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I. Structural Consequences of

AD

Steve Jackson

1. Introduction

In this article we survey recent advances in descriptive set theory, starting
(roughly) from where Moschovakis’ book [32] ends. Our survey is not in-
tended to be complete, but focuses mainly on the structural consequences
of determinacy for the model L(R), including the important case of the pro-
jective sets. By “structural” we are referring to the combinatorial theory
of the pointclasses (for example, the scale property which in some sense
describes the structure of the set) as well as the cardinal structure up to
the natural ordinal associated with these pointclasses. This might include
determining their cofinalities, partition properties. etc.

The axiom of determinacy, AD, is the assertion that every two-player
integer game is determined; we review the basic concepts below. The ax-
iom was introduced by Mycielski and Steinhaus in the 60’s, and it soon
became apparent that AD was a powerful tool for unlocking the combinato-
rial structure of sets of reals, and a program for doing this was begun. One
of the central achievements during this period was the extension, assuming
projective determinacy, to the general projective sets of the basic structural
theory of the H}, E} sets developed by the “classical” descriptive set the-
orists from the 20’s through the 40’s. [32] and [19] give a detailed account
of the history of these developments. The results we discuss here can thus
be viewed as extensions and refinements of the basic determinacy theory
developed by the descriptive set-theorists of the 60’s and 70’s as described
in [32], [19].

We note that more recent work of Martin, Steel, and Woodin [30, 41] (de-
scribed in a little more detail below) has pinpointed the connection between
large cardinal axioms and various levels of determinacy, including ADI®)

We work throughout this paper in the base theory ZF + DC (except at a

)



6 I Structural Consequences of AD

few points where we mention the use of DC). However, we will be dealing
almost entirely in this paper with the consequences of AD. In particular we
assume AD throughout §3-85. In §2 we mention explicitly the hypotheses
as needed. The reader should recall that AD contradicts choice as well as
many of its consequences. In particular, successor cardinals need not be
regular and measurable cardinals need not be limit cardinals.

There were two ways in which the earlier theory was inadequate. First,
the theory of the projective sets was described largely in terms of the so-
called projective ordinals, the 6}1. The first four of these were computed, and
several general results were proved (a good reference here is [17]). Kunen
initiated a program for computing the 5711. The idea of a homogeneous tree,
which plays a central part in the program, arose independently in the work
of Kunen and Martin. Kechris and Martin independently (see [18]) then
formulated the general notion of a homogeneous tree. Despite this impor-
tant progress, however, the values of 6; for n > 5, and the combinatorial
structure of the intervening cardinals were left open. Secondly, the projec-
tive sets represent only the sets of reals occurring in the first level of the
L(R) hierarchy. It is generally believed, however, that AD should suffice to
develop the structural theory (in some reasonable sense) of the entire model
L(R). Thus, two central goals emerge: first, to refine the arguments from
the projective sets to permit a detailed analysis of the cardinal structure
within the projective ordinals, and secondly, to extend this analysis as far
as possible.

In the early 80’s, Martin and Steel [29] showed that (X£7)L®) was the
largest pointclass in L(R) having the scale property. Extending their meth-
ods, Steel [37] developed an analysis of the scale property in L(R). This
important work can be thought of as extending both the scale analysis of
the projective sets and also the “fine-structure” theory of L (developed by
Jensen), and uses methods of both. This fine-structure theory of L(R), like
the earlier theory of the projective sets, is not detailed enough to analyze
the fine combinatorial structure of the cardinals, nor to answer many ques-
tions about the model L(R) (though it suffices to answer many “scale type”
questions, e.g., showing which pointclasses are the k-Suslin sets for some &,
or showing every reliable cardinal is a Suslin cardinal; see [37]).

In the early 80’s, Martin [27] obtained a result on the ultrapowers of 5:1,)
by the normal measures on 5:1,,. Building on this and some joint work with
Martin, the author computed 5%. In the mid-80’s, this was extended to
compute all the 5:” and to develop the combinatorics of the cardinal struc-
ture of the cardinals up to that point. The analysis, naturally, proceeded
by induction. The complete “first-step” of the induction appears in [11].
The analysis revealed a rich combinatorial structure to these cardinals. In-
deed, even the answer 8 = R .« 11 hints at such a structure (in general
0341 = Ru2n—1)+1, where w(0) = 1 and w(n + 1) = w*™). A goal, then,
is to extend some version of this “very-fine” structure theory to the entire
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model L(R). In the late 80’s the author extended the analysis further, up
to the least inaccessible cardinal in L(R), although this lengthy analysis has
never been written up. It was clear, however, that new, serious problems
were being encountered shortly past the least inaccessible. In [10], for exam-
ple, results were given that show the theory fell far short of x¥, the ordinal
of the inductive sets (the Wadge ordinal of the least non-selfdual pointclass
closed under real quantification).

More recently, attempts have been made to isolate some of the “global”
obstructions to extending the detailed L(R) analysis. Some combinatorial
principles were thus formulated which seem to be necessary for extending
the theory sufficiently high in L(R) and which seem not to be provable by
an inductive “from below” argument. The most important principle along
these lines is called the weak square property, Hy x, for x a Suslin cardinal
and A an ordinal < © (the supremum of the lengths of prewellorderings of
the reals). Recently, the author has established this choice-like principle
(to be defined in §6). This has a number of consequences. For example, it
follows that every regular x which is either a Suslin cardinal or the successor
of a Suslin cardinal is 87 supercompact in L(R). This and other global
choice-like principles will be discussed in §6.

At the time of the present writing, then, we may summarize the current
situation as follows. A detailed structural analysis for an initial segment of
L(R) including the projective sets is known. Certain choice-like principles
which seem to be important for further extensions have been established
globally (that is below ©). What remains is to identify the further global
principles required, and integrate them with the inductive analysis.

In the present paper we will survey both approaches mentioned above.
We will adopt a somewhat informal style at times in order to keep this
paper reasonably self-contained, still give proofs, and keep the discussion
to a reasonable length. In §2 we will collect together and review various
results from descriptive set theory and determinacy theory we will need.
We will present proofs for some of these results of particular significance for
us, and reference the others. In §3 we develop the AD theory of the Suslin
cardinals, culminating in a classification theorem. In §4 we will develop a
theory of “trivial” descriptions. This is not actually necessary, and in fact
was omitted from [11]. Descriptions are the combinatorial ingredients that
“describe” how to generate equivalence classes of functions with respect to
certain measures. At the level of w; (here the measures are simply the n-
fold products of the normal measure), descriptions are trivial enough objects
that they need not be introduced explicitly, but rather absorbed into the
notation. Nevertheless, by introducing them explicitly the reader can see the
general flavor of the arguments while the combinatorics is still trivial. Using
this approach, we will show in this section the strong partition relation on
w1, the weak partition relation on 6%, and give a new proof of the Kechris-
Martin theorem for H:l)). In all cases, our proofs will use only the theory of
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the trivial descriptions and techniques that will generalize to higher levels
(in particular, no use is made of the theory of indiscernibles for L). In
85 we will introduce the (non-trivial) notion of a description of level 1.
This corresponds to the analysis for computing 5}) and proving the strong
partition relation on 6%, etc. Although we state complete definitions and
theorems, we will illustrate proofs here frequently by considering examples
which show the reader the ideas involved without getting lost in details. In
§6 we introduce B, » and other global choice-like principles. Some of the
results presented here are of interest in their own right, and several are new.

We hope §§4.5 will provide a good introduction to, and an overview of, the
modern theory of the projective sets (that is, the developments since [32]),
and §6 will give some insight into the problems being faced in extending the
theory and their possible solutions.

Although the focus of this paper is on the consequences of AD, we men-
tion briefly some connections with other hypotheses. Martin (see [24] and
[25]) showed Borel determinacy is a theorem of ZFC, although H. Friedman
[4] showed that Ry iterations of the power set axiom applied to the reals
is needed to prove it. Martin also showed H} determinacy followed from
the existence of 27 for every x € w*, and Harrington proved the converse.
Martin also showed the curious result that Aj, determinacy implies X3,
determinacy (see [15] for another proof). More recently, Martin and Steel
[30] showed that the existence of n Woodin cardinals (see [30] for the defini-
tion) plus a larger measurable implies A}l 1 1-determinacy. Woodin showed
that the existence of w many Woodin cardinals plus a larger measurable
implies ADI®) 1p fact, A;L 4 1-determinacy is equiconsistent with the ex-
istence of n Woodin cardinals, and AD is equiconsistent with the existence
of w many Woodin cardinals. Thus, the AD hypothesis now has the added
measure of respect that AD” (®) follows from more “conventional” large car-
dinal hypotheses. It should be noted, however, that the program of using
AD to explore the structural theory of the projective sets and beyond was
begun in the 60’s, well before this connection was known.

We review now some notation and terminology that we will use through-
out the paper. We generally work in the Polish space (complete, separable,
metric space) w®, the space of functions from w to w topologized with the
product of the discrete topologies on w. As a topological space this is home-
omorphic to the space of irrationals, but any two uncountable Polish spaces
are Borel isomorphic (in fact, isomorphic by a A%-measurable function).
We follow the usual convention of referring to the elements of w* as “reals.”
By a perfect product space we mean a space of the form X = Xy x--- x X,
where each X; = w or w* (w always with the discrete topology), and at
least one factor is w®. All perfect product spaces are recursively homeo-
morphic to w¥ by recursive coding and decoding maps, whose notation we
now standardize.
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For each n > 2, fix a recursive bijection
(moy ..., Mp—1) = (Mo, ..., Mp_1)n
from w™ to w which is increasing in each argument, and let
m — ((m)o,. .., (M)n-1)

denote the recursive inverse map. Let (zg,z1,...) — (o, 21,...) also de-
note the induced recursive bijection from (w*)“ to w* defined by

(o, 1, ... ) (M) = Tmg(m1),

where (mg,my) refers to the inverse of the coding map ( )2. Similarly,

for any perfect product space X = X7 x --- x X,,_1, there is a recursive
bijection between X and w*, we will use the same notation (zg, ..., 2Zn—1) —
(0, -y Tn-1)n, and x — ((x)o, ..., (x)n-1), for the coding and decoding

maps. Since the precise meaning is generally clear from the context, we will
usually drop the subscripts and extra parentheses from the notation.

For X a perfect product space and A C X, we write A° for X — A (it will
always be clear which X we are referring to). If R C X x Y, the domain of
R is defined by dom(R) = {«: Jy (z,y) € R}. For any = € X, we let R,
denote the section of R at x, that is, R, = {y: (z,y) € R}.

A (boldface) pointclass T is a collection of subsets of perfect product
spaces X which is closed under continuous inverse image. That is, if f: X —
Y is continuous and A C Y is in T, then B = f~1(A) is in . We also
say A is Wadge reducible to B, written A <,, B. As is customary in
descriptive set theory, we frequently use logical notation in describing sets,
and thus we write A(z) for x € A. Thus we may rewrite the above as
B(z) < A(f(x)), and for this reason pointclasses are referred to as being
closed under continuous substitution (or Wadge reduction). Likewise =A(x)
means ¢ ¢ A. For I' a pointclass, ' denotes the dual pointclass, that is,
AeTiff A eT. Wesay I' is non-selfdual if T' # I', and otherwise say T'
is selfdual. We let 3 and 3*° denote existential quantification over w and
w® respectively, and likewise for V¥ and V*”. We apply this notation also
to pointclasses. For example, 3“°T denotes the A C X for which there is
a B C X x w* such that Vo (A(z) < Jy € w* B(z,y)). For I' a (usually
non-selfdual) pointclass we let A(T') = T'NT. When T is understood we
frequently just write A.

Let X,Y be perfect product spaces, and A C X, B C Y. Assuming
AD, Wadge’s lemma asserts that either A <, B or B <,, A°. In fact,
the proof shows something stronger. For example, suppose X =Y = w¥,
and let A, B C w*. Consider the integer game where I plays integers a(i),
and II plays b(i), thereby producing reals a,b € w*, and II wins the run
iff (a € A — b € B). If II has a winning strategy 7, then 7 defines a
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Lipschitz continuous function (which we also call 7) from w® to w*. By
this we mean 7(a)[n depends only on afn. Also, a € A — 7(a) € B. If 1
has a winning strategy o, we likewise get a Lipschitz continuous function o
such that b € B < o(b) € A°. If we let <; denote reduction by a Lipschitz
continuous function, we therefore have either A <; B or B <; A°.

For X a Polish space, we let 3! (respectively 1Y) denote the collection of
open (respectively closed) subsets of X. For a < w1y, we recursively define
Eg to the sets A C X which are countable unions of sets A,,, each of which
lies in H% for some 3 < a. Also, IIY, = 3% and A? = 22 N TI2. The
sets which are 23 for some o < wy (equivalently Hg for some o < wy)
are the Borel sets. The projective hierarchy is defined as follows. The X7
(or analytic) sets are the sets which are continuous images of closed sets in
Polish spaces. An equivalent definition is 1 = 3*“IIJ. Also, we define
I} = 37, and A] = X} NTI;. Suslin’s theorem says that the A} sets are
exactly the Borel sets. In general, we define 3} = 3T}, | TI} = X! and
Al = X! NII}. The lightface projective classes, Z1, TI%, Al are defined an
an analogous manner, except at the bottom we take X¢ to be the collection
of sets of the form |J,,c., Vi(n), where f : w — w is recursive, and {V,, }new
is a recursive presentation for the space X. See [32] for further details (we
will always have X a perfect product space, in which case any reasonable
enumeration of the usual basis for X will be a recursive presentation).

For s a finite sequence (i.e., a function with domain n € w), we let
Ih(s) = n denote the length of s. Thus, s[m, for m < n, is the initial
subsequence of s of length m.

By a tree on a set X we mean a set T'C X <% closed under subsequence.
Given sets X and Y, we frequently identify a tree T on the set X x Y with
aset T C{(s,t) € (X xY)<¥ :1h(s) = 1h(¢)} closed under initial segment,
that is, if (s,t) € T, then (s[m,t[m) € T for any m < lh(s). Similarly,
we identify trees on X x -+ x X,, with subsets of X;~¢ x -+ x X;<¥. [T]
denotes the set of paths or branches through 7. We say a tree is well-
founded iff it is well-founded under the extension relation, and otherwise
say it is ill-founded. Thus, T is ill-founded iff [T] # 0. If T is ill-founded,
and X is equipped with a well-order <x, then T has a left-most branch
f € [T]. That is, for all g € [T], if f # g, then for the least n such that
f(n) # g(n) we have f(n) <x g(n). For T a tree on X x Y, and z € X,
we let T, = {s € Y<%: (z]1h(s),s) € T'} denote the section of the tree T at
x. For T a tree on X x Y, we let p[T] denote the projection of [T], that is,

plT]={z € X¥:IyeY¥Vn (zIn,yln) € T}.
If Tis a tree on Ay X --- X A, and 8 € ON, then we let
T8 ={(51,---,8,) € T:¥m <1h(s1) (s1(m),...,sn(m) < B)}.

If (X, <x) is a well-ordered set, then for any n € w the set X™ is well-ordered
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by the induced lexicographic ordering defined by:
§ <lex t > Tk(s(k) <x t(k) AVI < k s(l) = t(1)).

We let |s|iex denote the rank of s € X™ in the lexicographic ordering. If
T is a tree on X, then the well-order <x also induces a linear order on T,
known as the Kleene-Brouwer order, defined by:

s <kp t < (s extends t) or 3k < min{lh(s),1h(¢)}
(s(k) <x t(k) AVI < k s(l) = t(1)).

The Kleene-Brouwer order on T is a well-ordering iff T is well-founded,
that is, [T] = 0. If T is a tree on X and s € T, we let T(s) denote
{t € T: textends s}. If T is a well-founded tree, we let |T'| denote the
rank of 7. In this case, we let |T'|xp denote the rank of T in the Kleene-
Brouwer order (this also implicitly depends on the well-order of X). We
always have |T| < |T|kp. Note that |T'(s)| is the rank of s in T, and we
also denote this by |s|7. Also, |(T']«)(s)| denotes the rank of s in the tree
Tla, and likewise for |(T'[a)(s)|ks. More generally, if < is any well-founded
relation on 6 € ON, we let <[a denote < N{(5,7): 8,7 < a}. Likewise,
<(a) ==<n{(8,7): 8,7 < a}. We let |<| denote the rank of <. Similarly,
|<()| = |a|< both denote the rank of « in the well-founded relation <.

By a game on a set X we mean a two player game where players I and
IT alternate playing zg,z1,... € X building & € X*“, and I wins the run
iff ¥ € A, where A C X¥ is the payoff set. Although the game is officially
identified with its payoff set A C X, we sometimes write GG 4 to denote this
game for conceptual clarity. A strategy for I (II) in a game on X is a function
from the sequences from X of even (odd) length into X. The strategy is
winning for I (IT) if every run of the game where I (IT) follows the strategy is
a win for I (II). A game A is determined if one of the players has a winning
strategy. AD is the assertion that every game on w is determined. A quasi-
strategy for I (II) is a relation R C X <% x X such that Vs € X<¥ Iz € X
R(s,z), and Vs € X<% of odd (even) length, Vo € X R(s,z). We think
of a quasi-strategy as a multi-valued strategy. A quasi-strategy is winning
for T (II) if every run & € X¥ of the game such that Vn R(Z[n,z(n)) is
a win for I (I). A game G4 is quasi-determined if one of the two players
has a winning quasi-strategy. If X can be well-ordered (e.g., X = w), then
from a winning quasi-strategy for one of the players we easily get a winning
strategy for the same player. If X is a perfect product space, Y is a set,
and A C X x Y%, then OY A4 is the set B C X defined by = € B iff I
has a winning strategy in the game G 4(x) where I and II alternate playing
Yo,Y1, Y2, -+ € Y producing ¢ € Y¥, and I wins the run if (z,y) € A. We
abbreviate this by writing € B < Jyg Yy1 Jy2 Vys -+ - (z,7) € A.

By a measure on a set X we mean a countably additive ultrafilter on X.
Recall that assuming AD, every ultrafilter on a set X is countably additive,
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that is, a measure. If v is a measure on X, and f is a function with domain
X, we let [f], denote the equivalence class of f in the ultrapower, that is,
fr~gev{reX: f(zr) =g(x)}) = 1. When considering ultrapowers by
measures, we also let [f], denote the image of [f], in the transitive collapse
of the ultrapower. We often say “A has measure one” in place of v(A4) = 1.
We also write V},z € X to abbreviate “for ¥ measure one many = € X.”
We introduce a useful notational convention. Let v, ..., v, be measures.
If P C ON and 0 € ON, we let V; a; V;,az ---V; a, P(d(ai,...,an))
abbreviate the statement: if [f1],, = 0 then for 11 almost all aq, if [f2],, =
f1(aq), then for vo almost all as, if [f5],, = fa(a2), ..., for v, almost all a,,
P(fn(cn)). It is easily checked that this statement is well-defined. We also
extend this convention to properties of pairs of ordinals, etc. For example,

given measures vy, ..., V, and ordinals §, €, we might write V; a1 -V} ap
cof(6(a,...,ay)) < e(aq,...,a,). If the measures are understood, we
simply write V*aq, ..., a, P(d(aq,...,a,)), etc.

If f: X — ON is a function and o € ON, we write Ny(«) for the least
ordinal in the range of f greater than a. Likewise, if A C ON, we write
Na(«a) for the least ordinal greater than « in A.

2. Survey of Basic Notions

Throughout §2 we work in the base theory ZF+DC, stating other hypotheses
explicitly as needed.

2.1. Prewellordering, Scales, and Periodicity

We begin with a review of the basic concepts of scale and prewellordering.
The definition of a scale was introduced by Moschovakis, and represents a
distillation of the key ideas in the Novikov-Kondo proof of uniformization
for TI] sets.

Recall the basic notions of pointclass, Wadge reduction, etc., that were
defined in the introduction. If T' is a pointclass, we say A C w* x X
in T is universal for T'[X (where X = Xy x --- x X, is a perfect prod-
uct space) if for every B C X in T, there is a y € w* such that B =
U, = {z: (y,z) € U}. Assuming AD, Wadge’s lemma implies that ev-
ery non-selfdual pointclass I' has universal sets. For suppose A € T' —
I'. For every product space X = Xy X -+ X X,,, define Uy C w¥ x
X by Ux(y,zo,- - ,2n) < fy({zo, -+ ,2n)) € A where we view every
y € w¥ as coding a Lipschitz continuous function f,: w* — w® (say by
fylao, -+ ,an) = (y({ao)),-..,y({ao,-..,an))). Clearly Uy e T'. f BC X
isin T', then by Wadge B <; A, so for some y we have B = (Ux),.

The usual diagonal argument shows that a universal I" set A C w* x w*
cannot lie in I', and thus if T' has a universal set, it is non-selfdual. Also,
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the s-m-n and recursion theorems go through at this level of generality.
Specifically, we have:

2.1 Theorem Let I' be a pointclass with a universal set. Then there are
universal sets Ux C w® x X for all product spaces X with the following
properties:

1. (s-m-n theorem) For every X = X7 x -+ x X,,, YV =X x--- x X, X
- x X, where m > n, there is a continuous sy, x: w* x X — w*
such that

Uy (Y, 1,y @y ooy ) = Uxr (Sy,x (Y @1, -+, Tn)s Tt ds - - - Tin)
where X' = Xpi1 X -+ X X

2. (recursion theorem) For every product space X = X1 X --- x X, and
T set A C w¥ x X, there is a y* € w" such that for all x € X,
UX(y*,Z‘) — A(y*,x)

Proof. Let U C w* x w* in T" be universal for I" subsets of w*. For X =
X1 x -+ x X,, define Ux (y, (21,...,2n)) < U(yo, (Y1, 21,...,2Zpn)), where
here y — (yo,y1) denotes our recursive bijection from w® to w* x w.
Suppose ¥ = X7 x -+ x X, x -+ x X,,,. Then

UY(ya (xlv" '71:7L7"' az7n)) g U(y()v <y17I13"'7xn7"'7xm>)

and

Ux/(8,(Tnt1y---5Tm)) < U(S0, (81, Tntls - s Tm))-
Thus, it suffices to take sy x (y,%1,...,%n) = (¢, (y,%1,...,2y)) where € is
such that U(e, ((y, &1, .., Tn)s Tnt1y-- - Tm)) < U(yo, (Y1,21, ..., Tm)) for
all y, x1,...,x,. That is, choose € so that for all z

U(G, Z) — U(Zo,o’o, <Zo,071, 2071, ey Zo,n, ATEEEE) Zm>)

which is possible as U is universal (here zg 0, abbreviates (((z)o0)o)o, etc.,
and these decoding functions refer to the obvious product spaces).

As for the recursion theorem, fix X = X7 x---x X, and let A C w¥ x X
be in I'. Let € € w* be such that U(e,y,x) < A(s(y,y),x), where s is the s-
m-n function from (w*)? to w* corresponding to the spaces w* and w* x X.
Thus, U(s(e,y),z) < Ule,y,x) < A(s(y,y),z) for all y,z, where we have
dropped the cumbersome subscripts on the U. Let then y = ¢, and thus
y* = s(e,€). =

Following Moschovakis, we call sets Ux satisfying theorem 2.1 good uni-
versal sets. We shall frequently implicitly assume (without loss of generality)
that our universal sets are good. Note that the construction of the Uy is
uniform in the universal sets A.

We review now some of the general theory of prewellorderings and scales.
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2.2 Definition A (regular) norm on a set A C w* is a map ¢ from A
into (onto) some ordinal. A norm ¢: A — ON is said to be a I'-norm
if there are T, T' binary relations §£, gg on w¥ such that for all y € A,

Vo [(x € AN @(x) < 9(y)) « x Sg Y x Sg y. A pointclass T has the
prewellordering property, written pwo(L'), if every A € I' admits a T'-norm.

Norms can be identified with prewellorderings of A (that is, transitive,
reflexive, connected binary relations < on A). We let < denote the strict
part of a prewellordering < and vice versa (i.e., z <y — x Xy A -y < x).

The above definition generalizes immediately to any perfect product space
X as well. A standard and straightforward lemma (theorem 4B.1 of [32])
says that if T is closed under A, V, then ¢: A — ON is a I''norm on A € T
iff the following relations are in I':

r<jye—reAN(yg AV o(r) < dy))

In fact, to show that the existence of the starred relations implies the
prewellordering property requires no closure assumptions on I'.

If T has the prewellordering property and is closed under V, A, then any
two I sets A, B have comparable I'-norms. That is, there are I'-norms ¢, ¥
on A, B respectively and I relations §5,¢, g};,w and I relations Sﬁ,dﬂ ngw
such that Yy € AVz [(xr € BAY(z) < ¢(y)) « x §5,¢ you Sll;,aﬁ y, and
likewise Vy € BVx [(x € ANd(z) < 9Y(y)) <z Sg?w Y x S£,¢ y]. To see
this, let F={{i,2): (i=0Az€ A)V (i=1Az € B)}. Let p be a T'-norm
on E, and let ¢(x) = p((0,z)) for z € A, and ¥(z) = p((1,2)) for z € B.
We can take, for example x g};,w y iff (0, x) §£ (1,y). Note, however, that
these norms are not regular.

2.3 Definition A set A C w® is k-Suslin if there is a tree T on w X Kk such
that A = p[T). Let S, denote the pointclass of k-Suslin sets. A cardinal &
is a Suslin cardinal if S, — | S # 0.

K <K
A closely related concept (see lemma 2.5) is that of a scale.

2.4 Definition A semi-scale {¢n }new on a set A C X (X a perfect product
space) is a collection of norms ¢, on A such that if {Tm}mew C A is a
sequence of points in A converging to x, and for all n, ¢, () is eventually
constant, then x € A. We say {¢n} is an « semi-scale if all norms map
into a. We say {¢n} is a scale if it in addition satisfies the lower semi-
continuity property: Yn ¢n(x) < Ay = limy,— 00 On(Tm). Likewise we define
a-scale.
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A (semi)-scale {¢n} on A is a good (semi)-scale if whenever x,, € A and
for all n ¢ (xy,) is eventually constant, then © = lim,,— o Ty, exists (and
thus x € A).

A (semi)-scale is called very good if it is good and whenever x,y € A and
6u(2) < 6u(y), then ¢i(x) < ¢i(y) for all i < n.

A (semi)-scale is called excellent if it is very good and whenever x,y € A
and ¢ (x) = dn(y) then z | n =y [ n (assuming now X = w®).

The notions of good «-scale, etc., are defined in the same manner, re-
quiring the morms to map into a.

The next lemma shows the essential equivalence of these concepts.

2.5 Lemma For every A C w* and every a € ON, A is a-Suslin iff A has
an a-semiscale iff A has an a-scale iff A has an excellent a-scale.

Proof. Clearly excellent scale — very good scale — good scale — scale —
semi-scale, for any «. If {¢,} is a semi-scale on A into «, define the tree of
the semi-scale as follows:

((ao, .. .,an,l), (ﬁo, R ,ﬁnfl)) €Ty« dre A [I[TL = (ao,. .. 7CLnfl)/\
do(x) = Bo, - Pn—1(z) = Bu-1].

Clearly A C p[T]. If (x, f) € [T], then Jz,, € A such that z,, — x and
On(xm) — f(n) for all n. Thus, z € A by definition of a semi-scale. Hence,
A =p[T].

Thus, it suffices to show that A is a-Suslin implies A admits an excellent
a-scale. First note that A is a-Suslin iff A is x-Suslin, where k = |a|. Thus
we may assume « = k is a cardinal. Fix a tree T on w x x such that
A = p[T]. We consider two cases.

First assume cof(x) > w. Then Vo € A 38 < x (z € p[T'0]). Define a
tree S by:

((aOa .. '7a'n—1)7 (ﬁOa s 7671—1)) S S s 60 > ﬁlv o 7ﬂn—1/\
((Cl,o, .. 'aan72)7 (ﬁla e 7577,71)) eT.

Thus, A = p[S] as well. For z € A, define

an(:L‘) = |(f(0)7.%'(0), .. 7f(n - 1)7m(n - 1)|Ekez?

where f: w — k is the leftmost branch through S,, and |5]},, denotes
the rank of & in the lexicographic ordering restricted to ¢ € x* such that
t(0) > t(1),...,t(2n — 1). Thus, ¢,: A — k. Suppose {z,,} C A and
On(zm) — A, for all n. Let §, be such that |3,[5, = A,. Then §,41
extends §,, for all n, so z,, — = € w* and the s, define an f: w — &k
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for which (z, f) € [T]. This shows {¢,} is a semi-scale, and the lower
semi-continuity and excellence are easily verified.
Suppose next that cof(k) = w. Let k; < k with sup x; = k. We may

€W
assume T is a tree on w X (k — w). Define a tree S on w x k by “padding”
T as follows. An element of S will be of the form

((GO,"'aanfl)a(k0707"'70750,'"aki705"'705ﬁi7"'))
such that:

1. Each k; € w, and after k; occur k; 0’s. Also, §; < Ky, .

2. ((ag,...,a;),(Bo,--.,B;)) € T, where j is maximal so that (ko + 2) +
et (kj+2) <n.

Note that if (d,5) € S, then Vi §(i) < k;. Easily, A = p[S] as well.
We now define ¢,, as in the previous case (using lexicographic ordering on
(kn)?™). Tt is easily checked that {¢,} is an excellent a-scale. o

On standard consequence of scales is the Kunen-Martin theorem (c.f.
theorem 2G.2 of [32]) which we now state.

2.6 Theorem (Kunen, Martin) Every x-Suslin wellfounded relation on w®
has length less than k™.

We next recall the fundamental notion of a I'-scale, a notion introduced
by Moschovakis.

2.7 Definition A scale {¢,} on a set A is a I'-scale if all of the norms ¢y,
are T-norms. We say T has the scale property, scale(T'), if every A € T
admits a T'-scale.

The prewellordering and scale properties are the basic structural ingre-
dients in descriptive set theory, and have numerous applications there (this
theory is developed in [32]). For example, if pwo(I') and T' is closed under
v“ and A, V, then I' has the number uniformization property, that is, every
A Cw¥ X win T can be uniformized by a I relation B C A. Namely, set

B(z,n) < (Ym (z,n) <* (x,m)) A (Ym <n (z,n) <* (z,m)),

where <* <* correspond to a I''norm on A. [The number uniformization
property can also be shown directly for pointclasses of the form 3“T" where
T is closed under V* but not 3“]. Likewise, if T has the scale property and
is closed under V¥ and A, V, then every T relation A C w* x w* has a T'
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uniformization. To see this, note that if {¢,} is a T scale on A C w* x w*,
and we define

¢n($, y) = \(qi)o(x,y), x(O),y(O), SRR ¢7L—1(xay)v .Z‘(’/l - 1)’y(n - 1)‘16)(’

then {4} is a very good I'-scale on A. For z € dom(A), n € w, let
$n = (a0, 2(0),y(0),...,an_1,2(n — 1),y(n — 1)) be lexicographically least
such that for some (z,y,) € A, ¥n (2, Yn) = |Sn|iex. Note that s,,41 extends
Sn. By the scale property, there is a (z,y) € A with ¥, (z,y) = |sn|iex for
all n, and by very goodness this y is unique. Thus if we define B(z,y) <
Va¥n(z,y) <j, (z,z), then B uniformizes A.

It is a relatively straightforward ZF result that the prewellordering and
scale properties propagate from a pointclass I' closed under ¥* to 3¢"T.
The important periodicity theorems assert that, granted sufficient determi-
nacy, they also propagate from a pointclass I' closed under 3¢ to V¥ T'. We
state without proof the first two of the three periodicity theorems (proofs
may be found in [32]). These theorems are due to Martin-Moschovakis,
Moschovakis, and Moschovakis respectively. We note that DC is not re-
quired for the following two theorems.

2.8 Theorem (First Periodicity) Let T' be a pointclass closed under 3*°
with pwo(T"). If A-determinacy holds, then pwo(V<"T).

2.9 Theorem (Second Periodicity) Let T' be a pointclass closed under 3%
and A,V with the scale property. If A-determinacy holds, then ¥V T has
the scale property.

2.10 Remark The proof of the second periodicity theorem also shows that
if A C X X w® admits a scale (that is, is Suslin), then so does B C \¥,
where B(d) <« Vr € w¥ A(d,x).

Thus, assuming projective determinacy the pointclasses amongst the 2711,
H}L having the scale property are H%, 257 Hé, Ezlu ..., exhibiting a period-
icity of order two.

We also recall a version of the third periodicity theorem, due also to
Moschovakis. Because we will have specific need for this result later, we
give the proof. For the version we state, we require DC.

Let X be aset, and A C X“. Recall G4 is the game where I, II alternate
playing xg,z1,... € X, and I wins iff (zg,z1,...) € A. Assume I has a
winning quasi-strategy in the game G 4, and A admits a very good semi-
scale {¢,,} (defined in an obvious way using X* in place of w*, where X is
given the discrete topology). We define (assuming sufficient determinacy)
a canonical winning quasi-strategy 7 for I in G4 as follows. Suppose s,t €
X <“ are winning positions for I in G 4 of the same odd length (i.e., I’s turn
to move). For n € w, consider the game GY; played as follows:
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s F a(0) Sa(l) Fa(2) S a(3)

t Sb(0) Fb(1) Sb(2) Fb(3)

The game consists of two players F' and S (first and second), making
moves from X as shown. Let a,b € X“ be the sequences they produce. We
say S wins the run of the game iff (s”a) <} (¢7b). Let Wy,, for odd m, be
the set of winning positions for I in G4 of length m (i.e., I has a winning
quasi-strategy starting from that position). For s,t € W, set s <" ¢ iff S
has a winning quasi-strategy in Gy ,. We assume here that the games GY,
are quasi-determined. We claim that each <7 is a prewellordering on each

Wo,. First note that there cannot be an infinite sequence sg, s1,... € Wy,
such that Vi s; €7 s;41. For if so, fix winning quasi-strategies for F in all of
the games G, ;. ., and fill in the sequence of games as shown in figure 1.1,
using DC.

S3 Fa3(0) \ a3(1)\ Fa3(2) \ a3(3),\ .

s as(0)” Fas(1)’ as(2)” Fas(3)” -

S92 FGQ(O) \ ag(l)\ Fa2(2) \ a2(3)\ .

so|  az(0)” Fay(1)’ as(2)” Fay(3)” -

S1 Fal(O) \ al(l)\ Fa1 (2) \ a1(3)\ .

S1 al(O)/ Fal(l) / aq (2)/ Fa1(3) / .

S0 Fao(O) I ao(l) Fao(2) I a0(3)

Figure I.1:

Here F follows the fixed winning quasi-strategies on all of the boards
(moves made by following one of F’s winning quasi-strategies are marked
with an F), S’s moves in the various boards are obtained by copying as
shown, except in the bottom run where S follows a fixed winning quasi-
strategy for the game G4 starting from sy (these moves are marked with a
I). Let ag, a1, a1, az, az . .., be the sequences they produce. Thus sgag € A
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a(0) a(l) a(2) a(3) a(4) a(5) S az(6)

a(0) a(1) a(2) a(3) a2(4)\ S as(5) \ a2(6)\ e
a(0) a(1) a(2) a(3) Sax(4)”  ax(5)” S ax(6)’
a(0) a(1) a1(2 |Sai1(3), a4y Sai(5), ai(b)x -
a(0) a(l) Sa1(2)’ a3 Sai(4) a5 Sai(6) -

1 ao(O) S ao(l) 1 a0(2) S (10(3) I a0(4) S a0(5) 1 a0(6)
Figure 1.2:

and ¢, (s ap) > ¢n(sya1) > ..., a contradiction. It follows that <7 is
well-founded, reflexive, and connected on each W,,. Transitivity of <! also
easily follows, since if s < ¢, t <" u, but =s <’ u, we could play quasi-
strategies for S in the first two games against one for F' in the third game
to get a contradiction. Thus, each <7 is a prewellordering on each W,,.

Define the quasi-strategy 7 as follows. If s = (s(0),...,s(2n — 1)) is a
winning position for I in G 4 of even length, s"a € 7 iff s”a is a winning
position for I and s”a <?"*1 s7p for all b € X such that s7b is a winning
position for I.

To see this is a winning quasi-strategy, suppose a = (a(0),a(1),...) is a
run following 7. Consider then the play of the games as shown in figure I1.2.

Here 1 is following a fixed winning quasi-strategy for G4 on the bottom
run (these moves are marked with a I), and S is following winning quasi-
strategies for the G, s = (a(0),...,a(2n)), t = (a(0),..,a(2n — 1), a,(2n)),
on all the boards (these moves are marked with an S). If we let a, =
(a(0),..., a(2n — 1),an(2n),an(2n + 1),...), then a, € A and ¢ (a,) <
On(an—1). Since {¢,} is a very good scale, it follows that all the ¢, (a,)
are eventually constant and thus a € A.

We state now our version of the third periodicity theorem.

2.11 Theorem (Third Periodicity) Let X be a set, A C X, and {¢,}
a very good semi-scale on A. Assume I has a winning quasi-strategy in
Ga, and all of the games G¢, defined above are quasi-determined. Then
the canonical quasi-strategy T defined above is winning for I. If each of the
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games G, is determined, that is one of the players has a winning strategy,
then each of the relations <'*, <™™* corresponding to the prewellordering
<™ on Wy, is in OX ¢,. Specifically,

n

s<"t =Va(0)3b(0)Vb(1)3a(1) ... (s7a) <5, (t7b)
s<p "t «=3b(0)Va(0)3a(1)Vb(1) ... (s7a) <, (t7D).

Proof. Assuming all the games G, are quasi-determined, we have defined
the quasi-strategy 7 for I, and shown that it is winning for I. Assume now
that all of the games G, are actually determined. For odd m, let <**, <7**
be the starred relations corresponding to the prewellordering <" defined
above; we must verify the equivalences stated in the theorem. Let s,t € X™,
and suppose first s<"*¢. In particular, s € W,,. If t € W, as well, so
s <™ ¢, then the right hand side of the first equivalence holds, since it just
asserts Il has a winning strategy in the game GY¢,, which is the definition
of s <" ¢ in this case. If ¢ ¢ W, II easily wins G, by playing so the a,b
produced in the run of G¢, satisfy (s7a) € A and (t7b) ¢ A. Assume now
the right-hand side of the first equivalence, that is, I wins G ;. We must
have s € W,,,, as otherwise I could easily win this game by playing to ensure
(s7a) ¢ A. If t ¢ W,,, s<"*t holds by definition, and if ¢ € W,, then again
by definition s <™ ¢t and so s<I"*t.

For the second equivalence, note first that the right-hand side is asserting
that F has a winning strategy in the game H,:

s Sa(0) Fa(l) Sa(2) Fa(3)

t F b(0) Sb(1) Fb(2)

where F wins the run iff (s7a) <} (¢70).

