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1. Introduction

Let M,E") be the space of holomorphic Siegel modular forms of degree n and weight k with respect to the full
modular group Sp(2n, Z), and let S ,E") be the subspace of cusp forms. The Siegel @ operator is a surjective linear map
M,E") — M,E"_l) whose kernel is S ,En). To prove surjectivity, Klingen [8] defined what is now known as Klingen
Eisenstein series. Starting with f € S,Er) for 0 < r < n, his construction produces, via a natural summation,

an element E(Z, f) € M,E") for which ®"*~"E(-, f) = f. To ensure convergence, one needs to assume that
k>n+r+1.

A fair amount of work has been done on the Fourier coefficients and Hecke eigenvalues of Klingen Eisenstein
series, in particular in degree n = 2; see e.g. [1,2,7,10,12,13]. Most of these works consider modular forms with
respect to the full modular group. Klingen Eisenstein series with respect to F(()") (N) are employed in Theorem 1.3 of
[3] and in the recent work [5].

In this paper we concentrate on the case n = 2 and r = 1, and investigate Klingen Eisenstein series from a
representation theoretic point of view. Assume that f € § ,El) is an eigenform. Then there is an associated cuspidal,
automorphic representation 7 of GL(2, A), which is unramified at all finite places. For a complex parameter s,
consider the representation

Mg o= |- x (1.1)

of GSp(4, A). The notation indicates global parabolic induction from the Klingen parabolic subgroup Q(A);
see Sect. 2 for details. Given a section ¢ of Ilg, we can construct a corresponding Eisenstein series E(g, s, ¢) in
a standard way. Assume that ¢ is a pure tensor ®¢,, where ¢, is a spherical vector for each finite p. As we will
explain in Sect. 6, if s = k — 2, then ¢, can be chosen to be a “holomorphic” vector of weight k. It turns out that the
function on the Siegel upper half space Hj corresponding to E(g, k — 2, ¢) is a multiple of the Klingen Eisenstein
series E(-, f). See Sect. 5 for the relevant calculation.

The representation theoretic method allows for a generalization to modular forms with arbitrary level and character.
Hence, let f be an eigen-newform in S,El)(Fo(N ), x) for some positive integer N and some Dirichlet character
x mod N. Generalizing (1.1), we consider the induced representation Il := P A N e 27, where we
denote by the same symbol y the adelization of the Dirichlet character. Even though = has central character y,
the induced representation Il always has trivial central character. We may therefore hope to find nice vectors in
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the local representations Il , = x, 1. |‘; X - |;s/ r p invariant under the local paramodular group of an
appropriate level. This level turns out to be the square of the level of 7. In fact, the local paramodular theory of [19]

yields a unique local newform. Descending to the Siegel upper half space, one ends up with the Eisenstein series

E(Z, f)= > det(j (7, )  f((Ly 7 (2))"), (1.2)

y€Ly! 0(Q) Ly NK(N)\K(N?)

where
1 N
1
Ly = 1 , (1.3)
—N 1
and where
Z* =1 foranelement Z = |:T Z,i| € H,. (1.4)
77T

The local squaring of the level implies that E(-, f) € M,Ez) (K(N?)), where K(N?) is the paramodular group of
level N2; see (2.2).

The representation theoretic origin of the function E (-, f) implies that it is an eigenfunction for all good Hecke
operators. The eigenvalues are most easily encoded in the local Euler factors. In fact, we give the complete L-function
of (the underlying representation I1;_» of) E(-, f) in Theorem 6.2. Of course, once the formula (1.2) is established,
it applies to all elements of the space of newforms in S,El)(l“o (N), x), not only eigenforms.

Starting with a cusp form f € S,El)(Fo(N)), we prove in Sect. 7 that the same automorphic representation
I1;_, containing the paramodular form E(-, f) of level N? also contains a modular form E;(-, f) with respect to
F(()z) (N). This object is less canonical however than the paramodular Klingen lift. For example, in general it is not

an Atkin-Lehner eigenfunction, and in particular is not the unique F(gz)(N )-invariant vector in IT;_3. It is not even
clear if there are not F(()Z)(M )-invariant vectors for proper divisors M of N. Also, the construction only works for

trivial character y. This is one of the many instances where paramodular forms are better behaved than F(()z) forms.
One reason for the different behavior is the more complicated relationship between certain local and global double
cosets (cusps) in the 1“(()2) case; see [23] for more information.

Paramodular forms have received a lot of attention in recent years because of their appearance in the Paramodular
Conjecture formulated in [4] predicting a relationship between abelian surfaces and Siegel modular forms via their
L-functions. In Sect. 8 we will review this conjecture and reformulate it in terms of automorphic representations.
In this form one may include all abelian surfaces over , not only those with trivial endomorphism ring, even though
the substance of the conjecture certainly lies with the latter. The connection with Klingen Eisenstein series is that the
same type of induced representation (1.1) underlying those Eisenstein series also serves to prove a degenerate case of
the Paramodular Conjecture, namely that of abelian surfaces isogenous to a product of two isogenous elliptic curves.

After establishing notations, we explain in Sect. 3 the basic mechanism of obtaining classical Klingen Eisenstein
series from certain globally induced representations of the group GSp(4, A). A lot depends on the choice of local
sections in these induced representations, which is the topic of Sect. 4. The main calculation leading from an adelic
Eisenstein series to a classical object is carried out in Sect. 5. The main result here is Proposition 5.3, which can in
principle be applied to lifting Maass forms as well. We concentrate on the holomorphic case, however, for which
we need some additional information at the archimedean place. This information is gathered in Sect. 6, which also
contains our main result, Theorem 6.2, on the paramodular Klingen lift. The following section explains the necessary
modifications for obtaining a Klingen lift with respect to F(()z) (N). Finally, Sect. 8 explains the connection with the
Paramodular Conjecture.

