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THE CUSP STRUCTURE OF THE PARAMODULAR
GROUPS FOR DEGREE TWO

CRris POOrR AND DAvVID S. YUEN

ABSTRACT. We describe the one-dimensional and zero-dimensional cusps
of the Satake compactification for the paramodular groups in degree two
for arbitrary levels. We determine the crossings of the one-dimensional
cusps. Applications to computing the dimensions of Siegel modular forms
are given.

1. Introduction

Paramodular groups arise naturally in the classification of polarized abelian
varieties. The orbits of the Siegel upper half space under the action of a
paramodular group constitute the moduli space of equivalence classes of abelian
varieties with a fixed type of polarization. This interpretation of the paramod-
ular groups and their automorphic forms played an important role in the ar-
ticles of Siegel and Christian and in the textbook of Igusa (see [3, 13, 19]).
More recently, the degree two case has become of particular interest. Roberts
and Schmidt have given a systematic theory of newforms [15] for paramodular
groups of degree two. Brumer and Kramer have proposed the Paramodular
Conjecture [2], a testable modularity conjecture relating certain abelian sur-
faces of conductor N defined over Q to certain weight two Hecke eigenforms
for the degree two paramodular group of level N. This recent interest in de-
gree two may have more to do with the identity of a paramodular group as
an orthogonal group rather than as a symplectic group (see [7]). In order to
maintain contact with the large body of techniques for computing with Siegel
modular forms however, it is still important to study degree two paramodular
groups as symplectic groups.

In this article we determine the structure of the Satake compactification
for each paramodular group of degree two. That is, we completely classify the
1-cusps and the 0-cusps as well as the incidence relations among them. The dou-
ble cosets corresponding to the 1-cusps were already classified by Reefschlager
in his thesis [14]. The result is very nice: for level N, there is one double
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Figure 1. The cusp structure of K (4).

coset for each positive integral divisor of N. Due to a theorem of Satake [18],
possessing the cusp structure has the immediate application of determining
the codimension of the cusp forms inside the space of modular forms for even
weights k > 4. We give two illustrations, made possible by our results here, of

Satake’s theorem. Let the degree two paramodular group of level N be given
by

x  Nx % *
* * * * /N
KN=S| 5 o N1.vezb nsmo).

Nx Nx Nx *

Thus, elements of K(N) are characterized as rational symplectic matrices
with certain divisibility properties. Let My (K(N)) and Sk (K(N)) be the
Siegel modular forms and cusp forms, respectively, automorphic with respect to
K (N). For N = 4, the three 1-cusps cross as in Figure 1 and for even k > 4, we
have dim My, (K (4)) — dim S, (K(4)) = 2+ 2dim Sk, (SL2(Z)) + dim Sg, (T'0(2)) .
In [12], the generating function of the modular forms for K (4) was given:

i dim My, (K (4)) t*
k=0

(1+t12)(1+t6+t7+t8+t9+t10+t11 +t17)
(1 —=t)2(1 —t0)(1 — t12)
=142t 4200 +t7 + 48+ 2 + 510+ 3t 102+ 3B -

The cusp structure of K(4) and an application of Satake’s Theorem yield the
following new result.

Theorem 1.1. We have
> dim Si (K (4)) t*
k=0

B t7+t8+t9+2t10+t11+2t12 + th + t17 + 2t18+t19+t20+t21+t23 _ t28+t29
- (= R0 = )1~ %)
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Figure 2. The cusp structure of structure of K(N) for squarefree N.

=7 +1% 47 4 2610 4 3¢!" + 46" + 3" 4 5™ + 66'° + 10610 4 - -
Proof. Satake’s Theorem gives us:
dim My, (K (4)) — dim S, (K(4)) = 2+ 2dim Sy, (SL2(Z)) + dim Sk, (T'0(2))

for even weights £ > 5. The modular forms of odd weight are necessarily cusp
forms. We use the known generating functions Y, ., dim Sy, (SLa(Z)) t* =
12/ ((1=t*)(1—¢%)) and Y, o, dim Sy, (To(2)) t* = 3/ (1 — 2)(1 — t*)), along
with the known generating function for > 7o/ dim My (K (4))t*, to obtain our
conclusion for weights & > 5. For weights & < 4, only the weight four space
is nontrivial. There cannot be a nontrivial cusp form in the two dimensional
space of weight 4 because the cusp forms of weight 8 are one dimensional. [