Assume first now that s,¢ € X™ and s<["*t. In particular s € W,,. If
t ¢ Wi, then easily F has a winning strategy in H{', by playing to ensure
that (s"a) € A and (s7b) ¢ A. So, assume t € W,,. Suppose, toward a
contradiction, that S has a winning strategy p in H,. Since =(t<}'s), we
may fix also a winning strategy o for F in G ;. Using DC, fill in the runs
of the games as in figure 1.3.
In the bottom run, the moves marked with a I are those following a winning
quasi-strategy to produce ag with t"~ay € A. In the boards with moves
marked by F, those moves are made in accordance with ¢. In the boards
with moves marked by S, those moves are made in accordance with p. The
other moves are made by copying as shown. Thus t~ag € A, and from the
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L as(Dy Say(2), .
s| a3(0” Fas(1)’ a3(2)"  Fay(3)” -
t FGQ(O)\ ag(l)\ Fa2(2)\ a2(3)\ :
t| 420 Sas(l)’ a2(2)”  Sax(3)” -
s Sal(O)\ a1(1)\ 301(2)\ ‘11(3)\ :
s| a0 Fay(1)’ a1(2)” Fa;(3)” -
t Fag(()) I ao(].) Fao(2) I a0(3)

Figure 1.3:

definitions of p, o we have:
(an(tﬁa()) > ¢n($ﬁal) Z ¢n(t,\a2) > (,an(s/\ag) cey

a contradiction. Assume finally the right-hand side of the second equiva-
lence, that is, F has a winning strategy in H¢,. Easily this implies s € Wp,.
If t ¢ W,,, then the left-hand side is true by definition, so assume t € W,
as well. If =(s<I"*t), then we would have t<"s, and so S would have a win-
ning strategy in Gy ;. These two strategies may be directly played against
each other to get a contradiction. .

A case of particular importance is when X = w, and A C w¥ is E;n.
Assuming A} = determinacy (< X3, determinacy), theorem 2.11 shows that
if I wins G 4, then I has a Aén 11 winning strategy. For we may define a
canonical winning strategy 7 for I in G4 by:

7(s) = k < ¥Ym (s7k) < (sTm) AVm < k (sTk) <P (s7m),

where lh(s) = 2I. Thus the relation 7(s) = k is H%n-{—l from theorem 2.11
since 33, has the scale property and H%n—&-l = 0¥"%3,. Since this relation
does define a strategy, it follows that the relation is Aén 41- Similarly, if
I wins a H%nﬂ game, then, assuming Hénﬂ determinacy, I has a A5n+2
winning strategy.
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2.2. Projective Ordinals, Sets, and the Coding Lemma

The Moschovakis coding lemma is a basic tool in determinacy theory. We
present the result in a general form.

2.12 Theorem (AD + DC) (Coding Lemma) Let T' be a non-selfdual point-
class closed under 3“7 and A, and < a T well-founded relation on w* of
rank 6 € ON. Let R C dom(<) X w* be such that Vx € dom(<) Jy R(x,y).
Then there is a T set A C dom(<) X w* which is a choice set for R, that is:

1. Va < 0 3z € dom(=<) Jy [|z|< = a A Az, y)].
2. VaVy A(z,y) — [z € dom(=<) A R(z,y)].

Proof. We may assume 6 is minimal so that the theorem fails, and fix <,
R, and a good universal set U C (w*)3 for the I subsets of (w*)?2. Easily,
6 is a limit ordinal. For é < 6, say u € w* codes a d-choice set provided (1)
holds for o < § using A = U,,, and (2) holds for A = U,, where we replace
z € dom(=<) with z € dom(<) A |z|< < d. By minimality of 6, for all § < 6
there are §-choice sets. Play the game where I, II play out u,v € w*, and II
wins provided that if u codes a d1-choice set for some §; < 6, then v codes
a da-choice set for some d, > 6. If I has a winning strategy, we get a X1
set B of reals coding d-choice sets for arbitrarily large 6 < 6. Define then
A(z,y) < Jw € B U(w,z,y), which easily works.

Suppose now 7 is a winning strategy for II. From the s-m-n theorem, let
s: (w)? — w¥ be continuous such that for all €, z,t,w, U(s(e,x),t,w) <
Jy 3z [y < x ANU(e,y,2) AU(z,t,w)]. By the recursion theorem, let €y be
such that U(eg, z, z) < z = 7(s(€p, x)). A straightforward induction on |z|<
for x € dom(<) shows that Vz € dom(=<) 3!z U(ep, z, 2), and Vz € dom(=<)
Vz [U(eo,x, 2) — z codes a > |z|<-choice set]. Let A(z,y) < Iz € dom(=)
Jw [U(eq, z,w) AU (w, z,y)]. -

The coding lemma is frequently used where < is the strict part of a
prewellordering < which is also in T (T as in theorem 2.12), and where the
set R is invariant, that is, there is an R’ C 6 x w* such that R(z,y) <
R'(Jz|<,y). In this case, the relation A may be taken to have domain
dom(=). For we may define A(z,y) <« I’ [2/ 2z Az <2 ANA (2, y)],
where A’ is the I' choice set from theorem 2.12. A useful consequence of this
is that if there is a I" prewellordering < of length o whose strict part < is also
in I, then every S C «a is A in the codes provided by <. That is, there are
T, T sets C, D such that for all z € dom(=), S(|z|<) < C(z) < D(z). To
see this, apply the coding lemma to the relation R(x,a) < (Jz|< € SAa =
DV(|z|< ¢ SAa = 0) (identifying 0,1 with two reals). Let A be an invariant
choice set for R in I', and set C(z) < (x,1) € A, D(x) < (2,0) ¢ A.

Finally, if " is a non-selfdual pointclass closed under v+, v, and pwo(T"),

then we may improve the definability estimate. Namely, suppose P € I' = T°
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and ¢ is a T' norm on P mapping onto a. Then every S Cais A=TNT
in the codes provided by ¢ (rather than A(3“"T')). To see this, let U be
universal for I'|w* x w. For § < a (we may assume « is a limit ordinal),
say y codes S[g if for all (z,a),

Uy(z,a) < (x € PAop(x) <Az eSNa=1)V
(xePAp(z)<BAxgSNa=0).

From the coding lemma, for all 8 < « there is a y coding S[G. Play the
integer game where I plays x, II plays y, and II wins iff [z € P — 33 >
o(x) (y codes SB)]. II wins by boundedness (a winning strategy for I would
give a 37 set S C P coding cofinally in o many ordinals, from which we
would compute PeTbyz e P —3Jye Sz <p v), and if 7 is winning for
II, define D(z) < Ur(z)(2,1) and C(z) < =Ur(z)(x,0).

There is also a “uniform” version of the coding lemma (see [20]). Roughly
speaking, this asserts that A may be chosen so that AN {(z,w): |z|< < 0}
is 31(=s), where <5 denotes the prewellordering restricted to reals of rank
< 4. We refer the reader to [20] for a precise statement. This is particularly
useful for long prewellorderings, where the initial segments may be much
simpler than the overall prewellordering (this also provides another proof of
the result of the previous paragraph).

Recall from the introduction the definitions of the projective pointclasses
»! I}, Al. Also, assuming projective determinacy, H%,H_l and 2%,14_2
have the scale property for all n. We now define the projective ordinals and
establish their basic properties.

2.13 Definition 6711 = the supremum of the lengths of the A,ll prewellor-
derings of the reals.

2.14 Theorem (AD+DC) For all n, 85 is the supremum of the lengths
of the XL well-founded relations. Each 87 is a regqular cardinal, 6%n+2 =

(J%nﬂ)"’, and Sénﬂ = AJ,41 for some Suslin cardinal Aayq1 of cofinality
w. 2%n+2 = J%nH-Suslin and E%nﬂ = Aopq1-Suslin. The Suslin cardinals
within the projective ordinals are exactly the Aapy1 and the Jénﬂ.

It is worthwhile to first isolate a result of Martin that we need for the
proof of theorem 2.14, and we will also make use of later.

2.15 Theorem (AD + DC) (Martin) The pointclass A}, is closed un-
der < 5%n+1 length unions and intersections.

Proof. It is enough to show closure under < 5%,1 41 length unions. Towards
a contradiction, let A < 6§n+1 and A,, for @ < A, be a sequence of A3, .,

sets whose union A = |J A, is not in A}, ;. We may assume ) is least so
a<
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that the theorem fails, and thus we may assume the A, form an increasing
sequence. Since there is a A%n 11 prewellordering of length A, the coding
lemma implies A € Zénﬂ, and we are assuming A ¢ A%n-&-l' For z € A, let
¢(z) = the least o such that € A,, and let <}, <7 be the starred relations
associated to ¢. Note that z <} y <> Ja <A (z € Ay Ay ¢ Aq). This shows
<3 1s a A union of Aénﬂ sets, and thus by the coding lemma <} is Eénﬂ.
Likewise < is > +1- This shows A admits a b 41 prewellordering, and
since every E%n 41 set is a continuous preimage of A (by Wadge’s lemma),
we have pwo(23,,, ). It is well known, however, that 33, ,,, IT}, ,, cannot
both have the prewellordering property, thus we have a contradiction. [This
last fact can be argued by contradiction as follows: let A C w* X w* be a
universal Hénﬂ set, and ¢ a H%nﬂ norm on A. Define B(z,y) < (20,y) <},
(z1,9), and C(x,y) < (z1,y) <}, (z0,¥), s0 B,C € I}, ,,, and BNC = .
Let 91,12 be comparable Eénﬂ—norms on B¢, C¢ (see the discussion after
definition 2.2). Define E(x,z2) < (v,2) <}, ,, (#,2). Note also E(z,2) <
—(z,2) <, 4 (7,2), since BCUCC = w” xw”. So E € A}, .. However,
E is also universal for A%nﬂ. For if D C w* is A%nﬂ, let « be such that
D¢ =A,,, D=A,,, and hence D° = B,, D = C,. Then E, = D. Being
selfdual, however, the pointclass Aj, 11 cannot have a universal set by the

usual diagonal argument (the set S(z) <> =E(z,z) cannot be in A}, )]
_|

proof of theorem 2.14. If ¢: A — 6 is a regular H%nﬂ norm on a H;nﬂ set
A, then by definition § < Jén 41 (as all initial segments of the prewellordering
are in A%nﬂ). Thus, from the scale property for H%nJrh every H%nﬂ, and
hence also every X3 1o set is 55, 41-Suslin. From the coding lemma it also
follows that every 5§n+1—Suslin set is £3, 15, 50 6%n+1—Suslin = Eén”. If
A is universal for II, 41, then in fact 0 = o5, +1- The proof is a typical
application of the recursion theorem. Fix a 33, 41 well-founded relation
<. Fix a universal H%nﬂ set U C w” x w* and H%nﬂ norm ¢ on U. By
the recursion theorem, let ap € w* be such that U(wg,y) < Vo (z <y —
(a0, ) <} (a0,y)). A straightforward induction on |z|< for x € dom(=)
shows that U(ap,x) and ¢(ag,x) > |z|<. Thus, 5§n+1 = the supremum
of the lengths of the 33, 41 well-founded relations (this also follows from
the Kunen-Martin theorem mentioned below, but the argument above does
not need scales). The coding lemma easily shows that the supremum of the
lengths of the X! well-founded relations must have cofinality > §,,. Thus,
J%n_ﬂ is a regular cardinal.

From the Kunen-Martin theorem 2.6, 43, 12 < the supremum of the
lengths of the X3, 1o well-founded relations < (93, 1)t Conversely, let
~< be a well-ordering of éénﬂ. The coding lemma implies that < is Aén_ﬂ
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in the codes relative to a norm ¢ on a IT}, 41 universal set A, that is, the
relation (z,y € A A ¢(x) < ¢(y)) is A}, o. Thus, 83,5 = (d3,.1)", and
(')én 12 = the supremum of the 2o 12 well-founded relations. By our remarks
above, this shows 83, 1o is also regular.

Note that &, < &, as the ) well-founded relations can be “put to-
gether” into a single £} A TI, well-founded relation via a universal X7 set.

Suppose A is a universal X3, ; set, and write A(z) < JyB(r,y) where
B € I, Clearly if B is x-Suslin, then so in A. Now B admits a A%,H_l
scale (using scale(H%n+1)), and thus A is A\-Suslin for some \ < &3, ;. Let
A2nt1 be the least such A. It follows that every E%nﬂ set is Agp1-Suslin.
From the Kunen-Martin theorem and the definition of 83, 11, it follows that
83,41 = Mny1. We claim that cof(Aey+1) = w. For if not, then A could be
written as a Ag,41 union of sets A,, each of which is < Agj,41-Suslin. Each
A, must be E%n, as otherwise by Wadge, some H%n—complete set, and hence
every Eénﬂ set would be < Agj,41-Suslin. By theorem 2.15, A € AénJrh a
contradiction. So, E%nﬂ = Agp41-Suslin.

For any r the pointclass of k-Suslin sets is closed under 3« (as well as
A, V). From Wadge’s lemma, the only pointclasses within the projective
hierarchy that are closed under 3*° (and contain the closed sets) are the
»! and thus we have determined all the Suslin classes and cardinals within
the projective hierarchy. -

It follows also from our discussion above that 67 = w; and 83 = wo.
Martin and Solovay also computed 6% = wyt1, and 5i = wy42 (see also
the next section). In section 2.6 we will show (assuming AD) that each &
is measurable, and in fact has the countable exponent partition property
8L — (81)* for all A < w; (defined in §2.6).

2.3. Wadge Degrees and Abstract Pointclasses

We now recall some of the abstract theory of pointclasses. Additional back-
ground may be found in [35], [36], and [39]. We assume AD+DC throughout
this section, though the determinacy required is “local,” e.g., only projective
determinacy is required within the projective sets, etc.

If T is a pointclass and k a cardinal, let UH T denote those A C w* which
can be written as A = |J,,_,. A, where each A, € T'. We similarly define
N.T-

We note the simple observation that if I" is a non-selfdual pointclass, then
the closure of " under 3“ implies the closure of I' under countable unions,
and likewise the closure under V¥ implies the closure under countable inter-
sections. For suppose A € =T, and A,, € I for n € w. Thus, 4,, <,, A for
all n, and it follows easily that B <,, A as well, where B(z) <+ € A, () and
z(i) = z(i +1). Then z € |J,, A, < Ji B(i"x). Another simple but useful

a<k
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observation is that if I" is non-selfdual and closed under countable intersec-
tions (respectively unions), then 3*“T' (respectively V¥ T) is closed under
countable unions and intersections. As we already noted, 3 T" is closed un-
der countable unions (since I' has a universal set, so does 3*“T', and hence
it also is non-selfdual). To check countable intersections, let A, € 3T,
say A,(x) < Jy B,(z,y) with B, € T'. Then z € (N, 4, < 3y B(z,y),
where B =", B, and B, (z,y) < An(z, (y),). Thus, N, A, € 3*°T.

Recall the definitions of Lipschitz reduction, <; and Wadge reduction
< from the introduction. We say a set A C w® is selfdual if A <; A°. A
theorem of Steel [39] says that A <; A° iff A <,, A°. Thus, A is selfdual
iff the pointclass generated by A, namely I'y = {B : B <,, A}, is selfdual
(i.e., closed under complements).

Consider now pairs of the form (A, A€) (if A is selfdual, we may equiva-
lently take just A in what follows). We extend <; to such pairs by setting
(A, A°) <; (B, B°) iff one of A, A° is <; to one of B, B¢. This is easily seen
to be transitive, reflexive, and by Wadge’s lemma, connected. A Lipschitz
degree, or [-degree, denotes an equivalence class of a pair under the relation
(A, A°) = (B, B°) iff (4, A°) <; (B, B°) and (B, B¢) <; (A, A°). An im-
portant basic result of Martin (c.f.[39]) asserts that the strict part of <; is
well-founded.

The Wadge degrees, or w-degrees, are defined analogously, using <,, in
place of <;. Of course, a Wadge degree is an amalgamation of [-degrees,
and it is immediate that the Wadge degrees are also well-ordered. From
the result of Steel mentioned above, it follows that only selfdual [-degrees
are amalgamated in forming a w-degree. It is shown in [39] that for a a
limit ordinal of cofinality w, an l-degree of rank « must be selfdual, and
for cof(a)) > w the pair is non-selfdual. Furthermore, following any non-
selfdual I-degree (A, A€), the next w; I-degrees are all selfdual and of the
same w-degree (that of the join of A and A€, that is, {n"x: (n is even Az €
A)V (nisodd Az ¢ A)}). This gives a general picture of the w-degrees:
the selfdual and non-selfdual w degrees alternate, and at limit ordinals «, a
pair of Wadge degree « is selfdual iff cof(a) = w. For A C w¥, we let o(A)
denote the rank of (A, A°) in <,,.

In [36], [35] some additional structural results for general pointclasses
were obtained. Recall I" has the reduction property, red(T"), if for all A, B €
I'JA’, B’ €T such that A’ C A, B 'C B, ANB =0and A/UB = AUB.
I has the separation property, sep(T'), if for all A, B € I with AN B = ),
3C € A (A C C C -B). A standard result in descriptive theory (see [32])

is that pwo(T') — red(T") for T closed under A, V, and red(T') — sep(T).

[36] shows that for any non-selfdual pointclass T', either sep(T) or sep(T),
and from [39], both sides cannot have the separation property. Also, if T" is
closed under A,V then red(T') or red(T"). More generally, Steel [35] shows
that if T' is closed under A and —sep(T"), then red(T"). Finally, [35] shows

that if T' is a Levy class, that is closed under 3*° or V¥, and if we make
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the technical assumption that A = T'N T is not closed under well-ordered
unions (this is true in L(R), for example, for all selfdual A # P(w*)) then
either pwo(T") or pwo(I'). Tt is also shown there that if A is closed under
real quantifiers, and sep(T"), then I is closed under 3*” (and thus I is closed

under v+).

2.16 Definition Let T' be a (possibly selfdual) pointclass. We let o(T') =
sup{o(A): A € T'}. We let (') = the supremum of the lengths of the A
prewellorderings of w¥ (where A =TNT).

In [21] it is shown that for A closed under real quantification, A and V,
o(A) = 6(A) = the supremum of the A wellfounded relations on w*. We
note that for A closed under real quantification, closure under A and V is
almost automatic; it is needed only to rule out the case of a largest Wadge
degree in A, which occurs only when A = T' UT for some non-selfdual
closed under real quantification (by the hierarchy analysis below).

If A is selfdual, closed under real quantifiers, o(A) has uncountable co-
finality, and we again make the technical assumption that A is not closed
under well-ordered unions, then Steel [35] shows there is a non-selfdual
pointclass T' closed under V** with pwo(T') such that A = T'NT. Steel
establishes this by getting a useful representation for the I' sets. Namely,
if 6 is the least ordinal such that A is not closed under ¢ unions, then I

is the collection of Xj-bounded § unions of A sets. A union A = J A, is
a<d
> 1-bounded if for every X1 BC A, 30 <6 BC | Aa.
a<d’
Steel shows in [35] (generalizing results of [21]) that these results suffice

to place the prewellordering property within the Levy classes, as well as to
classify the Levy classes within projective-like hierarchies. We summarize
the conclusions. Suppose I is non-selfdual and closed under 3¢ or V*“. Let
a be the supremum of the limit ordinals 8 such that Ag = {A: o(A) < 5}
is closed under real quantifiers and Ag C I'. We have the following cases:

Type I Hierarchy cof(a) = w. The pointclass A of Wadge degree « is
selfdual, consisting of w-joins of sets of smaller degree. Let I'y be the
class of countable unions of sets, each of degree < a. Then T’y is the
smallest class closed under 3 containing A, and we have pwo(Iy).
If we let T} = V'Ty, Ty = 3Ty, etc., then pwo(T,) for all n
by first periodicity. Ty is closed under countable unions and finite
intersections, and I',, for n > 1 is closed under countable unions and
intersections. Also, I' = T'; or I'; for some 1.

Type 11, III Hierarchies cof(a) > w, so there is a non-selfdual pointclass
Ty of degree a closed under V¥~ and with pwo(Ty). We assume in
these cases that T'g is not closed under 3¢°. If we let T'y = 3" T,
'y = VT, etc., then pwo(T,) for all n. For n > 1, T',, is closed



28 I Structural Consequences of AD

under countable unions and intersections. If 'y is as well (by a result
of [35] this is equivalent to I'y being closed under finite unions), this
is referred to as a type II hierarchy, otherwise a type III hierarchy.
Clearly, I' =T'; or = I; for some i.

Type IV Hierarchy cof(a) > w, and for Ty as in the previous case, 'y is
closed under real quantifiers. Let T'y = {ANB: A € Ty, B € T'n}. Let
Iy = 3Ty, T3 = V' Ty, etc. Then pwo(T,,) for all n, and for n > 2
(or n = 0) T, is closed under countable unions and intersections.
Clearly, I' =T'; or = I; for some i.

2.17 Remark We refer to the pointclasses Ty as in the type 11, III hierar-
chies above as Steel pointclasses.

We present one more result in the abstract theory of pointclasses which
we will need later, and which illustrates the usefulness of the hierarchy
classification.

2.18 Lemma IfT is a non-selfdual pointclass closed under 3*° and pwo(T),
then T is closed under well-ordered unions.

Proof. If T is closed under ¥ as well, this is theorem 1.1 of [14], so assume
V““T' # I'. If T is closed under countable unions and intersections, the
result follows from lemma 2.4.1 of [21]. Suppose now I is not closed under
countable intersections. The hierarchy analysis above shows that I is the
base of a type I hierarchy, that is, I' = | A, and A is closed under real
quantifiers. Note that I' is closed under A. Towards a contradiction, let
be the least cardinal so that (J,, I’ ¢ T'. Thus, & is regular. Let 'y = 3¢ I,
By Wadge’s lemma, I’ C U, T, and thus I'y C |J,. T'. Using the regularity
of K, let (44| < K) be a strictly increasing x sequence of sets in I' whose
union A isin T —T. Let B = {z: S, C A}, where S C (w*)? is universal
$i. B €T as T is closed under V*" and V. Let B = (J,_, Ba, where
B, € T. If we replace A, by {y: 3z € B, (y € S;)}, then the A, form
a X]-bounded sequence of T' sets with union A. Let U C (w*)? be a
universal I' set. Play the game where I plays x, II plays v, z, and II wins
iff v € A—Ja>[z|(Uy = Aa A2 € Aa — Up-,, Ap), where |z] is the least
a < k such that x € A,. By E%—boundedness, II wins, say by 7. Define
v <yiffx,y € ANT(y)1 ¢ Ur(a),- Thus, <isa I' prewellordering of length
k. By the coding lemma, then, |J, I' C Ty, and hence |J,T' = T';. Now,
A, =T, NIy is clearly also not closed under s unions, and any s union
of sets in A; is in I';. Thus, I'y = {J,, A1, where &’ < & is least such
that Aj is not closed under ' unions. This, however, shows pwo(T'1), a

contradiction (this last part is Martin’s argument from theorem 2.15 again).
_{

In the case of a type II, III, or IV hierarchy, the following observations
are occasionally useful.
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2.19 Lemma Let T' be non-selfdual, closed under V%", with pwo(T"), and
assume A is closed under real quantification. Let Kk = o(A). Then cof (k)
1s the least ordinal p such that A is not closed under p-length unions. Fur-
thermore, there is a k strictly increasing sequence of sets in A.

Proof. From pwo(T') we have that A is not closed under 6(A) = §(A) =k
length unions. Let p be least so that A is not closed under p-length unions.
Clearly p < k is a regular cardinal. Suppose p > cof(k). Let {Aq}a<, be an
increasing sequence of A sets whose union A is not in A. Since p > cof(k)
is regular, there is a 8 < x such that for cofinally in p many o we have
0(Ay) < B. By lemma 2.18 we may find a non-selfdual T'y C A which
is closed under wellordered unions and with o(I'g) > 3. Then A € T'y, a
contradiction. Suppose p < cof(x) and again consider a sequence {Aq }a<,
as above. Since p < cof(k), there is a § < & such that for all a < p,
0(As) < B, and we reach the same contradiction as before. So, p = cof(k).

Fix now a sequence {Aq}a<cof(x) Of sets in A whose union A is not in
A. Let h(a) = 0(Aq), so h is cofinal in k. Without loss of generality we
may assume h is strictly increasing. Let < be a A prewellordering of length
cof(k) (we may assume cof(k) < k as otherwise there is nothing to show
in the second claim). View every real y as coding a Lipschitz continuous
function f,: w* — w®. By the coding lemma there is A relation R C (w*)?
with dom(R) = dom(=) and such that for all (z,y) € R, f, ' (Ajg41) is a
prewellordering of length h(|z|), where |z| denotes the rank of = in <. For
B < k define Eg by:

(z,y,2) € Eg « x € dom(=2) A (Vy < |z| h(7) < B) A R(z,y)
Ml a e <54
Clearly the Eg form a x-length strictly increasing sequence. To see that
Eg € A, let oy < cof(k) be least such that h(ag) > §. Then Eg =
UaSao E, g where:
< .

at1) —

(%,y,2) € Eqp < z € dom(=X) A (|z] = ) A R(z,y) A |Z|f;1(,4

Since A is closed under < cof(k) unions, it is enough to show each E, 5 €
A. The first three conjuncts are clearly in A. For the last, note that
Py = f, 1(Aas1) is a A prewellordering computed uniformly from y, that
is, (u,v) € Py < fy((u,v)) € Aqy1. From the coding lemma it is straight-
forward to compute that {(y, z): |z|p, < B} is projective in any pointclass
of Wadge degree at least o(Aq41)- o

2.4. The Scale Theory of L(R)

The pointclass results of §2.3 can be considered to be a generalization of the
“Spector” theory of the projective sets, that is, the theory which uses only
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the prewellordering property for the IT3, 19 EN 1o sets. There is likewise
a generalization of the scale theory of the projective sets to the sets of reals
in L(R). This theory is developed in [37]. We survey without proof the
main results of this theory. We assume AD + V = L(R). Recall O is the
supremum of the lengths of the prewellorderings of the reals.

Recall that the J,(R) hierarchy building up L(R) is defined similarly to
the J, hierarchy for L, except we start with J; (R) = V,11. Thus, for limit
a, Jo(R) = U Jor(R), and Joy1(R) is the closure of J,(R) U {J,(R)}

a'<a
under suitable rudimentary functions. 33, (J,(R)) denotes the subsets of
Jo(R) which are X, -definable over J,(R) using parameters from J,(R).
We also let ,,(J,(R)) denote the pointclass 3., (J4(R)) NP(R). Note that
¥l = %, (J1(R)), so the ,,(Jo(R)) hierarchy provides an extension of the
projective hierarchy to all the pointclasses in L(R). Recall that for X = w*
or X = P(w¥), a relation R C X is E% if it can be written in the form
R(z) < 3B C w¥ P(x,B), where P is projective. That is, P(xz,B) <
J2p € WY V2o € WY ---3(Y)z, € w¥ Q(x, B, 21,...,2,), where Q is in the
smallest collection containing any Borel relation on the real coordinates,
the relations z; € B, z; € x (if X = P(w®)), and closed under countable

R
unions, intersections, and complements. Let 6% ® be the supremum of the
lengths of the (A2)E(®) prewellorderings. We will henceforth just write 87

in place of J?L(R) (we will never consider 82 in a context outside of L(R)).
7 is the least ordinal & such that Js(R) <® L(R), that is elementary for ;
formulas with real parameters. Also, (X£7)L(R) = 21 (Js2(R)) N P(R) and

(AN = J5(R) NP(R).

Martin and Steel [29] (using an idea of Moschovakis) show that (X7)(®)
has the scale property, and is the largest scaled pointclass in L(R). Steel [37]
refines this analysis as follows. Following Steel, call [«, 8], where a < 3, a
3, -gap if Jo(R) <5 J5(R) and the interval [a, 3] is maximal with this prop-
erty. The gaps thus partition the ordinals in [1,0]. [§3,©)] is the last gap,
and for the first non-trivial gap, that is where 8 > «, X1(J,(R)) already
contains all the inductive sets (the smallest non-selfdual pointclass closed
under real quantification). For « beginning a gap [a, 8], 21(J4(R)) has the
scale property, and 31 (J,(R)) = 31 (J,(R); R), that is, every X (J,(R)) set
is 33 definable over J,(R) using only parameters from R. If 3;(J,(R)) is
not closed under real quantifiers, then periodicity propagates the scale prop-
erty to s, (Jo (R)), Xant1(Ja(R)). Otherwise (by a result of Martin), none
of the X, (J,(R)), I, (Jo(R)) have the scale property for n > 2. If 5 > «,
then none of the classes %,,(J,(R)), IL,(J,(R)) for « < v < /8 have the scale
property. The existence of scales at the end of a gap hinges on whether the
gap satisfies a certain reflection property (a “strong” gap in the terminology
of [37]). If so, there are no new scaled classes at the end of the gap. If not (a
“weak” gap), then X, (J3(R)) has the scale property, where n is least such
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that X,,(Jg(R)) N P(R) € Jg(R). A periodicity argument then propagates
the scale property to the X, 105 (J3(R)), I12k+1(J3(R)). These results
place exactly the scale property among the classes X,,(J,(R)), I, (Jo(R)).
With a little extra argument, this suffices to place exactly the scale property
among the Levy classes in L(R) (the only additional classes with the scale
property are the Steel classes Ty such that 3““ Ty = 3;(J,(R)) for some a
beginning a gap).

The analysis also shows that for « beginning a gap, a universal X (J,(R))
set U, and a X (J,(R)) scale {¢2} on U, can be constructed uniformly in
«. This uniformity, however, fails for the Steel pointclasses having the scale
property; this presents an obstacle in some arguments.

2.5. Determinacy and Coding Results

We begin by recalling a useful ordinal determinacy result. If Ay,..., A\, €
ON and A C Ay x --- x AY, we say A is Suslin if there is a tree T' on
AL X o X Ap X Apgq for some A1 € ON such that (@y,...,d,) € A iff
3dn41 € A5, (@1,...,dnq1) € [T]. The collection of Suslin A contains the
open and closed sets (\;* endowed with the product of the discrete topology
on \;), is closed under 3”, countable unions and intersections, continuous
preimages, and assuming AD, V*° (the only non-trivial part is closure under
v«” which follows from the proof of the second periodicity theorem). We
say A is co-Suslin if (A x -+ x A¥) — A is Suslin.

The following theorem is the basis for many ordinal determinacy results.

2.20 Theorem (AD) Let A < O, and A C X be Suslin and co-Suslin.
Then the ordinal game G4 s determined.

The theorem is due originally to Moschovakis, and appears as theorem
2.2 of [31] (though in a weaker form). The proof there is similar to that of
the third periodicity theorem, using also the Harrington-Kechris theorem
to ensure the determinacy of certain real games. A second proof appears in
[20] (c.f. theorem 2.5), and is a more direct combinatorial proof.

An important tool in the theory of L(R) is the Solovay basis theorem.
This, along with theorem 2.20, will provide the determinacy of some of the
games we will consider later.

2.21 Theorem (ZF) (Solovay Basis Theorem) Let P(A) be a X7 relation
on sets A Cw®. If L(R) = 3A P(A) then L(R) =34 € A? P(A).

Proof. Write P(A) « 3B C w* Q(A, B) where (@ is projective. Work inside
L(R). Since every set in L(R) is ordinal definable from a real, we may fix
reals xg, yo and formulas ¢1, ¢o such that for some «, 8 € ON we have

L(R) = 3'A 3B [¢1(x0, o, A) A ¢2(yo, B, B) A Q(A, B)].
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Let ¢ (z0, v, yo, 8) abbreviate the right-hand side, and ¥’ (zg, a, yo, 5, A, B)
denote the part inside the square brackets. Let IV € w be large enough so
that a transitive set model of ZF y +V = L(R) containing the reals must be
of the form J5(R). Let (do, o, Bo), where dp > ag, 5o, be the lexicographi-
cally least triple such that

J50 (R) ': ZFN + A H'B[¢1(I0a a07A) A ¢2(y0aﬂO7B) A Q(A7 B)]

A hull argument shows that dg exists, and there is a map from the reals
onto Js,(R), and thus Js, (R) may be coded by a set of reals (that is, there
is a structure (R, E) isomorphic to Js,(R)). Let A, B be the unique sets of
reals in Js, (R) such that ¢1(zo, 0, A), ¢2(yo, B, B), and Q(A, B) hold in
Js, (R). Since @ is projective, Q(A, B) holds in L(R), and thus P(A4). We
have:
x €A IJE Cw? xw* I/, 2,y € R satisfying the following:
1.) (R, E) is well-founded, (R, F) = ZFy +V = L(R),
and R C 7(R, F), where 7 is the transitive collapse map.
2.) m(a) = w, m(xp) = w0, ™(¥o) = Yo
3) (R, E) = 30/, [(zh,al, gy ) A
V(" B7) <iex (o, 87) (g, o, 5, 87) A
JA' 3B ' (xg, oy, B A, B ) N € A).
4.) (R,E) EVd € ON Js(R) ¥ 3/, 5" ¥(xp, o', 90, 5).
Since (1)-(4) are projective statements about E, this shows that A € 33,
and a similar computation shows =4 € X3. —

From this, we get a useful determinacy result.

2.22 Theorem (AD +V = L(R)) Let A < © and F: A¥ x (W)™ — w* be
continuous, and A C w*. Consider the game Gy ra on X where I, II play
g, A1, ... producing & € A, and I wins iff

E|$1VI‘2 s H(V)InF(&7 T1,T2,... ,.Tn) € A.
Then G F,a 5 determined.

Proof. Suppose the theorem fails. By a hull argument, there is an E C
w? X w* such that (R, E) is well-founded, R C 7(M, E), where 7 denotes
the transitive collapse map, and there are X', F’, A’ € R such that (R, F) &=
ZFn+ “(N,F', A") witnesses the theorem fails”. From theorem 2.21, we
may fix such an E which is A%, Let Js(R) = (R, E). Let X/ = w(\),
A" =m(A"), F" = w(F"). So, Js(R) = “(\', A", F") witness the theorem
fails”. Since E € AZ?, easily A” € A?. Hence A” is Suslin, co-Suslin in
L(R), and thus so is

{(@ 21,0y n) €N X (W) F"(&, 21, .., 2n,) € A"}
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By periodicity, Ga» a» pr is Suslin, co-Suslin in L(R) and therefore deter-
mined. However, a winning strategy for this game can be identified with a
subset of A < ©7(®) By the coding lemma, the strategy must then lie in
J5(R), a contradiction. =

2.23 Corollary (AD +V = L(R)) Let A < O, F: \* — w* be continuous,
A Cw¥, and G the game on \ with payoff F~(A). Then G is determined.

If T is a pointclass closed under ¥*“,V, and pwo(T), and if ¢: A M
is a I" norm on the I'-complete set A, then the usual boundedness principle
applies: every B C A in I is bounded below x with respect to ¢. In this
case, K is the supremum of the lengths of the A prewellorderings, and
is regular. There is a useful generalization of this principle, due to Steel,
which applies to all ordinals o < ©. First, we recall one of the main results
of [35]:

2.24 Theorem (AD) (Steel) Let T be non-selfdual, and 3 A C A. Then
T is closed under intersections with r-Suslin sets for k < cof(o(A)).

The non-trivial case of theorem 2.24 is when sep(T") holds, for if sep(T)
then I is closed under A by [35].

Using theorem 2.24 we now have the following general boundedness prin-
ciple. We follow the proof in [12]. We say a norm ¢: A % o is k-Suslin
bounded if for every B C A which is k-Suslin we have sup {¢(x): z € B} <
a.

2.25 Theorem (AD) (Steel) Let o < © be a limit ordinal. Then there

is an A C w* and a norm ¢: A o which is k-Suslin bounded for all
K < cof(a).

Proof. First note that we may assume « is regular, since a norm of length
cof (o) which is k-Suslin bounded for all k < cof(«) produces one of length

a. For example, let § = cof(«), h: & — « be cofinal and increasing, and
onto

¥: B — § a norm which is k-Suslin bounded for all k < 8. Let p: C — «
be a norm. Define for 8 < «a,

Aﬁ(ﬂj) — [IO ceC A ,0(560) = ﬂ Nxy € B A ﬂ < h(’(/)(d?1))]

Let A= ;. Ap, and ¢(x) = p(xo) for x € A. Suppose S C A is k-Suslin
for some k < §. Let S; = {z1: x € S}. Then S; is k-Suslin and S; C B, and
son =sup{¢Y(x1): x € S} < 4. But clearly then sup {¢(z): z € S} < h(n).
So assume « is regular.

Similarly, it suffices to produce a norm : A ok p which is k-Suslin
bounded for all k < «, for some p of cofinality «. For suppose ¢: A oL pis
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such a norm, and cof(p) = a. Let h: @ — p be cofinal. Define ¢: A 2 o

by ¢(z) = the least § < « such that h(3) > ¢¥(z). Then easily ¢ is k-Suslin
bounded for all k < a.

Let p > «a be a limit cardinal of cofinality a such that the collection A
of sets of Wadge degree < p is closed under 3*”. We produce an A and

a norm ¢: A ot p which is x-Suslin bounded for all kK < a. Let I' be

the non-selfdual pointclass closed under V¥~ with A = TN T (see [35], we
assume « > w as otherwise the result is trivial). Let B be a T' universal
set. Define A by: x € A iff zy, 1 code continuous functions f,,, fz, with
fol(B) = w” — f1(B). For z € A, let ¢(x) be the Wadge degree of the A

Zo
onto

set fw_ol. Clearly ¢: A — p. Suppose S C A is k-Suslin for some k < «,
and assume towards a contradiction that sup {¢(x): © € S} = p. Define

Cla,y) (£ € SA fuyy) € B) = (¢ € SA fu,(y) & B)

Thus, C € A by theorem 2.24. This is a contradiction, since any A set is
Wadge reducible to C. For let D € A, and take z € S so that f; 1(B) =
w? — f-H(B)=D">,D. Theny € D' — (z,y) € C.

%

2.6. Partition Relations

We recall some facts and terminology associated with partition relations
that we will be using frequently. We give the definitions working in our
base theory ZF + DC, although to obtain non-trivial results we will have to
assume AD.
If f: « — ON, we say f has uniform cofinality w if thereis a f': a X w —
ON such that V8 < a f(8) =sup f/(6,n) and f’ is increasing in the second
new

argument, that is, V3 Vn,m [n <m — f'(8,n) < f'(8,m)].

2.26 Definition We say f: « — ON is of the correct type if f is increasing,
everywhere discontinuous (i.e., for all 8 < a, f(B8) > sup f(8')), and of
B'<p

uniform cofinality w.
Generalizing this, we define:

2.27 Definition Let f,S: a — ON. We say f has uniform cofinality S if
there is a function l: {(8,7): 8 < a Ay < S(B)} — ON which is increasing

in the second argument and VB < « f(B) = sup I(B,7). We frequently
v<S(B)

Just say f(B) has uniform cofinality S(3).
If i is a measure (i.e., a countably additive ultrafilter) on o, we say f has
uniform cofinality S almost everywhere, for S as above, if V8 < « (B =
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sup U(8,7). We usually just say f(B3) has uniform cofinality S(3) almost
Y<8(B)
everywhere with respect to p.

Note that the statement “f has uniform cofinality S almost everywhere
with respect to 7 depends only on [f],, [S],.

For x a cardinal and A < &, we let (k)" denote the set of increasing
functions from A to k. We write Kk — (k) to mean: for every partition
P: (k)* — {0,1} of the increasing functions from \ to s into two pieces,
there is a homogeneous H C k of size k. That is, there is an i € {0,1} such
that for all f € (H)* we have P(f) = i. We define a variation on this as

follows. We say x “%2 (k)" if for all partitions P: (k)» — {0,1} of the
increasing functions from A to x into two pieces, there is a c.u.b. C' C & such
that for some i € {0,1} and all f: A — C of the correct type, P(f) = 1.

The following well-known fact connects these two variations. The proof
is straightforward, and left to the reader.

2.28 Fact For all cardinals k and ordinals A < k:

1.k b (k) = Kk — (k)

2. k— () =k b (k)

The instances of the partition property of particular importance to us
are expressed in the following definition.

2.29 Definition We say a cardinal k has the strong partition property if
k — (K)". We say k has the weak partition property if K — (k) for all
A < K.

