω

(as Π0 ⊆ ∀ωω

Σ0) we may propagate
the scale property by periodicity to Π2i+1, Σ2i+2. As in the previous case,
δ2i+1 is a Suslin cardinal, S(δ2i+1) = Σ2i+2, and δ2i+1 = λ+

2i+1, where λ2i+1

is a Suslin cardinal of cofinality ω. In this case, since cof(κ) > ω, we have
λ1 > κ. From lemma 3.7 again we have that S(λ2i+1) = Σ2i+1. As we have
again accounted for all the Levy classes closed under ∃ωω

, the sequence
λ1, δ1, λ3, δ3 . . . enumerates the next ω Suslin cardinals after κ. scale(Γ0)
follows from lemma 3.8.

Consider now case III. From lemma 3.8, Γ0 has the scale property with
norms into κ, and also S(κ) = Γ0. From lemma 3.18, Σ0 has the scale
property with norms into λ .= o(Λ). Recall in this case that Λ is selfdual,
closed under real quantification, and cof(λ) = ω. From lemma 3.18, λ is
the next Suslin cardinal after κ, and S(λ) = Σ1 (Σ1 ⊆ S(λ) follows from
the closure of S(λ) under ∃ωω

and countable intersections, and S(λ) ⊆ Σ1

follows by a straightforward computation using the coding lemma and the
closure of Σ1 under countable unions and intersections). Since λ is the next
Suslin cardinal after κ and δ1 is regular, we must have δ1 > λ. Since every
Σ1 wellfounded relation has length < λ+ by the Kunen-Martin theorem, it
follows that δ1 ≤ λ+, and so δ1 = λ+. In particular, λ1 = λ. The remaining
arguments are exactly as in the previous cases. a

4. Trivial Descriptions: A Theory of ω1

We assume AD + DC throughout §4.
Our goal in this section is to present a “theory of ω1,” using only tech-

niques that will generalize to higher levels. Starting from the weak partition
relation on ω1 (proved in the last section), we prove the strong partition re-
lation on ω1, calculate δ1

3, and prove the weak partition relation on δ1
3. This

represents the first step in the inductive analysis of the projective ordinals.
We also use these techniques to present a proof of the Kechris-Martin the-
orem on Π1

3. These results are not new (c.f. [9, 33]), but our proofs do not
rely on the theory of indiscernibles for L (as did the original proofs) but
rather on a direct analysis on the measures on ω1 (and the ωn). The idea
of using an analysis of measures to provide a good coding for sets was first
used by Kunen (see [33]) in the original proof of the weak partition relation
on δ1

3.
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As we mentioned in the introduction, one of our motivations in this sec-
tion is to introduce and use the terminology of “descriptions,” even though
the concept at this level is rather trivial and could be dispensed with. This
way, the arguments at the higher levels will have the same general form,
though the concept of description will become non-trivial. This will free us,
in the next section, to concentrate on this point.

Our first job is to analyze the measures on ω1, from which the strong
partition relation on ω1 will follow.

Recall that if T ⊆ ρ<ω is a tree on ρ and α < ρ, then T �α = T ∩ α<ω
denotes the tree restricted to α, and if β is in the well-founded part of T �α,
then |(T �α)(β)| denotes the rank of β in T �α. Also, if T is a tree on α× ρ,
then Tx = {~s ∈ ρ<ω : (x� lh(~s), ~s) ∈ T} is the section of the tree at x.

Let WO ⊆ ωω be the standard set of codes for well-orderings, that is
x ∈ WO iff ≺x

.= {(n,m) : x(〈n,m〉) = 1} is a well-ordering of ω. Let
WF ⊇ WO be the set of codes of well-founded, transitive relations on ω.
That is, x ∈ WF iff ≺x is a well-founded and transitive relation. Both WO,
WF are in Π1

1 −Σ1
1. For x ∈ WF, let |x| =|≺x|= sup

n∈dom(≺x)

(|n|≺x
+ 1).

The finite exponent partition relation on ω1 easily implies that the c.u.b.
filter on ω1 is a normal measure, and is the unique normal measure on ω1.
We letWm

1 denote them-fold product of this normal measure. Equivalently,
A ⊆ (ω1)m has measure one with respect to Wm

1 iff there is a c.u.b. C ⊆ ω1

such that (C)m ⊆ A. Note that we regard Wm
1 as a measure on the set of

tuples (α0, . . . , αm−1) for which α0 < · · · < αm−1. With this convention,
we may safely write the ordinals in the tuple in any order (which will be
notationally convenient later).

Recall the construction of the Kunen tree on ω1:

4.1 Lemma (Kunen) There is a tree T on ω×ω1 such that for all f : ω1 →
ω1, there is an x ∈ ωω such that Tx is well-founded and for all ω ≤ α < ω1

we have f(α) ≤ |Tx�α|.

Proof. Let S be a recursive tree on ω×ω with p[S] a Σ1
1-complete set. Define

the tree U on ω × ω1 by:

((a0, . . . , an−1), (α0, . . . , αn−1)) ∈ U ↔ ∀i, j < n (a〈i,j〉 = 1 → αi < αj)
∧ ∀i, j, k < n (a〈i,j〉 = 1 ∧ a〈j,k〉 = 1 → a〈i,k〉 = 1)

Clearly, p[U ] = WF. Let V be the tree on ω×ω×ω1×ω×ω defined by:

(~s,~a, ~α,~b,~c) ∈ V ↔ (~a, ~α) ∈ U ∧ (~b,~c) ∈ S

∧ ∃σ extending ~s (σ(~a) = ~b),

where we view every real σ as coding a strategy for II in some reasonable
manner. Suppose f : ω1 → ω1. Consider the game where I, II play out x, y,
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and II wins iff [x ∈ WF → Sy is wellfounded ∧ |Sy| > sup
β≤|x|

f(β)]. II easily

wins by boundedness, noting that

sup {|Sy| : Sy is wellfounded} = ω1,

as otherwise p[S] would be Borel. Let σ be winning for II. Note that for all
α < ω1, if x ∈ WF and |x| = α, then Ux�α is ill-founded. It follows that Vσ
is well-founded and for all α ≥ ω, we have |Vσ�α| > f(α). It is now easy to
code the 2nd, 3rd, 4th, and 5th coordinates of V into the second coordinate
of a tree T (say by weaving the values of the four components; this does not
decrease rank, that is, |Tσ�α| ≥ |Vσ�α| for all σ, α). a

We note that the Kunen tree T is ∆1
1 in the codes. By this we mean

that there are Σ1
1, Π1

1 relations S(n, a, x), R(n, a, x) such that for all x with
x0, . . . , xn−1 ∈ WO, we have

S(n, a, x) ↔ R(n, a, x) ↔ ((a0, . . . , an−1), (|x0|, . . . , |xn−1|)) ∈ T.

This follows immediately from the definition of T (see lemma 4.1).
Although the difference is not large, it is sometimes to more convenient to

deal with linear orderings rather than trees. The following theorem shows
that we may modify the Kunen tree so as to make this possible. Recall that
if s ∈ ωn, then Ts = {~α ∈ ωn1 : (s, ~α) ∈ T}.

4.2 Theorem There is a function s→ T (s) which assigns to each s ∈ ω<ω
a well-ordering of a subset of ω1 with the following properties. If t extends
s, then T (t) ⊇ T (s). For x ∈ ωω, let T (x) =

⋃
n T (x�n), so T (x) is a

linear order. Then for any f : ω1 → ω1, there is an x ∈ ωω such that
T (x) is a well-ordering and for all α ≥ ω, f(α) < |T (x)�α|. Furthermore,
the map s → T (s) is ∆1

1 in the codes. That is, there are Σ1
1, Π1

1 relations
S(n, a, x, y), R(n, a, x, y) such that for all x, y ∈ WO, we have

S(n, a, x, y) ↔ R(n, a, x, y) ↔ [(|x|, |y|) ∈ T (a0, . . . , an−1)].

Proof. We modify the Kunen tree T as follows. Fix a bijection π : (ω1)<ω →
ω1 such that for all α0, . . . , αn−1 < ω, we have π(α0, . . . , αn−1) < ω. For
s ∈ ω<ω, let T (s) be the well-ordering defined by

α T (s) β ↔ π−1(α), π−1(β) ∈ Ts ∧ (π−1(α) <KB
Ts

π−1(β)),

where <KB
Ts

denotes the Kleene-Brouwer ordering on Ts. For x ∈ ωω, let
T (x) =

⋃
n T (x�n). Clearly T (x) is a linear ordering, and is a well-ordering

iff Tx is well-founded. Suppose now f : ω1 → ω1. Let C ⊆ ω1 be the c.u.b.
set of ordinals closed under π. Note that ω ∈ C. For α ≥ ω, let l(α) be the
greatest element of C which is less than or equal to α. Define

f ′(α) = sup {f(β) : l(β) = l(α)}.
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Let x ∈ ωω be such that Tx is well-founded and for all α ≥ ω, |Tx�α| > f ′(α).
We claim that for all α ≥ ω, |T (x)�α| > f(α). Note that π−1 applied to
T (x)�α contains the entire tree Tx�l(α). Thus, |T (x)�α| ≥ |Tx�l(α)| >
f ′(l(α)) ≥ f(α). We may also choose the bijection π so that π is ∆1

1 in the
codes, and it is then straightforward to check that s → T (s) is ∆1

1 in the
codes. a

In the future, we will use the notation Ts for the Kunen “tree,” regardless
of whether we are using the tree Ts or the linear ordering T (s). The meaning
will be clear from the context.

For the rest of §4, T will denote the Kunen tree of lemma 4.1.
Note that for every f : ω1 → ω1, the equivalence class [f ]W 1

1
may be coded

by a pair (x, β) where x ∈ ωω, β < ω1. By this we mean ∀∗
W 1

1
α f(α) =

|(Tx�α)(β)|. To see that x and β exist, use normality and the fact that ∀∗α
∃β < α f(α) = |(Tx�α)(β)|.

4.3 Definition A level −1, or trivial description, d is simply a positive
natural number d ∈ ω. We let D−1 = ω − {0} be the set of trivial de-
scriptions. The interpretation function h assigns to each d ∈ D−1 an
ordinal by: h(d) = d. We say a trivial description d is well-defined, or
satisfies condition D, with respect to a measure Wm

1 iff d ≤ m. If d is
well-defined with respect to Wm

1 and β1 < · · · < βm < ω1, we define
h(β1, . . . , βm; d) = βd. If g : ω1 → ω1, and d is well-defined with re-
spect to Wm

1 , we define an ordinal (g;Wm
1 ; d). This is represented with

respect to Wm
1 by the function which assigns to β1, . . . , βm the ordinal

(g;β1, . . . , βm; d) .= g(h(β1, . . . , βm; d)) = g(βd).

Clearly, (g;Wm
1 ; d) only depends on [g]W 1

1
. In this way, the trivial de-

scriptions, together with the equivalence classes of functions with respect to
the normal measure on ω1 generate equivalence classes with respect to the
family of measures Wm

1 . Note that for g = id, the identity function on ω1,
we have (id; ~β; d) = βd. We introduce a “lowering operator” L on D−1.

4.4 Definition We define L(d) = d − 1 for d > 1. If d = 1, we do not
define L(d), and say d = 1 is minimal with respect to L.

By definition, there is a unique d ∈ D−1 which is minimal with respect
to L.

As a warm-up, we use this terminology to recast one familiar proof of the
computation δ1

3 = ωω+1. In this context, our “main technical lemma” is the
following (the reader will note that the lemma corresponds to a well-known
property of indiscernibles for L).

4.5 Lemma Let f : (ω1)m → ω1, d be well-defined with respect to Wm
1 , and

assume [f ]Wm
1
< (id;Wm

1 ; d). If d is non-minimal with respect to L, then
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there is a g : ω1 → ω1 such that [f ]Wm
1
< (g;Wm

1 ;L(d)). If d is minimal
with respect to L, then ∃α < ω1 [f ]Wm

1
< α.

Proof. We have ∀∗Wm
1
β1, . . . , βm f(~β) < (id;β1, . . . , βm; d) = βd. Con-

sider the case d non-minimal with respect to L. Consider the partition
P, where we partition ordinals β1 < · · · < βm < ω1 with the extra ordi-
nal βd−1 < γ < βd according to whether γ > f(β1, . . . , βm). Clearly, on
the homogeneous side the stated property holds. Let C ⊆ ω1 be c.u.b.
and homogeneous for P. Let g(α) = the least element of C greater than
α. Then ∀∗Wm

1
β1, . . . , βm f(~β) < g(βd−1) = (g;β1, . . . , βm;L(d)), thus

[f ]Wm
1
< (g;Wm

1 ;L(d)). The case where d is minimal with respect to L
is similar. a

We let < be the transitive relation on D−1 generated by the relation
L(d) < d. Of course, < is just the usual ordering on the positive integers.
We let |d| denote the rank of d in this ordering, so |d| = d− 1.

Lemma 4.5 and the analysis of functions f : ω1 → ω1 with respect to
the normal measure W 1

1 on ω1 (i.e., the Kunen tree construction) suffice
to compute upper bound for jWm

1
(ω1), where jWm

1
denotes the ultrapower

embedding corresponding to the measure Wm
1 . This is made explicit in the

following theorem.

4.6 Theorem Let d be defined with respect to Wm
1 . Then (id;Wm

1 ; d) ≤
ω|d|+1.

Proof. By induction on |d|. If |d| = 0 (i.e., d = 1), then (id;Wm
1 ; d) ≤ ω1

from lemma 4.5. Otherwise, let α < (id;Wm
1 ; d). From lemma 4.5, ∃g : ω1 →

ω1 such that α < (g;Wm
1 ;L(d)). Recall T is the Kunen tree of lemma 4.1.

Let x ∈ ωω be such that Tx is well-founded and ∀∗β g(β) < |Tx�β|. Let |Tx|
also denote the function β → |Tx�β|. Thus, α < (|Tx|;Wm

1 ;L(d)). Tx also
induces a bijection π between (id;Wm

1 ;L(d)) and (|Tx|;Wm
1 ;L(d)). Namely,

if δ < (id;Wm
1 ;L(d)), then π(δ) < (|Tx|;Wm

1 ;L(d)) is defined by

∀∗Wm
1
β1, . . . , βm [π(δ)(~β) = |(Tx�(id; ~β;L(d)))(δ(~β))|]

Thus, (g;Wm
1 ; d) < (id;Wm

1 ;L(d))+, and so (id;Wm
1 ; d) ≤ (id;Wm

1 ;L(d))+.
By induction, (id;Wm

1 ;L(d)) ≤ ω|L(d)|+1 = ω|d|, so (id;Wm
1 ; d) ≤ ω|d|+1. a

As a corollary, we have an upper bound for δ1
3.

4.7 Corollary δ1
3 ≤ ωω+1.

Proof. The homogeneous tree analysis, which we will not reproduce here,
shows that every Π1

2 set is λ3-Suslin, where where λ3 ≤ sup jν(ω1), the
supremum ranging over measures ν occurring in the homogeneous tree on
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a Π1
1-complete set; that is the measures Wm

1 . [The homogeneous tree con-
struction is described in detail in [18]. The definition of a homogeneous
tree is given in §5, and more general arguments are presented there as
well. In particular, the arguments immediately after definition 5.1 suffice
to prove the above claim.] From the Kunen-Martin theorem, it follows that
δ1

3 ≤ [sup
m
jWm

1
(ω1)]+. Now, a small variation in the proof of lemma 4.5

shows that jWm
1

(ω1) ≤ (id;Wm
1 ; d̃)+, where d̃ .= m is the maximal descrip-

tion defined with respect to Wm
1 . Thus, jWm

1
(ω1) ≤ ωm+1, and so λ3 ≤ ωω.

a

We will get the lower bound for δ1
3 as a consequence of a general result

of Martin. However, we first need the strong partition relation on ω1.

4.1. Analysis of Measures on δ1
1

The next theorem is our analysis of an arbitrary measure ν on ω1. The key
idea is to exploit a pressing down argument with respect to ν.

4.8 Theorem Let ν be a measure on ω1. Then there are finitely many reals
x0, . . . , xn with Txi

well-founded for 0 ≤ i ≤ n, and an ordinal α < ω1 such
that for all A ⊆ ω1:

ν(A) = 1 ↔ ∀∗
Wn+1

1
β0, . . . , βn (hαx0,...,xn

(β0, . . . , βn) ∈ A),

where for 0 ≤ i ≤ n, δi
.= hαx0,...,xi

(β0, . . . , βi) is defined inductively by:
δi = |(Txi

�βi)(δi−1)|, and δ−1 = α. In particular, ν is equivalent to Wn+1
1

for some n ∈ ω.

Proof. We may assume that ν is non-principal. Let g0 : ω1 → ω1 satisfy:

1. There is a ν measure one set A such that g0�A is monotonically in-
creasing (i.e., if α < β are in A, then g0(α) ≤ g0(β)).

2. There does not exist a ν measure one set A such that g0�A is constant.

3. If [g]W 1
1
< [g0]W 1

1
, then g does not satisfy (1) and (2).

g0 exists, since the identity function satisfies (1), (2). Consider the mea-
sure g0(ν) (that is, g0(ν)(A) = 1 iff ν(g−1

0 (A)) = 1). If C is c.u.b. , then
g0(ν)(C) = 1, as otherwise p◦g0 violates the minimality of g0, where p(α) =
the largest element of C less than or equal to α. Thus, g0(ν) = W 1

1 . Fix
A of ν measure one such that g0�A is monotonically increasing. Define
h(α) = sup {β ∈ A : g0(β) ≤ α}. Clearly h : ω1 → ω1. Let x0 be such that
Tx0 is well-founded and ∀∗

W 1
1
β h(β) < |Tx0�β|. Thus, ∀∗να α < h(g0(α))

≤ |Tx0�g0(α)|. Let r0 : ω1 → ω1 be such that ∀∗να r0(α) < g0(α) and
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∀∗να [α = |(Tx0�g0(α))(r0(α))|]. Let d0 = d1 = 1, which are defined with
respect to W 1

1 . For α in the ν measure one set such that r0(α) < g0(α) is
defined, we define

h(g0(α); (W 1
1 ;x0; d0, d1); r0(α)) =|(Tx0�h(g0(α); d0))(r0(α))|

=|(Tx0�g0(α))(r0(α))|.

We have thus produced a tuple (〈W 1
1 ;x0; d0, d1〉, g0, r0) satisfying the fol-

lowing:

1. d0, d1 are defined with respect to W 1
1 and Tx0 is well-founded.

2. g0(ν) = W 1
1 .

3. ∀∗να r0(α) < h(g0(α); d1)

4. ∀∗να [α = h(g0(α); (W 1
1 ;x0; d0, d1); r0(α))].

With this first step as motivation, we make the following definitions.

4.9 Definition A level-1 complex is a tuple of the form

C = 〈Wm
1 ;x0, . . . , xn−1; d0, . . . , dn〉

where m ≥ 1, n ∈ ω (if n = 0, then no xi appear). If n ≥ 1, then each di is
defined with respect to Wm

1 for 0 ≤ i ≤ n, d0 > d1 > · · · > dn−1 ≥ dn, and
each Txi is well-founded for 0 ≤ i ≤ n− 1.

If C as above is a complex with n ≥ 1, γ < ω1, and β1 < . . . βm < ω1, de-
fine h(β1, . . . , βm; C; γ) = |(Tx0�h(~β; d0))(α1)|, where α1 = |(Tx1�h(~β; d1))(α2)|,
. . ., αn−1 = |(Txn−1�h(~β; dn−1))(αn)|, and αn = γ. If n = 0, then we define
h(~β; C; γ) = γ.

Written out directly, the equation for h is:

h(β1, . . . , βm; C; γ) = |Tx0�βd0(|Tx1�βd1(. . . |Txn−1�βdn−1(γ)| . . .)).

The definition of h(~β; C; γ) is actually only on the Wm
1 measure one set of

~β such that h(~β; d0) > α1, etc. Off this measure one set, we leave h(~β; C; γ)
undefined. Note that the last description dn is not used in the definition of
h(~β; C; γ); its role is to provide a bound for the r function in the following
definition (the r stands for “remainder,” it represents, roughly speaking,
the part of the measure that has not yet been analyzed).

We abstract the general step of the analysis into the following definition.
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4.10 Definition A situation for ν is a triple (C, g, r) satisfying the follow-
ing:

1. C = 〈Wm
1 ;x0, . . . , xn−1; d0, . . . , dn〉 is a complex (defined immediately

above).

2. g : ω1 → (ω1)m, and g(ν) = Wm
1 .

3. r : ω1 → ω1, and ∀∗να r(α) < h(g(α); dn).

4. ∀∗να [α = h(g(α); C; r(α))].

Among all situations for ν, we now choose one with minimal value for
[α→ h(g(α); dn)]W 1

1
(that is, which minimizes the bound for the function r).

We denote this situation by (C; g; r), where C = 〈Wm
1 ;x0,. . .,xn−1; d0,. . .,dn〉.

We claim that r is constant ν almost everywhere, that is, ∃γ < ω1 ∀∗να
r(α) = γ. Granting this, it follows from (2), (4) that ν(A) = 1 iff ∃ c.u.b. C
⊆ ω1 ∀β1, . . . , βm ∈ C h(~β; C; γ) ∈ A. This gives the theorem via a minor
cosmetic change: if m > n we replace Wm

1 by Wn
1 , and replace d0, . . . , dn−1

by n, n − 1, . . . , 1, which gives the same measure (we eliminate the coordi-
nates of Wm

1 not used in the definition of h(~β; C; γ)).
We consider the case where dn is minimal, that is, dn = 1, the other case

being similar (in fact, as we remarked above, there is no loss of generality
in assuming m = n and d0, . . . , dn−1 = n, . . . , 1, in which case dn = 1). We
consider two cases.

First assume that there is a ν measure one set A such that for α ∈ A there
is a δ < h(g(α); dn) (that is, δ < β1, where g(α) = β1, . . . , βm) such that
for all α′ ∈ A with g(α′) = g(α) we have r(α′) < δ. Fix such a measure one
set A, and by (3) we may assume ∀α ∈ A r(α) < h(g(α); dn). By (2), let C
be c.u.b. such that for all β1 < · · · < βm ∈ C ∃α ∈ A g(α) = (β1, . . . , βm).
Thus,

∀β1 < · · · < βm ∈ C ∃δ < β1 sup {r(α) : α ∈ A ∧ g(α) = (β1, . . . , βm)} < δ.

By normality, δ is constant on a Wm
1 measure one set, and by countable

additivity of ν, r is constant on a ν measure one set.
Suppose now such a measure one set does not exist. It follows that for any

A of ν measure one that ∀∗να ∈ A ∀δ < β1 ∃α′ ∈ A [g(α′) = g(α)∧r(α′) > δ],
where g(α) = (β1, . . . , βm). Let g′ : ω1 → ω1 satisfy the following:

1. ∀∗να g′(α) < h(g(α); dn). In other words, g′(α) < β1, where g(α) =
(β1, . . . , βm).

2. There is a ν measure one set A such that if α1, α2 ∈ A, g(α1) = g(α2),
and r(α1) ≤ r(α2), then g′(α1) ≤ g′(α2).
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3. For any A of ν measure one we have ∀∗να ∈ A ∀δ < β1 ∃α′ ∈ A
[g(α′) = g(α) ∧ g′(α′) > δ], where g(α) = (β1, . . . , βm).

4. If [g′′]ν < [g′]ν , then g′′ does not satisfy (1)-(3).

g′ exists, since r satisfies (1)-(3). Also, g′(ν) = W 1
1 , since if there were a

c.u.b. C such that ∀∗να g′(α) /∈ C, then p ◦ g′ would violate the minimality
of g′, where p(α) = the largest element of C less than or equal to α. Let
g̃(α) = g′(α)ag(α), so g̃(ν) = Wm+1

1 . Fix a ν measure one set A witnessing
(1), (2) for g′. Consider the partition P: we partition β0 < δ < β1 < β2 <
· · · < βm according to whether

sup {r(α) : α ∈ A ∧ g(α) = (β1, . . . , βm) ∧ g′(α) ≤ β0} < δ.

Using (2), (3) it follows that on the homogeneous side the stated prop-
erty holds. Let C be c.u.b and homogeneous for P, and let NC(α) = the
least element of C greater than α. Thus, ∀∗να r(α) < NC(g′(α)). Let
xn be such that Txn

is well-founded and ∀∗
W 1

1
β NC(β) < |Txn

�β|. Define
r′ : ω1 → ω1 so that ∀∗να r′(α) < g′(α) and ∀∗να [r(α) = |(Txn

�g′(α))(r′(α))|.
Let d′0 = d0 + 1, . . . , d′n−1 = dn−1 + 1 (to maintain the correspondence
between the appropriate coordinates of Wm

1 and Wm+1
1 ), and let d′n =

d′n+1 = 1. Let C′ = 〈Wm+1
1 ;x0, . . . , xn; d′0, . . . , d

′
n, d

′
n+1〉. Note then that

∀∗να [α = h(g̃(α); C′; r′(α)]. Since ∀∗να h(g̃(α); d′n) < h(g(α); dn), it follows
that (C′; g̃; r′) violates the minimality of (C; g; r), a contradiction. a

4.2. The Strong Partition Relation on ω1

We now convert this analysis of measures to a coding of the subsets of ω1.
As we mentioned before, this idea is due to Kunen. Throughout §4.2, T
continues to denote the Kunen tree of lemma 4.1.

First we code (enough) c.u.b. sets. If σ ∈ ωω, let

Cσ = {α < ω1 : α > ω ∧ ∀β < α (Tσ�β is well-founded ∧ |Tσ�β| < α)}.

For any σ, Cσ is a closed subset of ω1, and if Tσ is well-founded then Cσ is
also unbounded. Also, for all c.u.b. C ⊆ ω1, there is a σ ∈ ωω such that Tσ
is well-founded and Cσ ⊆ C. For we may choose σ so that for all infinite
β < ω1, |Tσ�β| > NC(β).

4.11 Definition Suppose C = 〈Wm
1 ;x0, . . . , xn−1; d0, . . . , dn〉 is a complex,

Tσ is well-founded, and γ < ω1. If n ≥ 1, we define (with h as in defini-
tion 4.9)

Sσ,C,γ = {h(β1, . . . , βm; C; γ) : ~β ∈ (Cσ)m ∧ γ < β1 ∧ h(~β; C; γ) ≥ βm}.
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For n = 0 we define Sσ,C,γ = {γ}. We say S ⊆ ω1 is simple if it is of the
form Sσ,C,γ for some σ, C, γ.

4.12 Theorem Every A ⊆ ω1 is a countable union of simple sets.

Proof. Let A ⊆ ω1, and suppose the theorem fails for A. Let I ⊆ P(A) de-
note the countably additive ideal of I ⊆ A such that I =

⋃
i

Si is a countable

union of simple sets Si ⊆ A. Thus, A /∈ I. Also, I contains all singletons
as every {γ} is simple. By AD, every countably additive filter (dual to an
ideal I) on an ordinal < Θ (identified here with A) can be extended to a
measure. [One way to see this: by the coding lemma, let π : ωω → I be
onto. For d a Turing degree, let f(d) = least element of A −

⋃
x∈d

π(x). If

µ is the Martin measure on the degrees, then f(µ) is a measure on A with
f(µ)(I) = 0 for all I ∈ I].

