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In this paper, we consider the following higher order Hardy—Hénon type equations
in R™:

(~A)™u(a) = [2*u” (), = € R" (1)

in subcritical cases with a > 0, and in particular, we focus on the non-existence of
positive solutions.

First, under some very mild growth conditions, we show that problem (1) is
equivalent to the integral equation

ww=/mawww@@ @)
Rn

where G(z,y) is the Green’s function associated with (—A)™ in R".
Then by using the method of moving planes in integral forms, we prove that there
is no positive solution for integral equation (2) in subcritical cases —%— < p <

%. For the non-existence of positive radially symmetric solutions, we can
n+2m+2a

n—2m

open conjecture posed by Quoc Hung Phan and Philippe Souplet [21].
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extend the range to subcritical cases 1 < p < . This partially solves an

1. Introduction

This article is devoted to the study of positive solutions of the following elliptic equation

where a > 0,2m <n,and 1 <p <7 :=
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(=A)"u(x) = |z[*uP(z), © € R", 3)

n+2m-+2a
n—2m
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This equation is related to the weighted Hardy—Littlewood inequality which has been widely studied in [1],
[7], [10], [17], [21]. Recently, the Hardy—Hénon equation has been researched extensively, for example [4], [5],
6], [8], [9], [24]. Our primary interest is in the Liouville property, i.e. the non-existence of positive solutions
in R™. It is well-known that this kind of Liouville theorem plays an important role in a priori estimates
of solutions for the corresponding family of equations either on domains or on Riemannian manifolds with
boundaries. Because of sigficant role the Liouville type theorem plays, there have already existed some
Liouville type results for Hardy—Hénon equation in [18], [19], [25], [26]. However, the similar results for the
high order equation are relatively rare, so in this paper we will try to achieve a Liouville type theorem for
a type of high order equation.

To prove such a non-existence result, an effective approach is to consider the corresponding integral
equation

u(w) = [ eyl e )y, ()
.

where

Cn
|z —y|n2m

G(l‘,y) =

is the Green’s function associated with (—A)™ in R™.

Whether or not, the results on integral equations can be applied to PDEs, depends on whether one can
prove the equivalence between the two. We say that (3) and (4) are equivalent, if u is a solution of (3), then
it is also a solution of (4), and vice versa.

We first establish the equivalence between PDE (3) and integral equation (4).

Theorem 1. If u is a classical positive solution of (3), then u satisfies integral equation (/). If u € C*™(R")
is a solution of (4), then u satisfies (3).

The proof of Theorem 1 is based on the following super poly-harmonic property of solutions.
Theorem 2. If u is a positive solution of
(—A)"u(z) = |z|*uP(z), x € R",
then
(—=A)'u(z) >0, 2 € R"\ {0}, (=A)u(0)>0, i=1,--- ,m—1. (5)

By the results in [11], [16], [27], it is well-known that the super poly-harmonic property has many
important applications in PDEs and ODEs.

Due to the equivalence between (3) and (4), in order to derive the properties of solutions of (3), we only
need to deal with integral equation (4).

By using the method of moving planes in integral forms, we prove

Theorem 3. For a >0, —2%— < p < LE20ka oy glayp=l ¢ [27 (R™). Assume that u € L}, (R") for some

q > —%—. Then each nonnegative solution u(x) of (/) is radically symmetric and monotone decreasing in

x about the origin.

Then by using the Pohozaev identity, we prove
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n+2m-+2a
n—2m

Theorem 4. For 1 < p < , (3) has no radially symmetric nonnegative solutions.

The method of moving planes in integral forms which has been used in [12], [15] has become a powerful
tool in studying qualitative properties for solutions of integral equations and systems. It is quite different
from the traditional methods for PDEs. Instead of relying on maximum principles, one estimates integral
norms. A remarkable advantage is that it treats all powers of Laplacians indiscriminately.

Corollary 1. For —2— < p < mE20eta e |pjaypr=1 ¢ L%(R”). Assume that v € L}

loc loc

(R™) for some

q > —%5—. If u is a nonnegative solution of (3), then u(x) = 0.

Remark. In particular, the case m = 1 has been widely studied by many authors.
In this case, (3) turns out to be

(—A)u(z) = |z|*uP(z), = € R". (6)
Denote the Sobolev exponent by
N +2
bs = N_9
and the Hardy—Sobolev exponent by
ps(a) = %(: ~o if N = 2),

Let us introduce the following results in the case of radial solutions (stated in [23]; see [2] for a detailed
proof).