From fact 2.28 it follows that the notions of strong and weak partition
property of k¥ do not depend on which of the two variations of the definition
are used. In all of the determinacy arguments, it is the “c.u.b.” version of
the partition relation which is relevant. Since we will never need the other
variation, we therefore adopt the convention that henceforth, x — (x)*

means £ 25 (k).

There are two slight generalizations of the strong partition property of x
which we will employ frequently. First, if < is a well-ordering of some set
dom(<) of order-type r, we have the strong partition property for partitions
of functions f: dom(=<) — « of the correct type (defined in the obvious man-
ner). Second, instead of considering functions f: k — k or f: dom(<) —
of the correct type, we may consider f which are increasing, everywhere
discontinuous, and of uniform cofinality S, for any fixed S: Kk — k. Alter-
natively, we may consider partitions of functions f which are increasing,
continuous at limit ordinals (or points of limit rank in <), and such that
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f(a) has uniform cofinality S(«) at points of successor rank. In either case,
the generalized version of the strong partition property follows easily from
the usual strong partition relation.

We present now an abstract form of Martin’s proof of the strong partition
relation on w;. We state it in the most general form for which we are able
to prove it.

2.30 Definition Let k be a reqular cardinal, A € ON, A < k. We say k
18 A-reasonable there is a non-selfdual pointclass T' closed under 3¢ and a
map ¢ with domain w* satisfying (where A =T NT):

1. Vo ¢p(x) C A X k.
2.VF: A — k Jz (¢(x) = F).

3. VB < AVy <k Rg, €A, where
z € Rg .« d(2)(3,7) AVY <k (¢()(8,7) =+ =)

4. Suppose 3 < A\, A € I*°A, and A C Rg = {z: Iy < k Rp,(v)}.
Then Iy < k Vo € A Iy <79 Rg~(x).

We say k is reasonable if it is k-reasonable. If vy ¢(x)(8,7), then we
write ¢(x)(8) for this unique 7. Note that the pointclass hypotheses of the
theorem are really just that A = T'N T for some Levy class T' (ie., T'is
non-selfdual and closed under 3 or V“w) as the hypotheses are symmetric
between T' and T'. Recall that from AD we have either pwo(T) or pwo(T).

2.31 Theorem (AD) (Martin) If  is w - A-reasonable, then rk — (k)>.

Proof. We will show below that A is in fact closed under < x unions and
intersections; we assume this for now. We refer below to the sets Rg, R34
of definition 2.30.

Fix a partition P: (k) — {0,1}. Play the integer game where I plays
out x € w¥, II plays out y € w*. If there is a least ordinal 3 < w - A\ such
that © ¢ Rg or y ¢ Rgp, then II wins provided z ¢ Rg. Otherwise, let
fz, fy: w- A — Kk be the functions they determine (e.g., fz(8) = ¢(z)(8)).
Define in this case f; ,: A = £ by fo,(8) = sup  max(fz(8'), fy(5)).

B’ <w-(8+1)
IT then wins iff P(f,,) = 1.
Assume without loss of generality that IT has a winning strategy 7. For
B <w-Xand v < K, define x € Sz, - V3 < B3Iy < vz € Ry .
Thus, Ss, € A. Hence, for all 3 < w- X\ and v < &, 7[S5,] € 3" A
(note that for any Levy class T' that 3“° A is closed under A, V; an easy
consequence of the hierarchy analysis of §2.3). Now, 7[Ss,] € Rg. Thus,
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0(8,v) = sup{o(x)(B): © € T[Sp4]} < K, from (4) of 2.30. Let C C & be
the set of points closed under 6, and C’ C C the set of limit points of C.
Suppose F': A — C" is of the correct type; we show that P(F) = 1. Let
x be such that ¢(z) determines a function f,: w- A — C such that F(3) =
sup  f(0). We may assume f,(8) > 0 for all 5. Let y = 7(z). From
B/ <w-(B+1)
the definition of C' it follows that ¢(y) determines a function f,: w- A — &
such that f,(8) < f.(8+1) for all 3. Thus, F = f,,, so P(F) = 1.
We show now that A is closed under < x unions. Suppose not, and let

d < k be least such that some union A = [J A, is not in A. Note that
a<d

Ro = U Ro is a s union of A sets, and Ry ¢ 3“” A. Suppose first pwo(T").
Y<K
Then T is closed under well-ordered unions by lemma 2.18. Thus A € T,

and by Wadge’s lemma, Ry = |J S, for some S, € A. Since & is regular,
a<d
one of the S, C Ry must be “unbounded” in k, a contradiction to w - A-

reasonableness. So assume pwo(T'), and thus pwo(T';), where T'; = 3¢°T.
Thus, I'; is closed under well-ordered unions, and so Ry € I';. We cannot
have |J; A = T, as otherwise Martin’s argument (theorem 2.15) shows
pwo(T). Tt follows that [J;A D T, and so [J;3““A D Ty (and hence

actually T'y = [J;3“"A). Thus, Ry = |J S, with each S, € 3" A. As
a<d
before, this contradicts reasonableness. -

2.32 Remark The proof shows that if T',¢ witness the \-reasonableness of
Kk, then A is closed under < k unions. With a little extra worlg one can

show T is closed under countable unions, intersections, and pwo(I').

The next lemma shows that all the 5%,1 41, and in particular wy, have the
countable exponent partition relation. We will take this as the start of our
analysis in the next section.

2.33 Theorem (AD) Let T be a non-selfdual pointclass closed under V",
A,V and assume pwo(T"). Let § = §(T") = the supremum of the lengths of
the A =T NT prewellorderings. Then § — (6)* for all A < w.

Proof. Fix A, and a bijection m: w — A. Fix also a I" universal set P and a
T norm ¢ on P. We may assume 1 is onto an ordinal, in which case that
ordinal is §. We define the map ¢ so that I', ¢ witness the A- reasonableness
of . Define ¢(x)(5,7) iff z, € P Ap(zy) =, where w(n) = 5. (1)-(3) are
immediate, and (4) follows since a I" subset of P is bounded. =

Note that if we know directly that T is closed under countable unions
and intersections, then the pointclass arguments in theorem 2.31 are not
necessary for the application to theorem 2.33, as the sets S(«,~y) as defined
there are in A directly.
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3. Suslin Cardinals

In this section we develop the basic theory of Suslin cardinals and scales as-
suming AD. Steel’s analysis of scales in L(R) (which we overviewed in §2.4)
provides a more detailed description if one assumes in addition V' = L(R),
but just assuming AD suffices to develop the main facts. The main result
is theorem 3.19. We assume AD throughout this section. The arguments of
this section are mainly due to Martin and appear in [23], which we follow.

We assume in this section a basic knowledge of homogeneous and weakly
homogeneous trees, though we only need here (aside from theorem 3.2 be-
low) the basic definitions and general properties of the homogeneous tree
construction. The reader could skip ahead to definition 5.1 and the following
paragraphs for a discussion.

Recall that S(k) denotes the pointclass of x-Suslin sets. Recall also the
definitions of o(T'), §(T") from definition 2.16. We will use frequently the fact
mentioned previously (from [21]) that for A closed under real quantification,
A and V, we have o(A) = §(A).

We state two theorems we will need for this analysis. The first, due to
Steel and Woodin is the following.

3.1 Theorem (Steel, Woodin) The set of Suslin cardinals is closed below
their supremum.

Thus, assuming AD, the set of Suslin cardinals is closed below © except
that the supremum of the Suslin cardinals, if less than ©, may perhaps
not be a Suslin cardinal. Woodin [42] has isolated a strengthening of AD
called AD" which implies that the Suslin cardinals are closed below ©. It
is apparently unknown whether AD implies AD". We refer the reader to
[42] for further discussion of AD™.

We will also need the following theorem of Martin and Woodin on weak
homogeneity. We refer the reader to [26] for a proof.

3.2 Theorem (Martin, Woodin) Let x be less than the supremum of the
Suslin cardinals. Then every tree on w X Kk is weakly homogeneous.

3.1. Pointclass Arguments

We recall the following fact about the homogeneously Suslin sets.
3.3 Lemma Let k be a cardinal. Let T be the collection of A C w* which

can be written in the form A = p[T] where T is a homogeneous tree on w X K.
Then T is a pointclass and is closed under ¥*° .

Proof. 1t is straightforward to check that I' is a pointclass. We first show
that V*“T' C S(k). Suppose A(zx) < Yy B(x,y) where B € T, say B = p[T]
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where T' is a homogeneous tree on w x w X k. Let {s;}ic,, enumerate w<*
in a reasonable manner. Define the tree U on w X k by:

=,

(t,@) € U < Vi < In(t) (¢]1h(s;), s, 5) € T,

where [ = (@j0)s @j(1ys - - - Qj(n(s;)—1)), and j(a) is the integer such that
Si(a) = sila. Clearly p[U] € A. The inclusion A C p[U] follows also if
we have that for every x € A there is a Lipschitz continuous f: w* — k¥
such that for all y € w¥, (x,y, f(y)) € [T] (for this f will produce a branch
through U,,). The existence of f follows from the homogeneity of T": play the
(closed for IT) game where I plays integers y(¢), IT plays ordinals a(i) < &,
and IT wins the run iff for all n, (z[n,y[n,dn) € T. Since T is homogeneous,
IT has a winning strategy in this game, and this gives the desired function
f. So, WT C S(k).

If T = S(k), then this shows V*"T' = T' (and T is closed under 3" as
well). Suppose I' C S(k). If k is not the largest Suslin cardinal, then from
lemma 3.2 we have S(k) = 3*°T. If V"I # T, then by Wadge’s lemma
v T D WUT = S(H), a contradiction. If x is the largest Suslin cardinal,
then S(k) is closed under V< (as well as 3*”) as otherwise periodicity would
give a larger Suslin class. So, A(S(k)) is closed under real quantification.
Also, any A € S(x) — S(x) cannot be in T' (or even be the projection of a
weakly homogeneous tree), as otherwise w* — A would be Suslin from the
homogeneous tree construction. Thus, in this case T' € A(S(x)). From
theorem 3.2 it follows that T' = A(S(x)), and so T is closed under ¥**.

We need the following simple lemma.

3.4 Lemma Let £ be a Suslin cardinal. Then there is a k-length strictly
increasing sequence of sets in S(k). If cof(k) > w, then there is a k-length
strictly increasing sequence of sets each of which is < k-Suslin.

Proof. The proof that every Suslin cardinal is reliable (c.f. lemma 4.6 of
[37]) shows that for any Suslin cardinal # there is an A € S(x) — S(k) and
a scale {¢;} on A with norms into x and with ¢ onto k. We recall the
argument. Let B € S(k) — S(x), and {t;} a regular scale on B with norms
into k. Let A = {z: 2’ € B}, where 2/(n) = z(n + 1). Define for z € A,
¢o(x) = gy (2), and ¢s11(x) = i(2’). Then ¢g is onto  as otherwise
A e S()) for some A < k. For ao < K let A, = {x € A: ¢o(z) < a}. Each
A, isin S(k). Moreover, the A, form a strictly increasing sequence of S(k)
sets of length &.

Suppose now that cof(k) > w. We now use the argument of lemma 2.1
of [14]. Recall ¢y maps onto k. For oo < 8 < & define

Ao = {: Vi $i(@) < B} U {o: Vi ¢u(2) < BN do(e) < al.
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Each A, g is f-Suslin, and hence A-Suslin (as x is the next Suslin cardinal
after \). If we view the increasing pairs (a, 3) as ordered first by the sec-
ond coordinate and then the first, clearly the A, g form a (not necessarily
strictly) increasing sequence of order type k. For each o < k, there is an x
with ¢o(z) = o and for this = there is a least 8 > « such that Vi ¢;(z) < 5.
It follows that for these o, 8 that Aa g — U, 5 Aar,pr # 0 where the union
ranges over (o', 3') less than (a, 8) in the ordering described. Thus there is
a k length subsequence of the A, g which is strictly increasing. o

We will need the following result, due to Chuang, in the theory of point-
classes. The methods used in the proof are similar to those of [14].

3.5 Theorem (Chuang) Let I' be non-selfdual, closed under vV, and
assume pwo(I'). Then there is no strictly increasing or decreasing sequence
of T sets of length (6(T))T.

Proof. Let A = T'NT as usual. Note that IT' is closed under countable
intersections and 3*“T' (which may be T) is closed under countable unions
and intersections. We fix a universal I' set U C w* X w¥, so every real x
codes a I' set U, C w®. Let g be the supremum of those limit 8 such that
{A: o(A) < B} is closed under real quantification and is contained within A.
Let Ag = {A: 0(A) < dp}. Let § = §(T') = the supremum of the lengths of
the A prewellorderings. Suppose { A, }o<s+ is a strictly increasing sequence
of T' sets. By thinning the sequence we may assume that for all o < §+
that Uz, Ap & Ao Let A=, Aq. For z € Alet (x) < d* be the least
ordinal « such that x € A,. Let < be the strict prewellordering defined by

x<yeox,y€ANd(z) < od(y).

Thus, < has length §+.

We consider two cases, though the argument in each case is similar.

Case L. T is not closed under 3¢ .

By periodicity pwo(3“°T), and so by lemma 2.18 3*“T is closed under
well-ordered unions. It follows that < € 3“°T since z < y iff 3o < 8 <
6t (€ Au Ay € Ag Ny ¢ A,). We use here the fact that T' C 3*°T as T
is not closed under 3”. Let C' C (w*)? be defined by:

(z,9,2) €C = Fa< 6" (Up=AaNy,z€ ANG(y) = aAp(z) =a+1).

Applying the coding lemma to the 3*“ T relation < gives an 3 T set S C C'
such that for all & < § there is an (z,y, z) € S with ¢(y) = a. From pwo(T")
and the closure of I" under V the usual boundedness argument shows that
if ¢ is a regular T' norm on a I' complete set B, then 1 maps onto §

and every I' subset of B is bounded in the norm. In particular, every T’
wellfounded relation has length less than § (otherwise the coding lemma
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gives an unbounded T' subset of B). Also from pwo(T'), every T set is a §
union of A sets. It follows that every 3““T set is a § union of I*“A C T
sets. So write S = (Jz_5 53, where each S5 € T. For 3 < ¢ let <g be the
prewellordering on Sz defined by

(1,91, 21) <p (22,Y2,22) < (T1,¥Y1,21), (T2, Y2, 22) € Ss A d(y1) < P(y2)
= (x1,y1,21), (T2,Y2, 22) € Sg Ay1 € Uy,
= (z1,91,21), (T2,Y2,22) € S A 22 & Uy,

Thus, < can be written as the intersection of Sz x Sz with a I' set or
with a I' set. In particular, < g€ ', and has length less than 6. A similar
computation shows the strict part <g of the prewellordering to be in T as
well.

This, however gives a one-to-one map of 6 into J x §, a contradiction.
Namely, given a < § let mo(cv) be the least ordinal 3 < ¢ such that there is
an (z,y, z) € Sg with ¢(y) = a. Let 71 (c) be the rank of any (z,y, z) € Ss
with ¢(y) = o in the prewellordering <g. It is easy to check that this is
well-defined and that « — (m(), 71 () is one-to-one.

Case II. T is closed under 3.

In this case T is closed under real quantification, countable unions and
intersections. Define C' as in case I. If there is a I' wellfounded relation of
length 6%, then using the coding as in case I gives a I' set S as in that
case. We still have that every I' wellfounded relation has length less than
6, and we thus get a contradiction exactly as in case I. So suppose every
I' wellfounded relation has length less than §*. From the coding lemma
there are I' wellfounded relations of any length less than 6+, so 6 is the
supremum of the lengths of the I' wellfounded relations. From this, the
coding lemma easily implies that §* is regular. Consider the integer game
where I plays out w € w* and II plays out (x,y,2) € (w*)?. 1I wins the run
iff (where U’ is universal for T' subsets of (w*)?):

U, is wellfounded — ((z,y,2) € C A é(y) > |UL|),

where |U,,| denotes the rank of the relation U/. I cannot have a winning
strategy, as this would give a X7 set of codes of T' wellfounded relations
whose lengths were unbounded in §+, and from this we would get a T
wellfounded relation of length % (in fact there can be no T set of codes
of T' wellfounded relations having lengths unbounded in §*). Let 7 be a
winning strategy for II. Define the relation

w); K wWa <> (U/ U/

w1 Y wsa

are wellfounded) A yo ¢ Uy, ,

where 7(w1) = (21,91, 21) and 7(wz) = (22,Y2,22). From the closure of I'
under quantifiers it follows easily that <€ I', and from the regularity of 6
an easy argument shows that < has length §* [for a < 67 let f(a) < 6T
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be least such that for some w with U], wellfounded and |U],| = a we have
f(a) = ¢(y) where 7(w) = (z,y,2). Let C C §T be cub. and closed
under f. By a straightforward induction check that for a € C' and w with
|U!| = a, we have |w|« > 7, where a is the ¥ element of C.] Thus we
have produced a T’ wellfounded relation of length 6+, a contradiction.

We have shown that there is no strictly increasing sequence of I' sets
of length §(I')*. The argument for decreasing sequences is similar in each
case (we use now for C' the set of all (z,y, z) such that  codes some A,,
y € Ay — Any1, and z codes Agt1). o

By a limit Suslin cardinal we mean a Suslin cardinal which is the supre-
mum of the smaller Suslin cardinals. A limit Suslin cardinal is necessarily
a limit cardinal. By a successor Suslin cardinal we mean a Suslin cardinal
x which is the least Suslin cardinal greater than some Suslin cardinal .
Kk may or may not be a successor cardinal in this case. From theorem 3.1
it follows that every Suslin cardinal is either a limit Suslin cardinal or a
successor Suslin cardinal.

3.6 Lemma Let x be a Suslin cardinal and assume S(k) is closed under
V" Then k is a regular limit of Suslin cardinals and scale(S(k)).

Proof. In this case S(k) is closed under real quantification and thus also
countable unions and intersections. So A = A(S(k)) is closed under real
quantification, countable unions and intersections. Thus, S(k) is at the
base of a type IV hierarchy. Let 6 = o(A). Since S(k) is closed under A,
V, an argument using the coding lemma shows that § is regular. [If § were
singular, then the coding lemma would give a S € A consisting of pairs
(2,y) coding Lipschitz continuous function f,, f, with f;'(A) = f,'(B),
where A is a S(x) complete set and B is S(k) complete. So, (z,y) codes a
A set of some Wadge rank |(z,y)| < 6. Also, {|(z,y)|: (z,y) € S} will be
cofinal in . Let

D ={(x,y,2): (z,y) € SA fu(2) € A}
={(z,y,2): (z,y) € SA f, & B}.

But then D € A yet every set in A is Wadge reducible to D, a contradic-
tion.

We cannot have § > « as then there is a A prewellordering of length «,
and by the coding lemma every subset of k could be coded in A, and so S(k)
would be contained in A. So, § < k. On the other hand, from lemma 3.4
there is a r strictly increasing sequence of S(x) sets. From theorem 3.5 we
have k < 87, so k < §. Thus, k = §. In particular, & is regular.

Let A be the supremum of the Suslin cardinals which are less than k. We
show that A\ = k. Suppose A < k. From lemma 3.4 there is a k strictly
increasing sequence of sets in S(A) (note: A is actually a Suslin cardinal
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by theorem 3.1, but we don’t need this here. Note that S()\) is properly
contained in A from the regularity of J, even if A is not a Suslin cardinal).
Within the projective hierarchy over S(A\) we may find a non-selfdual T
closed under 3*° and pwo(T'y), and so by lemma 2.18, T is closed under
wellordered unions. Then S(k) C Ty, a contradiction (as 'y C A). Thus,
k is a limit Suslin cardinal.

Since cof(k) > w, every S(k) set is a x union of sets in A. Thus, A is
not closed under wellordered unions and so either pwo(S(x)) or pwo(S(k)).
We cannot have pwo(S(k)) as then S(x) would be closed under wellordered
unions and then S(x) C S(x), a contradiction. So, pwo(S(x)). Thus, S(k)
is closed under wellordered unions. Hence, S(x) = J, A. To see now

scale(S(k)), let A € S(k)—S(k) and let T be a tree on w x k with A = p[T.
For x € A, let ¢o(x) be the least oo < x such that = € p[T'[a]. For i > 0 let

i(x) = (po(), £5°7), ... 427 (x)),

where £7(z) is the i*" coordinate of the left-most branch of (T'3),. Here
(B, ap, - .., ;) denotes the rank of the tuple (3, ag, ..., q;) in lexicographic
ordering on those tuples satisfying § > max{«o, ..., ;}. It is easy to check
that {¢;} is a scale on A with all norms into k. Moreover, each of the norms
¢; is an S(x)-norm as the norm relations <}, <} are easily expressible as x
unions of A sets. -

We consider first Suslin cardinals of uncountable cofinality. First we
consider the successor Suslin cardinals.

3.7 Lemma Let k be a successor Suslin cardinal with cof(k) > w. Let A
be the largest Suslin cardinal less than k. Then k = AT and cof(\) = w.
Furthermore, S(r) has the scale property and S(k) = 3*° S(\). Also, & is
regular.

Proof. Let A € S(k) — S(k), and let {¢;} be a regular scale on A with
norms into k. From lemma 3.4, there is a s strictly increasing sequence
of A-Suslin sets. We cannot have pwo(S())) as then S(A\) would be closed
under wellordered unions by lemma 2.18, and so A would be in S(\). So,
pwo(S())). From theorem 3.5 applied to S()) it follows that x < §(S(A))¥,
and thus x < 6(S(\)). Every A(S()\)) prewellordering is in S(\) and so by
the Kunen-Martin theorem has length < AT. So, K < AT and thus x = AT.

Since £ < §(S(\)), there is an S(\) wellfounded relation of length A. From
the coding lemma it follows that S(A) is closed under A unions. Suppose that
cof(A) > w. Then every S(A) set is a A union of A(S(A)) sets. Thus S(A) =
U, A(S(N)). By Martin’s argument this give pwo(S())), a contradiction.
So, cof(A\) = w. Since pwo(S()\)) we also have pwo(3*”S()\)) and so from
lemma 2.18, 3*”.S(\) is closed under wellordered unions. Note that S())
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is not closed under V¥ as otherwise by lemma 3.6 A would be regular. It
follows that S(\) C 3*“S(\). Every S(k) set is a wellordered union of
S(\) sets, and thus S(x) € 37 S()\). To show the other inclusion it suffices
to show that S(\) C S(k), and this is immediate by Wadge’s lemma. So,
S(k) =3 S(N).

Since pwo(S(\)) and S(k) = 37 S(A\) we have pwo(S(x)). Thus, S(k)
is closed under wellordered unions by lemma 2.18. It follows that S(k) =
U, A(S(k)). Since K = AT, cof(k) > w, and so the argument at the end
of lemma 3.6 shows that every S(x) set admits a scale all of whose norm
relations can be written as x unions of A(S(x)) sets. Thus, scale(S(k)).

Finally, from x = 6(S(\)) and the Kunen-Martin theorem it follows that
k is the supremum of the lengths of the S(A) wellfounded relations. The
coding lemma implies that for any non-selfdual pointclass IT' closed under
3% A, the supremum of the lengths of the T’ prewellorderings is a regular
cardinal. Thus, « is regular. o

Next we consider the limit Suslin cardinals of uncountable cofinality.

3.8 Lemma Let & be a limit Suslin cardinal with cof (k) > w. Then scale(S(k)).
Furthermore, if A = J, . S(\) and T is the corresponding Steel pointclass,
then S(r) = 3*°T. Also, scale(T).

Proof. Let A = J,.,.S(A). Thus A is selfdual and closed under real
quantification, countable unions and intersections (for countable unions and
intersections we use cof(k) > w). Let 6 = §(A) = o(A). Let T be the
corresponding Steel pointclass, that is, A = A(T") and T is closed under
V<", Similar to an earlier argument, we cannot have x < ¢ as then the
coding lemma would compute S(x) C A. So, § < k. Suppose § < k. From
lemma 3.4 there is a strictly increasing sequence {A,}a<, of A sets of
length k. For each 5 < § let Sg C k consist of those a such that o(A,) = 5.
If all the Sz had size < §, then since kK = U5<5 Sg, we would have a map
from § x ¢ onto x, a contradiction. Fix 8 so that |Sg| > J. Thus we have
a O-length strictly increasing sequence of sets {B.,},<s of Wadge degree
< B. Within A we can find a non-selfdual pointclass T’y closed under A,
V and closed under wellordered unions and properly containing the sets of
Wadge degree < (3 (from lemma 2.18). The prewellordering associated to
the By (e, 2 <y« 3Im <m(x € B, N\ye B, Ny ¢ By,))isaTy
prewellordering of length §, a contradiction (recall § is the supremum of the
A wellfounded relations). So, k = d.

Recall also pwo(T) (c.f. [37]). Thus pwo(3*“T'), and by lemma 2.18 3*“T'
is closed under wellordered unions. Since cof(k) > w, every S(x) set is a
union of A sets, and so S(x) C 3*"T. Since S(x) is closed under 3+ it
follows from Wadge’s lemma that either S(k) = 3*“T or S(k) = I'. We
claim the first possibility holds. To see this, let A € S(k) — S(k), and
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let A = p[T] with T a tree on w x k. From theorem 3.2, T is weakly
homogeneous. Thus, there is a homogeneous tree T’ on w X k such that
r €A Jy (x,y) € p[T'] (here z,y — (z,y) denotes our coding function).
Let T’ denote the pointclass of sets which are projections of homogeneous
trees on w x k. Thus, S(k) = 3*°T’. From lemma 3.3, T is closed under
v+, If T is not closed under 3*”, then the facts that S(x) C 3*"T and
S(k) = 3T’ where T is closed under V¢~ imply that T' = I and S(x) =
3¥°T. If T is closed under real quantification, then S(x) C 3*“T' =T (and
also T'=T") Thus in all cases S(x) = 3*"T.

Since pwo(I') we also have pwo(S(k)), and so S(k) is closed under well-
ordered unions. Since cof(k) > w, the argument at the end of lemma 3.6
shows that every S(x) sets admits a scale all of whose norm relations can
be written as x unions of A sets, and thus are S(x) relations. Thus,
scale(S(k)).

It remains to show scale(I'). We use an argument similar to one of [35].
Let A€ T. Let U C (w¥)? be universal £]. Define B = {y: U, C A}. As
T is closed under unions with 27 sets (from theorem 2.1 of [35]), B € T.
Let B = p[T] where T is a tree on w X k. Let S be a tree on (w)? with
plS] = {(z,y): U(y,z)}. Let V be the tree on (w)3 x k defined by:

(s, t,u,d) €V (s,t,u) € SA(t,a) € T.

Clearly A = p[V]. We identify V with a tree V' on w X k by ordering
the triples (a,b,a) € w X w X Kk by reverse lexicographic order (i.e., order
by « first). Let V" be the slight modification of V' (using cof(k) > w)
so that for (s,d) € V", ap > max{aq,...,am(s}. Let {¢;} be the very-
good scale derived from V", so each ¢; maps into k. To show that <€l
(and similarly for <} ) it suffices to show that <} can be written as a

> 1-bounded k-length union of A sets. For o < & let
Co ={(z,y): 2 € ANi(x) = A=(y € AN di(y) < )}

Clearly C,, € A (it is a Boolean combination of a-Suslin sets). Suppose
S C w¥ x w¥ is B! and for all (z,y) € S, = <3, - In particular, z € A.
Let 8" = {z: Jy (x,y) € S}. Let y be such that U, = §’. Then y € B. Fix
@ € k¥ so that (y,d) € p[T]. Let o > max{a;}. Then S’ C p[V'[(w)? x &].
So for some o” < k, S’ C {x: ¢;i(x) < a”}. It follows that S C Cy,r. Thus,
{¢:} is a T'-scale on A. .

3.2. The Next Suslin Cardinal

The results presented so far suffice to give the theory of the Suslin cardinals
up to the least x so that S(k) is closed under real quantification, that is, at
the base of a type IV hierarchy (we will give the details below). However,
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at the base of a type IV hierarchy a new method is needed since we cannot
propagate the scale property upwards by periodicity. Martin [23] developed
a method for analyzing the next Suslin cardinal which works not just in this
case, but in general. Although we only need this construction in the case
where we are at the base of a type IV hierarchy, we present Martin’s method
in general. The idea is to describe the pointclass where the next scale gets
constructed as those sets which are “Wadge reducible to a measure on x.”
We will make this statement precise later.

3.9 Definition (Martin) Let A = {Aq}a<k be a sequence of sets Ao, C w,
for some k € ON. Then A is the collection of A C w* such that for all
countable S C w¥ there is an a < Kk such that SN A= 5N A,.

For T a pointclass and k € ON we let

AT, k) =U{A: ACT A||A|| < &},
where || A|| denotes the cardinality of A.

Note that A is the closure of {A,: a < x} under the topology on P(w*)
with basic open sets of the form Ny = {A: Vz € dom(f) (zr € A < f(z) =
1)}, where f: S — {0,1} and S C w¥ is countable.

Following [23] we next prove a few basic facts about A.

3.10 Lemma Let T be non-selfdual, closed under ¥*°, and pwo(T'). If
A is not closed under real quantification, then assume also scale(T"). Let
k= 0(A). Then there is a A = {An}a<r with each Ay € A such that for
every A € A(T, k) there is a B € A with A <,, B.

Proof. First consider the case where T is closed under 3“° (so I is at the
base of a type IV hierarchy), and so also countable unions and intersections.
First we show in this case that for every A = {A,}a<x with each A, € T
there is an A’ = {A! }o<, with each A, € A such that A C A’. Let W be a
" complete set and ¢ a T' norm on W. Let C' = {(z,y): x € WAy € Ay}
By the coding lemma C € T'. Let C = (Jz, Cp where Cg € A. For
a,f < klet A, 5 ={y: 3z (v € WAP(x) = an(r,y) € Csg}. Then
A;ﬂ € A and easily A C A’. Next we show that there is a “universal”
A = {A.}a<k with all A, € T. That is, for all A’ € A(T,k), A" <, A
for some A € A. Let Uy C (w¥)?, Uz C (w*)? in T be universal for T'|w®,
T'[(w*)? respectively. For a < & let A, C w* x w* be defined by

($,y) € Aa - E|Z,’LL [Z € WA¢(Z) =aA UQ(I‘,Z,’LL) A Ul(uvy)]

Each A, lies in T'. Given A" = {A/ },<, with each A, € T, by the coding
lemma there is an xy such that for all @ < k, AL, = (Aa)z,. Suppose
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A" € A'. For each Turing degree d, let 3(d) be the least 8 < x so that A’
and A} agree on all x € d (i.e., A’Nd = A Nd). Define A C w” x w* by:

(‘Tay) €A v*d [(x,y) S Aﬁ(d)}

Clearly A’ = A,,. Also, we easily have A € A. [If S C w* x w® is countable,
then for every (z,y) € S let d, be a large enough degree so that for all
d > dy .y we have (z,y) € Agq) iff (x,y) € A. Then for any d above all
the d, , for (z,y) € S we have that A and Ag 4 agree on all (z,y) € S.] So
A =4, <,Ac A

Suppose now we are in the case where A is closed under real quantifica-
tion, but T is not closed under 3 (so T'is at the base of a type II or III
hierarchy). Again in this case kK = o(A). Suppose A = {A,}a<, With each
A, € 3*°T. From lemma 2.19 there is an 3*“T set W and an 3*° pre-
wellordering of W of length x with corresponding norm ¢ say, such that for
each o < k, W, = {z € w: ¢(z) = a} € A. Let C be defined as in the first
case. Then C' € 3*"T. We can write C' = Up<, Cs where each Cs € A and
p < k (in fact p = cof (k) from lemma 2.19). For @ < k, 8 < p let as in the
first case 4’aﬁ ={y: Jz (x € WAd(z) = an(z,y) € Cg)}. Then A, 5 € A
and A C A’. Tt suffices then to construct a universal A = {4, }4<, with all
A, € 3*°T. This is done as in the first case, using the W, ¢ just mentioned,
universal sets Uy, Us for 3*“T', and the coding lemma with respect to the
pointclass 3T,

Suppose finally that A is not closed under real quantification. Inspecting
the hierarchy analysis shows that I' is closed under countable unions and
intersections. It follows that a I'-norm ¢ on a I' complete set W has length
k. We are assuming scale(I'), and it follows that any regular I'-scale on
a I-complete set has norms that map onto k. From this and the coding
lemma it follows that « is a Suslin cardinal and S(k) = 3*“T. Also, & is
the supremum of the I wellfounded relations which shows  is regular. The
same argument as in the previous case also shows here that there is a single
A= {A, o< with all A, € 3*°T which is universal for all such sequences.
It remains to show that for such a A we can find a A" = {A], }o<. with
Al € A such that A C A’. Let {¢,} be a regular I'-scale on a T'-universal
set U. Let T C (w x K)<% be the tree of the scale {¢,,}. From the coding
lemma there is an 3*“T relation R C w* x w* with dom(R) = W and such
that R(x,y) implies U, = Ay ). For a < & let B(a) be the least reliable
ordinal > « with respect to {¢,} (3(a) < & since & is regular). As in the
Becker-Kechris theorem (see [3]), there is an ordinal game Gg(q)(2) (defined
uniformly from f(«) and z € w*) in which I plays ordinals < §(«), II plays
ordinals < s, and the game is closed for II satisfying: for all z € w¥, z € A,
iff IT has a winning strategy in G, (2). For v < &, let G(a),4(2) be the
game played as G, (2) except now II’s ordinal moves are restricted to
be < 7. Let Ag(),y be the set of z such that IT has a winning strategy
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in Gga),(2). Thus, Ag) = U7 AB(a),y- Finally, for § < s let Ag(a),y,s
be the set of z such that I does not win the open game Gg(q)(2) with
ordinal < § (that is, it is not the case that the empty node has rank <
in the rank analysis of the open game). Clearly for any countable S C w*
and any o, there are v, § < s such that A, NS = Ag(a),4,s NS. Also,
each Ag(a),,s € A since A is closed under < x unions and intersections by
Martin’s argument (c.f. the proof of theorem 2.15). We use here the fact
that the games Gg(q)(2) are “uniformly” closed for II, that is, the set of all
(17, z) such that 77 is a winning run for I in Gg(q)(2) is closed in £% x wW®.

If we let the Af, enumerate the Ag(,) 4,5 then A C A’ =

Note that if A is any selfdual class closed under A, and & is any cardinal,
then A(A, k) is closed under A, V, and —. For example, to see closure under
A, given A = {Ay}a<r, and B = {By}a<x and A € A, B € B, consider the
sequence C = {A, N Bs: o, 3 < k}. Easily AN B € C. In particular, for
any Levy class T and any k, A(A(T), k) is closed under A, V, —. Thus as
an immediate corollary to lemma 3.10 we have the following.

3.11 Corollary Under the hypotheses of lemma 3.10, A(T', k) is closed un-
der A, V, and —.

The next lemma shows that if T is closed under real quantification, then
so will be A.

3.12 Lemma Let T be non-selfdual, closed under v~ , 3*°, and pwo(T").
Let k = 6(A) = o(A). Then A(T, k) is closed under V", 3.

Proof. Let A C w¥ x w® be in A = A(T, k). Fix A = {As}a<x with each
A, € A and with A € A (here each A, C w” x w¥). Define v € B «
Jy (z,y) € A. View every real z as coding a countable s, C w* and a
fz: 8. — {0,1}. For d a Turing degree, let a.(d) be the least ordinal < &,
if one exists, such that Vo € s, (f.(z) =1 < Jy < d (x,y) € A,). Let
C = {z: V*d a,(d) is defined}. A straightforward computation using the
closure of T shows that C € T'. Let ¢ be the norm on C corresponding to
the prewellordering z; < 2o <« V*d (ay, (d) < a,,(d)). A straightforward
computation shows that the norm relation <%, <% are in I, so ¢ is a I'-norm
on C. For example,

21 <gzmeVidia<rVB<alVzes, (f,(r) =1« 3y <d(ry) € A)
N—Vx € Sza (f22(x) =ledy<d (l‘vy) € Aﬁ)]

This is in I' using the closure of A under < x intersections. Thus ¢ has
length k.
For z € C, define By, by:

T € Byoy = V'd Iy < d (2,y) € Aa_q)-
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A straightforward computation as above shows B,y € A. It suffices to
show that B € B where B = {By.y: 2 € C}. Let s C w” be countable.
Define f: s — {0,1} by f(z) =1iff x € B. Let z code s, f. Since A € A
it follows that z € C, so ¢(z) is defined. Let dy be a large enough degree so
that for all z € s we have z € B iff 3y < dy (x,y) € A. For any d > dy and
z € s we then have:

r€B«Jy<d(z,y €A
- Ely <d (x,y) € Aozz(d)a
which shows that for z € s, x € B iff x € By,). -

We next make precise the statement that A(T',x) is the pointclass of
sets “Wadge reducible to a measure on x.” Let I', k be as in lemma 3.10.
From the coding lemma, every subset of x by be coded within the pointclass
3““T. To make this precise, let U C w® X w* be universal for 3““T'. Let v
be an 3*“T-norm on a 3*°T set W of length  (the existence of v follows
from lemmas 2.18 and 2.19). For z € w*, define B, C k by a € B, iff
Jx e W (¢¥(x) = aAU(z,z)). By the coding lemma, every subset of & is of
the form B, for some z. We now define the code set C), of a measure 1 on
K.

3.13 Definition Let I', x be as in lemma 3.10. For p a measure on K
define C,, = {z: p(A,) =1}.

3.14 Lemma Let T, k be as in lemma 3.10. Then A € A(T, k) iff there is
a measure [t on K such that A <., C,,.

Proof. First suppose p is a measure on x and we show C,, € A(T', ). For
a < k define A, = {z: a € A,}. Clearly A, € J«“T. It suffices to observe
that C, € A, where A = {A,}a<, (using the fact that A(I*'T, k) =
A(T, k) from the proof of lemma 3.10). Let s C w* be countable. Let «(s)
be the least element of (1, ., AL, where A, = A, if z € (), and otherwise
AL = v — A,. Then for all z € s we have z € C, iff z € Ay). So,
Cu € AT, k).

Suppose next that A € A(T, k). Fix A = {Ay}a<r with A € A. For d a
Turing degree let f(d) be the least ordinal less than k such that for all z € d,
z € Aiff z € Ayyy. Define p = f(r) where v is the Martin measure on
the Turing degrees. Consider the relation R(w,z) < (x € W Aw € Ay(y)),
where W, 1 are defined just before definition 3.13. From the coding lemma,
R € 3*"T. From the s-m-n theorem there is a continuous function h: w* —
w® such that Up () = {# € W: w € Ay}, and thus By, = {a: w € Ay}
We then have that for allw € w”, w € AiffV*d (w € Ayg)) iff Vo (w € Ay)
iff h(w) € Cp. So, A <, C),. -

We next show that the pointclass A(T', k) is where the next scale is con-
structed. We first show the upper bound.
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3.15 Lemma Let T' be non-selfdual, closed under ¥**, and pwo(T"). As-
sume also 3“°T has the scale property with norms into k = o(T). Assume
also that there is a Suslin cardinal greater than k. Then every set in V<" T'
admits a scale with each norm a A(T, k)-norm.