For squarefree N, the 1l-cusps are spheres and all cross at a unique 0-
cusp as in Figure 2. By Satake’s Theorem for even weights k& > 4 we have
dim My, (K(N)) —dim Sy (K(N)) = 1+7(N) dim Sy, (SLz2(Z)) . This cusp struc-
ture and our choice of global representatives will be made use of in [11], where
Ibukiyama and Kitayama compute the dimensions dim Sy (K (N)) for square-
free N and k > 4. Previously, the dimensions dim Sy (K (N)) were known for
prime levels N and k& > 3 by the work of Ibukiyama (see [9, 10]). For prime
levels, the structure of the cusps and their configuration is known for all para-
horic subgroups of general degree (see Propositions 3.6 and 5.2 in Ibukiyama’s
article [8]). By piecing together the situation for prime levels, one may obtain
a proof that paramodular groups of squarefree level have exactly one zero-cusp
in arbitrary degree. We thank R. Schulze-Pillot for this observation.

In order to give context to the presentation of the cusp structure of the
paramodular groups in degree two, let’s review the situation in degree one for
To(¢) and T'1(¢), compare [4]. We set

Pio(Q) = {((’; I) k€ @} N SLa(Q).

In order to compactify Xo(¢) = T'o(¢)\H1, we add a finite number of 0-cusps
To(0)\P'(Q). These 0-cusps correspond to the double coset decomposition of
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To(€)\ SL2(Z)/ P10 (Z) which is parameterized by the set
ye JI (2/ecd(a.t/9)2)
q€EN: q|¢

as follows. For each q | ¢, we select an 4 € Z prime to ¢ that gives the class of u
in (Z/ ged(q,£/q)Z)™ and complete in any manner to a matrix (% 1) € SLy(Z).
The corresponding disjoint double coset decomposition is independent of these

choices:
*
SLy(Z UFO < *> P1o(2).
For X1(¢) =T'1(¢)\H1, the cusps are parameterized by
(qud e ] (Z/gedq,t/9)2)* x (Z/0Z)*
qEeN: q|¢
and the disjoint double coset decomposition is
* U *
SLs(Z ]_[dr1 (* ) (q *) Pyo(2).
q,u

Here, 4 is as before and the integer d is prime to ¢ and gives the class of d in
(Z/¢Z)*. The matrix (%) € To(¢) is completed from d in any manner.

For the paramodular group K(N), the 1-cusps K(N)\H5, correspond to
the double cosets K (N)\ Spy(Q)/P21(Q), where

P1(Q) = cx € Q5 NSp2(Q).

O ¥ * ¥
* X X %

O ¥ % *
O O *x O

As Reefschlager has shown, the number of 1-cusps is 7(N), the number of
positive divisors of N. This number is perhaps more interesting than any par-
ticular choice of representatives for the double cosets in K (N)\ Sp,(Q)/P21(Q)
because, once the number of 1-cusps is known, any full number of inequivalent
representatives must give a complete set of double coset representatives. For
example, we have the following theorem.

Theorem 1.2 (Reefschldager). Let N € N. We have a disjoint union

2@ = | EN)Ci(m) Poa(@), wz’thcmm):(ga i )

meN: m|N
The number of 1-cusps is T7(N).

These coset representatives do have the nice property that for any integer m,
Ci(m) and C;(ged(m, N)) represent the same double coset. In Theorem 4.3, we
complete the study of the 1-cusps by showing that the boundary component
corresponding to a double coset as above is isomorphic to the compactification
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of T'1(£)\H1, where the group is [1(£) = {0 € SLo(Z) : 0 = +(} %) mod £}
and £ = ged(m, N/m).

For the paramodular group K(N), the O-cusps K(N)\H;, correspond to
the double cosets K (N)\ Spy(Q)/P2,0(Q), where

ES

* %

Py o(Q) = cx€Qp NSP2(Q).

S * ¥
* ¥ ¥ %
*

O O ¥

0

Theorem 1.3. Let N, f, Ng € N with N = f2N, and Ny squarefree. We have
a disjoint double coset decomposition

] 1000
Spa(Q UK )Co(be) Pao(Q), with Co(x) = <§%g§>

*

(c,b) € ]_[ (Z)cZ)™ J{£1},
ceN: c|f

where b is prime to N and gives the class of b in (Z/cZ)™ J{=1}. The number
of 0-cusps is 1 + L f/2..

