ON EXTENSIONS OF PARTIAL ISOMETRIES

MAHMOOD ETEDADIALIABADI AND SU GAO

ABSTRACT. In this paper we define a notion of S-extension for a metric space
and study minimality and coherence of S-extensions. We show that every S-
extension can be identified with an algebraic object. We use this algebraic
representation to give a complete characterization of all finite minimal S-
extensions of a given finite metric space and a complete characterization of
all minimal coherent S-extensions. We also define a notion of ultraextensive
metric spaces and show that every countable metric space can be extended to
a countable ultraextensive metric space. We also show that the isometry group
of an infinite ultraextensive metric space has a dense locally finite subgroup,
generalizing results in [8][10][12][14].We also study compact ultrametric spaces
and show that every compact ultrametric space can be extended to a compact
ultraextensive ultrametric space.

1. INTRODUCTION

The study in this paper was motivated by the following theorem of Solecki [12]:

Theorem 1.1 (Solecki [12]). Ewvery finite metric space X can be extended to a
finite metric space Y such that every partial isometry of X extends to an isometry
of Y.

The main objective of this paper is to identify such extensions and related con-
cepts with algebraic objects. Inspired by Solecki’s theorem, we define the following
notions. Given a metric space X, a distinguished point ay € X and a collection
P of partial isometries of X such that P = P~! and X \ {ap} C P(ao), a P-type
S-extension is a pair (Y, ¢), where Y is a metric space extending the metric space
X and ¢ is a map from P into the set of all isometries of Y such that ¢(p) extends
p for all p € P. When P is the set of all partial isometries of X, we call (Y, ¢) an
S-extension of X. Solecki’s theorem can be restated as: Every finite metric space
has a finite S-extension. We should also mention that similar notions in a more
general context of finite relational structures have been studied by the authors in
[2].

If X is a metric space and (Y, ¢) is a P-type S-extension of X, then we say (Y, ¢)
is minimal (sometimes called irreducible in the literature) if for all y € Y there are
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partial isometries py,...,p, € P and x € X such that

y=9¢(p1) - o(pn)(T).

This allows us to associate the point y € Y with ¢(p1) - - - d(pn) € ¢(F(P)), where
F(P) is the free group generated by elements of P, and therefore to view Y as an
algebraic object.

Our first main result of the paper is to give an algebraic characterization of all
finite minimal P-type S-extensions of a given finite metric space. Before even stat-
ing the result, we will give a direct constructive proof of Theorem 1.1. Recall that
Solecki’s proof in [12] uses a result of Herwig-Lascar [5], which is in turn a general-
ization of a celebrated result of Hrushovski [6] on extending partial isomorphisms of
finite graphs. Our proof of Theorem 1.1 follows the ideas of Herwig—Lascar’s proof
and is essentially the same as the approaches in Rosendal’s in [10] and Pestov’s in
[8]; but since we have a focus of characterizing all minimal S-extensions, our proof is
somewhat different from them. Specifically, our proof is not as general as [10], and
unlike [8], it does not need the full generality of Herwig—Lascar’s result. Here we
should mention that Hubicka—Koneény—Nesetil [7] provided a combinatorial proof
of Theorem 1.1.

In a sense, our proof of Theorem 1.1 gives a “canonical” algebraic construction
of a P-type S-extension from a parameter we call a feasible prekernel, which is a
suitable normal subgroup of F(P). Given a feasible prekernel N 4 F(P), we con-
struct a canonical algebraic S-extension (I'y, @y ), and introduce a weight function
wpy. The minimal S-extensions can then be characterized as follows.

Theorem 1.2. Let (Y, ¢) be a finite minimal P-type S-extension of X. Let N =
ker(¢) and G = ®n(F(P)). Then there is a G-invariant pseudometric p on I'y
which is consistent with wy such that (Y, $) is isomorphic to (Tn", ®n").

The next notion we study is that of coherence between P-type S-extensions. Here
we introduce a notion of coherence between feasible prekernels, and our second main
result demonstrates a correspondence between the two coherence notions.

Theorem 1.3. Let X7 C Xy be finite metric spaces, (Y1, ¢1) be a minimal Py -type
S-extension of X1, and Py C Py where Py = P;l and Xo \ {ap} C Pa(ap). Then
the following hold.

(i) Let (Ya,¢2) be a Py-type S-extension of X that is coherent with (Y1, ¢1).
Then Ny = ker(¢y) is a coherent extension of N1 = ker(¢1).

(ii) Let Na<QTF(Py) be a coherent extension of N1 = ker(¢1). Then letting G =
O, (F(P)), there exists a Go-invariant pseudometric ps on Ty, which is
consistent with wy,, such that (Ya, ¢o) = (Tn, ", BN, ") is coherent with

(Y1,¢1).

Iterative coherent S-extensions lead to infinite metric spaces with striking prop-
erties. We introduce the notion of ultraextensive metric spaces and obtain some
general results about them. Specifically, we call a metric space U ultraeztensive if
U is ultrahomogeneous, every finite X C U has a finite S-extension (Y, ¢) where
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Y CU, and if X; C Xy C U are finite and (Y7, ¢1) is a finite minimal S-extension
of Xy with Y3 C U, then there is a finite minimal S-extension (Y2, ¢2) of X5 such
that Yo C U and (Y1, ¢1) and (Y2, ¢2) are coherent.

Recall ultrahomogeneity means that any partial isometry can be extended to
a full isometry of the entire space. Thus ultraextensiveness is a strengthening of
ultrahomogeneity. It follows from our results that the universal Urysohn metric
space U and the rational universal Urysohn space QU are ultraextensive. Another
example of ultraextensive metric space is the countable random graph equipped
with the path metric. Moreover, we will also establish the following results.

Theorem 1.4. Every countable metric space can be extended to a countable ultra-
extensive metric space.

Theorem 1.5. If U is an ultraextensive metric space, then every countable subset
X CU can be extended to a countable ultraextensive Y C U.

Theorem 1.6. For any separable ultraextensive metric space U, Iso(U) contains
a dense locally finite subgroup.

For compact ultrametric spaces we prove the following.

Theorem 1.7. FEvery compact ultrametric space can be extended to a compact
ultraertensive ultrametric space. In particular, every compact ultrametric space has
a compact ultrametric S-extension.

The rest of the paper is organized as follows. In Section 2 we give some pre-
liminaries of S-extensions, metrics on weighted graphs, and the profinite topology.
In Section 3 we give the canonical algebraic construction of finite S-extensions in
the style of Herwig—Lascar. In Section 4 we study finite minimal S-extensions and
give a complete characterization of them. In Section 5 we study the notion of co-
herent S-extensions and give a complete characterization of coherent S-extensions
along with several constructions and applications. In Section 6 we study ultraex-
tensive spaces and establish the main results mentioned above. In Section 7 we
study compact ultrametric spaces and show that they admit compact ultrametric
S-extensions. In Section 8 we mention some open problems.

2. PRELIMINARIES

2.1. S-extensions. We fix some notations to be used in the rest of the paper. Let
(X,dx) and (Y,dy) be metric spaces. When there is no danger of confusion, we
simply write X for (X,dx) and Y for (Y,dy).

We say that Y is an extension of X if X C Y and for all 1,29 € X, dy (21, 22) =
dx(x1,%2). Interchangeably, we use the same terminology when Y contains an
isometric copy of X.

An isometry from X to Y is a bijection 7w : X — Y such that

dy (w(z1), 7(22)) = dx (21, 22)
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for all z1, x5 € X. An isometry from X to X is also called an isometry of X. The
set of all isometries of X is denoted as Iso(X). Under composition of maps, Iso(X)
becomes a group.

A partial isometry of X is an isometry between two finite subspaces of X. The
set of all partial isometries of X is denoted as P(X). P(X) is not necessarily a
group, but it is a groupoid. In particular, for each p € P(X) we can speak of the
inverse map p~', which is still a partial isometry.

If Y is an extension of X, then every partial isometry of X is also a partial
isometry of Y. In symbols, we have P(X) CP(Y)if X CY.

If p,q € P(X), we say that q extends p, and write p C g, if

{(z,p(x)) : « € dom(p)} C {(z,q(2)) : x € dom(q)}.

We let 1x denote the identity isometry on X, i.e., 1x(z) = z for all z € X. Let
Px denote the set of all p € P(X) such that p € 1x. We refer to elements of Px
as nonidentity partial isometries of X.

The main concept we study in this paper is that of a P-type S-extension.

Definition 2.1. Let X be a finite metric space and fix a distinguished point ag € X.
Let P C Py be such that P = P~! and X \ {ao} C P(ag). A P-type S-extension
of X is a pair (Y, ¢), where Y D X is an extension of X, and ¢ : P — Iso(Y) such
that ¢(p) extends p for all p € P. The map ¢ is called a P-type S-map for X.
When P = Px, we call (Y, ¢) an S-extension of X and ¢ an S-map for X.

Note that an equivalent restatement of Solecki’s theorem (Theorem 1.1) is that
every finite metric space has a finite S-extension. It is well-known that the universal
Urysohn space U is both universal (for all separable metric spaces) and ultrahomo-
geneous. These imply that every separable metric space has an S-extension (Y ¢)
where Y is isometric with U.

We will need the following notion of isomorphism between P-type S-extensions.

Definition 2.2. Let X be a metric space and (Y, ¢) and (Z,1) be both P-type
S-extensions of X. An isomorphism between (Y, ¢) and (Z,1) is an isometry = :
Y — Z such that ¥(p) om = 7o ¢(p) for all p € P. If there is an isomorphism
between (Y, ¢) and (Z,v), we say that (Y, ¢) and (Z,4) are isomorphic, and write

(Y, 0) = (Z,¢).

2.2. Metrics on weighted graphs. We will study metric spaces derived from
weighted graphs. A weighted graph is a pair (', w), where T’ = (V(T'), E(T")) is a
(simple undirected) graph and w : E(T') — R4 (R4 denotes the set of all positive
real numbers). We call w the weight function. If wq,ws are two weight functions
on I', then we write wy < we if wy(z,y) < wa(z,y) for all (z,y) € E(T).

Given a weighted graph (I',w), let L, = inf{w(z,y) : (x,y) € E(I)} and
B, = sup{w(z,y) : (x,y) € E(T')}. Assuming 0 < L,, < B,, < 00, one can define
a path metric d,, on V(T') as follows: for any x,y € V(T'), let

dw(xa y) = min{Bwa Oy (1’, y)}
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where

n

W(Ti, Tip1) + T1 =Ty Tpi1 =Y, Vi <n (2,2,41) € E(F)}

Ow(z,y) = inf{

Il
_

In particular, d,,(x,y) is undefined when x and y are not connected by a path in I,
in which case dy,(z,y) = By It is easy to verify that d,, is indeed a metric. Also,
if (z,y) € E(I), then dy(x,y) = 0w (x,y). We note the following simple fact about
d,, without proof.