Let ν be a measure on A extending the filter dual to I. Since ν(A) = 1, by
theorem 4.8 we have some simple set S ⊆ A with ν(S) = 1. This contradicts
S ∈ I. a

We view each real z as coding countably many reals zn, each of which
codes reals σn, wn, and a sequence Cn = 〈Wm

1 ;x0, . . . , xt−1; d0, . . . , dt〉 which
satisfies the definition of a complex except that we do not require the Txi to
be well-founded (we call this a partial complex). To each zn we associate a
set Azn

defined as follows. If wn /∈ WO (the set of codes for well-orderings
of ω), we set Azn

= ∅. Otherwise, set

α ∈ Azn ↔ ∃β1 < · · · < βm ≤ α [β1 > |wn| ∧ {∀i βi ∈ Cσn

∧ α = h(~β; Cn; |wn|)}].

We define here h(~β; Cn; γ) for the partial complex Cn similarly to defini-
tion 4.9: h(~β; Cn; γ) = |Tx0�h(~β; d0)(α1)|, where α1 = |Tx1�h(~β; d1)(α2)|,
etc., provided α1 is in the well-founded part of Tx0�h(~β; d0), α2 is in the
well-founded part of Tx1�h(~β; d1), etc. If some αi+1 is not in the well-
founded part of Txi

�h(~β; di), we leave h(~β; Cn; γ) undefined. Thus, for all
z ∈ ωω, the sets Azn ⊆ ω1 are defined. We set Az =

⋃
n∈ω

Azn .

The following theorem says that this coding is reasonable.

4.13 Theorem The coding z → Az satisfies the following:

1. ∀A ⊆ ω1 ∃z A = Az.

2. ∀α < ω1 {z : α ∈ Az} ∈ ∆1
1.
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Proof. (1) follows immediately from theorem 4.12. (2) is a straightforward
computation using the facts that ∀β < ω1 {σ : β ∈ Cσ} ∈ ∆1

1, and ∀β, γ, δ <
ω1 {z : |(Tz�β)(γ) ≤ δ} ∈ ∆1

1. a

If we view functions F : ω1 → ω1 as subsets of (ω1)2, and use our coding
above (identifying (ω1)2 with ω1), it is not quite good enough to witness that
ω1 is ω1-reasonable. To get this, we must make a small modification to our
coding, essentially modifying only the first step of the proof of theorem 4.8.
We sketch the changes that need to be made.

We code binary relations F ⊆ ω1 × ω1 as follows. Every real z codes
countably many reals zn, each of which codes reals σn, w1

n, w
2
n, and a partial

complex Cn = 〈Wm
1 ;x0, . . . , xt−1; d0,. . .,dt〉. Set

(α, β) ∈ Fz ↔∃n [w1
n, w

2
n ∈ WO ∧ |w1

n| < α ∧ |w2
n| < α∧

∃β1 < · · · < βm ≤ α [β1 > max{|w1
n|, |w2

n} ∧ ∀i βi ∈ Cσn

∧ α = h(~β; C; |w1
n|) ∧ β = h(~β; C; |w2

n|]
∧ ∀n′ ∈ ω [{w1

n′ , w
2
n′ ∈ WO ∧ |w1

n′ | < α ∧ |w2
n′ | < α∧

∃β′1 < · · · < β′m ≤ α [β1 > max{w1
n′ , w

2
n′} ∧ ∀i β′i ∈ Cσn′

∧ α = h(~β′; C; |w1
n′ |)} → h(~β′; C; |w2

n′ |) = β]

The main difference now is that the βi are required to be ≤ α (rather
than ≤ max{α, β}). Note also that if Fz(α, β) and Fz(α, β′), then β = β′.

The analog of theorem 4.12 becomes:

4.14 Theorem For every function F : ω1 → ω1, ∃z F = Fz.

Proof. Fix F : ω1 → ω1. Let X = {(α, β) : β = F (α)}. Let I be the
countably additive ideal on X consisting of countable unions of sets I such
that I ⊆ S ⊆ F for some simple S, that is, S = Sσ,C,γ1,γ2 for some complex
C, well-founded Tσ, and γ1, γ2 < ω1, where

(α, β) ∈ Sσ,C,γ1,γ2 ↔∃β1 < · · · < βm ≤ α [β1 > max{γ1, γ2}

∧ ∀i(βi ∈ Cσn
) ∧ α = h(~β; C; γ1) ∧ β = h(~β; C; γ2)]

We finish as in theorem 4.12 provided we show that every measure ν on
X is generated by simple sets. To do this, we need only modify the first
step in the proof of theorem 4.8.

Let π(α, β) = α be the projection onto the first coordinate. Let ν′ =
π(ν). Define g0 exactly as in theorem 4.8, using ν′. Let A be a ν′ mea-
sure one set on which g0 is monotonically increasing, and define h(α) =
sup {max(β, γ) : β ∈ A ∧ γ = F (β) ∧ g0(β) ≤ α}. Let Tx0 be well-founded
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and ∀∗
W 1

1
γ h(γ) < |Tx0�γ|. Thus, ∀∗ν(α, β) max(α, β) < |Tx0�g0(α)|. Let

r0, s0 : ω1 → ω1 be such that ∀∗ν(α, β) r0(α), s0(α) < g0(α) and

∀∗ν(α, β) [α = |(Tx0�g0(α))(r0(α))| ∧ β = |(Tx0�g0(α))(s0(α))|].

The argument then proceeds as in theorem 4.8. a

This coding suffices for the strong partition relation on ω1.

4.15 Theorem The coding z → Fz witnesses ω1 is reasonable relative to
the pointclass Σ1

1.

Proof. (1), (2) in definition 2.30 are immediate, and (3) is a straightforward
computation using the definition of Fz. (4) follows from the fact that if
A ∈ Σ1

1, α < ω1 and ∀z ∈ A ∃β Fz(α, β), then there is a Σ1
1 relation ≺ such

that for all z1, z2 ∈ A, Fz1(α) < Fz2(α) ↔ z1 ≺ z2. a

4.16 Corollary ω1 → (ω1)ω1 .

We now obtain the lower bound for δ1
3, again, using only techniques that

will generalize. We use the following general theorem of Martin.

4.17 Theorem (Martin) Assume κ → (κ)κ. Then for any measure ν on
κ, the ultrapower jν(κ) is a cardinal.

Proof. Toward a contradiction, fix ν such that jν(κ) is not a cardinal, and
let F : jν(κ) → λ be a bijection, where λ < jν(κ). Consider the partition P:
we partition f, g : κ → κ of the correct type with f(α) < g(α) < f(α + 1)
according to whether F ([f ]ν) < F ([g]ν). It is clear by wellfoundedness
that we cannot have a c.u.b. set homogeneous for the contrary side of the
partition. Let C ⊆ κ be c.u.b. and homogeneous for P. Fix an ordinal θ
with λ < θ < jν(κ), and let [h]ν = θ. Define h′ : κ → C inductively by:
h′(α) = the ω · (h(α) + 1)st element in C greater than sup

β<α
h′(β). Since κ is

regular, this is well defined. We then produce an order preserving map H
from θ into λ, a contradiction. Namely, if δ < θ, let [fδ]ν = δ, with fδ < h
everywhere. Define f ′δ : κ→ C by: f ′δ(α) = the ω · (fδ(α) + 1)st element of
C greater than sup

β<α
h′(β). Then set H(δ) = F ([f ′δ]ν). It is easy to see that

this is well-defined and order-preserving from θ into λ. a

4.18 Corollary δ1
3 = ωω+1.
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Proof. Define π : jWm
1

(ω1) → jWm+1
1

(ω1) by: π([f ]Wm
1

) = [f ′]Wm+1
1

where
f ′(α1, . . . , αm+1) = f(α1, . . . , αm). This gives an embedding from jWm

1
(ω1)

into [idm+1]Wm+1
1

, where idm+1(α1, . . . , αm+1) = αm+1. Thus, jWm
1

(ω1) <
jWm+1

1
(ω1). From theorem 4.17 and the previous upper bound, it fol-

lows that jWn
1
(ω1) = ωn+1. Using the coding lemma to code functions

f : (ω1)m → ω1, and also our coding of c.u.b. sets, it is easy to compute
the prewellordering corresponding to the ultrapower jWm

1
(ω1) as ∆1

3 (in
fact, a more careful computation shows that the prewellordering lies in the
pointclass aω ·m–Π1

1). Thus, δ1
3 ≥ sup

m
jWm

1
(ω1) = ωω. Since δ1

3 is regular,

δ1
3 ≥ ωω+1. a

4.3. The Weak Partition Relation on δ1
3

Starting from the weak partition relation on δ1
1 = ω1, we have computed δ1

3

and proved the strong partition relation on δ1
1. To complete the cycle, we

establish now the weak partition relation on δ1
3. As we mentioned before,

this is a result of Kunen (see [33]). Again, we wish to use only methods and
terminology that will generalize. Nevertheless, the proof closely parallels
Kunen’s. An important concept which is introduced here is that of a tree
of uniform cofinalities; this plays a central role in the general inductive
analysis as well.

First, we analyze possible uniform cofinalities with respect to the mea-
sures Wm

1 . This analysis is well known, but we emphasize we use only the
weak partition relation on ω1 and the Kunen tree analysis.

4.19 Lemma Let f : (ω1)m → ω1, and assume ∀∗Wm
1
α1, . . . , αm f(~α) is a

limit ordinal. Then either f has uniform cofinality ω almost everywhere with
respect to Wm

1 , or there is an i, 1 ≤ i ≤ m, such that f(~α) has uniform
cofinality αi almost everywhere. Also, each of these uniform cofinalities is
distinct, that is, these cases are mutually exclusive.

4.20 Remark The uniform cofinalities other than ω are thus described by
the descriptions d defined with respect to Wm

1 . The lemma also holds for
any f : (ω1)m → Θ assuming AD + V = L(R) (see §6).

Proof. Fix f : (ω1)m → ω1, and call a pair (S, l) a liftup to f provided
S : (ω1)m → ω1, l : {(α1, . . . , αm, β) : β < S(~α)} → ω1 and ∀∗Wm

1
~α f(~α) =

sup {l(~α, β) : β < S(~α)}. Fix a liftup (S, l) for which [S]Wm
1

is minimal. If
S is constant almost everywhere, then easily f has uniform cofinality ω.
Let 1 ≤ d ≤ m be minimal so that ∀∗Wm

1
~α S(~α) ≤ h(~α; d) = αd. If equality

holds almost everywhere we are done, as then f(~α) has uniform cofinality αd
almost everywhere. Otherwise, there is a x with Tx well-founded such that
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∀∗Wm
1
~α S(~α) < |Tx�αd−1| (d > 1 now). For almost all ~α, set S′(~α) = αd−1,

and for β < αd−1 define l′(~α, β) = sup {l(~α, γ) : γ < |(Tx�αd−1)(β)|} if
|(Tx�αd−1)(β)| < S(~α), and = 0 otherwise. Then (S′, l′) is a liftup to f
with [S′]Wm

1
< [S]Wm

1
, a contradiction. We leave the uniqueness proof to

the reader. a

We introduce some useful notation.

4.21 Definition Suppose π = (n, i2, . . . , in) is a permutation of {1, . . . , n}
beginning with n. <π is the well-ordering of (ω1)n defined by: (α1, . . . , αn)
<π (β1, . . . , βn) iff (αn, αi2 , . . . , αin) <lex (βn, βi2 , . . . , βin). We say an n-
tuple of ordinals (γ1, . . . , γn) has type π if it is order-isomorphic to π. By
a partial permutation of n we mean a π = (n, i2, . . . , im), m ≤ n, which
can be extended to a permutation. We likewise define the ordering <π on
(ω1)n in this case by: (α1, . . . , αn) <π (β1, . . . , βn) iff (αn, αi2 , . . . , αim)
<lex (βn, βi2 , . . . , βim). We identify ~α, ~β ∈ dom(<π) if αn = βn, . . ., αim =
βim .

Note that if π = (n, i2, . . . , im) is a partial permutation and m < n, then
if f : dom(<π) → ω1 is order-preserving, f(α1, . . . , αn) depends only on
αn, αi2 , . . . , αim .

If π = (n, i2, . . . , ik), π′ = (m, j2, . . . , jl) are partial permutations, we say
π′ extends π provided m ≥ n, l > k, and (m, j2, . . . , jk) is order-isomorphic
to π. If, in addition, l = k + 1, we say π′ is an immediate extension of π.

4.22 Definition If π = (n, i2, . . . , in) is a permutation and f : <π→ ω1

is order-preserving, we define the “mth invariant” f(m) : (ω1)m → ω1, for
m ≤ n by:

f(m)(αn, αi2 , . . . , αim) = sup {f(αn, αi2 , . . . , αim , βim+1 , . . . , βin) :
(αn, . . . , βin) has type π}

For example, if π = (3, 1, 2), and f : dom(<π) → ω1 is order-preserving,
then f(2)(α1, α3) = sup {f(α1, α2, α3) : α1 < α2 < α3}. Recall our conven-
tion that for g : (ω1)2 → ω1 and α1 < α3, we write g(α1, α3) interchangeably
with g(α3, α1), etc.

4.23 Lemma Let f : (ω1)n → ω1 with ωn < [f ]Wn
1
. Then there is an

m ≤ n and a partial permutation π = (n, i2, . . . , im) such that for some
c.u.b. C ⊆ ω1 and any ~α, ~β ∈ (C)n, f(~α) < f(~β) iff (αn, αi2 , . . . , αim) <lex
(βn, βi2 , . . . , βim).

Proof. Suppose (n, i2, . . . , ik) have been defined such that there is a c.u.b.
C ⊆ ω1 such that ∀~α, ~β ∈ (C)n, (αn, αi2 , . . . , αik) <lex (βn, βi2 , . . . , βik) →
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f(~α) < f(~β). For each i ∈ {1, . . . , n}−{n, i1, . . . , ik}, consider the partition
Pi: we partition ordinals α1 < · · · < αn and β1 < · · · < βn with αn = βn,
. . . , αik = βik , αi < βi < αi+1, and αj−1 < βj < αj for all other j. We
partition according to whether f(~α) < f(~β).

If all the partitions Pi are homogeneous for the contrary side, it is easy to
see that on a c.u.b. set, if (αn, . . . , αik) = (βn, . . . , βik), then f(~α) = f(~β),
and we are done.

Otherwise, it is easy to see that there is a unique i such that Pi is
homogeneous for the stated side. We may then extend (n, i2, . . . , ik) to
(n, i2, . . . , ik, ik+1), setting ik+1 = i. Continuing, we establish the theorem.

a

Lemmas 4.19, 4.23 completely analyze the “type” of a function f : (ω1)n →
ω1. If π = (n, i2, . . . , im) is a partial permutation of n, we say f : (ω1)n → ω1

is of type π if f is order-preserving from <π to ω1, of uniform cofin-
ality ω, and is everywhere discontinuous, that is, for ~α ∈ (ω1)n, f(~α) >
sup {f(~β) : ~β <π ~α}. We say f is of type (π, s) if f is order-preserving from
<π and for ~α ∈ (ω1)n of limit rank in <π, f(~α) = sup {f(~β) : ~β <π ~α}
(and for ~α of successor rank, f(~α) has uniform cofinality ω). Finally,
if π′ = (n + 1, j2, . . . , jm+1) is a partial permutation extending π, we
say f is of type (π, π′) if f is order-preserving with respect to <π, ev-
erywhere discontinuous, and f(αn+1, αj2 , . . . , αjm) has uniform cofinality
{β : (αn+1, αj2 , . . . , αjm , β) has type π′} if this set has limit order-type (and
otherwise has uniform cofinality ω). We say f has type π, (π, s) or (π, π′)
almost everywhere if there is a c.u.b. C such that f�(C)n is order-preserving
with respect to <π, and f�(C)n has the appropriate uniform cofinality and
continuity properties.

Lemmas 4.19, 4.23 thus say that if f : (ω1)n → ω1, [f ] > ωn, and ∀∗~α f(~α)
is a limit ordinal, then f has type π, (π, s), or (π, π′) almost everywhere,
for some partial permutation(s) π, π′.

The next lemma is simple but important. It says we may change the
values of functions on measure zero sets so that they are everywhere ordered
correctly.

4.24 Lemma (sliding lemma) Suppose f : (ω1)m → ω1, g : (ω1)n → ω1

have types π1 = (m, i2, . . . , ik), π2 = (n, j2, . . . , jl) almost everywhere re-
spectively. Suppose r ≤ min(k, l) is such that [f(r − 1)] = [g(r − 1)], but
[f(r)] < [g(r)]. Then there are f ′, g′ of types π1, π2 with [f ′] = [f ], [g′] = [g],
ran(f ′) ⊆ ran(f), ran(g′) ⊆ ran(g), and such that for all ~α ∈ (ω1)m,
~β ∈ (ω1)n, g(~β) > f(~α) iff (βn, βj2 , . . . , βjr ) ≥lex (αm, αi2 , . . . , αir ).

Proof. Note that (m, i2, . . . , ir), (n, j2, . . . , jr) are order-isomorphic, say to
the permutation π = (r, k2, . . . , kr), by uniqueness of the uniform cofinality
and the fact that [f(r − 1)] = [g(r − 1)]. Let C1 ⊆ ω1 be c.u.b. such that
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f�(C1)m is order-preserving with respect to <π1 and of uniform cofinality
ω, and similarly for g. Let l : ω1 → ω1, and C ⊆ C1 be c.u.b. and closed
under l such that

∀~α ∈ (C)r f(r)(αr, αk2 , . . . , αkr ) < g(r)(αr, αk2 , . . . , αkr )
< f(r)(αr, αk2 , . . . , l(αkr )).

Let p(α) = the ω · αth element of C. Define

f ′(α1, . . . , αm) = f(p(α1), . . . , p(αm)),

and similarly
g′(α1, . . . , αn) = g(p(α1), . . . , p(αn)).

It is easy to check that f ′, g′ have the desired properties. a

A useful special case of the lemma is that if f : (ω1)n → ω1 has type
π almost everywhere, then there is an f ′ of type π with [f ′] = [f ] and
ran(f ′) ⊆ ran(f). A small variation of the argument shows this is also true
for functions f of type (π, s) or (π, π′) almost everywhere.

We now define the notion of a tree of uniform cofinalities, which plays an
important role in the projective hierarchy analysis. The concept is similar
to that of a homogeneous tree. Roughly speaking, for each node in this tree
we allow as extensions all possible uniform cofinalities with respect to the
measure which is associated to that node (these uniform cofinalities in turn
define new measures).

In the following definition, we let (s), (ω) be two formal symbols (the first
stands for “sup”, and the second for “uniform cofinality ω”).

4.25 Definition A type-1 tree of uniform cofinalities (of depth n) is a func-
tion R satisfying the following:

1. 〈p1, i1〉 ∈ dom(R) for 0 ≤ i1 ≤ a for some integer a, and p1 =
the unique permutation of length 1, namely p1 = (1). For i1 = 0,
R(〈p1, i1〉) = (s), and for i1 > 0, R(〈p1, i1〉) is either (ω), or a per-
mutation p2 of length 2 (hence p2 = (2, 1)). Also, 〈p1, i1〉 is maximal
in dom(R) iff R(〈p1, i1〉) = (s) or (ω).

2. In general, dom(R) consists of tuples 〈p1, i1, . . ., im−1, pm, im〉, m ≤
n, and such a tuple is maximal in dom(R) iff R(〈p1, i1, . . .,pm, im〉)
= (s) or (ω) (these are the only values permitted, therefore, if m = n).
R(〈p1, i1,. . .,pm, im〉) = (s) iff im = 0. If R(〈p1, i1,. . .,pm, im〉) 6= (s)
or (ω), then R(〈p1, i1,. . .,pm, im〉) is a permutation pm+1 immediately
extending pm. In this case, we have (〈p1, i1,. . .,pm, im, pm+1, im+1〉) ∈
dom(R) for some integers 0 ≤ im+1 ≤ a (a ≥ 0 and depends on
〈p1, i1,. . ., pm, im, pm+1〉).
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For R a type-1 tree of uniform cofinalities, we define <R to be the lexico-
graphic ordering on sequences 〈α1, i1,. . ., im−1, αm, im〉, m ≤ n, satisfying:

1. α1, . . . , αm < ω1

2. (α1, . . . , αm) is of type pm, where (p1, . . . , pm) is the unique sequence
such that 〈p1, i1, . . ., pm, im〉 ∈ dom(R).

We say a sequence 〈α1, i1,. . ., im−1, αm, im〉 with (α1, . . . , αm) as in (2)
is of type 〈p1, i1, . . . , pm, im〉.

To each tree of uniform cofinalities R we associate a measure MR. First,
say a function f : dom(<R) → ω1 is of type R if it is order-preserving,
f(〈α1, i1, . . . , αm, im〉) has uniform cofinality ω if R(〈p1, i1, . . . , pm, im〉) =
(ω) or 〈α1, i1, . . . , αm, im〉 has successor rank in <R (for 〈α1, i1, . . . , αm, im〉
having type 〈p1, i1, . . . , pm, im〉), and otherwise

f(〈α1, i1, . . . , αm, im〉) = sup {f(~s) : ~s <R 〈α1, i, . . . , αm, im〉}.

Define A to have has measure one with respect to MR iff ∃ c.u.b. C ⊆
ω1 ∀f : dom(<R) → C of type R (. . . , α〈p1,i1,...,pm,im〉, . . .) ∈ A where
α〈p1,i1,...,pm,im〉 is represented with respect to Wm

1 by:

f 〈p1,i1,...,pm,im〉(α1, . . . , αm) = f(〈α1, i1, . . . , αm, im〉).

(Recall our notational convention; the α1, . . . , αm here are not written in
increasing order).

Thus, each MR is a measure on (ωω)<ω, and these measures generalize
somewhat the measures occurring in the homogeneous tree construction on
a Π1

2-complete set. We note that the requirement that 〈p1, i1, . . . , pm, im〉
be non-maximal in dom(R) if R(〈p1, i1, . . . , pm, im〉) 6= (s) or (ω) causes
no essential loss of generality as far as specifying functions of type R is
concerned. For suppose R(〈p1, i1, . . . , pm, im〉) = pm+1, where pm+1 is the
permutation (m + 1, j2, . . . , jm, jm+1). Thus, pm is order-isomorphic to
(m + 1, j2, . . . , jm). Suppose f : dom(<pm) → ω1 is order-preserving, f is
discontinuous, that is, for (α1, . . . , αm) of type pm we have

f(α1, . . . , αm) > sup {f(~β) : ~β <π ~α},

and for Wm
1 almost (α1, . . . , αm) of type pm we have f(~α) has uniform

cofinality {β : (α1, . . . , αm, β) has type pm+1}. By definition, there is an

f ′ : {(α1, . . . , αm, β) : (α1, . . . , αm, β) has type pm+1} → ω1

which is order-preserving with respect to <pm+1 , f ′(~α, β) = sup
β′<β

f ′(~α, β′)

for limit β, and f ′ induces f in that f(~α) = sup
β
f ′(~α, β) almost every-

where. Furthermore, it is not difficult to see that [f ′]Wm+1
1

is uniquely
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determined from [f ]Wm
1

. This shows that there is no harm in adding
〈p1, i1, . . . , pm, im, pm+1, 0〉 to dom(R).

If R is a type-1 tree of uniform cofinalities, and f1, f2 : dom(<R) → ω1

are of type R, we write [f1] = [f2] to mean for all 〈p1, i1, . . . , pk, ik〉 ∈
dom(R) we have [f 〈p1,i1,...,pk,ik〉

1 ]Wk
1

= [f 〈p1,i1,...,pk,ik〉
2 ]Wk

1
.

We say the type-1 tree of uniform cofinalities R′ extends R if there is
a length preserving injection ρ : dom(R) → dom(R′) such that R(~s) =
R′(ρ(~s)) for all ~s ∈ dom(R). We usually just say ~s ∈ dom(R) is “identified”
with ρ(~s) ∈ dom(R′). We say R′ is an immediate extension of R is there is
exactly one sequence ~s not ending in 0 in dom(R′)− dom(R).

We say R′ is a partial extension of R if R′ has a unique extra sequence
~s = 〈q1, j1,. . .,ql, j∗l 〉 in dom(R′), and j∗l 6= 0. More precisely, this means
〈q1, j1, . . . , ql, jl〉 ∈ dom(R) for 0 ≤ jl ≤ a and we have 〈q1, j1, . . . , ql, jl〉 ∈
dom(R′) for 0 ≤ jl ≤ a + 1. For jl < j∗l , we identify 〈q1, j1, . . . , ql, jl〉 ∈
dom(<R) with 〈q1, j1, . . . , ql, jl〉 ∈ dom(<R

′
), and for jl ≥ j∗l , we identify

〈q1, j1, . . . , ql, jl〉 ∈ dom(<R) with 〈q1, j1, . . . , ql, jl + 1〉 ∈ dom(<R
′
). We

leave R′(~s) undefined (more formally, in order to still have ~s ∈ dom(R′), we
require R′(~s) to be a formal symbol (u) for “undefined”). We define <R

′
as

for immediate extensions. Thus, after identifying dom(<R) with a subset
of dom(<R

′
) we have

dom(<R
′
) = dom(<R) ∪ {〈α1, j1, . . . , αl, j

∗
l 〉 : (α1, . . . , αl) has type ql}.

Finally, we say g′ : dom(<R
′
) → ω1 is of semi-type R′ if g′ is order-

preserving with respect to <R
′
, and the function g : dom(<R) → ω1 it

induces by restriction is of type R. Note that g′ being of semi-type R′

imposes no restriction on the uniform cofinality of the component function
g′
〈q1,j1,...,ql,j

∗
l 〉.

Lemma 4.24 generalizes to level-1 trees of uniform cofinalities as follows.

4.26 Lemma Let R be a level-1 tree of uniform cofinalities, and suppose
f : dom(<R) → ω1 is of type R. Suppose ~s = 〈p1, i1, . . . , pk, ik〉 is non-
maximal in dom(R), and R(~s) = pk+1. Suppose δ ∈ ON and for W k+1

1

almost all (α1, . . . , αk+1) of type pk+1 we have δ(~α) < f(〈α1, i1, . . . , αk, ik〉).
Let i∗k+1 be maximal such that 〈p1, i1, . . . , pk+1, i

∗
k+1〉 ∈ dom(R). Let R′ be

the partial extension of R with extra sequence 〈p1, i1, . . . , pk+1, i
∗
k+1 + 1〉 in

its domain. Then there is an f ′ of semi-type R′ such that:

1. [f ′�dom(<R)] = [f ]. That is, for each 〈q1, j1, . . . , ql, jl〉 ∈ dom(R),
∀∗
W l

1
(α1, . . . , αl) f ′(〈α1, q1, . . . , αl, ql〉) = f(〈α1, q1, . . . , αl, ql〉).

2. ran(f ′) ⊆ ran(f) ∪ (ran(f))′.

3. ∀∗
Wk+1

1
(α1, . . . , αk+1) δ(~α) < f ′(〈α1, i1 . . . , αk+1, i

∗
k+1〉).



