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Introduction. Arthur [3] has classified the discrete automorphic spec-
trum of symplectic and split orthogonal groups. For the group PGSp(4) ∼=
SO(5), the discretely appearing automorphic representations come in finite
or infinite packets, of which there are six types. The “general” type (G) con-
sists of those representations that lift to cusp forms on GL(4). The Yoshida
type (Y) can be characterized as representations whose L-functions are of
the form L(s, π1)L(s, π2) with distinct cuspidal, automorphic representations
on GL(2). At least conjecturally (G) and (Y) consist of everywhere tem-
pered representations. Then there are three non-tempered types (Q), (P)
and (B), associated with the three conjugacy classes of parabolic subgroups.
These consist essentially of CAP representations with respect to the Klingen
parabolic Q, the Siegel parabolic P , and the Borel subgroup B, respectively.
Finally, there is the type (F) consisting of one-dimensional representations.
See [2], [23] for a more detailed description of the six types.

For a positive integer N , let K(N) be the paramodular group of level N .
Holomorphic Siegel modular forms of degree 2 with respect to K(N) are
known as paramodular forms. These are well behaved in many ways; for ex-

2020 Mathematics Subject Classification: 11F46, 11F70.
Key words and phrases: Siegel modular forms, paramodular forms, Arthur packets, CAP
representations.
Received 6 June 2018; revised 23 December 2018.
Published online *.

DOI: 10.4064/aa180606-23-9 [1] c© Instytut Matematyczny PAN, ***



2 R. Schmidt

ample, there is a theory of old- and newforms [17], and cuspidal newforms
admit a strong multiplicity one theorem [23]. Paramodular forms of weight 2
are also the ones appearing in the paramodular conjecture formulated in [4].

“Most” paramodular forms appear in packets of type (G). As observed in
[23, Lemma 2.5], packets of type (Y) cannot contain any paramodular forms.
It is known that Gritsenko or Saito–Kurokawa liftings appear in packets of
type (P). In this note we will prove that packets of type (P) do not contain
any paramodular forms besides these liftings, and that packets of type (Q) or
(B) do not contain any paramodular forms at all. As an application we can
slightly strengthen the paramodular strong multiplicity one theorem of [23].

Our method is to calculate the local Arthur packets for types (Q), (P)
and (B) explicitly. Once this is done, one can use the local theory of [18]
to look up which representations contain paramodular vectors. It turns out
that for types (Q) and (B), and over the number field Q, there always
exists a non-archimedean place for which none of the elements in the packet
is paramodular.

Local Arthur packets for GSp(4) have one or two elements, the size be-
ing determined by a centralizer group. Each local packet contains a “base
point”, which is easy to determine by general principles. The main difficulty
is to determine the “non-base point” in the cases where the packet has two
elements. For types (P) and (B), we do this in an indirect way, using the
fact from [15] (see also [5] and [20]) that the global representations in ques-
tion can be constructed as theta liftings from the metaplectic group S̃L(2).
Hence the representations in a local packet can be determined by calculating
certain cases of the local theta correspondence. For type (Q), it turns out
that the 2-element packets coincide with those of type (B), so no additional
work is necessary. Tables 1, 2 and 3 summarize the local packets in the three
cases.

Some of the results in this note are not new. For example, the local and
global packets of type (Q) have also been determined in [8]. Some explicit
information for type (P) is already contained in [20] and [5]. Still we found
it useful to summarize the constructions in all cases and present the local
packets in the standard notation for GSp(4). We also give information on
K-types in the real case, which is useful for applications to Siegel modular
forms.

Notation. For most of this note we work with the group GSp(4) =
{g ∈ GL(4) | tgJg = µ(g)J} defined by the symplectic form

J =

[
1

1
−1

−1

]
,

except for Section 5, where we will switch to the “classical” symplectic form
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0 12
−12 0

]
. The group Sp(4) is the subgroup consisting of elements for which

the scalar µ(g) is 1. If F is a local field, then let LF be its Weil group if
F is archimedean, and its Weil–Deligne group if F is non-archimedean. If
F is non-archimedean, we use the classification of irreducible, admissible
representations of GSp(4, F ) into types I, IIa, IIb, . . . as explained in [18,
Sect. 2.2].

1. Global packets of type (B), (P) and (Q). Let F be an algebraic
number field, and A its ring of adeles. Global Arthur parameters are formal
objects of the form

∑
i µi � ν(ni), where µi is a self-dual, unitary, cuspidal

automorphic representation of GL(mi,A), and ν(n) is the irreducible repre-
sentation of SL(2,C) of dimension n. In the case of GSp(4), these parameters
come in six different types. In this work we are interested in the parameters
which in [23] were called of type (B), (P) and (Q). Their description is as
follows:

(B) ψ = (χ1 � ν(2)) � (χ2 � ν(2)), where χ1, χ2 are distinct quadratic Hecke
characters. These are the parameters of Howe–Piatetski-Shapiro type.

(P) ψ = (µ � 1) � (σ � ν(2)), where µ is a unitary, cuspidal automorphic
representation of GL(2,A) with trivial central character, and σ is a
quadratic Hecke character. These are the parameters of Saito–Kurokawa
type.

(Q) ψ = µ � ν(2), where µ is a self-dual, unitary, cuspidal automorphic
representation of GL(2,A) with non-trivial central character. These are
the parameters of Soudry type. The central character ξ of µ determines
a quadratic extension E of F . There exists a character θ of A×E such that
µ = AIE/F (θ), i.e., µ is obtained from θ by automorphic induction.

Given such a global parameter ψ and a place v of F , there is an associated
local Arthur parameter ψv. These are maps

(1) ψv : LFv × SL(2,C)→ Sp(4,C).

By [23, (1.4)–(1.7)], their explicit form is as follows, with w ∈ LFv :

(B) We factor χi =
⊗
χi,v and identify χi,v with a character of LFv . Then

ψv is given by

(2) (w, 1) 7→

 χ1,v(w)
χ2,v(w)

χ2,v(w)
χ1,v(w)

 , (
1,
[
a b
c d

])
7→
[
a b
a b
c d

c d

]
.

(P) We factor µ =
⊗
µv and σ =

⊗
σv. Let

(3) φv : LF → SL(2,C), φ(w) =
[ φv,1(w) φv,2(w)
φv,3(w) φv,4(w)

]
,
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be the L-parameter of the irreducible, admissible representation µv of
PGL(2, Fv). Then ψv is given by

(4) (w, 1) 7→

 σv(w)
φv,1(w) φv,2(w)
φv,3(w) φv,4(w)

σv(w)

 , (
1,
[
a b
c d

])
7→
[
a b
1
1

c d

]
.

(Q) We factor µ =
⊗
µv. The L-parameter φv : LFv → GL(2,C) of µv can

be arranged in such a way that it takes values in the group

(5) O(2,C) =
{
A ∈ GL(2,C)

∣∣ tA[ 1
1

]
A =

[
1

1

]}
.

Then ψv is given by

(6) (w, 1) 7→
[ φv(w)

φv(w)

]
,

(
1,
[
a b
c d

])
7→
[
a b
a b

c d
c d

]
.

To ψv is attached a finite set Πψv of irreducible, admissible representations
of PGSp(4, Fv) according to [3, Theorem 1.5.1].