2. Notations

We let GSp(2n) = {g € GL(2n) | 'gJg = A(g)J for some A(g) € GL(1)}, with J = [_1 b ] The kernel of the
multiplier homomorphism 4 is the group Sp(2n).
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Let Koo = GSp(2n, R) N U(2n) and K., = Sp(2n, R) N U(2n) be the standard maximal compact subgroups of

GSp(2n, R) and Sp(2n, R). Then K/, = U (n) via [_AB ﬁ] > A +iB.
Let GSp(2n, R)™ be the subgroup of GSp(2n, R) consisting of all elements with positive multiplier. Let H, be

the Siegel upper half space of degree n, consisting of n x n complex symmetric matrices whose imaginary part is
positive definite. For m = [é g] € GSp(2n, R)* and Z € H,, we use the traditional notations

m(Z) =(AZ+ B)(CZ+ D)™', j(m,Z)=CZ+ D.
For a function f on H,, an integer k, and an element g € GSp(2n, R)™, let

(f],8)(Z) = det(g)"/* det(CZ + D) * f(g(2)). 2.1)

This defines a right action of GSp(2n, R)™ on functions f : H, — C. The center of GSp(2n, R)™ acts trivially.

Let I = il, € H,. Then K/ is the stabilizer of / under the (transitive) action of Sp(2n, R) on H,. Hence
H, = Sp(2n, R)/K ..

If k is a positive integer and I' is a congruence subgroup of Sp(2n, QQ), then let M,E")(F) be the space of
holomorphic functions f : H,, — C satisfying f|yy = f forall y € T'.If n = 1 we impose the additional condition
that f is holomorphic at all cusps. Then M, ,E") (I") is the space of Siegel modular forms of degree n and weight k with

respect to I'. Let S,E") (") be the subspace of cusp forms.

For a positive integer N, let F(g")(N) = {[é g] € Sp(2n,Z)| C = 0 mod N } This is the Siegel congruence

subgroup of Sp(2n, 7).

Notations particular to n = 1. We write M (I") for M,El)(l") and Si(I") for S,El)(l"); these are the usual spaces of

elliptic modular forms. We write I'o(N) for Fél) (N).LetI')/(N) =SL(2,Z)N [NZZ 1+ZNZ ] For a Dirichlet character

x mod N, let My (T'o(N), x) (resp. Sk(T'o(N), x)) be the space of all f in My (I'{(N)) (resp. Sg(I'1(N))) satisfying
fley = z@f forall y = [ 44 ] & Lo(W).

Notations particular to n = 2. The Borel subgroup B, the Siegel parabolic P, and the Klingen parabolic Q of GSp(4)
are defined as

* % ok * ok * % ok
* ok ok ok * ok * ok ok ok
B =GSp@)n E P =GSp@)n e 0 =GSp(@) N . s
* * ok *
1 1
Lets) := |: ! | ] and sy 1= |: 1 ! ] Then 51 and s represent elements generating the §-element Weyl group of
1 1

Sp(4).
The paramodular group of level N is defined as
Z NZ Z Z
K(N) =Sp@4,Z)N Z L L NZ . (2.2)
Z NZ Z Z
NZ NZ NZ Z

The local version of the paramodular group is
LZp P"Zp Zp L
LZp Lp Lp pZLp
LZp P"Zp Zp L
'Ly p"Lp PLp Ly

K,(p") = 12 €GSp(4,Qp) | A(g) € Z};, g € (2.3)
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Let A be the ring of adeles of Q. Let | - | be the global absolute value on A. Let dp be the square root of the
modulus character of the parabolic Q(A). Explicitly, o (h) = |£2(ad — be)™!| for

a b *
k 1 ok k
h=|_ i € 0(A). (2.4)
t~(ad — bc)

Using the Iwasawa decomposition, we extend d¢ to a function on all of GSp(4, A), by setting
og(hx) =og(h) for he Q(A)andx € K, (2.5)

where K is the standard maximal compact subgroup of GSp(4, A).
If y is a character of A*, and if (z, V) is an admissible representation of GL(2, A), we denote by y x 7 the
representation of GSp(4, A) obtained via normalized parabolic induction from the representation of Q (A) given by

h— y(@On ([gg]) The standard space of y X z consists of smooth functions ¢ : GSp(4, A) — V, with the
transformation property

p(hg) = I2(ad — bo)l z Oz ([ 4 ]) e (o) 2.6)
for all g € GSp(4, A) and & € Q(A). An analogous definition can be made in the local case.

3. Klingen induction and Eisenstein series

Let 7 be an irreducible, unitary, cuspidal, automorphic representation of GL(2, A). Let V. be the space of cuspidal,
automorphic forms on GL(2, A) realizing 7. Abstractly, 7 factors as a restricted tensor product 7 = ®m, with
irreducible, admissible, unitary representations 7z, of GL(2, Q) for all p < oo. Let V), be any model for 7 ,.

Let y be the central character of 7, and let s be a complex parameter. We consider the global induced representation

M= P x| - 3.1)

of GSp(4, A). Note that the central character of Iy is trivial. The space I (s, ) of I consists of smooth functions
¢ : GSp(4, A) — V, with the transformation property

$ih) =11 @i = b0y 1 e (| 4]) oo 62

for all g € GSp(4, A) and all = € Q(A) as in (2.4). For each place p, a local induced representation Il ,, acting
on a space I (s, ), can be defined analogously. If 7 = ®x, with irreducible, admissible representations 7z, of
GL(2,Q)), then ITy = ®IIj, , in a canonical way.

For ¢ € I(s, ) consider the complex-valued function ¢¢c : GSp(4, A) — C defined by ¢c(g) = (¢ (g))(1).
The map ¢ — ¢ is injective. Thus, if we denote by Ic(s, ) the space of all functions ¢¢, where ¢ runs through
I (s, ), then we obtain another model of II, consisting of a space of complex-valued functions on which GSp(4, A)
acts by right translation.