72 I. Structural Consequences of AD

Proof. Fix a representing function ~α→ δ(~α) for δ, and fix b : ω1 → ω1 and a
c.u.b. C ⊆ ω1 closed under b such that for all (α1, . . . , αk+1) of type pk+1

in C, δ(~α) < f(〈α1, i1, . . . , αk, ik, b(αk+1), 0〉). Let D be the set of closure
points of C, and define l(α) = αth element of D. For 〈α1, j1, . . . , αl, jl〉 ∈
dom(<R), define

f ′(〈α1, j1, . . . , αl, jl〉) = f(〈l(α1), j1, . . . , l(αl), jl〉).

Define also

f ′(〈α1, i1, . . . , ik, αk+1, i
∗
k+1〉) = f(〈l(α1), i1, . . . , l(αk), ik, β, 0〉),

where β is the ωth element of C greater than l(αk+1). It is easy to check that
f ′ satisfies (1)-(3) above, and also satisfies all of the requirements for being
of type R except for the requirement that f ′(~s) have uniform cofinality ω
for ~s in certain measure zero sets. It is easy, however, to redefine f ′(~s) at
these points to guarantee this last requirement. a

4.27 Definition A generalized trivial (or type -1) description defined rel-
ative to a measure Wm

1 and a type-1 tree of uniform cofinalities R is a
sequence d = 〈d1, i1, . . . , dk, ik〉 where each di is a trivial description de-
fined relative to Wm

1 (i.e., 1 ≤ di ≤ m), and for some (uniquely de-
termined) 〈p1, i1, . . . , pk, ik〉 ∈ dom(R) we have pk is order-isomorphic to
(d1, d2, . . . , dk). We order the generalized descriptions lexicographically.

We extend the interpretation function h to generalized descriptions. If
d = 〈d1, i1,. . .,dk, ik〉 is defined relative to Wm

1 and R, f : dom(<R) → ω1

is of type R, and β1 < · · · < βm, then we define

h(f ; ~β; d) = f(〈h(~β; d1), i1, . . . , h(~β; dk), ik〉).

We extend also the lowering operation L to generalized descriptions as
follows.

4.28 Definition Suppose d = 〈d1, i1, . . . , dk, ik〉 is defined relative to Wm
1

and R. Let 〈p1, i1, . . . , pk, ik〉 ∈ dom(R), where pk is order-isomorphic to
(d1, . . . , dk). We define L(d) through the following cases:

1. If R(〈p1, i1, . . . , pk, ik〉) = (ω), L(d) = 〈d1, i1, . . . , dk, ik − 1〉 (note
here that ik > 0).

2. If ik = 0, then L(d) = 〈d1, i1, . . . ,L(dk), i∗k〉 provided L(dk) is defined
(i.e., dk > 1) and (d1, . . . ,L(dk)) is order-isomorphic to pk. Here
i∗k is maximal such that 〈p1, i1, . . . , pk, i

∗
k〉 ∈ dom(R). Otherwise, set

L(d) = 〈d1, i1, . . . , dk−1, ik−1−1〉 (note that ik−1 > 0) provided k > 1.
For k = 1 in this case (and thus d = 〈d1, 0〉, with d1 = 1), we declare
d to be L-minimal, and do not define L(d).
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3. Suppose now ik > 0 and R(〈p1, i1, . . . , pk, ik〉) = pk+1. Let 1 ≤ j ≤ k
be such that if αdj−1 < β < αdj

, then (αd1 , . . . , αdk
, β) is order-

isomorphic to pk+1. If d∗k+1
.= dj − 1 /∈ {d1, . . . , dk}, set L(d) =

〈d1, i1, . . . , dk, ik, d
∗
k+1, i

∗
k+1〉, where i∗k+1 is maximal such that 〈p1, i1,

. . . pk, ik, pk+1, i
∗
k+1〉 ∈ dom(R). If dj−1 = 0 or dj−1 ∈ {d1, . . . , dk},

set L(d) = 〈d1, i1, . . . , dk, ik − 1〉.

The significance of this definition is embodied in the following lemma.

4.29 Lemma Suppose d = 〈d1, i1, . . . , dk, ik〉 is defined relative to Wm
1 ,R,

and f : dom(<R) → ω1 has type R. Let δ ∈ ON be such that ∀∗Wm
1
~β δ(~β) <

h(f ; ~β; d). Suppose d is non-minimal with respect to L. Then there is an
f ′ : dom(<R) → ω1 of type R such that [f ′] = [f ] and ∀∗Wm

1
~β δ(~β) <

Nf ′(h(f ′; ~β;L(d))).

Proof. The result follows easily from lemma 4.26 in all cases. For example,
suppose d = 〈d1, i1, . . . , dk, ik〉, and L(d) = 〈d1, i1, . . . , dk, ik, d

∗
k+1, i

∗
k+1〉,

where d∗k+1 = dj − 1. Thus,

∀∗Wm
1
~α ∃β < αdj δ(~α) < f(〈h(~α; d1), i1, . . . , h(~α; dk), ik, β, 0〉).

Thus, ∃l : ω1 → ω1 such that

∀∗Wm
1
~α δ(~α) < f(〈h(~α; d1), i1, . . . , h(~α; dk), ik, l(αdj−1), 0〉).

From lemma 4.26 there is an f ′ of type R with [f ′] = [f ] (and in fact with
ran(f ′) ⊆ ran(f) ∪ ran(f)′), and

∀∗~α Nf ′(〈h(~α; d1), i1, . . . , h(~α; dk), ik, αdjj−1, i
∗
k+1〉) >

f(〈h(~α; d1), i1, . . . , h(~α; dk), ik, l(αdj−1), 0〉).

f ′ is as desired. a

4.30 Definition A level-2 complex C = 〈R;Wm
1 ;x0, . . . , xn−1; d0, . . . , dn〉

is a sequence where R is a type-1 tree of uniform cofinalities, Tx0 , . . . , Txn−1

are well-founded, and d0, . . . , dn are generalized trivial descriptions defined
relative to Wm

1 .

For C a complex as above, f : dom(<R) → ω1 of type R, ~β ∈ (ω1)m,
and γ < ω1, we define h(f ; ~β; C; γ) = |Tx0�h(f ; ~β; d0)(α1)|, where α1 =
|Tx1�h(f ; ~β; d1)(α2)|, . . . , αn−1 = |Txn−1�h(f ; ~β; dn−1)(αn)|, and αn = γ.
For f of type R, we let h(f ;Wm

1 ; C; γ) < ωm+1 be the ordinal represented
with respect to Wm

1 by the function ~β → h(f ; ~β; C; γ). Note that dn is not
used in the definition of h(f ; ~β; C; γ) (it plays a role in the definition of a
situation below).

The following theorem analyzes the measures on ωω.
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4.31 Theorem Let ν be a measure on ωω. Then there is a measure µ on
ω1 and a complex C = 〈R;Wm

1 ;x0, . . . , xn−1; d0, . . . , dn〉 such that for all
A ⊆ ωω:

ν(A) = 1 ↔ ∀∗µγ ∃ c.u.b. C ⊆ ω1 ∀f : dom(<R) → C of type R
[h(f ;Wm

1 ; C; γ) ∈ A].

Proof. The proof is similar to that of theorem 4.8. Fix the measure ν, and
let m be least such that ν(ωm+1) = 1. We may assume m ≥ 1.

4.32 Definition A situation for ν is a triple (C, g, r) consisting of a com-
plex C = 〈R;Wm

1 ;x0,. . ., xn−1; d0,. . .,dn〉 (same m as above), and functions
g, r with domain ωm+1 satisfying:

1. g : ωm+1 → ω<ωm+1 and g(ν) = MR, the measure associated with R.

2. r : ωm+1 → ωm+1 and ∀∗να r(α) < h(g(α);Wm
1 ; dn).

3. ∀∗να [α = h(g(α);Wm
1 ; C; r(α))].

Note that in (2), (3), when we write h(g(α);Wm
1 ; dn), for example, we

mean h(g;Wm
1 ; dn) where g : dom(<R) → ω1 of type R represents g(α).

We fix now a situation (C; g; r) for ν with minimal value for

[α→ h(g(α);Wm
1 ; dn)]ν ,

where C = 〈R;Wm
1 ;x0, . . . , xn−1; d0, . . . , dn〉.

We claim that ∀∗να r(α) < ω1. Granting this, let µ = r(ν). Let ν′ be the
measure defined by:

ν′(A) = 1 ↔ ∀∗µγ ∃ c.u.b. C ⊆ ω1 ∀f : dom(<R) → C of type R
[h(f ;Wm

1 ; C; γ) ∈ A].

We show that ν′ = ν. Suppose not, and let ν′(A) = 1, ν(Ac) = 1. By
the ω2-additivity of MR (which follows from an easy partition argument)
fix a µ measure one set D ⊆ ω1, and a c.u.b. C ⊆ ω1 such that if γ ∈
D and f : dom(<R) → C is of type R, then h(f ;Wm

1 ; C; γ) ∈ A. Since
g(ν) = MR and r(ν) = µ, there is an α ∈ Ac such that r(α) ∈ D and
g(α) is representable by f : dom(<R) → C of type R, and such that α =
h(f ;Wm

1 ; C; r(α)). However, h(f ;Wm
1 ; C; r(α)) ∈ A, a contradiction.

To fix notation, say dn = 〈dn1 , i1, . . . , dnk , ik〉. We may assume dn is non-
minimal with respect to L, since otherwise ∀∗να r(α) < h(g(α);Wm

1 ; dn) =
ω1. We proceed to violate the minimality of (C; g; r). From lemma 4.29 we
have that ∀∗να ∃f : dom(<R) → ω1 of type R such that [f ] = g(α) and
∀∗Wm

1
~β r(α)(~β) < Nf (h(f ; ~β;L(dn)).
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Define a partial extension R′ of R as follows. If

L(dn) = 〈dn1 , i1, . . . , dnk , ik − 1〉,

then R′ has the extra sequence 〈dn1 , i1, . . . , dnk , ik〉 in its domain. We identify
〈dn1 , . . . , i〉 ∈ dom(R) with 〈dn1 , . . . , i〉 ∈ dom(R′) for i < ik, and with
〈dn1 , . . . , i+ 1〉 ∈ dom(R′) for i ≥ ik. If ik = 0 and

L(dn) = 〈dn1 , i1, . . . ,L(dnk ), i
∗
k〉,

then R′ has the extra sequence 〈dn1 , i1, . . . ,L(dnk ), i
∗
k + 1〉 in its domain. If

ik = 0 and
L(dn) = 〈dn1 , i1, . . . , dnk−1, ik−1 − 1〉,

then R′ has the extra sequence 〈dn1 , i1,. . .,dnk−1, ik−1〉 in its domain. Finally,
if

L(dn) = 〈dn1 , i1, . . . , dnk , ik, d∗k+1, i
∗
k+1〉,

thenR′ has the extra sequence 〈dn1 , i1,. . .,dnk , ik, d∗k+1, i
∗
k+1+1〉 in its domain.

Thus, in all cases the extra sequence is inserted according to lemma 4.29.
In all cases, let d∗n be the generalized description corresponding to the extra
sequence in the partial complex R′. For example, if

L(dn) = 〈dn1 , i1, . . . , dnk , ik − 1〉,

then d∗n = dn = 〈dn1 , i1, . . . , dnk , ik〉, and if

L(dn) = 〈dn1 , i1, . . . , dnk , ik, d∗k+1, i
∗
k+1〉,

then d∗n = 〈dn1 , i1, . . . , d∗k+1, i
∗
k+1 + 1〉.

To unify notation, let ~s = 〈q1, j1, . . . , ql, jl〉 be the extra sequence in
dom(R′) − dom(R). We therefore have: ∀∗να ∃f ′ : dom(R′) → ω1 of semi-
type R′ inducing f of type R such that [f ] = g(α) and ∀∗Wm

1
~β r(α)(~β)

< Nf ′(h(f ; ~β;L(dn))). As in theorem 4.8 we consider two cases.
First suppose there is a ν measure one A such that for all α ∈ A there is a

f ′ : dom(<R
′
) → ω1 of semi-type R′ inducing (by restriction) the function

f : dom(<R) → ω1 of type R such that [f ] = g(α) and

∀α′ ∈ A [(g(α′) = g(α)) → ∀∗Wm
1
~β r(α′)(~β) ≤ Nf ′(h(f ; ~β;L(dn)))].

Consider the partition P where we partition f ′ of semi-typeR′ inducing f of
type R, and where f ′(〈α1, j1, . . . , αl, jl〉) has uniform cofinality ω, according
to whether

∀α′ ∈ A [(g(α′) = [f ]) → ∀∗Wm
1
~β r(α′)(~β) ≤ Nf ′(h(f ; ~β;L(dn)))].

We easily have, using lemma 4.24, that on the homogeneous side the stated
property holds. Fix C ⊆ ω1 homogeneous for P. Let Txn

be well-founded
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and ∀∗Wm
1
β |Txn�β| > NC(β). Then ∀∗να ∃f of type R with [f ] = g(α) and

∀∗Wm
1
~β r(α)(~β) < |Txn�h(f ; ~β;L(dn))|. Define r′ by: ∀∗να if [f ] = g(α), then

∀∗Wm
1
~β r(α)(~β) = |(Txn

�h(f ; ~β;L(dn)))(r′(α)(~β))|.

Let C′ = 〈R;Wm
1 ;x0, . . . , xn−1, xn; d0, . . . , dn−1,L(dn),L(dn)〉. Then we

have (C′; g; r′) violates the minimality of the original situation.
Suppose next that such a measure one set does not exist. Let g′ satisfy

the following:

1. ∀∗να g′(α) is represented by an f ′ : dom(<R
′
) → ω1 of semi-type R′

inducing f of type R representing g(α).

2. There is a ν measure one set A such that if α1, α2 ∈ A, g(α1) = g(α2),
and r(α1) ≤ r(α2), then [f ′1

〈q1,j1,...,ql,jl〉]W l
1
≤ [f ′2

〈q1,j1,...,ql,jl〉]W l
1
. Here

f ′1, f
′
2 represent g′(α1), g′(α2).

3. There does not exist a ν measure one set A such that ∀α ∈ A ∃f ′ of
semi-type R′ inducing f of type R representing g(α) and

∀α′ ∈ A [(g(α′) = g(α)) → [f ′1
〈q1,j1,...,ql,jl〉]W l

1
≤ [f ′〈q1,j1,...,ql,jl〉]W l

1
.

Here f ′1 represents g′(α).

4. For all [g′′]ν < [g′]ν , g′′ does not satisfy (1)-(3).

Easily g′ is well-defined [to satisfy (1)-(3), let g′(α) be least such that
it is representable by an f ′ of semi-type R inducing f representing g(α)
and such that ∀∗Wm

1
~β r(α)(~β) ≤ Nf ′(h(f ; ~β;L(dn)))]. From (4) it follows

by a pressing down argument that for any c.u.b. C ⊆ ω1, ∀∗να g′(α) is
represented by some f ′ : dom(<R

′
) → C of semi-type R′. By countable

additivity of ν, there is an immediate extension R′′ of R extending R′

(that is, R′′(~s) is now defined) such that ∀∗να g′(α) is representable by f ′

of type R′′. Fix a ν measure one set A on which (1), (2) above hold.
Consider the partition P: we partition f ′ of type R′′ with the “extra val-
ues” h(〈α1, j1, . . . , αl, jl〉), for (α1, . . . , αl) of type ql, of uniform cofinality ω
inserted between f ′(〈α1, j1, . . . , αl, jl〉) and Nf ′(f ′(〈α1, j1, . . . , αl, jl〉)) ac-
cording to whether

∀α′ ∈ A [(g′(α′) = [f ′]) → ∀∗~β r(α′)(~β) ≤ Nf ′(f ′; ~β; d∗n)].

From (2), (3) and the definition of A it follows that on the homogeneous
side the stated property holds. Fix C ⊆ ω1 homogeneous for P, and xn
with Txn

well-founded such that ∀∗Wm
1
β |Txn

�β| > NC(β). Define r′ so that

∀∗να r′(α) < h(f ′;Wm
1 ; d∗n)
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and
∀∗να ∀∗Wm

1
~β r(α)(~β) = |(Txn

�h(f ′; ~β; d∗n))(r
′(α)(~β))|,

where [f ′] = g′(α). Let C′ = 〈R′′;Wm
1 ;x0, . . . , xn;π(d1),. . .,π(dn−1), d∗n, d

∗
n〉,

where π(di) is the generalized description defined relative to R′′ correspond-
ing to di defined relative to R. Then (C′; g′; r′) violates the minimality of
the original situation. a

From theorem 4.31, a suitable coding for the subsets of ωω follows, and
thus the weak partition relation on δ1

3. Since the details are now almost
identical to those of theorem 4.12, we merely sketch the results.

If C = 〈R;Wm
1 ;x0, . . . , xn−1; d0, . . . , dn〉 is a level-2 complex, B ⊆ ω1,

and σ ∈ ωω codes the c.u.b. set Cσ ⊆ ω1, let Sσ,C,B ⊆ ωm+1 be the
corresponding simple set defined by:

α ∈ Sσ,C,B ↔ ∃γ ∈ B ∃f : dom(<R) → Cσ of type R [α = h(f ;Wm
1 ; C; γ)].

Theorem 4.31 then shows that every A ⊆ ωm+1 is a countable union of
simple sets.

We define our coding z → Az ⊆ ωω as follows. Every real z codes
countably many reals zn, each of which codes a real σn, a set Bn ⊆ ω1, and
a sequence Cn = 〈Rn;Wm

1 ;x0,. . .,xt−1; d0, . . .,dt〉 (here m, t depend on n)
satisfying the definition of a complex, except we do not require the Txi

to
be well-founded (the exact manner in which Bn is coded is not important;
we could use the coding of theorem 4.13, or simply use the coding lemma).
For each n ∈ ω, define Azn ⊆ ωm(n)+1 as follows. If σn does not code
a c.u.b. set, or one of the Txi is ill-founded, set Azn = ∅. Otherwise,
Azn

= Sσn,Cn,Bn
. Then set Az =

⋃
n∈ω

Azn
.

4.33 Theorem The coding z → Az ⊆ ωω satisfies the following:

1. ∀A ⊆ ωω ∃z A = Az.

2. ∀α < ωω {z : α ∈ Az} ∈ ∆1
3.

Proof. The computation in (2) is straightforward using the closure of ∆1
3

under < δ1
3 unions and intersections, and the fact that if Aβ1,...,βk

are ∆1
3

sets for all ~β ∈ (ω1)k, then {x : ∀∗
Wk

1

~β x ∈ A~β} ∈ ∆1
3 (this last fact is an

easy computation using our coding of c.u.b. sets). a

As a corollary we obtain the following result, due originally to Kunen.

4.34 Theorem For all λ < δ1
3, δ1

3 → (δ1
3)
λ.
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Proof. Fix λ < δ1
3, and a bijection π : ωω → λ. Fix the coding z → Az ⊆

(ωω)3 satisfying (1), (2) above (identifying (ωω)3 and ωω). Define z →
Rz ⊆ λ × δ1

3 as follows. If π(α) = δ, set Rz(δ, ε) ↔ {(β, γ) : Az(α, β, γ)}
is a well-ordering of length ε. From the closure of ∆1

3 under < δ1
3 unions

and intersections, it is easy to see that the coding z → Rz satisfies (3) in
the definition of reasonable, definition 2.30. Theorem 4.33 also implies that
there is a ∆1

3 coding of the ordinals (i.e., singleton sets) less than ωω. That
is, there is a map x→ |x| < ωω from ωω onto ωω such that for all α < ωω,
{x : |x| = α} ∈ ∆1

3. [In definition 4.36 below we define a better ∆1
3 coding

of ωω via code sets WOm for the ordinals less than ωm.] From the closure
of ∆1

3 under < δ1
3 unions it follows that {(x, z) : |x| ∈ Az} ∈ ∆1

3. From
this, it follows that (4) in the definition of reasonable is satisfied, since if
S ⊆ {z : Rz is well-founded } is Σ1

3, then we get a Σ1
3 well-founded relation

on ωω of length ≥ sup {|Rz| : z ∈ S}. a

As another consequence of the analysis of measures we obtain the follow-
ing result, also due originally to Kunen.

4.35 Theorem Let α, β < δ1
3, and µ a measure on µ. Then jµ(β) < δ1

3.

proof(sketch). We may assume α = β = ωω. We use the coding of subsets of
ωω×ωω given by theorem 4.33. It is enough to show that the prewellordering
� corresponding to the ultrapower relation, that is,

x � y ↔ (x, y code functions fx, fy : ωω → ωω)
∧ ∀∗µα ∃β1, β2 < ωω (fx(α) = β1 ∧ fy(α) = β2 ∧ (β1 ≤ β2))

is ∆1
3. Using the closure of ∆1

3 under < δ1
3 length unions and intersections,

we see that it suffices to show that if {Bα}α<δ1
3

is a sequence of ∆1
3 sets,

then B .= {x : ∀∗µα (x ∈ Bα)} is also ∆1
3. It clearly suffices to show that Bµ

is Σ1
3. Let

C = 〈R;Wm
1 ;x0, . . . , xn−1; d0, . . . , dn〉

be a level-2 complex, and µ1 a measure on ω1, which generate µ, as in
theorem 4.31. Let y0, . . . , yn be reals with Tyj

well-founded for all j, and
ε < ω1 which generate µ1 as in theorem 4.8 (ε playing the role of α there).
T is again the Kunen tree. Recall our coding of c.u.b. subsets of ω1 from
§4.2. We then have

x ∈ B ↔∃σ1, σ2 (Tσ1 , Tσ2 are well-founded

∧ ∀γ1 < · · · < γn ∈ Cσ1 ∀~δ ∈ (ωω)<ω ∀η < ωω [ If ~δ is
representable by an f : dom(<R) → ω1 of the correct type,

each f 〈p1,i1,...,pk,ik〉 has range in Cσ2 almost everywhere,
and h(f ;Wm

1 ; C; γ′) = η, then x ∈ Bη])
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where h is as in theorem 4.31, and γ′ = hεy0,...,yn
(γ1, . . . , γn) as in theo-

rem 4.8. Note that h(f ;Wm
1 ; C; γ′) depends only on ~δ. From the closure

properties of ∆1
3 again, it is enough to show that if Cα1,...,αl

∈ ∆1
3 for all

~α ∈ (ω1)l, then C defined by

z ∈ C ↔ ∀∗W l
1
~α (z ∈ C~α)

is also ∆1
3. This special case now follows easily by the same type of compu-

tation, using just level-1 complexes. a

Starting from the weak partition relation on δ1
1 = ω1, we have obtained

the strong partition relation on δ1
1, calculated δ1

3, and obtained the weak
partition relation on δ1

3. This completes the first step in the inductive pro-
jective hierarchy analysis. We have used only techniques that will generalize
(when combined with a suitable notion of description at the higher levels).
We will sketch how this generalization takes place in §5.

4.4. The Kechris-Martin Theorem Revisited

We finish this section by using our theory of “trivial descriptions” to give
a proof of the Kechris-Martin theorem for Π1

3 sets. This is an important
result in descriptive set theory, although it (and its higher level analogs)
are not needed for the inductive analysis of the projective sets. The proof
we give follows closely the proof of Kechris and Martin, recast into the
theory of trivial descriptions (their original proof appealed to the theory of
indiscernibles for L). We assume AD throughout this section. We caution
the reader that we will be using lightface notions in this section.

To state the theorem, we first introduce our coding for the ordinals < ωω.
T continues to denote the Kunen tree from lemma 4.1 (or theorem 4.2).

4.36 Definition WO1 = WO = the standard set of codes of well-orderings
of ω. For m ≥ 1,

WOm+1 = {〈a, x1, . . . , xm〉 : a ∈ WO1 ∧ ∀i ≤ m Txi is well-founded }.

For y = 〈a, x1, . . . , xm〉 ∈ WOm+1, let |y| = [fy]Wm
1

, where fy : (ω1)m → ω1

is defined by:

fy(β1, . . . , βm) =|(Txm
�βm)(δm−1)|, where δm−1 = |(Txm−1�βm−1)(δm−2)|,

. . . , δ1 = |(Tx1�β1)(δ0)|, and δ0 = |a|.

Let WOω =
⋃
mWOm.

Easily, WOm+1 ∈ Π1
2 for all m ≥ 1, and for all α < ωm+1 there is a

y ∈ WOm+1 with |y| = α.



80 I. Structural Consequences of AD

4.37 Definition We say a relation R ⊆ ωω×WOm+1, m ≥ 0, is invariant
in the codes if

∀x,w1, w2 [w1, w2 ∈ WOm+1 ∧ |w1| = |w2| ∧R(x,w1) → R(x,w2)].

In this case, we write R(x, α), for α < ωm+1, to denote ∃w ∈ WOm+1 [|w| =
α ∧ R(x,w)]. We similarly define R being invariant in the codes for R ⊆
WOm, or R ⊆ ωω ×WOm ×WOn, etc.

4.38 Theorem (Kechris-Martin) Let R ⊆ ωω×WOm+1, m ≥ 0 be Π1
3 and

invariant in the codes. Then P (x) ↔ ∃w ∈ WOm+1 R(x,w) is also Π1
3.

For the sake of completeness we include first the m = 0 case, though the
proof is unchanged here (c.f. [16]). So, let R ⊆ ωω×WO be Π1

3 and invariant
in the codes. We show that P (x) ↔ ∃w R(x,w) ↔ ∃w ∈ ∆1

3(x) R(x,w),
which suffices (c.f. theorem 4D.3 of [32]). So fix x such that P (x). Let
S(w) ↔ w ∈ WO ∧ ∀w′ ∈ ∆1

3(w) [|w′| ≤ |w| → ¬R(x,w′)]. By “bounded
quantification” (4D.3 of [32]) S ∈ Σ1

3(x). Clearly S is invariant in the codes
and codes a proper initial segment of ω1. Relativizing to x, it suffices to
show the following claim.

4.39 Claim If S ⊆ WO is Σ1
3, invariant in the codes, and sup {|w| : w ∈

S} = α0 < ω1, then ∃w∗ ∈ ∆1
3 ∩WO (|w∗| > α0).

Proof. Let S(w) ↔ ∃z B(w, z), where B ∈ Π1
2. Consider the integer game

where I plays out w1, z, and II plays out w2. II wins iff w2 ∈ WO ∧
[B(w1, z) → |w2| > |w1|]. This is a Σ1

2 game for II, and II clearly wins, so
by third periodicity II has a ∆1

3 winning strategy τ . Then A .= τ(ωω) ⊆ WO
is Σ1

1(τ), so there is a ∆1
1(τ) real w∗ ∈ WO with |w∗| > sup {|w| : w ∈ A} ≥

sup {|w| : w ∈ S}. Since τ ∈ ∆1
3, w

∗ ∈ ∆1
3. a

A useful consequence of the m = 0 case which we shall need is the fol-
lowing lemma.

4.40 Lemma Let R ⊆ ωω×WO be Σ1
3 (Π1

3,∆
1
3) and invariant in the codes.

Then P (x) ↔ ∀∗
W 1

1
α R(x, α) is Σ1

3 (Π1
3,∆

1
3).