These coset representatives have the following nice properties: For m | N
and M prime to N, K(N)Co(Mm)P54(Q) = K(N)Co(ML)Ps20(Q) where ¢ =
ged(m, N/m). For ¢; € N with ¢? | N and integers M; prime to N, Proposi-
tion 5.3 proves that

K(N)Co(M1£1)P2,0(Q) = K(N)Co(M22)P2,0(Q)
if and only if {1 = f5 and My = +M> mod 4.

The incidence relations among the boundary components of the Satake
compactification follow from these properties. For a divisor m | N, set £ =
ged(m, N/m). The boundary curve of the Satake compactification correspond-
ing to a divisor m | N is isomorphic to the modular curve I'y(¢)\H1, whose
0-cusps are of the form I';(¢) (75) (&2)P1o(Z) with g and u as in the case
of Ty(¢), and ci, which we may pick prime to N, running over the classes of
(Z/0Z)* J{£1}. In the Satake compactification, S (K (N)\Hz), the O-cusps are
identified according to:

~ * % u % Y4
This completely describes the crossing of the boundary curves at the 0-cusps,
compare Theorem 6.2. On the other hand, given a 0-cusp, we can count the

number of times each boundary curve crosses this 0-cusp. This final result is
given as Theorem 1.4. For n € N, define

J () = |(@/nz)* (21)] = {;(n) o

if n <2,
if n > 2.
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The reader may enjoy verifying that chf ¢'(c) = 14Lf /24, so that the number
of zero-dimensional cusps of S (K (N)\Hz) is indeed 1+ f /2., with N = f2Nj
for f, Ny € N and Ny squarefree.

Theorem 1.4. Let N € N. Fix m | N and the one-dimensional cusp cor-
responding to K(N)C1(m)P21(Q). Call £ = ged(m, N/m). Its inequivalent
zero-dimensional cusps all correspond to K(N)Co(bc)Pao(Q) for ¢ | £ and
ged(b, N) = 1 where b runs over distinct elements of the group (Z/¢Z)* /(£1).
FEach zero-dimensional cusp is crossed by the curve the following number of
times,

¢’ (lem(c, £/c))p(ged(c, £/c))

¢'(c)

{%@(ﬁ/c) if ¢ <2 and € > 2c,

)

which is

llem(e.t/eNolsede /) oy epupise.

We thank T. Ibukiyama for encouraging the second author to write this
article at the RIMS Conference, Automorphic forms, trace formulas and zeta
functions in Kyoto, Japan during January of 2011. We thank R. Schulze-Pillot
for obtaining Reefschléger’s thesis [14] for us.

2. Notation
0 010 0 01 0
We set J = (_01 9 86) and Jy = 31 8 81/0N . We largely follow
0 -100 0 -NO 0

Freitag’s textbook [5]. For example, the symplectic group over a ring R is
Sp,,(R) = {v € GLay(R) : v/ Jy = J} and for a subgroup G C Sp,,(R), we call
GP* = G N R4 Mayxon(Q) the projective rational elements of G. Useful types
of symplectic matrices are u(A) = (4 2 ) for A € GLy(R), and t(B) = (L §)
for B € M335(R). Besides the standard congruence subgroups we use

Ti(0) ={A€SLy(Z) : A= (}%) mod Lor A= (' %) mod ¢},

= -1
G(t,0)=(58)T1(0) (53)

for ¢, € N. For a set U and subgroups B, C U indexed by ¢ € A, we use

a disjoint union in the form ]_[qu By = Ugea Ugen, (¢,2) € A x U. For two

square matrices A and B, weset A L B= (4 9).