Proof. In all cases we have cof(k) > w. If A € 3“°T then there is a
tree T on w X k with A = p[T] by hypothesis. Since cof(k) > w we may
assume T has the property that if (s,d) € T with & = (ag, ..., @n—1), then
ap > max{ai,...,a,—1}. From theorem 3.2, T' is weakly homogeneous.
The homogeneous tree construction then produces a tree TV with p[T'] =
w* — A = B. Let {¢,} be the scale on B associated to T’. For x € B, ¢, ()
is of the form [f;], where f is the rank function on T, and y is a measure
on k7 for some j. Our property of T gives that f,(&) <  for every @ € T},.
It suffices to show that the norm relations <j , <7 are in A = A(T', k).
We consider the case ¢ = ¢y which is of the form ¢(z) = [fz(a)], (that is,
j =1). The general case is similar. For «, 8 < k, let

Anp =1{(z,9): lalr, <BA=(lalr, <B)},

where |a|r, < 0 means « is in the wellfounded part of T, and has rank
< B. We claim that each A, g isin A = A(T"). If T is closed under real
quantification or A is not closed under real quantification, then this follows
from the fact that A is closed under < k unions and intersections. The
remaining case is when T is at the base of a type II or III hierarchy. Since
A is closed under real quantification, we may apply the coding lemma to a
suitable non-selfdual pointclass T'y C A closed under 3% to code functions
h: (a4 1)<¥ — (. From this and the closure of A under quantifiers we
easily compute A, 3 € A.

Suppose s = {(zn,yn): n € w} is a countable set of pairs. For each n
such that z,, S; y, let B, be a p measure one set such that for all o € B,
fz(a) < fy(a) (we allow here the possibility that & is in the illfounded part
of f,). For other n, let B,, be such that for all & € B,, we have either « is
in the illfounded part of T}, or else f,(a) < fz(a). Fix a € ,, Bn. Let § be
large enough so that for all n, if f,, («) is defined, then f,, («) < 3. Then
for all n we have z, g;; Yn iff (2n,yn) € Aqp. This shows Sz € A where
A={Aqp}. A similar argument works for <. -

We next get the lower bound.

3.16 Lemma Let T, & be as in lemma 3.15. Let A be V" T'-complete. Then
A does not admit a scale all of whose norm relations are Wadge reducible
to some B € A(T', k).

Proof. Fix A = {As}a<k with each A, € A and which is universal for
A =A(T, k) (i.e., every A € A is Wadge reducible to some B € A). This is
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possible from lemma 3.10. View every real r as coding a continuous function
r: (w)? x (w¥)? — w?. Define D C w¥” x w* by:

D(z,y) & Ir<pzV'd3da<rV¥nmew (yn) =m« Iz <pdVw <rd

r(n,m,x,z,w) € Ay).

From the closure of 3*°“T" under wellordered unions it follows easily that
D e v3“"I. Also, each section D, of D is countable since it can be
wellordered (for fixed r <7 x, the wellordering is induced by the map y —
[f], where v is the Martin measure on the degrees and f(d) is the least
o < k satisfying the definition above). Consider =D € 3*“V*“T. Since we
are assuming every ¥V I' set has a scale all of whose norms are reducible
to some B € A, a standard argument shows that =D has a uniformizing
function f: w* — w* such that the relation R(n,m,z) < f(z)(n) = misin
OA. To see this, write ~D(z,y) « Ju FE(z,y,u) with E € VT Let {¢,}
be an excellent scale on F with all norm relations gj;n Wadge reducible to
B € A (in particular ¢y, (z, y, u) determines (z[n+1,y[n+1, z[n+1)). This
is possible since A is closed under A, V. Let f be the canonical uniformizing
function for —D from this scale (that is, for some u, (x, f(x), ©) has minimal
¢n, norm for all n). Then f(z)(n) = m iff I wins the game G?»™ where I
and II play out z = (y,u), w = (y',u') respectively and I wins the run iff
y(n) =m and (v,y,2) <} (2,y',2'). Fix now a B € A and a real 7 coding
a continuous function so that for all n, m,z, z, w,

f(z)(n) = m < I wins the game G'™
< o(z,w) r(n,m,x,z,w) € B
=V Iz <pdVw <pdr(n,m,x,zw) € B.

Fix now  >7 r and let y = f(z), so =D(z,y). On the other hand, for
d a Turing degree let a(d) < s be least such that B and A, agree on
reals in d. Then for any n, m we have y(n) = m iff V*d 3z <7 d Vw <r
dr(n,m,z,z,w) € Ayq). Intersecting countably many cones gives that

V*d Vn,m (y(n) =m < 3z <r dYw <7 d r(n,m,r,z,w) € Ayq))-

Since r <7 z, this shows that D(z,y), a contradiction. o

Lemmas 3.15 and 3.16 show that A(T, k) is precisely where the norms
relations for the next Suslin class are constructed. We record this in the
following theorem.

3.17 Theorem Let T be non-selfdual, closed under V", and pwo(T'). As-
sume also 3“°T has the scale property with norms into k = o(T"). Assume
also that there is a Suslin cardinal greater than r. Then every VT set
admits a scale all of whose norm relations lie in the pointclass A = A(T, k).
Furthermore, there is no scale on a ¥*°T' complete set all of whose norm
relations are Wadge reducible to some B € A.
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It is immediate from theorem 3.17 that cof(o(A)) = w. When I is closed
under real quantifiers we can say a bit more.

3.18 Lemma Let T' be non-selfdual, closed under real quantification, and
scale(T"). Assume there is Suslin cardinal greater than kv = o(T"). Then
A = o(A) (where A = AT, k)) is the least Suslin cardinal greater than k.
Furthermore, every set in A admits a scale all of whose norm relations lie
in A.

Proof. Recall in this case that A is a selfdual class closed under real quantifi-
cation. If A € T and {¢,,} is the scale on A as in lemma 3.15 (i.e., from the
homogeneous tree construction) then each norm relation < is in A and so
has length less than 6(A) = o(A). Thus, A is A-Suslin. On the other hand,
if A were M-Suslin where X' < A, then from the coding lemma and the clo-
sure of A under real quantifiers a straightforward computation shows that
for some B € A, <; is Wadge reducible to B for all n, a contradiction to
lemma 3.16 [Since 6(A) = o(A) we can find a non-selfdual I'y C A closed
under 3“7, A, V, with pwo(Ty) and such that there is a T'y prewellordering
of length X'. Then each <} is in ¥5(T'g).] Thus, A is the next Suslin cardinal
after k.

Suppose now B € A, and consider again the scale {¢,} on A € T — T
as in lemma 3.15. Let I'g C A be a non-selfdual pointclass containing B
and w* — B. Let T'; C A be non-selfdual, closed under 3%, pwo(T';), and
T'; properly contains T'y. Let Ay < A be greater than the supremum of
the lengths of the I'y prewellorders. Fix n so that ¢, has length > A\; (by
the previous paragraph). For « less than the length of ¢,, let A, = {z €
A: ¢n(x) < a}. If all the A, are in T'g, then from lemma 2.18 we would
have a I'y prewellordering of length > Ay, a contradiction. Fix « so that
Ay ¢ Tg. Then B <,, A,. The scale {¢,} restricted to A, is a scale on
A, with all the norm relations in A. Since B <,, A, B also admits such a
scale. -

3.3. The Classification of the Suslin Cardinals

We are now ready to classify the Suslin cardinals and scale property assum-
ing AD. This is the content of the next theorem. The reader should recall
the definition of the Steel pointclass from remark 2.17

3.19 Theorem Let k be a limit of Suslin cardinals, and suppose there is
Suslin cardinal greater than k. Then k is a Suslin cardinal and one of the
following cases applies.

Case I. cof(k) =w.
Let 3o = U, S<x, where Scx = U, S(p). Define Iy = o, and for
1> 0, define as usual 3; = J“I,_; and II; = V"%, 1. Then Xy has the
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scale property with norms into k. Also, S(k) = 31. Let 02,41 = 6(Tlg;41).
Then for all i, scale(IIy;11) and scale(Xq;42) with scales into dg;41. d2i11
is a Suslin cardinal and S(82;41) = Xoira. Also, dait1 = (Naip1)™, where
A2it1 18 a Suslin cardinal of cofinality w, and A\ = k. S(Agix1) = Boit1.
The sequence 81, A3, 03,... enumerates the first w Suslin cardinals greater
than k.

Case II. cof (k) > w and the Steel pointclass Ty is not closed under 3.
Let 3¢ = 3Ty, Iy = 20, and fori > 0 define the 3;, II; as usual. Then
scale(Tg) and scale(Xg) with norms into k. Let do;41 = 6(Ia;41). Then
for all i, scale(Ily;11) and scale(Xo;12) with scales into doiv1. O2;41 iS a
Suslin cardinal and S(02;11) = Baira. Also, dair1 = (A2sr1)™, where Aoiiq
is a Suslin cardinal of cofinality w. S(Agiy1) = Xaip1. The sequence A1, 1,
A3, 03,... enumerates the first w Suslin cardinals greater than k.

Case III. cof(k) > w and the Steel pointclass Ty is closed under 3.

Ty has the scale property with norms into k. Let A = A(To, k). Let 3y =
U, A I, = 3o, and for i > 0 define 3;, II; as usual. Then for all
i, scale(Ily;+1) and scale(Xo;10) with scales into da;11. O2i41 is a Suslin
cardinal and S(52i+1) = 221‘_‘_2. AZSO, 62i+1 = (>\2i+1)+; where AQH_l s a
Suslin cardinal of cofinality w. S(Agit1) = Boiyr1. The sequence A1, 01, As,
s, ... enumerates the first w Suslin cardinals greater than k, and A\; = o(A).

Proof. Consider first case I, that is, cof(k) = w. Let A € ¥, and write
A = ;A with A, € Sc,,. Let {¢)}rew be a scale on A; of length
v; < k. From the coding lemma, all of the norm relations SZ% , <2>51 are
in Sc,. Define the norms 9, on A as follows. o(z) = i (x € 'AZ-),
Yrt1(z) = (Po(z), fo(m) (x)), where {a, 3) denotes the rank of (a, ) in the
lexicographic ordering on (v;)2. This is easily checked to be a scale on A
with norms into &, and is clearly a Xg-scale. Thus, scale(Xp). From the
coding lemma an easy computation show S(k) C 3;. Also, ¥; C S(k) as
S(k) is closed under 3*” and countable intersections. Thus, S(k) = .
By periodicity, scale(Ilz; 1), scale(Xq;). By definition of dg;41, every regu-
lar TIy;41 scale has length < d9;41. In particular, every Ils; 11, and hence
every Xo;yo set is dg;41-Suslin. A straightforward computation from the
COdng lemma, shows 5(52¢+1) - 227;_;,_27 SO 5(52i+1) = 22i+2~ EVGI‘y H2i+1
set admits a ITy;41-scale with norms into do;41, and the standard argument
transferring the scale property to Jw” II5; 11 shows that every ¥q;,9 set ad-
mits a 3o, o-scale with norms into dg;41 (that is, the lengths of the norms
do not increase with this transfer). Since Il y; is closed under VA,V
and pwo(Ils; 1), another standard argument (c.f. the proof of theorem 2.14)
shows that d9;41 is the supremum of the lengths of the 3o, 1 wellfounded
relations, and from the coding lemma this must be a regular cardinal. So,
i1 is regular. Clearly 69,41 cannot be a limit Suslin cardinal (there are
only finitely many Levy classes between X, and Xo;41). From lemma 3.7,
02i41 = /\Q'Z»Jrl for some Suslin cardinal Ag; 11 with cof(Ag;11) = w. Also from
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that lemma, 3,10 = aqu(A2i+1)7 and thus S(Ag;41) = X941 (this also
follows from the fact there is only one Levy class closed under 3*“ between
35 and Xo;y0). As we have now accounted for all the Levy classes closed
under 3¢, we must have §; = x* and 81, A3, 03, ... enumerates the next
w Suslin cardinals after .

Consider next case II. From lemma 3.8 we have scale(Xg) with norms into
k. Since X is not closed under ¥ (as Iy C V" X() we may propagate
the scale property by periodicity to Ils; 11, 3o;12. As in the previous case,
02;+1 1s a Suslin cardinal, S(02;41) = Xait2, and Jo;41 = /\2+i+1, where Ag;11
is a Suslin cardinal of cofinality w. In this case, since cof(k) > w, we have
A1 > k. From lemma 3.7 again we have that S(Ag;11) = Xo;41. As we have
again accounted for all the Levy classes closed under 3*°, the sequence
A1, 01, A3, 03 ... enumerates the next w Suslin cardinals after . scale(T'g)
follows from lemma 3.8.

Consider now case III. From lemma 3.8, 'y has the scale property with
norms into s, and also S(k) = I'p. From lemma 3.18, 3 has the scale
property with norms into A = o(A). Recall in this case that A is selfdual,
closed under real quantification, and cof(\) = w. From lemma 3.18, \ is
the next Suslin cardinal after x, and S(\) = X; (37 C S(\) follows from
the closure of S()\) under 3*° and countable intersections, and S(\) C £,
follows by a straightforward computation using the coding lemma and the
closure of ¥ under countable unions and intersections). Since A is the next
Suslin cardinal after k and §; is regular, we must have §; > A. Since every
3, wellfounded relation has length < A* by the Kunen-Martin theorem, it
follows that 6; < A*, and so 6; = A*. In particular, \; = A. The remaining
arguments are exactly as in the previous cases. -

4. Trivial Descriptions: A Theory of w;

We assume AD + DC throughout §4.

Our goal in this section is to present a “theory of wy,” using only tech-
niques that will generalize to higher levels. Starting from the weak partition
relation on wy (proved in the last section), we prove the strong partition re-
lation on w1y, calculate 5%, and prove the weak partition relation on 5:1,,. This
represents the first step in the inductive analysis of the projective ordinals.
We also use these techniques to present a proof of the Kechris-Martin the-
orem on IT3. These results are not new (c.f. [9, 33]), but our proofs do not
rely on the theory of indiscernibles for L (as did the original proofs) but
rather on a direct analysis on the measures on wy (and the w,). The idea
of using an analysis of measures to provide a good coding for sets was first
usedlby Kunen (see [33]) in the original proof of the weak partition relation
on ds.

i
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As we mentioned in the introduction, one of our motivations in this sec-
tion is to introduce and use the terminology of “descriptions,” even though
the concept at this level is rather trivial and could be dispensed with. This
way, the arguments at the higher levels will have the same general form,
though the concept of description will become non-trivial. This will free us,
in the next section, to concentrate on this point.

Our first job is to analyze the measures on wi, from which the strong
partition relation on wq will follow.

Recall that if T C p<¢ is a tree on p and o < p, then Tl = T N a<¥
denotes the tree restricted to o, and if 3 is in the well-founded part of T [,
then [(T'[a)(8)| denotes the rank of 8 in T'[a. Also, if T is a tree on «a X p,
then T, = {§ € p<¥: (x[1h(S), 3) € T'} is the section of the tree at z.

Let WO C w* be the standard set of codes for well-orderings, that is
x € WO iff <,= {(n,m): z({n,m)) = 1} is a well-ordering of w. Let
WEF D WO be the set of codes of well-founded, transitive relations on w.
That is, z € WF iff <, is a well-founded and transitive relation. Both WO,
WF are in I} — £]. For z € WF, let |2| =|<,|= sup (|n|<, +1).

nedom(<y)

The finite exponent partition relation on w; easily implies that the c.u.b.
filter on wy is a normal measure, and is the unique normal measure on w;.
We let W{" denote the m-fold product of this normal measure. Equivalently,
A C (w1)™ has measure one with respect to W{™ iff there is a c.u.b. C' C wy
such that (C)™ C A. Note that we regard W™ as a measure on the set of
tuples (ag,...,@m—1) for which ap < -++ < 1. With this convention,
we may safely write the ordinals in the tuple in any order (which will be
notationally convenient later).

Recall the construction of the Kunen tree on wy:

4.1 Lemma (Kunen) There is a tree T on wXwy such that for all f: w; —
w1, there is an x € w* such that T, is well-founded and for all w < a < wq
we have f(a) < |Ty]al.

Proof. Let S be a recursive tree on w xw with p[S] a 31-complete set. Define
the tree U on w x wy by:
((ag, -y an-1),(a0,...,an_1)) €U <= Vi, j <n (ag; =1 — a; <aj)
AV, j, k <n (a<i7j> =1Nagr=1—aur = 1)

Clearly, p[U] = WF. Let V be the tree on w X w X wy X w X w defined by:

(3,3,d,b,8) eV o (@,a) eUA(b,&) e S
A 3o extending § (o(a@) = b),
where we view every real o as coding a strategy for II in some reasonable
manner. Suppose f: w3 — wy. Consider the game where I, II play out z,y,
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and IT wins iff [x € WF — S, is wellfounded A [S,| > sup f(5)]. II easily
B< x|
wins by boundedness, noting that

sup {|Sy|: Sy is wellfounded} = wy,

as otherwise p[S] would be Borel. Let o be winning for II. Note that for all
a < wy, if x € WF and |z| = «, then U, [« is ill-founded. Tt follows that V
is well-founded and for all & > w, we have |V, [a| > f(«a). It is now easy to
code the 274, 3*4 4th and 5" coordinates of V into the second coordinate
of a tree T' (say by weaving the values of the four components; this does not
decrease rank, that is, |T, [a| > |V, [a] for all o, a). =

We note that the Kunen tree T is Al in the codes. By this we mean
that there are Y1, IT1 relations S(n, a, ), R(n,a,r) such that for all z with
20, ..., Tn—1 € WO, we have

S(n,a,z) < R(n,a,z) < ((ag,...,an—1),(|zol,- -, |Tn-1])) € T.

This follows immediately from the definition of T' (see lemma 4.1).

Although the difference is not large, it is sometimes to more convenient to
deal with linear orderings rather than trees. The following theorem shows
that we may modify the Kunen tree so as to make this possible. Recall that
if s € w”, then Ts = {@ € w} : (s,a) € T'}.

4.2 Theorem There is a function s — T(s) which assigns to each s € w<¥
a well-ordering of a subset of wy with the following properties. If t extends
s, then T(t) 2 T(s). For x € w¥, let T(x) = U, T(x[n), so T(x) is a
linear order. Then for any f : w1 — wi, there is an © € w* such that
T(x) is a well-ordering and for all o > w, f(a) < |T'(z)[c|. Furthermore,
the map s — T(s) is Al in the codes. That is, there are X1, I3 relations
S(n,a,z,y), R(n,a,z,y) such that for all x,y € WO, we have

S(n,a,z,y) < R(n,a,z,y) < [(|z], |y]) € T(ag,...,an-1)]

Proof. We modify the Kunen tree T' as follows. Fix a bijection 7 : (w1)<% —
w1 such that for all ay,...,a,—1 < w, we have 7(ag,...,a,—1) < w. For
s € w<¥ let T(s) be the well-ordering defined by

aT(s) B Ha),n(B) € Ty A(n~H(a) <P 7 1(0)),

where <fiP denotes the Kleene-Brouwer ordering on 7. For x € w®, let
T(x) =, T(x[n). Clearly T(x) is a linear ordering, and is a well-ordering
iff T,, is well-founded. Suppose now f : w; — wy. Let C' C wy be the c.u.b.
set of ordinals closed under 7. Note that w € C. For a > w, let I(«) be the

greatest element of C' which is less than or equal to «. Define

f'(a) =sup {f(B) : U(B) = l(a)}.
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Let © € w* be such that T}, is well-founded and for all & > w, |Ty [a| > f'(e).
We claim that for all & > w, |T(z)a| > f(a). Note that 7—! applied to
T(xz)la contains the entire tree T, [l(«). Thus, |T(x)la| > |T,[l(a)] >
f'(l(a)) > f(a). We may also choose the bijection 7 so that 7 is A} in the
codes, and it is then straightforward to check that s — T'(s) is Al in the
codes. =

In the future, we will use the notation T for the Kunen “tree,” regardless
of whether we are using the tree T or the linear ordering 7'(s). The meaning
will be clear from the context.

For the rest of §4, T" will denote the Kunen tree of lemma 4.1.

Note that for every f: w; — w1, the equivalence class [f]Wf may be coded
by a pair (z,3) where x € w*, § < w;. By this we mean Viyaa fla) =
|(TyTa)(B)|. To see that = and [ exist, use normality and the fact that V*«
3 <a fla) = [(Tela)(B)]-

4.3 Definition A level —1, or trivial description, d is simply a positive
natural number d € w. We let D1 = w — {0} be the set of trivial de-
scriptions. The interpretation function h assigns to each d € D~' an
ordinal by: h(d) = d. We say a trivial description d is well-defined, or
satisfies condition D, with respect to a measure W{™* iff d < m. If d is
well-defined with respect to W{* and 31 < --- < Bp, < wi, we define
h(B1,.. s Bm;d) = Ba. If g: w1 — wi, and d is well-defined with re-
spect to W™, we define an ordinal (g; W{*;d). This is represented with
respect to W{™ by the function which assigns to (1,...,0Bm the ordinal

(9: 815+, B d) = g(h(B1,- .-, Bm; d)) = g(Ba)-

Clearly, (g; W{";d) only depends on [g]y:. In this way, the trivial de-
scriptions, together with the equivalence classes of functions with respect to
the normal measure on w; generate equivalence classes with respect to the
family of measures W{™. Note that for g = id, the identity function on wy,
we have (id; 5; d) = 4. We introduce a “lowering operator” £ on D~!.

4.4 Definition We define L(d) = d—1 ford > 1. If d = 1, we do not
define L(d), and say d =1 is minimal with respect to L.

By definition, there is a unique d € D~! which is minimal with respect
to L.

As a warm-up, we use this terminology to recast one familiar proof of the
computation 5;, = wy+1. In this context, our “main technical lemma” is the
following (the reader will note that the lemma corresponds to a well-known
property of indiscernibles for L).

4.5 Lemma Let f: (w1)™ — wy, d be well-defined with respect to W™, and
assume [flwm < (id; Wi";d). If d is non-minimal with respect to L, then
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there is a g: w1 — wi such that [flwm < (g;W{"; L(d)). If d is minimal
with respect to L, then 3a < wy [flwr < a.

Proof. We have Viymfi,...,0m f(g) < (id;B1,...,Bm;d) = Bq4. Con-
1

sider the case d non-minimal with respect to £. Consider the partition

P, where we partition ordinals 5 < --- < (,, < w; with the extra ordi-

nal B4_1 < v < B4 according to whether v > f(81,...,08m). Clearly, on

the homogeneous side the stated property holds. Let C' C w; be c.u.b.

and homogeneous for P. Let g(a) = the least element of C' greater than

Q. Then V*Wlmﬂlv"'?ﬁm f(g) < g(ﬁd*l) = (gaﬁlvaﬁmwc(d))a t}hUS
[flwm < (g; W% L(d)). The case where d is minimal with respect to £
is similar. 4

We let < be the transitive relation on D! generated by the relation
L(d) < d. Of course, < is just the usual ordering on the positive integers.
We let |d| denote the rank of d in this ordering, so |d| = d — 1.

Lemma 4.5 and the analysis of functions f: w; — w; with respect to
the normal measure Wi on w; (i.e., the Kunen tree construction) suffice
to compute upper bound for jym (w1), where jym denotes the ultrapower
embedding corresponding to the measure W{™. This is made explicit in the
following theorem.

4.6 Theorem Let d be defined with respect to W{". Then (id; W™ d) <
Wid|+1-

Proof. By induction on |d|. If |[d| = 0 (i.e., d = 1), then (id; W{";d) < w;
from lemma 4.5. Otherwise, let o < (id; W{"; d). From lemma 4.5, 3g: wy —
wy such that a < (g; W{™; £(d)). Recall T is the Kunen tree of lemma 4.1.
Let © € w* be such that T is well-founded and V*3 g(8) < |T,18|. Let |T,|
also denote the function 8 — |T,16]. Thus, a < (|Ty|; W{™; L£(d)). Ty also
induces a bijection 7 between (id; W{™; £(d)) and (|7 |; Wi™; L(d)). Namely,
if 0 < (id; Wi™; L(d)), then 7(0) < (|T|; W7™; L(d)) is defined by

-,

Vi By o B [w(0)(B) = (Tl ids s (@) (B

Thus, (g; Wi";d) < (id; Wi™; £(d))*, and so (id; Wi d) < (id; Wi™; £(d)) ™
By induction, (id; W{"; £L(d)) < w|z(a)|+1 = Wjaj» 50 (id; W™ d) < wjg41.

As a corollary, we have an upper bound for i)‘é.
4.7 Corollary 5% < Wyi1-

Proof. The homogeneous tree analysis, which we will not reproduce here,
shows that every H% set is Az-Suslin, where where A3 < supj,(w1), the
supremum ranging over measures v occurring in the homogeneous tree on
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a TTj-complete set; that is the measures WJ™. [The homogeneous tree con-

struction is described in detail in [18]. The definition of a homogeneous

tree is given in §5, and more general arguments are presented there as

well. In particular, the arguments immediately after definition 5.1 suffice

to prove the above claim.] From the Kunen-Martin theorem, it follows that

o3 < [sup jwm (w1)]". Now, a small variation in the proof of lemma 4.5
m

shows that jym (w1) < (id; W™ d)*t, where d = m is the mazimal descrip-
tion defined with respect to Wi". Thus, jwm (w1) € Wmt1, and s0 A3 < w,,.
_|

We will get the lower bound for 83 as a consequence of a general result
of Martin. However, we first need the strong partition relation on w;.

4.1. Analysis of Measures on 61

The next theorem is our analysis of an arbitrary measure v on w;. The key
idea is to exploit a pressing down argument with respect to v.

4.8 Theorem Let v be a measure on wy. Then there are finitely many reals
20, ..., T With Ty, well-founded for 0 <i <n, and an ordinal a < wy such
that for all A C wq:

v(Ad) =1+« V;Vr,ﬂﬂo, oo Bn (Mg oz (Bos -5 Bn) € A),

where for 0 < i < n, § = hg .. (Bo,-..,B3) is defined inductively by:
6 = |(Tw, 18:)(8;-1)|, and §_1 = a. In particular, v is equivalent to W'
for some n € w.

Proof. We may assume that v is non-principal. Let gg: wy — wq satisfy:

1. There is a v measure one set A such that gg[A is monotonically in-
creasing (i.e., if & < @ are in A, then go(a) < go(0)).

2. There does not exist a v measure one set A such that go[A is constant.

3. If [glw1 <[go]w;, then g does not satisfy (1) and (2).

go exists, since the identity function satisfies (1), (2). Consider the mea-
sure go(v) (that is, go(v)(A) = 1 iff v(g; ' (A)) = 1). If C is c.u.b. , then
go(¥)(C) =1, as otherwise po gy violates the minimality of g, where p(a) =
the largest element of C' less than or equal to a. Thus, go(v) = Wi. Fix
A of v measure one such that go[A is monotonically increasing. Define
h(a) =sup{f € A: go(6) < a}. Clearly h: w; — w;. Let xg be such that
T, is well-founded and V;I/llﬂ h(B) < |Tyo1B]. Thus, Via a < h(go(a))

< |Tyolgo(@)|. Let 79: wy — wy be such that Via ro(a) < go(a) and
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Vi [a = [(Teo 190(a))(ro(@))]]. Let dy = di = 1, which are defined with
respect to Wi. For a in the v measure one set such that ro(a) < go(a) is
defined, we define

h(go(@); (W1 203 do, d1); mo(e)) =|(T, [h(go(cr); do)) (7o ()]

We have thus produced a tuple ((Wi;xo;do,d1),go, o) satisfying the fol-
lowing:

1. dy,d; are defined with respect to Wi and Ty, is well-founded.
2. go(v) = Wi.
3. Vya ro(a) < h(go(a); dr)

4. Vi [ = h(go(a); (Wi zo; do, dy);ro(a))].

v

With this first step as motivation, we make the following definitions.
4.9 Definition A level-1 complez is a tuple of the form
C=(W{"x0,...,Tn-1;do,-..,dn)

wherem > 1, n € w (if n =0, then no x; appear). If n > 1, then each d; is
defined with respect to W™ for 0 <i<n,dyp >dy >--->dp_1 > dy,, and
each Ty, is well-founded for 0 <i <mn —1.

If C as above is a complez withn > 1, v <wi, and 1 < ...[0n < wri, de-
fine h(By, ..., Bmi C;v) = (T [h(B; do)) ()], where on = |(Ti, [R(B; d1))(2)],
oo Oy = (T, Th(B: dn1)) ()|, and a, = . If n.=0, then we define

h(B;C;v) = -
Written out directly, the equation for A is:

h(Br, - - Bmi C3v) = [T [Bao (| Ty 1B (- - - | Ty 1B, (V)] - - ))-

The definition of h(g;C; v) is actually only on the W{™ measure one set of
G such that h(ﬁ, dp) > a1, etc. Off this measure one set, we leave h(ﬁ;C; v)
undefined. Note that the last description d,, is not used in the definition of
h(g; C;7); its role is to provide a bound for the r function in the following
definition (the r stands for “remainder,” it represents, roughly speaking,
the part of the measure that has not yet been analyzed).

We abstract the general step of the analysis into the following definition.
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4.10 Definition A situation for v is a triple (C,g,r) satisfying the follow-
mg:

1. C= (W™ zo,...,Zp—1;do,...,dyn) is a complex (defined immediately
above).

2. g:w; — (w1)™, and g(v) = Wi,
3. 1w — wi, and Via r(a) < h(g(a);d,).
4. Via [a = h(g(a);C;r(a))].

Among all situations for v, we now choose one with minimal value for
[ — h(g(a); dn)]wy (that is, which minimizes the bound for the function r).
We denote this situation by (C; g; r), where C = (W{™; zo,. . .,xpn—1; dos- . -,dp)-

We claim that r is constant v almost everywhere, that is, 3y < w; Vo
r(a) = . Granting this, it follows from (2), (4) that v(4) = 1iff 3 c.ub. C
Cw Y0B1,...,0m €C h(ﬁ;C;'y) € A. This gives the theorem via a minor
cosmetic change: if m > n we replace W™ by W7*, and replace dy,...,dn—1
by n,n —1,...,1, which gives the same measure (we eliminate the coordi-
nates of W™ not used in the definition of i (f;C;7)).

We consider the case where d,, is minimal, that is, d,, = 1, the other case
being similar (in fact, as we remarked above, there is no loss of generality
in assuming m = n and do, ...,d,—1 = n,...,1, in which case d,, = 1). We
consider two cases.

First assume that there is a v measure one set A such that for a € A there
isad < h(g(a);d,) (that is, § < By, where g(a) = f1,...,5m) such that
for all o/ € A with g(a’) = g(a) we have r(a’) < §. Fix such a measure one
set A, and by (3) we may assume Yo € A r(a) < h(g(w);d,). By (2), let C
be c.u.b. such that for all 51 < --- < 3,, € C Ja € A g(a) = (b1, .-, OBm)-
Thus,

VB <+ < B €C 36 < By supi{r(a): a € ANg(a) = (B1,...,0m)} <.

By normality, § is constant on a W{" measure one set, and by countable
additivity of v, r is constant on a v measure one set.

Suppose now such a measure one set does not exist. It follows that for any
A of v measure one that Via € AV < 81 3o/ € Afg(a)) = g(a)Ar(a) > 4],
where g(a) = (B1,...,0m). Let ¢': w1 — wy satisfy the following:

1. Vi ¢'(a) < h(g(a);dy). In other words, ¢'(a) < B, where g(«) =
(ﬁh e 76m)

2. There is a v measure one set A such that if ag, a0 € A, g(a1) = g(a),
and r(aq) < r(az), then ¢'(aq) < ¢'(az).
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3. For any A of v measure one we have Via € AVS < 3 3o/ € A
[9(a’) = g(@) A g'(a') > 8], where g(a) = (B, ..., Bm).

4. If [¢"], < [¢]v, then g"” does not satisfy (1)-(3).

g’ exists, since r satisfies (1)-(3). Also, ¢'(v) = W}, since if there were a
c.u.b. C such that Via ¢'(a) ¢ C, then p o ¢’ would violate the minimality
of ¢’, where p(a) = the largest element of C' less than or equal to a. Let
gla) = g (a)"g(a), so (v) = W™, Fix a v measure one set A witnessing
(1), (2) for ¢’. Consider the partition P: we partition Gy < § < 81 < B2 <
-+ < B according to whether

sup{r(a): a € ANg(a) = (B1,...,Bm) N (a) < Bo} < 6.

Using (2), (3) it follows that on the homogeneous side the stated prop-
erty holds. Let C be c.u.b and homogeneous for P, and let No(a) = the
least element of C' greater than «. Thus, Via r(a) < Ngo(¢'(a)). Let
x, be such that T} is well-founded and VT/V}B Ne(B) < [Ty, 18]. Define
r’: w1 — wi so that Via ' (a) < ¢'(a) and Via [r(a) = |(Ty, Tg' (@) (7' (@)
Let dy = do+1,...,d,,_; = dp—1 + 1 (to maintain the correspondence
between the appropriate coordinates of W{™ and W{"H), and let d), =
dy = 1. Let C' = W™ 2o, 203 dp, ..., d],,dl,,,). Note then that
Via [ = h(g(a);C’;7'(a)]. Since Via h(g(a);d)) < h(g(a);d,), it follows
that (C'; g;r') violates the minimality of (C;g;r), a contradiction. -

4.2. The Strong Partition Relation on w;

We now convert this analysis of measures to a coding of the subsets of wy.
As we mentioned before, this idea is due to Kunen. Throughout §4.2, T
continues to denote the Kunen tree of lemma 4.1.

First we code (enough) c.u.b. sets. If o € w¥, let

Co={a<wi:a>wAVY8<a (T, is well-founded A |T,[0] < a)}.

For any o, C, is a closed subset of wy, and if T}, is well-founded then C, is
also unbounded. Also, for all c.u.b. C C wy, there is a ¢ € w* such that T,
is well-founded and C, C C. For we may choose ¢ so that for all infinite

B <wr, |T518] > Ne(B).

4.11 Definition Suppose C = (W, xo,...,Zpn_1;do,...,dn) is a complex,
T, is well-founded, and v < wy. If n > 1, we define (with h as in defini-
tion 4.9)

Socoy = {0(Bs- o BmiCiy): B € (Co)™ Ay < Bi AR(B;C57) > B}
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For n =0 we define Sycy = {7v}. We say S C wy is simple if it is of the
form Sg ¢ for some o,C,7y.

4.12 Theorem FEvery A C wy is a countable union of simple sets.

Proof. Let A C wy, and suppose the theorem fails for A. Let Z C P(A) de-
note the countably additive ideal of I C A such that I = [JS; is a countable

3
union of simple sets S; C A. Thus, A ¢ Z. Also, Z contains all singletons
as every {7} is simple. By AD, every countably additive filter (dual to an
ideal 7) on an ordinal < © (identified here with A) can be extended to a
measure. [One way to see this: by the coding lemma, let 7: w* — T be

onto. For d a Turing degree, let f(d) = least element of A — |J w(z). If
zed
i is the Martin measure on the degrees, then f(u) is a measure on A with

f(u)(I) =0 for all I € Z].

Let v be a measure on A extending the filter dual to Z. Since v(A) = 1, by
theorem 4.8 we have some simple set S C A with v(S) = 1. This contradicts
Sel. a

We view each real z as coding countably many reals z,, each of which
codes reals o, w,, and a sequence C,, = (W{™; xo,...,2:—1;do, . ..,ds) which
satisfies the definition of a complex except that we do not require the T, to
be well-founded (we call this a partial complex). To each z, we associate a
set A, defined as follows. If w, ¢ WO (the set of codes for well-orderings
of w), we set A, = 0. Otherwise, set

a€ A, — 3 < <P <a b > |w| A{Vi B € Cy,
A a = h(5;Cn; lwa)}]-

We define here h(ﬁ, Cn;7y) for the partial complex C, similarly to defini-
tion 4.9: h(5;C37) = |Tug 1h(B; do)(an)], where ay = |Ty, [h(5; di)(az)),
etc., provided «; is in the well-founded part of T,,[h(5;doy), as is in the
well-founded part of Ty, [h(ﬁ; dy), etc. If some ;i1 is not in the well-
founded part of T, [h(ﬁ; d;), we leave h(ﬂ_»7 Cr;~y) undefined. Thus, for all
z € w¥, the sets A, C wn are defined. We set A, = J 4., .

Zn =
necw
The following theorem says that this coding is reasonable.

4.13 Theorem The coding z — A, satisfies the following:
1.VACw 2z A=A,.

2. Va<w {z:a€ A} €Al
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Proof. (1) follows immediately from theorem 4.12. (2) is a straightforward
computation using the facts that V3 < w; {o: f € Cy} € Al, and V3,7,d <
wi {z: |(T.18)(y) < 0} € AL 2

If we view functions F': w; — w;y as subsets of (wl)z, and use our coding
above (identifying (w;)? with wy), it is not quite good enough to witness that
w1 is wi-reasonable. To get this, we must make a small modification to our
coding, essentially modifying only the first step of the proof of theorem 4.8.
We sketch the changes that need to be made.

We code binary relations F' C w; X w;y as follows. Every real z codes
countably many reals z,,, each of which codes reals o,,, w}, w2, and a partial
complex Cp, = (W™ g, ..., x¢—1;do,. . .,d¢). Set

(o, B) € F, «3n [w}h,w? € WOA Jwl| < an|w?]| <an
381 < -+ < B < a [B1 > max{|wl|, w2} AVi B € Cy,

A= h(B;C;wp]) A B = h(F:C; [w?]]

AR € w [{wl, w2, € WO A |wk | < an|w?| < aA
3B <+ < B, < a B >max{w,,,wl } AV B € C, ,
A= h(B5C; lwy )} — h(B'5C; [wh]) = 6]

The main difference now is that the [; are required to be < « (rather
than < max{«, #}). Note also that if F,(«,3) and F,(«, '), then 8 = /3.
The analog of theorem 4.12 becomes:

4.14 Theorem For every function F': wy — wy, 3z F = F,.

Proof. Fix F: w; — wy. Let X = {(a,8): 8 = F(a)}. Let Z be the
countably additive ideal on X consisting of countable unions of sets I such
that I C S C F for some simple S, that is, S = Sy ¢ v, 4, for some complex
C, well-founded T, and 1,72 < wy, where

(aaﬁ) S SO’,C,’Y],’YQ <—>E|61 << ﬂm S (63 [ﬂl > max{’}/lf}?}
AVi(B; € Cp) A = h(B;C;m) A B = h(B;C;79)]

We finish as in theorem 4.12 provided we show that every measure v on
X is generated by simple sets. To do this, we need only modify the first
step in the proof of theorem 4.8.

Let m(a, 3) = a be the projection onto the first coordinate. Let v/ =
7(v). Define gy exactly as in theorem 4.8, using v/. Let A be a v’ mea-
sure one set on which gy is monotonically increasing, and define h(a) =
sup {max(83,7): B € ANy = F(B) A go(B) < a}. Let Ty, be well-founded
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and V*{/Vll'y h(y) < |Tgol7v|- Thus, Vi(a, ) max(a, ) < |Ty,[go(a)|. Let
70, So: w1 — wiy be such that YV} (a, ) ro(a), so(a) < go(er) and

Voo, B) [a = |(Teo 190()) (ro(@)) [ A B = (T, [90(a)) (s0(a))[]-

The argument then proceeds as in theorem 4.8. -

This coding suffices for the strong partition relation on ws.

4.15 Theorem The coding z — F, witnesses wy is reasonable relative to
the pointclass 21 .

Proof. (1), (2) in definition 2.30 are immediate, and (3) is a straightforward
computation using the definition of F.. (4) follows from the fact that if
A€ X}, a<w andVz € A3 F.(a, ), then there is a 37 relation < such
that for all 21,20 € A, Fy, (o) < F,(a) < 21 < 2. —|

4.16 Corollary w; — (w1)“*.

We now obtain the lower bound for 53),, again, using only techniques that
will generalize. We use the following general theorem of Martin.