Let K = [] K, be the standard maximal compact subgroup of GSp(4, A), where Koo, = GSp(4, R) N U (4) as

above and K, = GSp(4, Z,) for p < oo. Let ¢ be a fixed K -finite element of 7 (0, 7 ), and let ¢5(g) = 5SQ/2(g)¢ (2);
see (2.5), Then ¢ € I(s, ). We call the familiy ¢ a section.
For a section ¢5 € I(s, 7), originating from ¢ € I (0, =), and g € GSp(4, A), consider

E(g,s,¢) = > pclo) = > @G (33)
y €Q(Q\ GSp(4,Q) 7 €Q(Q)\ GSp(4,Q)

By the general theory of Eisenstein series, E(g, s, ¢) converges for Re(s) large enough and defines an automorphic
form on GSp(4, A).
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Suppose that ¢ is chosen in the following way. For each p < oo, let K ;, be a compact-open subgroup of
GSp(4, Q) such that the multiplier map K, — Z7 is surjective, and such that K, = K, for almost all p. Then

GSp(4, A) = GSp(4, Q) GSp(4, R) " H K;? (3.4)

p <00

by strong approximation. For p < oo, choose non-zero vectors ¢, € I(0, 7,,) such that ¢, is K ;, -invariant for all p.
At the archimedean place, let ¢, € I (0, 7 ) have weight k, i.e.,

Too(8)Poo = Mik(g)poo  for g e K. ; (3.5)

here, 7;(¢) = det(A + i B)X for g = [_AB i

element of 7 (0, 7) = ®I(0, ) corresponding to @¢,.

For ¢ constructed in this way from local vectors ¢, it follows from (3.4) that the automorphic form E(-, s, ¢) is
determined on GSp(4, R)™. Since the center acts trivially, it is in fact determined on the subgroup Sp(4, R). It follows
from (3.5) that the function

] € K/ . Having chosen the vectors ¢, for all p < oo, let ¢ be the

Sp(4,R) 3 g > det(j (g, 1) E(g, s, ¢)

is right-invariant under K_; note here that det(j (g, I))* = n(g)~! for g € K/.. Hence, E(-, s, ¢) is determined by
the function on H, = Sp(4, R)/K/ defined by

E(Z,s, $) := det(j(g, ))'E(g, s, $), (3.6)

where Z € Hb, and g is any element of Sp(4, R) for which g(/) = Z. To be explicit, let

Z=|:Z TZ,], t=x+iy, z=u-+iv, ' =x"+iy, (3.7)

where x, y, u, v, x’, ¥’ are real numbers, y, y’ > 0, and yy’ — 0> > 0. Set

1 X u 1 b
1L ux'||ov/yl a
1 1 —ov/y b1
1 1 a!

2
a= |y -2 and b=.7. (3.9)
y

Then bz(I) = Z. Setting g = bz in (3.6) gives

by = (3.8)

with

E(Z,s,¢) =det(Y) *?E(bz,s,¢), Z=X~+iY € Hy. (3.10)
Let I' = Sp(4, Q) N [], - K, It follows easily from (3.6) that
E(y(Z),s,¢) = det(j(y, Z))'E(Z,s,¢) forall y €T. (3.11)

Hence, in case E(Z, s, ¢) is holomorphic as a function of Z, it is a Siegel modular form of weight k£ with respect to
the congruence subgroup I'. Our goal is to calculate E(Z, s, ¢) for a specific choice of local vectors ¢ .

4. Local sections

We temporarily switch to the local setting, starting with the non-archimedean case. Let p be a prime, and let
(7, V) be an irreducible, admissible, infinite-dimensional representation of GL(2, Q). Let y = w, be the central
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character of 7. Let a() be the conductor of 7, i.e., a(x) is the smallest non-negative integer n for which there exists
a non-zero vector v € V with the property

4.1)

1+ p"Z, Z,
m(g)v =v forall g € GL(2,Z,) N .

anP Zp

For n = a(x) we fix a non-zero vector vpew € V with the property (4.1); it is called a local newform. Consider the
induced representation

= P (4.2)

in its standard model 7 (s, 7 ) consisting of functions ¢ : GSp(4, Q) — V with the transformation property (3.2).
By Theorem 5.4.2 of [19], the minimal paramodular level of Il is m = 2a(x); the space of K(p™)-invariant vectors
(see (2.3)) in Iy is one-dimensional; a non-zero vector ¢ spanning this space is supported on Q(Q,) Ly(r) K(p™),
and on this double coset is given by

b
¢(hLar) 8) = |t* (ad —be) [y (1) m ([Z‘ dD Dnew (4.3)
for g € K(p™) and
a b *
k ok k
h= . 4 . € 0(Q)). 4.4)
t~Y(ad — bc)

Of course, if a(z) = 0, then vpey is a spherical vector for 7, and ¢ is a spherical vector for ITy. The functions ¢
defined by ¢5(g) := 5SQ/2(g)¢ (g) are GSp(4, Z,)-finite vectors in I (s, 7 ) with the same right-invariance properties.

Remark 4.1. Assume that 7 = y; x y» with unitary characters yi, y» of Q%, and that s ¢ {&1}. Then II; is
irreducible and of type I in the notation of Table A.1 of [19]. Assume that 7 = o Stgr(2) With a unitary character
o of Q;, and that Re(s) ¢ {—2, 0, 2}. Then II; is irreducible and of type Illa. Assume that 7 is supercuspidal and
Re(s) ¢ {—1,0, 1}. Then Il; is irreducible and of type VII. In particular, if 7 is a local component of an automorphic
representation attached to a classical cusp form, and if Re(s) ¢ {—2, —1, 0, 1, 2}, then I1; is irreducible.

Now we consider the archimedean place. Hence, let 7 be an irreducible (gl(2, R), SO(2))-module. Assume that
the weight k € Z appears in 7, meaning there exists a non-zero v, in the space of z for which

4.5)

7 (0)vos = €000,  r(0) = [ cos(d) sin(e)i| ,

—sin(@) cos(9)

forall 6 € R.