Let Z be the center of Sp(4,C). The elements of the local Arthur packet
Πψv are fibered over the characters of the centralizer group

(7) Sψv = Sψv/S
0
ψvZ,

where Sψv is the centralizer of the image of ψv, and S0
ψv

is its identity com-
ponent. It is easy to see that the groups Sψv are as follows:

(B) Sψv has two elements in all cases.
(P) Sψv is trivial if µv is a principal series representation, and otherwise it

has two elements.
(Q) We factor θ =

⊗
θw. If v does not split in E, and w is the unique place

of E lying above v, then the L-parameter of µv equals indWFv
WEw

(θw). If
v splits in E, and w1, w2 are the two places of E lying above v, then
θw := (θw1 , θw2) is a pair of characters of F×v , and µv is the principal
series representation θw1 × θw2 ; since the central character ξv is trivial,
we have in fact θw1θw2 = 1. In either case we write µv = AIEw/Fv(θw).
Then Sψv is trivial if θw is not Galois-invariant (which in the split case
means that θw1 6= θw2), and otherwise it has two elements.

Since Sψv has at most two elements, we may think of the fibration over the
characters of Sψv as a map ε : Πψv → {±1}. If Sψv is trivial, then ε is +1 for
all representations in the local packet. It will turn out later that the map ε
is in fact injective. Since this is not true in general (see [3, comments after
Theorem 1.5.1]), we will however not use this fact.

Our goal is to determine the local packets Πψv explicitly. By [3, Propo-
sition 7.4.1], Πψv contains the irreducible representations with L-parameter

(8) φψv(w) = ψ
(
w,
[
|w|1/2v

|w|−1/2
v

])
, w ∈ LFv .
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In each case this turns out to be a single unitary representation, which can
be viewed as a “base point” π+v in the local packet. For non-archimedean v,
using (2), (4) and (6), π+v can be read off from [18, Table A.7].

(B) π+v is the Langlands quotient of the Borel induced representation

(9) χ1,vχ2,v| · |v × χ1,vχ2,v o χ2,v| · |−1/2v .

If χ1,v 6= χ2,v then it is the representation L(χ1,vχ2,v| · |v, χ1,vχ2,v o
| · |−1/2v χ2,v) of type Vd, and if χ1,v = χ2,v then it is the representation
L(| · |v, 1F×v o | · |−1/2v χ1,v) of type VId.

(P) π+v is the Langlands quotient of the Siegel induced representation

(10) | · |1/2v σvµv o | · |−1/2v σv.

There are four possibilities, depending on µv and σv:

• If µv is a principal series representation χv×χ−1v with a character χv
of F×v , then π+v is the representation χvσv1GL(2) o χ−1v of type IIb.

• If µv = χvStGL(2), where χv is a quadratic character different from σv,
then π+v is the representation L(| · |1/2v χvσvStGL(2), | · |

−1/2
v σv) of

type Vb.
• If µv = σvStGL(2), then π+v is the representation L(| · |1/2v StGL(2),

| · |−1/2v σv) of type VIc.
• If µv is supercuspidal, then π+v is the representation L(| · |1/2v σvµv,

| · |−1/2v σv) of type XIb.

(Q) π+v is the Langlands quotient of the Klingen induced representation

(11) | · |vξv o | · |−1/2v µv.

There are four possibilities, depending on whether ξv is trivial or not,
and whether θw (defined as above) is Galois-invariant or not:

• If ξv 6= 1 and θw is not Galois-invariant (i.e., µv is supercuspidal),
then π+v is the representation L(| · |vξv, | · |−1/2v µv) of type IXb.
• If ξv 6= 1 and θw = σv ◦NEw/Fv with a quadratic character σv of F×v

(i.e., µv = σv × (ξvσv)), then π+v is the representation L(| · |vξv,
ξv o | · |−1/2v σv) of type Vd.
• If ξv = 1 and θw = (θw1 , θw2) with θw1 6= θw2 , then π+v is the repre-

sentation θw1θ
−1
w2

o θw21GSp(2) of type IIIb.
• If ξv = 1 and θw = (σv, σv) with a quadratic character σv of F×v (i.e.,
µv = σv×σv), then π+v is the representation L(| · |v, 1F×v o | · |−1/2v σv)
of type VId.

It follows from [18, Tables A.1 and A.2] that π+v is unitary, non-tempered
and non-generic in all cases. To π+v is attached the sign ε(π+v ) = 1.
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The global Arthur packet is defined as

(12) Πψ :=
{
π =

⊗
πv
∣∣ πv ∈ Πψv , πv = π+v for almost all v

}
.

The “global base point” in each packet is obtained by taking π+v at each
place. Hence the global base point is the isobaric constituent of the following
globally induced representation:

(B) χ1χ2| · | × χ1χ2 o χ2| · |−1/2.
(P) | · |1/2σµo | · |−1/2σ.
(Q) | · |ξ o | · |−1/2µ.

Every element of Πψ is near-equivalent to the global base point. Hence,
cuspidal elements of Πψ are CAP with respect to the Borel subgroup B, the
Siegel parabolic P , or the Klingen parabolic Q, respectively.

Lemma 1.1. Let ψ be any Arthur parameter for GSp(4). The discrete
automorphic elements of Πψ form a near-equivalence class of all representa-
tions in the discrete automorphic spectrum of PGSp(4,A).

Proof. It is clear from the definition (12) that all elements ofΠψ are near-
equivalent. Assume that π occurs in the discrete, automorphic spectrum of
GSp(4,A) and is near-equivalent to the elements inΠψ. We have to show that
π ∈ Πψ. Assume first that ψ is of type (G). Then ψ = µ�1 with a self-dual,
symplectic, unitary, cuspidal automorphic representation µ of GL(4,A). By
the definitions involved, the partial L-functions of the elements of Πψ are
equal to LS(s, µ), where S is a finite set of places. Hence LS(s, π) = LS(s, µ)
for large enough S. By considering the partial L-functions of the various
types of Arthur packets as in [23, Table 1], and keeping in mind the classi-
fication of automorphic representations of GL(n) as in [10, Theorem (4.4)],
we see that π must be of type (G). The strong multiplicity one theorem for
GL(4) then implies that π ∈ Πψ.

Similar arguments apply for ψ of one of the other types.

We return to ψ of type (B), (P) or (Q). If we twist all elements of a
packet Πψ by a fixed quadratic Hecke character χ, then we obtain another
packet of the same type. More precisely,

(13) χ⊗Πψ = Πχ⊗ψ,

where

(14) χ⊗ ψ =


(χχ1 � ν(2)) � (χχ2 � ν(2)),

(χµ � 1) � (χσ � ν(2)),

χµ � ν(2),
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for

(15) ψ =


(χ1 � ν(2)) � (χ2 � ν(2)) of type (B),
(µ � 1) � (σ � ν(2)) of type (P),
µ � ν(2) of type (Q).

Let π =
⊗
πv be an element of Πψ. The multiplicity m(π) with which π

appears in the discrete automorphic spectrum is either 0 or 1. Let ε(π) =∏
v ε(πv). Arthur’s multiplicity formula characterizes those π’s with m(π)

= 1, as follows:

(B) m(π) = 1 if and only if ε(π) = 1.
(P) m(π) = 1 if and only if ε(π) = ε(1/2, σ ⊗ µ).
(Q) m(π) = 1 for all π ∈ Πψ. Since there is no sign condition, we say that

these packets are stable.