4.17 Theorem (Martin) Assume k — (k)®. Then for any measure v on
K, the ultrapower j, (k) is a cardinal.

Proof. Toward a contradiction, fix v such that j, (k) is not a cardinal, and
let F': j,(k) — A be a bijection, where A < j, (k). Consider the partition P:
we partition f,g: K — k of the correct type with f(a) < g(a) < f(a+1)
according to whether F([f],) < F([g],). It is clear by wellfoundedness
that we cannot have a c.u.b. set homogeneous for the contrary side of the
partition. Let C' C k be c.u.b. and homogeneous for P. Fix an ordinal 6
with A < 0 < j,(x), and let [h], = 6. Define h’': kK — C inductively by:
h/(a) = the w - (h(a) 4+ 1)%t element in C greater than sup h/(3). Since & is
B<a
regular, this is well defined. We then produce an order preserving map H
from 6 into A, a contradiction. Namely, if § < 0, let [fs5], = 0, with fs < h
everywhere. Define f}: k — C by: f}(a) = the w- (fs(«) + 1)* element of
C greater than sup h/(3). Then set H(5) = F([f5].). It is easy to see that
<
this is well-defined and order-preserving from 6 into A. -

4.18 Corollary 83 = w,,1.
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Proof. Define 7 : jwm(w1) — jW1m+1(w1) by: 7([flwm) = [f’]Wlm+1 where
f'lat, ..o amy1) = flai, ..., apy). This gives an embedding from jym (w1)
into [idm+1]wlm+1, where idy,q1(Q1,. .. my1) = @myr. Thus, jwm(wr) <
jW{n+1(W1). From theorem 4.17 and the previous upper bound, it fol-
lows that jwp (w1) = wpy1. Using the coding lemma to code functions
f: (w1)™ — wy, and also our coding of c.u.b. sets, it is easy to compute
the prewellordering corresponding to the ultrapower jym(w;) as A} (in
fact, a more careful computation shows that the prewellordering lies in the
pointclass O w - m-II}). Thus, 6§ > sup jwm (w1) = wy,. Since 5% is regular,
m

8% > Wt -

4.3. The Weak Partition Relation on &;

Starting from the weak partition relation on & % = wy, we have computed 6%
and proved the strong partition relation on 5%. To complete the cycle, we
establish now the weak partition relation on d3. As we mentioned before,
this is a result of Kunen (see [33]). Again, we wish to use only methods and
terminology that will generalize. Nevertheless, the proof closely parallels
Kunen’s. An important concept which is introduced here is that of a tree
of uniform cofinalities; this plays a central role in the general inductive
analysis as well.

First, we analyze possible uniform cofinalities with respect to the mea-
sures W{™. This analysis is well known, but we emphasize we use only the
weak partition relation on w; and the Kunen tree analysis.

4.19 Lemma Let f: (w1)™ — w1, and assume V*‘}Vlmal, oo am f(@) is a
limit ordinal. Then either f has uniform cofinality w almost everywhere with
respect to W™, or there is an i, 1 < i < m, such that f(&) has uniform
cofinality «; almost everywhere. Also, each of these uniform cofinalities is
distinct, that is, these cases are mutually exclusive.

4.20 Remark The uniform cofinalities other than w are thus described by
the descriptions d defined with respect to W{*. The lemma also holds for
any f: (w1)™ — © assuming AD +V = L(R) (see §6).

Proof. Fix f: (w1)™ — w1, and call a pair (S,1) a liftup to f provided
St (w)™ = wi, {(a, .o, B): B < S(@)} — wi and Vipnd f(d) =
sup {/(a, 3): B < S(d)}. Fix a liftup (S,1) for which [S]w; is minimal. If
S is constant almost everywhere, then easily f has uniform cofinality w.
Let 1 < d < m be minimal so that Vi S(a@) < h(d;d) = aq. If equality
holds almost everywhere we are done, as then f(&) has uniform cofinality ag
almost everywhere. Otherwise, there is a x with T, well-founded such that
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Viymd S(a@) < |Tplag-1| (d > 1 now). For almost all @, set S'(@) = ag-1,
and for § < ag—1 define I'(&@,8) = sup{l(&,7): v < |(Tulaa—1)(B)|} if
(T lag—1)(B)] < S(&), and = 0 otherwise. Then (S’,1') is a liftup to f
with [S"]ywm < [S]wm, a contradiction. We leave the uniqueness proof to
the reader. 4

We introduce some useful notation.

4.21 Definition Suppose m = (n,ia,...,i,) is a permutation of {1,...,n}
beginning with n. <™ is the well-ordering of (w1)™ defined by: (a1, ..., an,)
< (Bryees Bn) ff (Qny gy e ooy i) <iex (Bny Bins -+, 04,). We say an n-
tuple of ordinals (y1,...,7vn) has type m if it is order-isomorphic to w. By
a partial permutation of n we mean a m = (n,ig,...,im), m < n, which
can be extended to a permutation. We likewise define the ordering <™ on
(w1)™ in this case by: (ai1,...,0n) <™ (Bi,...,0n) iff (n,06y,...,04,,)
<lew (ﬁrmﬂiw cee 75im)' We Zdentzfy C_ia ﬁ € dom(<7r) Zfan = 571; ceey QG =
Bip, -

Note that if 7 = (n,d2,...,%m,) is a partial permutation and m < n, then
if f: dom(<™) — w; is order-preserving, f(«1,...,,) depends only on
Qpy Qg y v v oy O

If 7 = (n,ig,... i), @ = (M, Ja,..., i) are partial permutations, we say
7' extends w provided m > n, l > k, and (m, ja, ..., ji) is order-isomorphic
to w. If, in addition, I = k + 1, we say «’ is an immediate extension of .

4.22 Definition If 7 = (n,ia,...,i,) is a permutation and f: <"— w;
is order-preserving, we define the “m!" invariant” f(m): (wy)™ — wi, for
m <n by:

f(m)(anaaiza .. -7aim,) = sup {f(anvaiza cee 7aimaﬁim+17 cee 7ﬂin):

(qny ..., B3,) has type w}

For example, if 7 = (3,1,2), and f: dom(<;) — w; is order-preserving,
then f(2)(a1,as) =sup {f(a1,a2,a3): a1 < az < as}. Recall our conven-
tion that for g: (w1)? — w; and o < ag, we write g(a1, a3) interchangeably
with g(as, a1), ete.

4.23 Lemma Let f: (w1)" — w1 with w, < [flwr. Then there is an
m < n and a partial permutation © = (n,ia,...,4y,) such that for some

cu.b. C Cw; and any o‘Z,ﬁE oy, fla) < f(g) iff (Qny iy ey i) <iex
(ﬁn76i27 e 7ﬁim)'

Proof. Suppose (n,ia, ..., i) have been defined such that there is a c.u.b.
C C wy such that V&, 5 € (C)", (an, iy, - -, 04,.) <tew (Bns Bigs -+ -5 Bi,) —
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fl@) < f(g) For each i € {1,...,n}—{n,41,...,4x}, consider the partition
P;: we partition ordinals oy < +-- < ap and (1 < -+ - < B, with a,, = Gy,

c 0, = Bi, oy < B < oy, and a1 < B < oy for all other j. We
partition according to whether f(&) < f(f).

If all the partitions P; are homogeneous for the contrary side, it is easy to
see that on a c.u.b. set, if (an,..., ;) = (Bn,..., 05, ), then f(&) = f(ﬁ),
and we are done.

Otherwise, it is easy to see that there is a unique i such that P; is

homogeneous for the stated side. We may then extend (n,is,...,ix) to
(n,io, ..., ik, ik+1), setting ix41 = i. Continuing, we establish the theorem.
_{

Lemmas 4.19, 4.23 completely analyze the “type” of a function f: (w1)™ —
wi. Ifm = (n,ia,...,i,) is a partial permutation of n, we say f: (w1)" — w1
is of type m if f is order-preserving from <™ to wi, of uniform cofin-
ality w, and is everywhere discontinuous, that is, for & € (w1)”, f(&) >
sup {f(g) < a}. We say f is of type (m,s) if f is order-preserving from
<™ and for @ € (wy)™ of limit rank in <™, f(@) = sup {f(f): 3 <™ a}
(and for @ of successor rank, f(&) has uniform cofinality w). Finally,
if @ = (n+1,j2,...,Jm+1) is a partial permutation extending m, we
say f is of type (mw,n’) if f is order-preserving with respect to <7, ev-
erywhere discontinuous, and f(apt1,a;j,,...,;,, ) has uniform cofinality
{B: (ant1,05,, ..., a5, ,3) has type 7'} if this set has limit order-type (and
otherwise has uniform cofinality w). We say f has type 7, (7, s) or (m,7’)
almost everywhere if there is a c.u.b. C such that f[(C)™ is order-preserving
with respect to <™, and f[(C)™ has the appropriate uniform cofinality and
continuity properties.

Lemmas 4.19, 4.23 thus say that if f: (w1)"™ — w1, [f] > wn, and V*@ f(d)
is a limit ordinal, then f has type 7, (m,s), or (m, ') almost everywhere,
for some partial permutation(s) m, 7.

The next lemma is simple but important. It says we may change the
values of functions on measure zero sets so that they are everywhere ordered
correctly.

4.24 Lemma (sliding lemma) Suppose f: (w1)™ — w1, ¢: (w1)" — wq
have types ™ = (m,ia, ... i), T2 = (n,Ja,...,51) almost everywhere re-
spectively. Suppose v < min(k,l) is such that [f(r — 1)] = [g(r — 1)], but
[F(7)] < [a(r)]. Then there are f',g' of types w1, m with ('] = (£, [o'] = [g],
ran(f’) C ran(f), ran(g’) C ran(g), and such that for all & € (w1)™,

36 (wl)ny g(ﬂ) > f(O_Z) Zﬁ (ﬂTﬁﬂjm' . ‘ﬂ/Bjr) Zlez (amaaiga cee 7042',‘)-

Proof. Note that (m,is,...,i.), (n,j2,...,Jjr) are order-isomorphic, say to
the permutation = = (r, k2, ..., k), by uniqueness of the uniform cofinality
and the fact that [f(r — 1)] = [g(r — 1)]. Let C; C w;y be c.u.b. such that



4. Trivial Descriptions: A Theory of w; 69

f1(C1)™ is order-preserving with respect to <™ and of uniform cofinality
w, and similarly for g. Let I: w; — w1, and C' C C7 be c.u.b. and closed
under [ such that

va e (C) f(r)(ar, Qpyy -y, ) < gr)(, apy, ..., ag,.)
< fOr) (o, apyy -5 U ag,)).

Let p(a) = the w - ! element of C. Define

f/(al? s aam) = f(p(al)v R ,p(am)),

and similarly
g (a1,...,an) =g(plar),...,plan)).
It is easy to check that f’, ¢’ have the desired properties. —

A useful special case of the lemma is that if f: (w1)™ — w; has type
7 almost everywhere, then there is an f’ of type = with [f’] = [f] and
ran(f") C ran(f). A small variation of the argument shows this is also true
for functions f of type (m,s) or (w,7') almost everywhere.

We now define the notion of a tree of uniform cofinalities, which plays an
important role in the projective hierarchy analysis. The concept is similar
to that of a homogeneous tree. Roughly speaking, for each node in this tree
we allow as extensions all possible uniform cofinalities with respect to the
measure which is associated to that node (these uniform cofinalities in turn
define new measures).

In the following definition, we let (s), (w) be two formal symbols (the first
stands for “sup”, and the second for “uniform cofinality w”).

4.25 Definition A type-1 tree of uniform cofinalities (of depthn) is a func-
tion R satisfying the following:

1. {p1,i1) € dom(R) for 0 < i1 < a for some integer a, and p; =
the unique permutation of length 1, namely p1 = (1). For i; = 0,
R({p1,11)) = (s), and for iy > 0, R((p1,i1)) is either (w), or a per-
mutation py of length 2 (hence po = (2,1)). Also, (p1,41) is maximal
in dom(R) iff R({p1,i1)) = (s) or (w).

2. In general, dom(R) consists of tuples (p1, i1, - -5 tm—1,Pm; tm), M <
n, and such a tuple is mazimal in dom(R) iff R({p1,i1, - \Pm, im))
= (s) or (w) (these are the only values permitted, therefore, if m =n).
R(<p17i17' . 'ypmyim» = (8) Z[f im = 0. IfR(<p17i1;' . -;pmvim>) 7é (S)
or (w), then R({p1,i1,. . -,Pm,im)) @S a permutation py,1 immediately
extending py,. In this case, we have ({P1,1,- - ,Pm> tms Prmt1, bmi1)) €
dom(R) for some integers 0 < iy < a (a > 0 and depends on

<plai1;' t ey pm,aimapm—i-l>)'



70 I Structural Consequences of AD

For R a type-1 tree of uniform cofinalities, we define <™ to be the lexico-

graphic ordering on sequences (v, i1, - ., tm—1, Qm, im), M < n, satisfying:
1. ag,...,am <wip
2. (a1,...,qm) is of type p,,, where (p1,...,pm) is the unique sequence

such that (p1, i1, ..., Pm, im) € dom(R).

We say a sequence (1, i1, .+, bm—1, Qm, im) With (aq,..., ;) as in (2)
is of type (p1,%1, .., Dm,im)-

To each tree of uniform cofinalities R we associate a measure M. First,
say a function f: dom(<®) — w; is of type R if it is order-preserving,
faa, i1, ..., Qum,im)) has uniform cofinality w if R({p1,41,- .-, Pm,im)) =
(w) or (a1, ..., Cm, im) has successor rank in <™ (for (o, i1, ..., Qm,im)
having type (p1,%1,-..,Pm,tm)), and otherwise

FUaryit, .. s amyim)) =sup {f(8): §<® (a1,i, ..., Qmyim)}.

Define A to have has measure one with respect to M™ iff 3 c.ub. C C
wi Vf: dom(<®R) — C of type R (...,aPrivPmim) ) ¢ A where
aP1sitPmyim) ig represented with respect to W™ by:

flPritePmiim) (0 o) = f({an, i1, Qi)

(Recall our notational convention; the g, ..., a,, here are not written in
increasing order).

Thus, each M is a measure on (w, )<, and these measures generalize
somewhat the measures occurring in the homogeneous tree construction on
a Hé—complete set. We note that the requirement that (p1,i1,...,Pm,im)
be non-maximal in dom(R) if R({p1,%1,...,Pm,im)) # (s) or (w) causes
no essential loss of generality as far as specifying functions of type R is
concerned. For suppose R({p1,i1,-.-,Dmsim)) = Dm+1, where p,, 41 is the
permutation (m + 1,72,...,Jm,Jm+1). Thus, p,, is order-isomorphic to
(m+1,j2,...,5m). Suppose f: dom(<P™) — w; is order-preserving, f is
discontinuous, that is, for (a,...,an,) of type p,, we have

flaa,...;am) > sup{f(ﬁ): E<” alt,

and for W{™ almost (aq,...,am) of type p,, we have f(&) has uniform
cofinality {3 : (a1, ..., Qm, ) has type pyt1}. By definition, there is an

<w

f/: {((Xl, ey Oém,ﬁ): (ala ey a’ﬂuﬁ) has type pm+1} — W1
which is order-preserving with respect to <Pm+1, f'(&,3) = sup f'(&, ')
B'<pB
for limit B, and f’ induces f in that f(&) = sup f'(&, ) almost every-
B

where. Furthermore, it is not difficult to see that [f’ ]WIWH»I is uniquely
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determined from [flym. This shows that there is no harm in adding
(P1,81, - -+ s Pms by Pmt1, 0) to dom(R).

If R is a type-1 tree of uniform cofinalities, and f1, fo: dom(<®) — w;
are of type R, we write [f1] = [f2] to mean for all (pi,é1,...,pp,ix) €
dom(R) we have [f1<P17711:~~~7pk>1k>]Wlk _ [f2<p13217-~,17k771k>]Wlk.

We say the type-1 tree of uniform cofinalities R’ extends R if there is
a length preserving injection p: dom(R) — dom(R’) such that R(5) =
R/ (p(8)) for all § € dom(R). We usually just say § € dom(R) is “identified”
with p(5) € dom(R’). We say R’ is an immediate extension of R is there is
exactly one sequence § not ending in 0 in dom(R’) — dom(R).

We say R’ is a partial extension of R if R’ has a unique extra sequence
§ = {(q1,J1,--»@,J;) in dom(R’), and j; # 0. More precisely, this means
(q1,41,---,q1,71) € dom(R) for 0 < j; < a and we have (q1,j1,...,q, i) €
dom(R’) for 0 < j; < a+ 1. For j; < j;, we identify (q1,j1,...,q, /i) €
dom(<®) with {q1,j1,...,q,51) € dorn(<72/)7 and for j; > jf, we identify
(q1, 715 qi, i) € dom(<®) with (g1, j1,...,q, 5 + 1) € dom(<®'). We
leave R’(8) undefined (more formally, in order to still have § € dom(R'), we
require R’(5) to be a formal symbol (u) for “undefined”). We define <®' as
for immediate extensions. Thus, after identifying dom(<™) with a subset
of dom(<®") we have

dom(<R/) = dom(<®)U {{a1, 1, .., j7): (ai,...,o) has type q}.

Finally, we say ¢: dom(<®') — wy is of semi-type R’ if ¢ is order-
preserving with respect to <® | and the function g: dom(<®) — w; it
induces by restriction is of type R. Note that g’ being of semi-type R’

imposes no restriction on the uniform cofinality of the component function

1{q1,31505q1,97)
g .

Lemma 4.24 generalizes to level-1 trees of uniform cofinalities as follows.

4.26 Lemma Let R be a level-1 tree of uniform cofinalities, and suppose
f: dom(<R) — wy is of type R. Suppose § = (p1,i1,...,pr,ix) i5 non-
mazimal in dom(R), and R(5) = prr1. Suppose 6 € ON and for WFT!
almost all (aq, ..., agy1) of type pry1 we have 6(@) < f({aq,i1,. .., K, ik)).
Let iy, be mazimal such that (p1,i1,...,Pr+1,05,,) € dom(R). Let R be
the partial extension of R with extra sequence (p1,i1,...,Pry1,05q +1) in
its domain. Then there is an [’ of semi-type R’ such that:

1. [f'Tdom(<R®)] = [f]. That is, for each (q1,51,---,q, 1) € dom(R),
va/ll(alv' .. ,Oél) fl(<a1aq17' .. 7alaql>) = f(<0417q1,- . '7alaql>)'

2. ran(f") Cran(f) U (ran(f))’.

3. V;V{Hrl (Cvl, ceey O[k+1) 6(&) < f/(<a17i1 ey Oék+1,757;+1>).
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Proof. Fix a representing function & — 6(&@) for J, and fix b: w; — w1 and a

c.u.b. C C wy closed under b such that for all (aq, ..., ar4+1) of type pri1
in C, §(@) < f({ag,i1,..., 0k, ik, b(ag+1),0)). Let D be the set of closure
points of C, and define I(a) = o' element of D. For {ay,ji,...,0q:,5;) €
dom(<®), define

f/(<a1>j17 cee >alajl>> = f(<l(041),j1, .- "l(al)7jl>)'

Define also

fl(<a1,i1, e 7’ik, Aft1, iz+1>) = f(<l(a1)7i1, ey l(ak),ik,ﬂ, 0>)7

where 3 is the w*" element of C greater than I(ag41). It is easy to check that
f satisfies (1)-(3) above, and also satisfies all of the requirements for being
of type R except for the requirement that f’(5) have uniform cofinality w
for §in certain measure zero sets. It is easy, however, to redefine f’(3) at
these points to guarantee this last requirement. o

4.27 Definition A generalized trivial (or type -1) description defined rel-
ative to a measure W and a type-1 tree of uniform cofinalities R is a

sequence d = {dy,iy,...,d, i) where each d; is a trivial description de-
fined relative to Wi (ie., 1 < d; < m), and for some (uniquely de-
termined) (p1,i1,...,0k, k) € dom(R) we have py is order-isomorphic to

(d1,da,...,dg). We order the generalized descriptions lexicographically.

We extend the interpretation function h to generalized descriptions. If
d = (dy,i1,. . .,dy, i) is defined relative to W{™ and R, f: dom(<®) — w;
is of type R, and 31 < -+ < [y, then we define

h(fngv d) = f(<h(gv dl)vilv e ‘7h(5_'; dk)vzk>)

We extend also the lowering operation £ to generalized descriptions as
follows.

4.28 Definition Suppose d = (dy,41,...,dg, i) s defined relative to W™
and R. Let (p1,i1,...,pk,tx) € dom(R), where py is order-isomorphic to
(di,...,dx). We define L(d) through the following cases:

1. If R({p1,i1,- 5Dk, ik)) = (w), L£(d) = (d1,i1,...,dk, i — 1) (note
here that i, > 0).

2. Ifix, =0, then L£(d) = (d1,%1,...,L(dg),}) provided L(dy) is defined
(i.e., d, > 1) and (dy,...,L(dy)) is order-isomorphic to py. Here
i} is mazimal such that (p1,i1,...,pk, %) € dom(R). Otherwise, set
L(d) ={dy,i1,...,dk—1,i—1—1) (note that ix_1 > 0) provided k > 1.
For k =1 in this case (and thus d = (dy,0), with d; = 1), we declare
d to be L-minimal, and do not define L(d).
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3. Suppose now iy > 0 and R({p1,i1,...,Pk,ik)) = Pr+1- Let 1 < j <k

be such that if aq;—1 < B < ag,, then (aq,,...,aq,,B3) is order-
isomorphic to ppy1. If djy = dj —1 ¢ {dy,...,dy}, set L(d) =
(diyit, ... di, i, df oy, 05,,), where iy is mazimal such that (py,i1,

c Dk Tk P15 Ty q) € dom(R). Ifdj—1=0ord;—1¢€ {dy,...,dy},
set ,C(d) = <d1,i17...,dk,ik — ].>

The significance of this definition is embodied in the following lemma.

4.29 Lemma Suppose d = (dy,i1,...,dy, i) is defined relative to Wi, R,
and f: dom(<®) — wy has type R. Let § € ON be such that Viym 0 0(B) <

h(f;g; d). Suppose d is non-minimal with respect to L. Then there is an
f'r dom(<®) — wy of type R such that [f'] = [f] and Viym B 0(B) <
Ny (B(f; 55 £(d))).

Proof. The result follows easily from lemma 4.26 in all cases. For example,

suppose d = (di,i1,...,dy, i), and L(d) = (d1,i1,...,dk,ix, df 1, 754),
where dj, | = d; — 1. Thus,

*Wlmo? 3B < aq; 6(d) < f((M(A;dy),i1,. .., (A5 dy), ik, 3,0)).
Thus, 3l: w; — wy such that
VT/VI"LO_Z 6(0_2) < f((h(OZ dl)a i1y h(&a dk)a ilml(adjfl)a 0>)

From lemma 4.26 there is an f’ of type R with [f'] = [f] (and in fact with
ran(f") C ran(f) Uran(f)’), and

vra Nf/(<h(&7 d1)7i1a R h(&v dk)7ika Oédjj—17ilt+1>) >
f((h(a;dy), i, ... (A dy), ik, (g, —1),0)).

f' is as desired. =

4.30 Definition A level-2 complex C = (R; Wi zo,...,Zn_1;do, ..., dn)
is a sequence where R is a type-1 tree of uniform cofinalities, Ty, ..., Ty, ,
are well-founded, and dy, ... ,d, are generalized trivial descriptions defined
relative to W{™.

For C a complex as above, f: dom(<®) — w; of type R, g e (w1)™,
and v < wy, we define h(f;ﬁ;C;v) = |T,, [h(f;g;do)(a1)|, where o =
| Toy Th(f5 Brdi)(2)l, - omot = [To,_, [A(f; B; dn1)(an)], and a,, = 7.
For f of type R, we let h(f; W{";C;v) < wmy1 be the ordinal represented
with respect to W{™ by the function 5 — h(f;ﬁ;C;’y). Note that d,, is not
used in the definition of h(f;ﬁ;C; v) (it plays a role in the definition of a
situation below).

The following theorem analyzes the measures on w,,.
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4.31 Theorem Let v be a measure on w,. Then there is a measure i on
w1 and a compler C = (R;W{™; 20, ...,Zn_1;do,...,dn) such that for all
ACw,:

v(A) =1« Vv 3 cub CCw Vf: dom(<®) = C of type R
[h(f; W1";C;y) € A

Proof. The proof is similar to that of theorem 4.8. Fix the measure v, and
let m be least such that v(w,,+1) = 1. We may assume m > 1.

4.32 Definition A situation for v is a triple (C,g,r) consisting of a com-
plex C = (R; W{™; xg,. .., Tn_1;do,. . .,dn) (same m as above), and functions
g, with domain w1 satisfying:

1. g: w1 — wity and g(v) = M7, the measure associated with R.
2. 7 Wint1 — Wit and Vo r(a) < h(g(a); Wi dy,).
3. Vo [ = h(g(a); Wi™; Cr(a))].

Note that in (2), (3), when we write h(g(«); Wi™;d,,), for example, we
mean h(g; Wi™;d,,) where g: dom(<”®) — w; of type R represents g(a).
We fix now a situation (C; g;r) for v with minimal value for

[ — h(g(a); W15 dn)]w,

where C = (R; W™ xg, ..., Tn_1;do, ..., dpn).
We claim that Vi« r(a) < wy. Granting this, let p = r(v). Let v/ be the
measure defined by:

VI(A) =1 ViyIeub. C Cwy Vf: dom(<®) — C of type R
[h(f; W15 Ciy) € Al

We show that v/ = v. Suppose not, and let v/(4) = 1, v(A°) = 1. By
the wo-additivity of M7 (which follows from an easy partition argument)
fix a p measure one set D C wip, and a c.u.b. C C w; such that if v €
D and f: dom(<®) — C is of type R, then h(f;W™;C;7y) € A. Since
g(v) = M™ and r(v) = pu, there is an o € A° such that r(a) € D and
g(a) is representable by f: dom(<®) — C of type R, and such that a =
h(f; W™ C;r(«)). However, h(f; Wi™:C;r(«a)) € A, a contradiction.

To fix notation, say d, = (d},i1,...,d},ix). We may assume d,, is non-
minimal with respect to £, since otherwise Via r(«a) < h(g(a); Wi™;d,,) =
w1. We proceed to violate the minimality of (C;g;r). From lemma 4.29 we
have that Via 3f: dom(<®) — w; of type R such that [f] = g(a) and

iy B r(@)(B) < Ny(h(f; 5 £(dn))-
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Define a partial extension R’ of R as follows. If
L(dy) = (d}, i1, ..., dE, i, — 1),

then R’ has the extra sequence (d7, i1, ..., d}, i) in its domain. We identify
(d},...,1) € dom(R) with (d%,...,i) € dom(R') for i < i, and with
(dy,...,i+1) € dom(R’) for i > ig. If i, = 0 and

£(dn) = <d?77;17 e 7£(d2:l)’ ZZ>7

then R’ has the extra sequence (df,i1,...,L(d}), if + 1) in its domain. If
i, = 0 and
L(dy,) = (d}, i1y, dp_q, k-1 — 1),

then R’ has the extra sequence (d7,1,...,dY_,9k—1) in its domain. Finally,
if

ﬁ(dn) = <d711’ ATRERE dZv Uk, d2+17 i2+1>7
then R’ has the extra sequence (dy, i1,. . .,d}}, ix, dj_ 1, i}, +1) in its domain.
Thus, in all cases the extra sequence is inserted according to lemma 4.29.
In all cases, let d;, be the generalized description corresponding to the extra
sequence in the partial complex R’. For example, if

E(dn) = <d?ai17 .. 'ad27ik - 1>,
then d:; = dn = <d?,i1, .. .,dz,ik>, and if
L(dp) = (A v, - d iy dr, i)

then d), = (dy,i1,...,dj 1,05, +1).

To unify notation, let § = {(¢1,71,...,q,Ji) be the extra sequence in
dom(R’) — dom(R). We therefore have: Via 3f': dom(R’) — w; of semi-
type R’ inducing f of type R such that [f] = g(a) and V*Wlmﬁ r(a)(ﬁ)
< Ny (h(f; 3;L(dy))). As in theorem 4.8 we consider two cases.

First suppose there is a v measure one A such that for all & € A there is a
£+ dom(<®") — wy of semi-type R’ inducing (by restriction) the function
f: dom(<®) — w; of type R such that [f] = g(a) and

Vo' € A [(g() = g(a)) = Viyp B r(a')(B) < Ny (h(f; 5 L(dn)))].

Consider the partition P where we partition f of semi-type R’ inducing f of
type R, and where f'({c1, j1,. .., aq, i) has uniform cofinality w, according
to whether

Va' € A [(g() = [f]) = ¥ivp B (@) (B) < Ny (h(f; 6 £(dn)))].

We easily have, using lemma 4.24, that on the homogeneous side the stated
property holds. Fix C' C w; homogeneous for P. Let T, be well-founded
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and Vi 3 15, 18] > Nc(B). Then Via 3f of type R with [f] = g(a) and
Yivp 0 1(0)(B) < T, 1h(f3 5 £(dn)| Define ' by: o if [f] = g(a), then

-

Vi B () (B) = (T, 1h(f; B L(dn))) (' (@) (B))].
Let ¢’ = (Ry;W{™ zg,...,Tn-1,%n;do,...,dn1,L(dy),L(dy)). Then we
have (C’; g;r') violates the minimality of the original situation.

Suppose next that such a measure one set does not exist. Let ¢’ satisfy
the following;:

1. V:a ¢'(a) is represented by an f': dom(<®') — w; of semi-type R/
inducing f of type R representing g(«).

2. There is a v measure one set A such that if a1, as € A, g(a1) = g(a2),
and r(ay) < r(az), then [f{(q1731,~~7q17jz>]wll < [fé(Qth---ﬂlJl)]Wll. Here

1, f5 represent g'(e1), g'(az).

3. There does not exist a v measure one set A such that Vo € A 3f of
semi-type R’ inducing f of type R representing g(a) and

Vo/ c A [(g(o/) — g(a)) N [f{(qh]ly---,qujﬂ]wf S [f/<q17]17---1(1l1ﬂl>]

wi-
Here f] represents ¢'(«).
4. For all [¢"], < [¢']., ¢" does not satisfy (1)-(3).

Easily ¢’ is well-defined [to satisfy (1)-(3), let ¢’(a) be least such that
it is representable by an f’ of semi-type R inducing f representing g(«)
and such that VI*/V{HH r(@)(3) < Np(h(f;53; £(dy,)))]. From (4) it follows
by a pressing down argument that for any c.u.b. C C wq, Via ¢'(«) is
represented by some f': dom(<R,) — C of semi-type R’. By countable
additivity of v, there is an immediate extension R’ of R extending R’
(that is, R"(3) is now defined) such that Vi« ¢'(«) is representable by f’
of type R”. Fix a v measure one set A on which (1), (2) above hold.
Consider the partition P: we partition f’ of type R” with the “extra val-
ues” h({a1, j1,---,aq,41)), for (aq, ..., q;) of type g, of uniform cofinality w
inserted between f’({a1,j1,... a1, 1)) and Ny (f'({a1,j1,..., a1, 1)) ac-
cording to whether

Vo' € A [(¢' (/) = [f']) = VB r(e/)(B) < Np(f'; B dy)].

From (2), (3) and the definition of A it follows that on the homogeneous
side the stated property holds. Fix C C w; homogeneous for P, and =z,
with T, well-founded such that V3 |15, 18] > N (). Define r’ so that

Vya r'(a) < h(f; Wi dy)
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and - B
Voo Viym B r(e)(B) = [(T, Th(f'; B3 d7)) (7' () (B))];
where [f'] = ¢'(). Let C' = (R"; W{™;x0, ..., xpiw(dr),. . s (dp-1),ds, d%),

n'n
where 7(d;) is the generalized description defined relative to R” correspond-
ing to d; defined relative to R. Then (C’;¢’;r’) violates the minimality of

the original situation. o

From theorem 4.31, a suitable coding for the subsets of w,, follows, and
thus the weak partition relation on 3. Since the details are now almost
identical to those of theorem 4.12, we merely sketch the results.

If C = (R;W{™;zq,...,2n_1;do,...,dy) is a level-2 complex, B C wy,
and 0 € w* codes the cu.b. set C;, C wi, let Socp € wpy1 be the
corresponding simple set defined by:

a € S,cp« Iy € BIf: dom(<®) — O, of type R [ = h(f; W{™;C;7)].

Theorem 4.31 then shows that every A C w,, 1 is a countable union of
simple sets.

We define our coding z — A, C w, as follows. Every real z codes
countably many reals z,, each of which codes a real o,,, a set B,, C wy, and
a sequence C, = (R,; Wi xq,...,x1—1;dg, ...,d¢) (here m,t depend on n)
satisfying the definition of a complex, except we do not require the Ty, to
be well-founded (the exact manner in which B,, is coded is not important;
we could use the coding of theorem 4.13, or simply use the coding lemma).
For each n € w, define A, C wy,(n)41 as follows. If o, does not code

a cu.b. set, or one of the T, is ill-founded, set A,, = @. Otherwise,
A, =5,¢c.B, Thenset A, = |J A.,.
new

4.33 Theorem The coding z — A, C w, satisfies the following:
1. VACw, dz A=A,.
2. Va<w,{z:a€A,} e Agl),

Proof. The computation in (2) is straightforward using the closure of A;l,,
under < 3 unions and intersections, and the fact that if Ag, g, are Aj

sets for all € (w1)¥, then {z: V;V,cg z € Az} € A (this last fact is an

easy computation using our coding of c.u.b. sets). o

As a corollary we obtain the following result, due originally to Kunen.

4.34 Theorem For all \ < &3, 85 — (83)*.
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Proof. Fix A < 5:1,), and a bijection 7: w, — A. Fix the coding z — A, C
(w,)? satisfying (1), (2) above (identifying (w,)® and w,). Define z —
R. C X\ x 83 as follows. If m(a) = 4, set R.(0,¢) — {(5,7): A.(a,3,7)}
is a well-ordering of length e. From the closure of A} under < &3 unions
and intersections, it is easy to see that the coding z — R, satisfies (3) in
the definition of reasonable, definition 2.30. Theorem 4.33 also implies that
there is a A} coding of the ordinals (i.e., singleton sets) less than w,,. That
is, there is a map x — |z| < w, from w* onto w,, such that for all @ < w,,,
{x:]z| = a} € A}. [In definition 4.36 below we define a better A3 coding
of w,, via code sets WO,,, for the ordinals less than w,,.] From the closure
of A} under < 3 unions it follows that {(z,z) : |z| € A.} € A}. From
this, it follows that (4) in the definition of reasonable is satisfied, since if
S C {z: R, is well-founded } is 3, then we get a 33 well-founded relation
on w* of length > sup {|R.|: z € S}. .

As another consequence of the analysis of measures we obtain the follow-
ing result, also due originally to Kunen.

4.35 Theorem Let a,3 < 83, and pu a measure on pi. Then j,(8) < &3.

proof(sketch). We may assume o = 3 = w,,. We use the coding of subsets of
Wy X W, given by theorem 4.33. It is enough to show that the prewellordering
= corresponding to the ultrapower relation, that is,

x Xy < (z,y code functions f;, f : ww — Ww)

A Via 3P, fa <wy (fale) = B A fy(a) = B2 A (B < B2))

is A}. Using the closure of A3 under < 83 length unions and intersections,
we see that it suffices to show that if {Ba},<s1 is a sequence of A} sets,
then B = {z : Vo (v € B,)} is also Aj. Tt clearly suffices to show that B,
is 3. Let
C= <R7 Wlm;x(]v oo 7xn71;d07' e 7dn>

be a level-2 complex, and p; a measure on w;, which generate u, as in
theorem 4.31. Let yo,...,yn be reals with T} well-founded for all j, and
€ < wy which generate pq as in theorem 4.8 (e playing the role of « there).

T is again the Kunen tree. Recall our coding of c.u.b. subsets of w; from
§4.2. We then have

x € B 301,09 (Ty,,T,, are well-founded
AVYL < -+ <y € Cyy V5 € (W)Y V) < Wy, [Ifgis
representable by an f : dom(<g) — wy of the correct type,

each f{PLiteProk) hag range in C,, almost everywhere,
and h(f; W{";C;+') =n, then z € B,))
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where h is as in theorem 4.31, and 7 = hy . (71,...,7.) as in theo-

rem 4.8. Note that h(f; W{";C;+’) depends only on 5. From the closure
properties of Aé again, it is enough to show that if Cy, . o, € Aé for all
@ € (w1)!, then C defined by

zECHV*‘;VlléZ(ZEC’(;)

is also Aé. This special case now follows easily by the same type of compu-
tation, using just level-1 complexes. -

Starting from the weak partition relation on 6{ = w1, we have obtained
the strong partition relation on 81, calculated 83, and obtained the weak
partition relation on 5%. This completes the first step in the inductive pro-
jective hierarchy analysis. We have used only techniques that will generalize
(when combined with a suitable notion of description at the higher levels).
We will sketch how this generalization takes place in §5.

4.4. The Kechris-Martin Theorem Revisited

We finish this section by using our theory of “trivial descriptions” to give
a proof of the Kechris-Martin theorem for Hil,) sets. This is an important
result in descriptive set theory, although it (and its higher level analogs)
are not needed for the inductive analysis of the projective sets. The proof
we give follows closely the proof of Kechris and Martin, recast into the
theory of trivial descriptions (their original proof appealed to the theory of
indiscernibles for L). We assume AD throughout this section. We caution
the reader that we will be using lightface notions in this section.

To state the theorem, we first introduce our coding for the ordinals < w,.
T continues to denote the Kunen tree from lemma 4.1 (or theorem 4.2).

4.36 Definition WO, = WO = the standard set of codes of well-orderings
of w. Form >1,

WOn+1 = {{a,z1,...,2m): a € WO, AVi <m T,, is well-founded }.

Fory = (a,z1,...,%m) € WOn 11, let |[y| = [fylwm, where f,: (wi1)™ — w1
1s defined by:

fy(ﬁlv cee 7ﬁm) :‘(Twm rﬁm)(émfl)h where 01 = |(Ta:m71 rﬁmfl)((sm72)|7
- 01 = (T, [81)(00)], and 6o = |al.

Let WO, =J,, WO,,.

Easily, WO, 11 € H% for all m > 1, and for all @ < w41 there is a
y € WO,,,41 with |y| = a.



80 I Structural Consequences of AD

4.37 Definition We say a relation R C w* X WOy, 41, m > 0, is invariant
in the codes if

YV, wy, wy (w1, wy € WOpt1 A |wi] = |we| A R(z,w1) — R(x,ws)].

In this case, we write R(z, @), for o < w41, to denote Jw € WOy 41 [Jw] =
a A R(z,w)]. We similarly define R being invariant in the codes for R C
WO,,, or RCw“ x WO,, x W0O,, etc.

4.38 Theorem (Kechris-Martin) Let R C w* X WO,41, m > 0 be Hé and
invariant in the codes. Then P(x) < 3w € WOy, 41 R(z,w) is also 113.