Lemma 2.3. The following are equivalent:
(i) For any (z,y) € E(T), du(,y) = w(z,y).
(ii) For any (z,y) € E(T') and any z1,...,%,1 where z; = x, p41 = y, and
(xi,xip1) € E(T) for alli =1,...,n, we have

n
w(w,y) <Y w(zi,zip).
i=1

We introduce some new concepts about the consistency of metrics on weighted
graphs.

Definition 2.4. Let (I',w) be a weighted graph and d be a metric on V/(I"). We
say that d is consistent with w if for all (z,y) € E(T), d(z,y) = w(z,y). We say
that w is reduced if d,, is consistent with w.

Lemma 2.5. Let (I', w) be a connected weighted graph. Then there is a maximal
reduced weight function w* on I' with w* < w.

Proof. For all (z,y) € E(I"), define w*(z,y) = dw(z,y) = 0w(z,y). Then w* < w.
To see that w* is reduced we use Lemma 2.3 and consider (z,y) € E(T"). Suppose
X1y Tper € V() with 21 = x, xp01 = v, and (z;,2,41) € E(T) for all i =
1,...,n. Let € > 0. For each i = 1,...,n, let x} = xi,x?,...,xfiH =x;41 € V()

with (27,27%") € B(D) for all j = 1,...,k; be such that

ki
w* (24, 1) = duw(@i, Tig1) w(z?, ZH < w*(x, Ti01) + €/n.
j:1
Then
W*(xay):dw(x7y)gz 37 f“ <Zw xzaxz+1
i=1 j=1

Since € is arbitrary, we have that

n
w*(m, y) < Zw*(xi?xi+1)'

=1

Thus w* is reduced. For the maximality of w*, assume v < w is a reduced weighted
function. Then for all (z,y) € E(T), u(z,y) = dy(z,y) < dw(z,y) = w*(z,y). O
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We can always turn a metric space into a weighted graph. If (X, d) is a metric
space, for any z,y € X with z # y, we add an edge between x and y with weight
wq(x,y) = d(z,y). Then (X, w,) is a connected weighted graph and wy is a reduced
weight function.

We will also consider pseudometrics on weighted graphs.

Definition 2.6. Let (I',w) be a weighted graph and p be a pseudometric on V(I').
We say that p is consistent with w if for all (x,y) € E(T), p(z,y) = w(z,y).

When a weight function w satisfies B,, < oo and L,, = 0, one can similarly define
a path pseudometric d,, and the distance function ¢§,, the same way as above. The
resulting path pseudometric is consistent with w.

Definition 2.7. Let (M, p) be a pseudometric space. An isometry of (M, p) is a
map ¢ : M — M such that for all z,y € M, p(p(x),¢(y)) = p(z,y). If G is a set
of isometries of (M, p), we say that p is G-invariant.

Any pseudometric space (M, p) has a metric identification defined as follows. Let
~ be an equivalence relation defined on M by x ~ y iff p(z,y) = 0. For each z € M,
let [2]~ denote the ~-equivalence class of 2. Then we can define M = M’ = M/ ~
and a metric p on M by p([x]~, [y]~) = p(z,y) for all z,y € M. (M,p) is called
the metric identification of (M, p). If ¢ is an isometry of (M, p), then we can define
®: M — M by @([z]~) = [p(x)]~ for all z € M. Then % is an isometry of (M, p).
Suppose G is a set of isometries of (M, p), then G = G” = {7 : ¢ € G} is a set of
isometries of (M, p). We note that if G is a group, then G is also a group.

Let (T', w) be a weighted graph and p be a pseudometric on V(T") consistent with
w. Let (T',p) denote the metric identification of the pseudometric space (T, p). For
(z,y) € E(T), define w([z]~, [y]~) = w(z,y). Then (T,w) is a weighted graph and
p is consistent with w. We will need this construction in the subsequent sections.

2.3. The profinite topology. One of the main tools we will be using is Ribes—
Zalesskii theorem [9] on the profinite topology on an abstract group. Recall that if
G is an abstract group, the profinite topology on G is the topology generated by all
cosets of normal subgroups of finite index, that is, it has as a basis of open subsets
all cosets of normal subgroups of finite index.

Theorem 2.8 (Ribes—Zalesskii [9]). LetF be an abstract free group and Hy, ..., H,
be finitely generated subgroups of F. Then Hy --- H,, is closed in the profinite topol-

0qgy.

A group G is said to have property RZ if for any finitely generated subgroups
Hy,...,H, of G, Hy---H, is closed in the profinite topology of G. All groups
with property RZ are residually finite. We will also use the following theorem of
Coulbois [1].

Theorem 2.9 (Coulbois [1]). If G1 and G have property RZ, then so does the
free product G1 x G.
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Herwig—Lascar [5] used the Ribes—Zalesskii theorem in their study of the exten-
sion problems. This approach was explored further by Rosendal [10] [11] to study
extension problems for isometries, who showed that the Ribes—Zalesskii property
for a group G is equivalent to an extension property for actions of G by isometries.

Definition 2.10. Let G be a group acting by isometries on a metric space (X, dx).
We say that the action is finitely approzimable if for any finite A C X and finite
F C @G there is a finite metric space (Y, dy ), on which G acts by isometries, and an
isometry 7 : A — Y such that whenever g € F and z, gz € A, then n(gz) = gn(z).

Theorem 2.11 (Rosendal [10]). The following are equivalent for a countable dis-
crete group G:

(1) G has property RZ;

(2) Any action of G by isometries on a metric space is finitely approximable.

3. FINITE S-EXTENSIONS

In this section we give a direct constructive proof of Solecki’s theorem (The-
orem 1.1) following the ideas of Herwig—Lascar [5]. We will see in the following
sections that the construction we present here is in some sense canonical.

For the rest of this section we fix a finite metric space X, a distinguished point
ap € X and P C Px where P = P71 and X \ {ao} C P(ap). Recall that Px is the
set of all nonidentity partial isometries of X. Let F(P) be the free group generated
by elements of P. For each p € P, we identify the partial isometry p~! € P with
the formal inverse of p in F(P). Thus any nonidentity element of F(P) is a finite
word of the form p;...p, with p1,...,p, € P. We use 1 to denote the identity
element of F(P). Of course, 1 can be identified with the identity isometry 1x.

Let H be the set of all finite words py ---p, with p1,...,p, € P such that
P1-.-Pn(ag) = p1(p2(- - prlag)---)) is defined and p; ...p,(ap) = ag. Since X is
finite, H is a finitely generated subgroup of F(P).

Define I' = F(P)/H. We construct a weighted graph (I, w) as follows:

(1) for every p,q € P U {1} such that p(ag) and g(ag) are defined, there is an
edge between pH and ¢H with w(pH,qH) = dx(p(ao),q(ap)), and
(2) for every g,g1,92 € F(P), if there is an edge between g1 H and goH,
then there is an edge between gg1H and ggoH with w(gg1H,ggeH) =
w(g1H, g2 H).
To see that w is well-defined, first note that if w(g; H, g2 H) is defined then there are
p,q € P with p(ag) and ¢(ag) defined, and g € F(P) such that g = gp and g2 = gq.
In this case, w(g1 H,92H) = w(pH,qH) = dx(p(ao), ¢(ap)). Thus, to verify that w
is well-defined, it suffices to make sure that if p,q,7,s € P and dx(p(ao), g(ag)) #
dx(r(ao), s(ap)), then there does not exist g € F(P) such that gpH = rH and
gqH = sH. Assume there is such a ¢ = p;...p,. Then r~!gp,s7'gq € H, and
thus 7~ 1p1 ... pup(ag) = ap and s 'p; ... puq(ag) = ap. It follows that

D1 ---pu(plag)) = r(ag) and p1 ... pn(g(ap)) = s(agp).

Since all p1, . .., p,, are partial isometries, we have dx (p(ao), ¢(ao)) = dx(r(ao), s(aop))-
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From the finiteness of P and the definition of w, it is clear that L,, = inf{w(z,y) :
(z,y) € EI)} > 0 and B, = sup{w(z,y) : (z,y) € E(I')} < co. It follows that,
equipped with the path metric d,,, I' becomes a metric space. When there is no
danger of confusion, we use I' to denote the metric space (T, d,,).

We claim that I' is essentially an extension of X. To see this, let e : X — T" be

defined by
H, if a = ao,
e(a) =
pH, where p € P and p(ag) = a, if a # ao.

To see that e is well-defined, first note that for any a # agy there is p € P with
plag) = a. If p,q € P with p(ag) = q(ag), then p~tq € H and therefore pH = qH.
Thus e is well-defined. Furthermore, if e(a) = pH = ¢H = e(b) and p(ag) = a
and g(ap) = b, then p~'q € H and therefore a = p(ag) = q(ap) = b. This means
that e is one-to-one. To see that e is an isometric embedding, we use the following
lemmas.

Lemma 3.1. Let (Y, ¢) be a P-type S-extension of X. Then thereis 7 : I' = Y
such that dy (w(g1H),n(g2H)) = w(g1 H, goH) whenever (g1H, g2 H) € E(T).

Proof. We first expand ¢ : P — Iso(Y) to a map ¢ : F(P) — Iso(Y) by

Y(p1...pn) = d(p1) o0 d(pn)-

Define 7 : I' = Y by w(gH) = ¥(g)(ap). It is easy to see that 7 is well-defined.
Now, if (¢1H,g2H) € E(T"), then there exist p,qg € PU{1} and g € F(P) such that
g1 = gp, g2 = gq, and p(ao), ¢(ap) are defined. We have

dy (m(g1H), m(92H)) = dy (m(gpH), 7(9qH)) = dy (¢(g) © ¢(p)(a0), ¥(g) o ¢(q)(ao))
(&(

dy (¢(p)(ao), 9(q)(a0)) = dx (p(ao), q(ao))
=w(pH, qH) = w(gpH, ggH ).

Lemma 3.2. w is reduced.