Hence, for types (B) and (Q), the global base point appears in the discrete
automorphic spectrum, and for type (P) it does so if and only if ε(1/2,
σ ⊗ µ) = 1.

Lemma 1.2. Let ψ be an Arthur parameter of type (B), (P) or (Q). Let
π be an element of Πψ that appears in the discrete automorphic spectrum.
Then π is cuspidal if and only if one of the following conditions is satisfied:

(i) π is not the global base point.
(ii) ψ = (µ � 1) � (σ � ν(2)) is of type (P), π is the global base point (hence

assuming ε(1/2, σ ⊗ µ) = 1), and L(1/2, σ ⊗ µ) = 0.

Proof. The residual spectrum of GSp(4,A) is explicitly described in [11,
Sect. 7]. From this description it is easy to see that if π ∈ Πψ is in the residual
spectrum, then π must be the global base point, and if ψ is of type (P), then
in addition L(1/2, σ ⊗ µ) must be non-zero.

2. Local packets for type (B). To determine the local packets for
Arthur parameters of Howe–Piatetski-Shapiro type, we first recall some facts
about the theta correspondence between the metaplectic group S̃L(2,A) and
the group SO(5,A) ∼= PGSp(4,A); see [15], [26], [5]. The structure of the Weil
representations of S̃L(2,A) is well known. Locally, they are parametrized by
quadratic characters χv of F×v . Given such a χv, the local Weil representa-
tion π̃χv splits into two irreducible parts, the even Weil representation π+χv
and the supercuspidal odd Weil representation π−χv . Globally, let χ =

⊗
χv

be a non-trivial quadratic Hecke character, and let S be a finite set of places
of even cardinality. Then

(16) π̃Sχ :=
(⊗
v∈S

π̃−χv

)
⊗
(⊗
v/∈S

′ π̃+χv

)
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defines a representation of S̃L(2,A). These are the irreducible, automor-
phic constituents of the global Weil representation. Evidently, their near-
equivalence classes are obtained by fixing χ and varying S. We note that,
in order for a collection of local metaplectic representations to define a rep-
resentation of the global S̃L(2,A), the parity condition (1) on p. 280 of [26]
has to be satisfied. For the Weil representations on the right side of (16) this
parity condition is equivalent to the cardinality of S being even.

We consider the non-archimedean local theta liftings, temporarily omit-
ting the subindex v. Thus let F be a non-archimedean local field of charac-
teristic zero, and let χ by a quadratic character of F×. The theta liftings of
the even and odd Weil representations are as follows:

(17)

S̃L(2, F ) GSp(4, F ) Type L-parameter

π̃+
χ L(νχ, χo ν−1/2) Vd χϕ1 ⊕ ϕ1

π̃−χ δ∗([χ, νχ], ν−1/2) Va∗ χϕSt ⊕ ϕSt

π̃+
1 L(ν, 1F× o ν−1/2) VId ϕ1 ⊕ ϕ1

π̃−1 L(ν1/2 StGL(2) o ν−1/2) VIc ϕ1 ⊕ ϕSt

In this table, ϕ1 denotes the L-parameter of the trivial representation of
GL(2, F ), given in (ρ,N) form by

(18) ϕ1 : w 7→
[ |w|1/2

|w|−1/2

]
, N =

[
0 0
0 0

]
,

and ϕSt denotes the L-parameter of the Steinberg representation ofGL(2, F ),
given in (ρ,N) form by

(19) ϕSt : w 7→
[ |w|1/2

|w|−1/2

]
, N =

[
0 1
0 0

]
.

The last column in (17) lists the L-parameter of theGSp(4, F ) representation
as a 4-dimensional representation of LF (see [18, Table A.7]).

We indicate how to find the liftings in (17). As PGSp(4, F ) ∼= SO(5, F ),
the non-supercuspidal cases Vd, VId and VIc follow from the well known
theta correspondence between S̃L(2, F ) and SO(3, F ) ∼= PGL(2, F ), together
with a tower argument. For Va∗, one can use [20, Proposition 5.8] (with
τ = χ1D×), which implies that the theta lifting of π̃−χ coincides with the
theta lifting of a one-dimensional representation of a certain group GO(4).
The latter lifting has been calculated in [19, Theorem 4.6.3].

We note that the definition of the representations π̃±χ depends on the
choice of an additive character of F . The definition of the theta correspon-
dence also depends on such a choice. We choose these two characters to be
the same, in which case the GSp(4, F ) representations in (17) are indepen-
dent of which character is chosen.
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We return to F being global.
Lemma 2.1. Let χ be a non-trivial quadratic character of F× \A×. Con-

sider the Arthur parameter ψ = (χ � ν(2)) � (1 � ν(2)) of Howe–Piatetski-
Shapiro type. As S runs through the finite sets of places of F with even
cardinality, the theta liftings of the Weil representations π̃Sχ to SO(5,A) ∼=
PGSp(4,A) run through the discrete automorphic elements of the global
packet Πψ.

Proof. Consider first π̃Sχ for non-empty S. It is a cuspidal representa-
tion of S̃L(2,A), because π̃−χv is supercuspidal. Its first occurrence in the
tower SO(2n+ 1,A) must be cuspidal. This first occurrence cannot happen
with SO(3,A) ∼= PGL(2,A), since the local lifting of π̃+χv is one-dimensional.
Hence, by stable range, π̃Sχ lifts to a cusp form on SO(5,A) ∼= PGSp(4,A).
By (17), this cusp form is CAP to the globally induced χ| · | × χo | · |−1/2,
and therefore an element of the packet Πψ. For empty S, the lift of π̃Sχ is the
isobaric constituent of χ| · | × χo | · |−1/2, hence the base point in Πψ.

Conversely, let π be an element of Πψ which is not the base point. Then
π is cuspidal by Lemma 1.2. As we saw in the previous section, π is CAP to
χ| · |×χo | · |−1/2. By [15, Theorems 2.2 and 2.4], π is a theta lifting of a Weil
representation of S̃L(2,A). More precisely, by comparing local components
almost everywhere, we see that π must be a lifting of π̃Sχ for some S.

It follows from Lemma 2.1 that the local Arthur packets Πψv for ψ =
(χ� ν(2))� (1� ν(2)) contain two elements, namely the theta liftings of π̃±χv .
For arbitrary ψ of type (B), the local packets are then obtained by twisting
(see (13)–(15)). We thus obtain from (17) the non-archimedean local packets
summarized in Table 1. To determine the local signs given in the last column
of Table 1, we can argue as follows. Since there is a parity condition on S
in Lemma 2.1, the global packet Πψ is unstable, meaning that a discrete
automorphic element π =

⊗
πv of Πψ will no longer be automorphic if

πv is replaced by its partner in the local packet for a single place v. The
condition ε(π) = 1 in Arthur’s multiplicity formula hence implies that the
two representations in a local packet must be assigned different signs. Since
the base point in each local packet always has the sign +1, the non-base
point must have sign −1.