For the sake of completeness we include first the m = 0 case, though the
proof is unchanged here (c.f. [16]). So, let R C w® x WO be II} and invariant
in the codes. We show that P(z) < 3w R(z,w) < Jw € Al(z) R(z,w),
which suffices (c.f. theorem 4D.3 of [32]). So fix = such that P(x). Let
S(w) < w € WO AV € Al(w) [Jw'] < |w| — =R(z,w")]. By “bounded
quantification” (4D.3 of [32]) S € £i(z). Clearly S is invariant in the codes
and codes a proper initial segment of w;. Relativizing to x, it suffices to
show the following claim.

4.39 Claim If S C WO is X3, invariant in the codes, and sup {|w|: w €
S} = g < wi, then Jw* € ALN WO (Jw*| > ap).

Proof. Let S(w) « 3z B(w, z), where B € II3. Consider the integer game
where I plays out wi,z, and II plays out wy. II wins iff wy € WO A
[B(w1,z) — |wa| > |wq]]. This is a ¥4 game for 11, and II clearly wins, so
by third periodicity 1T has a A} winning strategy 7. Then A = 7(w*) C WO
is X1(7), so there is a A}(7) real w* € WO with |w*| > sup {|w|: w € A} >
sup {|w|: w € S}. Since 7 € AL, w* € Al =

A useful consequence of the m = 0 case which we shall need is the fol-
lowing lemma.

4.40 Lemma Let R C w* x WO be ¥} (11}, AL) and invariant in the codes.
Then P(x) < Vi a R(x, o) is $3 (113, Aj).

Proof. Suppose, for example, R € ¥1. We use a variation of our previous
coding of c.u.b. subsets of wy. For any c.u.b. C' C wq, there is a strategy
o for II such that Vz € WO o(z) € WO and C(0) = {a < wy : Vz €
WO (Jz] < a — |o(z)] < a} is a c.u.b. subset of C. This follows by playing
a simple Solovay game (I plays «, II plays y, and II wins iff (z € WO — y €
WO Ayl > Ne(|zl)).

Then

P(z) <30 [Vw € WO (o(w) € WO) AVw € WO (Vz (z € WO A |z] < |w|
— |o(2)] < [wl|) = R(z, w))]
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From the m = 0 case, P € ¥i. From this, the result for II}, Al follows
immediately. -

We recall our coding z — F, C (w1)? of theorem 4.15, which we will need
for the proof. Recall each real z codes countably many z,, each of which
codes reals o, w}, w?, and a partial (level-1) complex

Cn:<W{n;$0,...,xt_l;do,...,dt>.

As we noted previously, each F, is a partial function.
The next lemma summarizes the properties of this coding we will need.

4.41 Lemma Consider the relations defined by:

Ro(z) <VB Iy F.(8,7)
Ri(z,y) <y € WONTIy Fe(lyl,7)
Ry(z,y) <y € WONVB < |y| 3y F=(8,7)
Ry(z,2,y) <x,y € WOAVB < |2| 3y < |y| F.(8,7)
Then Ro € 1, and Ry, Ry € TI}. Also, R3 is Al in the codes for z,y,

that is, there are 1,111 relations C, D such that for all z and z,y € WO,
RS(Z7 Z, Z/) ~ C(Z7 z, y) = D(Z7 z, y)

Proof. The computations are all straightforward, as in the proof of the strong
partition relation. For example, (in this equation, ¢, z; refer to C,, and t', z,

refer to C,)

Ri(z,y) <y € WO A In {wk,w? € WO A |wl|, |w?| < |y| A
81 < < Bo <yl Fve—1,---,m < |yl F0e—1,...,01 < |y]
[Be—1 > max(|w?], |w?|) AVi B; € Cy, A
[(Te,  18e-1)(lwp D = o1 AT, 5 1Bi—2) (ve—1)| = Y2 Ao A
(T 180) (1) = [yl A (T, 1Be—1) ([ )] = Ge—1

ATy, 1Bt—2)(0t—1)| = 6t—2 A .. A
01 is in the Wellfounded part of ( o 180) A

vn' € wl{wk, w2 € WO A |wl, |, |w?,| < |y| A
By << By <yl Iy <yl s, 0 <yl
(Vi B € Co,\ ATy, 180 1) (Jwpe D] = 701 A
(T, 1Be—2) (1 — 1)| =Yp—a Ao ATy 18o) ()] = [yl A
\(T' 18— ([wp D = 8y ATy, 180 2) (0 1)| = 6y

Ty 1 Tyr 2

ATy 181)(02)] = 81)} — (T, 180)(81)] = (T, [80) (511 11}
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In the last line of this formula, (T, [55)(61)] = [(Tx,[B0)(01)]", ab-
breviates “07 is in the well-founded part of Ty, [3; and (T, [/5))(d1)| =
[(Tyo 160)(61)]”. Tt is straightforward to check that all clauses in this for-
mula define A} relations except the clauses “y € WO” and “§; is in the
well-founded part of Ty, [3”, which are IIj.

_{

We will write “F, is a function” in place of Ro(z), “F.(|y|) is defined” in
place of Ry(z,y).

4.42 Lemma The relation Q(z,z) « [v € WO2 A (F, is a function ) A
2| = [F:lw;] is A3

Proof. Q(x,z) <« Jo [T, is well-founded AVw € WO(|w| € C, — TFv €
WO (f:(Jw|) = |v| A E.(Jwl,|v])))]. The m = 0 case shows Q € Xi. A
similar computation shows —Q € 1. o

If Vis a tree on w X wy and x € w*, let <, denote the Kleene-Brouwer
ordering on V. Thus, <, is a linear ordering, and is a well-order iff V,,
is well-founded. We say a < w; is represented in the well-founded part of
V. |3 if there is an s € V[ such that the initial segment determined by s
in the Kleene-Brouwer ordering on V,[[ is order-isomorphic to «. For the
trees used below this will be equivalent to saying that the initial segment of
=<, determined by s is order-isomorphic to a.

4.43 Lemma Let R C w¥ X w® be H%. Then there is a tree V on w X w;
such that:

1. V is Al in the codes.

2. Va,y € w’ [R(x,y) < Vig,y is well-founded — Ya < wi (a is repre-
sented in the well-founded part of Vi, ,y[a)].

3. The relation S(z,y,w) < [w € WO A |w| is represented in the well-
founded part of Vi, 1|wl|] is Al in the codes for w.

Proof. Let V' be the standard Shoenfield tree on w X wy for R¢. Thus, V'
is Al in the codes and Vz,y [R(z,y) < V(. is well-founded ]. Let V be a

minor modification of V’/ such that
VeVa < wy (Vi la is well-founded — |V, e > ).

[For example, code into V, all finite decreasing chains By > (1 > -+ >
Brn]. We may assume that if ((ag,...,an), (xo,...,an)) € V, then ap >
ai,...,a,. Clearly V is Al in the codes.
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If R(x,y), then Vi, .y is well-founded, and by construction Yo [V, [a| >
«, hence « is represented in the well- founded part of Vig 3. If (2,y) ¢

R, then V< y is ill-founded, say ({(z,y), (8o, B1,...)) € [V]. If the 1n1t1a1
segment I, of <,y determined by @ = (ag,...,an—1) € Vg is well-
founded, we must have ag,...,a, < (y. Thus,

v =sup{|al<, Igy is well-founded } < w;.

For § > max{fy,7}, 0 is not represented in the well-founded part of Vi, ,[d.
Finally, (3) is a standard computation using (1). =

4.44 Lemma Let W C WO, be X3, invariant in the codes, and code a
bounded initial segment of wy. Then there is a A} relation F C WO x WO
which is invariant in the codes, and defines a total function F: w; — w;
(i.e., Va <wi3B <wi F(a, B)) such that [Fly: > |z| for allz € W.

Proof. Define W' (w) < 3z € WO2 [W(x) A (w codes a function F,,: wq —
wi) A (lz] = [Fulw;)]. From lemma 4.42, W’ € ¥3. W’ is also invariant
in the sense that if w,w’ code functions Fy, Fy, [Fulws = [Fu]w, and
W' (w), then W'(w'). Let W/(w) < 3y R(w,y), where R € T1}. Let V
be a tree on w X wi as in lemma 4.43, in particular R(w,y) < Vi, is
well-founded.

Say a real w is a-good if F,,(«) is defined, and say w is < a-good if it is
o’ good for all o/ < «. Say a pair (w,y) is a-good if w is a-good and « is
represented in the well-founded part of Vi, . [c.

Consider the integer game G where I plays out reals ws,y, and II plays
out wa, and IT wins the run iff there exists an 79 < w; such that either:

1. Vnp < no (w1,y),ws are n-good, (wy,y) is not ng-good, and ws is 7o-
good.

or
2. Vn <o (w1,y),wy are n-good, and Fy,, (1) < Fu,(Mo)-

Using lemmas 4.41, 4.43, G is a ¥1 game for 1. II easily wins the game,
by playing any w* coding a function Fy«: w1 — wi such that [Fy«Jy: >
sup {|z|: # € W}. Thus, by third periodicity, IT has a A} winning strategy
T.

Define b: w; — wq inductively as follows. Let b(n9) be the maximum of
(sup b(n)) + 1 and

n<no

Sup { Fr(w, ) (M0) 1 V1 < 1o [(w1,9) is n-good A Fy, () = b(n)]}.

We show by induction on 7y that:
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4.45 Claim a.) b(no) is well-defined, that is, b(no) < w;.

b.) If (w1,y) is < mo-good and ¥n < ng Fu,(n) = b(n), then Vn <
no Fu,(n) < Fu, (n), where wa = 7(w1,y).

Proof. Suppose the claim holds for all 7 < ng. Note that if (wq,y) is n-good
for all n < no and Vn < ng Fy, (1) = b(n), then by (b) and induction, F,, (1)
is defined, where wy = 7(w1,y), as otherwise II would lose this run of the
game. Now, By, = {(w1,y): Vn < no [(w1,y) is n-good A Fy, (1) = b(n)]}
is Al, as it is Al in any real coding 19 and b[7. The reasonableness of the
coding z — F, now gives (a) (c.f. (4) in definition 2.30). (b) at 7o is now
immediate from the definition of b(np). o

Next we claim that [b]y1 > |z| for all z € W. If not, then by the in-
1

variance and initial segment properties of W', there is a w; in W’ with
F,, = b. Let y be such that R(w,y), and have I play (wi,y) against 7,
producing wy = 7(w1,y). Since Vo < wy (w1,y) is no-good, a straight-
forward induction using (b) shows that Vg < wy F,(no) is defined and
Fy,(no) < Fy, (no), a contradiction to II winning the game.

Finally, we show that the relation F'(z1, z2) < 21,22 € WO A b(|21]) =
|22] is AL, We have F(z1, 29) iff the following hold:

1. 29,29 € WO

2. There is a y € w* and a z € WO with |z| = |z1] + 1 and [0]<, = |21]
satisfying:
(a) Vn y, € WO

(b) The map n — |y,| defines an order-preserving map from <, to
wi.

(¢) For any n € dom(<.), |y| is the maximum of (sup {|ym|: m <.
n}) + 1 and
sup {FT(w1,y)(‘n|Z): Ym <M (U/l,y) is |m|<z_g00d
A Fy,(Iml<.) = |yml}-

(d) [yol = [22]
It follows easily that F' € ¥1(7), so F € Al. =
We prove now the m = 1 case of the Kechris-Martin theorem. Let

R(z,w) C w* x WOq be I} and invariant in the codes. Define R'(x,w)
w € WOy A Juw' € WO, (|| < |w| A R(z,w’)]. Clearly R’ is invariant in
the codes, and we claim that R’ € IT3. To see this, note that
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R'(z,w) «w = (a,v) € WO AFb € WO [V* < wi [(T,18)(b])] <
[(Tu15)(lal)] AVz € WOs(|2] = [(b,v)| — R(z,2))]

From lemma 4.40 and the m = 0 case of the theorem it follows that
R’ € TIL. Replacing now R with R, we may assume that R(z,w) is also
closed upwards in the codes w.

We employ a standard coding for the Al(x) subsets of w* x w*, uniformly
in x. Thus, let Q@ C (w*)? be I} and such that for every I1}(z) set A C
(w*®)?, there is a real y recursive in z such that A = Q,. Let Q{(z,y, 2) <
Q(ro,9y,2), and Q(r,y,2) < Q(x1,y,2). Let Qo, Q1 in I} reduce Qy, Q).
We then then say x codes a A} set if Yy, z [Qo(x,y,2) V Q1(x,y,2)], in
which case x codes the Al(z) set D, = {(y,2): Qo(z,y,2)}.

Returning to the proof, let P(z) < 3w € WOy R(x,w), where R € II} is
invariant and closed upwards in the codes. From lemma 4.44 we have:

P(x) « Jy € AY(z) [(y codes a A} relation D, C (w*)?) A (D, € WOx
WO A D, is invariant in the codes) A (D, defines a total function
from w; to wy) AVw € WO, [(V’;Vlla < w1 (a, fu(a)) € Dy) — R(z,w)]]

For “D,, defines a total function from w; to w;” we use:

Vx,z1,20 € WO [Dy(z,21) A Dy(z, 22) — |21] = |22]]
AVz € WO 3z € WO [V2' € WO ([2']| = |z| = Dy(z,2"))]

By the m = 0 case of the theorem, this expression defines a II} set, so
P € 113, using lemma 4.40. This completes the m = 1 case of the theorem.

We prove now the general case m > 1 of the theorem. So let P(z) <
Jw € WO,,41 R(x,w), where R € II} is invariant in the codes w. Recall
that for w € WO,,,+1, fu is the corresponding function from wi® to w;
(defined W{™ almost everywhere) representing |w|. For any such f,, there
is a function g : w1 — wy such that Vjym (a1, ..., am) fu(d@) < glam). We
may take g = f, for some y = (a,u) € WO,. Thus we have:

P(z) <3y = (a,u) € WO2 32 € WO, [V}m-11,...,am-1 f-(@) <1, |a
AVw € WO,,41 [(V’{,Vlmozl, coy O fwl(ag, .o am) =
|(Tulam)(fz(ar, .-y am—1))]) = R(z,w)]]

Note that the expression beginning with 3z € WO, is invariant in
the codes for y; it is equivalent to saying 3f: (w1)™ — w1 Y*aq,...,am;m
flan, .. am) < fy(am) and R(z,[flwm). By the m =1 and m — 1 cases
of the theorem, P € II3. This completes the proof of theorem 4.38. [J
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5. Higher Descriptions

We assume AD throughout §5. We sketch in this section how the theory
of §4 can be extended to higher levels. Indeed, the arguments here should
extend to the general case of a successor Suslin cardinal in the hierarchy of
L(R). We will concentrate here, however, on the projective hierarchy, and
in fact largely on the theory of 6%, since all of the new ideas occur here. As
we said in the introduction, our style here will be somewhat informal. We
will concentrate on presenting the new ideas without getting lost in details;
we will sometimes illustrate proofs by considering a representative example.
The reader wishing to see the complete details for the next level of the
analysis (the strong partition relation on 6:1,), the computation of 5%, and
the weak partition relation on d3) can consult [11]. In §6 we will consider
topics related to extending this theory further.

Reflecting on the arguments of the previous section, we see that there
were two fundamental ingredients. First was the Kunen analysis, lemma 4.1,
which provided an analysis of the equivalence classes of function f: w; — wy
with respect to the normal measure Wi on w;. Second was the analysis, em-
bodied in lemma 4.5, which showed how equivalence classes of functions with
respect to the more general measures W{" are generated from the normal
measure analysis. The combinatorics of the process was described by the
descriptions. Admittedly, the concept there was rather trivial (descriptions
being just integers), and there was really no interesting combinatorics taking
place. The situation changes as we move to the higher levels, though, and
the concept of the description becomes a central point. Indeed, armed with
the correct notion of description and proper generalization of the Kunen
tree analysis (due to Martin, see below), the general step in the projective
hierarchy analysis is quite similar to that of §4. Thus, we concentrate in
this section on showing how these two key ingredients generalize.

5.1. Martin’s Theorem on the Normal Measures

From the weak partition relation on 5:15, theorem 4.34, it follows that there
are precisely three normal measures on 5%, corresponding to the three reg-
ular cardinals w,wi,ws below 651)) [The weak partition relation shows that
the c.u.b. filter restricted to points of one of these cofinalities is a normal
measure. Conversely, any normal measure on 6% must give every c.u.b. set
measure one, and by countable additivity must concentrate on one these co-
finalities. Thus, it must coincide with one of these three normal measures.|

The w-cofinal normal measure on d3 behaves just as the normal mea-
sure on wi, indeed the Kunen tree analysis is quite general and holds for
all the J%n_,_l. Thus, there is a tree T on w X 6%n+1 such that for all
f: 5§n+1 — J;H_H, there is an ¢ € w* with T, well-founded such that
V¥ < J%n_ﬂ fla) < |Tyla| (where V* refers to the w-cofinal normal mea-
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sure). The proof is a small variation of lemma 4.1. Instead of WF, one uses
the set W defined by W (z) < Vn P(z,), where P is a IIj,, ,-complete
set. Let {¢,} be a IT3 scale on P. Using {#,}, define a tree U on w x &3
with p[U] = W (a branch & through U, gives subsequences &, ds, etc.,
such that for all m, (x,,,d,) is a branch through the tree of the scale
{¢n}). We think of x € W as coding the ordinal |z| = sup ¢o(z,). Note

that for almost all @ < d3 with respect to the w-cofinal normal measure,
there is an € W with |z| = « and U, [« is ill-founded. Let S be a com-
plete 33, ; set, which is (63)~-Suslin by theorem 2.14. Say S = p[V],
V a tree on w x (d3)”. Since S ¢ A3, it follows from theorem 2.15 that
sup {|V,| : Vi is wellfounded } = 83. The Kunen tree T is then constructed
as in lemma 4.1.

For the other normal measures, however, the situation is different. To
discuss this, we need to recall some facts from the homogeneous tree con-
struction. A detailed account of this may be found in [18], we summarize
the main points.

Recall that if T is a tree on w x k, and s € w", then Ts = {&d € k" :

(s,d) € T}. If t extends s, let mq ¢ denote the natural map from T} to T
defined by 75 :(&d) = @llh(s). If p is a measure on T}, then m, (1) is a
measure on T (recall m, (p)(A) = ,u(7r;t1 (4))).
5.1 Definition A tree T' on w X k is homogeneous if there are measures g,
for s € w<¥, with ps(Ts) = 1 such that if t extends s then ms (1) = s,
and having the following homogeneity property: for all x € w*, if T, is ill-
founded and for each n a set A, C Ty is given with piyim(Ayn) = 1, then
there is a sequence & € Kk such that for alln, afn € A,.

The homogeneity property for T, is equivalent to saying that the direct
limit of the ultrapowers (of ON) by the measures 15}, is well-founded.

We extend the definition in the obvious way to trees T on w X w X K, etc.
(in this case, the measures i, ; are indexed by pairs of sequences of the same
length). We say T is a homogeneous tree for P C w* if T is homogeneous
and p[T] = P.

fPC2¥is H}, the standard Shoenfield construction gives a tree 77 on
2 x wy with P = p[T1]. T; may be defined so that for each s € 2*, there is
a permutation 7, of {1,...,n}, n =1h(s), with n occurring first, such that
(s,d) € Ty iff & is order-isomorphic to . For m a permutation of {1,...,n},
let WT be the natural measure on n-tuples & which are order-isomorphic
to w (i.e., W is equivalent to W{* under the map which re-arranges @ into
increasing order). Thus, the measures W™ witness that T} is homogeneous.

If S C 2¢ is X3, then S(x) «» Iy P(x,y), where P € IIj, so P = p[T}]
for some homogeneous tree T} on 2 x 2 X w; (if we identify 77 with a tree
T{ on 2 X wy by identifying the second and third coordinates of T} with
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the second coordinate of T, then T} is said to be weakly homogeneous).
For s,t € 2<% of the same length, let 7, ; and W™ be the permutation
and measure associated to s, ¢, and 77. We may assume without loss of
generality that for s,t € 2<% of the same length, that 75, depends only on
sllh(s) — 1, ¢t71h(¢t) — 1. For convenience we also assume (without loss of
generality) that for any s,t of the same length, (17)s: # 0. If @ = S¢, then
the homogeneous tree construction shows how, using the strong partition
relation on wy, to get a homogeneous tree Ty for (). One way of doing
this is as follows. For s € 2<%, let <, be the Kleene-Brouwer ordering on
(T1)s C (2 x w1)S™), In specifying the Kleene-Brouwer ordering, we order
pairs (n,a) € 2 X wy first by a. It is convenient here to adopt a minor
variation of the definition of R being a type-1 tree of uniform cofinalities,
definition 4.25. First, we drop all sequences j = (p1,i1,...,Dm,im) Where
im = 0 from the domain of R. Thus, for any p, R(p) is now either (w) or a
permutation p,, 11 extending p,,. Secondly, we now allow either possibility
for R(p) when p is maximal in dom(R). We define <® exactly as before,
and define f : dom(<™) — w; being of type R in the obvious way (for
maximal in dom(R) with R(p) = pmi1, we require f7(ay, ..., qy,) to almost
everywhere have uniform cofinality {8 : (au,..., qm, ) is order-isomorphic
t0 Pmi1}). It is now easy to check that <, is of the form <7+ for some
type-1 tree of uniform cofinalities Rs. In fact, we can define R, as follows.
Let p = (p1,%1,--,Dm,om) € dom(Ry) iff m < Ih(s), each i = 1 or 2,
and Py, = Tspmye, where t = (i3 — 1,... 0 — 1). We set Ry(D) = myr v,
where §',t are any immediate extensions of s,¢ (by our assumption, this
only depends on s and t).

We define (s,ﬁ) € Ty iff there is an f: dom(<™¢) — w; of type R,
with # = [f]I1h(s). To say 3 = [f]]lh(s) means that for all i < lh(s),
B = [f<p1’i17""pk’i’~“>]wlk, where (i1, ...,iz) is the i*" element of 2<“ in some
reasonable enumeration, and p; = 7T(s};,(i,,...,i;))- From the strong partition
relation on wy it is not difficult to see that 75 is homogeneous for @), with
measures M ™. [For example, to show homogeneity, suppose (T%), is ill-
founded, and each A, has measure one with respect to M™R=in. Let C,
be a c.u.b. subset of w; defining a M™=I" measure one set contained in
A,. Let C =(),Cy,. Since z € Q = P, (T1), is well-founded. Let f
be order-preserving from the Kleene-Brouwer ordering on (73), to C such
that for all n, f]dom(<ys) is of type Raypp. Let i = [flPrin i),
where again (iy, ..., i) is the i*" element of 2<“ in our enumeration. Then
(Bos ..., Bn) € Ay, for all n.

Recall WO, is the TT3 set of codes for ordinals < wy (definition 4.36), and
for z € WO, |z| = [fslws < wa is the ordinal coded by . The next lemma
shows that we may get a homogeneous tree for WO, with an additional
property.
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5.2 Lemma There is a homogeneous tree U on w X w,, with WOy = p[U]
and with the following property:

(x): If {¢n} is the scale on WOz corresponding to U (using left-most
branches), then ¥z € WO, |x| < 1o(x).

Proof. Let T be the Kunen tree of §4, where we use the linear-order version
of theorem 4.2. Recall z € WO, if 2 = (a,y) where a € WO and T}, is a
well-ordering. Since T is A} in the codes, there is a 31 relation E such that
for all b € WO:

E(y,b,z1,22) < [z1,22 € WO A |21], |22| < [b] A (|22] T}y |21])-

Let Wi be a tree on w® projecting to E. Let W5 be a homogeneous tree on
w X wy for WO. We may assume that for all (s, (ag,...,a,—1) € Wa that
ap > max{ay,...,a,_1}. Define the tree V on w? x wy x w? as follows. Let
(p,s,a,v,w) € Viff (s,d) € Wy and (p, s, v, w) satisfies: for all i < lh(p)—1,
if j is maximal so that (i, j), (i + 1, 7) < lh(p), then

(plJ, sy, (vi(o)’ e 7vi(j))7 (vi+1(0), . .. 7vi+1(j))7
(wi(o), e awl(]))) € le

where v;(k) = v((i, k)), and similarly for w. This last requirement is just
building the Kunen-Martin tree for the relation E. In particular, Vj, is
well-founded iff for all @ € WO, T, [|a| is a well-order, that is, iff T} is a
well-order. Also, if T}, is well-founded, then for all 3 < w; the rank of T}, [3
is less than or equal to the rank of Vyﬁ = those (p,s,d&,v,w) € V, with
ag < S (as in the proof of the Kunen-Martin theorem).

Let W3 be the homogeneous tree on w X w, constructed from V, so
p[Ws] = {y: T, is well-founded }. For each p € w™, the homogeneity mea-
sure p1, will be of the form M™%» for some type-1 tree of uniform cofinal-

-

ities R,. Thus, (p,3) € W3 iff there is an f of type R, such that for all
Jj<n,pj= [f(pml,m,pk,mﬂwlk, where (p1,i1,...,Dk,ix) is the j* element
of dom(R,) in some enumeration. We may assume that Gy = [f<p1’“>]W11,
where 4; is maximal so that (p1,41) € dom(R,).

Finally, define U to be the tree which is the “conjunction” of Wy and Wj:

((y(0),a(0),...,y(n —1),a(n — 1)), (Bo, @0, - -, Bn-1,¥n-1)) EU <
(aln, (ag,...,an—1)) € Wa A (yIn, (Bos .-, Pn-1)) € Wj5.

It is easy to see that U is homogeneous with measures of the form
WT x MR. Clearly p[U] = WOy. To verify (x), suppose = = (a,y) =
(y(0),a(0),y(1),a(l),...) € WOq. By definition |z| < |T,|. It is enough
to show that if (y,3) € [Ws], then B, > |Ty|. For each n, let f, be of
type Ry with [f,] = (Bo,...,Bn-1). For C C wy, let V,[C denote those
(s,d,v,w) € V, with all a; € C. From the f, we get a function f and a

c.u.b. C C wj such that:



90 I Structural Consequences of AD

1. f is order-preserving from the Kleene-Brouwer ordering on V,[C to
ON.

2. For each n, f induces by restriction a function f], of type Ry, with

[f?lz} = [fn] = (ﬂO»' .- aﬂn—1)~

Thus, for all a € C we have fj(a) > |V,*[C|. However, for a a closure point
of C (i.e., o is the o' element of C), we easily have [V,*|C| = |V,*|. Hence,
Bo = lfolwy = [a = [Vitllwy = [o— [Tylallw; = [T,]. .

The above homogeneous tree construction, without the (%) argument,
also shows that every H% set is the projection of a homogeneous tree on
w X w,. This also shows that every 33 set is weakly homogeneous. Using
the weak partition on 5; and the homogeneous tree construction again, one
can then show that every IT3 set admits a homogeneous tree T on w x 85. We
wish, however, to modify this construction to obtain a homogeneous tree on
a Hé—complete set with some additional properties. Our argument is really
just Martin’s analysis of functions with respect to the normal measures.
The form we present it in here may be of use elsewhere. We sketch another
version in theorem 5.6.

5.3 Theorem There is a II5 complete set P, a M-norm z — |z| < 83
from P onto 5})), and a homogeneous tree S on w X 6% for P satisfying the
following. There is a c.u.b. C C 5;, such that for all a € C there is
a z € P with |z| = o and with S,[(sup j,(a)) ill-founded, the supremum

ranging over measures v = M occurring in the homogeneous tree U of

lemma 5.2. Furthermore, for any z and 5 = (Bo, b1,-..), if (z,0) € [5],
then |z| < fp.

Proof. Recall according to theorem 4.33 our A} coding z — A, of subsets
of w, (or (w,)?, etc.). We assume for this proof that for all z, A, C
wo X Wy X wy. If a <wsg,let AY = {(8,7): (o, 8,7) € A.}. Define

P(z) < Va < wy AY is well-founded.
Note that the relation
C(Z,:L‘l,xg,xg) — X € W02 Nxg2,x3 € Wow A (‘xl‘v |£U2|, |£C3|) € AZ

is A} by the closure of A} under < 3 unions (in fact, it is straightforward
to show that C'is A}). Thus, P € II3. For z € P, let |z| = sup |A%|. Using
a<wsz
the closure of A} under < &3 unions and intersections, it is straightforward
to check that this defines a II3-norm onto &3.
Let C* C (w¥)® be ITj projecting to C. Let T be a homogeneous tree on

w® x w,, for C*. Let U be a homogeneous tree on w x w,, for WO, satisfying
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-,

(x). Define a tree V on w? x w,, X w X w,, as follows. Set (p,s, &, u,3) € V
iff (s,d) € U and if u = (u(0),...,u(n — 1)), then the u(i) code more
and more of reals ug,u,... and reals wg,wy,.... Each u(j + 1) extends
the array coded by u(j) by adding one extra pair (u;(k),u;+1(k)) for some
i, k, and one extra value w;(k). For each i,k, if the pairs (u;(0), u;4+1(0)),
ooy (ui(k — 1), u;41(k — 1)) are added at stages qo,...,qx—1 < n, then we
require that

(p”ﬁ Srkvui rkvui-i-l ”f,wi rkv (ﬂQ(ﬂ s 7ﬂqk71)) S T2*

Again, V embodies the Kunen-Martin construction for the relation C'. The
tree V is also homogeneous, witnessed by measures My s, = Vs X Lp su
where v; are the homogeneity measures for U and s, are measures of
the form M7Rr.s.v for some type-1 trees of uniform cofinalities Rp,s, Wwhich
are simply obtained from the type-1 trees giving the measures for T; [Note
that for any two type-1 trees R; and Rq, there is a type-1 tree R whose
measure M7 projects naturally to both M7*1 and M7=2].

We now apply the homogeneous tree construction to V' to produce a tree
S on w X 5;) such that for all z, .S, is ill-founded iff V, is well-founded. For any
p € w<¥, let <y, denote the Kleene-Brouwer ordering on Vj,. In specifying
the Kleene-Brouwer order, we must say how the tuples (s(n), ay,, u(n), 8,)
are ordered. In comparing two such tuples, it is important (at least for
n = 0) that we order first by a,, (the remaining order is unimportant). We
define (p,¥) € S iff there exists an f which is order-preserving and of the
correct type from V}, with the Kleene-Brouwer order to 5%, and f represents
7 in the following sense. First, we require o = sup (f). Let (s;,u;), i > 1,
enumerate the pairs of finite sequences of the same length, with lh(s;) < i.
Then ~;, for ¢ > 1, is represented with respect to M, (s;),s;,u; Py the

-,

function f%i%i (&, ﬁ) = f(si,d,u;,B). The weak partition relation on 5:1,,
shows that S is homogeneous (though we don’t need this for the proof).

If z € P, and hence V, is well-founded, then easily S, is ill-founded and
in fact there is a 4 with (z,7) € [S] such that vo < w - | <y,|, where <y,
is the Kleene-Brouwer ordering on V,. That S, being ill-founded implies
z € P will be shown below.

We define now the c.u.b. set C C 5% as required. Fix for the moment
a<wsy, B< 5%. Let

P,pg={z:V¥d <« A% is well-founded of rank < 3}.

A standard computation, using the closure of A} under < &3 unions and
intersections shows P, 3 € Aé. Note that if z € P, g then V, restricted

-,

to tuples (s, d,u, ) such that ap < « is well-founded; this uses property
(%) of the tree U. Since P, € X3 and is thus w,-Suslin, an easy tree
argument shows that b(c, 3) = sup {|aly.: z € Py 3} < 83, where by |aly,
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we mean the supremum of the ranks of (s(0), o, u(0),70) in the Kleene-
Brouwer ordering of V.. This defines the function b: wo x 83 — &5. Let
then C' C &3 be a c.u.b. set consisting of limit ordinals and closed under b.

Suppose now § € C and cof(d) = wy. Let h: we — § be increasing and
cofinal. Let z € w® be such that Va < wy A is well-founded of rank
h(c). Thus P(z), and for all @ < wa, 2 € Py p(a). For all a < wy we have
|aly, < b(a, h(a)) < 6. Hence there is an order-preserving map f from the
Kleene-Brouwer ordering of V, to §. If f represents 7, then vy < § and for
all n, Tn < Suij 5)

p;s,u

Suppose now (z, (8o, B1,...)) € [S]. We show that z € P, and if we let
h(a) = |A2]| for o < wa, then sup (h) < By. For each j, let f;: Vi — &3 be
order-preserving representing (f1,...,3;), and with 8y = sup (f;). Recall
that for ¢ < j and ¢ > 0, (3; is represented with respect to M. 1n(s,),s;,u; =
Vs; X Mzl n(s),siu; DY the function f7»". For each i > 0, let E; be a

-,

M.} 1n(s,),s;,u; Measure one set such that for all j1,j2 >4 and all (&, 3) € E;
we have 7" (a, B) = fi"i(@, f). For (@,0) € E;, let f54i(&, ) denote

J2
the common value of f;i’“i(o?, B) for j > i. Let A; be a vy, measure one

set such that for all @ € A; we have that for p;;m(s,),s, u, almost all 5 that

-,

(@,p) € E;. Consider now o < we, and fix x € WO, with |z| = a. By

homogeneity of U, fix & = («p, @1, ... ) such that (z, &) € [U] and for all k,

alk € (), A;, where the intersection runs over the i such that s; = «[k.
Consider the tree

VawaNB={(uf): (z1h(u),z] h(u), @] h(u),u,F) € V

ABe B th(w),2 h(w),u}

where B ih(u),el h(u),u 18 @ Mz lh(u),z Ih(u),w Measure one set such that
{alTh(u)} X B} h(u),et h(u),w S Es where i is such that (s;, u;) = (x[1h(u), u).
The map (u, 5) — frih@e (G 1h(u), 5) is order-preserving from the Kleene-
Brouwer order of V, ; & NB to Bo. In particular, the tree Vz,myaﬂé has rank
at most By. On the other hand, the proof of the Kunen-Martin theorem
shows that the tree of finite sequences (yo, ..., y,) of reals such that for all
i <n,C(z,2,Yit1,Yi), embeds into V, , & NB (we use here the homogeneity
of Ty, which allows the “witness sequences” from the Kunen-Martin proof
to be chosen in the B sets). Thus, A2 is well-founded of rank at most
|Vsw.a N B| < Bo. Since o < wy was arbitrary, we have sup (k) < fo.

We have proved the theorem for points of cofinality ws. A similar (but
slightly easier) construction works for points of cofinality wy, using WO in
place of WO,. The cofinality w case, we already observed, is the Kunen
result. o
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5.4 Remark If {¢p}neo is the semi-scale on P corresponding to S (us-
ing left-most branches), then one can show that {¢,} is a (not necessarily
reqular) TI}-scale.

From theorem 5.3, Martin’s theorem now follows quickly.

5.5 Theorem (Martin) There is a tree T on w x 8y such that for all
f: 85 — 85 there is a z € w* with T, well-founded, and a c.u.b. C C &3
such that for all « € C, f(a) < |T.[sup j,(a)|, the supremum ranging over

measures v occurring in the homogeneous trees on Iy, II;-complete sets.

Proof. The argument is now almost identical to the Kunen case. Fix P, S as
in theorem 5.3. Let W be a tree on w X w,, such that p[W] is 2§—Complete,
and thus sup {|W,|: W, is well-founded } = &3. Let U be the tree on
w? X 83 X w X w, defined by:

- -

(P, 5,0, u,0) €U < (s,d) € SA(u, f) e W
A Jo(o extends p A o(s) = u).

If f: 6% — 6%, then play the game where I plays out z, II plays out y, and
II wins iff (z € P) — (W, is well-founded and [W,| > f(|z|)). II wins by
boundedness (a X7 subset of P codes a bounded below 5% set of ordinals).
If 0 is a winning strategy for II, and C is as in theorem 5.3, then for all
a € C, |Uylsupj,(a)] > f(a). Weaving the second, third, fourth, and fifth

v
coordinates of U into a single coordinate produces a tree T' as desired. -

We refer to the tree T of theorem 5.5 as the Martin tree.

In [11] a version of Martin’s theorem is presented which does not get the
extra information about the homogeneous scale, but which refines slightly
the inequality. Actually, the refined inequality can also be obtained by ex-
amining the proof of theorem 5.3. Nevertheless, this second variation of the
proof has, we feel, enough advantages to warrant presenting. Specifically,
we will use this second variation of the proof in theorem 5.7.

5.6 Theorem (Martin) There is a tree T on w x 8y such that for all
f: 5513 — 5:15, there is a z with T, well-founded and a c.u.b. C' C 5% such that
for all a € C, f(a) < |T.Tsupj, ()|, where if cof(a) = wy the supremum

ranges over the measures W occurring in the homogeneous tree on a IIj-
complete set, and if cof(a) = wa, the supremum ranges over the measures
occurring in the homogeneous tree on a TIy-complete set (if cof (o) = w, we
use |T.lal).

Proof. The proof of this version is similar to that of the version presented
above, so we give a sketch. Let P, U be as in theorem 5.3, and let vs be
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the homogeneity measures for U. Define (where A¢ is as in the proof of
theorem 5.3)

P'(z,z) — x € WOy A Al*lis well-founded .

Thus P’ € II} and P(z) < Vx [z € WOy — P’(z,z)]. Let V be a homo-
geneous tree on w X w x 83 for P’ with §3-complete measures p; (which
the usual homogeneous tree construction gives). Define now the tree W on
wx 83 as follows. Let {s, }ne, be an enumeration of w<* with any sequence
preceding its extensions. Define ((z(0),...,z(n —1)),(Bo,...,Pn-1)) € W
iff for all j < n, if s; = (s(0),...,s(k—1)) and go < ¢1 < --+ < Gg—1 = j
are such that sq, = (s(0),...,s(1)), and fo,..., fx—1 represent By, ..., Bg_,
with respect to vgq), .- -, Y(s5(0),...,s(k—1)), then

Vr/sj’YOa s Yk—1 (Zrkasj7 (fO(VO)? B fk—l(’YOa s a'yk—l))) evV.

We claim first that P = p[W]. p[W] C P is easily checked, and uses only
the homogeneity of U. If z € P, consider the ordinal game G, where I plays
out z € w”, @ = (ag,a1,...) € (ww)¥ with ag < wy, II plays out d € (63)%,
and II wins iff Vo [(z]n,@n) € U — (z[n,z|n,d[n) € V]. The game
is closed for II, hence determined, and the usual homogeneity argument,
using the 5% completeness of the measures for V', shows that I cannot have
a winning strategy [otherwise, by Jé—completeness of the measures p, ¢, we
could stabilize I’s moves on measure one sets, and then by the homogeneity
of those measures, get a play for IT which wins]. A winning strategy 7 for
IT then gives functions f,, and thus ordinals (3;, such that (z,ﬁ) e [W].
Namely, if lh(s;) = k, then (; is represented with respect to vy, by the
function fSi (’yOa s 7’7’671) = T(Sia (’yoa s 771{:71))'

Fix for the moment a < ws, 8 < 6%. Let G, o be the game defined just
as G, except I's first ordinal move g satisfies ag < . Let P, g be as in
theorem 5.3. For z € P, g, let b(z, ) < 5% be least so that II has a winning
strategy in G, playing ordinals < b(z, o) (this exists since 5% is regular).
We claim that b(c, 3) = sup {b(z,a): z € P, 3} < d3. This follows from the
fact that P, g is w,-Suslin. To see this, consider the auxiliary game where
I plays out z,z € w¥, ¥ € (Ww)¥, @ € (ww)* with oy < a, and 1T plays out
§ € (63), and II wins iff

Vn [((zIn,7In) € Us A (zIn,@ln) € U) — (2In,x[n,8n) € V],

where Us is a tree on w X w,, with p[Us] = P, g. II again wins, and b(a, ) <
any ordinal n large enough so that II can win this auxiliary game playing
ordinals < 7.