Proposition A. Let N > 2,a > —2 and p > 1.

(i) If p < ps(a), then (6) has no positive radial solution in R™.
(ii) If p > ps(a), then (6) possesses bounded, positive radial solution in R™.

So far, for the popular radial solutions, the results have been clean and neat. One can see that the
Hardy—Sobolev exponent ps(a) plays a critical role in the radial case and this leads to the following natural
conjecture [21]:

Conjecture. If N > 2,a > —2, and 1 < p < ps(a), then (6) has no positive solutions in R™.

The condition p < ps(a) is the best possible due to Proposition A(ii). However, apart from the radial
case, the best available non-existence result up to now are the following:

Proposition B. Let N > 2,a > —2 and p > 1.
(i) If
p < min(ps, ps(a)),

then (6) has no positive solution in R™.
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(ii) The conclusion in Part (i) remains true if

N +a
< )
P=N_3

Proposition B(i) was proved by Marie Francgoise Bidaut-Veron and Hector Giacomini in [3]. As for Propo-
sition B(ii), it can be found in e.g. [22, Example 3.2]. For a particular dimension N = 3, Quoc Hung Phan
and Philippe Souplet [21] proved

Proposition C. Let N =3,a > 0,p > 1. If p < ps(a), then (6) has no positive bounded solution in R™.
Here, combining Theorem 3 and Proposition B for m = 1 and a > 0, we conclude the following;:
Corollary 2. If N >2,a>0, and 1 <p < %, then (6) has no positive solutions in R™.

The Corollary 2 partially solved the Conjecture. For more related results, please see [2,20,21] and the
references therein.

This paper is arranged as follows. In Section 2, we will obtain the super poly-harmonic properties of the
positive solutions of PDEs, and thus prove Theorem 2. In Section 3, based on Theorem 2, we will establish
the equivalence between the integral equations and PDEs and thus prove Theorem 1. In Section 4, we
will use the method of moving planes in integral forms and Kelvin transforms to prove Theorem 3 — the
non-existence of positive solutions for integral equation (4). In Section 5, we will show that in subcritical
cases, PDEs have no positive radially symmetric solutions and thus prove Theorem 4.

2. Super poly-harmonic properties
In this section, we prove Theorem 2, that is
Theorem 2. If u is a positive solution of
(—A)™u(z) = |z|*uP(z), © € R",
then

(-A)u(xr) >0, i=1,---,m—1, x € R"\ {0},

In the following, C, ¢, ¢; and c¢o denote positive constants whose values may be different from line to
line.

Proof. Let
ui(z) = (=A)u(x), i=1,--- ,m—1, z € R".
Part 1. We first show that
Um—1(z) >0, 2 € R"\ {0}, um—1(0) >0 (7)

Suppose on the contrary, then there are two possible cases.
Case i) There exists x! € R™, such that
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Up—1 (') < 0. (8)
Case ii) um—1(z) > 0,2 € R™, and there exists a point & € R"™ \ {0}, such that
Um—1(E) = 0.
In this case, Z is a local minimum of u,,_1, and we must have —Aw,,_1(Z) < 0. This contradicts with
—Auy,—1(Z) = |Z|*uP(Z) > 0, & € R™\ {0}.

Therefore we only need to consider Case i).
Step 1. In this step, we will show that m must be even. If not, we assume that m is odd. Let

1

u(r) = RERED] / u(zx)do (9)

8B, (z1)

be the spherical average of u. Then by the well-known property that
Au = Au,

we have

_Aam—l = |m|aup(x)7

_Aam—Z = Um—1,
—Au = .
From the first equation in (10), by Jensen’s inequality, we have

1
_A_m— = “uP
Uyrp—1 EERED] / |z|*uP (z)do
aB.(x1)

o 1
> (= ') gy [ e
" OB, (z1)

> (= ') gy [ @y
" 8B, (a1)
I — 2 ) )

= (
>0, Vr>0. (11)
Then integrating both sides from 0 to r yields

al, _1(r) <0, and U1 (1) < Upm_1(0) = Up_1(x') := —c <0, > 0. (12)

m—1
Then from the second equation in (10), we have

1

g (r" Yl o) = tm_1(r) < —c, ¥r > 0.

m—2

That is
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(r"al, o) >r"te, Vr > 0.