The real case. The calculation of the local packets for Fv = R is anal-
ogous to the non-archimedean case. The Weil representations π̃+χv have a
vector of lowest (or highest) weight 1/2 (or −1/2), and the π̃−χv have a vec-
tor of lowest (or highest) weight 3/2 (or −3/2). Their theta liftings to the
odd orthogonal tower can be determined using [26] and [12]. This leads to the
packets summarized in Table 1. Alternatively, one can use [1, Examples 1.4.2
and 1.4.3], in which the packets {H,A} and {D,C} have been determined.
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Table 1. Local Arthur packets Πψ of Howe–Piatetski-Shapiro type (Borel packets, type
(B)). The local Arthur parameter ψ is determined by a pair (χ1, χ2) of quadratic charac-
ters of F×; see (2). For the archimedean K-type H, see (20); for A, C and D, see (21).

(χ1, χ2) GSp(4, F ) Type L-parameter ε

Non-archimedean case

χ1 6= χ2 L(χ1χ2ν, χ1χ2 o ν−1/2χ2) Vd χ1ϕ1 ⊕ χ2ϕ1 +1

δ∗([χ1χ2, νχ1χ2], ν
−1/2χ2) Va∗ χ1ϕSt ⊕ χ2ϕSt −1

χ1 = χ2 L(ν, 1F× o ν−1/2χ1) VId χ1ϕ1 ⊕ χ1ϕ1 +1

L(ν1/2 StGL(2) o ν−1/2χ1) VIc χ1ϕ1 ⊕ χ1ϕSt −1

Real case

χ1 6= χ2 L(ν sgn, sgnoν−1/2) (1, 1), H ϕ1 ⊕ sgn ϕ1 +1

Dhol(1, 0) (2, 2), A ϕD(1) ⊕ ϕD(1) −1

χ1 = χ2 L(ν, 1R× o ν−1/2χ1) (0, 0), D χ1ϕ1 ⊕ χ1ϕ1 +1

L(ν1/2D(1)o ν−1/2χ1) (1,−1), C χ1ϕ1 ⊕ ϕD(1) −1

In the rest of this section we will explain the meaning of the “type”
column in the archimedean case. We will use the conventions of [14] and
[22] for K-types of representations of GSp(4,R). The symbol D(1) denotes
the “lowest” discrete representation of GL(2,R), with minimal K-type 2 and
trivial central character. Let σ be a quadratic character of R×, which can
only be the trivial character or the sign character sgn.

We will discuss two Borel induced representations of PGSp(4,R). By [14,
Theorem 11.2], the representation ν sgn× sgnoν−1/2σ has length 4. More
precisely, its irreducible constituents are as follows:
• Dgen(1, 0), the “large” (generic) limit of discrete series representation with

minimal K-type (2, 0). Its K-types lie in the regions marked B in (20)
below.
• L(ν1/2D(1) o ν−1/2σ), a non-tempered representation with minimal K-

type (1,−1). Its K-types can be determined from [14, Lemma 6.1 and
(10.25)]; they lie in the “square” region C in (20). This representation
appears with multiplicity 2 in ν sgn× sgnoν−1/2σ.
• The Langlands quotient L(ν sgn× sgnoν−1/2σ), which has a minimal K-

type at (1, 1). Its K-types can be determined from [14, Lemma 6.1], by
subtracting the K-types of the other constituents from the K-types of the
full induced representation; they lie in the disconnected “wedge” region H
in (20). (This is the representation underlying holomorphic Siegel modular
forms of weight 1. It is invariant under twisting by quadratic characters,
so we may omit the σ.)
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(20)

H

H

B

B

C

ν sgn× sgno ν−1/2σ has four con-
stituents:

• Dgen(1, 0) = B.
• L(ν1/2D(1)o ν−1/2σ) = C

(with multiplicity 2).
• L(ν sgn× sgnoν−1/2) = H.

Next consider the representation ν×1R×oν−1/2σ of PGSp(4,R). By [14,
Theorem 10.7], it has length 4. Its irreducible constituents are as follows:

• Dhol(1, 0), the holomorphic limit of discrete series representation with min-
imal K-type (2, 2). (This is the representation underlying holomorphic
Siegel modular forms of weight 2.) Its K-types lie in the disconnected
“wedge” region A in (21) below.
• Dgen(1, 0), the same “large” limit of discrete series representation as above.

Its K-types are contained in region B in (21).
• L(ν1/2D(1)oν−1/2σ), the same non-tempered representation with minimal
K-type (1,−1) as above. Its K-types lie in the “square” region C in (21).
• The Langlands quotient L(ν × 1R× o ν−1/2σ), which has a minimal K-

type at (0, 0). Its K-types can be determined from [14, Lemma 6.1], by
subtracting the K-types of the other constituents from the K-types of the
full induced representation; they lie in the fourth quadrant, indicated as
region D in the picture below. More precisely, the multiplicity of the K-
type (k1, k2) is 1 if k1, k2 are integers of the same parity with k1 ≥ 0 ≥ k2,
and 0 otherwise.

(21)

A

A

B

B

C

D

ν×1R× oν−1/2σ has four constituents:

• Dhol(1, 0) = A.
• Dgen(1, 0) = B.
• L(ν1/2D(1)o ν−1/2σ) = C.
• L(ν, 1R× o ν−1/2σ) = D.

The type entry in Table 1 shows the minimal K-type of a representation
and the region that contains all the K-types.
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3. Local packets for type (P). In this section we determine the local
packets for Arthur parameters of Saito–Kurokawa type. As explained in [5]
and [6], up to quadratic twists such Arthur packets are obtained as theta lift-
ings of cusp forms on the metaplectic group S̃L(2,A) that are orthogonal to
all global Weil representations π̃Sχ . By [26], such cusp forms on S̃L(2,A) are
grouped into finite Waldspurger packets Π̃µ, which are their near-equivalence
classes. They are parametrized by the unitary, cuspidal, automorphic rep-
resentations µ ∼=

⊗
µv of GL(2,A) with trivial central character. The ele-

ments of Π̃µ are tensor products π̃ ∼=
⊗
π̃v, where π̃v is taken from a local

packet Π̃µv . The local packet has one element if µv is a principal series rep-
resentation, and two elements if µv is square-integrable. Moreover, each local
packet contains a base point assigned the sign +1, and the second represen-
tation in case of a two-element packet is assigned the sign −1. In order for⊗
π̃v to be an element of the global packet Π̃µ, the product of all local signs

must equal ε(1/2, µ). In fact, if this condition is not satisfied, then
⊗
π̃v

does not define a representation of S̃L(2,A); see [26, (1) on p. 280].

Lemma 3.1. Let µ =
⊗
µv be a unitary, cuspidal, automorphic represen-

tation of GL(2,A) with trivial central character. Consider the Arthur param-
eter ψ = (µ � ν(1)) � (1 � ν(2)) of Saito–Kurokawa type. As π̃ runs through
the Waldspurger packet Π̃µ, their theta liftings to SO(5,A) ∼= PGSp(4,A)
run through the discrete automorphic elements of the Arthur packet Πψ.