Let now C C 6% be a c.u.b. set consisting of limit ordinals and closed
under b. Let § € C with cof(d) = wa. Let h: ws — ¢ be increasing and
cofinal, and z € P be such that Yo < wa |AZ| = h(a). Then we claim that
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z € p[W lsup j,(6)], the supremum ranging over the measures v, for U. We

must showythat IT can win G, playing only ordinals < 4. If I first moves
(2(0), ag), II picks the least ordinal n < b(ag, h(a)) < § such that II can
win G, starting from that position playing only ordinals < 7. II then
follows the canonical winning strategy for the closed game G o [7.

Thus, we have produced a tree W and a c.u.b. C such that P = p[W]
and for all & € C of cofinality wo there is a z € p[W[sup j,_ ()] such that

|z| = «, that is, @ = sup |A?|. Again, the argument for cofinality w; points

B<ws
is similar, using WO instead of WO5. The argument now finishes exactly
as before (i.e., theorem 5.5). =

Theorems 5.5, 5.6 are the correct extension of the Kunen analysis on w; to
3. The fact that the identity function of the Kunen analysis is replaced by
a — sup j, (@) is, at bottom, the source of the combinatorial complications

14
at the higher levels.

The proofs of theorems 5.3, 5.5, and 5.6 are quite general. For example,
the proof of theorem 5.6 generalizes to the following (the proof is identical
to that of theorem 5.6 so we omit it).

5.7 Theorem Let A\ < k be reqular cardinals, and T' a non-selfdual point-
class closed under ¥V~ , A, V. Assume:

1. There is a A coding of the ordinals less than A. That is, there is a A
set C Cw® and a map x — |z|c < A for x € C such that the relations
(x1,22 € CA|z1|e < |22]l0) and (x1,22 € C A|z1|c < |x2|c) are both
n A.

2. There is a homogeneous tree U on C such that for all x € C, |x| <
Yo(x) < A, where {1} is the semi-scale corresponding to U.

8. There is a map z — A, C X X K, for z € w¥, satisfying:

(a) Vf: AN — kK 3Iz A, = f.

(b) The relation P'(z,z) < [x € C N3G A (|z|c, 5)] isin T.

(c) Foralla <\, B <k, Pog={z:Va <a 3 <8 [A(,0)A
VE"(A(o, ") — 8" = B")]} is in A.

4. Bvery T set admits a homogeneous tree on k with k-complete measures.

5. Every A set is a-Suslin for some a < k. Also, if AC P ={z:Vx €
C P'(z,x)} is in 3" A, then sup {|z|: z € A} < K, where for z € P,
|z| is the supremum of the range of the function A,: X\ — k.
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Then there is a tree W on w x k with p[W] = P and a cu.b. D C &
such that for all « € D with cof(a) = A, there is a z € P with |z| = a and
W I(supjo()) is ill-founded, the supremum ranging over the measures v

v
for the homogeneous tree U.

5.8 Remark The hypotheses imply that the prewellordering property falls
on the T' side. For if not, then T is closed under well-ordered unions. From
(8c) it follows that there is a k increasing sequence of A sets. Thus, there
is a T' prewellordering of length k. If A is not closed under 3°°, then by
(5) this prewellordering is a-Suslin for some o < k, a contradiction. If A
is closed under real quantification, then k = o(A), and A is closed under
< k unions. Then P is a union of A sets, so is in ', and hence in A. This
contradicts (5). Thus, pwo(T"). Similarly, it can be shown that A is closed
under < K length unions and intersections.

This general form of Martin’s theorem is particularly useful when com-
bined with another result of Martin and Steel (c.f. [28]) which provides the
existence of homogeneous trees in a general setting. We recall this theorem.
Let {s;}icw be an enumeration of w<* with each sequence preceding its
proper extensions, and such that if s;, =t"a, s; =¢t7b, thena <b — ¢ < j.
View each real o as a strategy for Il via o(s; 1) = (i) (note so = 0).

Let T’ be a Steel pointclass (i.e., T' is non-selfdual, closed under e,
pwo(I'), and A is closed under real quantification). By red(T"), let U,V C
(w?)? be disjoint T' sets such that for every disjoint T' sets A, B C (w*)?
there is an © € w* with A = U,, B = V,. We say A is uniformly closed
under 3% if the relations

R(z,z) < Vz,w [Uz(z,w) V Vi (z,w)] A Jw Uy (2, w)
S(z,z) « Vz,w [Ug(z,w) V Vy(z,w)] AVw Uyp(z,w)

are in I'.

5.9 Theorem (AD) (Martin, Steel) Let T' be a non-selfdual pointclass, A €
T — T, and assume A and A° are both Suslin. Let B = {o: Yy o(y) € A}.
Then B is V" T-complete and B admits a scale {1, } whose corresponding
tree Ty, is homogeneous. If {¢y,} is a T’ very good scale on A and either T' is
closed under 3*° or A is uniformly closed under 3*°, then {tn}is a v T
scale. If T' is closed under V¥, countable unions and intersections, then the
measures in Ty will be k-complete, where k = the supremum of the lengths
of the A = T'NT prewellorderings of the reals.

Combining this with theorem 5.7 we have the following.

5.10 Theorem (AD +V = L(R)) Let k < 82 be a regular limit Suslin car-
dinal, and A < k be regular. Let T be the pointclass closed under V" such
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that S(k) = 3*"T. Assume there is a A coding of X with homogeneous tree
U as in (1), (2) of theorem 5.7. Then there is a tree W on w X £ with
p[W] = P, a T-complete set, and a map z — |z| < k for z € P satisfying:

1. If SC P isin A, then sup{|z|: z € S} < k.

2. There is a c.u.b. C C k such that for all o € C of cofinality X\, there
is a z € P such that |z| = a and W, [(sup j,(«)) is ill-founded, the

supremum ranging over the homogeneity measures v for U.

Proof(sketch). T is closed under countable unions and intersections from
[35], and also from [37] T has the scale property. The proof of theorem 3.3
of [35] also shows that A is uniformly closed under 3*”. Note also that &
is the supremum of the lengths of the A prewellorderings, and A is closed
under < k unions and intersections. By theorem 5.9, some I'-complete set
admits a homogeneous tree with k-complete measures, and thus so does
every I' set. The coding z — A, C A X k is given simply from the coding
lemma (relative to some A prewellordering of length A and some I'-norm on
a I'-complete set). We define P, W as in theorem 5.6, using a homogeneous
tree V with x-complete measures for P’. (1)-(5) of theorem 5.7 are easily
checked. o

We note that if \ is a regular Suslin cardinal, the hypotheses of the
previous theorem are automatically satisfied. For there is a non-selfdual
pointclass A closed under V¥~ with the scale property such that X is the
supremum of the lengths of the A = A(A) prewellorderings. If A is inacces-
sible, A is uniformly closed under 3¢“. If X is a successor Suslin, then from
theorem 4.3 of [37], A = V*“ A~ with A~ closed under 3*° with scale(A ™).
In either case, by theorem, 5.9, there is a A-scale {¢,} on a A-complete
set C whose tree U is homogeneous. We must have ¢y onto A in this case
(assuming without loss of generality that the scale is regular, i.e., all norms
map onto an initial segment on the ordinals). Letting our coding of A be
given by |z| = ¢g(z) for x € C, this verifies (1), (2) of theorem 5.7.

We make some comments on the possible significance of theorem 5.10
to extending the inductive analysis of the projective sets to higher levels
of L(R). In analyzing the measures on k, the first step of the proof of
theorem 4.8 shows it is necessary to have at hand an analysis of the functions
on £ with respect to the semi-normal measures (the measures that give every
c.u.b. set measure one). At successor Suslin cardinals, theorem 5.7 and the
analysis below k should give the analog of theorem 5.6. If x is singular, there
should be no analog of Martin’s theorem required, though other methods
become necessary (we will discuss some of these in the next section). For &
inaccessible Suslin, theorem 5.10 is a step towards providing the necessary
result, but is not complete as it handles only the normal measures on
corresponding to fixed cofinalities A < k.
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5.2. Some Canonical Measures

For the remainder of this section we return to the projective hierarchy, and
discuss the other main ingredient; the theory of descriptions. As we said in
the introduction, our purpose here is not to present complete details, but
rather to exposit the main ideas. We will frequently illustrate a proof by
considering a case which shows the central idea.

According to theorem 5.6, in analyzing functions f: 6:13 — 6;) with respect
to the w; cofinal normal measure, we need to consider ultrapowers by the
measures W{". There is nothing more to say in this case. With respect to the
wsy-cofinal normal measure, we need consider ultrapowers by the measures
M™ occurring in the homogeneous tree on a I3 set. One suspects that
there is a combinatorially simpler family which “dominates” these measures.
Indeed, it simplifies considerably the resulting theory to have such a family
at hand.

Let <,,, be the ordering on (w1)™ corresponding to the permutation 7 =
(m,1,2,...,m —1). Thus,

(A1y- e ym) <m (B1,- o, Bm) <
(am7a17~ .. 7am—1) <lez (ﬁmvﬁla s aﬁm—1)~

Recall that a function f from the domain of a well-ordering < to the
ordinals is of the correct type if it order-preserving with respect to <, of
uniform cofinality w, and everywhere discontinuous.

5.11 Definition S7* is the measure on wm,41 nduced by the strong parti-
tion relation on wy and functions h: dom(<,,) — wi of the correct type.
That is, A has measure one if there is a c.u.b. C C wy such that [flwm € A
for all f: dom(<,,) — C of the correct type.

Thus, S% is the w cofinal normal measure on wy. We let W7 denote the
collection of measures W{", and S; the collection S7".

According to the next theorem, we need only consider ultrapowers by the
measures S7” in theorem 5.6.

5.12 Theorem There is a c.u.b. C' C 6% such that for all € C of cofin-
ality wo, sup j,(0) = sup jsm (), the first supremum ranging over measures
14 m

v of the form M™ for some type-1 tree of uniform cofinalities R.

We let C' be the set of @ closed under the embeddings j,, for v = M7*
(recall theorem 4.35). The theorem follows easily from the following lemma:

5.13 Lemma Let v = M®. There is an m € w, a measure W on wy,, and
a function h: w1 — (W)=Y satisfying the following:
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1. Vyma 37 € dom(v) V.8 h(a)(8) < 7. By h(a)(8) <7 we mean that
if 7 is represented by f: dom(<®) — wi of type R, and h(a)(3) by
g: dom(<®) — wy of type R, then [g<p1’i1>]W11 < [f<pl’il>}W11 for all
(p1,%1) € domR.

2. If A € dom(v) has v measure one, then Vima V, 3 h(a)(83) € A.

To see this proves the theorem, fix § = [F], < j,(0), where 0 € C.
Define € by: Vima V)5 e(a)(8) = F(h(a)(8)). From (2) this depends
only on [F],, and from (1) it follows easily that ¢ < jgm(6). [We use here
the fact that if F: dom(v) — ON, then there is a v measure one set A
such that if f,g: dom(<®) — w; of type R represent [f],[g] € A and
[gtPri)] < [fPri)] for all (p1,i;) € dom(R), then F([g]) < F([f]). This
follows by an easy partition argument.] From (2), the map 7(J) = € is an
embedding of j, () into jsm (6).

The lemma is proved by a direct construction of the measure u. We
illustrate with a case. Suppose <™ is lexicographic ordering on tuples
(71,41, 72,v3) where 73 < 72 < v1 < wy, and i; € {0,1} (we have removed
irrelevant indices from our notation now). Also, v is induced by functions
f: dom(<™®) — w; of the correct type (v is actually the two-fold product of
the measure on wy corresponding to the permutation (3,2, 1)). In this case,
take m = 4 and p = W x S?. We define the function h as required. Let a <
ws be represented by f,: dom(<4) — wy of the correct type. Define h(«) so
that for almost all B: (61, P2, 03) € dom p, s0 B1 < P2 < wy and f3 < ws is

-,

represented by fs,: dom(<s3) — wy of the correct type, h(a)(8) € dom(v)
is represented by h(a)(B8)((v1,i1,72,73)) = fa(Bir, V2, f3, (43, 72), 7). 1t is
easy to check that this is well-defined and satisfies (1), (2). O

We state one more embedding theorem which helps to simplify the anal-
ysis. By theorem 2.14, 5% = )\;r, where A5 is least such that every 1‘[}1 set
is As-Suslin. The weak partition relation on 5;) and the homogeneous tree
construction shows every Hé set admits a homogeneous tree with measures
Vs on 5:1,,. Thus, every 2411 set is weakly homogeneous with the same family
of measures. The homogeneous tree construction again shows every 1'[411 set
is A-Suslin, where A = sup j, (6;)7 v ranging over the measures in a homoge-

1%

neous tree on a H:l,)—complete set (granting the strong partition relation on
d3, the resulting tree on w x X is also homogeneous). Thus, A5 < A. Com-
puting the upper bound for 6% is thus reduced to bounding the ultrapowers
5u(83)-

Again, one suspects that a simpler family of measures will suffice here.

5.14 Definition WJ" is the measure on 8} induced by the weak partition
relation on 6%, functions f: w1 — 6:13 of the correct type, and the measure
S™ on wyy1. That is, Wi (A) = 1 iff there is a c.u.b. C C 85 such that
for all f: wmi1 — C of the correct type, [flsm € A.
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5.15 Theorem Let v be a measure on 651)) occurring in the homogeneous
tree on a II3-complete set. Then for some m € w, j,(83) < ngn((sé).

5.16 Remark The theorem actually holds for any measure v on 6%, al-
though this requires the analysis of measures on 6% to show. The proof of
theorem 5.15 is similar to that of theorem 5.12. The reader can find the
details in [11].

5.3. Higher Descriptions

In view of theorem 5.15, the basic problem in computing the upper bound
for &3 is to analyze equivalence classes of functions F: 83 — &3 with respect
to the measures W3". This leads us to the notion of a level 1 description.
It is helpful to consider some examples first.

Let us construct first an equivalence class of a function F': 85 — &3 with
respect to Wi. We must define F([f}s%), for f: wy — 5% of the correct type.
We will define F(f) for any such f, and note that our definition only depends
on [f]g:1. F(f) is defined to be the ordinal represented with respect to
K = S} by the function which assigns to [h]w; (here hy: w1 — wy is of the
correct type) the value F(f,[h1]). We will define F(f, hy) for any such hq,
and note that this depends only on [h1]y1, so we set F'(f, [h1]) = F(f,h1).
Finally, F'(f, h1) is the ordinal represented with respect to Ko = Si by the
function which assigns to [ho]y1 the value F(f,h1,ha) = f([h1 o holw).
Extending our earlier notational convention, we abbreviate this definition
by saying V*f V*hy Y*hy F(f, h1,h2) = f([h1 o ha]). We could also write
V*f V*hy YV*hy F(f, h1,h2) = f([h]), where Viyaa h(a) = hi(ha(a)).

It is easy to see that this definition is well-defined. Note, however, the
map (h1,h2) — f([h1 © haly:) is not well-defined with respect to St x Si,
that is, it does not just depend on [h1]y;, [he]w;. Note also that it is
important that we compose the functions hi, ho in the order shown; the
other way does not lead to a well-defined definition.

This simple example shows that the basic operation of composition leads
to well-defined definitions of equivalence classes of functions F: §3 — 3.
In the general definition of a level 1 description, we generalize by allow-
ing finitely many functions hi,...,hs, where each h; is either a function
h;: dom(<,,) — w; of the correct type, or a finite tuple of ordinals 3, <

- < Bm < wp. That is, instead of Sll in the example above, we allow
measures S, W™

We first consider one more example. We define now the equivalence class
of three functions F, Fy, F3 with respect to the measure W3. Thus, we
must define Fj([f]sz) = Fi(f) where f:w; — 3 is of the correct type.
In all three case we will use the sequence of measures K; = Ky = S%,
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K3 = W2. We define F; by:
V[V ha VU haV hs = (B, B2) Fi(f, hs he,hs) = sup{f(0): 6 < [h]w2},

where V;Vfo‘hO‘Q h(ag,a2) = hi(1)(as2) (recall hi(1)(a2) = sup hi(y, a2)).
y<oz
We define Fs(f, h1, ha, hs) = f([h]), where

h(ai, az) = hi(ha(1)(a1), a2).
We define F5(f, h1,ha, hs) = f([h]), where
h(ai, ag) = hi(ha(B2, 1), az).

It is easy to check that all three functions are well-defined, and that vV}, [f]
3

F5(f) < Fo(f) < Fi(f). We will return to this example in a moment.

In general, a description d will be a finitary object defined relative to
a sequence Ki,...,K; of measures, each of the form W or S7. It will
describe how, given the functions hq,...,h:, to generate the function h
as in the above examples. In the first example, h: w; — wi, and in the
second example, we had h: (w1)? — w; in all three cases. In general we
will have h: (w1)™ — w; for some m € w. The set D of descriptions will
be partitioned accordingly as D = |JD,,. The d € D,,, which we call

m
the m-descriptions, will thus generate h: (w1)™ — w; given the functions
hi,...,hiy. We write also D,,(K,...,K:) to denote those m-descriptions
defined relative to K1, ..., K;.

Thus, in the first example the underlying description (which we haven’t
defined yet) lies in D;(S:,S7), and in the second, the descriptions lie in
DZ(Sl27 8127 W12)

Given a description d € D,,, (K71, ..., K;), we will write h(d; h,...,ht) to
denote the function h: (w1)™ — w; generated according to d from the .

Fix now m € w and the sequence K, ..., K;. The primitive descriptions
in Dy, (K1, ..., K};) are those which do not involve composing functions. We
refer to these as the basic descriptions, and the others as non-basic. As we
define the descriptions, we simultaneously define k(d) € {1,...,t} U{co} for
each description which gives the least & so that the function hy is involved in
the definition of h(d; ﬁ) As we define the descriptions, we also define how to
interpret them, that is, we define h(d; h)(ay, . .., o). For hy, : dom(<,) —
wy order-preserving, and [ < r, recall the definition of hy(l) : (w1)! — wy
from definition 4.22. In this case it reduces to (for I = r, hy(l) = hy):

hk(l)(alv"'7al) = Sup{hk(ah'"7al—17ﬂ17"'aﬂ7‘—lval) :
a1 <P <o < B < ag}
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5.17 Definition (Descriptions)
1. (Basic) We allow:

(a) d = (p) where p is an integer 1 < p < m (which we put in
parentheses to distinguish from a level -1 description). We define
h(d; R)(on,. .., am) = ap. We set k(d) = .

(b) d = (k;p) where 1 < k < t, Ky, is of the form Ky = W], and
1 < p <r. In this case, we define h(d; i_i)(al,...,am) = 0Bp,
where hy, = (B1,...,0r). We set k(d) = k.

2. (Non-Basic) Suppose 1 <k <t and K, = S7. We allow:

(a) d = (kidy,dy,...,dy), where dy,....didy € Don(Ko, ..., Kp), 1 <
r, and k(d1),.. .,k(d)),k(d,) > k. We set k(d) = k and define:

— —

h(d; h)(@) = hi(1+ 1) (h(dy; R)(@), - .., h(dy; B)(&), h(dy; ) (&)

(b) d = (k;d,,dq,...,d;)°, whereds,...,d,d. € Dy (K1,...,K;), 1 <
r, k(dy),... . k(d)),k(d,) > k, and s is a formal symbol (which
stands for “sup”). We require in this case thatr > 2,1>1. We
set k(d) = k and define:

h(d; h)(@) = sup {hx(l + 1) (h(dy; B)(@), ..., h(di_1; D), B,
h(d,; h)(&)): B < h(dy;h)}.

We write (k;dy,di,...,d;)® to indicate the symbol s may or may not
appear.

This completes the definition of D and the “interpretation function” h.
We will write d™ when we wish to emphasize d € D,,. In the first example
above, the description is given by d' = (1;(2;(1))). In the second example,
the three descriptions are given by d2 = (1;(2)), d7 = (1;(2);(2;(1))), and
d? = (1;(2):(2; (1), (3;2))). }

If dy,ds € 'Dm(Kl, .. .,Kt), define dy < do iff V*hy...V*h, h(dl,h) <
h(ds; h) almost everywhere. Here V* refers to the measure on functions of
the correct type induced by the strong partition relation. Note that in a
non-basic description d = (k;d,,ds,...,d;) the component descriptions are
listed in their order of significance in determining h(d; ). It is not difficult
to reformulate the < relation on D,,(Ki,..., K}) in a purely “syntactical”
manner, we leave this to the reader.

The requirement that k(d,),k(d1),...,k(d;) > k = k(d) for non-basic
descriptions d is one of two necessary to ensure the equivalence class of
h(d; h) is well-defined with respect to the measures K, ..., K;. This guar-

antees that for almost all hgiq,..., ke, the values h(d,; i_i)(éi), etc, that we
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are putting into hj will lie in a c.u.b. set on which two functions hg, hj,
(with [hy] = [h}]) agree. The other requirement is that these values be in
the correct order. We can now state this requirement, which is referred to
as “condition C”.

5.18 Definition (Definition of C) We say d € D satisfies condition C if ei-
ther d is basic or else d is non-basic, say of the form d = (k;d,,d, ... ,dl)(s),
all d,,dy,...,d; satisfy C, and di < ds < ... <d; < d,.

It is now easy to check that if d satisfies this condition, then the equiva-
lence class of h(d;h) is well-defined in the following precise sense:

5.19 Lemma Suppose d € D, (K1, ..., K;) satisfies condition C. Then for
almost all hy, if [R}] = [h1], then for almost all hy, if [hS] = [he], ..., for
almost all hy if [hy] = [he], then [h(d; ha,. .., he)lwm = [M(d; RY, ... hy)lwm.

O

All of the descriptions in the examples above satisfy C.

From now on, we officially let h(d;h) be the ordinal < wp,+1 (where
d € D,,) represented by the function h.

We expand a little our notational convention mentioned at the end of the
introduction. Suppose K7, ..., K¢ is a sequence of measures, d € D(Ky, ..., K})
satisfies C, and P C ON. When we write

V*hflv-'wht P(h(d7h177ht))7

we mean: Vi m if [h1] = n1, then Vi no if [ha] = 02, ..., Vi, e if [he] = ny,
then P(h(d;hy,...,ht)). If # € ON, we write

Vhy,... he P(O(ha,... he))

to mean: if we fix a representing function n; — 6(n;) for 6 with respect to K
then V. n1 if [h1] = 1, then if we fix a representing function ny — 6([h1], 72)

for O([h1]) with respect to Ky, then Vi m if [hao] = n2, ..., if we fix a
representing function n; — 0([h1], ..., [he—1],m:) for 6([h4], ..., [he—1]) with
respect to Ky, then Vi 1 if [hs] = n¢, then P(O([h1], ..., [he]))-

We can use these conventions simultaneously. For example, for d satisfy-
ing C we may write

Vhi, .. by cof(h(dsh, ... he)) < O(ha,. .., hy).

This abbreviates: Vi n if [h1] = m1, then Vi, m2 if [ha] = ma, ooy Vi, me if
[he] = nt, then cof(h(d; hy,...,ht)) < O([h1],...,[he]). Written out in full,
this becomes: if n; — 6(n;) represents 6 with respect to K, then Vie,m,
if [h1] = m and 9y — 6([h1],m2) represents O([h1]) with respect to Ko,
then Vi ma, if [ho] = n2 and n3 — O([h1], [h2], n3) represents O([h1], [h2])
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with respect to K3, ..., Vi n:, if [h¢] = 1, then cof(h(d;hy, ..., ht)) <
O([h1], ..., [he]). Such a statement is well-defined by lemma 5.19.
Recall the purpose of a description d € D,, is to generate an ordinal
@ < W41 which we can plug into a function f: w41 — 5% in our attempt
to generate an equivalence class [F}WSm By “plug in” we mean either take
f(a) or sup f('). Condition C guarantees the ordinal « is well-defined in
a’' <o

an appropriate sense. However, it does not guarantee a will be representable
by a function h: dom(<,,) — w; of the correct type, or that it is a limit of
such ordinals. Thus we introduce another condition, condition D, below.

First we extend slightly the notion of a description. Let D,, be the set
of objects (“extended descriptions”) of the form (d) or (d)® where d € Dy,
satisfies C, together with one new object ()°. We write (d)*) to denote
either (d) or (d)*.

5.20 Definition (Definition of D) Suppose d € D,,,(K1, ..., K;). Then:

1. (d) satisfies condition D if V*hy, ... hy h(d;R): (w1)™ — wy is of the
correct type almost everywhere (i.e. restricted to a measure one set
with respect to W™ ).

2. (d)* satisfies condition D if Vhy, ..., hy h(d;h) is the supremum of
ordinals representable by functions h: (w1)™ — w1 of the correct type
almost everywhere. We also define ()® to satisfy D.

We can now describe our generation of equivalence classes.

5.21 Definition Letm € w, K1,..., K, € W1USy, let (d)®) € D,, (K1, ...,
K,) satisfy condition D, and let g: 5:1,, — 5;,. We define an ordinal which we
denote by (g; (d)®); K1,...,K;). We represent this ordinal with respect to
W3 by the function which assigns to [f]sm the ordinal (g; f; (d)®); Ky, ...,
Ky), for f: wmi1 — 6;) of the correct type. We represent (g; f; (d)®); Ky, ...,
K) with respect to Ky by the function which assigns to [hi] the ordinal
(g: f; () hy, Ko, ..., K,), and in general, represent (g; f; (d)®);hy, ...,
hi—1, K, ..., K) with respect to K; by the function which assigns to
[hi] the ordinal (g; f; (d)®);ha, ..., hi, Kit1, ..., K;). Finally, we define
(g; f; () hy, ..., hy) by cases as follows:

1. If s does not appear, then (g; f;(d); hi, ..., he) = g(f(h(d;h))).

2. If s appears, then (g; f;(d)%; hy, ... h) = g( sup f(B)).
B<h(d;h)

3. For the object ()*, we define (g; f; ()% h1,...,he) = g( sup f(B)).

B<wm+1
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Of particular importance is the case g = id, the identity function. In the
first example considered previously, the equivalence class [F]] Wi constructed
was (id; (d); K1, Ka), where d = (1;(2;(1))), and K; = K, = Si. The three
functions of the second example represent the ordinals (id; (d,)®; K1, K2, K3,
(id; (dp); K1, Ko, K3), and (id; (d.); K1, K», K3) respectively.

It turns out, though we will not prove this fully here, that the cardinals
03 < K < (83)~ are precisely the ordinals of the form (id; (d)); K1, ..., K).

We have thus seen how descriptions generate equivalence classes of func-
tions F: 83 — &3 with respect to the measures WJ", just as the trivial
descriptions did for functions F': wy — w; with respect to the measures
W™, definition 4.3. The main task remaining is to formulate and prove a
result analogous to lemma 4.5, the “main lemma” in the theory of trivial
descriptions. To do that we need the correct analog of the lowering operator
L (which we will still call £).

If we fix m € w and measures K1q,...,K; € Wy U Sy, then the relation
< on D,,(Ky,...,K;) is a linear ordering. For d € D, (K, ..., K;), L(d)
will again give the description preceding d in this ordering, except for a
unique minimal description. For the sake of completeness we will give the
complete definition of £, though will be content to illustrate the proof of the
main lemma through one of our examples. The £ operation is defined by
defining a series of approximations £* to it. £¥(d) will only be defined for
d with k(d) > k. Roughly speaking, £* is the result of holding hy, ..., hs_1
constant and lowering with respect to hyg,...,h; only. We will thus take
L(d) = £(d). Following [11], we define £ as follows.

5.22 Definition (Definition of £¥) Letm € w and Ky,...,K; € W1 US;.
Let k € {1,...,t} U{oco}, and assume d € Dy, (K1,...,K) with k(d) > k.
Then LF(d) is defined by reverse induction on k through the following cases:

I k=o00. So,d= (i) where 1 <i<m. Ifi>1, then L2(d) = (i—1). For
i =1, d is minimal with respect to L.

IT1<k<t.

1. k= k(d).

(a) d = (k;p) is basic. Forp > 1, we set L¥(d) = (k;p—1), and
for p =1 we define d to be minimal.

(b) d = (k;d,,dy,...,d;), where Ky, = ST and l = r—1. We
set LF(d) = (k;dy,dy,...,d;)* if 1 > 1, and if r = 1 and
d = (k;d,), we set LF(d) = d,.

(¢c) d=(k;d,,dy,...,d;), where K, = ST andl < r—1. First as-
sume | > 1. If L¥*1(d,) is defined and > d;, we set L¥(d) =
(kydy,dy, ..., di, LFYI(d,)). If £L¥1(d,) is not defined or
is < dy, we set LF(d) = (k;d,,dy, ..., d))*. Ifl =0 (so
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d = (k;d,)), we set LF(d) = (d.; LFTY(d,)) if L¥*1(d,) is
defined, and otherwise LF(d) = d,..

(d) d = (k;dy,dy,...,d))*, where K = ST (sol >1). We set
LF(d) = (kidy,dy, ..., di_y, LEPY(dy)) if L1 (dy) is defined
and if | > 2 also satisfies LK1 (d)) > dyj_1. Otherwise, we
set L¥(d) = (k;d,,dy, ..., di_1)® if | > 2 and for | = 1,
L£k(d) = d,.

2. k< k(d), Ky = W7.

(a) d not minimal with respect to L¥+1. We set L¥(d) = LFF1(d).

(b) d is minimal with respect to L¥+1(d). We set L¥(d) = (k;7).
3. k< k(d), K =157.

(a) d not minimal with respect to LT, We then set LF(d) =
(s L41(d)).

(b) d minimal with respect to L¥*1. Then d is minimal with
respect to L£F.

Recall our previous example where m = 2, K1 = Ko = S?, K3 = W2,
and we had the three descriptions d, = (1;(2)), d» = (1;(2);(2;(1))), and
de = (1;(2);(2;(1),(3;2))). The reader can check now that L£(d,) = dy,
L(dy) = (15(2); (2;(1)))*, and L((1;(2); (2; (1)))*) = de.

We also extend the £ operation to D,, (K1, ..., K;) as follows. We set
L((d)) = ((d)*), and L£((d)*) = (L®)(d)), where £P)(d) denotes the p"
iterate of £, and p is least so that £®)(d) satisfies condition D. If such
a p does not exist, we say (d)® is minimal with respect to £. Finally,
for the distinguished object ()%, we define £(()*) = (d)®), where d is the
maximal description in Dy, (K7, ..., K;) such that (d) or (d)* satisfies D (in
the first case, s does not appear, and in the second it does). If there are no
descriptions satisfying D, then ()* is declared minimal.

To illustrate, let m = 2, and consider the sequence of measures K1, Ko, K3
where K1 = Ko = S?, and K3 = W2. Applying the £ operation repeat-
edly to ()* € Dy(Ky, Ko, K3) results in a sequence whose first few terms
are: (dO)Sv (dl)v (d1)57 (dQ)’ (dQ)Sv (d3)7 (d3)sa (d4)sv (d5)7 (d5)sa (d6)’ (d6)57
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(d7), (d7)®, (ds), (ds)®, (dg), where:

do = (1;(2;(2)))

di = (1;(2:(2));(2;(2);: (1))

da = (1;(2:(2)); (2;(2);(1)))*

ds = (1;(2:(2)); (2:(2); (1))

de = (1;(2;(2)); (25(2);(1))%)*
ds = (15(2;(2)); (25 (2); (3;2)))
de = (15(2(2)); (25 (2)5(3;2)))°
dr = (1;(2;(2)); (25 (2)5 (3;2))%)
ds = (1;(2;(2)); (25 (2); (3;2))%)°
do = (15(2;(2)); (25 (2); (3;1)))

Note that (dp), and (d4) do not satisfy D.
We now state our “main lemma”, the analog of lemma 4.5.

5.23 Theorem (Main Lemma) Let (d)®) € D(K,,...,K;) satisfy D. Sup-
pose 0 < (id;(d)®);K,...,K;). Then:

1. If () is not minimal with respect to L, then there is a g: 63 — 8
such that 0 < (g; L((d)®)); K1, ..., K}).

2. If (d)®) is minimal with respect to L, then < 8.

We will illustrate the proof of the main lemma by considering the example
(dq)® above, where d, = (1;(2)). So, fix 6 < (id; (ds)®; K1, K2, K3). Thus,

Vivaf VY ha, o, hy [0(f, 1) < (id; f3 (da)*s B) = sup {£(7): v < hldas h)].
Hence,
V*f 36 YV Iy, ha, by [6(R) < h(de; B) AO(f,R) < f(5(R))].

Suppose now 6 € ON is such that V*hy, ho, h3 5(%) < h(dg;h). In other

words,

V*h17h27h3 V;Vfal,ag 5(5)(0&17012) < h(da;ﬁ)<a1,a2).

Recall that h(dg; h)(oq, an) = hi(1)(az) = sup hy (1, az). Thus,

n<aog

V*hl,hg,hg, V*Oq,ag E'T] < Qg [(5(]_1')(041,042) < hl(n,ag)].
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It follows that
V*hl,hg,hg E'g: w1 — w1 V*Oq,ag [5(};)(011,042) < hl(g(al),ag)].

In this expression, only the equivalence class of g with respect to Wi mat-
ters, and we may assume the g is of the correct type. Using the wy-additivity
of the measure S7, it follows that

—

V*hl,hg Egi w1 — Wq V*hg V*Oél,ag [(5(h>(0¢1,0&2) < hl(g(al),ag)].
For fixed h; of the correct type, and fixed §(hq1) € ON such that
V*hg Hgi w1 — Wi V*hg V*Oél,ag [5(h1)(h2, h3)(0[1,0[2) < hl(g(al),ag)],

we consider the partition P: we partition hy: dom(<z) — w; of the correct
type with the extra value g(«) inserted between ha(1)(a) and Np, (h2(1)())
(with g(«) of uniform cofinality w) according to whether

V*hs Y i, ag [6(hy)(he, hs) (o, a2) < hi(g(or), a2)).

From lemma 4.24 (with m = 2, n = 1, r = 1) it follows that a c.u.b. set
cannot be homogeneous for the contrary side of the partition. Let C be
homogeneous for P, and g(a) = the w'” element of C greater that a. We
then have that for any he: dom(<sy) — C’ of the correct type

V*hs Va1, oz [6(h1)(he, hs)(a1, a2) < hi(g(ha(1)(a1)), az)].

Since for almost all hy, d(h;) satisfies the hypothesis of the partition, we
have:

V*hl Hgi w1 — wWq V*hz,hg V*Oél,OéQ [5(h17h27h3)(a1,a2) <
hi(g(h2(1)(ar)), a2)].

Fix a representing function h; — d(hy) for §, and consider the partition
P: we partition hi: dom(<3) — w; of the correct type with the extra
values g(y1,7v1) (of uniform cofinality w) inserted between hq(y1,72) and
Np, (h1(y1,72)) according to whether

v*hg, h3 V*Oél, (6%) [(S(hl, hg, hg)(al, 042) < Ng(hl(hg(l)(al), 0[2))

= g(h2(1)(on), a2).
It follows from lemma 4.24 that we cannot have a c.u.b. set C' homogeneous
for the contrary side of the partition. For if so, fix a representing function

hi1 — 0(hy) for §, and fix then a hy: dom(<sy) — C of the correct type such
that for some g: w; — w; of the correct type, which we fix, we have:

Y ha, hy Y a1, s [6(R) (a1, a2) < by (G(he(1)(a1)), as)].
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Define §(v1,7v2) = h1(g(71),7v2). Apply then lemma 4.24 to f = h; and §
(and r = 2). This produces h}, g’ which are ordered as in P, have range in
C, and for which the property stated in P holds, a contradiction. If we fix
now a c.u.b. C homogeneous for P, and define g(a) = the w'* element of
C greater than «, then we have:

—

Vohy, o, hs Vo, o [0(h) (0, a2) < g(ha(he(1)(en), a2))]-

We now have that for almost all f: w3 — 5% of the correct type, there is
a ¢g: w; — wy such that

V*ha, ha hs 0(f,h) < f(7) (L.1)

where:

Viar, az (o, a2) = g(ha(he(1)(an), az)) = g(h(dy; h) (a1, a2)),  (1.2)
and dp = (1;(2);(2;(1))) as before.

Fix a representing function f — 6(f) for § with respect to W2, and
consider the partition P: we partition f: ws — 5% of the correct type
with the extra values fo(«) of uniform cofinality w inserted between f(«)
and f(a + 1) according to whether V*hy, ho, hs 0(f)(h) < fa(v), where
v = h(dy;h). There cannot be a c.u.b. C C &% homogeneous for the
contrary side, for if so, fix f: wg — C of the correct type such that there is
a ¢g: w; — wp as in equations .1, 1.2, and fix such a g. Define fo: wg — C
by: fa(y) = f(9), where V*aq,as 6(aq, az) = g(y(a1,asz)). A variation of
lemma 4.24 shows that there are f/, fi: w3 — C of the correct type and
ordered as in P such that [f']g2 = [f]s2, [f3]s2 = [f2]sz. This contradicts
the homogeneity of C' for the contrary side. Let C' C 5% now be a c.u.b.
set homogeneous for P. Define g: 6:13 — 6; by g(a) = the w'* element of
C greater than a. We then have that V*f V*hy, ho, hs 0(f, 1) < g(f(7)),
where v = h(dy; k). In other words, 6 < (g; (dp); K1, Ko, K3). O

From lemma 5.23 and theorem 5.5 our main result analyzing equivalence
classes with respect to the measures W4" on 83 now follows.

5.24 Theorem Suppose (d)*) € D,,(K1,...,K;) satisfies D. If (d)®) is
not minimal with respect to L then

(id; () Ky, KG) <[ sup (s £((d) ) Ko Ky, Kog)]
K41 €EW1USy

Here L((d)®)) is computed relative to the sequence K1, ..., K. If (d)®) is
minimal with respect to L, then (id; (d)®); Ky, ..., K;) = 85.

Proof. We consider the first case, and suppose 0 < (id; (d)®); K71, ..., K3).
By lemma 5.23, there is a g: 5 — &3 such that

0 < (g:L((d)); Ky,..., Ky).
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Let T be as in theorem 5.5, and fix a real z and a c.u.b. C C 6% such

that for all o € C, g(a) < |T,[sup jx,,, ()|, the supremum ranging over
t41
measures K; 1 € W7 US;. For a < 6%, let

l(a) = sup Ik (@) and U(a) = [T [(a)].

We define a well-founded relation < on A\ = (I; £((d)®)); K1, ..., K;) by:
p1 < p2 iff

W £ by [T A R) (py (f.R))] < [TolA(E, ) (p2(f, )]
Easily, | < | > (I'; £L((d)®)); K1, ..., K;) > 6. Tt follows that

(lda (d)(S)vKla ceey Kt) < [(ls(up .jKt+1;‘C((d)(S));K1v s 7Kt)]+'
t+1

By countable additivity of the measures W3*, K, ..., K;, we have that if
o < (sup jr,, . L((d)*); Ki,...,K;) then there is a K;iq such that a <
K1

(i s L((d)); K. .., Ky). Also, from the definitions of these ordinals it
is immediate that

(Ko LU D) Ky Ky) = (id; £((d)®); Ky .o Koy Kigr)-
The result now follows. -

To compute the upper bound for 6%, it suffices to compute the rank of
the £ operation, in a suitable sense. Namely, fix m and consider the set
of all tuples ((d)®); K1, ..., K;) where (d)®) € D,,,(K1,...,K;) satisfies D
relative to Ky,...,K;. Let <,, be the transitive relation on this set gen-
erated by the relation ((d)®); Ky,..., K;) <m (L((d)®)); K1,..., Ky, K1)
for all K1, where £((d)(®)) is again computed relative to the sequence
Ki,...,K;. The relation <, is easily well-founded. Let |§],, denote the
rank of the tuple &, computed in the slightly non-standard manner by:|5],,
= (sup |t|m) + 1; by convention if & is minimal, then |5] = 0 (thus, at limit

<&
ranks, this is one more than the usual rank).