Integrating yields

U, _o(r) > Cr, and Um—2(r) > Upm—2(0) + 2i7“2, Vr > 0. (13)
n n

Hence, dr; > 0, such that

fLm_Q(T'l) > 0.

Making average at a new center z2 with |z! — 22| = 71, i.e.

)= — u(x)do
U(T‘) - |OBT(952)| / ( )d ’

9B, (x2)
we have

Upm—2(0) = T —2(2%) = tUpm_2(r1) >0 (14)
Then by (11), we chose r = |o! — 22|, then (@, U1, - ,Um_1) satisfies

Aty = ([Jah = 2| = [at]])our (),

_Aum72 Um—1, (15)
—Aﬁ = Uuj.
By (15) and Jensen’s inequality, we obtain
— At -1(r) = ([l — 2] = [at]])*ur (2)
1 1 1as
- omgm | e=ol -l @ @
8B, (z?)
> C**uP(z)
>0, Vr>0.
Here C* is a constant and C* > 0. By the same arguments as in deriving (13), we conclude
T (r) > Gim_a(0) + %r% Vr > 0. (16)

By (12), (14), and (16), we have

L:mel(T‘) <0,

barty,—2(r) > 0, Vr > 0.
Continuing this way, after m — 1 steps of re-centers (denotes the results by @), we conclude, for any r > 0,
—Adyy—1(r) > C*@P(r) > 0 (17)

and
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(_1)iﬂm_i(7") > 07 7= 1’ e mo— 17 Vr > 0.
Since m is odd, (18) implies

(=)™ 24y(r) > 0, i.e. da(r) <0, Vr > 0.

And then we derive

@y (r) > 0, and @1 (r) > 41(0) :=c¢; > 0, Vr > 0.

From the last equation in (15), we deduce

a(r) < a(0) — ;—;7"2 — —00 as T — 0.

Which contradicts to the positivity of u. Hence m must be even.
Step 2. Let

2m+ta

ux(x) = A1 u(Ax)

be the rescaling of u. It can be easily checked that

(—A)"up(x) = |z|"uk (), VA > 0.
By (18), we derive

a(r) > a(0) > 0, Vr > 0.

Then we choose a sufficiently large A such that for any ag > 0

ﬂ(?") > ag > a’OTJO7 Vr € [07 1}7

where 09 > 1 and ogp > 2m + n. By (17) and (19), we have

—Abyy_1(r) > C*@P(r)

*xa . P,.poo
> C*%ygr

= Cafyr?oe.
It follows that
Ca? oop+2
Gm—1(r) < @10 do .
(gop + n)(o0p + 2)
Since m is even, by (18), we obtain
CaProopt2 CaProopt2
Up—1(1) < 0 ——0 , Vr e [0,1].
N R e e

Similar to (20), by the second equation in (15), (18) and (20), we deduce

5 Calroopti
um_Q(T) Z (200'T)4, V'f" (S [0,1]

(20)
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Continuing this way, we derive

Cabroort2m  — Cqabr2oop

, Vr €0, 1].
Qo = o €0

a(r) >

Set
o1 = 200177 Ok = 20—k71p7 k= 27 Tt
Cag Cap_,

a1:—0 ar = ——M——— :27...

(200p)2™" " T 20%_1p)2™’

Repeating the above arguments, by the induction, one can prove
a(r) > agr, Vr €[0,1].

Through elementary calculations, we have

o) = 205-1p = (2p)*0_2 = - - - = (2p)" 0y,
C.cr.or. ....Cp’“‘lagk
ak = 2m(pF—1)

(2p)2mik+(k=D)p+(k=2)p2+-4p*=1) g P =T

c— k
N c.cr.cP.....cP" "ab
- 27npk«i»1,P 2m(pk—1)
7 —1
(2p)" &% 0y 7

1
— —1
>Cﬁﬂ—iﬁ—ﬂL—pkk:1
- 2mp 2m 9’ )
()7 o]
We take
2mp 2m

ag = 2C 51 (2p)»-D%gp .
Then by (21), we deduce
(1) > Cr 127" 5 00, as k — o0.

This is impossible. Hence (7) must hold.

Part 2. Now we show that all other ug(x) must be nonnegative, where k = 1,2, - -

the contrary, suppose for some 4,2 < i < m — 1, 3z° € R"™, such that

Umfl(x) 2 07 um72(-r) Z 07 T umfiJrl(x) Z Oa YIS Rna

U —i(2%) < 0.