Proof. We verify using Lemma 2.3 that for any (g1 H, goH) € E(T'), dw(g1H, g2 H) =
w(g1H,g2H). Let v1 = g1,72, -+, Vnt+1 = g2 be elements of F(P) such that for all
i=1,...,n, (v;H,vit1H) € E(T'). Let Y = U and (Y, ¢) be a P-type S-extension
of X. Let m: ' = Y be given by Lemma 3.1. Then

w(g1H, goH) = dy (m(g1 H), m(g92H))

<Y dy (r(viH), (v H) = > w(viH, vig1 H).
i i=1

Lemma 3.3. ¢ is an isometric embedding.
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Proof. Let a,b € X and p,q € P U {1} with p(ap) = a and ¢(ag) = b. Then
(pH,qH) € E(I"). Since w is reduced, we have

dw(e(a), (b)) = dw(pH,qH) = w(pH, qH) = dx (p(ao), q(ao)) = dx (a,b).

We identify X with
e(X)={pH : pe PU{1l} and p(ap) is defined} C T

and consider I' an extension of X. For each ¢ € P, consider the partial map
G :e(X) — e(X) defined by ¢(pH) = gpH for all pH, qpH € e(X), i.e., whenever
p(ao) and g(p(ag)) are defined; note that in this case there exists r € P such that
r(ao) = q(p(ap)) and rH = gpH. Then it is straightforward to verify that for all
a,b € X, q(a) = b iff §(e(a)) = e(b). Thus we may identify ¢ with § on the domain
e(dom(q)).

Define @ : P — Iso(T") by letting, for any ¢ € P,

P(q)(9H) = q9H
for all g € F(P). To see that ®(q) is indeed an isometry of T, let g1, g2 € F(P).

From the definitions of w and &,,, we get 6., (g1 H, goH) = 0.,(qg91 H, qgo H) (includ-
ing the case when one of these quantities is o0). It follows that d,, (g1 H, goH) =

dw(q91H,q92H).
Lemma 3.4. (T, ®) is a P-type S-extension of X.
Proof. For any q € P, ®(q) is obviously an extension of §. a

To construct a finite P-type S-extension of X our plan is to find a suitable normal
subgroup N of finite index in F(P), and to use I'y = F(P)/NH as the underlying
space of the P-type S-extension. Assuming such a normal subgroup N < F(P) is
found, we first turn I'y into a weighted graph (I'y,wy) as follows:

(1) for every p,q € P U {1} with p(ag) and g(ap) defined, there is an edge
between pNH and ¢NH with wy(pNH,qgNH) = dx (p(ap), q(ap)), and

(2) for every g,91,92 € F(P), if there is an edge between gt NH and g2 NH,
then there is an edge between gg1 NH and ggo N H with

wn (91 NH, gg2NH) = wn (g1 NH, goNH).

To guarantee that wy is well-defined, we use a similar argument as before provided
that the following condition holds:

(C1) For every p,q,r,s € PU{1} such that dx(p(ag),q(ao)) # dx(r(ao), s(ao)),
there does not exist g € F(P) such that gpNH = rNH and g¢gNH = sNH,
equivalently, N N pHr 'sHq ! = 0.

To see the equivalence in the statement of (C1), suppose gpNH = rNH and
gqgNH = sNH. Then by the normality of N we have g € TNHp ' NsNHq ™!,
and thus tNHp ' N sNHqg ! # (. It follows that N NpHr 'sHq 'N # 0, or
NnNpHr—'sHq ' # (. All steps can be reversed to establish the backward impli-
cation.
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Another similar argument as before shows that d,,, is a metric on I'y. We again

define
NH, if a = ay,
en(a) = .
pNH, wherepe€ P and p(ag) = a, if a # ayp.
In order to guarantee that ep is one-to-one, we argue similarly as before provided
that the following condition holds for N:
(C2) For every p,q € PU{1}, if p(ap) and g(ag) are defined and p(ag) # g(ao),
then p~lq ¢ NH, equivalently, N N\ pHq ! = .
Finally, to guarantee that ey is an isometric embedding, we argue similarly as

in the proof of Lemma 3.3 provided that wy is reduced, which corresponds to the
following condition:

(C3) For every p,q,r1,81,.-,Tn,Sn € PU{1} such that

dx (p(ao), q(ao)) > > dx(ri(ao), si(ao)),

i=1
there does not exist a path in I'y from pNH to ¢INH using translates of
edges (mNH,s1NH),...,(r,NH, s, NH) in the same order. That is, there
do not exist gi,...,gn € F(P) such that

pNH =giriNH, g1s1NH = goroNH,

Gn-15n—1NH = g,vn NH, ¢,s,NH = qH.

Equivalently, N N\ pHr{'siH--- Hr;'s,Hq~" = 0.

To summarize, we need to find N < F(P) of finite index so that (C1), (C2)
and (C3) hold. Note that these correspond to finitely many conditions, and each
condition is of the form YNNH; - -- H, = () where v € F(P), Hy, ..., H, are finitely
generated subgroups of F(P), and v € H; --- H,. For example, the condition in
(C1) can be rewritten as

(prgs 'rYNN H(r 'sHs 'r) = 0.

Thus, by the Ribes—Zalesskii theorem, for each condition of the form yYNNH; --- H,, =
(), where v ¢ Hy --- H,, there is a normal subgroup of finite index satisfying the
condition. Taking the intersection of all these subgroups, we obtain still a normal
subgroup of finite index to satisfy all conditions (C1), (C2) and (C3).

Now

en(X)={pNH : pe P and p(ao) is defined}.

Similar to the above, for each ¢ € P we can define the partial map ¢ : ey(X) —
en(X) by ¢(pNH) = gpNH. Then X is identified with ey (X) and ¢ is identified
with ¢ with domain e(dom(g)). Define & : P — Iso(T'y) by

PN (q)(gNH) = qgNH.

Then it is obvious that ®x(gq) extends ¢ for all ¢ € P.
We have thus established that (I'y, @) is a finite P-type S-extension of X.
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Definition 3.5. Let X be a metric space and P C Px be such that X \ {ag} C
P(ag). We say N 9 F(P) is a feasible P-type prekernel for X if it satisfies (C1),
(C2) and (C3). When there is no danger of confusion, we call N a feasible prekernel.

What we have shown in this section can be summarized as follows.

Lemma 3.6. Let X be a metric space. If N < F(P) is a feasible P-type prekernel
for X, then (Ty, @) is a P-type S-extension of X.

Thus Theorem 1.1 follows from the fact that for any finite metric space X there
is a feasible P-type prekernel N < F(P) that is of finite index in F(P). This in turn
follows from property RZ of the free group F(P).

4. MINIMAL S-EXTENSIONS

In this section we give a complete characterization of all finite minimal P-type
S-extensions of a given finite metric space. This is done by showing that the P-type
S-extension we constructed in the previous section is canonical in several senses.
We use the same notations from the previous section.

Throughout this section we still fix a finite metric space X, a distinguished point
ap € X and P C Py where P =P~ and X \ {ag} C P(ap). We have constructed
P-type S-extensions (I', ®) and (I'y, @) for suitable N < F(P). Here we first note
that, as long as P is sufficiently rich, these P-type S-extensions do not depend on
the choice of the point ag € X. More explicitly, if af, € X and pg(ag) = af for
po € P, and if X \ {a} C P(ay), then we could similarly define I'" = F(P)/H’ and
@'. Tt is easy to see that H' = pgHp, . Thus we may define a bijection 7 : T' — T”
by w(gH) = gpy "H' for all g € F(P). Tt is straightforward to check that 7 is an
isometry between I and I' such that 7(®(q)(gH)) = ®'(¢)(n(gH)) for all ¢ € P and
g € F(P). Thus 7 is indeed an isomorphism between the two P-type S-extensions.
Similarly, when P is sufficiently rich, the finite P-type S-extension (I'y,®y) does
not depend on the choice of ag either.

Next we note that for any P-type S-extension (Y, ¢) of X, the P-type S-map ¢
can be trivially extended to a map from all of F(P) to Iso(Y') by letting

G(p1-..pn) = d(p1) o0 dpn)

for all p1,...,pn € F(P). ¢ is a semigroup homomorphism but not necessarily a
group homomorphism. To turn it into a group homomorphism, we just need to
make sure that ¢(p~!) = ¢(p)~*! for all p € P, which is easy to arrange. In the
rest of this paper, we will use ¢ to denote the extension g?), and thus regard ¢ as
a map from F(P) to Iso(Y). We will also tacitly assume that all the extended
P-type S-maps ¢ : F(P) — Iso(Y) are indeed group homomorphisms and therefore
their ranges are subgroups of Iso(Y). We note that the extended P-type S-map
¢ : F(P) — Iso(T'y) is already a group homomorphism.
The following lemma is one evidence of the canonicity of the construction (I'y, Py ).

Lemma 4.1. Let N < F(P) be a feasible P-type prekernel for X, that is, (T'n, ®x)
is a P-type S-extension of X. Let G = ®n(F(P)) < Iso(I'y) and Ng = ker(®y).
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Then Ng<F(P) is a normal subgroup and NH = NgH. In particular, (Tn,, Pn,) =
(T, ).

Note that the notion of “feasible prekernel” is justified by Lemma 4.1 which
states that such a group N can be massaged into another normal subgroup Ng
that produces the same S-extension of X and Ng = ker(®y) = ker(Pn,,).

Proof. Ng is obviously a normal subgroup of F(P). We only need to verify NH =
NgH. Lety € Ng. Then ® () = land forall g € F(P), y¢gNH = On(y)(gNH) =
gNH. In particular YNH = NH, and so v € NH. This shows that N¢ C NH
and so NoH < NH. Conversely, suppose v € N. Then for all g € F(P), we have
On(7)(gNH) = vygNH = g(g-'vg)NH = gNH. Thus v € ker(®x) = Ng. This
shows that N < Ng and so NH < NgH. O

Next we define minimality for P-type S-extensions.

Definition 4.2. A P-type S-extension (Y, ¢) of X is said to be minimal if for any
y €Y there is g € F(P) such that y = ¢(g)(ao).

We state the following fact without proof.
Lemma 4.3. Let (Y,¢) be a P-type S-extension of X. Then the following are

equivalent:
(i) (Y, ) is minimal;
(ii) For any y € Y there exist g € F(P) and x € X such that y = ¢(g)(x).

Of course, the notion of minimality is motivated by the observation that if (Y, ¢)
is a P-type S-extension of X and let

Z={d(g)(x) : g € F(P),z € X},
then Z CY and for any p € P and z € Z, ¢(p)(z) € Z. Thus, by defining

Y(p) =o(p) I Z
for all p € P, we get another P-type S-extension (Z, 1) of X which is a subextension
of (Y,6).