Proof. The proof is analogous to that of Lemma 2.1. By [26, Lemme 49]
or [15, Lemma 7.2], the theta lifting of π̃ ∈ Π̃µ to PGSp(4,A) is near equiv-
alent to any irreducible constituent of | · |1/2µ o | · |−1/2. If π̃ is the global
base point in the Waldspurger packet (assuming ε(1/2, µ) = 1), then the
lifting is isomorphic to the isobaric constituent of | · |1/2µo | · |−1/2. In this
case, if L(1/2, µ) = 0, the lifting is cuspidal by [26, Proposition 24], and if
L(1/2, µ) 6= 0, it appears in the residual spectrum by [11, Theorem 7.1]. If
π̃ is not the base point, then it does not lift to SO(3,A) ∼= PGL(2,A), and
hence its lifting to SO(5,A) ∼= PGSp(4,A) is cuspidal. We see that in all
cases the lifting of π̃ to PGSp(4,A) is in the discrete spectrum. Hence the
lifting must be contained in a packet Πψ. Looking at almost every place, we
must have ψ = (µ � ν(1)) � (1 � ν(2)) of type (P).

Conversely, let π be a cuspidal element of Πψ. As we saw in Section 1,
π is CAP to | · |1/2µ o | · |−1/2. By [15, Theorems 2.2 and 2.4], π is a theta
lifting of a cusp form on S̃L(2,A) which is not a Weil representation. More
precisely, by comparing local components almost everywhere, we see that π
must be a lifting of an element of Π̃µ.

It follows from Lemma 3.1 that the local Arthur packets Πψv for ψ =
(χ � ν(2)) � (1 � ν(2)) are the theta liftings of the local Waldspurger pack-
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ets Π̃µv . These liftings have been calculated (see [20, Table 2]). For arbitrary
ψ of type (P), the local packets are then obtained by twisting (see (13)–(15)).
We thus obtain the local packets summarized in Table 2. To determine the
signs given in the last column of Table 2, we can argue as in the Borel
case. Lemma 3.1, together with the structure of the Waldspurger packets on
S̃L(2,A), imply that the global Arthur packet Πψ is unstable. Hence, if a
local packet has two elements, these two representations must be assigned
different signs.
Table 2. Local Arthur packets Πψ of Saito–Kurokawa type (Siegel packets, type (P)).
The local Arthur parameter ψ is determined by an irreducible, admissible, unitary rep-
resentation µ of PGL(2, F ), and a quadratic character σ of F×; see (3). The symbol φ
stands for the L-parameter of µ. The parameters ϕ1 and ϕSt are defined in (18) and (19).
For the K-types A and C, see (22).

µ GSp(4, F ) Type L-parameter ε

Non-archimedean case

χ× χ−1 χσ1GL(2) o χ−1 IIb χ⊕ χ−1 ⊕ σϕ1 +1

χStGL(2), χ 6= σ L(ν1/2χσStGL(2), ν
−1/2σ) Vb χϕSt ⊕ σϕ1 +1

δ∗([χσ, νχσ], ν−1/2σ) Va∗ χϕSt ⊕ σϕSt −1

σStGL(2) L(ν1/2StGL(2), ν
−1/2σ) VIc σϕSt ⊕ σϕ1 +1

τ(T, ν−1/2σ) VIb σϕSt ⊕ σϕSt −1

supercuspidal L(ν1/2σµ, ν−1/2σ) XIb φ⊕ σϕ1 +1

δ∗(ν1/2σµ, ν−1/2σ) XIa∗ φ⊕ σϕSt −1

Real case

χ× χ−1 χσ1GL(2) o χ−1 IIb χ⊕ χ−1 ⊕ σϕ1 +1

D(2k − 3), k ≥ 2 L(ν1/2D(2k − 3), ν−1/2σ) (k − 1, 1− k), C ϕD(2k−3) ⊕ σϕ1 +1

Dhol(k − 1, k − 2) (k, k), A ϕD(2k−3) ⊕ σϕD(1) −1

The real case. For an integer ` ≥ 1, let D(`) be the discrete series rep-
resentation of GL(2,R) with a lowest weight vector of weight ` + 1 and
central character sgn`+1. Let σ be a quadratic character of R×. To deter-
mine the K-types of the representation L(ν1/2D(`), ν−1/2σ) appearing in
Table 2, we consider ν1/2D(`) o ν−1/2σ. We are only interested in odd `,
since only then does D(`) have trivial central character. We already deter-
mined the K-types of L(ν1/2D(1) o ν−1/2σ); see (20) and (21). Assuming
k ≥ 3 and setting (p, t) = (k − 1, k − 2) in [14, Theorem 10.1], we see that
ν1/2D(2k − 3)o ν−1/2σ has two irreducible constituents:



14 R. Schmidt

• Dgen(k− 1, 2− k), the “large” (generic) discrete series representation with
minimal K-type (k, 2− k). Its K-types lie in region B in (22) below.
• The Langlands quotient L(ν1/2D(2k− 3)o ν−1/2σ), which has a minimal
K-type at (k − 1, 1 − k). Its K-types can be determined from [14, Lem-
ma 6.1], by subtracting the K-types of the other constituent from the
K-types of the full induced representation; they are contained in region C
in (22). This is the non-tempered cohomological representation mentioned
in [13, Proposition 7.7].

(22)

A

A

B

B

C

ν1/2D(2k−3)oν−1/2σ has two con-
stituents:

• Dgen(k − 1,−k + 2) = B.
• L(ν1/2D(2k − 3), ν−1/2σ) = C.

The diagram shows the case k = 3,
and also the representation

• Dhol(k − 1, k − 2) = A

with minimal K-type at (k, k).

The representation Dhol(k − 1, k − 2) appearing in Table 2 is the holo-
morphic discrete series representation of PGSp(4,R) with scalar minimal
K-type (k, k). It is the representation underlying Siegel modular forms of
weight k. Its K-types are well known (see [22, Sect. 2.2]). In (22), they lie
in the disconnected “wedge” region A.

4. Local packets for type (Q). Let ψ = µ�ν(2) be an Arthur param-
eter of Soudry type. Recall that µ =

⊗
µv is a self-dual, unitary, cuspidal

automorphic representation of GL(2,A) with non-trivial central character
ξ =

⊗
ξv. The central character determines a quadratic extension E of F .

The representation µ is obtained by automorphic induction from a non-
Galois-invariant character θ =

⊗
θw of A×E .

By [25], [8] or [16], the elements of the packet Πψ can also be obtained as
theta liftings. Since we will not need the details of this construction, we only
explain it briefly. The theta correspondence is one with similitudes, between
GSp(4,A) and GO(2,AE). Here, E is viewed as a 2-dimensional quadratic
space over F , endowed with the norm form. Locally, GSO(2, Ew) = E×w , and
GO(2, Ew) = 〈τw〉nE×w , where τw is the non-trivial Galois element of Ew/Fv.
If the character θw is not Galois-invariant, θ+w := ind

GO(2,Ew)
GSO(2,Ew)

(θw) is an
irreducible 2-dimensional representation of GO(2, Ew). Otherwise, θw admits
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two extensions θ±w to GO(2, Ew). In the non-Galois-invariant case, the local
packet Πψv has one element, namely the theta lift of θ+w , and in the Galois-
invariant case, Πψv has two elements, namely the lifts of θ±w .

Instead of calculating these theta lifts, which is the approach taken in [8],
we observe the following. If the packet has only one element, it must be the
base point already determined in Section 1 (see (11)). Otherwise, i.e. in the
Galois-invariant cases, the parameters (6) are actually of Howe–Piatetski-
Shapiro type. More precisely, for ξv 6= 1 (i.e., Ew is a field) and θw =
σv ◦NEw/Fv , conjugation by the matrix

(23) A =
1√
2

[
1 1
−i i

−i i
1 1

]
∈ Sp(4,C)

transforms the parameter (6) into (2) with χ1,v = σv and χ2,v = σvξv.