377

,m—2, € R" On

(22)
(23)

Repeating the similar arguments as in Step 1 of Part 1, we conclude that m — i must be odd and thus derive

(=)™ Ty, j(r) >0, j=1d, - ,m—1, ¥r > 0.

Then
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a1(r) <0, Vr > 0.
Therefore
a(r) > a(0) :==c>0Vr > 0.
By (17), we obtain

Aty _1(r) > C**aP(r)
> coc? :=C > 0.
Integrating both sides from 0 to r yields

Cr?

Um—1(r) < Upm-1(0) — — — —o00, as r — 0.
This contradicts with (7), and therefore (5) must be true. This completes the proof of Theorem 2.
3. The proof of the equivalence between (3) and (4)

We now prove the equivalence between (3) and (4). Here, the proof consists of two steps. In step (i), we
show that if u is a positive solution of (3), then u satisfies (4). In step (ii), we prove that if u € C*™(R") is
a solution of (4), then wu satisfies (3).

(i) We first assume that u is a positive solution of

(=2)"u(x) = |z|*uP(z), = € R, (24)

where m is a positive integer and 2m < n.
Let §(z — y) be the Dirac Delta function for fixed z. G, (z,y) is the Green’s function

(~A)"Gy(a,y) = 3 ), in B, (x) o5)
Gr(z,y) = AG(2,y) = - = A™71G.(2,9) = 0, on B, ().
By the Hopf Lemma, one can easily verify that the outward normal derivative
a 1/ .
aT[(—A) Gr(z,y)] <0,i=0,...,m—1, on 9B, (z). (26)
y

Multiply both sides of (24) by G.(z,y) and integrate on B,.(x). After integrating by parts, and due to
Theorem 3, (25) and (26), we arrive at

/ G (a0, ) ly|wP (y)dy = / G, y) (— ) u(y)dy

B/ (x) B/(x)
m—1
—u@)+ Y. [ ()l (-2 G e g)ldo
=098, (x) Y
<u(x). (27)

Solving equations (25) directly and letting r — oo, we have
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C
Gr(z,y) — ; 28
(@9) = (28)
(=A)'Gr(z,y) — ¢ : Lo ym—1, (29)
|ZIJ _ y‘n—2m+21
and
0 . C
— (=)™ (x, i =0,---,m—1. 30
5 (-2 ==t m (30)
It follows from (27) that
[ vl < . (31)
o =yl
R‘n.
By (31), there exists 1, — 00, such that
—plle 1
0< % / up(y)da < —om—1 / |y|aup(y)d0 — 0.
r r
k oB,, (z) b OBy, (x)
We further deduce that
1 P
m u(y)da—)O, as 1 — oQ.
b 0B, (x)
Then by Jensen’s inequality, we have
1
W u(y)da — 0, as Tk — OQ. (32)
"k " o), (@)
For 7"~ 1= %% < r?~1 it is easy to see
1
= / u(y)do — 0, as 1, — oo. (33)
k 9By, (z)
Set
(_A)iu:ui7 izlv"'vm_lv (34)
(—A)ZGT(ZL‘7y) :Gz(aj7y)a 1= 17 7m_1~ (35)

Multiply both sides of (34) by G,,—;(x,y) and integrate on B,.(z). After integrating by parts, by Theorem 3
and (26) again, we deduce

[ G itety =@+ [ (AP (- Gyl

Equations (29) and (36) imply
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— ui(y) -
_ n— 2m+2(m 7, y_ _ n_gidy<00>1—1,-'-,m—l.
|z =yl |z =yl
Rn

Then there exists r, — oo, such that

1

n—2i—1
Tk

ui(y)de -0, i=1,--- ,m—1. (37)

OB, (x)

From equation (27), by (30), (31), (33) and (37), there exists 7, — 0o, such that
0)=C [ bl )y, (39)
J =

Here we finish the proof that if u is a positive solution of (3), then u satisfies (4). (ii) If u € C?*™(R") is a
solution of (4), then

(— )™ () = / ()G, )|y (y)dy

R’H,

= /5(ff = y)ly|“u”(y)dy
R’n.

= |z]uP(z).

It’s easy to conclude the proof that if u € C*™(R") is a solution of (4), then u satisfies (3). This completes
the proof of Theorem 1.