We also note that, if (Y, ¢) is a P-type S-extension of X, then there are many
ways to define proper superextensions of (Y, ¢) by adding points to Y and defining
metrics appropriately. Thus there is no hope to give a reasonable characterization
of all finite P-type S-extensions of X. Below we concentrate on characterizing finite
minimal P-type S-extensions of X. We will show that all finite minimal P-type
S-extensions of X are derived from P-type S-extensions of the form (I'y, @y ).

Lemma 4.4. Let (Y, $) be a P-type S-extension of X. Let N = ker(¢). Then N
is a feasible P-type prekernel for X.

Proof. Define U : I'y — Y by UV(gNH) = ¢(g)(ap) for all g € F(P). To see ¥
is well-defined, note that if g;lgl € NH, then for some n € N and h € H, we

have ¢(g2)"*¢(g1)(ao) = ¢(n)p(h)(ao) = ¢(n)(ag) = ag. Here we note that for any
n € N, ¢(n)(ag) = ap since n € ker(¢), and for any h € H, ¢(h)(ag) = ap since

h(ag) = ag and ¢(h) extends h. Thus ¢(g1)(ao) = ¢(g2)(ao).
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To verify (C1), let p,q,7,s € PU{1} and g € F(P) be such that p(ao), ¢(ao),
r(ap) and s(ap) are defined, pNH = grNH and ¢gNH = gsNH. Applying the map
U to these equations, we get ¢(p)(ag) = ¢(g)d(r)(ag) and ¢(q)(ag) = ¢(g)d(s)(ag).
We need to show that dx (p(ao), ¢(ag)) = dx(r(an), s(ag)). Since ¢(g) is an isometry
of Y, we have

dx (p(ao), q(ao)) = dy (¢(p)(ao), #(q)(ao))
(@(g9)¢(r)(ao), p(9)¢(s)(ao))
(¢(r)(ao), d(s)(a0)) = dx (r(ao), s(ao)).
U {1} be such that p(ap),q(ap) are defined and

dy
dy
To verify (C2), let p,g € P
pNH =qgNH. We get
plao) = ¢(p)(a0) = V(pNH) = W(¢NH) = ¢(q)(ao) = g(ao)-
Finally, to verify (C3), let p,q,71,51,...,7n,$n € PU{1} and ¢1,...,¢9, € F(P)
be such that p(ag), q(ao),m1(ap), s1(ao), ..., mn(ag), sn(ag) are all defined, and
pNH = gimiNH, g1s1NH = goroNH,
Gn-1Sn_1NH = g,rn NH, ¢,s,NH = qH.
Applying W to all these equations, we get

plao) = ¢(g1)(r1(an)), #(g1)(s1(a0)) = #(g2)(r2(ao)),

B(gn—1)(sn—1(a0)) = ¢(gn)(rn(a0)), #(gn)(snlao)) = q(ao).
It follows that

dx (p(ao), q(ao)) = dy (p(ao), q(ao)) < Zdy (ri(ao), de (ri(ao), si(ao)).

i=1

O

Thus, for any finite P-type S-extension (Y, ¢), we have that N = ker(¢) is a
normal subgroup of F(P) of finite index and that N is a feasible prekernel. Fur-
thermore, we will be able to carry out the construction of (I'y, ®x) as in Section 3
as a P-type S-extension of X based on the weighted graph (I'y, wy). In particular,
the weight function wy, the path metric d,,, the isometric embedding ey, etc.
are all well-defined.

Theorem 4.5. Let (Y, ¢) be a finite minimal P-type S-extension of X. Let N =
ker(¢) and G = ®n(F(P)). Then there is a G-invariant pseudometric p on Ty
which is consistent with wy such that (Y, ) is isomorphic to (T, Py ).

Proof. We again define U : 'y — Y by U(gNH) = ¢(g)(ag) for all g € F(P). As
in the proof of Lemma 4.4, ¥ is well-defined. Since ¢ is minimal, ¥ is onto.
We define a pseudometric p on I'y by

p(1NH,goNH) = dy (¥(g1 NH), ¥(g92NH)) = dy (¢(g1)(ao), ¢(g2)(ao))-
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It is easy to verify that p is indeed a pseudometric on I' .
Recall that @y : P — Iso(I'y) is defined by

dn(p)(gNH) =pgNH

for all p € P and g € F(P). From previous section, the Iso(I'y) refers to the
group of isometries for the metric space (I'y, dy, ). Here we claim that the maps
gNH — pgNH are also isometries of the pseudometric space (I'y, p). To see this,
we only need to check

p(pg1 NH,pgoNH) = dy (¢(pg1)(ao), ¢(pg2)(ao))
=dy (¢(p)o(91)(a0), (p)9d(92)(a0)) = p(g1 NH, g2 NH).

Extending ® 5 to a group homomorphism from F(P) to Iso(I'y), the group of all
isometries of the pseudometric space (I'y, p), it follows that p is G-invariant.

To verify that p is consistent with wy, we consider an edge in the weighted
graph (T'y,wy ), which is of the form (9pNH,gqNH) where g € F(P) and p,q €
PU{1} are such that p(ag) and q(ag) are defined. Note that wy(gpNH,ggNH) =
dx (p(ao),q(ap)). We have

pgpNH, ggNH) = dy (¢(g)¢(p)(ao), ¢(g)¢(q)(ao))
= dy (¢(p)(ao), ¢(q)(ao))
= dx(p(ao),q(ao)) = wn(gpNH, ggN H).

We can now consider the metric identification of the pseudometric space (T, p),
which is denoted by (I'y,p). Since p is consistent with wy, so is p. Since p is G-
invariant, for each ¢ € G we can define an isometry @ € G for (I'y,p). Thus it
makes sense to define @y : P — Iso(T'y) by ®n(p) = ®n(p).

Finally, let 7 : Ty — Y be defined as m([gNH].) = ¢(g)(ap). Then 7 is an
isometry between the metric spaces (I'y,7) and (Y, dy). To complete the proof of
the theorem, we only need to verify that for any p € P, 7o ®x(p) = ¢(p) o m. We
have

[mo®n(p)([gNH]~) = 7[®n(p)([gNH].)] = n([pgNH]~)
= ¢(pg)(ao) = é(p)d(g)(ao)
= ¢(p)[r(gNH].)] = [¢(p) o 7|([gN H]~).

O

Theorem 4.6. Let N < F(P) be a feasible P-type prekernel that is of finite index.
Let G = ®n(F(P)). Let p be a G-invariant pseudometric on I'y which is consistent
with the weight function wy. Then (T, ®n) is a finite minimal P-type S-extension
of X.

Proof. Consider the metric identification (T y, ). Since p is G-invariant, G is a set
of isometries for I'yy. Since p is consistent with wy, so is p. Define ey : X — I'y by
en(a) = [en(a)]~. Then ey is an isometric embedding from X into I'y. Note that
en(ap) = [NH]~.. Thus we can identify ap with [NH].. It follows from similar
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arguments as before that (I'y, @) is a P-type S-extension of X. To see that it is
minimal, we just note that for any g € F(P), ®x(g)([NH].) = [gNH]~. O

We summarize the characterization of all finite minimal P-type S-extensions of
X in the following theorem.

Theorem 4.7. The following are equivalent:

(i) (Y, 9) is a finite minimal P-type S-extension of X ;

(ii) There exists a feasible P-type prekernel N < F(P) of finite index, and,
letting G = N (F(P)), there exists a G-invariant pseudometric p on Iy
which is consistent with wy, such that (Y, $) is isomorphic to (Tn, ®Pn);

(iii) For N =ker(¢) and G = @5 (F(P)), there exists a G-invariant pseudomet-
ric p on Ty which is consistent with wy, such that (Y, @) is isomorphic to
(Tx. B).

5. COHERENT S-EXTENSIONS

5.1. Coherent S-extensions and strongly coherent S-extensions. In this
section we study a notion of coherence for (P-type) S-extensions. The terminology
has been used for a different notion in Siniora—Solecki [14] which refers to a slightly
stronger condition. We call their notion of coherence strongly coherent.

Definition 5.1 (Solecki). Let X be a metric space. An S-extension (Y, ¢) of X
is strongly coherent if for every triple (p,q,r) of partial isometries of X such that

poq=r, we have ¢(p) o #(q) = &(r).

The following is a strengthening of Solecki’s theorem on existence of finite S-
extensions.

Theorem 5.2 (Solecki [13] [10] [14]). Let X be a finite metric space. Then X has
a finite strongly coherent S-extension (Y, ).

The following notion of coherence is slightly weaker than the notion of strongly
coherent but is sufficient for our study of ultraextensive metric spaces in subsequent
sections.

Definition 5.3. Let X; C X5 be metric spaces and (Y}, ¢;) be a P;-type S-extension
of X; for i = 1,2 where P, C P,. We say that (Y1, 1) and (Y3, ¢2) are coherent if

(i) Y3 extends Y7,
(i) ¢2(p) extends ¢1(p) for all p € P; C P,, and
(iii) letting K; = ¢;(F(F;)) < Iso(Y;) for ¢ = 1,2, and letting x : K1 — K> be
such that k(¢1(p)) = ¢=2(p) for all p € Py, then k has a unique extension to
a group isomorphic embedding from K; into K.

The following lemma makes it precise that the notion of strong coherence is a
stronger notion than coherence.

Lemma 5.4. Let X; C X, be finite metric spaces and (Y7, ¢1) be a Pi-type S-
extension of X;. Let P, O P; be such that Py, = P{l and X5 \ {apo} C Pa(ag).
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Suppose (Y3, ¢) is a strongly coherent S-extension of XoUY7. Then there is ¢ such
that (Y2, ¢2) is a Py-type S-extension of X5 which is coherent with (Y7, ¢1).

Proof. Let (Ya,¢) be a strongly coherent S-extension of Xo UY;. Define ¢o : Py —
Iso(Y3) by
o(¢1(p)), ifpe Py,
wor={ G0 e mn,

Then (Y3, ¢2) is obviously a Py-type S-extension of Xs. The construction also
guarantees that Y7 C Y, and that ¢1(p) C ¢2(p) for p € P;. Since (Y3, 9) is a
strongly coherent S-extension of Y7, ¢ restricted to Iso(Y?) is a group isomorphism
embedding from Iso(Y7) into Iso(Y2). When further restricted to Ky = ¢1(F(FP1)),
it gives a group isomorphic embedding into Ky = ¢o(F(F2)). |

5.2. A characterization of coherent S-extensions. Although the existence of
coherent S-extensions follows from results of Solecki [13] [10] [14] by Lemma 5.4,
we introduce a notion of coherent extensions for groups and utilize this notion to
give a characterization of all possible minimal coherent S-extensions.