Table 3. Local Arthur packets Πψ of Soudry type (Klingen packets, type (Q)). The local
Arthur parameter ψ is determined by a quadratic character ξ of F× and a character θ
of E×, where E is the quadratic extension determined by ξ; see (6). In the row for IXb,
φ is the L-parameter of µ = AIE,θ, a supercuspidal representation of GL(2, F ). In the
row for J, φ is the L-parameter of D(`), a discrete series representation of GL(2,R). The
positive integer ` needs to be even in order for the GSp(4,R) representation to have trivial
central character. For the K-type H, see (20); for A, C and D, see (21).

E ↔ ξ θ GSp(4, F ) Type L-parameter

Non-archimedean case

ξ 6= 1 not Galois-invariant L(νξ, ν−1/2µ) IXb φ⊗ ϕ1

σ ◦NE/F L(νξ, ξ o ν−1/2σ) Vd (σ ⊕ σξ)⊗ ϕ1

δ∗([ξ, νξ], ν−1/2σ) Va∗ (σ ⊕ σξ)⊗ ϕSt

ξ = 1 (θ1, θ2), θ1 6= θ2 θ1θ
−1
2 o θ21GSp(2) IIIb (θ1 ⊕ θ2)⊗ ϕ1

(σ, σ) L(ν, 1F× o ν−1/2σ) VId (σ ⊕ σ)⊗ ϕ1

L(ν1/2 StGL(2) o ν−1/2σ) VIc σϕ1 ⊕ σϕSt

Real case

ξ 6= 1 not Galois-invariant L(νξ, ν−1/2D(`)) (`+ 1, 1), J φ⊗ ϕ1

σ ◦NE/F L(νξ, ξ o ν−1/2σ) (1, 1), H (σ ⊕ σξ)⊗ ϕ1

Dhol(1, 0) (2, 2), A (σ ⊕ σξ)⊗ ϕD(1)

ξ = 1 (θ1, θ2), θ1 6= θ2 θ1θ
−1
2 o θ21GSp(2) IIIb (θ1 ⊕ θ2)⊗ ϕ1

(σ, σ) L(ν, 1R× o ν−1/2σ) (0, 0), D (σ ⊕ σ)⊗ ϕ1

L(ν1/2D(1)o ν−1/2σ) (1,−1), C σϕ1 ⊕ σϕD(1)
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Similarly, for ξv = 1 (i.e., Ew = Fv×Fv) and θw = (σv, σv), conjugation by A
transforms (6) into (2) with χ1,v = χ2,v = σv. Hence the Klingen packets
in these cases are the same as Borel packets, which we already determined
in Table 1. More precisely, for ξv 6= 1 and θw = σv ◦ NEw/Fv , the packet is
of type {Vd,Va∗}, and for ξv = 1 and θw = (σv, σv), the packet is of type
{VId,VIc}.

Table 3 summarizes the local Klingen packets.

Local archimedean packets. The determination of the local Arthur pack-
ets for F = R is analogous to the non-archimedean case. The base points have
L-parameter (6), and the two-element packets coincide with the archimedean
Borel packets in Table 1. Our only goal in this subsection is to understand
the K-types of the representation L(ν sgn, ν−1/2D(`)), which is the single
element in the Klingen packet for ξ 6= 1 and θ non-Galois-invariant. Here,
for an integer ` ≥ 1, the symbol D(`) denotes the discrete series represen-
tation of GL(2,R) with a lowest weight vector of weight ` + 1 and central
character sgn`+1.

Assume that ` ≥ 2. By [14, Theorem 10.1], the representation ν sgno
ν−1/2D(`) has three irreducible subquotients:

• Dhol(`, 1), the holomorphic discrete series representation with minimal K-
type (`+ 1, 3). (This is the representation underlying vector-valued holo-
morphic Siegel modular forms of weight det3 sym`−2.) Its K-types lie in
region A in (24) below.
• Dgen(`,−1), the “large” (generic) discrete series representation with mini-

mal K-type (`+ 1,−1). Its K-types lie in region B in (24).

(24)

A

A

J

J

B

B

ν sgno ν−1/2D(`) has three con-
stituents:

• Dhol(`, 1) = A.
• Dgen(`,−1) = B.
• L(ν sgn, ν−1/2D(`)) = J.

The diagram shows the case `=4.

• The Langlands quotient L(ν sgn, ν−1/2D(`)), which has a minimal K-type
at (` + 1, 1). (This is the representation underlying vector-valued holo-
morphic Siegel modular forms of weight det1 sym`.) Its K-types can be
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determined from [14, Lemma 6.1], by subtracting the K-types of the other
constituents from the K-types of the full induced representation; they lie
in region J in (24).

Note that ν sgnoν−1/2D(`) has central character sgn`, so only the case of
even ` will be relevant for us.

The limit case ` = 1 is handled by [14, Theorem 10.4(ii)]. In this case,
ν sgnoν−1/2D(1) has only two irreducible constituents. This representation
is not actually relevant for us since it does not have trivial central character.

5. Paramodular forms. In this section we assume that the ground
field is Q. We switch to the “classical” version of GSp(4), defined with the
symplectic form

[
12

−12
]
. For a congruence subgroup Γ of Sp(4,Q) and non-

negative integers k and j, let Sk,j(Γ ) be the space of Siegel modular cusp
forms of weight detk symj with respect to Γ ; see [23, Sect. 2.1] for the precise
definition. For j = 0 we write Sk(Γ ); this is the usual space of scalar-valued
cusp forms of weight k.

For a positive integer N , the paramodular group of level N is defined as

(25) K(N) = Sp(4,Z) ∩

 Z NZ Z Z
Z Z Z N−1Z
Z NZ Z Z
NZ NZ NZ Z

 .
We are primarily interested in the spaces Sk,j(K(N)). As explained in [17],
these spaces admit a theory of newforms and oldforms.

We see from the archimedean part of Table 1 that it is possible to con-
struct holomorphic Siegel modular forms of weight 1 and 2 from Borel CAP
representations. Similarly, it follows from the archimedean part of Table 3
that it is possible to construct holomorphic Siegel modular forms of weight 1
and 2, and also certain vector-valued holomorphic Siegel modular forms of
weight det1 sym`, from Klingen CAP representations. However, as the fol-
lowing argument shows, none of these can be paramodular.

Proposition 5.1. No representation in an Arthur packet of type (B)
(Howe–Piatetski-Shapiro type) or (Q) (Soudry type) is paramodular at every
finite place.

Proof. Let χ1, χ2 be distinct quadratic Hecke characters, and consider
the corresponding Arthur packet of Howe–Piatetski-Shapiro type. We factor
χi =

⊗
χi,v. Since χ1χ2 is a non-trivial character, there exists a finite place

v such that χ1,vχ2,v is ramified. By Table 1, the local Arthur packet at v
is of type {Vd,Va∗}. Neither of the two representations is paramodular: Vd
is not because χ1χ2 is ramified, and Va∗ is not because it is non-generic
supercuspidal (see [18, Theorem 3.4.3]).
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Let µ be a self-dual, unitary, cuspidal automorphic representation of
GL(2,A) with non-trivial central character, determining an Arthur packet of
Soudry type. Let E/Q be the quadratic extension corresponding to the cen-
tral character ξ of µ, and let θ be a character of A×E such that µ = AIE/Q(θ).
We factor ξ =

⊗
ξv. Since ξ is non-trivial, there exists a finite place v of E

for which ξv is ramified. By Table 3, the local Arthur packet is either of
type IXb, or of type {Vd,Va∗}. Again by [18, Theorem 3.4.3], none of these
representations contains paramodular vectors.