We choose a globalization of 7 and let y be its central character. As before, let I (s, 7) be the standard space of
I, := —l| . |S X | - |_S/27l'.

By the Iwasawa decomposition, we can write any element of GSp(4, R) as hx with h € Q(R) and k € K.
We define ¢ € 1(0, =) by

1, - ab
$) = mw1ad =00y 1 0 ([ 0]) o @6)
where 1 € Q(R) is written in the form (4.4) and x € K/ . It is straightforward to verify that ¢ is well-defined.

By definition, ¢ has weight k in the sense of (3.5). The functions ¢;(g) := 5SQ/2(g)¢(g) are weight k vectors in
I(s, ).
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5. Calculation of the Eisenstein series

Let 7 = ®m, be an irreducible, unitary, cuspidal, automorphic representation of GL(2, A) with central character
X = Qyp.Letn, = a(x,) be the local conductor at p, and set N = [ , P"7. Hence, N is the global conductor of 7.
Let V; be the space of automorphic forms realizing 7. We fix an isomorphism : : ®V, — V;, where V,, is a fixed
model of 7 .

We define I (s, 7 ) and the local spaces I (s, 7 ,) as before. For a finite prime p, define ¢, € 1(0, 7)) as in (4.3).
At the archimedean place, define ¢ € 1(0, 7o) as in (4.6); here, we assume that 7, contains a weight k vector 0.
Let p = ®¢,, € 1(0, r), and consider the corresponding Eisenstein series E(g, s, ¢) defined in (3.3).

As explained in Sect. 3, the automorphic form E(g, s, ¢) is determined by the function E(Z, s, ¢) : Hy — C
defined in (3.6). By (3.10),

E(Z,s,¢) = det(Y) *2E(by, s, ¢)

=det")™? > (g2 (5.1)
7 €Q(@Q)\GSp(4,Q)

We need the following double coset decompositions. Recall the matrices Ly defined in (1.3).

Lemma 5.1.

(1) Let p be a prime and m be a non-negative integer. Then

GSp(4,Q,) =|_| 0@, L, K, (p™. (5.2)
j=0
Forx,y € Z,, we have
Q(Qp) L, Kp(Pm) = Q(Qp) Ly Kp(pm) (5.3)

if and only if min(v,(x), m) = min(v,(y), m).
(2) Let M =[] » p™? be a positive integer. Then,

GSp4,Q) = | | Q@ LsK(M). (5.4)
(33%/70
For integers x, y, we have
Q(Q) L K(M) = 0(Q) Ly K(M) (5.5)

if and only if min(v,(x), m ) = min(v,(y), mp) for all p|M.
Proof. For (1), see Sect. 5.1 of [19]. The global result (2) is due to Reefschlédger; see Theorem 1.2 of [16]. a

By (2) of this lemma, each y in the summation (5.1) is of the form g Ls g with ¢ € Q(Q), J|N? and g € K (N?).
We have

¢s(ybz) = l(ﬁboo,x(y bz) ® (®p<oo ¢p.s(y ))) € Vzr.

By the definition (4.3) of the local non-archimedean sections, ¢, is non-zero if and only if Ls €
0(@Qp L, K, (p?'). Using Lemma 5.1 it follows that ® p<oo®Pp,s(7) is non-zero if and only if 6 = N. Hence

E(Z,s,¢) = det(Y)™*/? > (s (7 b2)) (1)
7€Q(Q\Q(Q Ly K(N?)
= det(V) ™ > (peLy yb2) (D). (5.6)

7 €D(N)
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where D(N) is a set of representatives for L;l Q(Q)Ly NK(N?)\ K(N?). For y € K(N?), we have
$s(Ly 7bz) = 1(doo,s Ly 7b2) ® (®p<co Pp.s(Ln 7)))
= 1(Poo,s (Ln 752) @ (®p<co Vp,new)) (5.7)
by (4.3). We calculate the archimedean component with the help of the following lemma.
Lemma 5.2. Let 6 € Sp(2n, R) and Z € Hy. Then 6bz = by x, where Z=06(Z)andk € K is such that

det(Y)
det(Y)

det(j (x, I)) = det(j (5, Z)). (5.8)

Proof. The relation Z = §(Z) follows from applying dby = byx to I.From j(dbz, I) = j(b;x, I) we get
J(0,2)j(bz, 1) = j(by, 1)j(x, I).

Now (5.8) follows by taking determinants on both sides, observing from (3.8) and (3.9) that det(j(bz, 1)) =
det(Y)~1/2. 0

Applying Lemma 5.2 to 6 = Ly y, we get Ly y bz = by with k € K[ such that

det(Y det(Y
det(j (k, 1)) = dzgyz dot(i(L 7. 2)) = | dzgyi det(j (7. 2)). (5.9)
Let
1 X a 1 b
| raE||a F
2 1 1 -5/ b!
1 1 a1

with a, b defined as in (3.9). Then, by (4.6),

$oo,s (LN ybz) = Poo.s (bZK)

i
= ’7k(’f)|512|1+s/2 ”00([1 )16:| |: ];_1i|)voo
1+s/2 L1512
V! o1z | )0
~ N\ —k/2 5 1gs =7 M31/2
[ det(Y) , _, det(Y)!+s/2 L x||y
= (det(Y)) det(j (]/, Z)) W T oo 1 5}_1/2 Voo-

Substituting into (5.7), we get

det(?)l—&—s/Z—k/Z ) Ckeelos)2 1 5}1/2
¢s(Ly ybz) = Wdet(J (0, Z2)7y T T | 5172 Voo ® @ p<colp,new) |-

~2

~/ (4
y — =
y

=j,D7F

(5.10)

Let 9 = 1(®v ) be the automorphic form in the space of 7 corresponding to the pure tensor ® ,<co0 . Then

d v 1+s/2—k/2 1 % ~1/2
<¢S<Lmbz»a>=ﬁj&wde«m,z»—ky—l—w([ ’ﬂ [y ?‘I/ZD' (5.11)
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Going back to (5.6), it follows that