Let X; C X» be finite metric spaces, (Y1, ¢1) be a minimal P;-type S-extension
of X1, and P; C P, C Px, where P, = P{l and X\ {ag} C Pa(ap). Let (Y2, ¢2)
be a minimal Ps-type S-extension of X5 that is coherent with (Y1, ¢1). Next, we
characterize all such coherent S-extensions.

Definition 5.5. Let X; C X, be finite metric spaces, (Y7,¢1) be a Pj-type S-
extension of Xy and P, C P, C Px, where P, = P{l and X5\ {ap} C Pa(ag). Let
Ny = ker(¢1). We say Ny < F(P,) is a coherent extension of Ny if it is a feasible
Ps-type prekernel for X5 and satisfies the following conditions:

(D].) N1 = N2 N F(Pl),

(D2) For every g, h,k,l € F(Py) such that

dy, (¢1(9)(ao), ¢1(h)(ao)) # dy, (¢1(k)(ao), d1(1)(a0)),
we have Ny N gHok ' Hyh™1 = 0;
(D3) For every g,h € F(Py) and p,q € P, with both p(ag) and ¢(ag) defined, if
dy, (61(9)(a0), d1(h)(a0)) # dx, (p(ao), 4(a0)),
we have Ny N gHyp tqHyh™! = ().
Note that since Ny is a feasible prekernel, letting Go = ®n, (F(Ps)), for any

Go-invariant pseudometric po on I'y, which is consistent with wy,, (I'n,, Py, ) is a
minimal S-extension of Xo.

Theorem 5.6. Let X1 C Xy be finite metric spaces, (Y1, ¢1) be a minimal Py -type
S-extension of X1, and Py C P, C Px, where Py = P{l and X2\ {ag} C Pa(ag)-
(i) Let (Ya,¢2) be a Py-type S-extension of Xo that is coherent with (Y1, $1).
Then No = ker(¢y) is a coherent extension of N1 = ker(¢y).
(ii) Let No <G F(P) be a coherent extension of N1 = ker(¢1). Then letting
Gy = PN, (F(P2)), there exists a Ga-invariant pseudometric pa on I'n,
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which is consistent with wy,, such that (Yo, ¢2) = (T'n,, ®PnN,) is coherent
with (Yl, ¢1)

Proof. We first prove (i). Let (Y2, ¢2) be a Py-type S-extension of X» that is coher-
ent with (Y7, ¢1). Let Ny = ker(¢2). Then by Theorem 4.5, there is a pseudometric
p2 on 'y, such that (Y, ¢2) is isomorphic to (T'n,, ®n,). By Lemma 4.4, Ny is a
feasible prekernel. Next we show that N, is a coherent extension of Nj.

For (D1), note that since (Y2, ¢2) is coherent with (Y7, ¢1), we have ¢1(F(Py)) =
¢2(F(P1)) via the map ¢1(g) — ¢2(g). Thus,

Ny N F(Py) = ker(¢2) N F(P1) = ker(¢1) = M.
For (D2), we need to verify that if for g, h, k,l € F(P;)

dy, (¢1(9)(a0), 1(h)(a0)) # dy; (¢1(F)(ao), ¢1(1)(ao)),

then Ny N gHok™ ' Hyh™' = (). Toward a contradiction, assume there is n € Ny N
gHok~'1Hyh™1. Then there are n,n’ € Hy with kn~'¢~'n = In’h~!, which implies

$2(kn~ g™ n) = ga(In'h ™).

From the definitions of Hs and of Ns, if we apply the left-hand-side element to
$2(9)(ap) = ¢1(g9)(ap), the resulting value is ¢a(k)(ag) = ¢1(k)(ag). Similarly,
if we apply the right-hand-side element to ¢3(h)(ag) = ¢1(h)(ap), the resulting
value is ¢2(l)(ag) = ¢1(1)(ap). Thus, both sides of the equation represent the
same partial isometry of Y7 with ¢1(g)(ag) and ¢1(h)(ap) in its domain and with
¢1(k)(ao) and ¢1(1)(ap) in its range. We conclude that dy, (¢1(g)(ao), ¢1(h)(ag)) =
dy, (¢1(k)(ao), $1(1)(ap)), a contradiction.

The argument for (D3) is similar. This finishes the proof of (i).

For (ii), let G; = @, (F(P1)) and, by Theorem 4.5, let p; be a Gp-invariant
pseudometric that is consistent with wy, such that (Tn,, ®x,) = (Y1, ¢1). For no-
tational simplicity we assume (Y7, ¢1) = (Ty,, ®n, ). Let No < F(P,) be a coherent
extension of N1 = ker(¢,). Since Ny is a feasible prekernel, one can define Ty,
wp,, and @y, as before.

Define amap 7 : I'y, — I'n, by letting m(g/N1 Hy) = gNoHj for all g € F(Py). To
see 7 is well-defined, note that if gN1H; = ¢’ N1 H;, then g~ '¢’ € NyH; < NoHs,
and therefore gNoHy = g’ NoHo.

Recall that wy, is defined for pairs (gpN1Hi, gqN1Hy) where g € F(P;) and
p,q € Pi with p(ag) and ¢(ag) defined, and its value is dx, (p(ao),q(ag)). Let
m(wy, ) on m(I'y,) be the push-forward weight function, that is,

m(wn, ) (gpN2Ha, gqN2Ha) = w, (9pN1 H1, ggN1 Hy).

Note that (D2) implies that 7(wy,) is well-defined. Also note that wy, coincides
with 7(wp, ) on 7(T'n, ). In fact, wy, is defined in the same way on the image of such
pairs under 7, that is, on pairs of the form (gpNoHa, ggNoHs) for g € F(Py) CF(P,)
and p,q € P, C Ps.

Recall that ®y, is defined by @, (p)(9N2Hz) = pgN2Hs for all g € F(P2) and
p € Py, and is extended to a group homomorphism from F(P;) to the symmetric
group of I'y,. Let Gg = @, (F(P)).
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We are now ready to define a Go-invariant pseudometric p2 on I'y, that is con-
sistent with wy, and satisfies pa | 7(T'y,) = 7(p1). Here 7(p1) is the pseudometric
on 7(T'n, ) defined by w(p1)(gNoHa, hRNoHs) = p1(gN1H1, hN1Hy) for g, h € F(Py).
Note that (D2) implies that 7(p1) is well-defined.

We define po as follows. First, for g, h € F(P;), define

p2(9NoHa, hNoHy) = m(p1)(gNoHa, hNoH>)
= p1(gN1H1, hN1Hy) = dy, (¢1(g)(ao), ¢1(h)(ao))-

Next, for p,q € P» with p(ag) and g(ap) defined, and for v € F(P,), define

p2(ypN2Ho,vqN2Hs) = wi, (YpN2Ha, v¢HaNo) = dx, (p(ao), g(ao))-

To see that these do not conflict with each other, note that (D3) implies that for
g,h € F(Py) and p,q € P, with both p(ag) and ¢(ag) defined, if

dy, (¢1(9)(a0), ¢(h)(ao)) # dx,(p(ao), q(ao)),

then there is no v € F(Py) with ypNoHs = gNoHs and ygNoHs = hNoHy. We
continue to define py so that if g,h € F(P;) and pa(gN2Ha, hN2Hs) is already
defined, then we define

p2(vgN2Ha, Yh N2 Ho) = pa(gNaHa, hN2 Hz)

for any v € F(P,). To see that this does not create a conflict among the existing
definitions of ps values, note that condition (D2) implies that for any g, h,k,l €
]F(Pl), if there is v e ]F(PQ) such that ’}/gNQHQ = kNyHy and ’}/hNQHQ = ZNQHQ,
then

le (¢1 (g)(a’O)a ¢1 (h)(ao)) = le ((bl(k) (a0)7 1 (l)(a,o))

To complete the definition of ps, we consider the existing values of ps as a weight
function and define ps to be the path pseudometric. Since the weight function
is Go-invariant, it follows from the definition of the path pseudometric that the
resulting po is also Ga-invariant.

Since for every g, h € F(P;) we have

p2(gNoHa, hNoHy) = m(p1)(gNoHa, hNoHy) = p1(gN1Hy, hN1 Hy),

we also have that pz [ m(T'y,) = 7(p1). Note that (D2) with [,k = 1 implies that
the induced map 7 : 'y, = I‘Nlp1 —I'n, =Tn, "2 is an isometric embedding. Thus
T, = 7(Ty,) is a subspace of Ty, .

Letting Yo = Iy, and ¢ = ®p,. We have that (Ya, ¢o) is a Pr-type S-extension
of X5 and Y; C Y5 via the isomorphism of (Y1, ¢;) with (Ty,,®y,). To see the
coherence of (Y, ¢) with (Y1,¢1), let p € P1. Then @y, (p)(gN1H1) = pgN1H;q
for all g € F(P1) and ®n, (p)(gN2Hz) = pgNoHj for all g € F(P,). Via the induced
embedding 7 : Ty, — I'y, and the isomorphism of (Y7, ¢1) with (Ty,, @, ), and
because pa | m(Cn,) = w(p1), we have ¢1(p) C ¢2(p). Finally, it is clear that the
map ¢1(p) — ¢=2(p) for all p € P; generates a group isomorphic embedding from
G1 to GQ. O
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5.3. A construction of coherent prekernel extensions. The existence of fi-
nite coherent S-extensions via Lemma 5.4 and Theorem 5.6 imply the existence of
coherent prekernel extensions. In this subsection we provide a direct construction
of coherent prekernel extensions of finite index.

Lemma 5.7. Let X; C X5 be finite metric spaces, (Y71, ¢1) be a P;-type S-extension
of Xj and P, C P, C Px, where P, = P{l and Xo \ {ao} C P2(ap). Then there
exists a Po-type S-map ¢y : F(P2) — Iso(U) such that (U,¢y) is a Py-type S-
extension of X5 which is coherent with (Y1, ¢1).

Proof. Following Uspenskij’s proof in [15], which uses the Katetov construction of U
to show that the isometry group of every Polish space can be embedded into Iso(U)
(see also Sections 1.2 and 2.5 of [4] for details), we obtain an isometric embedding
i : Y7 — U and a group isomorphic embedding j : Iso(Y;) — Iso(U) such that
for every ¢ € Iso(Y1), j(¢) 2 ¢. In addition, from the ultrahomogeneity of U we
obtain an isometric copy of Xo in U as a superset of X;. Now for each p € Py, let
ou(p) € Iso(U) be an extension of p guaranteed to exist by the ultrahomogeneity
of U such that if p € Py, then ¢y(p) = j(¢1(p)). Then ¢y is as required. O

Proposition 5.8. Suppose X; C X are finite metric spaces and P; C P, C Px,
where P, = P; " and Xo\{ag} C Pa(ag). Let (Y1, ¢1) be a finite Pj-type S-extension
of X7 and Ny = ker(¢1). Then, there exists a coherent extension, Ny < F(Fs), of
N7 of finite index.