Note that the non-existence for type (B) in this proposition is not based
on the instability of the global Arthur packets.

Now consider a global Arthur parameter ψ of Saito–Kurokawa type, given
by a pair (µ, σ), where µ is a unitary, cuspidal automorphic representation of
GL(2,A) with trivial central character, and σ is a quadratic Hecke character.
The representations π =

⊗
πv in the global packet Πψ are obtained by

choosing one element πv from each local packet Πψv , with πv being the base
point almost everywhere. By Arthur’s multiplicity formula, π will appear in
the discrete automorphic spectrum if and only if

(26) ε(π) :=
∏
v

ε(πv) = ε(1/2, σ ⊗ µ).

If π appears, then it does so with multiplicity one.

Proposition 5.2. Consider a global Arthur packetΠψ of Saito–Kurokawa
type, parametrized by a pair (µ, σ), where µ =

⊗
µv is a unitary, cuspidal

automorphic representation of GL(2,A) with trivial central character, and σ
is a quadratic Hecke character.

(i) If σ is non-trivial, then no representation in the packet Πψ is paramod-
ular at every finite place.

(ii) If σ is trivial and µ∞ is a discrete series representation, then there exists
a unique representation π =

⊗
πv in the packet Πψ that is paramodular

at every finite place and appears in the discrete automorphic spectrum.
For each finite place, πv is the base point in Πψv .

Proof. Assume that σ =
⊗
σv is non-trivial. Then there exists a finite

place v for which σv is ramified. A look at [18, Table A.12] shows that none
of the non-archimedean representations listed in Table 2 is paramodular (for
ramified quadratic character). Hence none of the representations in the global
Arthur packet is paramodular everywhere.

Assume that σ is trivial. Then [18, Table A.12] shows that precisely the
base point in each local packet is paramodular. Let πv be this base point for
each finite v. Assume in addition that µ∞ is a discrete series representation,
so that the archimedean local packet has two elements. Choose π∞ from this
packet in such a way that (26) is satisfied. Then π =

⊗
πv is the unique
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element in the global Arthur packet which appears in the discrete spectrum
and is paramodular at every finite place.

We can now deduce the following result on paramodular Saito–Kurokawa
liftings. A version for square-free levels was proven in [21]. The existence of
the lifting can also be shown by combining the isomorphism from [24] with
the Gritsenko lifting from [7]. We mention that in [9], starting from Jacobi
forms, Saito–Kurokawa liftings for arbitrary levels are constructed, not with
respect to the paramodular group, but with respect to the Siegel congruence
subgroup Γ (2)

0 (N).

Theorem 5.3. Let N ≥ 1 and k ≥ 2 be integers. Let f ∈ S2k−2(Γ0(N))
be an eigenform and a newform. Assume that the sign in the functional equa-
tion of L(s, f) is −1. Then there exists a paramodular form F ∈ Sk(K(N)),
unique up to multiples, with the following properties:

(i) F is an eigenform for all good Hecke operators. The complete spin L-
function of F is given by

(27) L(s, F ) = 1
4π (s− 1/2)L(s, f)Z(s− 1/2)Z(s+ 1/2).

Here, Z(s) is the completed Riemann zeta function.
(ii) F is a newform in the sense of [17].
(iii) For each prime p, the Atkin–Lehner eigenvalue of F at p coincides with

the Atkin–Lehner eigenvalue of f at p.
(iv) Suppose that G ∈ S`(K(M)) is an eigenform and newform which has

the same Hecke eigenvalues as F almost everywhere. Then ` = k and
M = N , and G is a multiple of F .

(v) The adelization of F generates an irreducible, cuspidal, automorphic
representation π ∼=

⊗
πv of GSp(4,A). If µ is the cuspidal, automor-

phic representation of GL(2,A) generated by f , then π lies in the Arthur
packet Πψ, where ψ = (µ � 1) � (1 � ν(2)) is of Saito–Kurokawa type.

Proof. Let µ be the cuspidal, automorphic representation of GL(2,A)
generated by f . Then ψ = (µ � 1) � (1 � ν(2)) is an Arthur parameter
of Saito–Kurokawa type. By Proposition 5.2, there exists a unique repre-
sentation π =

⊗
πv in Πψ which appears in the discrete spectrum and is

paramodular at every finite place. Our hypothesis on the sign in the func-
tional equation means that ε(1/2, µ) = −1. For each finite place, πv is the
base point in the packet Πψv , which has the sign ε(πv) = 1 attached to it.
By (26), we must have ε(π∞) = −1. So π∞ = Dhol(k − 1, k − 2) by Table 2.
Lemma 1.2 implies that π is cuspidal. It follows that we can extract from π
a holomorphic cuspidal paramodular newform F of weight k, as explained
(in greater generality) in [22, Sect. 4.2]. Since F originates from the irre-
ducible automorphic representation π, its adelization (as defined in [17, (4)])
generates π, proving the first statement of (v).
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By properties of the local paramodular theory, the level of F will be∏
pa(πp), where a(πp) is the conductor of the L-parameter of πp (see [18,

Theorem 7.5.9]). A look at the L-parameter column of Table 2 shows that
a(πp) = a(µp). It follows that F ∈ Sk(K(N)).

By [18, Theorem 7.5.9], the Atkin–Lehner eigenvalue of F at p coincides
with ε(1/2, πp). A look at the L-parameter column of Table 2 shows that
ε(1/2, πp) = ε(1/2, µp). This proves (iii), since ε(1/2, µp) coincides with the
Atkin–Lehner eigenvalue of f at p.

Since L(s, ϕ1) = ((1−p−s−1/2)(1−p−s+1/2))−1, the L-parameter column
of Table 2 shows that L(s, F ) = L(s, f)Z(s− 1/2)Z(s+1/2) for the incom-
plete L-function that incorporates only the finite places. At the archimedean
place, the L-factor of Dhol(k − 1, k − 2) is

ΓC(s+ k − 3/2)ΓC(s+ 1/2),

where ΓC(s) = 2(2π)−sΓ (s) (see [22, Table 5]). The L-factor of D(2k − 3)
is ΓC(s + k − 3/2). The archimedean Euler factor for Z(s) is π−s/2Γ (s/2).
Elementary properties of the Γ -function then explain the factor 1

4π (s− 1/2)
in (27).

We have proved (i), (ii), (iii) and (v). Let G be as in (iv). Let π′ be the
cuspidal representation generated by the adelization of G. It decomposes as
a finite direct sum π1 ⊕ · · · ⊕ πn of irreducible, cuspidal, automorphic rep-
resentations of GSp(4,A) with trivial central character. By our hypothesis
on the Hecke eigenvalues, each πi is near-equivalent to the representation π
generated by F , and hence lies in the packet Πψ. Moreover, since G is a
paramodular form, each πi is paramodular at every finite place. Using Propo-
sition 5.2, we deduce that n = 1 and π′ = π. Since F and G are both global
newforms, their adelizations are pure tensors of local newforms at every fi-
nite place. Hence F and G are multiples of each other and M = N . Looking
at the archimedean place, we see that ` = k.