. 1 x][3'?
E(Z,s,4)= D det(Y)”S/z—k/zdet(j(y,Z)rk&—l—s/z(p([ IM ~_1/2D. (5.12)
y

7 €D(N)

Analogous to (3.6), the automorphic form ¢ is determined by the function f : H; — C defined by

f@) = j(g.0'0(9), (5.13)
where g is any element of SL(2, R) for which g (i) = 7. Explicitly,
1/2
flx +iy) = y—k%([l x] [y D for x+iy e Hj. (5.14)
1 y=1/2
We may thus rewrite (5.12) as
~ N\ 14s/2—k/2
det(Y . —k pom
E(Zs,p)= > ( - )) det(j (7, 2)) * £ (7), (5.15)
yepm \ Y

where 7 = X + i is the upper left entry of Z = Ly y (Z). We summarize:

Proposition 5.3. Let 7 = ®mu, be an irreducible, unitary, cuspidal, automorphic representation of GL(2, A) with
central character y = ®yp. Let N be the global conductor of w. Let k be a weight occurring in . Let ¢ be the
automorphic form in m corresponding to ®v ,, where v is a weight k vector in w, and v, is a local newform in ),
for each p < oco. Let f be the function on the upper half plane defined by (5.14). Let ¢ be the element of the global
induced representation y ~' x w defined above, and let E(g, s, ¢) be the corresponding Eisenstein series (3.3). Then,
using the notation (1.4), the function E(Z, s, ¢) on the Siegel upper half space defined in (3.6) is given by

det(F) 1+s/2—k/2
e } _
E(Zs.¢)= D, ( - ) det(j (7. Z) ™" £ (L 7 (Z))"), (5.16)
yeb) \ 7

where Y = [Z;] is the imaginary part of Ly y(Z), and where D(N) is a set of representatives for
Ly' 0(Q) Ly NK(N?)\ K(N?). We have

E(y(Z),s,¢) = det(j(y, 2)'E(Z, s, ¢) forall y € K(N?). (5.17)
Proof. The transformation property (5.17) follows from (3.11). O

6. The holomorphic case

We fix the following notations for archimedean representations. For a positive integer p, let D(p) be the discrete
series representation of GL(2,R) with Harish-Chandra parameter p (i.e., minimal weight p + 1) and central
character sgn”*!. For the Harish-Chandra parameters (i.e., infinitesimal characters) of discrete series representations
of GSp(4, R) we use the same conventions as in [15]. In particular, for integers p > ¢ > 0, let D™!(p, 1) be
the holomorphic discrete series representation of GSp(4, R) with Harish-Chandra parameter (p, t) (i.e., minimal
Koo-type (p + 1,1 + 2)) and central character sgn”*'*! and let D'¥¢(p, 1) be the “large” (generic) discrete series
representation of GSp(4, R) with Harish-Chandra parameter (p, t) (i.e., minimal Ko-type (p, —t + 1)) and central
character sgn”T'*!. The two representations D" (p, r) and D'¥(p, r) constitute an L-packet. (Note that [15]
works with Sp(4, R) instead of GSp(4, R). The restriction of D" (p, 1) to Sp(4, R) is X (p, 1) ® X (—t, —p) in the
notation of [15], and the restriction of D' (p, 1) to Sp(4, R) is X (p, —1) ® X (¢, —p).)

For an integer k > 2, the discrete series representation D(k — 1) appears as the archimedean component of the
automorphic representations of GL(2, A) generated by newforms in S (Io(N)). Similarly, D! (k — 1, k —2) appears
as the archimedean component of the automorphic representations of GSp(4, A) generated by holomorphic Siegel
modular forms of weight k.
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Figure 1. D"l(p, 1) = X| @ X, and D' (p, 1) = X3 & X4 forp=k —landr = k — 2.
Lemma 6.1. For an integer k > 2, consider the Klingen induced representation
|- 2sgnt x| T Dl - 1) (6.1)
of GSp(4, R).

(1) Ifk = 2, then (6.1) decomposes as the direct sum D"\(1, 0) @ D'@€(1, 0). The two components constitute an
L-packet of limits of discrete series representations.

(2) Ifk > 2, then (6.1) has length 3. It contains D"\ (k — 1,k — 2) @ D@ (k — 1, k — 2) as a subrepresentation.
The two components of this subrepresentation constitute an L-packet of discrete series representations.

Proof. (1) follows by setting p = 1 in Lemma 8.1 of [15]. (2) follows by setting p =k — 1 andt = k — 2 in (10.2)
in Theorem 10.1 of [15]. O

We now continue in the setting of Proposition 5.3. Recall that y = ®y, is the central character of 7. We denote
by the same symbol y also the corresponding Dirichlet character mod N; it is characterized by

x(d) = H xp(d) ford e Z with gcd(d, N) = 1. (6.2)
pIN

Assume that the cuspidal, automorphic representation 7 = ®mu,, of GL(2, A) is such that 7o, = D(k — 1) for some
integer k > 2. Then the function f defined in (5.14) is a newform and eigenform in Si(I'o(N), y). Conversely,
we could have started with an eigen-newform f in Sx(I'o(N), x) and defined 7 as the automorphic representation
generated by (the adelization of) f.

Theorem 6.2. Let k > 5 and N > 1 be integers. Let y be a Dirichlet character mod N. Assume that
f € Sk(To(N), x) is an elliptic eigenform and a newform. For Z € Hy, set

EZ, f)y= D det(ji(y, 2) " f(Lny(Z))"), (6.3)

7 €D(N)
where D(N) is a set of representatives for L;l 0(Q)Ly NK(N?)\ K(N?), and Ly is as in (1.3).

(1) The summation (6.3) is absolutely and locally uniformly convergent and defines a holomorphic Siegel modular
form E(-, ) € M (K (N?)).

(2) We have ®(E(-, f)) = f.