Proof. By Lemma 4.4, N1 = ker(¢1) is a feasible prekernel. We may define wy, and
Oy, and let G; = @y, (F(Py)) and T'y, = F(Py)/NyH;. Since (Y7, ¢1) is a minimal
P,-type S-extension of X7, by Theorem 4.5, there is a G-invariant pseudometric py
on T'y, such that it is consistent with wy;,, Y is isometric to (T, ,p1) and (Y1, ¢1)
is isomorphic to (I'y,, P, ).

Since P; C P,, we have that all of Ny, H; and F(P;) are subgroups of F(P).
We will find a coherent extension, Ny I F(P,), of N of finite index.

Let G = G1 #*F(Py \ Py) be the free product of G; with F(P, \ P;). We define a
group homomorphism ¢ : F(P;) — G by letting

w(p):{(I)N1(p)7 iprPl,

P, otherwise

for all p € P,. Since Hs is a finitely generated subgroup of F(Ps), 1(Hz) is a finitely
generated subgroup of G. We will find M <G of finite index and set No = =1 (M).
To guarantee that N, is a coherent extension of N;, we need M to satisfy the
following corresponding conditions:

(R1) Forevery p,q,r,s € PoU{1} such that dx, (p(ag), q(ag)) # dx,(r(ao), s(ao)),

we have M (1 (p)(Hz)(r) () (Ha )b () " = 0
(R2) For every p,q € P, U {1}, if p(ag) and g(ag) are defined and p(ag) # q(aop),

we have M N p(p)y(Ha)p(q) ™" = 0;
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(R3) For every p,q,71,81,---,7n, Sn € Po U{1} such that

dX2 (p(GO), Q(QO)) > Z dXz (Ti(ao)v Si(G'O))’
i=1

we have

M N p(p)(Ha ) (r1) " p(s1)(Ha) - - p(Ha) b (ry) " b (sp)0(Ha ) (q) " = 0;

(S2) For every g,h,k,l € F(P;) such that

dy, (¢1(9)(a0), ¢1(h)(ao)) # dy, (¢1(k)(ao), ¢1(1)(a0)),

we have M 014(g)0(Ha )b (k)60 (Ha) ()~ = 0
(S3) For every g,h € F(Py;) and p,q € P, with both p(ap) and g(ao) defined, if

dy, (¢1(g)(ao), ¢1(h)(ao)) # dx,(p(ao), q(ao)),

we have M N1)(g)v(H2)b(p) " ¥ (q)¢(Ha)w(h) ™! = 0.

To see that (S1) implies (D1), note that NoNF(Py) = ¢~ 1(M)N (=Y (G1)NF(Py)) =
(wil(M) 01/)71(G1)) ﬁ]F(Pl) = ’l/)il(MﬂGl) ﬂ]F(Pl) = ker(1/1) ﬁ]F(Pl) = Nl. The
other conditions for M obviously imply the corresponding conditions for Ny. Note
also that each of conditions (R1), (R2) and (R3) is a finite collection of conditions of
the form yM N Ly --- L, = () for v € G and finitely generated subgroups Ly, ..., L,
(in fact each L; is a conjugate of ¢(Hs)) with v & Ly ---L,. Since G; is finite,
condition (S1) is also a finite collection of conditions of the form vM N {1} = 0
for nonidentity v € G;. Conditions (S2) and (S3) appear to be about infinitely
many elements in F(P;). However, since G; = ¢(IF(P;)) is finite, they all end up
being about finitely many elements of Gy, and so each of (S2) and (S3) is still a
finite collection of conditions of the form vM N Ly - -+ L,, = () for finitely generated
subgroups Ly, ..., L,. We verify that in each case, v & Ly -+ L,.

Using the Ps-type S-map ¢y from Lemma 5.7, we note that for any g € F(P),
if ¥(g) = 1, then ¢y(g) = 1. This follows from the definition of ¢ and of ¢y.

For (R1), we need to verify that 1 ¢ (p)y(Ha)w(r) =1 (s)y(Hz)(q)~t. Toward
a contradiction, if 1 € 1 (p)w(Hz)y(r) 19 (s)(Ha)w(q) ™1, then there exist ny,n, €
H, such that o (pmr~'snaq™?) = 1. Let a = snog™" and 8 = r; 'p~'. Then
b(a) = ¥(8) and therefore du(a) = du(B). Since ny, 1z € Ha, du(a)(alao)) = s(ap)
and ¢y (8)(p(ag)) = r(ap). Now since ¢y(a) = ¢y(3) is an isometry, we should have
dx, (p(ao), q(ao)) = dx,(r(ao), s(ao))-

For (R2), similar argument shows that if = pn1¢~1, then ¢y(a)(g(ag)) = p(ag).
Now since () =1, ¢y(c) = 1 and therefore g(ag) = p(ag).

For (R3), if
1€ (p)yp(Ha)p(r1) "¢ (s1)p(Hy) - - Y (Ha)h(rn) b (sn) b (Hz ) (q)
then for some hq, ..., h,+1 € Hy we have

1= (p)y(ha)e(r) M (s1)v(ha) - (ha) ¥ (ra) " (sn) o (hnsa )1 (a) 7
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Consider the sequence

bo = ¢u(p)(ao) = p(ao),
bi = ¢u(phiry 's1)(ag),
by = ¢u(phary ' s1hary 's2)(a0),

by = ¢u(phiry ' sihe -1 tsn)(a0) = du(ahy, 1) (ao) = q(ao).
We have

dy(bo, b1) = du(pu(rihy 'p~ 1) (bo), pu(rihy 'p 1) (b1))
= dy(r1(ao), s1(ao)) = dx,(r1(ao), s1(ao)),

and similarly dy (b1, b2) = dx, (r2(a0), s2(ao)), - - ., du(bn_1,bn) = dx,(rn(a0), $n(ao)).
Thus

dx, (p(ao), ¢(ao)) < de2 i—1,b ZdX2 ri(ao), si(ao)).

=1
For (S2), we need to verify that if

dy, (¢1(9)(a0), 1(h)(a0)) # dy, (¢1(F)(ao), ¢1(1)(ao)),

then 1 ¢ ¥(g)y(Ha)w (k)" 1()(Ha)w(h)~L. Toward a contradiction, assume 1 €
V()Y (Ha )t (k)™ 4 (1)y(Hz)(h) ™. Then there are 1,7’ € Hs with

(g wmw (k)™ = v (n ) wD) ™

From the definitions of Hy and of @, if we apply the left-hand-side element to
(k) (ag) = ¢1(k)(ag), the resulting value is ¥(g)(ap) = ¢1(g)(ap). Similarly,
if we apply the right-hand-side element to ¥(l)(ag) = ¢1(1)(ap), the resulting
value is ¥(h)(ag) = ¢1(h)(ap). Thus, both sides of the equation represent the
same partial isometry of Y7 with ¢1(k)(ag) and ¢1(1)(ag) in its domain and with
#1(9)(ap) and ¢1(h)(ap) in its range. We conclude that dy, (¢1(g)(ao), p1(h)(ag)) =
dy, (¢1(k)(ao), ¢1(1)(ap)), a contradiction.

The argument for (S3) is similar.

Now by Coulbois’ theorem (Theorem 2.9), the group G = G; * F(P; \ P1) has
property RZ. Thus, there exists M < G of finite index such that all conditions (R1)—
(S3) are satisfied. Consequently, No = ¢p~1(M) < F(P,) is a coherent extension of
N7 of finite index. [l

5.4. Extending isometry groups. In this subsection we apply the algebraic
method from the preceding subsection to obtain a construction of S-extensions
with prescribed isometry groups. Since we deal with only finite isometry groups, it
suffices to consider groups extended by one more generator.

Theorem 5.9. Let Xy be a finite metric space and (Y1, $1) be a finite minimal
Py -type S-extension of X1. Let Gy = ¢1(F(P1)) and Gy = (G, k) be an overgroup
of G1 with one element k ¢ G1. Then there erist a finite metric space Xo 2O X1,
| € Px, and a Py-type S-extension (Ya, ¢o) of Xo, where Py = Py U {1,171}, such
that (Y1, ¢1) and (Ya, ¢2) are coherent and Go = ¢o(F(Pz)).
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Proof. By Theorem 4.5, Y; is isometric to (Iy,, ®x,) where Ny = ker(¢;). Let
X2 = Y1U{a} be the one point extension of Y3 where dx, (a,b) = diam(Y7) for every
be Yy Let P, =P U{l,l7} where | = {(ap, a)} is the partial isometry that sends
ap to a. We define a homomorphism ¢, : F(Py) — G5 such that ¢o k(= ¢1 and
¢2(l) = k. Let N3 = ker(¢3). We claim there exists a Ga-invariant pseudometric ps
on I'y, which is consistent with wy,, such that (Yz, ¢2) = (T'y,, Py, ) is as desired.
Note that because of the definition of X5 and P, Hy = H;. By Theorem 5.6, it
suffices to show that N is a coherent extension of Nj.
(C1) Forevery p,q,r,s € P,U{1} such that dx, (p(ao), ¢(ag)) # dx,(r(ag), s(ap)),
we have Ny N pHir'sHiqg"' = 0. If p,q,r,s are different from I, then
since (Ty,,®y,) is a Pi-type S-extension of Xj, by (C0) we have Ny N
pHir 'sHig' = Ny NpHir‘sHig~' = 0. If one of p,q,r,s is equal to
[, then we have ¢o(phir~tshaq™!) = 1 for some hy,hy € Hy. Since [ ap-
pears exactly once in phir~!shoq™!, this means ¢o(l) = k € G, which is a
contradiction. Other cases are obvious.
(C2) For every p,q € P, U{1}, if p(ag) and g(ag) are defined and p(ag) # ¢(aop),
we have Ny NpHy1q~! = ). This is similar to (C1).
(C3) For every p,q,71,81,---,7n, Sn € P U{1} such that

dx,(p(ao), q(a)) > Y _ dx, (ri(ao), si(ao)),

i=1
we have No ﬂlerflslHl . ~~H1rglan1q71 = (). This is also similar to
(C1).
(D1) Ny = Ny N F(Py). If g € Ny N F(Py) then ¢1(g9) = ¢2(g) = 1. Therefore,
g < Nl-
(D2) For every g, h,k,l € F(Py) such that
dy, (¢1(9)(a0), ¢1(h)(ao)) # dy, (¢1(k)(ao), ¢1(1)(ao)),

we have Ny N gH k=Y H h~! = (). This is a direct consequence of (D1).
(D3) For every g,h € F(Py) and p,q € P, with both p(ap) and ¢(ap) defined, if

dy, (#1(9)(ao), ¢1(h)(ao0)) # dx,(p(ao), g(ao)),
we have Ny N gHyp~tqH h~! = ). This is a direct consequence of (D1).
O

We remark that it is possible to give a combinatorial proof of Theorem 5.9. This
is done in [3] Lemma 5.1, which was in turn motivated by a result of Rosendal
(Lemma 16 of [11]). As in [3], Theorem 5.9 can be used to show that the Hall’s
universal locally finite group can be embedded as a dense subgroup of the isometry
group of the Urysohn space.