Proof. Suppose, for example, R ∈ Σ1
3. We use a variation of our previous

coding of c.u.b. subsets of ω1. For any c.u.b. C ⊆ ω1, there is a strategy
σ for II such that ∀z ∈ WO σ(z) ∈ WO and C(σ) .= {α < ω1 : ∀z ∈
WO (|z| < α→ |σ(z)| < α} is a c.u.b. subset of C. This follows by playing
a simple Solovay game (I plays x, II plays y, and II wins iff (x ∈ WO → y ∈
WO ∧ |y| > NC(|x|)).

Then

P (x) ↔∃σ [∀w ∈ WO (σ(w) ∈ WO) ∧ ∀w ∈ WO (∀z (z ∈ WO ∧ |z| < |w|
→ |σ(z)| < |w|) → R(x,w))]
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From the m = 0 case, P ∈ Σ1
3. From this, the result for Π1

3,∆
1
3 follows

immediately. a

We recall our coding z → Fz ⊆ (ω1)2 of theorem 4.15, which we will need
for the proof. Recall each real z codes countably many zn, each of which
codes reals σn, w1

n, w
2
n, and a partial (level-1) complex

Cn = 〈Wm
1 ;x0, . . . , xt−1; d0, . . . , dt〉.

As we noted previously, each Fz is a partial function.
The next lemma summarizes the properties of this coding we will need.

4.41 Lemma Consider the relations defined by:

R0(z) ↔∀β ∃γ Fz(β, γ)
R1(z, y) ↔y ∈ WO ∧ ∃γ Fz(|y|, γ)
R2(z, y) ↔y ∈ WO ∧ ∀β ≤ |y| ∃γ Fz(β, γ)

R3(z, x, y) ↔x, y ∈ WO ∧ ∀β ≤ |x| ∃γ ≤ |y| Fz(β, γ)

Then R0 ∈ Π1
2, and R1, R2 ∈ Π1

1. Also, R3 is ∆1
1 in the codes for x, y,

that is, there are Σ1
1,Π

1
1 relations C,D such that for all z and x, y ∈ WO,

R3(z, x, y) ↔ C(z, x, y) ↔ D(z, x, y).

Proof. The computations are all straightforward, as in the proof of the strong
partition relation. For example, (in this equation, t, xi refer to Cn, and t′, x′i
refer to Cn′)

R1(z, y) ↔ y ∈ WO ∧ ∃n {w1
n, w

2
n ∈ WO ∧ |w1

n|, |w2
n| < |y| ∧

∃βt−1 < · · · < β0 ≤ |y| ∃γt−1, . . . , γ1 < |y| ∃δt−1, . . . , δ1 < |y|
[βt−1 > max(|w1

n|, |w2
n|) ∧ ∀i βi ∈ Cσn

∧
|(Txt−1�βt−1)(|w1

n|)| = γt−1 ∧ |(Txt−2�βt−2)(γt−1)| = γt−2 ∧ . . .∧
|(Tx0�β0)(γ1)| = |y| ∧ |(Txt−1�βt−1)(|w2

n|)| = δt−1

∧ |(Txt−2�βt−2)(δt−1)| = δt−2 ∧ . . .∧
δ1 is in the wellfounded part of (Tx0�β0)∧

∀n′ ∈ ω[{w1
n′ , w

2
n′ ∈ WO ∧ |w1

n′ |, |w2
n′ | < |y| ∧

∃β′t′−1 < · · · < β′0 ≤ |y| ∃γ′t′−1, . . . , γ
′
1 < |y| ∃δ′t′−1, . . . , δ

′
1 < |y|

(∀i β′i ∈ Cσn′ ∧ |(Tx′t′−1
�β′t′−1)(|w1

n′ |)| = γ′t′−1 ∧

|(Tx′
t′−2

�β′t′−2)(γ
′
t′−1)| = γ′t′−2 ∧ . . . ∧ |(Tx′0�β

′
0)(γ

′
1)| = |y| ∧

|(Tx′
t′−1

�β′t′−1)(|w2
n′ |)| = δ′t′−1 ∧ |(Tx′t′−2

�β′t′−2)(δ
′
t′−1)| = δ′t′−2

∧ . . . ∧ |(Tx′1�β
′
1)(δ

′
2)| = δ′1)} → |(Tx′0�β

′
0)(δ

′
1)| = |(Tx0�β0)(δ1)| ]]}
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In the last line of this formula, “|(Tx′0�β
′
0)(δ

′
1)| = |(Tx0�β0)(δ1)|”, ab-

breviates “δ′1 is in the well-founded part of Tx′0�β
′
0 and |(Tx′0�β

′
0)(δ

′
1)| =

|(Tx0�β0)(δ1)|”. It is straightforward to check that all clauses in this for-
mula define ∆1

1 relations except the clauses “y ∈ WO” and “δ1 is in the
well-founded part of Tx0�β0”, which are Π1

1.
a

We will write “Fz is a function” in place of R0(z), “Fz(|y|) is defined” in
place of R1(z, y).

4.42 Lemma The relation Q(x, z) ↔ [x ∈ WO2 ∧ (Fz is a function ) ∧
|x| = [Fz]W 1

1
] is ∆1

3.

Proof. Q(x, z) ↔ ∃σ [Tσ is well-founded ∧ ∀w ∈ WO(|w| ∈ Cσ → ∃v ∈
WO (fx(|w|) = |v| ∧ Fz(|w|, |v|)))]. The m = 0 case shows Q ∈ Σ1

3. A
similar computation shows ¬Q ∈ Σ1

3. a

If V is a tree on ω × ω1 and x ∈ ωω, let ≺x denote the Kleene-Brouwer
ordering on Vx. Thus, ≺x is a linear ordering, and is a well-order iff Vx
is well-founded. We say α < ω1 is represented in the well-founded part of
Vx�β if there is an s ∈ Vx�β such that the initial segment determined by s
in the Kleene-Brouwer ordering on Vx�β is order-isomorphic to α. For the
trees used below this will be equivalent to saying that the initial segment of
≺x determined by s is order-isomorphic to α.

4.43 Lemma Let R ⊆ ωω × ωω be Π1
2. Then there is a tree V on ω × ω1

such that:

1. V is ∆1
1 in the codes.

2. ∀x, y ∈ ωω [R(x, y) ↔ V〈x,y〉 is well-founded ↔ ∀α < ω1 (α is repre-
sented in the well-founded part of V〈x,y〉�α)].

3. The relation S(x, y, w) ↔ [w ∈ WO ∧ |w| is represented in the well-
founded part of V〈x,y〉�|w|] is ∆1

1 in the codes for w.

Proof. Let V ′ be the standard Shoenfield tree on ω × ω1 for Rc. Thus, V ′

is ∆1
1 in the codes and ∀x, y [R(x, y) ↔ V ′〈x,y〉 is well-founded ]. Let V be a

minor modification of V ′ such that

∀x∀α < ω1 (Vx�α is well-founded → |Vx�α| > α).

[For example, code into Vx all finite decreasing chains β0 > β1 > · · · >
βn]. We may assume that if ((a0, . . . , an), (α0, . . . , αn)) ∈ V , then α0 ≥
α1, . . . , αn. Clearly V is ∆1

1 in the codes.
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If R(x, y), then V〈x,y〉 is well-founded, and by construction ∀α |V〈x,y〉�α| >
α, hence α is represented in the well-founded part of V〈x,y〉�α. If (x, y) /∈
R, then V〈x,y〉 is ill-founded, say (〈x, y〉, (β0, β1, . . .)) ∈ [V ]. If the initial
segment I~αx,y of ≺〈x,y〉 determined by ~α = (α0, . . . , αn−1) ∈ V〈x,y〉 is well-
founded, we must have α0, . . . , αn ≤ β0. Thus,

γ
.= sup {|~α|≺〈x,y〉 : I~αx,y is well-founded } < ω1.

For δ > max{β0, γ}, δ is not represented in the well-founded part of V〈x,y〉�δ.
Finally, (3) is a standard computation using (1). a

4.44 Lemma Let W ⊆ WO2 be Σ1
3, invariant in the codes, and code a

bounded initial segment of ω2. Then there is a ∆1
3 relation F ⊆ WO×WO

which is invariant in the codes, and defines a total function F : ω1 → ω1

(i.e., ∀α < ω1∃!β < ω1 F (α, β)) such that [F ]W 1
1
> |x| for all x ∈W .

Proof. Define W ′(w) ↔ ∃x ∈ WO2 [W (x) ∧ (w codes a function Fw : ω1 →
ω1) ∧ (|x| = [Fw]W 1

1
)]. From lemma 4.42, W ′ ∈ Σ1

3. W ′ is also invariant
in the sense that if w,w′ code functions Fw, Fw′ , [Fw]W 1

1
= [Fw′ ]W 1

1
, and

W ′(w), then W ′(w′). Let W ′(w) ↔ ∃y R(w, y), where R ∈ Π1
2. Let V

be a tree on ω × ω1 as in lemma 4.43, in particular R(w, y) ↔ V〈w,y〉 is
well-founded.

Say a real w is α-good if Fw(α) is defined, and say w is ≤ α-good if it is
α′ good for all α′ ≤ α. Say a pair (w, y) is α-good if w is α-good and α is
represented in the well-founded part of V〈w,y〉�α.

Consider the integer game G where I plays out reals w1, y, and II plays
out w2, and II wins the run iff there exists an η0 < ω1 such that either:

1. ∀η < η0 (w1, y), w2 are η-good, (w1, y) is not η0-good, and w2 is η0-
good.

or

2. ∀η ≤ η0 (w1, y), w2 are η-good, and Fw1(η0) < Fw2(η0).

Using lemmas 4.41, 4.43, G is a Σ1
2 game for II. II easily wins the game,

by playing any w∗ coding a function Fw∗ : ω1 → ω1 such that [Fw∗ ]W 1
1
>

sup {|x| : x ∈ W}. Thus, by third periodicity, II has a ∆1
3 winning strategy

τ .
Define b : ω1 → ω1 inductively as follows. Let b(η0) be the maximum of

(sup
η<η0

b(η)) + 1 and

sup {Fτ(w1,y)(η0) : ∀η < η0 [(w1, y) is η-good ∧ Fw1(η) = b(η)]}.

We show by induction on η0 that:
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4.45 Claim a.) b(η0) is well-defined, that is, b(η0) < ω1.

b.) If (w1, y) is ≤ η0-good and ∀η ≤ η0 Fw1(η) = b(η), then ∀η ≤
η0 Fw2(η) ≤ Fw1(η), where w2 = τ(w1, y).

Proof. Suppose the claim holds for all η < η0. Note that if (w1, y) is η-good
for all η < η0 and ∀η < η0 Fw1(η) = b(η), then by (b) and induction, Fw2(η0)
is defined, where w2 = τ(w1, y), as otherwise II would lose this run of the
game. Now, Bη0

.= {(w1, y) : ∀η < η0 [(w1, y) is η-good ∧ Fw1(η) = b(η)]}
is ∆1

1, as it is ∆1
1 in any real coding η0 and b�η0. The reasonableness of the

coding z → Fz now gives (a) (c.f. (4) in definition 2.30). (b) at η0 is now
immediate from the definition of b(η0). a

Next we claim that [b]W 1
1
> |x| for all x ∈ W . If not, then by the in-

variance and initial segment properties of W ′, there is a w1 in W ′ with
Fw1 = b. Let y be such that R(w1, y), and have I play (w1, y) against τ ,
producing w2 = τ(w1, y). Since ∀η0 < ω1 (w1, y) is η0-good, a straight-
forward induction using (b) shows that ∀η0 < ω1 Fw2(η0) is defined and
Fw2(η0) ≤ Fw1(η0), a contradiction to II winning the game.

Finally, we show that the relation F (z1, z2) ↔ z1, z2 ∈ WO ∧ b(|z1|) =
|z2| is ∆1

3. We have F (z1, z2) iff the following hold:

1. z1, z2 ∈ WO

2. There is a y ∈ ωω and a z ∈ WO with |z| = |z1| + 1 and |0|≺z
= |z1|

satisfying:

(a) ∀n yn ∈ WO

(b) The map n → |yn| defines an order-preserving map from ≺z to
ω1.

(c) For any n ∈ dom(≺z), |yn| is the maximum of (sup {|ym| : m ≺z
n}) + 1 and

sup {Fτ(w1,y)(|n|z) : ∀m ≺z n (w1, y) is |m|≺z -good
∧ Fw1(|m|≺z ) = |ym|}.

(d) |y0| = |z2|

It follows easily that F ∈ Σ1
2(τ), so F ∈ ∆1

3. a

We prove now the m = 1 case of the Kechris-Martin theorem. Let
R(x,w) ⊆ ωω ×WO2 be Π1

3 and invariant in the codes. Define R′(x,w) ↔
w ∈ WO2 ∧ ∃w′ ∈ WO2 [|w′| ≤ |w| ∧ R(x,w′)]. Clearly R′ is invariant in
the codes, and we claim that R′ ∈ Π1

3. To see this, note that
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R′(x,w) ↔w = 〈a, v〉 ∈ WO2 ∧ ∃b ∈ WO [∀∗β < ω1 |(Tv�β)(|b|)| ≤
|(Tv�β)(|a|)| ∧ ∀z ∈ WO2(|z| = |〈b, v〉| → R(x, z))]

From lemma 4.40 and the m = 0 case of the theorem it follows that
R′ ∈ Π1

3. Replacing now R with R′, we may assume that R(x,w) is also
closed upwards in the codes w.

We employ a standard coding for the ∆1
3(x) subsets of ωω×ωω, uniformly

in x. Thus, let Q ⊆ (ωω)3 be Π1
3 and such that for every Π1

3(x) set A ⊆
(ωω)2, there is a real y recursive in x such that A = Qx. Let Q′0(x, y, z) ↔
Q(x0, y, z), and Q′1(x, y, z) ↔ Q(x1, y, z). Let Q0, Q1 in Π1

3 reduce Q′0, Q
′
1.

We then then say x codes a ∆1
3 set if ∀y, z [Q0(x, y, z) ∨ Q1(x, y, z)], in

which case x codes the ∆1
3(x) set Dx = {(y, z) : Q0(x, y, z)}.

Returning to the proof, let P (x) ↔ ∃w ∈ WO2 R(x,w), where R ∈ Π1
3 is

invariant and closed upwards in the codes. From lemma 4.44 we have:

P (x) ↔ ∃y ∈ ∆1
3(x) [(y codes a ∆1

3 relation Dy ⊆ (ωω)2) ∧ (Dy ⊆ WO×
WO ∧Dy is invariant in the codes) ∧ (Dy defines a total function
from ω1 to ω1) ∧ ∀w ∈ WO2 [(∀∗W 1

1
α < ω1 (α, fw(α)) ∈ Dy) → R(x,w)]]

For “Dy defines a total function from ω1 to ω1” we use:

∀x, z1, z2 ∈ WO [Dy(x, z1) ∧Dy(x, z2) → |z1| = |z2|]
∧ ∀x ∈ WO ∃z ∈ WO [∀z′ ∈ WO (|z′| = |z| → Dy(x, z′))]

By the m = 0 case of the theorem, this expression defines a Π1
3 set, so

P ∈ Π1
3, using lemma 4.40. This completes the m = 1 case of the theorem.

We prove now the general case m > 1 of the theorem. So let P (x) ↔
∃w ∈ WOm+1 R(x,w), where R ∈ Π1

3 is invariant in the codes w. Recall
that for w ∈ WOm+1, fw is the corresponding function from ωm1 to ω1

(defined Wm
1 almost everywhere) representing |w|. For any such fw, there

is a function g : ω1 → ω1 such that ∀∗Wm
1

(α1, . . . , αm) fw(~α) < g(αm). We
may take g = fy for some y = 〈a, u〉 ∈ WO2. Thus we have:

P (x) ↔∃y = 〈a, u〉 ∈ WO2 ∃z ∈ WOm [∀∗
Wm−1

1
α1, . . . , αm−1 fz(~α) ≺Tu

|a|

∧ ∀w ∈ WOm+1 [(∀∗Wm
1
α1, . . . , αm fw(α1, . . . , αm) =

|(Tu�αm)(fz(α1, . . . , αm−1))|) → R(x,w)]]

Note that the expression beginning with ∃z ∈ WOm is invariant in
the codes for y; it is equivalent to saying ∃f : (ω1)m → ω1 ∀∗α1, . . . , αm
f(α1, . . . , αm) < fy(αm) and R(x, [f ]Wm

1
). By the m = 1 and m − 1 cases

of the theorem, P ∈ Π1
3. This completes the proof of theorem 4.38. �
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5. Higher Descriptions

We assume AD throughout §5. We sketch in this section how the theory
of §4 can be extended to higher levels. Indeed, the arguments here should
extend to the general case of a successor Suslin cardinal in the hierarchy of
L(R). We will concentrate here, however, on the projective hierarchy, and
in fact largely on the theory of δ1

5, since all of the new ideas occur here. As
we said in the introduction, our style here will be somewhat informal. We
will concentrate on presenting the new ideas without getting lost in details;
we will sometimes illustrate proofs by considering a representative example.
The reader wishing to see the complete details for the next level of the
analysis (the strong partition relation on δ1

3, the computation of δ1
5, and

the weak partition relation on δ1
5) can consult [11]. In §6 we will consider

topics related to extending this theory further.
Reflecting on the arguments of the previous section, we see that there

were two fundamental ingredients. First was the Kunen analysis, lemma 4.1,
which provided an analysis of the equivalence classes of function f : ω1 → ω1

with respect to the normal measure W 1
1 on ω1. Second was the analysis, em-

bodied in lemma 4.5, which showed how equivalence classes of functions with
respect to the more general measures Wm

1 are generated from the normal
measure analysis. The combinatorics of the process was described by the
descriptions. Admittedly, the concept there was rather trivial (descriptions
being just integers), and there was really no interesting combinatorics taking
place. The situation changes as we move to the higher levels, though, and
the concept of the description becomes a central point. Indeed, armed with
the correct notion of description and proper generalization of the Kunen
tree analysis (due to Martin, see below), the general step in the projective
hierarchy analysis is quite similar to that of §4. Thus, we concentrate in
this section on showing how these two key ingredients generalize.

5.1. Martin’s Theorem on the Normal Measures

From the weak partition relation on δ1
3, theorem 4.34, it follows that there

are precisely three normal measures on δ1
3, corresponding to the three reg-

ular cardinals ω, ω1, ω2 below δ1
3 [The weak partition relation shows that

the c.u.b. filter restricted to points of one of these cofinalities is a normal
measure. Conversely, any normal measure on δ1

3 must give every c.u.b. set
measure one, and by countable additivity must concentrate on one these co-
finalities. Thus, it must coincide with one of these three normal measures.]

The ω-cofinal normal measure on δ1
3 behaves just as the normal mea-

sure on ω1, indeed the Kunen tree analysis is quite general and holds for
all the δ1

2n+1. Thus, there is a tree T on ω × δ1
2n+1 such that for all

f : δ1
2n+1 → δ1

2n+1, there is an x ∈ ωω with Tx well-founded such that
∀∗α < δ1

2n+1 f(α) < |Tx�α| (where ∀∗ refers to the ω-cofinal normal mea-
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sure). The proof is a small variation of lemma 4.1. Instead of WF, one uses
the set W defined by W (x) ↔ ∀n P (xn), where P is a Π1

2n+1-complete
set. Let {φn} be a Π1

3 scale on P . Using {φn}, define a tree U on ω × δ1
3

with p[U ] = W (a branch ~α through Ux gives subsequences ~α1, ~α2, etc.,
such that for all m, (xm, ~αm) is a branch through the tree of the scale
{φn}). We think of x ∈ W as coding the ordinal |x| .= sup

n
φ0(xn). Note

that for almost all α < δ1
3 with respect to the ω-cofinal normal measure,

there is an x ∈ W with |x| = α and Ux�α is ill-founded. Let S be a com-
plete Σ1

2n+1 set, which is (δ1
3)
−-Suslin by theorem 2.14. Say S = p[V ],

V a tree on ω × (δ1
3)
−. Since S /∈ ∆1

3, it follows from theorem 2.15 that
sup {|Vx| : Vx is wellfounded } = δ1

3. The Kunen tree T is then constructed
as in lemma 4.1.

For the other normal measures, however, the situation is different. To
discuss this, we need to recall some facts from the homogeneous tree con-
struction. A detailed account of this may be found in [18], we summarize
the main points.

Recall that if T is a tree on ω × κ, and s ∈ ωn, then Ts = {~α ∈ κn :
(s, ~α) ∈ T}. If t extends s, let πs,t denote the natural map from Tt to Ts
defined by πs,t(~α) = ~α� lh(s). If µ is a measure on Tt, then πs,t(µ) is a
measure on Ts (recall πs,t(µ)(A) = µ(π−1

s,t (A))).

5.1 Definition A tree T on ω×κ is homogeneous if there are measures µs,
for s ∈ ω<ω, with µs(Ts) = 1 such that if t extends s then πs,t(µt) = µs,
and having the following homogeneity property: for all x ∈ ωω, if Tx is ill-
founded and for each n a set An ⊆ Tx�n is given with µx�n(An) = 1, then
there is a sequence ~α ∈ κω such that for all n, α�n ∈ An.

The homogeneity property for Tx is equivalent to saying that the direct
limit of the ultrapowers (of ON) by the measures µx�n is well-founded.

We extend the definition in the obvious way to trees T on ω×ω×κ, etc.
(in this case, the measures µs,t are indexed by pairs of sequences of the same
length). We say T is a homogeneous tree for P ⊆ ωω if T is homogeneous
and p[T ] = P .

If P ⊆ 2ω is Π1
1, the standard Shoenfield construction gives a tree T1 on

2× ω1 with P = p[T1]. T1 may be defined so that for each s ∈ 2ω, there is
a permutation πs of {1, . . . , n}, n = lh(s), with n occurring first, such that
(s, ~α) ∈ T1 iff ~α is order-isomorphic to πs. For π a permutation of {1, . . . , n},
let Wπ

1 be the natural measure on n-tuples ~α which are order-isomorphic
to π (i.e., Wπ

1 is equivalent to Wn
1 under the map which re-arranges ~α into

increasing order). Thus, the measures Wπs
1 witness that T1 is homogeneous.

If S ⊆ 2ω is Σ1
2, then S(x) ↔ ∃y P (x, y), where P ∈ Π1

1, so P = p[T1]
for some homogeneous tree T1 on 2 × 2 × ω1 (if we identify T1 with a tree
T ′1 on 2 × ω1 by identifying the second and third coordinates of T1 with



88 I. Structural Consequences of AD

the second coordinate of T ′1, then T ′1 is said to be weakly homogeneous).
For s, t ∈ 2<ω of the same length, let πs,t and W

πs,t

1 be the permutation
and measure associated to s, t, and T1. We may assume without loss of
generality that for s, t ∈ 2<ω of the same length, that πs,t depends only on
s� lh(s) − 1, t� lh(t) − 1. For convenience we also assume (without loss of
generality) that for any s, t of the same length, (T1)s,t 6= ∅. If Q = Sc, then
the homogeneous tree construction shows how, using the strong partition
relation on ω1, to get a homogeneous tree T2 for Q. One way of doing
this is as follows. For s ∈ 2<ω, let ≺s be the Kleene-Brouwer ordering on
(T1)s ⊆ (2×ω1)≤lh(s). In specifying the Kleene-Brouwer ordering, we order
pairs (n, α) ∈ 2 × ω1 first by α. It is convenient here to adopt a minor
variation of the definition of R being a type-1 tree of uniform cofinalities,
definition 4.25. First, we drop all sequences ~p = 〈p1, i1, . . . , pm, im〉 where
im = 0 from the domain of R. Thus, for any ~p, R(~p) is now either (ω) or a
permutation pm+1 extending pm. Secondly, we now allow either possibility
for R(~p) when ~p is maximal in dom(R). We define <R exactly as before,
and define f : dom(<R) → ω1 being of type R in the obvious way (for ~p
maximal in dom(R) withR(~p) = pm+1, we require f~p(α1, . . . , αm) to almost
everywhere have uniform cofinality {β : (α1, . . . , αm, β) is order-isomorphic
to pm+1}). It is now easy to check that ≺s is of the form <Rs for some
type-1 tree of uniform cofinalities Rs. In fact, we can define Rs as follows.
Let ~p = 〈p1, i1, . . . , pm, im〉 ∈ dom(Rs) iff m ≤ lh(s), each ik = 1 or 2,
and pm = πs�m,t, where t = (i1 − 1, . . . , im − 1). We set Rs(~p) = πs′,t′ ,
where s′, t′ are any immediate extensions of s, t (by our assumption, this
only depends on s and t).

We define (s, ~β) ∈ T2 iff there is an f : dom(<Rs) → ω1 of type Rs

with ~β = [f ]� lh(s). To say ~β = [f ]� lh(s) means that for all i < lh(s),
βi = [f 〈p1,i1,...,pk,ik〉]Wk

1
, where (i1, . . . , ik) is the ith element of 2<ω in some

reasonable enumeration, and pj = π(s�j,(i1,...,ij)). From the strong partition
relation on ω1 it is not difficult to see that T2 is homogeneous for Q, with
measures MRs . [For example, to show homogeneity, suppose (T2)x is ill-
founded, and each An has measure one with respect to MRx�n . Let Cn
be a c.u.b. subset of ω1 defining a MRx�n measure one set contained in
An. Let C =

⋂
n Cn. Since x ∈ Q = P c, (T1)x is well-founded. Let f

be order-preserving from the Kleene-Brouwer ordering on (T1)x to C such
that for all n, f�dom(≺x�n) is of type Rx�n. Let βi = [f 〈p1,i1,...,pk,ik〉]Wk

1
,

where again (i1, . . . , ik) is the ith element of 2<ω in our enumeration. Then
(β0, . . . , βn) ∈ An for all n.

Recall WO2 is the Π1
2 set of codes for ordinals < ω2 (definition 4.36), and

for x ∈ WO2, |x| = [fx]W 1
1
< ω2 is the ordinal coded by x. The next lemma

shows that we may get a homogeneous tree for WO2 with an additional
property.
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5.2 Lemma There is a homogeneous tree U on ω × ωω with WO2 = p[U ]
and with the following property:

(?): If {ψn} is the scale on WO2 corresponding to U (using left-most
branches), then ∀x ∈ WO2 |x| ≤ ψ0(x).

Proof. Let T be the Kunen tree of §4, where we use the linear-order version
of theorem 4.2. Recall x ∈ WO2 if x = 〈a, y〉 where a ∈ WO and Ty is a
well-ordering. Since T is ∆1

1 in the codes, there is a Σ1
1 relation E such that

for all b ∈ WO:

E(y, b, x1, x2) ↔ [x1, x2 ∈ WO ∧ |x1|, |x2| < |b| ∧ (|x2| Ty |x1|).

Let W1 be a tree on ω5 projecting to E. Let W2 be a homogeneous tree on
ω × ω1 for WO. We may assume that for all (s, (α0, . . . , αn−1) ∈ W2 that
α0 > max{α1, . . . , αn−1}. Define the tree V on ω2×ω1×ω2 as follows. Let
(p, s, ~α, v, w) ∈ V iff (s, ~α) ∈W2 and (p, s, v, w) satisfies: for all i < lh(p)−1,
if j is maximal so that 〈i, j〉, 〈i+ 1, j〉 < lh(p), then

(p�j, s�j, (vi(0), . . . , vi(j)), (vi+1(0), . . . , vi+1(j)),
(wi(0), . . . , wi(j))) ∈W1,

where vi(k) = v(〈i, k〉), and similarly for w. This last requirement is just
building the Kunen-Martin tree for the relation E. In particular, Vy is
well-founded iff for all a ∈ WO, Ty�|a| is a well-order, that is, iff Ty is a
well-order. Also, if Ty is well-founded, then for all β < ω1 the rank of Ty�β
is less than or equal to the rank of V βy

.= those (p, s, ~α, v, w) ∈ Vy with
α0 ≤ β (as in the proof of the Kunen-Martin theorem).