(3) Let N = [] p"r. The modular form E(-, f) is an eigenfunction for the Atkin-Lehner involution at p, for all
primes p. For a prime p|N, the Atkin-Lehner eigenvalue of E(-, f) at p equals y (m), where m is an integer
such that m = —1 mod p"? and m = 1 mod q" for q|N, q # p. In particular, E(-, f) is an eigenfunction for
the Fricke involution with eigenvalue y (—1).
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The adelization of E(-, f) generates an irreducible, automorphic representation I1 = ®I1, of GSp(4, A), where
o = DYk — 1,k —2) and I, =1- |k_2;(;1 X |- |_%7rp; here, 1 = ®m, is the cuspidal, automorphic
representation of GL(2, A) generated by the adelization of f, and y = ®y, is the adelization of the Dirichlet
character y.

The modular form E(-, f) is an eigenfunction for the local Hecke algebra at all places p t N. The (complete)
L-function of the underlying automorphic representation 11 is given by

L(s,n)=L(s+k;2,nV)L(s—¥,n), (6.4)

where " is the contragredient of m (and all L-functions are normalized so that they satisfy a functional equation
relating s and 1 — s). It admits analytic continuation to an entire function and satisfies the functional equation

L(s, TI) = e(s, I L — s, IT), (6.5)

where &(s, IT) = e(s + 552, V)L (s — 52, n).

Proof.

(D

2

3)

4

&)

The convergence statement can be proven along the classical lines; see [8], or Sect. 5 of [9]. For the second claim
we apply Proposition 5.3 with s = k — 2. Hence E(Z, f) is the function appearing in (5.16). It follows from
(5.17) that it is an element of M,Ez)(K (N?)).

From the first part above, as the sum is absolutely convergent, the ® operator could be applied term by term.
Then a straightforward calculation shows that for y € L;,l 0(Q)Ly NK(N?),

det(j (7, 2)*F(Lny(Z)) = f(2), Z= [T M]

One can show, by using an argument similar to Prop. 5, Sect. 5 in [9], that on application of the ® operator all
the other terms vanish.

Recall from (4.6) that the archimedean sections ¢oos € (S, Too) transform according to the character #; of
K/ . Hence ¢ s spans the scalar K/ _-type (k, k), which appears exactly once in I (s, 7). Now set s = k — 2.
By Lemma 6.1, the function ¢ —2 generates an irreducible subrepresentation of I (k — 2, 7o) isomorphic
to DMl(k — 1,k — 2). Hence the Eisenstein series E(g, s, ¢) is a lowest weight vector in an automorphic
representation I1 = proo IT,, where Il = Drol(k — 1, k — 2). For finite p, we have I, =1(k—-2,7p),
which is irreducible by Remark 4.1. Hence we obtain the asserted irreducibility.

The modular form E(-, f) is an eigenfunction for the Atkin-Lehner involution at p, because the local vectors
@p,s are eigenvectors for the local Atkin-Lehner elements. By Corollary 7.5.5 of [19], the eigenvalues coincide
with the value of the e-factor at 1/2 of the representation IT,. These e-factors are listed in Table A.9 of [19].
Taking into account Remark 4.1, we see that the eigenvalue at p is y,(—1), where we recall that y, is the central
character of 7 ,. Our assertion about this eigenvalue follows in view of (6.2). The last assertion follows since the
Fricke eigenvalue is the product of all Atkin-Lehner eigenvalues.

Since the section ¢ is composed of spherical vectors outside of N, it follows that ¢ is an eigenvector for the
local (unramified) Hecke algebras for all p t N. The same is then true for the corresponding function E(-, f) on
the Siegel upper half space. From the L-factors listed in Table A.8 of [19], and taking into account Remark 4.1,

we see that
k=2 k—2
L(s,IT,) =L s—|—T,7rp L{s— 5 ,Tp (6.6)

for all finite places p. Using [21], the same identity can be verified at the archimedean place. Hence we obtain
(6.4). The functional equation (6.5) follows from the functional equation L(s, 7) = &(s, 7 )L(1 — s, = ") for x.

|
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We remark that, using classical calculations as in Proposition 6.3 of [14], one can prove that E(-, f) is an
eigenfunction at all good places without recourse to the underlying representation.

The Siegel modular form E(Z, f) in Theorem 6.2 is a newform in the sense that the automorphic representation
IT does not contain a modular form of level M with M being a proper divisor of N2. This is because the local vectors
chosen in (4.3) are of minimal paramodular level.

If N = 1, then (6.3) reduces to

EZ,fy= > det(i(, 2)*f((r (20", (6.7)

7 €C2,1\ Sp(4,Z)

where C>,1 = Sp(4, Z) N Q(Q). This is the Klingen lift without level, as it is defined in [8].

7. Klingen Eisenstein series with respect to F((,z) (N)

Starting from an elliptic cusp form f € S;(I'o(N)), we constructed in Theorem 6.2 a Klingen Eisenstein series
E(Z, f) with respect to the paramodular group K (N?). The question arises whether we can also construct an
Eisenstein series with respect to the Siegel congruence subgroup F(gz) (M) for some level M.

To distinguish local and global congruence subgroups, we let Si(p") be the subgroup of GSp(4, Z ) consisting

A B
CcD

each local representation /(0, 7,) (see (4.2)), then a similar construction as in the paramodular case will yield an

of all matrices of the form [ ] where each entry of C is in p"Z,. If we can choose Si(p™?)-invariant vectors in

Eisenstein series with respect to F(()z) (M), where M =[] p™».

The Si(p™)-invariant vectors in / (0, 7 ) are less well understood than the paramodular vectors. But at least if the
central character of 7, is trivial, we can identify two natural double cosets Q(Q,)rSi(p") supporting such vectors,
where n = a(m ). These are the double cosets represented by » = 1 and by the Atkin-Lehner element #,, where

~1
(7.1)
—N

for a positive integer N. It is easy to see that the double cosets Q(Q)#n,Si(p") and Q(Q,)Si(p") are different,
provided that n > 1.