6. ULTRAEXTENSIVE METRIC SPACES

In this section we study ultraextensive metric spaces.

Definition 6.1. A metric space U is ultraextensive if
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(i) U is ultrahomogeneous, i.e., there is a ¢ such that (U, ¢) is an S-extension
of U;
(ii) Every finite X C U has a finite S-extension (Y, ¢) where Y C U;
(i) If X3 € X5 C U are finite and (Y7, ¢1) is a finite minimal S-extension of
X1 with Y7 C U, then there is a finite minimal S-extension (Y3, ¢2) of X5
such that Y5 C U and (Y7, ¢1) and (Y2, ¢2) are coherent.

Motivated by Hrushovski [6], Solecki [12] and Vershik [16], Pestov in [8] intro-
duced a notion of Hrushovski-Solecki—Vershik property, which is correspondent to
the first two clauses of the above definition. He used the notion to study the
nonexistence of uniform and coarse embeddings from the universal Urysohn met-
ric space into reflexive Banach spaces. He also gave a proof of Solecki’s theorem
(Theorem 1.1) using Herwig—Lascar’s theorem [5].

Recall that the random graph is the Fraissé limit of the class of all finite graphs.
We equip it with the path metric and turn it into a metric space, which is denoted
by R.

Proposition 6.2. The Urysohn space U, the rational Urysohn space QU and the
random graph R are ultraextensive.

Proof. The ultraextensiveness for U follows directly from its universality and ultra-
homogeneity, and from Theorem 5.6.

The space QU is also ultrahomogeneous and universal for all finite metric spaces
with rational distances. From our proof of Theorem 1.1 it is clear that if X is a
finite metric space with rational distances, then there is a finite S-extension (Y ¢)
of X where the distances of Y are finite sums of the distances in X, and therefore
also rational. This implies clause (ii) of the definition of ultraextensiveness for
QU. The same observation applies to the proof of Theorem 5.6. Namely, in every
construction of the proof of Theorem 5.6 we used the path (pseudo)metric to define
new distances. Thus the distances in Y5 are finite sums of distances in Y; U Xs.
Therefore, if distances in X1, X5,Y; are rational, then we can find Y5 with rational
distances. Together with the ultrahomogeneity and universality of QU, this implies
clause (iii) of the definition of ultraextensiveness for QU.

Note that the random graph R as a metric space has only distances 0,1 and 2.
In fact, two distinct vertices have distance 1 if and only if they are connected with
an edge. If we endow every finite graph with such a metric, namely, two distinct
vertices have distance 1 if they are connected with an edge, and have distance 2
otherwise, then R as a metric space is ultrahomogeneous and universal for this class
of finite metric spaces. Then clause (ii) of the definition of ultraextensiveness for
R follows from this universality of R and from Hrushovski’s theorem [6]. Finally,
in Theorem 5.6, if X7, Xo,Y7 are finite metric spaces coming from graphs, then
they have distances 0,1 and 2, and our constructions give that the distances in
Y5 are natural numbers. Now if we redefine every distance > 3 to be 2 in Y53,
then any isometry of Y5 continues to be an isometry in this new metric, and from
ultrahomogeneity and universality we again obtain clause (iii) of the definition of
ultraextensiveness for R. (]
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Theorem 6.3. Fvery countable metric space can be extended to a countable ultra-
extensive metric space.

Proof. Let X be a countable metric space. Write X as an increasing union of
finite metric spaces F,, for n = 1,2,.... For n > 1, inductively define increasing
sequences of finite metric spaces X,,, Y, and Z, as follows. Let X; = F} and
(Y1, ¢1) be a finite minimal S-extension of X; = Fy. We define Y7 C Z; such that
for every D C D’ C Y] and a minimal S-extension of D, (E, ), where E C Y7,
there exists a minimal S-extension of D', (E',¢'), where E' C Z; and (E,¢) and
(E',¢") are coherent. Note that this is possible since there are only finitely many
triples (D, D', E) and for any such triple by Theorem 5.6 we can fix a coherent
extension E’. Finally, to construct Z;, we add E’\ E to Y; for all E’ corresponding
to the triple (D, D', E') such that the union of the new points (E’\ E) and £ C Y}
is an isometric copy of E’. Then, this new set with the path metric is Z;. Let X,
be the metric space that is obtained by adding F5 \ F} to Z; such that the union
of (F3 \ F1) and F; is isometric to F» and the distance between points in F» \ F}
and Z; \ F} comes from the path metric.

In general, assume finite Y,,_1,C Z,_1 C X,, has been defined. Apply Theo-
rem 5.6 to find (Y,,, ¢,,) a finite minimal S-extension of X,, O X,,_; that is coherent
with (Y,,—1, ¢n—1). We use a similar construction to the construction of Z; from Y;
to define Z,, D Y,,. Note that Z,, has the property that every minimal S-extension
inY, (that is , D C E C Y, where (E,¢) is a minimal S-extension of D) has a
coherent minimal S-extension in Z, for every D C D’ C Y,. Let X, 1 be the
metric space that is obtained by adding Fj,+1 \ F,, to Z, such that the union of
(Fri1\ Fr) and F, is isometric to F,41 and the distance between points in Fy \ Fy
and Z; \ F} comes from the path metric.

Let Y be the union of the increasing sequence Y,,. We verify that Y is ultra-
extensive. To verify Definition 6.1 (i), let p € Py. Then there is n > 1 such that
p € Px, . Let n, be the least such n. Then for all m > n,, p C ¢4, (D) C P41 (p) by
the coherence of (Yin, ¢m) and (Yins1, ¢m1). Define ¢(p) = U5, @m(p). Then
¢(p) is an isometry of Y that extends p. -

For Definition 6.1 (ii), let F* C Y be finite. Then there is n such that F C X,
and it follows that (Y;,, ¢, | Pr) is an S-extension of F.

Finally, for Definition 6.1 (iii), let F C F' C Y be finite and assume that (E, )
is a finite minimal S-extension of F' with £ C Y. Then, there is a natural number
n such that F CY,,. By the construction of Z,, there exists a minimal S-extension
of F', (E',¢') (corresponding to the triple (F, F’, E)), such that £’ C Z,, CY and
that (E’, ') is coherent with (F, ¢). O

Theorem 6.4. Let U be an ultraextensive metric space and X C U be a countable
subset. Then there exists a countable ultraextensive subset Y C U with X C Y.

Proof. The proof is similar to that of Theorem 6.3. The differences are that in
the construction Y,, and Z, are obtained by applying clauses (ii) and (iii) of the
definition of ultraextensive metric space for U; and X, 11 = F,11 U Z,,. [l
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Pestov [8] showed that Iso(U) contains a countable dense locally finite subgroup.
Solecki strengthened this result by showing that Iso(QU) contains a countable dense
locally finite subgroup. Rosendal [10] presented a different proof of the result by
Solecki. Here we note that such dense locally finite subgroups are present in the
isometry group of every separable ultraextensive space.

Theorem 6.5. For every separable ultraextensive metric space U, Iso(U) contains
a dense locally finite subgroup.

Proof. Note that Iso(U) has a countable dense subset D. Let X C U be a countable
dense subset with the property that for all x € X and ¢ € D, o(x) € X. Apply
Theorem 6.4 to obtain a countable ultraextensive Y C U with X C Y. Then Iso(Y)
is dense in Iso(U).

It suffices to show that Iso(Y") contains a dense locally finite subgroup. As in the
proof of Theorem 6.4 we can write Y as an increasing union [ J,, Y,,. We also have
group isomorphic embeddings from each Iso(Y},) to Iso(Y,41). Let G = {J,, Iso(Y;,).
Then it is clear that G is locally finite and G is dense in Iso(Y). O

7. CoMPACT ULTRAMETRIC SPACES

In this section we show that every compact ultrametric space can be extended to
a compact ultraextensive ultrametric space. We first study finite ultrametric spaces
and show that the notions of homogeneity, ultrahomogeneity, and ultraextensiveness
coincide on finite ultrametric spaces.

We will use the following fact about homogeneity for every minimal S-extension.

Lemma 7.1. Let X be a metric space and (Y, ¢) be a minimal S-extension of X.
Then Y is homogeneous.

Proof. Let y1,y2 € Y. Since (Y, ¢) is minimal, there are g;, g2 € F(Px) such that

¢(g1)(ao) = y1 and ¢(g2)(ao) = ya. Hence, ¢(g195 ') (y2) = y1. Since d(g1g; ") is
an isometry of Y, Y is homogeneous. ([

Theorem 7.2. Let Y be a finite ultrametric space. Then the following are equiva-
lent:
(i) Y is homogeneous;
(ii) Y is ultrahomogeneous;
(iil) Y is ultraextensive.

Proof. (i)=(ii): Let D(Y) = {d(z,y) : * #y € Y}. We prove this by induction on
|ID(Y)|. If ID(Y')| = 1 then Y is clearly ultrahomogeneous. Suppose |[D(Y)| > 1 and
let 7 be the least element of D(Y'). For each x € Y let B.(z) ={y €Y : d(z,y) <
r}={z}U{y €Y : d(z,y) =r}. Then for any z,y € Y, either B,.(z) = B,(y) or
B,(z) N B,(y) = 0. In the latter case, we also have that for any z; € B,.(z) and
z9 € Br(y), d(z1,22) = d(x,y). Let Y1 = {B.(x) : * € Y}. Then Y] is a partition
of Y. For disjoint B, (z) and B, (y), we define dy (B, (z), B-(y)) = d(z,y). It is easy
to check that (Y7, d;) is again an ultrametric space, and D(Y;) = D(Y)\{r}. If p €
Iso(Y), then ¢ induces an isometry 1 of Y7, where 1 (B, (x)) = B,(¢(x)). Since Y
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is homogeneous, so is Y7, and by the inductive hypothesis, Y; is ultrahomogeneous.
Now suppose p : A — B is a partial isometry of Y. It induces a partial isometry
p1: {Br(a) : a € A} — {B,(b) : b € B} of ;. Thus there is an isometry
¢1 € Iso(Y7) extending p;. Note that for any x,y € Y, B.(z) is isometric to
B, (y) by the homogeneity of Y, and each B,(z) is ultrahomogeneous. Now for
each B,(x) € Y7, we define an isometry from B,(x) to ¢1(B,(z)) as follows. If
B.(z) N A = 0, then we arbitrarily fix an isometry from B,(x) to ¢1(B.(z)). If
B.(z) N A # 0, then |B,(z) N A| = |¢1(B,(z)) N B|, and we fix an isometry from
B,(z) to ¢1(B,(x)) that sends each a € B,.(x)NA to p(a) € ¢1(B,(z))NB. Putting
all of these isometries together, we obtain an isometry of Y extending p. Thus Y
is ultrahomogeneous.