Let W3 be the homogeneous tree on ω × ωω constructed from V , so
p[W3] = {y : Ty is well-founded }. For each p ∈ ωn, the homogeneity mea-
sure µp will be of the form MRp for some type-1 tree of uniform cofinal-
ities Rp. Thus, (p, ~β) ∈ W3 iff there is an f of type Rp such that for all
j < n, βj = [f 〈p1,i1,...,pk,ik〉]Wk

1
, where 〈p1, i1, . . . , pk, ik〉 is the jth element

of dom(Rp) in some enumeration. We may assume that β0 = [f 〈p1,i1〉]W 1
1
,

where i1 is maximal so that 〈p1, i1〉 ∈ dom(Rp).
Finally, define U to be the tree which is the “conjunction” of W2 and W3:

((y(0), a(0), . . . , y(n− 1), a(n− 1)), (β0, α0, . . . , βn−1, αn−1)) ∈ U ↔
(a�n, (α0, . . . , αn−1)) ∈W2 ∧ (y�n, (β0, . . . , βn−1)) ∈W3.

It is easy to see that U is homogeneous with measures of the form
Wπ

1 × MR. Clearly p[U ] = WO2. To verify (?), suppose x = 〈a, y〉 =
(y(0), a(0), y(1), a(1), . . . ) ∈ WO2. By definition |x| ≤ |Ty|. It is enough
to show that if (y, ~β) ∈ [W3], then β0 ≥ |Ty|. For each n, let fn be of
type Ry�n with [fn] = (β0, . . . , βn−1). For C ⊆ ω1, let Vy�C denote those
(s, ~α, v, w) ∈ Vy with all αj ∈ C. From the fn we get a function f and a
c.u.b. C ⊆ ω1 such that:
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1. f is order-preserving from the Kleene-Brouwer ordering on Vy�C to
ON.

2. For each n, f induces by restriction a function f ′n of type Ry�n with
[f ′n] = [fn] = (β0, . . . , βn−1).

Thus, for all α ∈ C we have f ′0(α) ≥ |V αy �C|. However, for α a closure point
of C (i.e., α is the αth element of C), we easily have |V αy �C| = |V αy |. Hence,
β0 = [f ′0]W 1

1
≥ [α→ |V αy |]W 1

1
≥ [α→ |Ty�α|]W 1

1
= |Ty|. a

The above homogeneous tree construction, without the (?) argument,
also shows that every Π1

2 set is the projection of a homogeneous tree on
ω × ωω. This also shows that every Σ1

3 set is weakly homogeneous. Using
the weak partition on δ1

3 and the homogeneous tree construction again, one
can then show that every Π1

3 set admits a homogeneous tree T on ω×δ1
3. We

wish, however, to modify this construction to obtain a homogeneous tree on
a Π1

3-complete set with some additional properties. Our argument is really
just Martin’s analysis of functions with respect to the normal measures.
The form we present it in here may be of use elsewhere. We sketch another
version in theorem 5.6.

5.3 Theorem There is a Π1
3 complete set P , a Π1

3-norm z → |z| < δ1
3

from P onto δ1
3, and a homogeneous tree S on ω × δ1

3 for P satisfying the
following. There is a c.u.b. C ⊆ δ1

3 such that for all α ∈ C there is
a z ∈ P with |z| = α and with Sz�(sup

ν
jν(α)) ill-founded, the supremum

ranging over measures ν = MRs occurring in the homogeneous tree U of
lemma 5.2. Furthermore, for any z and ~β = (β0, β1, . . . ), if (z, ~β) ∈ [S],
then |z| ≤ β0.

Proof. Recall according to theorem 4.33 our ∆1
3 coding z → Az of subsets

of ωω (or (ωω)2, etc.). We assume for this proof that for all z, Az ⊆
ω2 × ωω × ωω. If α < ω2, let Aαz = {(β, γ) : (α, β, γ) ∈ Az}. Define

P (z) ↔ ∀α < ω2 A
α
z is well-founded.

Note that the relation

C(z, x1, x2, x3) ↔ x1 ∈ WO2 ∧ x2, x3 ∈ WOω ∧ (|x1|, |x2|, |x3|) ∈ Az

is ∆1
3 by the closure of ∆1

3 under < δ1
3 unions (in fact, it is straightforward

to show that C is ∆1
3). Thus, P ∈ Π1

3. For z ∈ P , let |z| = sup
α<ω2

|Aαz |. Using

the closure of ∆1
3 under < δ1

3 unions and intersections, it is straightforward
to check that this defines a Π1

3-norm onto δ1
3.

Let C∗ ⊆ (ωω)5 be Π1
2 projecting to C. Let T ∗2 be a homogeneous tree on

ω5×ωω for C∗. Let U be a homogeneous tree on ω×ωω for WO2 satisfying
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(?). Define a tree V on ω2 × ωω × ω × ωω as follows. Set (p, s, ~α, u, ~β) ∈ V
iff (s, ~α) ∈ U and if u = (u(0), . . . , u(n − 1)), then the u(i) code more
and more of reals u0, u1, . . . and reals w0, w1, . . .. Each u(j + 1) extends
the array coded by u(j) by adding one extra pair (ui(k), ui+1(k)) for some
i, k, and one extra value wi(k). For each i, k, if the pairs (ui(0), ui+1(0)),
. . . , (ui(k − 1), ui+1(k − 1)) are added at stages q0, . . . , qk−1 < n, then we
require that

(p�k, s�k, ui�k, ui+1�k,wi�k, (βq0 , . . . , βqk−1)) ∈ T ∗2 .

Again, V embodies the Kunen-Martin construction for the relation C. The
tree V is also homogeneous, witnessed by measures Mp,s,u = νs × µp,s,u
where νs are the homogeneity measures for U and µp,s,u are measures of
the form MRp,s,u for some type-1 trees of uniform cofinalities Rp,s,u which
are simply obtained from the type-1 trees giving the measures for T ∗2 [Note
that for any two type-1 trees R1 and R2, there is a type-1 tree R whose
measure MR projects naturally to both MR1 and MR2 ].

We now apply the homogeneous tree construction to V to produce a tree
S on ω×δ1

3 such that for all z, Sz is ill-founded iff Vz is well-founded. For any
p ∈ ω<ω, let ≺Vp denote the Kleene-Brouwer ordering on Vp. In specifying
the Kleene-Brouwer order, we must say how the tuples (s(n), αn, u(n), βn)
are ordered. In comparing two such tuples, it is important (at least for
n = 0) that we order first by αn (the remaining order is unimportant). We
define (p,~γ) ∈ S iff there exists an f which is order-preserving and of the
correct type from Vp with the Kleene-Brouwer order to δ1

3, and f represents
~γ in the following sense. First, we require γ0 = sup (f). Let (si, ui), i ≥ 1,
enumerate the pairs of finite sequences of the same length, with lh(si) ≤ i.
Then γi, for i ≥ 1, is represented with respect to Mp� lh(si),si,ui

by the
function fsi,ui(~α, ~β) = f(si, ~α, ui, ~β). The weak partition relation on δ1

3

shows that S is homogeneous (though we don’t need this for the proof).
If z ∈ P , and hence Vz is well-founded, then easily Sz is ill-founded and

in fact there is a ~γ with (z,~γ) ∈ [S] such that γ0 ≤ ω · | ≺Vz
|, where ≺Vz

is the Kleene-Brouwer ordering on Vz. That Sz being ill-founded implies
z ∈ P will be shown below.

We define now the c.u.b. set C ⊆ δ1
3 as required. Fix for the moment

α < ω2, β < δ1
3. Let

Pα,β = {z : ∀α′ ≤ α Aα
′

z is well-founded of rank ≤ β}.

A standard computation, using the closure of ∆1
3 under < δ1

3 unions and
intersections shows Pα,β ∈ ∆1

3. Note that if z ∈ Pα,β then Vz restricted
to tuples (s, ~α, u, ~β) such that α0 ≤ α is well-founded; this uses property
(?) of the tree U . Since Pα,β ∈ Σ1

3 and is thus ωω-Suslin, an easy tree
argument shows that b(α, β) .= sup {|α|Vz : z ∈ Pα,β} < δ1

3, where by |α|Vz
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we mean the supremum of the ranks of (s(0), α, u(0), γ0) in the Kleene-
Brouwer ordering of Vz. This defines the function b : ω2 × δ1

3 → δ1
3. Let

then C ⊆ δ1
3 be a c.u.b. set consisting of limit ordinals and closed under b.

Suppose now δ ∈ C and cof(δ) = ω2. Let h : ω2 → δ be increasing and
cofinal. Let z ∈ ωω be such that ∀α < ω2 Aαz is well-founded of rank
h(α). Thus P (z), and for all α < ω2, z ∈ Pα,h(α). For all α < ω2 we have
|α|Vz

≤ b(α, h(α)) < δ. Hence there is an order-preserving map f from the
Kleene-Brouwer ordering of Vz to δ. If f represents ~γ, then γ0 ≤ δ and for
all n, γn ≤ sup

p,s,u
jMp,s,u

(δ).

Suppose now (z, (β0, β1, . . .)) ∈ [S]. We show that z ∈ P , and if we let
h(α) = |Aαz | for α < ω2, then sup (h) ≤ β0. For each j, let fj : Vz�j → δ1

3 be
order-preserving representing (β1, . . . , βj), and with β0 = sup (fj). Recall
that for i ≤ j and i > 0, βi is represented with respect to Mz� lh(si),si,ui

=
νsi × µz� lh(si),si,ui

by the function fsi,ui

j . For each i > 0, let Ei be a
Mz� lh(si),si,ui

measure one set such that for all j1, j2 ≥ i and all (~α, ~β) ∈ Ei
we have fsi,ui

j1
(~α, ~β) = fsi,ui

j2
(~α, ~β). For (~α, ~β) ∈ Ei, let fsi,ui(~α, ~β) denote

the common value of fsi,ui

j (~α, ~β) for j ≥ i. Let Ai be a νsi
measure one

set such that for all ~α ∈ Ai we have that for µz� lh(si),si,ui
almost all ~β that

(~α, ~β) ∈ Ei. Consider now α < ω2, and fix x ∈ WO2 with |x| = α. By
homogeneity of U , fix ~α = (α0, α1, . . . ) such that (x, ~α) ∈ [U ] and for all k,
~α�k ∈

⋂
iAi, where the intersection runs over the i such that si = x�k.

Consider the tree

Vz,x,~α ∩ ~B = {(u, ~β) : (z� lh(u), x� lh(u), ~α� lh(u), u, ~β) ∈ V

∧ ~β ∈ Bz� lh(u),x� lh(u),u}

where Bz� lh(u),x� lh(u),u is a µz� lh(u),x� lh(u),u measure one set such that
{~α� lh(u)}×Bz� lh(u),x� lh(u),u ⊆ Ei where i is such that (si, ui) = (x� lh(u), u).
The map (u, ~β) → fx� lh(u),u(~α� lh(u), ~β) is order-preserving from the Kleene-
Brouwer order of Vz,x,~α∩ ~B to β0. In particular, the tree Vz,x,~α∩ ~B has rank
at most β0. On the other hand, the proof of the Kunen-Martin theorem
shows that the tree of finite sequences (y0, . . . , yn) of reals such that for all
i < n, C(z, x, yi+1, yi), embeds into Vz,x,~α∩ ~B (we use here the homogeneity
of T ∗2 , which allows the “witness sequences” from the Kunen-Martin proof
to be chosen in the B sets). Thus, Aαz is well-founded of rank at most
|Vz,x,~α ∩ ~B| ≤ β0. Since α < ω2 was arbitrary, we have sup (h) ≤ β0.

We have proved the theorem for points of cofinality ω2. A similar (but
slightly easier) construction works for points of cofinality ω1, using WO in
place of WO2. The cofinality ω case, we already observed, is the Kunen
result. a
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5.4 Remark If {φn}n∈ω is the semi-scale on P corresponding to S (us-
ing left-most branches), then one can show that {φn} is a (not necessarily
regular) Π1

3-scale.

From theorem 5.3, Martin’s theorem now follows quickly.

5.5 Theorem (Martin) There is a tree T on ω × δ1
3 such that for all

f : δ1
3 → δ1

3 there is a z ∈ ωω with Tz well-founded, and a c.u.b. C ⊆ δ1
3

such that for all α ∈ C, f(α) < |Tz�sup
ν
jν(α)|, the supremum ranging over

measures ν occurring in the homogeneous trees on Π1
1, Π1

2-complete sets.

Proof. The argument is now almost identical to the Kunen case. Fix P, S as
in theorem 5.3. Let W be a tree on ω× ωω such that p[W ] is Σ1

3-complete,
and thus sup {|Ww| : Ww is well-founded } = δ1

3. Let U be the tree on
ω2 × δ1

3 × ω × ωω defined by:

(p, s, ~α, u, ~β) ∈ U ↔ (s, ~α) ∈ S ∧ (u, ~β) ∈W
∧ ∃σ(σ extends p ∧ σ(s) = u).

If f : δ1
3 → δ1

3, then play the game where I plays out z, II plays out y, and
II wins iff (z ∈ P ) → (Wy is well-founded and |Wy| > f(|z|)). II wins by
boundedness (a Σ1

1 subset of P codes a bounded below δ1
3 set of ordinals).

If σ is a winning strategy for II, and C is as in theorem 5.3, then for all
α ∈ C, |Uσ�sup

ν
jν(α)| > f(α). Weaving the second, third, fourth, and fifth

coordinates of U into a single coordinate produces a tree T as desired. a

We refer to the tree T of theorem 5.5 as the Martin tree.
In [11] a version of Martin’s theorem is presented which does not get the

extra information about the homogeneous scale, but which refines slightly
the inequality. Actually, the refined inequality can also be obtained by ex-
amining the proof of theorem 5.3. Nevertheless, this second variation of the
proof has, we feel, enough advantages to warrant presenting. Specifically,
we will use this second variation of the proof in theorem 5.7.

5.6 Theorem (Martin) There is a tree T on ω × δ1
3 such that for all

f : δ1
3 → δ1

3, there is a z with Tz well-founded and a c.u.b. C ⊆ δ1
3 such that

for all α ∈ C, f(α) < |Tz�sup
ν
jν(α)|, where if cof(α) = ω1 the supremum

ranges over the measures Wm
1 occurring in the homogeneous tree on a Π1

1-
complete set, and if cof(α) = ω2, the supremum ranges over the measures
occurring in the homogeneous tree on a Π1

2-complete set (if cof(α) = ω, we
use |Tz�α|).

Proof. The proof of this version is similar to that of the version presented
above, so we give a sketch. Let P , U be as in theorem 5.3, and let νs be
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the homogeneity measures for U . Define (where Aαz is as in the proof of
theorem 5.3)

P ′(z, x) ↔ x ∈ WO2 ∧ A|x|z is well-founded .

Thus P ′ ∈ Π1
3 and P (z) ↔ ∀x [x ∈ WO2 → P ′(z, x)]. Let V be a homo-

geneous tree on ω × ω × δ1
3 for P ′ with δ1

3-complete measures µs,t (which
the usual homogeneous tree construction gives). Define now the tree W on
ω×δ1

3 as follows. Let {sn}n∈ω be an enumeration of ω<ω with any sequence
preceding its extensions. Define ((z(0), . . . , z(n − 1)), (β0, . . . , βn−1)) ∈ W
iff for all j < n, if sj = (s(0), . . . , s(k − 1)) and q0 < q1 < · · · < qk−1 = j
are such that sql

= (s(0), . . . , s(l)), and f0, . . . , fk−1 represent βq0 , . . . , βqk−1

with respect to νs(0), . . . , ν(s(0),...,s(k−1)), then

∀∗νsj
γ0, . . . , γk−1 (z�k, sj , (f0(γ0), . . . , fk−1(γ0, . . . , γk−1))) ∈ V.

We claim first that P = p[W ]. p[W ] ⊆ P is easily checked, and uses only
the homogeneity of U . If z ∈ P , consider the ordinal game Gz where I plays
out x ∈ ωω, ~α = (α0, α1, . . . ) ∈ (ωω)ω with α0 < ω2, II plays out ~δ ∈ (δ1

3)
ω,

and II wins iff ∀n [(x�n, ~α�n) ∈ U → (z�n, x�n,~δ�n) ∈ V ]. The game
is closed for II, hence determined, and the usual homogeneity argument,
using the δ1

3 completeness of the measures for V , shows that I cannot have
a winning strategy [otherwise, by δ1

3-completeness of the measures µs,t, we
could stabilize I’s moves on measure one sets, and then by the homogeneity
of those measures, get a play for II which wins]. A winning strategy τ for
II then gives functions fs, and thus ordinals βi, such that (z, ~β) ∈ [W ].
Namely, if lh(si) = k, then βi is represented with respect to νsi by the
function fsi

(γ0, . . . , γk−1) = τ(si, (γ0, . . . , γk−1)).
Fix for the moment α < ω2, β < δ1

3. Let Gz,α be the game defined just
as Gz, except I’s first ordinal move α0 satisfies α0 ≤ α. Let Pα,β be as in
theorem 5.3. For z ∈ Pα,β , let b(z, α) < δ1

3 be least so that II has a winning
strategy in Gz,α playing ordinals < b(z, α) (this exists since δ1

3 is regular).
We claim that b(α, β) .= sup {b(z, α) : z ∈ Pα,β} < δ1

3. This follows from the
fact that Pα,β is ωω-Suslin. To see this, consider the auxiliary game where
I plays out z, x ∈ ωω, ~γ ∈ (ωω)ω, ~α ∈ (ωω)ω with α0 ≤ α, and II plays out
~δ ∈ (δ1

3)
ω, and II wins iff

∀n [((z�n,~γ�n) ∈ U2 ∧ (x�n, ~α�n) ∈ U) → (z�n, x�n,~δ�n) ∈ V ],

where U2 is a tree on ω×ωω with p[U2] = Pα,β . II again wins, and b(α, β) ≤
any ordinal η large enough so that II can win this auxiliary game playing
ordinals < η.

Let now C ⊆ δ1
3 be a c.u.b. set consisting of limit ordinals and closed

under b. Let δ ∈ C with cof(δ) = ω2. Let h : ω2 → δ be increasing and
cofinal, and z ∈ P be such that ∀α < ω2 |Azα| = h(α). Then we claim that
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z ∈ p[W �sup
ν
jν(δ)], the supremum ranging over the measures νs for U . We

must show that II can win Gz playing only ordinals < δ. If I first moves
(x(0), α0), II picks the least ordinal η ≤ b(α0, h(α0)) < δ such that II can
win Gz,α starting from that position playing only ordinals < η. II then
follows the canonical winning strategy for the closed game Gz,α�η.

Thus, we have produced a tree W and a c.u.b. C such that P = p[W ]
and for all α ∈ C of cofinality ω2 there is a z ∈ p[W �sup

νs

jνs
(α)] such that

|z| = α, that is, α = sup
β<ω2

|Aβz |. Again, the argument for cofinality ω1 points

is similar, using WO instead of WO2. The argument now finishes exactly
as before (i.e., theorem 5.5). a

Theorems 5.5, 5.6 are the correct extension of the Kunen analysis on ω1 to
δ1

3. The fact that the identity function of the Kunen analysis is replaced by
α→ sup

ν
jν(α) is, at bottom, the source of the combinatorial complications

at the higher levels.
The proofs of theorems 5.3, 5.5, and 5.6 are quite general. For example,

the proof of theorem 5.6 generalizes to the following (the proof is identical
to that of theorem 5.6 so we omit it).

5.7 Theorem Let λ < κ be regular cardinals, and Γ a non-selfdual point-
class closed under ∀ωω

,∧,∨. Assume:

1. There is a ∆ coding of the ordinals less than λ. That is, there is a ∆
set C ⊆ ωω and a map x→ |x|C < λ for x ∈ C such that the relations
(x1, x2 ∈ C ∧ |x1|C ≤ |x2|C) and (x1, x2 ∈ C ∧ |x1|C < |x2|C) are both
in ∆.

2. There is a homogeneous tree U on C such that for all x ∈ C, |x| ≤
ψ0(x) < λ, where {ψn} is the semi-scale corresponding to U .

3. There is a map z → Az ⊆ λ× κ, for z ∈ ωω, satisfying:

(a) ∀f : λ→ κ ∃z Az = f .

(b) The relation P ′(z, x) ↔ [x ∈ C ∧ ∃!β Az(|x|C , β)] is in Γ.

(c) For all α < λ, β < κ, Pα,β
.= {z : ∀α′ ≤ α ∃β′ ≤ β [Az(α′, β′) ∧

∀β′′(Az(α′, β′′) → β′ = β′′)]} is in ∆.

4. Every Γ set admits a homogeneous tree on κ with κ-complete measures.

5. Every ∆ set is α-Suslin for some α < κ. Also, if A ⊆ P
.= {z : ∀x ∈

C P ′(z, x)} is in ∃ωω

∆, then sup {|z| : z ∈ A} < κ, where for z ∈ P ,
|z| is the supremum of the range of the function Az : λ→ κ.
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Then there is a tree W on ω × κ with p[W ] = P and a c.u.b. D ⊆ κ
such that for all α ∈ D with cof(α) = λ, there is a z ∈ P with |z| = α and
Wz�(sup

ν
jν(α)) is ill-founded, the supremum ranging over the measures ν

for the homogeneous tree U .

5.8 Remark The hypotheses imply that the prewellordering property falls
on the Γ side. For if not, then Γ̌ is closed under well-ordered unions. From
(3c) it follows that there is a κ increasing sequence of ∆ sets. Thus, there
is a Γ̌ prewellordering of length κ. If ∆ is not closed under ∃ωω

, then by
(5) this prewellordering is α-Suslin for some α < κ, a contradiction. If ∆
is closed under real quantification, then κ = o(∆), and ∆ is closed under
< κ unions. Then P is a union of ∆ sets, so is in Γ̌, and hence in ∆. This
contradicts (5). Thus, pwo(Γ). Similarly, it can be shown that ∆ is closed
under < κ length unions and intersections.

This general form of Martin’s theorem is particularly useful when com-
bined with another result of Martin and Steel (c.f. [28]) which provides the
existence of homogeneous trees in a general setting. We recall this theorem.
Let {si}i∈ω be an enumeration of ω<ω with each sequence preceding its
proper extensions, and such that if si = taa, sj = tab, then a < b→ i < j.
View each real σ as a strategy for II via σ(si+1) = σ(i) (note s0 = ∅).

Let Γ be a Steel pointclass (i.e., Γ is non-selfdual, closed under ∀ωω

,
pwo(Γ), and ∆ is closed under real quantification). By red(Γ), let U, V ⊆
(ωω)3 be disjoint Γ sets such that for every disjoint Γ sets A,B ⊆ (ωω)2

there is an x ∈ ωω with A = Ux, B = Vx. We say ∆ is uniformly closed
under ∃ωω

if the relations

R(x, z) ↔ ∀z, w [Ux(z, w) ∨ Vx(z, w)] ∧ ∃w Ux(z, w)
S(x, z) ↔ ∀z, w [Ux(z, w) ∨ Vx(z, w)] ∧ ∀w Ux(z, w)

are in Γ.

5.9 Theorem (AD) (Martin, Steel) Let Γ be a non-selfdual pointclass, A ∈
Γ − Γ̌, and assume A and Ac are both Suslin. Let B = {σ : ∀y σ(y) ∈ A}.
Then B is ∀ωω

Γ-complete and B admits a scale {ψn} whose corresponding
tree Tψ is homogeneous. If {φn} is a Γ very good scale on A and either Γ is
closed under ∃ωω

or ∆ is uniformly closed under ∃ωω

, then {ψn} is a ∀ωω

Γ
scale. If Γ is closed under ∀ω, countable unions and intersections, then the
measures in Tψ will be κ-complete, where κ = the supremum of the lengths
of the ∆ = Γ ∩ Γ̌ prewellorderings of the reals.

Combining this with theorem 5.7 we have the following.

5.10 Theorem (AD + V = L(R)) Let κ < δ2
1 be a regular limit Suslin car-

dinal, and λ < κ be regular. Let Γ be the pointclass closed under ∀ωω

such
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that S(κ) = ∃ωω

Γ. Assume there is a ∆ coding of λ with homogeneous tree
U as in (1), (2) of theorem 5.7. Then there is a tree W on ω × κ with
p[W ] = P , a Γ-complete set, and a map z → |z| < κ for z ∈ P satisfying:

1. If S ⊆ P is in ∆, then sup {|z| : z ∈ S} < κ.

2. There is a c.u.b. C ⊆ κ such that for all α ∈ C of cofinality λ, there
is a z ∈ P such that |z| = α and Wz�(sup

ν
jν(α)) is ill-founded, the

supremum ranging over the homogeneity measures ν for U .

Proof(sketch). Γ is closed under countable unions and intersections from
[35], and also from [37] Γ has the scale property. The proof of theorem 3.3
of [35] also shows that ∆ is uniformly closed under ∃ωω

. Note also that κ
is the supremum of the lengths of the ∆ prewellorderings, and ∆ is closed
under < κ unions and intersections. By theorem 5.9, some Γ-complete set
admits a homogeneous tree with κ-complete measures, and thus so does
every Γ set. The coding z → Az ⊆ λ × κ is given simply from the coding
lemma (relative to some ∆ prewellordering of length λ and some Γ-norm on
a Γ-complete set). We define P , W as in theorem 5.6, using a homogeneous
tree V with κ-complete measures for P ′. (1)-(5) of theorem 5.7 are easily
checked. a

We note that if λ is a regular Suslin cardinal, the hypotheses of the
previous theorem are automatically satisfied. For there is a non-selfdual
pointclass Λ closed under ∀ωω

with the scale property such that λ is the
supremum of the lengths of the ∆ = ∆(Λ) prewellorderings. If λ is inacces-
sible, ∆ is uniformly closed under ∃ωω

. If λ is a successor Suslin, then from
theorem 4.3 of [37], Λ = ∀ωω

Λ− with Λ− closed under ∃ωω

with scale(Λ−).
In either case, by theorem, 5.9, there is a Λ-scale {ψn} on a Λ-complete
set C whose tree U is homogeneous. We must have ψ0 onto λ in this case
(assuming without loss of generality that the scale is regular, i.e., all norms
map onto an initial segment on the ordinals). Letting our coding of λ be
given by |x| = ψ0(x) for x ∈ C, this verifies (1), (2) of theorem 5.7.