Lemma 7.1. Let (z, V) be an irreducible, admissible, infinite-dimensional representation of GL(2, Q) with trivial

central character. Let n = a(rw), and let vyew € V be a local newform; hence vnew is invariant under GL(2, Z,) N
[ Z, Z,

. ] Let TIy = | - | X | - |75/2x given in its standard model I (s, 7).
P'Zy Ly

(1) There exists an Si(p")-invariant vector ¢y in I (s, &) given by
) —114s/2 ab
¢1(hx) = [t7(ad — bc)™ | T c d Unew (7.2)
if h € Q(Qp) is written in the form (4.4) and x € Si(p"), and ¢(g) = 0 if g is not in the double coset

Q(Qp)Si(p").

(2) There exists an Si(p")-invariant vector ¢o in I (s, ) given by

$a(hn i) = |t*(ad — be) 52 ([‘C’ Z]) Vnew (7.3)

if h € Q(Qp) is written in the form (4.4) and k € Si(p"), and ¢(g) = 0 if g is not in the double coset
Q(Qp)npSi(p").
(3) We have s (npn) 1 = ¢2 and s (npr)da = 1.
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Proof. 1t is straightforward to verify that ¢ and ¢, are well-defined. Evidently, these functions have the asserted
transformation and invariance properties. Assertion (3) is obvious. O

Lemma 7.2. Let N = [[ p"r be a positive integer, and let g € GSp(4, Q).

(1) Assume that g € Q(Q)Si(p"?) for all p|N. Then g € Q(Q)F(()Z)(N).
(2) Assume that g € Q(Qp)npSi(p"r) for all p|N. Then g € Q(Q)nNF(()Z)(N).

Proof.

(1) By the results of [23], we can write g = gry withq € Q(Q),y € F(()Z) (N), and r of the form

r= with u,v € Z.

A straightforward calculation verifies that the condition g € Q(Q,)Si(p"?) implies p"»|u and p"»|v. Hence
re F(()z) (N), proving our claim.
(2) is an easy consequence of (1).

|

Starting from a unitary, cuspidal, automorphic representation 7 = ®u , of GL(2, A) with trivial central character

and global conductor N, we can now construct an Eisenstein series E(Z, s, ¢) with respect to F(()z) (N). The global
section ¢ € I(0, w) is composed of local sections ¢y, as in (7.2). At the archimedean place we choose the local
section as before; see (4.6). Using Lemma 7.2 (1), we see that

E(Z,s,¢) =det(Y) *2E(byz, s, $)

=det) ¥ DT (p(yb2)(1)
7€0(@\GSp(4, Q)

= det(y) %2 > (s (y b)) (1)
7 €Q@\Q@TP (V)

=det(Y) ™ D" (¢s(yb2))(D), (7.4)

y €D1(N)

where D{(N) is a set of representatives for Q(Q) N F(()z) (N)\F(()z)(N ). A similar calculation as the one leading to
(5.16) now shows that

det(P) I+s/2—k/2
E(Z.s.$)= . ( ; ) det(j (7. 2) 7 £ (7 (2D, (7.5)

y €D1(N)
where ¥ = [Y f), ] is the imaginary part of y (Z). Just as in the paramodular case, we now obtain the following result.
0y

Theorem 7.3. Let k > 5 and N > 1 be integers. Assume that f € Sp(I'o(N)) is an elliptic eigenform and a
newform. For Z € Hj, set

ENZ, )= Y det(j(y, 2) *F((7(Z)"), (7.6)

y €D1(N)

where D|(N) is a set of representatives for Q(Q) N F(()z) (N )\F(()z) (N).
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(1) The summation (7.6) is absolutely and locally uniformly convergent and defines a holomorphic Siegel modular
2 2
form Eq(, f) € MP (TP (N)).
(2) We have D(E\ (-, f)) = f.
(3) The adelization of E\(-, ) generates an irreducible, automorphic representation 11 = QI1, of GSp(4, A),
which is identical to the one from Theorem 6.2 (3).

If in our construction we replace the local sections ¢y, in (7.2) by ¢ , in (7.3), then we obtain another Klingen
Eisenstein series E> (-, f) € Sk(l"(()z) (N)). It is the Fricke image of E (-, f), i.e.,

Ex(, f)=Ei1(, f) Ik nn- (71.7)

8. A connection with the Paramodular conjecture

The famous Modularity Theorem states that, given an elliptic curve E over Q with conductor N, there exists an
eigen-newform f € S>(I'o(V)) such that the L-functions of E and f coincide: L(s, E) = L(s, f). The Paramodular
Conjecture of Brumer and Kramer, formulated in [4], is an analogue in degree 2. It states that to every abelian
surface A over Q with conductor N and Endg(A) = Z there exists an eigen-newform F € Si(K(N)) such that
the degree-4 L-functions of A and F coincide: L(s, A) = L(s, F). In fact, Conjecture 1.1 of [4] predicts a one-one
correspondence of isogeny classes of such abelian surfaces and lines of non-lift eigen-newforms F € Sy (K(N))
with rational Hecke eigenvalues. Here, non-lift refers to Siegel modular forms that are orthogonal to the space of
Gritsenko lifts, which are Saito-Kurokawa lifts with level.