(if)=-(iii): We use a similar induction as in the above proof. If |[D(Y')| =1 then
Y is clearly ultraextensive. Assume |D(Y')| > 1 and let r be the least element of Y.
Define Y7 similarly as above. Then by the inductive hypothesis Y7 is ultraextensive.
For any « € Y, B,.(z) is also ultraextensive. Arbitrarily fix an z € Y and let
Y3 = B,(z). Consider Y; X Y5 and define a metric d’ by

d/((Br(yl)>Zl)a (Br(y2)7 22)) = ma‘X{dl(Br(yl)a B’r(l/?))a d(zh 22)}

Then (Y,d) is isometric to (Y7 X Y3,d’). Thus we will view Y as Y] x Y5. Enu-
merate the elements of Y7 by b1 = B.(y1),...,bm = Br(ym). We show that Y is
ultraextensive.

Since Y is finite and ultrahomogeneous, it is enough to show that for every
minimal S-extension (Yp, ¢p) of X where X,Yy; C Y there is a group embedding
7 : Iso(Yy) — Iso(Y) such that 7(g) [Yy = g.

Since (Y, ¢o) is a minimal S-extension, by Lemma 7.1, Y is homogeneous and
therefore ultrahomogeneous by the previous argument. It follows that the non-
empty intersections of Yy with b; = B,.(y;) are isometric. That is, if Yo N B, (y;) # 0
and Yy N B, (y;) # 0, then Yy N B, (y;) and Yy N B,(y;) are isometric. Arbitrarily
fix such a non-empty intersection Ype. Let Yo = {B,.(z) : = € Yp}. Then Y} is
isometric to Yp1 X Yoz as a subset of Y7 x Y. Now, for every g € Iso(Y)), g induces an
isometry of Yp1, which we denote by ¢o1(g). Furthermore, for every g € Iso(Y;) and
every 1 < i,j7 < m such that ¢o1(g)(b;) = b;, g induces an isometry of Yjs, which
we denote by ¢(i,7)(g). More precisely, if g(b;, z1) = (bj, 22) for some 1 <4,j <m
and 21, 29 € Yoo, then ¢(i,5)(g)(z1) = z2. Since Y; and Y3 are ultraextensive, there
are group embeddings mg1 : Iso(Yp1) — Iso(Y7) and mpe : Iso(Ype) — Iso(Yz2) such
that mo1(g) [ Yo1 = ¢ and mp2(g) [ Yoo = g. Let 7 : Iso(Yy) — Iso(Y) be such that
for b; € Y7 and z € Y, where ¢o1(g)(b;) = b; we have

7(9)(bi, 2) = (m01(¢01(9))(b:), mo2 (b (%, 7)(9))(2))-

Then, 7 is as desired. That is, 7 is a group embedding and if g(b;,z) = (b;, ),
then m(g)(b;, z) = (b;,2’). Therefore, Y is ultraextensive.
(iii)=(i) is obvious. O

In view of Theorem 7.2 it is easy to construct finite ultrahomogeneous or ultra-
extensive ultrametric spaces.
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Definition 7.3. Let (I',w) be a connected (undirected) weighted graph. The
mazximum path metric on I' is the metric defined by

d(z,y) = inf{max{w(y;,yir1) : i=1,...,n} : y1 =2, ypp1 =y and
(Yi,Yi+1) isanedge in T forall i =1,...,n}.

If (T',w) is a connected finite weighted graph, then it is easy to see that I" with
the maximum path metric is an ultrametric space.

Proposition 7.4. Let X be a finite ultrametric space. Then X can be extended
to a finite ultraextensive ultrametric space Y. Furthermore, there is such Y so that
the set of distances in X and Y are the same.

Proof. By Theorem 7.2 it suffices to construct an extension of X that is homoge-
neous. We use the same notation as in the proof of Theorem 7.2. Our proof will be
by induction on |D(X)|. If |D(X)| = 1 then X is already homogeneous. Assume
|D(X)| > 1 and let r be the lease element of D(X). Define X; = {B,.(z) : x € X}
and dy on X;. Then |D(X;)| = |D(X)| — 1. By the inductive hypothesis, X; can
be extended to a homogenous Y; with the same distances as in X;. Now each
B.(z) is a homogeneous space with every pair of points having distance r. Let
N = max{|B,(z)| : * € X} and let zyp € X be such that |B,(z¢)| = N. Then
Xo = B,(z0) is a homogeneous extension of each of B,.(z). It follows that ¥; x Xo
is a homogeneous ultrametric space extending X. (I

Lemma 7.5. Let € > 0. Let X; C X5 be finite ultrametric spaces such that X;
is an e-net in Xo. Let (Y1, ¢1) be a finite minimal S-extension of X; such that Y3
is an ultrametric space with the same distances as in X;. Then there is a minimal
S-extension (Y3, ¢2) of X5 such that Y5 is an ultrametric space, (Y2, ¢2) is coherent
with (Y1, ¢1), and Y7 is an e-net in Ys.

Proof. By Lemma 7.1 and Theorem 7.2, Y7 is homogeneous and therefore ultraex-
tensive. It is enough to construct an S-extension (Y3, o) of X5 that satisfies the
prescribed conditions, as a minimal S-extension can always be extracted from an
S-extension. Since X is an e-net in X5, we have that the set of B..(z) = {y €
X9 @ dx,(z,y) < €}, when x varies over X1, is a partition of X5. Let Bo. = Xo/ ~
where ~ identifies all points of X; and the metric on B, is the maximum path
metric. Then B, extends B..(z) for every x € X; and therefore Xy corresponds
to a subset of the product X; x B... Now Y] is a homogeneous extension of X3
with the same distances as Xi. In particular any distance between distinct points
inY; is > e. We can let Yo = Y; x B where B is a homogeneous extension of
B_. with the same set of distances as B... Then Y5 is obviously homogeneous,
and therefore ultrahomogeneous. It is clear that Y5 is an ultrametric space, and
that for every ya € Ya there is y; € Y7 with dy, (y2,91) < €. We define a group
homomorphism ¢s : F(Px,) — Iso(Y2) such that for every p € Px,

2(p) (Y1, y2) = (61() (1), ¥2)
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and for every p € Px, \ Px, let ¢2(p) be an isometry of Y5 such that p C ¢a(p).
Note that since Y5 is ultrahomogeneous, it is possible to find ¢2(p) as required for
every p € Px, \ Px,. It is clear that (Y2, ¢2) is coherent with (Y1, ¢1). O

Theorem 7.6. FEvery compact ultrametric space can be extended to a compact
ultraertensive ultrametric space. In particular, every compact ultrametric space has
a compact ultrametric S-extension.

Proof. Let {X;}72, be an increasing sequence of finite subsets of X such that for
each k, X is a %—net. Then by Proposition 7.4 and Lemma 7.5, there is a sequence
of S-extensions { (Y%, #x)}72, such that {Y;}7°, is an increasing sequence of finite
ultraextensive ultrametric spaces, (Yx, ¢r) is an S-extension of Xp, (Yit1, drt1) is
coherent with (Yx, ¢x), and Yy is a %—net in Yy41. Let Y be the completion of
Ui, Y. Then, Y is clearly an ultrametric space; Y is compact since (J;-, Y is
totally bounded. In fact, Yy is a %—net in Y. Since each Y} is ultraextensive, so is
U, Y. We show that Y is ultraextensive.

We first show that Y is ultrahomogeneous. For this, let p: A — B be a partial
isometry of Y. Let 2% be less than the smallest non-zero distance between points
of A. Since Y} is a %—net in Y, there are Ay, By C Y, and pi : A — By such
that points in A are approximated by points in Ay, points in B are approximated
by points in By, and consequently pj is also a partial isometry. Each p; can be
extended via ¢y, (pr) for n > k to U~ ), &n(pk), an isometry of |J;—, Y&, and then
uniquely to an isometry Py of Y. Since Iso(Y") is compact, the collection of Py has
an accumulation point ¢, which is an isometry of Y. Since each P} approxiates
p with an error less than 2%, it follows that ¢ O p. This shows that any partial
isometry of Y can be extended to an isometry of Y. In particular, it also shows
that any partial isometry of X can be extended to an isometry of Y, thus there is
a suitable ¢ such that (Y, ¢) is an S-extension of X.

For the remaining properties of ultraextensiveness, it suffices to show that any
finite subset of Y can be extended to a finite homogeneous, and therefore ultra-

extensive, subset of Y. For this, let A C Y be finite and let 2% be less than the
3
a set Ay C Y} such that for each a € A there is a unique point a; € Ay such that
d(a,ax) < 5. Consider the set Z, = (Y}, \ Ax) U A. It is easy to see that the map

7 : Z — Yy, defined by m(a) = ay, for a € A and 7(y) = y otherwise is an isometry.

smallest non-zero distance between points in A. Since Y} is a sz-net in Y, there is

Thus Zj is a finite homogenenous subset of Y extending A. O

8. OPEN PROBLEMS

One general problem is to determine if a certain class of finite metric spaces
admit finite S-extensions in the same class. For example, we do not know if the
class of finite Euclidean metric spaces has this property.

Question 1. Let X C R™ be a finite subset. Does X have a finite S-extension
(Y, ) with Y CR™ for some m > n?

As stated in Theorem 6.5, we know that the isometry group of every ultraex-
tensive metric space has a dense locally finite subgroup. It is of interest to know
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if the isomorphism group of other well-know mathematical objects has the same
property. In particular

Question 2. Does the homeomorphism group of the Hilbert cube have a dense
locally finite subgroup?

Question 3. Does the linear isometry group of the Gurarij space have a dense
locally finite subgroup?
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