We make some comments on the possible significance of theorem 5.10
to extending the inductive analysis of the projective sets to higher levels
of L(R). In analyzing the measures on κ, the first step of the proof of
theorem 4.8 shows it is necessary to have at hand an analysis of the functions
on κ with respect to the semi-normal measures (the measures that give every
c.u.b. set measure one). At successor Suslin cardinals, theorem 5.7 and the
analysis below κ should give the analog of theorem 5.6. If κ is singular, there
should be no analog of Martin’s theorem required, though other methods
become necessary (we will discuss some of these in the next section). For κ
inaccessible Suslin, theorem 5.10 is a step towards providing the necessary
result, but is not complete as it handles only the normal measures on κ
corresponding to fixed cofinalities λ < κ.
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5.2. Some Canonical Measures

For the remainder of this section we return to the projective hierarchy, and
discuss the other main ingredient; the theory of descriptions. As we said in
the introduction, our purpose here is not to present complete details, but
rather to exposit the main ideas. We will frequently illustrate a proof by
considering a case which shows the central idea.

According to theorem 5.6, in analyzing functions f : δ1
3 → δ1

3 with respect
to the ω1 cofinal normal measure, we need to consider ultrapowers by the
measuresWm

1 . There is nothing more to say in this case. With respect to the
ω2-cofinal normal measure, we need consider ultrapowers by the measures
MR occurring in the homogeneous tree on a Π1

2 set. One suspects that
there is a combinatorially simpler family which “dominates” these measures.
Indeed, it simplifies considerably the resulting theory to have such a family
at hand.

Let <m be the ordering on (ω1)m corresponding to the permutation π =
(m, 1, 2, . . . ,m− 1). Thus,

(α1, . . . , αm) <m (β1, . . . , βm) ↔
(αm, α1, . . . , αm−1) <lex (βm, β1, . . . , βm−1).

Recall that a function f from the domain of a well-ordering ≺ to the
ordinals is of the correct type if it order-preserving with respect to ≺, of
uniform cofinality ω, and everywhere discontinuous.

5.11 Definition Sm1 is the measure on ωm+1 induced by the strong parti-
tion relation on ω1 and functions h : dom(<m) → ω1 of the correct type.
That is, A has measure one if there is a c.u.b. C ⊆ ω1 such that [f ]Wm

1
∈ A

for all f : dom(<m) → C of the correct type.

Thus, S1
1 is the ω cofinal normal measure on ω2. We let W1 denote the

collection of measures Wm
1 , and S1 the collection Sm1 .

According to the next theorem, we need only consider ultrapowers by the
measures Sm1 in theorem 5.6.

5.12 Theorem There is a c.u.b. C ⊆ δ1
3 such that for all θ ∈ C of cofin-

ality ω2, sup
ν
jν(θ) = sup

m
jSm

1
(θ), the first supremum ranging over measures

ν of the form MR for some type-1 tree of uniform cofinalities R.

We let C be the set of θ closed under the embeddings jν , for ν = MR

(recall theorem 4.35). The theorem follows easily from the following lemma:

5.13 Lemma Let ν = MR. There is an m ∈ ω, a measure µ on ωω, and
a function h : ωm+1 → (ωω)<ω satisfying the following:
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1. ∀∗Sm
1
α ∃~γ ∈ dom(ν) ∀∗µβ h(α)(β) < ~γ. By h(α)(β) < ~γ we mean that

if ~γ is represented by f : dom(<R) → ω1 of type R, and h(α)(β) by
g : dom(<R) → ω1 of type R, then [g〈p1,i1〉]W 1

1
< [f 〈p1,i1〉]W 1

1
for all

〈p1, i1〉 ∈ domR.

2. If A ⊆ dom(ν) has ν measure one, then ∀∗Sm
1
α ∀∗µβ h(α)(β) ∈ A.

To see this proves the theorem, fix δ = [F ]ν < jν(θ), where θ ∈ C.
Define ε by: ∀∗Sm

1
α ∀∗µβ ε(α)(β) = F (h(α)(β)). From (2) this depends

only on [F ]ν , and from (1) it follows easily that ε < jSm
1

(θ). [We use here
the fact that if F : dom(ν) → ON, then there is a ν measure one set A
such that if f, g : dom(<R) → ω1 of type R represent [f ], [g] ∈ A and
[g〈p1,i1〉] < [f 〈p1,i1〉] for all 〈p1, i1〉 ∈ dom(R), then F ([g]) ≤ F ([f ]). This
follows by an easy partition argument.] From (2), the map π(δ) = ε is an
embedding of jν(θ) into jSm

1
(θ).

The lemma is proved by a direct construction of the measure µ. We
illustrate with a case. Suppose <R is lexicographic ordering on tuples
〈γ1, i1, γ2, γ3〉 where γ3 < γ2 < γ1 < ω1, and i1 ∈ {0, 1} (we have removed
irrelevant indices from our notation now). Also, ν is induced by functions
f : dom(<R) → ω1 of the correct type (ν is actually the two-fold product of
the measure on ω4 corresponding to the permutation (3, 2, 1)). In this case,
take m = 4 and µ = W 2

1 ×S2
1 . We define the function h as required. Let α <

ω5 be represented by fα : dom(<4) → ω1 of the correct type. Define h(α) so
that for almost all ~β = (β1, β2, β3) ∈ domµ, so β1 < β2 < ω1 and β3 < ω3 is
represented by fβ3 : dom(<2) → ω1 of the correct type, h(α)(~β) ∈ dom(ν)
is represented by h(α)(~β)(〈γ1, i1, γ2, γ3〉) = fα(βi1 , γ2, fβ3(γ3, γ2), γ1). It is
easy to check that this is well-defined and satisfies (1), (2). �

We state one more embedding theorem which helps to simplify the anal-
ysis. By theorem 2.14, δ1

5 = λ+
5 , where λ5 is least such that every Π1

4 set
is λ5-Suslin. The weak partition relation on δ1

3 and the homogeneous tree
construction shows every Π1

3 set admits a homogeneous tree with measures
νs on δ1

3. Thus, every Σ1
4 set is weakly homogeneous with the same family

of measures. The homogeneous tree construction again shows every Π1
4 set

is λ-Suslin, where λ = sup
ν
jν(δ1

3), ν ranging over the measures in a homoge-

neous tree on a Π1
3-complete set (granting the strong partition relation on

δ1
3, the resulting tree on ω × λ is also homogeneous). Thus, λ5 ≤ λ. Com-

puting the upper bound for δ1
5 is thus reduced to bounding the ultrapowers

jν(δ1
3).

Again, one suspects that a simpler family of measures will suffice here.

5.14 Definition Wm
3 is the measure on δ1

3 induced by the weak partition
relation on δ1

3, functions f : ωm+1 → δ1
3 of the correct type, and the measure

Sm1 on ωm+1. That is, Wm
3 (A) = 1 iff there is a c.u.b. C ⊆ δ1

3 such that
for all f : ωm+1 → C of the correct type, [f ]Sm

1
∈ A.



100 I. Structural Consequences of AD

5.15 Theorem Let ν be a measure on δ1
3 occurring in the homogeneous

tree on a Π1
3-complete set. Then for some m ∈ ω, jν(δ1

3) ≤ jWm
3

(δ1
3).

5.16 Remark The theorem actually holds for any measure ν on δ1
3, al-

though this requires the analysis of measures on δ1
3 to show. The proof of

theorem 5.15 is similar to that of theorem 5.12. The reader can find the
details in [11].

5.3. Higher Descriptions

In view of theorem 5.15, the basic problem in computing the upper bound
for δ1

5 is to analyze equivalence classes of functions F : δ1
3 → δ1

3 with respect
to the measures Wm

3 . This leads us to the notion of a level 1 description.
It is helpful to consider some examples first.

Let us construct first an equivalence class of a function F : δ1
3 → δ1

3 with
respect to W 1

3 . We must define F ([f ]S1
1
), for f : ω2 → δ1

3 of the correct type.
We will define F (f) for any such f , and note that our definition only depends
on [f ]S1

1
. F (f) is defined to be the ordinal represented with respect to

K1 = S1
1 by the function which assigns to [h1]W 1

1
(here h1 : ω1 → ω1 is of the

correct type) the value F (f, [h1]). We will define F (f, h1) for any such h1,
and note that this depends only on [h1]W 1

1
, so we set F (f, [h1]) = F (f, h1).

Finally, F (f, h1) is the ordinal represented with respect to K2 = S1
1 by the

function which assigns to [h2]W 1
1

the value F (f, h1, h2)
.= f([h1 ◦ h2]W 1

1
).

Extending our earlier notational convention, we abbreviate this definition
by saying ∀∗f ∀∗h1 ∀∗h2 F (f, h1, h2) = f([h1 ◦ h2]). We could also write
∀∗f ∀∗h1 ∀∗h2 F (f, h1, h2) = f([h]), where ∀∗

W 1
1
α h(α) = h1(h2(α)).

It is easy to see that this definition is well-defined. Note, however, the
map (h1, h2) → f([h1 ◦ h2]W 1

1
) is not well-defined with respect to S1

1 × S1
1 ,

that is, it does not just depend on [h1]W 1
1
, [h2]W 1

1
. Note also that it is

important that we compose the functions h1, h2 in the order shown; the
other way does not lead to a well-defined definition.

This simple example shows that the basic operation of composition leads
to well-defined definitions of equivalence classes of functions F : δ1

3 → δ1
3.

In the general definition of a level 1 description, we generalize by allow-
ing finitely many functions h1, . . . , ht, where each hi is either a function
hi : dom(<m) → ω1 of the correct type, or a finite tuple of ordinals β1 <
· · · < βm < ω1. That is, instead of S1

1 in the example above, we allow
measures Sm1 , Wm

1 .
We first consider one more example. We define now the equivalence class

of three functions F1, F2, F3 with respect to the measure W 2
3 . Thus, we

must define Fi([f ]S2
1
) = Fi(f) where f : ω3 → δ1

3 is of the correct type.
In all three case we will use the sequence of measures K1 = K2 = S2

1 ,
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K3 = W 2
1 . We define F1 by:

∀∗f ∀∗h1 ∀∗h2∀∗h3 = (β1, β2) F1(f, h1, h2, h3) = sup {f(δ) : δ < [h]W 2
1
},

where ∀∗
W 2

1
α1, α2 h(α1, α2) = h1(1)(α2) (recall h1(1)(α2) = sup

γ<α2

h1(γ, α2)).

We define F2(f, h1, h2, h3) = f([h]), where

h(α1, α2) = h1(h2(1)(α1), α2).

We define F3(f, h1, h2, h3) = f([h]), where

h(α1, α2) = h1(h2(β2, α1), α2).

It is easy to check that all three functions are well-defined, and that ∀∗
W 2

3
[f ]

F3(f) < F2(f) < F1(f). We will return to this example in a moment.
In general, a description d will be a finitary object defined relative to

a sequence K1, . . . ,Kt of measures, each of the form W r
1 or Sr1 . It will

describe how, given the functions h1, . . . , ht, to generate the function h
as in the above examples. In the first example, h : ω1 → ω1, and in the
second example, we had h : (ω1)2 → ω1 in all three cases. In general we
will have h : (ω1)m → ω1 for some m ∈ ω. The set D of descriptions will
be partitioned accordingly as D =

⋃
m
Dm. The d ∈ Dm, which we call

the m-descriptions, will thus generate h : (ω1)m → ω1 given the functions
h1, . . . , ht. We write also Dm(K1, . . . ,Kt) to denote those m-descriptions
defined relative to K1, . . . ,Kt.

Thus, in the first example the underlying description (which we haven’t
defined yet) lies in D1(S1

1 , S
1
1), and in the second, the descriptions lie in

D2(S2
1 , S

2
1 ,W

2
1 ).

Given a description d ∈ Dm(K1, . . . ,Kt), we will write h(d;h1, . . . , ht) to
denote the function h : (ω1)m → ω1 generated according to d from the ~h.

Fix now m ∈ ω and the sequence K1, . . . ,Kt. The primitive descriptions
in Dm(K1, . . . ,Kt) are those which do not involve composing functions. We
refer to these as the basic descriptions, and the others as non-basic. As we
define the descriptions, we simultaneously define k(d) ∈ {1, . . . , t}∪{∞} for
each description which gives the least k so that the function hk is involved in
the definition of h(d;~h). As we define the descriptions, we also define how to
interpret them, that is, we define h(d;~h)(α1, . . . , αm). For hk : dom(<r) →
ω1 order-preserving, and l ≤ r, recall the definition of hk(l) : (ω1)l → ω1

from definition 4.22. In this case it reduces to (for l = r, hk(l) = hk):

hk(l)(α1, . . . , αl) = sup {hk(α1, . . . , αl−1, β1, . . . , βr−l, αl) :
αl−1 < β1 < · · · < βr−l < αl}.
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5.17 Definition (Descriptions)

1. (Basic) We allow:

(a) d = (p) where p is an integer 1 ≤ p ≤ m (which we put in
parentheses to distinguish from a level -1 description). We define
h(d;~h)(α1, . . . , αm) = αp. We set k(d) = ∞.

(b) d = (k; p) where 1 ≤ k ≤ t, Kk is of the form Kk = W r
1 , and

1 ≤ p ≤ r. In this case, we define h(d;~h)(α1, . . . , αm) = βp,
where hk = (β1, . . . , βr). We set k(d) = k.

2. (Non-Basic) Suppose 1 ≤ k ≤ t and Kk = Sr1 . We allow:

(a) d = (k; dr, d1, . . . , dl), where d1,. . .,dl,dr ∈ Dm(K1, . . . ,Kt), l <
r, and k(d1),. . .,k(dl),k(dr) > k. We set k(d) = k and define:

h(d;~h)(~α) = hk(l + 1)(h(d1;~h)(~α), . . . , h(dl;~h)(~α), h(dr;~h)(~α))

(b) d = (k; dr, d1, . . . , dl)s, where d1,. . .,dl,dr ∈ Dm(K1, . . . ,Kt), l <
r, k(d1),. . .,k(dl),k(dr) > k, and s is a formal symbol (which
stands for “sup”). We require in this case that r ≥ 2, l ≥ 1. We
set k(d) = k and define:

h(d;~h)(~α) = sup {hk(l + 1)(h(d1;~h)(~α), . . . , h(dl−1;~h), β,

h(dr;~h)(~α)) : β < h(dl;~h)}.

We write (k; dr, d1, . . . , dl)(s) to indicate the symbol s may or may not
appear.

This completes the definition of D and the “interpretation function” h.
We will write dm when we wish to emphasize d ∈ Dm. In the first example
above, the description is given by d1 = (1; (2; (1))). In the second example,
the three descriptions are given by d2

a = (1; (2)), d2
b = (1; (2); (2; (1))), and

d2
c = (1; (2); (2; (1), (3; 2))).
If d1, d2 ∈ Dm(K1, . . . ,Kt), define d1 < d2 iff ∀∗h1 . . .∀∗ht h(d1;~h) <

h(d2;~h) almost everywhere. Here ∀∗ refers to the measure on functions of
the correct type induced by the strong partition relation. Note that in a
non-basic description d = (k; dr, d1, . . . , dl) the component descriptions are
listed in their order of significance in determining h(d;~h). It is not difficult
to reformulate the < relation on Dm(K1, . . . ,Kt) in a purely “syntactical”
manner, we leave this to the reader.

The requirement that k(dr), k(d1), . . . , k(dl) > k = k(d) for non-basic
descriptions d is one of two necessary to ensure the equivalence class of
h(d;~h) is well-defined with respect to the measures K1, . . . ,Kt. This guar-
antees that for almost all hk+1, . . . , ht, the values h(dr;~h)(~α), etc, that we
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are putting into hk will lie in a c.u.b. set on which two functions hk, h′k
(with [hk] = [h′k]) agree. The other requirement is that these values be in
the correct order. We can now state this requirement, which is referred to
as “condition C”.

5.18 Definition (Definition of C) We say d ∈ D satisfies condition C if ei-
ther d is basic or else d is non-basic, say of the form d = (k; dr, d1, . . . , dl)(s),
all dr, d1, . . . , dl satisfy C, and d1 < d2 < . . . < dl < dr.

It is now easy to check that if d satisfies this condition, then the equiva-
lence class of h(d;~h) is well-defined in the following precise sense:

5.19 Lemma Suppose d ∈ Dm(K1, . . . ,Kt) satisfies condition C. Then for
almost all h1, if [h′1] = [h1], then for almost all h2, if [h′2] = [h2], . . ., for
almost all ht if [h′t] = [ht], then [h(d;h1, . . . , ht)]Wm

1
= [h(d;h′1, . . . , h

′
t)]Wm

1
.

�
All of the descriptions in the examples above satisfy C.
From now on, we officially let h(d;~h) be the ordinal < ωm+1 (where

d ∈ Dm) represented by the function h.
We expand a little our notational convention mentioned at the end of the

introduction. SupposeK1, . . . ,Kt is a sequence of measures, d ∈ D(K1, . . . ,Kt)
satisfies C, and P ⊆ ON. When we write

∀∗h1, . . . , ht P (h(d;h1, . . . , ht)),

we mean: ∀∗K1
η1 if [h1] = η1, then ∀∗K2

η2 if [h2] = η2, . . . ,∀∗Kt
ηt if [ht] = ηt,

then P (h(d;h1, . . . , ht)). If θ ∈ ON, we write

∀∗h1, . . . , ht P (θ(h1, . . . , ht))

to mean: if we fix a representing function η1 → θ(η1) for θ with respect toK1

then ∀∗K1
η1 if [h1] = η1, then if we fix a representing function η2 → θ([h1], η2)

for θ([h1]) with respect to K2, then ∀∗K2
η2 if [h2] = η2, . . ., if we fix a

representing function ηt → θ([h1], . . . , [ht−1], ηt) for θ([h1], . . . , [ht−1]) with
respect to Kt, then ∀∗Kt

ηt if [ht] = ηt, then P (θ([h1], . . . , [ht])).
We can use these conventions simultaneously. For example, for d satisfy-

ing C we may write

∀∗h1, . . . , ht cof(h(d;h1, . . . , ht)) < θ(h1, . . . , ht).

This abbreviates: ∀∗K1
η1 if [h1] = η1, then ∀∗K2

η2 if [h2] = η2, . . . ,∀∗Kt
ηt if

[ht] = ηt, then cof(h(d;h1, . . . , ht)) < θ([h1], . . . , [ht]). Written out in full,
this becomes: if η1 → θ(η1) represents θ with respect to K1, then ∀∗K1

η1,
if [h1] = η1 and η2 → θ([h1], η2) represents θ([h1]) with respect to K2,
then ∀∗K2

η2, if [h2] = η2 and η3 → θ([h1], [h2], η3) represents θ([h1], [h2])



104 I. Structural Consequences of AD

with respect to K3, . . ., ∀∗Kt
ηt, if [ht] = ηt, then cof(h(d;h1, . . . , ht)) <

θ([h1], . . . , [ht]). Such a statement is well-defined by lemma 5.19.
Recall the purpose of a description d ∈ Dm is to generate an ordinal

α < ωm+1 which we can plug into a function f : ωm+1 → δ1
3 in our attempt

to generate an equivalence class [F ]Wm
3

. By “plug in” we mean either take
f(α) or sup

α′<α
f(α′). Condition C guarantees the ordinal α is well-defined in

an appropriate sense. However, it does not guarantee α will be representable
by a function h : dom(<m) → ω1 of the correct type, or that it is a limit of
such ordinals. Thus we introduce another condition, condition D, below.

First we extend slightly the notion of a description. Let D̄m be the set
of objects (“extended descriptions”) of the form (d) or (d)s where d ∈ Dm
satisfies C, together with one new object ()s. We write (d)(s) to denote
either (d) or (d)s.

5.20 Definition (Definition of D) Suppose d ∈ D̄m(K1, . . . ,Kt). Then:

1. (d) satisfies condition D if ∀∗h1, . . . , ht h(d;~h) : (ω1)m → ω1 is of the
correct type almost everywhere (i.e. restricted to a measure one set
with respect to Wm

1 ).

2. (d)s satisfies condition D if ∀h1, . . . , ht h(d;~h) is the supremum of
ordinals representable by functions h : (ω1)m → ω1 of the correct type
almost everywhere. We also define ()s to satisfy D.

We can now describe our generation of equivalence classes.

5.21 Definition Let m ∈ ω, K1, . . . ,Kt ∈W1∪S1, let (d)(s) ∈ D̄m(K1, . . . ,
Kt) satisfy condition D, and let g : δ1

3 → δ1
3. We define an ordinal which we

denote by (g; (d)(s);K1, . . . ,Kt). We represent this ordinal with respect to
Wm

3 by the function which assigns to [f ]Sm
1

the ordinal (g; f ; (d)(s);K1, . . .,
Kt), for f : ωm+1 → δ1

3 of the correct type. We represent (g; f ; (d)(s);K1, . . .,
Kt) with respect to K1 by the function which assigns to [h1] the ordinal
(g; f ; (d)(s);h1,K2, . . . ,Kt), and in general, represent (g; f ; (d)(s);h1, . . .,
hi−1, Ki, . . ., Kt) with respect to Ki by the function which assigns to
[hi] the ordinal (g; f ; (d)(s);h1, . . ., hi, Ki+1, . . . ,Kt). Finally, we define
(g; f ; (d)(s), h1, . . ., ht) by cases as follows:

1. If s does not appear, then (g; f ; (d);h1, . . . , ht) = g(f(h(d; h̄))).

2. If s appears, then (g; f ; (d)s;h1, . . . , ht) = g( sup
β<h(d;~h)

f(β)).

3. For the object ()s, we define (g; f ; ()s;h1, . . . , ht) = g( sup
β<ωm+1

f(β)).
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Of particular importance is the case g = id, the identity function. In the
first example considered previously, the equivalence class [F ]W 1

3
constructed

was (id; (d);K1,K2), where d = (1; (2; (1))), and K1 = K2 = S1
1 . The three

functions of the second example represent the ordinals (id; (da)s;K1,K2,K3,
(id; (db);K1,K2,K3), and (id; (dc);K1,K2,K3) respectively.

It turns out, though we will not prove this fully here, that the cardinals
δ1

3 < κ < (δ1
5)
− are precisely the ordinals of the form (id; (d)(s);K1, . . . ,Kt).

We have thus seen how descriptions generate equivalence classes of func-
tions F : δ1

3 → δ1
3 with respect to the measures Wm

3 , just as the trivial
descriptions did for functions F : ω1 → ω1 with respect to the measures
Wm

1 , definition 4.3. The main task remaining is to formulate and prove a
result analogous to lemma 4.5, the “main lemma” in the theory of trivial
descriptions. To do that we need the correct analog of the lowering operator
L (which we will still call L).

If we fix m ∈ ω and measures K1, . . . ,Kt ∈ W1 ∪ S1, then the relation
< on Dm(K1, . . . ,Kt) is a linear ordering. For d ∈ Dm(K1, . . . ,Kt), L(d)
will again give the description preceding d in this ordering, except for a
unique minimal description. For the sake of completeness we will give the
complete definition of L, though will be content to illustrate the proof of the
main lemma through one of our examples. The L operation is defined by
defining a series of approximations Lk to it. Lk(d) will only be defined for
d with k(d) ≥ k. Roughly speaking, Lk is the result of holding h1, . . . , hk−1

constant and lowering with respect to hk, . . . , ht only. We will thus take
L(d) = L1(d). Following [11], we define Lk as follows.

5.22 Definition (Definition of Lk) Let m ∈ ω and K1, . . . ,Kt ∈W1∪S1.
Let k ∈ {1, . . . , t} ∪ {∞}, and assume d ∈ Dm(K1, . . . ,Kt) with k(d) ≥ k.
Then Lk(d) is defined by reverse induction on k through the following cases:

I k = ∞. So, d = (i) where 1 ≤ i ≤ m. If i > 1, then L∞(d) = (i− 1). For
i = 1, d is minimal with respect to L∞.

II 1 ≤ k ≤ t.

1. k = k(d).

(a) d = (k; p) is basic. For p > 1, we set Lk(d) = (k; p− 1), and
for p = 1 we define d to be minimal.

(b) d = (k; dr, d1, . . . , dl), where Kk = Sr1 and l = r − 1. We
set Lk(d) = (k; dr, d1, . . . , dl)s if l ≥ 1, and if r = 1 and
d = (k; dr), we set Lk(d) = dr.

(c) d = (k; dr, d1, . . . , dl), where Kk = Sr1 and l < r−1. First as-
sume l ≥ 1. If Lk+1(dr) is defined and > dl, we set Lk(d) =
(k; dr, d1, . . ., dl, Lk+1(dr)). If Lk+1(dr) is not defined or
is ≤ dl, we set Lk(d) = (k; dr, d1, . . ., dl)s. If l = 0 (so



106 I. Structural Consequences of AD

d = (k; dr)), we set Lk(d) = (dr;Lk+1(dr)) if Lk+1(dr) is
defined, and otherwise Lk(d) = dr.

(d) d = (k; dr, d1, . . . , dl)s, where Kk = Sr1 (so l ≥ 1). We set
Lk(d) = (k; dr, d1, . . ., dl−1, Lk+1(dl)) if Lk+1(dl) is defined
and if l ≥ 2 also satisfies Lk+1(dl) > dl−1. Otherwise, we
set Lk(d) = (k; dr, d1, . . ., dl−1)s if l ≥ 2 and for l = 1,
Lk(d) = dr.

2. k < k(d), Kk = W r
1 .

(a) d not minimal with respect to Lk+1. We set Lk(d) = Lk+1(d).

(b) d is minimal with respect to Lk+1(d). We set Lk(d) = (k; r).

3. k < k(d), Kk = Sr1 .

(a) d not minimal with respect to Lk+1. We then set Lk(d) =
(k;Lk+1(d)).

(b) d minimal with respect to Lk+1. Then d is minimal with
respect to Lk.

Recall our previous example where m = 2, K1 = K2 = S2
1 , K3 = W 2

1 ,
and we had the three descriptions da = (1; (2)), db = (1; (2); (2; (1))), and
dc = (1; (2); (2; (1), (3; 2))). The reader can check now that L(da) = db,
L(db) = (1; (2); (2; (1)))s, and L((1; (2); (2; (1)))s) = dc.

We also extend the L operation to D̄m(K1, . . . ,Kt) as follows. We set
L((d)) = ((d)s), and L((d)s) = (L(p)(d)), where L(p)(d) denotes the pth

iterate of L, and p is least so that L(p)(d) satisfies condition D. If such
a p does not exist, we say (d)s is minimal with respect to L. Finally,
for the distinguished object ()s, we define L(()s) = (d̃)(s), where d̃ is the
maximal description in Dm(K1, . . . ,Kt) such that (d̃) or (d̃)s satisfies D (in
the first case, s does not appear, and in the second it does). If there are no
descriptions satisfying D, then ()s is declared minimal.

To illustrate, letm = 2, and consider the sequence of measuresK1,K2,K3

where K1 = K2 = S2
1 , and K3 = W 2

1 . Applying the L operation repeat-
edly to ()s ∈ D̄2(K1,K2,K3) results in a sequence whose first few terms
are: (d0)s, (d1), (d1)s, (d2), (d2)s, (d3), (d3)s, (d4)s, (d5), (d5)s, (d6), (d6)s,
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(d7), (d7)s, (d8), (d8)s, (d9), where:

d0 = (1; (2; (2)))
d1 = (1; (2; (2)); (2; (2); (1)))
d2 = (1; (2; (2)); (2; (2); (1)))s

d3 = (1; (2; (2)); (2; (2); (1))s)
d4 = (1; (2; (2)); (2; (2); (1))s)s

d5 = (1; (2; (2)); (2; (2); (3; 2)))
d6 = (1; (2; (2)); (2; (2); (3; 2)))s

d7 = (1; (2; (2)); (2; (2); (3; 2))s)
d8 = (1; (2; (2)); (2; (2); (3; 2))s)s

d9 = (1; (2; (2)); (2; (2); (3; 1)))

Note that (d0), and (d4) do not satisfy D.
We now state our “main lemma”, the analog of lemma 4.5.