4. The proof of Theorem 3
For any real number A, let the moving plane be
T ={z=(x1, - ,Zn)|x1 = A}
We denote
Sy={x= (21, - ,zn)|z1 < A}

Set 2 = (2\ — w1, @9, ,x,), ux(w) = u(z?), and wy(x) = ux(z) — u(zw).

The following lemma is key inequality in integral estimates.

Lemma 1 (An equivalent form of the Hardy-Littlewood—-Sobolev inequality). Let g € LP for —"— < p < oo.

Define
1
(x):/mg(wdyv
R'n.

then

1Tgllr < Cn,p,a)llgll, 2z

L n+c¥p :
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Forﬁ<p<%,let
1 T
v(z) = W“(w) (39)

be the Kelvin transform of u. We calculate y = %, dy = I;\%’ and

1 T
"= e )
1 1
- x|n—2m/ n—2m|y|au(y)pdy
R" ﬁ—y
1 / 1 g1, 7.1
= — =5 W (~—)~—dy
‘m|n—2mRn #_% n—2m |y‘2 |y‘2 |y‘2n
z )
i p
_ / 1 gl we) |1
I R A e I e I T
R =2 [yl?

1 1
= [ = VP () =5—d,
R[ |y — x|n—2m [ylo—a

where b = (n — 2m)(t — p) > a, T = M2t
Zm (R™) we can derive that

Then we deal with v(z). By our assumption on u that |z[*uP™! € L27
|z|*—bvP~t € L™ (R™\0). Equivalently for any domain € of a positive distance away from the origin,

loc

we have
p—1 a\ zm
/ (%) dy < oo. (40)
|
Q
Let p = %, where 0 < & < 2m + a, we have v(z) = [, W v‘z(‘f) dy.
Since

_ T va x>‘ va
o(z) —E/ Glar) e (dy + Z/ Gl 9) e )y

o(e) = / G(xm@va)dw / G(x*,wﬁvi(mdy
2

3

then we have

1 1
v(x) — va(x) ZE[[G(% y) — G(a*, y)]‘y?vp(y)dy +Z/[G(xk, y) — G(*, yk)]va(y)d@/
1 1
= [[G(z,y) - G )] | =" (¥) — =5 ()| dy (41)
2[ {yl yA= A }

We now prove that v(xz) must be radially symmetric and decreasing about O. Here, the proof consists of
two steps. In step 1, we show that for any sufficiently negative A,
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v(z) <wv(z?) in X,\Bs(0Y). (42)

In step 2, we move the plane T} along the x; direction continuously from near negative infinity to the right
as long as (42) holds. We show that the plane can be moved all the way to z; = 0. Hence

v(z) < v(2?), Vo € X.

If we move the plane from positive infinity to the left and carry on the same procedure as in step 1 and
step 2, we can also prove that

v(x) > (2% in .
Therefore v(z) is symmetric about the plane Tp. Since the direction of z; can be chosen arbitrarily, we
deduce that v(z) is symmetric and decreasing about O. It follows that u(z) is also symmetric about O. For

more related results and details, please see [13,14,27] and the references therein.
Step 1. Define

Xy ={xe Y\\Bs(z)|wy (z) < 0}.

We show that for A sufficiently negative, ¥} must be measure zero. By the Mean Value Theorem, we have,
for sufficiently negative values of A, and for any z € X7,

0 <o)~ ne) = [16(e0) = G ) [ o) — k)]
PN
= 16t - 6@ | o) - )] d
S5
[ 6w 6l |z - ko)
EA\E;
< [16t0) - 6@ | o) - k)] a
=5
< [16tan - Gl ) [ LB g,
=5

J lyl°
<» [ G | Iﬁy) (0(y) — va()ldy

Here the value of P ~1(y) is between the value of v§71 (y) and that of vP~!(y). We apply Hardy-Littlewood—
Sobolev inequality to obtain for any ¢ >

n— 2m7

P y)
[wall ooy S IC | Gla,y) WE [w(y) = vaW]dyll Lo (soy

25
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vP~ Ly

<C
|yle

nq :
LaFEma (55)

Then we apply Hodler inequality to (43), we first choose the appropriate number

_ n+2mg
- n
such that
ng _
n+2mqg &
then we choose
n + 2mgq
 2mg
to ensure that
1 1
-4 - = 1
r s
We can get the following
sl o] sl
Wy -\ < W) .
LaEy) |yl L2 (35) L)

We can choose N sufficiently large, such that for A < —IV,

pP~L

|yle

1
< -
n _2

Lam (35)

Now inequality (44) implies Hw/\HLq(z;) = 0, and therefore ¥~ must be measure zero.