In [23, Sect. 2.1] the type of a Siegel eigenform F was defined to be the
type of the Arthur packet containing (the adelization of) F . The subspace
of Sk,j(Γ ) spanned by all eigenforms of type (G) is denoted by Sk,j(Γ )(G),
and similarly for the other types.

Corollary 5.4. Let k and N be positive integers, and j a non-negative
integer. Then

(28) Sk,j(K(N)) = Sk,j(K(N))(G) ⊕ Sk,j(K(N))(P).

If j > 0, then Sk,j(K(N))(P) = 0.

Proof. By [23, Lemma 2.5], the space Sk,j(K(N))(Y) is zero. By Propo-
sition 5.1, the spaces Sk,j(K(N))(B) and Sk,j(K(N))(Q) are also zero. This
proves (28). Table 2 shows that if a packet of type (P) contains a lowest
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weight representation at the archimedean place, then this representation
must have scalar minimal K-type. Hence one cannot construct vector-valued
holomorphic cusp forms from packets of type (P).

The multiplicity one theorem for paramodular forms [23, Theorem 2.6],
had a hypothesis that forms be of type (G). This assumption can now be
removed:

Theorem 5.5. Let N,N1, N2 and k, k1, k2 be positive integers, and let
j, j1, j2 be non-negative integers.

(i) Assume that F ∈ Sk,j(K(N)) is an eigenform for the unramified local
Hecke algebra Hp for almost all p not dividing N . Then F is an eigen-
form for Hp for all p - N . The cuspidal, automorphic representation π
of G(A) generated by the adelization of F is irreducible. The conductor
of π divides N , with equality if and only if F is a newform.

(ii) Let Fi ∈ Snew
ki,ji

(K(Ni)), i = 1, 2, be two eigenforms. Assume that for
almost all primes p the Hecke eigenvalues of F1 and F2 coincide. Then
(k1, j1) = (k2, j2), N1 = N2, and F1 is a multiple of F2.

Proof. The proof, making use of Corollary 5.4 and Proposition 5.2(ii), is
similar to that of [23, Theorem 2.6].
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References

[1] J. Arthur, On some problems suggested by the trace formula, in: Lie Group Represen-
tations, II (College Park, MD, 1982/1983), Lecture Notes in Math. 1041, Springer,
Berlin, 1984, 1–49.

[2] J. Arthur, Automorphic representations of GSp(4), in: Contributions to Automorphic
Forms, Geometry, and Number Theory, Johns Hopkins Univ. Press, Baltimore, MD,
2004, 65–81.

[3] J. Arthur, The Endoscopic Classification of Representations. Orthogonal and Sym-
plectic Groups, Amer. Math. Soc. Colloq. Publ. 61, Amer. Math. Soc., Providence,
RI, 2013.

[4] A. Brumer and K. Kramer, Paramodular abelian varieties of odd conductor, Trans.
Amer. Math. Soc. 366 (2014), 2463–2516.

[5] W. T. Gan, The Saito–Kurokawa space of PGSp4 and its transfer to inner forms,
in: Eisenstein Series and Applications, Progr. Math. 258, Birkhäuser Boston, Boston,
MA, 2008, 87–123.

[6] W. T. Gan and N. Gurevich, Restrictions of Saito–Kurokawa representations, in:
Automorphic Forms and L-functions I. Global Aspects, Contemp. Math. 488, Amer.
Math. Soc., Providence, RI, 2009, 95–124.

[7] V. Gritsenko, Modulformen zur Paramodulgruppe und Modulräume der Abelschen Va-
rietäten, Mathematica Gottingensis 12, Math. Inst. Univ. Göttingen, Göttingen, 1995,
89 pp.



22 R. Schmidt

[8] N. Gurevich and D. Szpruch, The non-tempered θ10 Arthur parameter and Gross-
Prasad conjectures, J. Number Theory 153 (2015), 372–426.

[9] T. Ibukiyama, Saito–Kurokawa liftings of level N and practical construction of Jacobi
forms, Kyoto J. Math. 52 (2012), 141–178.

[10] H. Jacquet and J. Shalika, On Euler products and the classification of automorphic
forms. II, Amer. J. Math. 103 (1981), 777–815.

[11] H. Kim, Residual spectrum of odd orthogonal groups, Int. Math. Res. Notices 2001,
873–906.

[12] J.-S. Li, Theta lifting for unitary representations with nonzero cohomology, Duke
Math. J. 61 (1990), 913–937.

[13] T. Miyazaki, On Saito–Kurokawa lifting to cohomological Siegel modular forms, Manu-
scripta Math. 114 (2004), 139–163.

[14] G. Muić, Intertwining operators and composition series of generalized and degenerate
principal series for Sp(4,R), Glas. Mat. Ser. III 44 (64) (2009), 349–399.

[15] I. Piatetski-Shapiro,On the Saito–Kurokawa lifting, Invent. Math. 71 (1983), 309–338.
[16] Y. Qiu, The Bessel period functional on SO(5): the nontempered case, preprint, 2017.
[17] B. Roberts and R. Schmidt, On modular forms for the paramodular groups, in: Au-

tomorphic Forms and Zeta Functions, World Sci., Hackensack, NJ, 2006, 334–364.
[18] B. Roberts and R. Schmidt, Local Newforms for GSp(4), Lecture Notes in Math.

1918, Springer, Berlin, 2007.
[19] B. Roberts and R. Schmidt, Some results on Bessel functionals for GSp(4), Doc.

Math. 21 (2016), 467–553.
[20] R. Schmidt, The Saito–Kurokawa lifting and functoriality, Amer. J. Math. 127 (2005),

209–240.
[21] R. Schmidt, On classical Saito–Kurokawa liftings, J. Reine Angew. Math. 604 (2007),

211–236.
[22] R. Schmidt, Archimedean aspects of Siegel modular forms of degree 2, Rocky Mountain

J. Math. 47 (2017), 2381–2422.
[23] R. Schmidt, Packet structure and paramodular forms, Trans. Amer. Math. Soc. 370

(2018), 3085–3112.
[24] N.-P. Skoruppa and D. Zagier, Jacobi forms and a certain space of modular forms,

Invent. Math. 94 (1988), 113–146.
[25] D. Soudry, The CAP representations of GSp(4,A), J. Reine Angew. Math. 383 (1988),

87–108.
[26] J.-L. Waldspurger, Correspondances de Shimura et quaternions, Forum Math. 3

(1991), 219–307.

Ralf Schmidt
Department of Mathematics
University of North Texas
1155 Union Circle #311430
Denton, TX 76203-5017, U.S.A.
E-mail: ralf.schmidt@unt.edu



Abstract (will appear on the journal’s web site only)
We explicitly determine the non-tempered local Arthur packets forGSp(4)

of Howe–Piatetski-Shapiro type, Saito–Kurokawa type and Soudry type. As
a consequence we show that Gritsenko lifts are the only paramodular forms
that can occur in global CAP representations of GSp(4,AQ).
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