5.23 Theorem (Main Lemma) Let (d)(s) ∈ D̄(K1,. . .,Kt) satisfy D. Sup-
pose θ < (id;(d)(s);K1,. . .,Kt). Then:

1. If (d)(s) is not minimal with respect to L̄, then there is a g : δ1
3 → δ1

3

such that θ < (g;L((d)(s)); K1, . . ., Kt).

2. If (d)(s) is minimal with respect to L, then θ < δ1
3.

We will illustrate the proof of the main lemma by considering the example
(da)s above, where da = (1; (2)). So, fix θ < (id; (da)s;K1,K2,K3). Thus,

∀∗W 2
3
f ∀∗h1, h2, h3 [θ(f,~h) < (id; f ; (da)s;~h) = sup {f(γ) : γ < h(da;~h)].

Hence,

∀∗f ∃δ ∀∗h1, h2, h3 [δ(~h) < h(da;~h) ∧ θ(f,~h) < f(δ(~h))].

Suppose now δ ∈ ON is such that ∀∗h1, h2, h3 δ(~h) < h(da;~h). In other
words,

∀∗h1, h2, h3 ∀∗W 2
1
α1, α2 δ(~h)(α1, α2) < h(da;~h)(α1, α2).

Recall that h(da;~h)(α1, α2) = h1(1)(α2) = sup
η<α2

h1(η, α2). Thus,

∀∗h1, h2, h3 ∀∗α1, α2 ∃η < α2 [δ(~h)(α1, α2) < h1(η, α2)].
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It follows that

∀∗h1, h2, h3 ∃g : ω1 → ω1 ∀∗α1, α2 [δ(~h)(α1, α2) < h1(g(α1), α2)].

In this expression, only the equivalence class of g with respect to W 1
1 mat-

ters, and we may assume the g is of the correct type. Using the ω2-additivity
of the measure S1

1 , it follows that

∀∗h1, h2 ∃g : ω1 → ω1 ∀∗h3 ∀∗α1, α2 [δ(~h)(α1, α2) < h1(g(α1), α2)].

For fixed h1 of the correct type, and fixed δ(h1) ∈ ON such that

∀∗h2 ∃g : ω1 → ω1 ∀∗h3 ∀∗α1, α2 [δ(h1)(h2, h3)(α1, α2) < h1(g(α1), α2)],

we consider the partition P: we partition h2 : dom(<2) → ω1 of the correct
type with the extra value g(α) inserted between h2(1)(α) and Nh2(h2(1)(α))
(with g(α) of uniform cofinality ω) according to whether

∀∗h3 ∀∗α1, α2 [δ(h1)(h2, h3)(α1, α2) < h1(g(α1), α2)].

From lemma 4.24 (with m = 2, n = 1, r = 1) it follows that a c.u.b. set
cannot be homogeneous for the contrary side of the partition. Let C be
homogeneous for P, and g(α) = the ωth element of C greater that α. We
then have that for any h2 : dom(<2) → C ′ of the correct type

∀∗h3 ∀∗α1, α2 [δ(h1)(h2, h3)(α1, α2) < h1(g(h2(1)(α1)), α2)].

Since for almost all h1, δ(h1) satisfies the hypothesis of the partition, we
have:

∀∗h1 ∃g : ω1 → ω1 ∀∗h2, h3 ∀∗α1, α2 [δ(h1, h2, h3)(α1, α2) <
h1(g(h2(1)(α1)), α2)].

Fix a representing function h1 → δ(h1) for δ, and consider the partition
P: we partition h1 : dom(<2) → ω1 of the correct type with the extra
values g(γ1, γ1) (of uniform cofinality ω) inserted between h1(γ1, γ2) and
Nh1(h1(γ1, γ2)) according to whether

∀∗h2, h3 ∀∗α1, α2 [δ(h1, h2, h3)(α1, α2) < Ng(h1(h2(1)(α1), α2))
= g(h2(1)(α1), α2).

It follows from lemma 4.24 that we cannot have a c.u.b. set C homogeneous
for the contrary side of the partition. For if so, fix a representing function
h1 → δ(h1) for δ, and fix then a h1 : dom(<2) → C of the correct type such
that for some ḡ : ω1 → ω1 of the correct type, which we fix, we have:

∀∗h2, h3 ∀∗α1, α2 [δ(~h)(α1, α2) < h1(ḡ(h2(1)(α1)), α2)].
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Define g̃(γ1, γ2) = h1(ḡ(γ1), γ2). Apply then lemma 4.24 to f = h1 and g̃
(and r = 2). This produces h′1, g

′ which are ordered as in P, have range in
C, and for which the property stated in P holds, a contradiction. If we fix
now a c.u.b. C homogeneous for P, and define g(α) = the ωth element of
C greater than α, then we have:

∀∗h1, h2, h3 ∀∗α1, α2 [δ(~h)(α1, α2) < g(h1(h2(1)(α1), α2))].

We now have that for almost all f : ω3 → δ1
3 of the correct type, there is

a g : ω1 → ω1 such that

∀∗h1, h2, h3 θ(f,~h) < f(γ) (I.1)

where:

∀∗α1, α2 γ(α1, α2) = g(h1(h2(1)(α1), α2)) = g(h(db;~h)(α1, α2)), (I.2)

and db = (1; (2); (2; (1))) as before.
Fix a representing function f → θ(f) for θ with respect to W 2

3 , and
consider the partition P: we partition f : ω3 → δ1

3 of the correct type
with the extra values f2(α) of uniform cofinality ω inserted between f(α)
and f(α + 1) according to whether ∀∗h1, h2, h3 θ(f)(~h) < f2(γ), where
γ = h(db;~h). There cannot be a c.u.b. C ⊆ δ1

3 homogeneous for the
contrary side, for if so, fix f : ω3 → C of the correct type such that there is
a g : ω1 → ω1 as in equations I.1, I.2, and fix such a g. Define f2 : ω3 → C
by: f2(γ) = f(δ), where ∀∗α1, α2 δ(α1, α2) = g(γ(α1, α2)). A variation of
lemma 4.24 shows that there are f ′, f ′2 : ω3 → C of the correct type and
ordered as in P such that [f ′]S2

1
= [f ]S2

1
, [f ′2]S2

1
= [f2]S2

1
. This contradicts

the homogeneity of C for the contrary side. Let C ⊆ δ1
3 now be a c.u.b.

set homogeneous for P. Define g : δ1
3 → δ1

3 by g(α) = the ωth element of
C greater than α. We then have that ∀∗f ∀∗h1, h2, h3 θ(f,~h) < g(f(γ)),
where γ = h(db;~h). In other words, θ < (g; (db);K1,K2,K3). �

From lemma 5.23 and theorem 5.5 our main result analyzing equivalence
classes with respect to the measures Wm

3 on δ1
3 now follows.

5.24 Theorem Suppose (d)(s) ∈ D̄m(K1, . . . ,Kt) satisfies D. If (d)(s) is
not minimal with respect to L then

(id; (d)(s);K1, . . . ,Kt) ≤ [ sup
Kt+1∈W1∪S1

(id;L((d)(s));K1, . . . ,Kt,Kt+1)]+.

Here L((d)(s)) is computed relative to the sequence K1, . . . ,Kt. If (d)(s) is
minimal with respect to L, then (id; (d)(s);K1, . . . ,Kt) = δ1

3.

Proof. We consider the first case, and suppose θ < (id; (d)(s);K1, . . . ,Kt).
By lemma 5.23, there is a g : δ1

3 → δ1
3 such that

θ < (g;L((d)(s));K1, . . . ,Kt).
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Let T be as in theorem 5.5, and fix a real x and a c.u.b. C ⊆ δ1
3 such

that for all α ∈ C, g(α) < |Tx�sup
Kt+1

jKt+1(α)|, the supremum ranging over

measures Kt+1 ∈W1 ∪ S1. For α < δ1
3, let

l(α) = sup
Kt+1

jKt+1(α) and l′(α) = |Tx�l(α)|.

We define a well-founded relation ≺ on λ
.= (l;L((d)(s));K1, . . . ,Kt) by:

ρ1 ≺ ρ2 iff

∀∗Wm
3
f ∀∗h1, . . . , ht |Tx�λ(f,~h)(ρ1(f,~h))| < |Tx�λ(f,~h)(ρ2(f,~h))|.

Easily, |≺ | ≥ (l′;L((d)(s));K1, . . . ,Kt) ≥ θ. It follows that

(id; (d)(s);K1, . . . ,Kt) ≤ [(sup
Kt+1

jKt+1 ;L((d)(s));K1, . . . ,Kt)]+.

By countable additivity of the measures Wm
3 ,K1, . . . ,Kt, we have that if

α < (sup
Kt+1

jKt+1 ;L((d)(s));K1,. . .,Kt) then there is a Kt+1 such that α <

(jKt+1 ;L((d)(s));K1,. . .,Kt). Also, from the definitions of these ordinals it
is immediate that

(jKt+1 ;L((d)(s));K1, . . . ,Kt) = (id;L((d)(s));K1, . . . ,Kt,Kt+1).

The result now follows. a

To compute the upper bound for δ1
5, it suffices to compute the rank of

the L operation, in a suitable sense. Namely, fix m and consider the set
of all tuples ((d)(s);K1, . . . ,Kt) where (d)(s) ∈ D̄m(K1, . . . ,Kt) satisfies D
relative to K1, . . . ,Kt. Let ≺m be the transitive relation on this set gen-
erated by the relation ((d)(s);K1, . . . ,Kt) ≺m (L((d)(s));K1, . . . ,Kt,Kt+1)
for all Kt+1, where L((d)(s)) is again computed relative to the sequence
K1, . . . ,Kt. The relation ≺m is easily well-founded. Let |~s|m denote the
rank of the tuple ~s, computed in the slightly non-standard manner by:|~s|m
= ( sup

~t≺m~s

|~t|m) + 1; by convention if ~s is minimal, then |~s| = 0 (thus, at limit

ranks, this is one more than the usual rank).
An immediate induction on the ≺m rank using theorem 5.24 then shows:

5.25 Theorem For all m ∈ ω, (d)(s) ∈ D̄m(K1, . . . ,Kt) satisfying D, we
have (id; (d)(s);K1,. . .,Kt) ≤ ℵω+1+|((d)(s);K1,...,Kt)|m . �

Let θm be the supremum of the | |m ranks of the tuples ((d)(s);K1, . . . ,Kt)
where (d)(s) ∈ D̄m(K1, . . . ,Kt). From theorem 5.25 and the homogeneous
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tree analysis (c.f. two paragraphs before definition 5.14) we thus have δ1
5 ≤

[ℵsup
m
θm

]+.

The computation of the θm is a purely combinatorial problem, and is
relatively straightforward. We omit the proof, and simply state the result
that θm = ωω

m

(ordinal exponentiation). As an immediate corollary we
have:

5.26 Corollary δ1
5 ≤ ℵωωω +1.

At this point we have extended the basic ingredients in the theory, Mar-
tin’s theorem and the description analysis, from the δ1

1 level to the δ1
3 level,

and we have used this to do one step in the next level of the inductive anal-
ysis, namely the upper bound for δ1

5. To finish the next level analysis, it
remains to prove the strong partition relation on δ1

3, the lower bound for
δ1

5, and the weak partition relation for δ1
5. The proofs in all cases follow

in outline those of §4, using the description analysis, theorem 5.24. Since
we have now illustrated all of the ideas which go into these arguments, we
will content ourselves with this. The complete details of these arguments
can be found in [11]. We mention only that the analysis of measures on
δ1

3 and on λ5 require the notions of type-2 and type-3 trees of uniform co-
finalities respectively (roughly corresponding to the measures occurring in
homogeneous trees on Π1

3,Π
1
4-complete sets).

5.4. Some Further Results

We close this section with some remarks on generalizations and refine-
ments of the results discussed. One can show that all of the ordinals
(id; (d)(s);K1, . . . ,Kt) are actually cardinals (theorem 5.24 shows that all
cardinals between δ1

3 and λ5 must be of this form). This is proved in [13].
It is also not difficult to show that if µ is a semi-normal measure on a cardi-
nal κ having the strong partition relation, then jµ(κ) is a regular cardinal.
For the three normal measures µω, µω1 , µω2 on δ1

3, these ultrapowers are
computed to be δ1

4 = ℵω+2, ℵω·2+1, and ℵωω+1 respectively. These three
regular cardinals κ all satisfy κ→ (κ)λ for all λ < δ1

4, but κ 9 (κ)δ1
4 . One

can also compute the cofinalities of all successor cardinals between δ1
4 and

λ5. The result, from [13] is:

5.27 Theorem Suppose δ1
3 = ℵω+1 < ℵα+1 < ℵωωω +1 = δ1

5. Let α =
ωβ1 + · · ·+ωβn , where ωω > β1 ≥ · · · ≥ βn be the normal form for α. Then:

• If βn = 0, then cof(κ) = δ1
4 = ℵω+2.

• If βn > 0, and is a successor ordinal, then cof(κ) = ℵω·2+1.

• If βn > 0 and is a limit ordinal, then cof(κ) = ℵωω+1.
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Finally, one can extend the results of this section to all levels of the pro-
jective hierarchy. One first defines the measures Wm

2n+1, S
l,m
2n+1, for m ∈ ω,

1 ≤ l ≤ 2n+1 − 1, assuming the weak and strong partition relations on
δ1

2n+1 respectively (for n = 0, we set Sm1 = S1,m
1 to agree with our previ-

ous notation). Order these (to be defined) families of measures as: Wm
1 ,

S1,m
1 , Wm

3 , S1,m
3 , S2,m

3 , S3,m
3 , Wm

5 , etc. Wm
2n+1 is defined to be the mea-

sure on δ1
2n+1 induced from the weak partition relation on δ1

2n+1, functions
f : dom(Sl0,m2n−1) → δ1

2n+1, where l0 = 2n − 1, and the measure Sl0,m2n−1 on
dom(Sl0,m2n−1) < λ2n+1. S

1,m
2n+1 is the measure on (δ1

2n+1)
+m defined just as

Sm1 was, using δ1
2n+1 in place of ω1. For l > 1, Sl,m2n+1 is the measure on

dom(Sl,m2n+1) < λ2n+3 induced by the strong partition relation on δ1
2n+1,

functions f : δ1
2n+1 → δ1

2n+1 of the correct type, and the measure ν on
δ1

2n+1. Here ν is the measure on δ1
2n+1 induced by the weak partition rela-

tion on δ1
2n+1, functions h : dom(µ) → δ1

2n+1, and the measure µ, where µ is
the mth measure in the l−1st family. In [8] it is shown that these measures
dominate the general measures in the homogeneous trees on Π1

2n+1,Π
1
2n+2-

complete sets, in the sense of theorems 5.12, 5.15. The notion of a level n
description is introduced there, and the analog of the main theorem, theo-
rem 5.24 is proved (with a suitable generalization of the L operator). The
ranks of these generalized L operations are also computed, giving the up-
per bounds for the δ1

2n+1. As mentioned in the introduction, the result is
δ1

2n+1 ≤ ℵω(2n−1)+1, where ω(0) = 0 and ω(n+ 1) = ωω(n). With the main
theorem, the inductive step is then similar to that of §4 or [11] (see the
forthcoming [7]). In particular, sup

n
δ1
n = ℵε(0), where ε(0) = sup

m
ω(m).

Also, the regular cardinals between δ1
2n+1 and δ1

2n+3 are given by the ul-
trapowers of δ1

2n+1 by the normal measures on δ1
2n+1, corresponding to the

regular cardinals below δ1
2n+1. Thus, there are 2n+1 − 1 regular cardinals

between δ1
2n+1 and δ1

2n+3.

In fact, these arguments extend with little modification up to δ1
ω1

= ℵω1 .
Here δ1

α is the supremum of the lengths of the ∆1
α prewellorderings, where

Σ1
α is the αth pointclass closed under ∃ωω

(so Σ1
0 = Σ0

1, and for limit α,
δ1
α = sup

β<α
δ1
β). For there are no new measures on δ1

α for α limit < ω1, and a

coding of P(δ1
α) may be constructed trivially from codings of P(δ1

β), β < α.
Also, the only normal measures on the δ1

α+2n+1 for limit α correspond to the
fixed cofinalities below δ1

α+2n+1 (since there will be only countably many
regular cardinals below δ1

α+2n+1). Again, the ultrapowers of the δ1
α+2n+1

by these normal measures, together with the δ1
α+2n+1 precisely constitute

the regular cardinals below δ1
ω1

.
At ℵω1 , or at any limit Suslin cardinal δ of cofinality > ω, the situation

changes as there are, of course, new measures on δ. One can show directly
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here that the next Suslin cardinal after δ1
ω1

has cardinality the supremum of
the ultrapowers of δ1

ω1
by the measures on δ1

ω1
. Actually, Martin has proved

a general result which shows the same fact for any limit Suslin cardinal of
cofinality > ω (or any successor Suslin cardinal as well). In unpublished
work, the author has analyzed these measures and shown that the supremum
of their ultrapowers is ℵℵω . We will consider some of the problems associated
with further extending the theory in the next section.

6. Global Results

We consider in this section some results and problems of a “global” nature,
that is, related to the attempt to push the structural theory of L(R) up
through Θ. The problems we consider here (and in some cases solve) seem
to be necessary for further extensions of the theory, but are almost certainly
not sufficient. Identifying the remaining obstructions remains a central goal
of this subject. Nevertheless, some of the results we mention in this section
are of independent interest. We will not require any of the results of §§4,
5 for this section. We assume AD throughout this section, occasionally
assuming V = L(R) as well.

6.1. Generic Codes

Kechris and Woodin [22] have developed a theory of generic codes for un-
countable ordinals which we will use in several of the arguments of this
section. We will only need, however, the most basic lemma of their theory,
the one asserting the existence of a generic coding function. For the sake of
completeness, we give their proof of this result.

We say an ordinal α is reliable if there is a P ⊆ ωω and a scale {φn}n∈ω
with φn : P → α with φ0 onto α. Every Suslin cardinal is easily reliable
(c.f. lemma 4.6 of [37]), and in [37] it is shown from AD + V = L(R) that
every reliable cardinal is a Suslin cardinal. Actually, using some additional
arguments this can be shown to follow from just AD. There are, however,
many reliable ordinals which are not cardinals, as, for example, the set of
reliable ordinals is c.u.b. in every δ1

2n+1. For the purposes of generic codes,
it is convenient to slightly strengthen the definition of reliable to include the
requirement that the scale relations ≤∗n, <∗n are both Suslin and co-Suslin.
This only has the effect of removing the largest Suslin cardinal, if there is
one, from consideration. We henceforth officially adopt this stronger form
of the definition.

If α is reliable, S ∈ Pω1(α), and β ∈ S, we say S is β-honest if there is
an x ∈ P with φ0(x) = β and ∀n φn(x) ∈ S (this notion is defined relative
to the choice of P and {φn}). We say S is honest if it is β-honest for all
β ∈ S. For x ∈ P we frequently write |x| for φ0(x). If S is a countable set
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of ordinals, then Sω (S having the discrete topology) is homeomorphic to
ωω and so carries a natural notion of category. When we speak of meager
or comeager, we are always referring to this topology. If p ∈ S<ω, we
write ∀∗ps ∈ Sω to mean for comeager many s in the neighborhood Np =
{s ∈ Sω : s� lh(p) = p}. Throughout, we let S(κ) denote the pointclass of
κ-Suslin sets.

Recall that from AD, every set A ⊆ Sω has the Baire property. In
particular, A is either meager or else comeager on some neighborhood Np.
Also from AD, a well-ordered union of meager sets is meager (“additivity
of category”).

6.1 Theorem (Kechris-Woodin) Let α be reliable, witnessed by P , {φn}.
There is Lipschitz continuous function G : αω → ωω satisfying:

1. ∀~s = (α0, α1, . . .) ∈ αω ∀n ∈ ω [G(~s)n ∈ P ∧ φ0(G(~s)n) ≤ αn].

2. If ~s = (α0, α1, . . .) ∈ αω enumerates an honest set S, then for all
n ∈ ω, φ0(G(~s)n) = αn.

Proof. Let T be the tree of the scale {φn}, so T is a tree on ω × α. For
γ < α, let

Tγ = {(s, ~α) ∈ T : α0 ≤ γ}.

Consider the following ordinal game:

I α0 α1 α2 α3 . . .

II β0 β1 β2 β3 . . .
x(0) x(1) x(2) x(3) . . .

Here αi, βi < α, x(i) ∈ ω, so I plays out ~α ∈ αω, and II plays out ~β ∈ αω

and x ∈ ωω. Let S = {αi : i ∈ ω}. x codes reals x0, x1, . . . , xi and ~β

codes sequences (~β)i ∈ αω in the usual manner, so xi(j) = x(〈i, j〉), and
(~β)i(j) = β〈i,j〉 (we assume 〈i, j〉 ≥ i for all j, so II does not have to play
any of the xi(j) or (~β)i(j) until I has played αi). II wins the run of the
game iff

∀i (xi, α
a
i (~β)i) ∈ [T ] ∧ ∀i∀y [y ∈ p[Tαi�S] → φ0(y) ≤ φ0(xi)].

Now I cannot have a winning strategy, for as soon as I plays αi, II can pick
some xi ∈ P with φ0(xi) = αi, and pick (~β)i with (xi, α

a
i (~β)i) ∈ [T ] and

proceed to play these to defeat I’s strategy. Thus, if the game is determined,
then II has a winning strategy τ . Ignoring the ordinal moves of τ gives the
function G as desired.
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To show the game is determined, it is enough to observe that it is Suslin,
co-Suslin by theorem 2.20. The first conjunct in the payoff definition triv-
ially defines a Suslin, co-Suslin set (in fact, a closed set). For the second
conjunct, note that

y ∈ p[Tαi�S] ↔ ∃π ∈ ωω ∀n (y�n, (αi, απ(1), . . . , απ(n−1))) ∈ T.

From the closure of the Suslin sets under ∨ω,∧ω,∃ωω

, and ∀ωω

(the latter
by the second periodicity theorem; see remark 2.10), it follows that this
relation, and thus the second conjunct, is Suslin, co-Suslin.

a

If there is a largest Suslin cardinal Ξ, then theorem 6.1 does not im-
mediately give a generic coding function G : Ξω → ωω at Ξ. In this case
Γ = S(Ξ) will be a non-selfdual pointclass closed under real quantifica-
tion, ∧, ∨, and scale(Γ). The scale relations ≤∗n, <∗n will not be co-Suslin,
however. Nevertheless, we can argue that a generic coding function G still
exists. To see this, fix a Γ-scale {φn}n∈ω on a Γ-complete set A. Without
loss of generality, all of the norms φn are onto Ξ. Recall that Ξ is regular
and a limit of Suslin cardinals. Also, the Suslin cardinals are c.u.b. in
Ξ. By boundedness, there is a c.u.b. C ⊆ Ξ such that for all α ∈ C and
β < α, if Biβ = {x ∈ A : φi(x) < β}, then sup {φj(x) : j ∈ ω ∧ x ∈ Biβ} < α.
Note that every Suslin cardinal in C is reliable with respect {φn}. For every
Suslin cardinal α ∈ C, there is a generic coding function at α with respect
to Aα = {x ∈ A : ∀i φi(x) < α} and the norms φi�Aα (from theorem 6.1).
It suffices to show that we can get a function which to each such α assigns
a generic coding function Gα with respect to Aα and the φi�Aα. For then
we can define G : Ξω → ωω by: G(α0, α1, . . . ) = z where for all j we have
(z)j = (Gα′j (β0, β1, . . . ))j where α′j is the least Suslin cardinal in C greater
than αj and βk = αk if αk < α′j and otherwise βk = αj . Using the definition
of C it is not hard to check that G is a generic coding function (the point is
that if S is αj-honest then S ∩α′j is αj-honest). It remains to show that we
can uniformly define the Gα for α ∈ C a Suslin cardinal. Let Gα denote the
generic coding game as in theorem 6.1 using Aα and the φi�Aα. The payoff
set for II is Suslin and co-Suslin, and is uniformly Suslin (but not uniformly
co-Suslin). For all Suslin cardinals α in C, II has a winning strategy in Gα.
From a Suslin representation for II’s payoff set and the fact that II has a
winning strategy, we can uniformly in α get a winning strategy for II in Gα,
which then gives us the generic coding function Gα. In fact, either of the
two proofs that Suslin, co-Suslin ordinal games are determined shows this
(c.f. theorem 2.2 of [31] or theorem 2.5 of [20], also theorem 2 of [29]).

We are frequently only concerned with getting a real which codes the
ordinal α0. Thus, let G0 : αω → ωω be a Lipschitz continuous function
so that ∀~s ∈ αω G0(~s) = G(~s)0. The functions G0, G are referred to as
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generic coding functions, and we fix them for the remainder of this section.
Of course, these functions depend on the choice of the set P and the scale
{φn}, but we suppress writing this. Frequently, α will be a Suslin cardinal.

Recall theorem 2.22, according to which any game on α whose payoff
depends only on G(~s) is determined (where ~s is the sequence I and II build,
assuming now V = L(R)). Thus, for any game on α with payoff set R ⊆ αω,
there is a determined game R′ ⊆ αω approximating R. Namely, define
R′(~s) ↔ R(|G(~s)0|, |G(~s)1|, . . .). R′ is always determined, and if ~s enumer-
ates an honest set, then R′(~s) ↔ R(~s).

The generic coding functions are particularly useful when combined with
the existence of supercompactness measures. Recall that from AD + V =
L(R) there is a supercompactness measure (i.e., a fine, normal, countably
additive ultrafilter) ν on Pω1(δ

2
1), which in turn induces one on Pω1(δ) for

any δ ≤ δ2
1. Woodin has shown ([40]) that the supercompactness measure

ν on Pω1(δ), for any δ ≤ δ2
1 is unique. Woodin has also shown that here is

a supercompactness measure on Pω1(λ) for any λ < Θ assuming AD + V =
L(R).

In fact, the existence of generic coding functions can be used to give a
quick proof of the existence of the supercompactness measure on Pω1(δ

2
1),

assuming AD + V = L(R). Recall δ2
1 is a Suslin cardinal, and S(δ2

1) = Σ2
1

has the scale property. Let G : (δ2
1)
ω → ωω be a generic coding function at

δ2
1 (see the remarks after the proof of theorem 6.1). If A ⊆ Pω1(δ

2
1), de-

fine ν(A) = 1 iff II has a winning strategy in the game GA: I and II alternate
playing α0, α1, . . . building ~s ∈ λω, and II wins iff S = {|G(~s)0|, |G(~s)1|, . . .} ∈
A. It is not hard to check that this defines a fine, normal measure on
Pω1(λ), using standard dovetailing arguments and the fact that either player
can play to ensure S is honest. Alternatively, one can argue just using
theorem 6.1 as follows. Let µ be a normal measure on δ2

1 (the proof
that the δ1

2n+1 are measurable works for δ2
1). For every reliable λ < δ2

1

there is a generic coding function G : λω → ωω from 6.1, and this gives
a supercompactness measure on Pω1(λ) as above. By Woodin’s theorem,
this supercompactness measure on Pω1(λ) is unique, call it νλ. A super-
compactness measure on Pω1(δ

2
1) can then be defined by ν(A) = 1 iff

∀∗µλ ∀∗νλ
S ∈ Pω1(λ) S ∈ A.