This implies
wi(x) >0, a.ex € Xy

Step 2. Move the plane to the origin to derive symmetry.
Inequality (45) provides a starting point to move the plane

T, = {.’17 € Rn|.’171 = )\}

383

(45)

Now we start from the neighborhood of 21 = —co and move the plane to the right as long as (44) holds. We
can see that by moving the plane this way, the plane will not stop before hitting the origin of R™. Define

Ao = sup{A< 0lw,(x) > 0, p< A, Vo € £, \ {0°}},
where 07 is the reflection of 0 about the plane T},. We will prove that
Ao = 0.

Suppose Ag < 0, we first show that v(z) is symmetric about the plane Ty, i.e.
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wy, =0, a.e. Vo € 3y,. (47)

Suppose the contrary, then we have wy, > 0, but wy, # 0 a.e. on Iy, \ {0*°}. We show that the plane
can be moved further. More precisely, there exists an & > 0 such that for all A € [A\g, Ag + &),

v(x) < va(x) a.e. on L\ {0}

By inequality (44), we have

pP~1

W ||w/\HLq(z;)- (48)

Hw/\”Lq(z;) <

L2m (33)
Again by (40), we choose ¢ sufficiently small so that for all A € [y, Ag + €),

Pt

|yl

n

L3 (35)

< % (49)

We postpone the proof of (49) for a moment. Now by (48) and (49), we have ||w>\||Lq(2;) = 0, therefore ¥y
must be measure zero. Hence for these values of A > \g, we have

wy(x) > 0 a.e. Vo € X)\{0*}.

This contradicts with the definition of A\, therefore (47) must hold.
Next, we show that (46) is true. Otherwise, if the plane stops at 1 = A\ < 0, then

U (2) =v(x) Ve ZAO\{O’\O}.

Then it is easy to see that

D vp
vy) k;(y)] dy > 0.
[yl |yrofe

0= 1)~ o) = [ (6 - Gla™)

2)\0

This is obviously a contradiction. Hence
wo(z) > 0 a.e. Vo € .

If we move the plane from the positive infinity to the left and carry on the same procedure as done above in
steps 1 and 2, we can also prove that wo(z) < 0 a.e. Y& € Eg. Therefore v(z) is symmetric about the plane
To, then we deduce that (47) must hold.

Since the direction of 1 in R™ can be chosen arbitrarily, we deduce that v(z) must be radically symmetric
in x € R™ about = 0 and decreasing about the origin in R™. By expression (39), we conclude that u(z)
must be radially symmetric in x € R™ about = = 0.

We further deduce that u(x) decreases about the origin in R™. Suppose on the contrary, then there exists
ro > 11, s.t. u(re) > u(ry), where r; # 0, we deduce that the minimum value must be in B,,. While,
according to Theorem 3 —Aw(z) > 0, by the maximum principle, we conclude that it is impossible for u(z)
to have a minimum in B,.,. This leads to contradiction, and therefore the conclusion that w(z) decreases
about the origin in R" is true.

Now we prove inequality (49). For any small 7 > 0, we can chose r sufficiently large so that
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L2m (R\{0}\B,(0))

Fix this 7 and then we show that the measure of ¥, (1 B,(0) is sufficiently small for A close to Ag. Then by
Lemma 1, it is easy to see

Wy, > 0 in the interior of ¥,\{0}. (51)
For any v > 0, let
Ey =A{z € (Ex\{0}) N Br(0)Jwx, (z) > 7}, Fy = (Ex,\{0}) N Br(0))\E,.
It is obvious that
lim p(Fy) = 0. (52)

For A > Ag, let
Dy = ((EA\M{OD\Ex,) N B(0).
Then it is obvious that
(X5 NB.(0)) C (X, NE,)UF,UDhs. (53)

It is easy to see that, the measure of D, is small for A close to A\g. Then we only need to show that the
measure of 33 N E, can be sufficiently small as A close to Ag. In fact, for any z € ¥} N E,, we have

wa(z) = va(z) — V(@) = va(T) — Vi (T) + V2 () — V() < 0.
Hence
U () — 0A(T) > vxo () — V() = Wy (7) > 7.
It follows that
(Zy NE,) € Gy = {z € Br(0)|vx, () —valz) > 7} (54)

By the well-known Chebyshev inequality, we have

1
mGy) < APFT / (03, () — va(@)[P* da
G’Y

1
AP+l 030 (%) — va(2) [P da.

Br(0)

IN

For each fixed ~, as A close to Ag, the right hand side of the above inequality can be made as small as we
wish. Therefore by (53) and (54), the measure of ¥ N B,.(0) can also be made sufficiently small. Combining
this with (50), we obtain (49).