An immediate induction on the <, rank using theorem 5.24 then shows:

5.25 Theorem For all m € w, (d)® € D,,(K1,...,K;) satisfying D, we
have (ld7 (d)(g), Kl,. . .,Kt) < Nw+1+\((d)(s);Kl,u.,Kt)\m . g

Let 6, be the supremum of the | |,,, ranks of the tuples () Ky, ..., Ky)
where (d)®) € D,,,(K1,...,K;). From theorem 5.25 and the homogeneous
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tree analysis (c.f. two paragraphs before definition 5.14) we thus have 5% <
[Nsup 07n]+

%he computation of the 6,, is a purely combinatorial problem, and is
relatively straightforward. We omit the proof, and simply state the result
that 6,, = w*" (ordinal exponentiation). As an immediate corollary we
have:

5.26 Corollary 5% <IN ow .

At this point we have extended the basic ingredients in the theory, Mar-
tin’s theorem and the description analysis, from the § } level to the 6% level,
and we have used this to do one step in the next level of the inductive anal-
ysis, namely the upper bound for 5%. To finish the next level analysis, it
remains to prove the strong partition relation on 6%, the lower bound for
3, and the weak partition relation for 8. The proofs in all cases follow
in outline those of §4, using the description analysis, theorem 5.24. Since
we have now illustrated all of the ideas which go into these arguments, we
will content ourselves with this. The complete details of these arguments
can be found in [11]. We mention only that the analysis of measures on
6% and on A5 require the notions of type-2 and type-3 trees of uniform co-
finalities respectively (roughly corresponding to the measures occurring in
homogeneous trees on ITj, ITj-complete sets).

5.4. Some Further Results

We close this section with some remarks on generalizations and refine-
ments of the results discussed. One can show that all of the ordinals
(id; (d)®); Ky, ..., K;) are actually cardinals (theorem 5.24 shows that all
cardinals between 83 and A5 must be of this form). This is proved in [13].
It is also not difficult to show that if i is a semi-normal measure on a cardi-
nal x having the strong partition relation, then j, (k) is a regular cardinal.
For the three normal measures fi,, fw,; Hw, ON 5:1,), these ultrapowers are
computed to be 6411 = Nyt2, Nyot1, and N w1 respectively. These three
regular cardinals « all satisfy x — (k) for all A < &1, but k - (k)%. One
can also compute the cofinalities of all successor cardinals between &} and
As. The result, from [13] is:

5.27 Theorem Suppose 6% = Nyt1 < Ngp1 < Njewyg = 5%. Let o =
WO WP where w¥ > B > - > B, be the normal form for o.. Then:

o If B, =0, then cof (k) = 8 = R, 1o.
e If B, >0, and is a successor ordinal, then cof(k) = Ny.041.

e If B, >0 and is a limit ordinal, then cof(k) = Nywy1.
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Finally, one can extend the results of this section to all levels of the pro-
jective hierarchy. One first defines the measures W3 , |, Séﬁl, for m € w,
1 <1 <27 — 1, assuming the weak and strong partition relations on
J;HH respectively (for n = 0, we set ST* = Sll’m to agree with our previ-
ous notation). Order these (to be defined) families of measures as: W{",
SP™ W, 8™, S SP™ Wi, ete. Wi, is defined to be the mea-
sure on 05, 41 induced from the weak partition relation on o5, 41, functions
f: dom(Sw™) — 83,1, where Iy = 2" — 1, and the measure Sy, on
dom(SX™) < Agpy1. Syt is the measure on (d3,,1)*"™ defined just as

ST was, using 6%n+1 in place of wy. For I > 1, Séﬂl is the measure on

dom(Séﬂ_l) < A2p+3 induced by the strong partition relation on 6§n+1,
functions f: 5§n+1 — 5%,1“ of the correct type, and the measure v on
83, 11- Here v is the measure on 85, 11 induced by the weak partition rela-
tion on J%nﬂ, functions h: dom(u) — éénﬂ, and the measure u, where u is
the m*" measure in the [ — 1% family. In [8] it is shown that these measures
dominate the general measures in the homogeneous trees on II3,, 11 113, 12"
complete sets, in the sense of theorems 5.12, 5.15. The notion of a level n
description is introduced there, and the analog of the main theorem, theo-
rem 5.24 is proved (with a suitable generalization of the £ operator). The
ranks of these generalized £ operations are also computed, giving the up-
per bounds for the 43, 11- As mentioned in the introduction, the result is
8341 < Ny(2n—1)+1, where w(0) = 0 and w(n + 1) = w*(™. With the main
theorem, the inductive step is then similar to that of §4 or [11] (see the
forthcoming [7]). In particular, sup (5,1I = N.(g), where €(0) = sup w(m).
n m

Also, the regular cardinals between 3, 41 and 85, 43 are given by the ul-
trapowers of 83, 41 by the normal measures on LI 41, corresponding to the
regular cardinals below (')én +1- Thus, there are 2"+ — 1 regular cardinals
between &3, and d3,,_ 5.

In fact, these arguments extend with little modification up to 6&,1 =N,,.
Here 6; is the supremum of the lengths of the A:‘X prewellorderings, where
! is the at? pointclass closed under 3*° (so Xj = X, and for limit «,

8l =sup 5}3) For there are no new measures on 8, for a limit < wy, and a
B<a

coding of P(d1) may be constructed trivially from codings of P(éé), 0 < a.
Also, the only normal measures on the 8, tony1 for limit a correspond to the
fixed cofinalities below &%, 4ony1 (since there will be only countably many
regular cardinals below d_, 4oni1)- Again, the ultrapowers of the ol Lontl
by these normal measures, together with the & L2n41 Precisely constitute
the regular cardinals below 53)1.

At X, , or at any limit Suslin cardinal § of cofinality > w, the situation
changes as there are, of course, new measures on §. One can show directly
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here that the next Suslin cardinal after § i) , has cardinality the supremum of
the ultrapowers of 6i) , by the measures on 63, .- Actually, Martin has proved
a general result which shows the same fact for any limit Suslin cardinal of
cofinality > w (or any successor Suslin cardinal as well). In unpublished
work, the author has analyzed these measures and shown that the supremum
of their ultrapowers is Ny . We will consider some of the problems associated
with further extending the theory in the next section.

6. Global Results

We consider in this section some results and problems of a “global” nature,
that is, related to the attempt to push the structural theory of L(R) up
through ©. The problems we consider here (and in some cases solve) seem
to be necessary for further extensions of the theory, but are almost certainly
not sufficient. Identifying the remaining obstructions remains a central goal
of this subject. Nevertheless, some of the results we mention in this section
are of independent interest. We will not require any of the results of §§4,
5 for this section. We assume AD throughout this section, occasionally
assuming V = L(R) as well.

6.1. Generic Codes

Kechris and Woodin [22] have developed a theory of generic codes for un-
countable ordinals which we will use in several of the arguments of this
section. We will only need, however, the most basic lemma of their theory,
the one asserting the existence of a generic coding function. For the sake of
completeness, we give their proof of this result.

We say an ordinal « is reliable if there is a P C w* and a scale {¢p, }new
with ¢,: P — a with ¢y onto a. Every Suslin cardinal is easily reliable
(c.f. lemma 4.6 of [37]), and in [37] it is shown from AD 4+ V = L(R) that
every reliable cardinal is a Suslin cardinal. Actually, using some additional
arguments this can be shown to follow from just AD. There are, however,
many reliable ordinals which are not cardinals, as, for example, the set of
reliable ordinals is c.u.b. in every 5§n 4 1. For the purposes of generic codes,
it is convenient to slightly strengthen the definition of reliable to include the
requirement that the scale relations <y, <* are both Suslin and co-Suslin.
This only has the effect of removing the largest Suslin cardinal, if there is
one, from consideration. We henceforth officially adopt this stronger form
of the definition.

If « is reliable, S € P, (), and § € S, we say S is S-honest if there is
an ¢ € P with ¢o(z) = 0 and Vn ¢, (z) € S (this notion is defined relative
to the choice of P and {¢,}). We say S is honest if it is -honest for all
B € 8. For x € P we frequently write |z| for ¢o(x). If S is a countable set
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of ordinals, then S“ (S having the discrete topology) is homeomorphic to
w® and so carries a natural notion of category. When we speak of meager
or comeager, we are always referring to this topology. If p € S<¥, we
write Vis € S“ to mean for comeager many s in the neighborhood N, =
{s € S¥: sllh(p) = p}. Throughout, we let S(x) denote the pointclass of
k-Suslin sets.

Recall that from AD, every set A C S“ has the Baire property. In
particular, A is either meager or else comeager on some neighborhood N,.
Also from AD, a well-ordered union of meager sets is meager (“additivity
of category”).

6.1 Theorem (Kechris-Woodin) Let o be reliable, witnessed by P, {¢n}.
There is Lipschitz continuous function G: a* — w* satisfying:

1. V8= (ag,01,...) €Ea¥ ¥n € w [G(8)y € P A ¢po(G(3)n) < ay).

2. If § = (ag,01,...) € ¥ enumerates an honest set S, then for all

n € w, 6o(G(E) = an.

Proof. Let T be the tree of the scale {¢,}, so T is a tree on w X a. For
v < a, let
T, ={(s,d) €T : 09 <~}

Consider the following ordinal game:

I (%)) (03] (65 a3

II Bo B B2 B3

Here a4, 8; < a, z(i) € w, so I plays out & € o, and II plays out 5 € a¥
and x € w¥. Let S = {a;: ¢ € w}. = codes reals zp,z1,...,2; and 5
codes sequences (3); € o in the usual manner, so z;(j) = z((i,j)), and
(E)l(j) = B,y (we assume (i,j) > 4 for all j, so II does not have to play
any of the z;(j) or (3);(j) until I has played ;). II wins the run of the
game iff

Vi (25,05 (B):) € [T) AVivy [y € p[Ta, 15] = do(y) < dolas)].

Now I cannot have a winning strategy, for as soon as I plays ;, II can pick
some z; € P with ¢o(z;) = a;, and pick (§); with (z;, '\(5)1) € [T] and
proceed to play these to defeat I's strategy. Thus, if the game is determined,
then II has a winning strategy 7. Ignoring the ordinal moves of 7 gives the
function G as desired.
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To show the game is determined, it is enough to observe that it is Suslin,
co-Suslin by theorem 2.20. The first conjunct in the payoff definition triv-
ially defines a Suslin, co-Suslin set (in fact, a closed set). For the second
conjunct, note that

y € p[To, 1S] = Im € w® Vn (yIn, (v, Ar(1), -+ Ar(n-1))) €T

From the closure of the Suslin sets under V¥, A%, 3%, and V" (the latter
by the second periodicity theorem; see remark 2.10), it follows that this
relation, and thus the second conjunct, is Suslin, co-Suslin.

_|

If there is a largest Suslin cardinal =, then theorem 6.1 does not im-
mediately give a generic coding function G: E¥ — w® at =. In this case
I' = S(E) will be a non-selfdual pointclass closed under real quantifica-
tion, A, V, and scale(T"). The scale relations <}, < will not be co-Suslin,
however. Nevertheless, we can argue that a generic coding function G still
exists. To see this, fix a I'-scale {¢p }necw on a I'-complete set A. Without
loss of generality, all of the norms ¢,, are onto =. Recall that = is regular
and a limit of Suslin cardinals. Also, the Suslin cardinals are c.u.b. in
Z. By boundedness, there is a c.u.b. C C = such that for all « € C' and
B < a,if By ={x € A: ¢;(x) < 8}, then sup {¢;(z): j e w Az € Bj} < o
Note that every Suslin cardinal in C is reliable with respect {¢,, }. For every
Suslin cardinal a € C| there is a generic coding function at o with respect
to Ay = {z € A: Vi ¢;(x) < a} and the norms ¢;[A, (from theorem 6.1).
It suffices to show that we can get a function which to each such « assigns
a generic coding function G, with respect to A, and the ¢;[A,. For then
we can define G: Z* — w* by: G(ap,a1,...) = z where for all j we have
(), = (Ga; (Bo, P15 - -.)); where o is the least Suslin cardinal in C' greater
than o; and B = ay, if o, < ozg- and otherwise 3, = «;. Using the definition
of C' it is not hard to check that G is a generic coding function (the point is
that if S is a;-honest then SN« is a;-honest). It remains to show that we
can uniformly define the G, for a € C a Suslin cardinal. Let G, denote the
generic coding game as in theorem 6.1 using A, and the ¢;[A,. The payoff
set for IT is Suslin and co-Suslin, and is uniformly Suslin (but not uniformly
co-Suslin). For all Suslin cardinals « in C, IT has a winning strategy in G,,.
From a Suslin representation for II’s payoff set and the fact that II has a
winning strategy, we can uniformly in « get a winning strategy for II in G,
which then gives us the generic coding function G,. In fact, either of the
two proofs that Suslin, co-Suslin ordinal games are determined shows this
(c.f. theorem 2.2 of [31] or theorem 2.5 of [20], also theorem 2 of [29]).

We are frequently only concerned with getting a real which codes the
ordinal ag. Thus, let Go: o — w® be a Lipschitz continuous function
so that V§ € a¥ Go(8) = G(8)g. The functions Gy, G are referred to as
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generic coding functions, and we fix them for the remainder of this section.
Of course, these functions depend on the choice of the set P and the scale
{¢n}, but we suppress writing this. Frequently, a will be a Suslin cardinal.

Recall theorem 2.22; according to which any game on o whose payoff
depends only on G(5) is determined (where §'is the sequence I and II build,
assuming now V = L(R)). Thus, for any game on «a with payoff set R C o,
there is a determined game R’ C o approximating R. Namely, define
R'(8) < R(|G(3)o,|G(5)1],...). R’ is always determined, and if § enumer-
ates an honest set, then R'(S) — R(3).

The generic coding functions are particularly useful when combined with
the existence of supercompactness measures. Recall that from AD +V =
L(R) there is a supercompactness measure (i.e., a fine, normal, countably
additive ultrafilter) v on P, (83), which in turn induces one on P, (8) for
any & < 82. Woodin has shown ([40]) that the supercompactness measure
v on P, (), for any § < &% is unique. Woodin has also shown that here is
a supercompactness measure on P, (A) for any A < © assuming AD+V =
L(R).

In fact, the existence of generic coding functions can be used to give a
quick proof of the existence of the supercompactness measure on P, (5%),
assuming AD + V = L(R). Recall 82 is a Suslin cardinal, and S(62) = %2
has the scale property. Let G: (87)% — w* be a generic coding function at
07 (see the remarks after the proof of theorem 6.1). If A C P, (67), de-
fine v(A) = 1iff IT has a winning strategy in the game G 4: I and II alternate
playing ag, aq, . .. building § € A¥, and Il wins iff S = {|G(8)o|, |G(3)1],...} €
A. It is not hard to check that this defines a fine, normal measure on
P, (), using standard dovetailing arguments and the fact that either player
can play to ensure S is honest. Alternatively, one can argue just using
theorem 6.1 as follows. Let p be a normal measure on &; (the proof
that the &3,,, are measurable works for 7). For every reliable A < &7
there is a generic coding function G: \¥ — w* from 6.1, and this gives
a supercompactness measure on P, (A) as above. By Woodin’s theorem,
this supercompactness measure on P, ()) is unique, call it vx. A super-
compactness measure on P,, (67) can then be defined by v(4) = 1 iff
VAV, S € Py, (N) S € A

As an example of using generic coding arguments, we prove, following
[12], the following theorem.

6.2 Theorem Let k be a reqular Suslin cardinal less than the supremum of
the Suslin cardinals. Let A < © be a cardinal with j,_ (X)) = X for all a < kK,
where vy, is the supercompactness measure on P, (o). Then cof (A1) > k.

6.3 Corollary Ifw; < AT < O, then cof (A1) > wy.

Proof. Fix x,\ as above, and assume f: k — AT is cofinal. For o < &,
let o/ < Kk denote the least reliable ordinal > « relative to the scale used
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in constructing the generic coding function Gq for « (it is not hard to see
that o/ < k using the regularity of k). Consider the game where I, IT play
ag, a1, ... building §, and II plays also z(0),z(1),... € w building x € w*.
1T wins iff  codes a well-ordering of X\ of length > f(¢o(Go(5))). Here we
code subsets of A by reals in some manner which is not important, say by the
coding lemma. I cannot have a winning strategy, for as soon as I plays ayg,
IT can enumerate an honest set containing g and closed under I’s winning
strategy, and play some z coding a well-ordering of A of length > f(ayg).

A winning strategy 7 for II gives (ignoring II’s ordinal moves) a Lipschitz
continuous F: k¥ — w® such that

1. For all §€ k¥, F(S) codes a well-ordering of \.

2. For all a < & and all §enumerating an honest S containing «, F(a~35)
codes a well-ordering of A of length > f(«).

Let |3, denote the rank of 3 in the well-ordering coded by x.
Fix for the moment « < k and an honest set S € P, (o) containing .
Define a tree T on S<% x A as follows. Put ((po, B0);---» (Pn,Bn)) in T iff

1. For all ¢ < n, p;11 extends p;.
2. Y, ,,§€5Y BitilFa~s < BilF(a~5)-
3. Vi <n3dn; € ONV; 5€ 8% |Bi| ria~g) = Ni-

The last clause guarantees that T is well-founded, as the 7); are decreasing
along any branch. We define an order-preserving map 7 from the tree of
the € relation on f(«) into T'. Suppose

770,715 -+, ¥m) = (o, Bo); - - - (P Bn))
has been defined, and assume inductively that
V5.8 € 5% |Bul F(ams) = n > n-
If Ypt1 < Yn, then let m(yo,...,vn+1) be the least sequence
((Po; B0)s - - -5 (Pn+1, Brt1))
extending ((po,B0); - - -, (Pn,Bn)) such that
V18 €S [ButilFams = Mt1 > Yng1 and op1 <

The additivity of category shows that p,i1, Bnt1, Jna1 exist.
The definition of the tree T' = T§ is uniform is a, S. Let now F(a) =
[S — T§],.,. F(a) may be viewed as a well-ordering of j, ,(\) = A, and
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clearly |F(a)| > f(«). This gives a well-ordering of A of length A", a
contradiction. 4

The analog of corollary 6.3 with x = (5%“ 11 replacing w1 was shown by
Kechris and Woodin to hold for A below the supremum of the projective
ordinals, i.e., A < R, (this also follows from the projective hierarchy
analysis, c.f. theorem 5.27). Along with 6.3, this suggests the following
conjecture:

6.4 Conjecture If k is a reqular Suslin cardinal, and k < AT < ©, then
cof (A1) > k.

6.2. Weak Square and Uniform Cofinalities

One of the important ingredients in the projective hierarchy analysis is the
analysis of uniform cofinalities. In the general step, one has the notion of
a type-n tree of uniform cofinalities R with associated measure M7, and
it is necessary to analyze the possible uniform cofinalities with respect to
these measures. Consider then the general question: given a measure v on
k, what are the possible uniform cofinalities of a function f: Kk — A € ON
with respect to v? One possibility is that for some function g from x to
the regular cardinals we have Via f(a) has uniform cofinality g(a). We
call these the trivial uniform cofinalities. What are the possible non-trivial
uniform cofinalities? Suppose, for example, kK = wo, v = S{, and A € ON.
Are the possible non-trivial uniform cofinalities for f: ws — A the same
as for f:wy — 5;? Intuitively, it seems as though the possible non-trivial
uniform cofinalities should depend only on k (and v), and not on A (a
phenomenon reminiscent of the coding lemma). For small A, one can extend
the projective hierarchy arguments directly to answer this question, but for
large A, such an inductive approach does not seem to help.

From these considerations the author formulated a combinatorial prin-
ciple called B, . In fact, this principle also arose independently from at-
tempts to extend some joint work with Becker ([2], [6]). The statement of
the principle follows.

6.5 Definition Let k, A < ©. B, ) is the assertion that for all f: kK — A
such that cof(f(a)) < k for all o < &, there is an A C X\ of size < k such
that for all o < k, AN f(a) is cofinal in f(a).

Thus, B, ) can be viewed as a choice principle. The principle can be
stated for any cardinal , but for non-Suslin s can fail. For example, it is
not difficult to see that H,, ., fails (using just that cof(ws) = wy). In [12],
the following theorem is proved.

6.6 Theorem (AD + V = L(R)) By holds for any Suslin cardinal k and
any A < ©.
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This theorem provides a positive answer to the question on uniform co-
finalities asked above. Specifically, we have the following.

6.7 Theorem (AD 4+ V = L(R)) Let k be a Suslin cardinal, i a measure
on k, A< 0O, and f: Kk — X. Then one of the following holds.

1. Vi cof(f(a)) < k. Then the uniform cofinality of f with respect to
1 1s realized by a function f: k — K.

2. Vo cof(f(a)) > k. Let g(a) = cof(f(a)). Then there is an h with
domain {(a,8): o < kA B < g(a)} such that h(a, ) < f(a) and
Via f(a) = sup {h(a, 6): A < g(a)}-

We require a preliminary lemma. Throughout, v denotes the supercom-
pactness measure on P, (k).

6.8 Lemma Let x be a Suslin cardinal and A € ON with cof(A) > k.
Suppose F: P, (k) — A. Then 30 < A V:S F(S) < 4.

Proof. Fix an S(k)-bounded prewellordering (C, 1) of length A according to
theorem 2.25. Play the game where I plays ag, as, ..., II plays a1, as, ...
and z(0),z(1),... € w, and II wins iff z € C and ¢(z) > F(S), where S =
{IG(5)0l,|G(5)1],.-.} and § = (ap,1,...). The game is determined and
easily I cannot win. A winning strategy for II gives a Lipschitz continuous
function F: k¥ — k¥ X w* such that V5§ € k¥ F(5) € C (ignoring II’s
ordinal moves in computing F(5)), and for all § enumerating an honest set
S closed under F, (F(5)) > F(S). Let w € B « 33 € v w = F(3).
B C C and is k-Suslin, so 6 = sup {¢p(w): w € B} < A (to see B is k-Suslin,
note that the Lipschitz continuous F can be coded by the coding lemma
with the pointclass S(k)). Thus, ViS5 F(S) < 6. .

Proof of theorem 6.7.  Assume first Vja cof(f(a)) < k. By By, let
A C X have size £ such that Via (AN f(a) is cofinal in f(a)). Taking
the transitive collapse of A, we may assume that A < x*. Let < be a
well-ordering of k of length > A. For o < &, let R(a) < k be least such
that sup {|8]<: 8 < R(a) A |Bl<x < f(a)} = f(a). For 8 < R(a), let
o, B) =|Bl< if |B]l< < f(«), and 0 otherwise. R, provide a liftup to f, as
in the proof of lemma 4.19. The uniform cofinality of f with respect to u is
the same as that of R.

Assume now Vi cof(f(a)) > k. Let g(a) = cof(f(a)). The game
argument above produces a Lipschitz continuous F: k¥ — s X w“ such
that for all & < k, and all § € k* enumerating an honest set containing o and
closed under F, F(a"s) codes (ignoring II’s ordinal moves) an increasing
g(a) sequence cofinal in f(«). The exact manner in which reals code g(«)
sequences below A is not important, say by the coding lemma with respect
to a suitably large pointclass.
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Fix for the moment o < x and an honest S containing « and closed under
F. For p e S<¥ and § < g(«) define h(a, 3,5, p) to be the least v < f(«)
such that Vis € S F(a"s)(8) <+ if one exists, and 0 otherwise. Define
h(a, 8,8) = sup h(a,B,S,p). Clearly h(c, 3,5) < f(a). If v < f(«), then

peS<w

by additivity of category there is a p € S<¥ a 8 < g(a), and a n < f(«a)
such that n > v and

Vs € 8 F(a™s)(B) = n.

Thus, h(a,3,S,p) > 7. Hence, f(a) = sup h(e,3,5). Also, an easy
B<g(a)
argument shows that h(«, 3,S) is monotonically increasing in 3. Define

h(a, 3) = the least § < f(«) such that VS € Py, (k) h(a,§,S5) < 4.

By lemma 6.8, this is well-defined. Fix now a < k, and suppose towards a

contradiction that p = sup h(a, ) < f(a). We have
B<g(a)

v, 538 < g(a) [h(a, 8,5) > pl.

By lemma 6.8 and monotonicity, 36y < g(«) V5S [h(«, 5o, S) > p]. However,
V5S h(e, Bo, S) < h(a, Bo) < p. "

Theorem 6.6 has other applications as well. For example, in [12] it is
used to show the following.

6.9 Theorem (AD + V = L(R)) Let x be a regular cardinal which is ei-
ther a Suslin cardinal or the successor of a Suslin cardinal. Then k is
Jf-supercompact.

6.10 Corollary (AD +V = L(R)) All the projective ordinals &), are 87-
supercompact.

Solovay [34] first showed, assuming ADE, that & % = w1 IS A-supercompact
for all A < ©. The work of Martin-Steel [29] and Harrington-Kechris [5]
showed that &7 is d3-supercompact from just AD. The x = 85 case of
corollary 6.10 is due to Becker [1]. As with wy, it is open whether such x
are A-supercompact for all A < ©.

One of the main ideas in the proof of theorem 6.6 involves combining
certain category methods with the generic coding arguments. We will not
prove theorem 6.6 in detail here. Rather, we present a result whose proof
uses the same idea.

We fix some notation for the remainder of this section. We assume
AD +V = L(R).  will henceforth denote a Suslin cardinal, and v the
supercompactness measure on P, (). From the scale analysis in L(R) (see
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[37]) there is a x-Suslin set P and a k-Suslin scale {¢,,} on P with ¢¢ onto
k (for k below the supremum of the projective ordinals, that is, kK = 5§n+1
or k = (83,,1)”, this is immediate). We write |z| for ¢o(z), for € P.
The generic coding functions Gy, G are defined relative to P,{¢,}, and
are henceforth fixed. The pointclass S(k) of k-Suslin sets is closed under
3”, so by the coding lemma we may code subsets of x within the point-
class S(k). In particular, strategies (Lipschitz continuous functions) may
be coded within S(k). If 7 € w® codes a strategy, we also write 7 for the
strategy it codes. Thus, if 7 codes a strategy 7: k¥ — k“ X w*, the relation
(a1, ... an) = ((Bo,---,0n), (ag,...,an)) is k-Suslin in the codes (with
respect to ¢g). For any other object we need to code by reals, the exact
manner in which we do so is not important, say by using the coding lemma
with respect to some sufficiently large pointclass.

Suppose 7: k¥ — k¥ X w¥ is a strategy, and § = (ag, as,...) € k¥. Let
(o1, a3, .. .) be the ordinal part of 7’s response, and z = (2(0), z(1),...) the
integer part. Let S = {ag,a1,...} € Py, (k). We say x codes a comeager
set A C S“ and a continuous function f: A — w* provided xg codes the
comeager set A, and x; the continuous function f as follows. xy codes A
by having each (zg), code a dense open D,, C S* such that A = (\D,. To

n
say y codes the dense open set D C S“ means each y(k) codes a sequence
up € w<¥, and D = (JNyz, where if u, = (ao, ..., a;), then N, is the basic
k

open set in S* determined by the sequence uj = (g, ...,y ). Likewise,
x1 codes f by coding a sequence of tuples of integers (ag, ..., a;, bo, ..., bm),
where for u = (ao, . .., a;) coding a basic open set in Dy we have m > k and
for s € AN Ny, f(s) extends (bo, ..., bny). It is easy to see that for a fixed
enumeration ag, a1, ... of a set .S, the set of x coding a comeager set and a
continuous function on S% is TI9.

If 7: k¥ — k¥ X wW* is a strategy and § € k“, we usually write 7(5) to
denote the real obtained as the integer moves of T against a.

6.11 Theorem (AD +V = L(R)) Let x be a Suslin cardinal, and v the
supercompactness measure on P, (k). Suppose F': Py, (k) — A < ©. Then
cof ([F]u) > K iff VS € Py, (k) [cof(F(S)) > w].

The full proof of this theorem can be found in [12]. We will prove here
a somewhat weaker version which still suffices to illustrate the main idea
used in the proof of 6.6. Specifically, we show here that

1. If V5SS [cof (F(S)) < w] then cof([F],) < k.
2. It ViS [cof (F(S)) > k], then cof([F],) > k.

The proof of the full theorem in [12] uses these ideas plus also the Becker-
Kechris method used in proving the invariance of L[T5,+1] (see [3]).
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Proof. Suppose first that VS cof (F(S)) < w. Play the game where I plays
ag, g, ..., Il plays aq, as, ... and 2(0),2(1), € w, and II wins iff 2 codes an
w sequence of ordinals cofinal in F(S’), where S’ = {|G(3)ol,|G(5)1], ...},
and § = (ag,a1,...). II has a winning strategy, since II can defeat any
strategy for I by enumerating an honest set S closed under I’s strategy, and
playing an z coding an w sequence cofinal in F'(S). A winning strategy for
IT gives a Lipschitz continuous function F: k¥ — w* (ignoring the ordi-
nal moves) such that for all § € k* F(3) codes an w sequence of ordinals
|[F(3)ol, |F(5)1],--., and for all § enumerating an honest set S closed under
F, sup |F(5):| = F(S).
K2

For S € P,, (k) honest and closed under F, define G(S) C F(S) by:
G(S) = {Gnp(S):n € w,p € S<¥}, where G,, ,(S) = the least ordinal
B < F(S) such that V;5 € S“ |F(5),| = B if such an ordinal exist, and
Grp(S) = 0 otherwise. The additivity of category shows that G(S5) is
cofinal in F'(S). Thus, [G], is cofinal in [F], and by normality, [G], is a set
of size < k. This shows the first claim.

Suppose now VS cof (F/(S)) > k. Suppose towards a contradiction that
cof([F],) < k, and let B C [F], be cofinal with |B| < k. By the usual
game argument as above and theorem 2.25, there is a Lipschitz continuous
F: kY — K¥ x w¥ such that for all § € k¥, u = F(3) codes a S(k)-bounded
prewellordering (Cy, ) of some limit length which we denote by |u|, and
for all § enumerating an honest set S closed under F, |u| = F(5).

If 8 < [F],, we say a real z is $-good if:

1. z codes a Lipschitz continuous function z: k* — k“ X w* such that
if sp € k“ enumerates an honest set S closed under z and F, then
2(s0) codes a comeager set A,y C S, and a continuous function
2(80, =)+ Az(sy) — w* such that for all 51 € A.(5,), w = 2(s0,51) is in
the S(k)-bounded union (C,, 1, ) coded by u = F(s1).

2. V*S € P, (k) V*sg V*s1 € S¥ the rank of w = z(sg, s1) in the S(k)-
bounded union coded by u = F(s1) is greater than ((S). (Recall
S — B(S) represents 3).

We first claim that for all 8 < [F], there is a z € w* such that z is
B-good. To see this, fix a function S — [(5) representing [ with respect

to v, and play the game where I plays «g, aq, ..., II plays a1, as,..., and
x(0),z(1),..., and II wins iff # codes a comeager set A, C S“, where
S = {|G(5)ol,|G(5)1],--..}, § = (@, 1,...), and a continuous function

z(—): Ay — w* such that for all s; € A,, x(s1) = 0 if F(s1) = u does
not code F'(5), and otherwise the rank of z(s1) in the S(x)-bounded union
coded by u is > B(S). This game is again determined. Suppose I won by o.
Let S be an honest set closed under o and F, and such that cof (F(S)) > k,
and F(S) > B(S). II will enumerate S in the o, as,.... Let R C S* x w¥
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be defined by: R(s1,w) < [s1 enumerates S A w € C, where u = F(s1) A
y(w) > B(S)]. From AD, we may uniformize R by R’ on a comeager
set. Also, every function defined on a comeager subset of S“ is continuous
restricted to a comeager set. Let x € w* code such a comeager set A, C S¢
(coding neighborhoods using only the a1, as,...) and continuous function
z(—): A, — w®. If 1T plays this z, then II defeats I. A winning strategy 7
for II then gives a 3-good real.

By the coding lemma, there is a S(k) set C C w* such that Vr € C
36 < [F), T is f-good, and VB € B 37 € C 7 is B-good. We define now
G: P,, (k) — ON such that [G], < [F], but V3 € B V%S G(S) > 3(5), a
contradiction.

Let S be honest and closed under F. Let G(S) be the least « € ON
such that V*s; € S G(S, s1) < «, where G(S5, s1) is defined as follows. Let
u = F(s1), so (Cy,1y) is a S(k)-bounded prewellordering of length F'(S).
Set G(S, s1) = sup {¢,(w): w € By, }, where

w € By, < s enumerating S 37 € C [(S is closed under 7)
A(s1 € Ar(so)) A (w = 7(s0,81))]-

Easily, Bs, € S(k). Also, Bs, C C,, and so by boundedness, G(S,s1) <
F(S) for all s € S¥. By additivity of category, G(S) < F(S). Thus,
[G], < [F]..

Fix now 8 € B and a function S — 3(S) representing 3, and let 7 € C
be B-good. Let S be honest, closed under F and 7, and such that (2) in the
definition of 5-good above holds for S for this 7. We show that G(S) > 5(5),
a contradiction. It is enough to show that V*s; € S¥ G(S,s1) > (S5). Fix
so enumerating S so that the remaining clause in (2) of S-good is satisfied.
If 51 € Ar(s) and w = 7(s0, 51), then w € By, (using 7 and s as witnesses)
and so G(S,s1) > tyu(w), where u = F(sy). On the other hand, from
the choice of S, sg and (2) of S-good we have V*s1 1, (w) > ((S). Thus,
V*s1 G(S,Sl) > ﬁ(S) -

6.3. Some Final Remarks

We close this paper with some final (somewhat tentative) thoughts on ex-
tending the structural theory throughout L(R). The analysis, of course,
is inductive, and proceeds by induction on the Suslin cardinals. As we
remarked earlier, the arguments of §§4, 5 should provide the necessary in-
gredients at successor Suslin cardinals. At singular Suslin cardinals ¢, the-
orems 6.6, 6.7, and similar results should provide a basis for the analysis.
Aside from providing an analysis of the uniform cofinalities (theorem 6.7),
these techniques should provide a method for “gluing together” the descrip-
tion analyses at the lower Suslin cardinals to obtain one at ¢ (theorem 6.7
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may be viewed as a simple case of this; it shows how to glue together the
pointwise cofinalities below 0 to obtain a uniform cofinality).

At inaccessible Suslin cardinals §, one gets some facts for “free”, such as
the strong partition relation on § (see [20]). However, it still seems necessary
to analyze the measures on § to permit analysis at the next Suslin cardinal.
One of the main problems here, as we mentioned earlier, is analyzing the
semi-normal measures on 0 (which is where the first step in the “pressing
down” analysis of the measures leaves one; see the proof of theorem 4.8).
The normal measures on § corresponding to fixed cofinalities k < ¢ seem
well-behaved (for example, we get theorem 5.10), but there are, in general,
many more semi-normal measures on J.

Let S C § be a “thin” stationary set. By thin we mean for all o € 5,
S N« is not stationary in a. Then the c.u.b. filter restricted to S defines
a normal measure pg on §. We refer to this as the atomic normal measure
corresponding to S. This is shown using the strong partition relation on
6. For example, to see this defines an ultrafilter, for A C § consider the
partition of f: § — 4 of the correct type according to whether a(f,S) € A,
where «(f,S) = the least limit point of ran(f) in S.

Given thin stationary sets Sp, So, define S; < S5 iff thereis a c.u.b. C' C
0 such that for all f: 6 — C of the correct type, a(f,S1) < a(f,S2). The
strong partition relation on d shows that < is a well-ordering on equivalence
classes [S], where S ~ T iff there is a c.u.b. C C ¢ such that SNC' =TNC.
Equivalently, S; < S5 iff there is a c.u.b. C C ¢ such that for all « € CNSo,
Sy is stationary in «. Let o(d) denote the rank of this prewellordering, and
0(S) the rank of S in < (this forms a generalized notion of Mahlo rank; ¢ is
inaccessible if 0(d) > &, Mahlo if 0o(§) > § + 1, etc.). Note that the atomic
normal measure corresponding to S depends only on [S].

If 0(0) is fairly small compared with 0, we can transfer a semi-normal
measure g on § onto a smaller ordinal, and thereby begin to analyze pu.
Suppose, for example, o(§) = § + w1, and p concentrates on inaccessible
cardinals. A generic coding argument, which we omit, shows that we may
pick thin stationary sets Sy, o < w; which are pairwise disjoint and 0(S,) =
d 4+ a. For p almost all @ < 4§, let @ € Sy(o). Then v = f(u) is a measure
on wi. Let p’ be the measure obtained by integrating the pg with respect
to v, that is, p/'(A) = 1 ff Vja <wi VB (8 € A). It is then not hard to
see that p = y/. Thus we have analyzed the semi-normal measures on 0.

One can attempt to extend these arguments to larger values of o(9).
Suppose, for example, that o(d) = j,_(6), where v, denotes the w-cofinal
normal measure on §. Using the strong partition relation on 9, v, induces a
measure V on j,,(9) (using functions of the correct type, say). Integrating
the v[g,) using V produces a semi-normal measure v on ¢ (there is a problem
now in trying to pick representatives S, for the equivalence classes; the
measure Vg, ], however, is still well-defined). In fact, if o(d) is large enough
we may lift an arbitrary measure p on ¢ to a new measure v on ¢ in this
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manner (using p in place of v,,). It seems reasonable (but not clear) that one
might reverse the above process, and thus reduce the semi-normal measure
von § to a “smaller” measure p on § and proceed inductively. The measure
is smaller in the following sense.

6.12 Lemma Let i be a measure on &, where § is an inaccessible Suslin
cardinal (and so has the strong partition property). Let V be the measure
on j,(8) induced by the strong partition property, functions F': 6 — § of the
correct type, and the measure p on 6. Assume o(8) > j,(0), and let v be
the measure on § defined by: v(A) = 1 iff V3,5 < ju(9) VFSB]O‘ <dacA
(here [Sg] is the B equivalence class in the stationary set ordering). Then
Ju(6) < ju(9).

The proof of the lemma is not difficult, we omit it (the basic fact is that
if S1 < S2 then jg, (0) embeds into [f]s,, where f(a) = the next Suslin
cardinal after ).

Unfortunately, the main definite result along these lines at the moment is
a negative one; it asserts that for Suslin cardinals § where S(4) is closed un-
der real quantification, o(d) is closed under the above ultrapower operation
in the following precise sense (c.f. [10]).

6.13 Theorem Let § be a Suslin cardinal with S(8) closed under 3¢, v+~ .
Let B < o(8), and vg the corresponding atomic normal measure. Then
Juvs(6) < 0(6). Furthermore, cof(o(8)) > 9, and cof(o(5)) # ju,(0) for all
B < o(k).

It is conjectured in [10] that o(d) is regular for such J; theorem 6.13
seems a step towards showing that. A recent theorem of Steel [38] shows
that in L(R) every regular cardinal below O is measurable (using techniques
of inner model theory). Thus, granting the above conjecture, new (normal)
measures appear on 0 which seem not to be approachable “from below” in
the previous sense. Undoubtedly, new techniques will be necessary.
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