As an example of using generic coding arguments, we prove, following
[12], the following theorem.

6.2 Theorem Let κ be a regular Suslin cardinal less than the supremum of
the Suslin cardinals. Let λ < Θ be a cardinal with jνα

(λ) = λ for all α < κ,
where να is the supercompactness measure on Pω1(α). Then cof(λ+) > κ.

6.3 Corollary If ω1 < λ+ < Θ, then cof(λ+) > ω1.

Proof. Fix κ, λ as above, and assume f : κ → λ+ is cofinal. For α < κ,
let α′ < κ denote the least reliable ordinal > α relative to the scale used
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in constructing the generic coding function G0 for κ (it is not hard to see
that α′ < κ using the regularity of κ). Consider the game where I, II play
α0, α1, . . . building ~s, and II plays also x(0), x(1), . . . ∈ ω building x ∈ ωω.
II wins iff x codes a well-ordering of λ of length ≥ f(φ0(G0(~s))). Here we
code subsets of λ by reals in some manner which is not important, say by the
coding lemma. I cannot have a winning strategy, for as soon as I plays α0,
II can enumerate an honest set containing α0 and closed under I’s winning
strategy, and play some x coding a well-ordering of λ of length ≥ f(α0).

A winning strategy τ for II gives (ignoring II’s ordinal moves) a Lipschitz
continuous F : κω → ωω such that

1. For all ~s ∈ κω, F(~s) codes a well-ordering of λ.

2. For all α < κ and all ~s enumerating an honest S containing α, F(αa~s)
codes a well-ordering of λ of length ≥ f(α).

Let |β|x denote the rank of β in the well-ordering coded by x.
Fix for the moment α < κ and an honest set S ∈ Pω1(α

′) containing α.
Define a tree T on S<ω × λ as follows. Put ((p0, β0), . . . , (pn, βn)) in T iff

1. For all i < n, pi+1 extends pi.

2. ∀∗pi+1
~s ∈ Sω |βi+1|F(αa~s) < |βi|F(αa~s).

3. ∀i ≤ n ∃ηi ∈ ON ∀∗pi
~s ∈ Sω |βi|F(αa~s) = ηi.

The last clause guarantees that T is well-founded, as the ηi are decreasing
along any branch. We define an order-preserving map π from the tree of
the ε relation on f(α) into T . Suppose

π(γ0, γ1, . . . , γn) = ((p0, β0), . . . , (pn, βn))

has been defined, and assume inductively that

∀∗pn
~s ∈ Sω |βn|F(αa~s) = ηn ≥ γn.

If γn+1 < γn, then let π(γ0, . . . , γn+1) be the least sequence

((p0, β0), . . . , (pn+1, βn+1))

extending ((p0, β0), . . . , (pn, βn)) such that

∀∗pn+1
~s ∈ Sω |βn+1|F(αa~s) = ηn+1 ≥ γn+1 and ηn+1 < ηn.

The additivity of category shows that pn+1, βn+1, ηn+1 exist.
The definition of the tree T = TαS is uniform is α, S. Let now F (α) =

[S → TαS ]να′ . F (α) may be viewed as a well-ordering of jνα′ (λ) = λ, and
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clearly |F (α)| ≥ f(α). This gives a well-ordering of λ of length λ+, a
contradiction. a

The analog of corollary 6.3 with κ = δ1
2n+1 replacing ω1 was shown by

Kechris and Woodin to hold for λ below the supremum of the projective
ordinals, i.e., λ < ℵε(0) (this also follows from the projective hierarchy
analysis, c.f. theorem 5.27). Along with 6.3, this suggests the following
conjecture:

6.4 Conjecture If κ is a regular Suslin cardinal, and κ < λ+ < Θ, then
cof(λ+) > κ.

6.2. Weak Square and Uniform Cofinalities

One of the important ingredients in the projective hierarchy analysis is the
analysis of uniform cofinalities. In the general step, one has the notion of
a type-n tree of uniform cofinalities R with associated measure MR, and
it is necessary to analyze the possible uniform cofinalities with respect to
these measures. Consider then the general question: given a measure ν on
κ, what are the possible uniform cofinalities of a function f : κ → λ ∈ ON
with respect to ν? One possibility is that for some function g from κ to
the regular cardinals we have ∀∗να f(α) has uniform cofinality g(α). We
call these the trivial uniform cofinalities. What are the possible non-trivial
uniform cofinalities? Suppose, for example, κ = ω2, ν = S1

1 , and λ ∈ ON.
Are the possible non-trivial uniform cofinalities for f : ω2 → λ the same
as for f : ω2 → δ1

3? Intuitively, it seems as though the possible non-trivial
uniform cofinalities should depend only on κ (and ν), and not on λ (a
phenomenon reminiscent of the coding lemma). For small λ, one can extend
the projective hierarchy arguments directly to answer this question, but for
large λ, such an inductive approach does not seem to help.

From these considerations the author formulated a combinatorial prin-
ciple called �κ,λ. In fact, this principle also arose independently from at-
tempts to extend some joint work with Becker ([2], [6]). The statement of
the principle follows.

6.5 Definition Let κ, λ < Θ. �κ,λ is the assertion that for all f : κ → λ
such that cof(f(α)) ≤ κ for all α < κ, there is an A ⊆ λ of size ≤ κ such
that for all α < κ, A ∩ f(α) is cofinal in f(α).

Thus, �κ,λ can be viewed as a choice principle. The principle can be
stated for any cardinal κ, but for non-Suslin κ can fail. For example, it is
not difficult to see that �ω2,ω3 fails (using just that cof(ω3) = ω2). In [12],
the following theorem is proved.

6.6 Theorem (AD + V = L(R)) �κ,λ holds for any Suslin cardinal κ and
any λ < Θ.



6. Global Results 119

This theorem provides a positive answer to the question on uniform co-
finalities asked above. Specifically, we have the following.

6.7 Theorem (AD + V = L(R)) Let κ be a Suslin cardinal, µ a measure
on κ, λ < Θ, and f : κ→ λ. Then one of the following holds.

1. ∀∗µα cof(f(α)) ≤ κ. Then the uniform cofinality of f with respect to
µ is realized by a function f ′ : κ→ κ.

2. ∀∗µα cof(f(α)) > κ. Let g(α) = cof(f(α)). Then there is an h with
domain {(α, β) : α < κ ∧ β < g(α)} such that h(α, β) < f(α) and
∀∗µα f(α) = sup {h(α, β) : β < g(α)}.

We require a preliminary lemma. Throughout, ν denotes the supercom-
pactness measure on Pω1(κ).

6.8 Lemma Let κ be a Suslin cardinal and λ ∈ ON with cof(λ) > κ.
Suppose F : Pω1(κ) → λ. Then ∃δ < λ ∀∗νS F (S) < δ.

Proof. Fix an S(κ)-bounded prewellordering (C,ψ) of length λ according to
theorem 2.25. Play the game where I plays α0, α2, . . ., II plays α1, α3, . . .
and x(0), x(1), . . . ∈ ω, and II wins iff x ∈ C and ψ(x) ≥ F (S), where S =
{|G(~s)0|, |G(~s)1|, . . .} and ~s = (α0, α1, . . .). The game is determined and
easily I cannot win. A winning strategy for II gives a Lipschitz continuous
function F : κω → κω × ωω such that ∀~s ∈ κω F(~s) ∈ C (ignoring II’s
ordinal moves in computing F(~s)), and for all ~s enumerating an honest set
S closed under F , ψ(F(~s)) ≥ F (S). Let w ∈ B ↔ ∃~s ∈ κω w = F(~s).
B ⊆ C and is κ-Suslin, so δ = sup {φ(w) : w ∈ B} < λ (to see B is κ-Suslin,
note that the Lipschitz continuous F can be coded by the coding lemma
with the pointclass S(κ)). Thus, ∀∗νS F (S) < δ. a

Proof of theorem 6.7. Assume first ∀∗µα cof(f(α)) ≤ κ. By �κ,λ, let
A ⊆ λ have size κ such that ∀∗µα (A ∩ f(α) is cofinal in f(α)). Taking
the transitive collapse of A, we may assume that λ < κ+. Let ≺ be a
well-ordering of κ of length > λ. For α < κ, let R(α) ≤ κ be least such
that sup {|β|≺ : β < R(α) ∧ |β|≺ < f(α)} = f(α). For β < R(α), let
l(α, β) = |β|≺ if |β|≺ < f(α), and 0 otherwise. R, l provide a liftup to f , as
in the proof of lemma 4.19. The uniform cofinality of f with respect to µ is
the same as that of R.

Assume now ∀∗µα cof(f(α)) > κ. Let g(α) = cof(f(α)). The game
argument above produces a Lipschitz continuous F : κω → κω × ωω such
that for all α < κ, and all ~s ∈ κω enumerating an honest set containing α and
closed under F , F(αas) codes (ignoring II’s ordinal moves) an increasing
g(α) sequence cofinal in f(α). The exact manner in which reals code g(α)
sequences below λ is not important, say by the coding lemma with respect
to a suitably large pointclass.
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Fix for the moment α < κ and an honest S containing α and closed under
F . For p ∈ S<ω and β < g(α) define h(α, β, S, p) to be the least γ < f(α)
such that ∀∗ps ∈ Sω F(αas)(β) < γ if one exists, and 0 otherwise. Define
h(α, β, S) = sup

p∈S<ω

h(α, β, S, p). Clearly h(α, β, S) < f(α). If γ < f(α), then

by additivity of category there is a p ∈ S<ω, a β < g(α), and a η < f(α)
such that η > γ and

∀∗ps ∈ Sω F(αas)(β) = η.

Thus, h(α, β, S, p) > γ. Hence, f(α) = sup
β<g(α)

h(α, β, S). Also, an easy

argument shows that h(α, β, S) is monotonically increasing in β. Define

h(α, β) = the least δ < f(α) such that ∀∗νS ∈ Pω1(κ) h(α, β, S) < δ.

By lemma 6.8, this is well-defined. Fix now α < κ, and suppose towards a
contradiction that ρ .= sup

β<g(α)

h(α, β) < f(α). We have

∀∗νS ∃β < g(α) [h(α, β, S) > ρ].

By lemma 6.8 and monotonicity, ∃β0 < g(α) ∀∗νS [h(α, β0, S) > ρ]. However,
∀∗νS h(α, β0, S) ≤ h(α, β0) ≤ ρ. a

Theorem 6.6 has other applications as well. For example, in [12] it is
used to show the following.

6.9 Theorem (AD + V = L(R)) Let κ be a regular cardinal which is ei-
ther a Suslin cardinal or the successor of a Suslin cardinal. Then κ is
δ2

1-supercompact.

6.10 Corollary (AD + V = L(R)) All the projective ordinals δ1
n are δ2

1-
supercompact.

Solovay [34] first showed, assuming ADR, that δ1
1 = ω1 is λ-supercompact

for all λ < Θ. The work of Martin-Steel [29] and Harrington-Kechris [5]
showed that δ1

1 is δ2
1-supercompact from just AD. The κ = δ1

2 case of
corollary 6.10 is due to Becker [1]. As with ω1, it is open whether such κ
are λ-supercompact for all λ < Θ.

One of the main ideas in the proof of theorem 6.6 involves combining
certain category methods with the generic coding arguments. We will not
prove theorem 6.6 in detail here. Rather, we present a result whose proof
uses the same idea.

We fix some notation for the remainder of this section. We assume
AD + V = L(R). κ will henceforth denote a Suslin cardinal, and ν the
supercompactness measure on Pω1(κ). From the scale analysis in L(R) (see
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[37]) there is a κ-Suslin set P and a κ-Suslin scale {φn} on P with φ0 onto
κ (for κ below the supremum of the projective ordinals, that is, κ = δ1

2n+1

or κ = (δ1
2n+1)

−, this is immediate). We write |x| for φ0(x), for x ∈ P .
The generic coding functions G0, G are defined relative to P, {φn}, and
are henceforth fixed. The pointclass S(κ) of κ-Suslin sets is closed under
∃ωω

, so by the coding lemma we may code subsets of κ within the point-
class S(κ). In particular, strategies (Lipschitz continuous functions) may
be coded within S(κ). If τ ∈ ωω codes a strategy, we also write τ for the
strategy it codes. Thus, if τ codes a strategy τ : κω → κω×ωω, the relation
τ(α1, . . . , αn) = ((β0, . . . , βn), (a0, . . . , an)) is κ-Suslin in the codes (with
respect to φ0). For any other object we need to code by reals, the exact
manner in which we do so is not important, say by using the coding lemma
with respect to some sufficiently large pointclass.

Suppose τ : κω → κω × ωω is a strategy, and ~s = (α0, α2, . . .) ∈ κω. Let
(α1, α3, . . .) be the ordinal part of τ ’s response, and x = (x(0), x(1), . . .) the
integer part. Let S = {α0, α1, . . . } ∈ Pω1(κ). We say x codes a comeager
set A ⊆ Sω and a continuous function f : A → ωω provided x0 codes the
comeager set A, and x1 the continuous function f as follows. x0 codes A
by having each (x0)n code a dense open Dn ⊆ Sω such that A =

⋂
n
Dn. To

say y codes the dense open set D ⊆ Sω means each y(k) codes a sequence
uk ∈ ω<ω, and D =

⋃
k

Nu∗k , where if uk = (a0, . . . , al), then Nu∗k is the basic

open set in Sω determined by the sequence u∗k = (αa0 , . . . , αal
). Likewise,

x1 codes f by coding a sequence of tuples of integers (a0, . . . , al, b0, . . . , bm),
where for u = (a0, . . . , al) coding a basic open set in Dk we have m ≥ k and
for s ∈ A ∩Nu∗ , f(s) extends (b0, . . . , bm). It is easy to see that for a fixed
enumeration α0, α1, . . . of a set S, the set of x coding a comeager set and a
continuous function on Sω is Π0

2.
If τ : κω → κω × ωω is a strategy and ~s ∈ κω, we usually write τ(~s) to

denote the real obtained as the integer moves of τ against ~α.

6.11 Theorem (AD + V = L(R)) Let κ be a Suslin cardinal, and ν the
supercompactness measure on Pω1(κ). Suppose F : Pω1(κ) → λ < Θ. Then
cof([F ]ν) > κ iff ∀∗νS ∈ Pω1(κ) [cof(F (S)) > ω].

The full proof of this theorem can be found in [12]. We will prove here
a somewhat weaker version which still suffices to illustrate the main idea
used in the proof of 6.6. Specifically, we show here that

1. If ∀∗νS [cof(F (S)) ≤ ω] then cof([F ]ν) ≤ κ.

2. If ∀∗νS [cof(F (S)) > κ], then cof([F ]ν) > κ.

The proof of the full theorem in [12] uses these ideas plus also the Becker-
Kechris method used in proving the invariance of L[T2n+1] (see [3]).
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Proof. Suppose first that ∀∗νS cof(F (S)) ≤ ω. Play the game where I plays
α0, α2, . . ., II plays α1, α3, . . . and x(0), x(1),∈ ω, and II wins iff x codes an
ω sequence of ordinals cofinal in F (S′), where S′ = {|G(~s)0|, |G(~s)1|, . . .},
and ~s = (α0, α1, . . .). II has a winning strategy, since II can defeat any
strategy for I by enumerating an honest set S closed under I’s strategy, and
playing an x coding an ω sequence cofinal in F (S). A winning strategy for
II gives a Lipschitz continuous function F : κω → ωω (ignoring the ordi-
nal moves) such that for all ~s ∈ κω F(~s) codes an ω sequence of ordinals
|F(~s)0|, |F(~s)1|, . . ., and for all ~s enumerating an honest set S closed under
F , sup

i
|F(~s)i| = F (S).

For S ∈ Pω1(κ) honest and closed under F , define G(S) ⊆ F (S) by:
G(S) = {Gn,p(S) : n ∈ ω, p ∈ S<ω}, where Gn,p(S) .= the least ordinal
β < F (S) such that ∀∗p~s ∈ Sω |F(~s)n| = β if such an ordinal exist, and
Gn,p(S) = 0 otherwise. The additivity of category shows that G(S) is
cofinal in F (S). Thus, [G]ν is cofinal in [F ], and by normality, [G]ν is a set
of size ≤ κ. This shows the first claim.

Suppose now ∀∗νS cof(F (S)) > κ. Suppose towards a contradiction that
cof([F ]ν) ≤ κ, and let B ⊆ [F ]ν be cofinal with |B| ≤ κ. By the usual
game argument as above and theorem 2.25, there is a Lipschitz continuous
F : κω → κω × ωω such that for all ~s ∈ κω, u .= F(~s) codes a S(κ)-bounded
prewellordering (Cu, ψu) of some limit length which we denote by |u|, and
for all ~s enumerating an honest set S closed under F , |u| = F (S).

If β < [F ]ν , we say a real z is β-good if:

1. z codes a Lipschitz continuous function z : κω → κω × ωω such that
if s0 ∈ κω enumerates an honest set S closed under z and F , then
z(s0) codes a comeager set Az(s0) ⊆ Sω, and a continuous function
z(s0,−) : Az(s0) → ωω such that for all s1 ∈ Az(s0), w

.= z(s0, s1) is in
the S(κ)-bounded union (Cu, ψu) coded by u .= F(s1).

2. ∀∗S ∈ Pω1(κ) ∀∗s0 ∀∗s1 ∈ Sω the rank of w = z(s0, s1) in the S(κ)-
bounded union coded by u = F(s1) is greater than β(S). (Recall
S → β(S) represents β).

We first claim that for all β < [F ]ν there is a z ∈ ωω such that z is
β-good. To see this, fix a function S → β(S) representing β with respect
to ν, and play the game where I plays α0, α2, . . ., II plays α1, α3, . . ., and
x(0), x(1), . . ., and II wins iff x codes a comeager set Ax ⊆ Sω, where
S = {|G(~s)0|, |G(~s)1|, . . . }, ~s = (α0, α1, . . .), and a continuous function
x(−) : Ax → ωω such that for all s1 ∈ Ax, x(s1) = 0 if F(s1) = u does
not code F (S), and otherwise the rank of x(s1) in the S(κ)-bounded union
coded by u is > β(S). This game is again determined. Suppose I won by σ.
Let S be an honest set closed under σ and F , and such that cof(F (S)) > κ,
and F (S) > β(S). II will enumerate S in the α1, α3, . . .. Let R ⊆ Sω × ωω
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be defined by: R(s1, w) ↔ [s1 enumerates S ∧ w ∈ Cu where u = F(s1) ∧
ψu(w) ≥ β(S)]. From AD, we may uniformize R by R′ on a comeager
set. Also, every function defined on a comeager subset of Sω is continuous
restricted to a comeager set. Let x ∈ ωω code such a comeager set Ax ⊆ Sω

(coding neighborhoods using only the α1, α3, . . .) and continuous function
x(−) : Ax → ωω. If II plays this x, then II defeats I. A winning strategy τ
for II then gives a β-good real.

By the coding lemma, there is a S(κ) set C ⊆ ωω such that ∀τ ∈ C
∃β < [F ]ν τ is β-good, and ∀β ∈ B ∃τ ∈ C τ is β-good. We define now
G : Pω1(κ) → ON such that [G]ν < [F ]ν but ∀β ∈ B ∀∗νS G(S) > β(S), a
contradiction.

Let S be honest and closed under F . Let G(S) be the least α ∈ ON
such that ∀∗s1 ∈ Sω G(S, s1) < α, where G(S, s1) is defined as follows. Let
u = F(s1), so (Cu, ψu) is a S(κ)-bounded prewellordering of length F (S).
Set G(S, s1) = sup {ψu(w) : w ∈ Bs1}, where

w ∈ Bs1 ↔ ∃s0 enumerating S ∃τ ∈ C [(S is closed under τ)
∧(s1 ∈ Aτ(s0)) ∧ (w = τ(s0, s1))].

Easily, Bs1 ∈ S(κ). Also, Bs1 ⊆ Cu, and so by boundedness, G(S, s1) <
F (S) for all s1 ∈ Sω. By additivity of category, G(S) < F (S). Thus,
[G]ν < [F ]ν .

Fix now β ∈ B and a function S → β(S) representing β, and let τ ∈ C
be β-good. Let S be honest, closed under F and τ , and such that (2) in the
definition of β-good above holds for S for this τ . We show thatG(S) > β(S),
a contradiction. It is enough to show that ∀∗s1 ∈ Sω G(S, s1) > β(S). Fix
s0 enumerating S so that the remaining clause in (2) of β-good is satisfied.
If s1 ∈ Aτ(s0) and w = τ(s0, s1), then w ∈ Bs1 (using τ and s0 as witnesses)
and so G(S, s1) ≥ ψu(w), where u = F(s1). On the other hand, from
the choice of S, s0 and (2) of β-good we have ∀∗s1 ψu(w) > β(S). Thus,
∀∗s1 G(S, s1) > β(S). a

6.3. Some Final Remarks

We close this paper with some final (somewhat tentative) thoughts on ex-
tending the structural theory throughout L(R). The analysis, of course,
is inductive, and proceeds by induction on the Suslin cardinals. As we
remarked earlier, the arguments of §§4, 5 should provide the necessary in-
gredients at successor Suslin cardinals. At singular Suslin cardinals δ, the-
orems 6.6, 6.7, and similar results should provide a basis for the analysis.
Aside from providing an analysis of the uniform cofinalities (theorem 6.7),
these techniques should provide a method for “gluing together” the descrip-
tion analyses at the lower Suslin cardinals to obtain one at δ (theorem 6.7
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may be viewed as a simple case of this; it shows how to glue together the
pointwise cofinalities below δ to obtain a uniform cofinality).

At inaccessible Suslin cardinals δ, one gets some facts for “free”, such as
the strong partition relation on δ (see [20]). However, it still seems necessary
to analyze the measures on δ to permit analysis at the next Suslin cardinal.
One of the main problems here, as we mentioned earlier, is analyzing the
semi-normal measures on δ (which is where the first step in the “pressing
down” analysis of the measures leaves one; see the proof of theorem 4.8).
The normal measures on δ corresponding to fixed cofinalities κ < δ seem
well-behaved (for example, we get theorem 5.10), but there are, in general,
many more semi-normal measures on δ.

Let S ⊆ δ be a “thin” stationary set. By thin we mean for all α ∈ S,
S ∩ α is not stationary in α. Then the c.u.b. filter restricted to S defines
a normal measure µS on δ. We refer to this as the atomic normal measure
corresponding to S. This is shown using the strong partition relation on
δ. For example, to see this defines an ultrafilter, for A ⊆ δ consider the
partition of f : δ → δ of the correct type according to whether α(f, S) ∈ A,
where α(f, S) = the least limit point of ran(f) in S.

Given thin stationary sets S1, S2, define S1 ≺ S2 iff there is a c.u.b. C ⊆
δ such that for all f : δ → C of the correct type, α(f, S1) < α(f, S2). The
strong partition relation on δ shows that ≺ is a well-ordering on equivalence
classes [S], where S ∼ T iff there is a c.u.b. C ⊆ δ such that S∩C = T ∩C.
Equivalently, S1 ≺ S2 iff there is a c.u.b. C ⊆ δ such that for all α ∈ C∩S2,
S1 is stationary in α. Let o(δ) denote the rank of this prewellordering, and
o(S) the rank of S in ≺ (this forms a generalized notion of Mahlo rank; δ is
inaccessible if o(δ) ≥ δ, Mahlo if o(δ) ≥ δ + 1, etc.). Note that the atomic
normal measure corresponding to S depends only on [S].

If o(δ) is fairly small compared with δ, we can transfer a semi-normal
measure µ on δ onto a smaller ordinal, and thereby begin to analyze µ.
Suppose, for example, o(δ) = δ + ω1, and µ concentrates on inaccessible
cardinals. A generic coding argument, which we omit, shows that we may
pick thin stationary sets Sα, α < ω1 which are pairwise disjoint and o(Sα) =
δ + α. For µ almost all α < δ, let α ∈ Sf(α). Then ν = f(µ) is a measure
on ω1. Let µ′ be the measure obtained by integrating the µS with respect
to ν, that is, µ′(A) = 1 iff ∀∗να < ω1 ∀∗µSα

β (β ∈ A). It is then not hard to
see that µ = µ′. Thus we have analyzed the semi-normal measures on δ.

One can attempt to extend these arguments to larger values of o(δ).
Suppose, for example, that o(δ) = jνω (δ), where νω denotes the ω-cofinal
normal measure on δ. Using the strong partition relation on δ, νω induces a
measure V on jνω

(δ) (using functions of the correct type, say). Integrating
the ν[Sα] using V produces a semi-normal measure ν on δ (there is a problem
now in trying to pick representatives Sα for the equivalence classes; the
measure ν[Sα], however, is still well-defined). In fact, if o(δ) is large enough
we may lift an arbitrary measure µ on δ to a new measure ν on δ in this
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manner (using µ in place of νω). It seems reasonable (but not clear) that one
might reverse the above process, and thus reduce the semi-normal measure
ν on δ to a “smaller” measure µ on δ and proceed inductively. The measure
is smaller in the following sense.

6.12 Lemma Let µ be a measure on δ, where δ is an inaccessible Suslin
cardinal (and so has the strong partition property). Let V be the measure
on jµ(δ) induced by the strong partition property, functions F : δ → δ of the
correct type, and the measure µ on δ. Assume o(δ) ≥ jµ(δ), and let ν be
the measure on δ defined by: ν(A) = 1 iff ∀∗Vβ < jµ(δ) ∀∗[Sβ ]α < δ α ∈ A

(here [Sβ ] is the βth equivalence class in the stationary set ordering). Then
jµ(δ) < jν(δ).

The proof of the lemma is not difficult, we omit it (the basic fact is that
if S1 ≺ S2 then jS1(δ) embeds into [f ]S2 , where f(α) = the next Suslin
cardinal after α).

Unfortunately, the main definite result along these lines at the moment is
a negative one; it asserts that for Suslin cardinals δ where S(δ) is closed un-
der real quantification, o(δ) is closed under the above ultrapower operation
in the following precise sense (c.f. [10]).

6.13 Theorem Let δ be a Suslin cardinal with S(δ) closed under ∃ωω

, ∀ωω

.
Let β < o(δ), and νβ the corresponding atomic normal measure. Then
jνβ

(δ) < o(δ). Furthermore, cof(o(δ)) > δ, and cof(o(δ)) 6= jνβ
(δ) for all

β < o(κ).

It is conjectured in [10] that o(δ) is regular for such δ; theorem 6.13
seems a step towards showing that. A recent theorem of Steel [38] shows
that in L(R) every regular cardinal below Θ is measurable (using techniques
of inner model theory). Thus, granting the above conjecture, new (normal)
measures appear on δ which seem not to be approachable “from below” in
the previous sense. Undoubtedly, new techniques will be necessary.
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