This completes the proof of Theorem 3. For more related results and details, please see [13,14,27] and
the references therein.
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5. The proof of Theorem 4

Now, we consider

uP(y)ly|*
u(z) = dy, x € R". 55
( ) A |I—y|n_2m ( )
From (55), we have
uP (y)ly|*
Since
d 2m—n\ __ d 2y 2m-_n
du(l/w ym ) = du(luw yl?) 2
2m —n 2 277»777,_1 d 2
= pr—yl®) T T ——|ur—y
(i lnz =)
2m —n 2m—mn __
= = (e = yl) 7% T 2uzr = y)za 4o+ 2w — yn)an)
= (2m — n)|pz — y|?m "2 i(/ﬂﬂi — i)
i=1
= (2m —n)|px — y[>" "2z - (ur - y).
We derivative (56), with respect to p:
x - (px — y)uP (y)|yl
x - Vu(px) = (2m —n) / iz — yr2m2 dy, = # 0.
Letting p = 1 yields
- (z —y)ul(y)ly|*
z - Vu(z) = (2m —n) / PR dy, = # 0. (57)

Multiplying both sides of (57) by |z|*u?(z) and integrating on B, \ B. := B,.(0) \ B:(0), we integrate by
parts to obtain

The left = / uP (x)|z|*(z - Vu(z))dz

BT‘\BE
= / / uP(R)R(z - %agf) )dodR
&€ 8BR
= —1 nw, R" T duP ™ (z)
p+1 !
- uP T (z)r*do + L P (2)e" do
p+1 p+1

9B, OB
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T

1
T nwnuP 1 (z)dR™ e
g
1 p+1 a+1 1 p+1 a+1
) uPTH (2)r T do + Pl uPT (2)e" do
OB, 0B.
- Zii‘ / W+ (2)]e] da (58)
B,\B.
and
_ ayp
The right = (2m — n) / / (@ \x — y|n)|gL+€| G )dyda:. (59)
B, \B. R"
By (55), we have

ZAOIT

@ — yfn—zm Y
Rn

y)lyl*
// \re— |n 2mdads

u(r) = u(re) =

— o) / / 11 F(5)ds. (60)

Obviously, for each fixed 0 < s <7, f(s) > 0. Set t = 2, then 0 <t < 1, g(t) := f(s). Since [0,1] is a
compact set, g(t) is continuous in ¢, we must have g(t) > Cy > 0. Then by (60), we deduce

u(r) > cuP (r)r*m™te,

This implies

u(r) < —perr, 88 T — 00, (61)
r p-1
and by (61), we deduce
/ w1 ()|l *dy < oo. (62)
Rn

Then there exists a sequence r; — 0o as j — oo, such that
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rj“'a / uPT(z)do — 0. (63)

OB,
Ei

Since

(@ —y) +yly—z) =z —y|>

By symmetry, we have

2m —n 2m—n uP (y)uP (z)|x]* |yl
+1
5 /u” (z)|z]|*dx = // |x_ W= dxdy

R'n.
_2m-—n (x — y)uP (y)uP (z)|z|*|y|*
[

Rn Rn

L 2mon y — a)uP(y)uP (@)|z]*|y|*
// |z — y[n—2m+2 dwdy
R" Rn

(2m — n) // (@ = gy @ @lelyl”

|.’L’ _ y|n 2m+2
R™ R™

Letting ¢ — 0 in (58) and (59), we derive

1
—— [ TPt (z)do — nta /up+1(x)r“dx
p+1 p+1
(z — y)uP (y)u” (z)|z|"|y|*
(2m —n) // T dydzx.
We arrive at
n+a o1 a 2m—n/ 11 a
o= de = — P dz. 4
Pt [wnt@lelds = 2 [t @)laleds (64
B, Rn
Letting r — oo,
2
p_|_ 1< M’
n—2m

n+a < n—2m
p+1 2
(64) implies w = 0 in R™. This completes the proof of Theorem 4.
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