The mechanism leading from a geometric object to a modular form is the same for the elliptic curve and the abelian
surface case. In degree 2, the following diagram illustrates the procedure:

1 2 &
abelian local 'repre- automorphic paramodular (8.1)
surface A sentations 7, T™ = Qmp form F

Given any abelian surface over QQ, the step 1 is to find local representations =, for each place p < oo. For finite

primes, one considers an auxiliary prime ¢ different than p and the action of the absolute Galois group Gal(Q »/Qp)
on the Tate module 7;(A). This results in an ¢-adic representation Gal(@ »/Qp) — GL(4, Q). Then following
the procedure described in §4 of [20], this £-adic representation can be converted to a complex representation ¢, of
the Weil-Deligne group W’ (Q »/Qp), which is independent of £. After a twist, and using the symplectic structure on
the Tate module coming from the Weil pairing, o, can be assumed to be a map

ap: W(Q,/Qp) — Sp4, C). (8.2)

Note that Sp(4, C) is the dual group of the split orthogonal group SO(5) = PGSp(4). We can thus invoke the
local Langlands correspondence [6] and obtain from ¢, an irreducible, admissible representation z,, of GSp(4, Q)
with trivial central character. In some cases there may be a choice for 7, among two members of a local L-packet.
In this case we choose 7, to be the unique generic member of the packet. This is because we would like 7, to a)
have paramodular vectors, and b) have these vectors appear at the “correct” level, namely the conductor a(r ). See
Theorem 7.5.4 and Corollary 7.5.5 of [19].

There is an analogous procedure at the archimedean place. The Hodge decomposition of the first cohomology
group H' (A, C) = H'0 @ H®! leads to a 4-dimensional representation of the real Weil group Wg = C* U jC*;
see §20 of [20]. Again we may view this representation as a homomorphism oo, : Wr — Sp(4, C) and consider
the corresponding L-packet of representations of GSp(4, R). As explained in [21], this L-packet consists of the
holomorphic limit of discrete series representation D"!(1, 0) (with minimal K’ _-type (2,2)), and a large (generic)
limit of discrete series representation D''2°(1, 0). We let 7o, = DM!(1, 0), i.e., we choose the non-generic member
of the L-packet at the archimedean place.

Having defined local representations 7, at all places, we consider the admissible global representation
m = Qm, of GSp(4,A). The decisive step in (8.1) is to prove that 7 is an automorphic representation.
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In the elliptic curve case, this is essentially the content of the Modularity Theorem. In the abelian surface case
it is largely conjectural, although there has been recent progress and there is convincing evidence. In fact, the
Paramodular Conjecture claims that 7 is a cuspidal automorphic representation if Endg(A) = Z.

The final step 3 in (8.1) is to extract from 7z a classical modular form F. This can be done in a standard way:
For p < oo, let v, be a paramodular newform in the space of 7. At the archimedean place, let v, be a vector of
weight (2, 2). Assuming 7z has been proven to be cuspidal automorphic, let @ be the automorphic form corresponding
to ®v,. From the adelic function ® we obtain a function F on HJ in the same way that E(Z, s, ¢) was obtained from
E(g, s, $); see (3.6). The function F thus obtained is an element of S>(K (N)), where N = [] p"» is the conductor
of the abelian surface A. This is because a(w,) = n, by the definition of the conductor of an abelian surface, and
the paramodular level of v, is a(x ) by the properties of the local paramodular newform theory of [19].

We have L(s, F) = L(s, n) by definition of L(s, F'), and L(s,7) = L(s, A) since the Euler factors of both
L-functions are defined as the factors attached to the L-parameters o,. In practice, of course, evidence for the
Paramodular Conjecture comes from constructing paramodular forms rather than automorphic representations;
see [17].

We now offer the following alternative version of one direction of the Paramodular Conjecture.

Conjecture 8.1. Let A be an abelian variety over Q. Then there exists an automorphic representation Il = ®II,
of GSp(4, A) with trivial central character such that L(s, A) = L(s, Il) and such that 11, is generic for all
places p.

Assume that Endg(A) = Z, and that we can find a paramodular form F € S>(K (N)) such that L(s, F) = L(s, A),
as in the original Paramodular Conjecture. Let IT = ®I1,, be the cuspidal, automorphic representation of GSp(4, A)
generated by F. By Arthur’s classification of automorphic representations, we may exchange I, = DM"!(1, 0) by
D'aree(1, 0) and obtain a globally generic, cuspidal, automorphic representation I1’ of GSp(4, A); see [22]. Hence
the original Paramodular Conjecture implies Conjecture 8.1 for abelian varieties with Endg(A) = Z.

A case not covered by the original conjecture is that of abelian surfaces A isogeneous to a direct product E] x E3
of two non-isogenous elliptic curves E; and E». Fori = 1,2 let z; be the cuspidal, automorphic representation of
GL(2, A) attached to E; by the Modularity Theorem. Since 7| # m3, the Yoshida lifting construction from [18]
produces a cuspidal automorphic representation I1 = I1(z, 72) = ®II, of GSp(4, A) such that all IT,, are generic
and such that L(s, IT) = L(s, w1)L(s, 72). Hence Conjecture 8.1 is true for such A.

We finally consider the degenerate case that A is isogenoues to a product of two isogeneous elliptic curves.
We may assume that A = E x E for an elliptic curve E over Q. Let 7 = ®m, be the cuspidal, automorphic
representation of GL(2, A) attached to E by the Modularity Theorem. The L-parameters o, arising from A are of the

[ op(w)

formo,(w) = ], where ¢, is the L-parameter of 7 ,. If 7, is not square-integrable, the corresponding

t —1
@ p(w)
L-packet consists of the irreducible representation 1 X x,. If 7, is square-integrable, then 1 X 7, decomposes

as a direct sum of two irreducible representations I1¢ and I1", and {II#, I1"} is the L-packet parameterized by o .
One of these representations, I8, is generic, and the other is non-generic. In the archimedean -case,
see Lemma 6.1 (1). In the non-archimedean case, using the classification of Sect. 2.4 of [19], I1&/™ are either of
type VIa/b or of type VIlla/b.

Now consider the global representation 1 X 7 = ®(1 x 7). Note that this is the case s = 0 of the representation
defined in (3.1). By [11], every irreducible subquotient of 1 X z is automorphic. For finite places p such that 7, is
not square-integrable, let IT, be the irreducible 1 x 7. For all other places, let IT, be the generic constituent IT#
mentioned in the previous paragraph. Then IT := ®II, is a non-cuspidal, automorphic representation of GSp(4, A)
such that L(s, IT) = L(s, 7)* and IT, is generic for all p.
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