3. Satake compactification

To review the Satake compactification, define the Grassmannian of rank n
subspaces of C?", Gr¢(2n,n) = M2tk n (C)/ GL,(C), as well as Grg®(2n,n) =

nXxXn
{[A] € Gre(2n,n) : J[X] = 0}, the Grassmannian of isotropic rank n sub-
spaces. The symplectic group Sp,,(C) has a natural left action on Gr(iéo(Qn, n).
Let V,,(C) = M, (C) be the vector space of n-by-n symmetric matrices viewed
as a subset of the isotropic Grassmannian via the identification V;,(C) > W —
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(W] € Gr°(2n,n). For m = 0,1,2,...,n, we define analytic maps (by conven-
tion, Ho = {o0})

Grm : Hm — GriE®(2n,n)

I
20 (i)
Note that jpn @ Hp — Gr(iSO(Qn,n) coincides with the embedding of H, C
V,.(C) C Gr(iéo(Qn,n). These j,, m are introduced because, setting Z,, = Z,,, L
iM—m € Hy for Z,, € Hy, and letting A — +00, it is clear that jp, m (Hm) is in
the closure of jy ., (Hrn). Among the jy m (Hum) for 0 < m < n, only the image
of H,, is stable under Sp,,(R)P" and so we define H ,, = Sp,,(R)"jp m (Hm)-
Consequently, the disjoint union

S=H, UH: U~ UHL UHS  C Gre®(2n,n)

is stable under the action of Sp,(R)P". Let I' C Sp,,(R)P" be a subgroup
commensurable with Sp,,(Z). We define S (I'\H,,) = T'\S to be the Satake
compactification of T\H,,. This is well-defined because elements of I" that act
trivially on #H,, also act trivially on S. Satake defined an intrinsic topology on &
and proved that I'\S is indeed compact in the quotient topology (see [16, 17]).
Furthermore, this quotient topology on I'\S agrees with the topology induced
by I'\ Gr°(2n,n) and S (T'\H,,) is the closure of '\, ,, inside "\ Gri°(2n,n).
One can check that the stabilizer inside Sp,, (R)P" of jy.m (Hm) is P m (R)P"
where
Ain 0 Bin B
A1 Az Ba1 Ba
Cii 0 D1 Di
0 0 0  Dos

We have a homomorphism wy, m, : Pym(R)P" — Sp,,,(R)P*, defined by sending
o (éﬁ gﬁ), that satisfies 0jn,m(Z) = jnm (Wnm(0)Z) for all Z € H,,
and o € P, ,,(R)P". We call the kernel H,, ,, of wy, ,, a Heisenberg group. As
a set we have Hj, ,, = Uy['vjn m(Hm) where v runs over representatives for
'\ Sp,,(R)P*/ Stab (jn.m(Hm)), say Sp,,(R)P* = U,TvP, ,,(R)P". In this way,
the components of F\’H:‘Lm correspond to a double coset decomposition and
it is these double cosets that we usually work with. For each piece of this
double coset decomposition, setting I'y = wy m (7*1F7 N Pnﬁm(R)pr), we have
the isomorphism

Wim,y Fv\Hm = F\F'an,m(Hm) CS(M\Hn),

given by sending I'yZ — I'yj, m(Z). This gives the boundary components the
structure of modular varieties and these varieties, or often their closures, are
referred to as the m-cusps of S (I'\H,).

Now I'y, C Sp,,(R)P" is commensurable with Sp,,(Z) and so has its own
Satake compactification S (I'y\Hyy,). In order to extend ¥, 1,  t0 S (T \Hyn),

Pn,m(F) = € Sp,(F)
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we need the homomorphism iy, m, : Sp,, (R) = P,.m(R) defined by

A 0 B 0
A B 0 In—m O 0
}_>
¢ D c 0 D 0
0 0 0 In—m

The map ¥y, ., 4 extends to a continuous map ¥, 1, ~ : S (L4 \Him) = S (T\Hy,)
and the image of S (I',\H,,) is the closure of I\I'Yj 1 (Hm) inside S (I'\Hy).
The extension Wy, m o : I\ K, , — I\Hy , is defined by sending I pjm,e(Z)
T, m(p)jn,e(Z) for Z € H; and p € Sp,, (R)P*. One can show this map is well-
defined by using the identities: jp ¢ (Wm,e(T)Z) = in,m(7)jne(Z) for all Z € H,
and all 7 € P, ((R)P"; and iy, 1 (wn,m(0)) € 0Hy, o for all o € P, (R)P.

Thus we may consider cusps of cusps. We may have an m-cusp with an ¢-cusp
of its own that we wish to identify as a boundary component of S (I'\’H,,). For
n>m > { and v € Sp, (R)P", consider an ¢-cusp of S (I'y\H,) corresponding
to a double coset I, pP,, ¢((R)P" with p € Sp,,,(R)P". The ¢-cusp as a boundary
component of S (I'\H,,) corresponds to the double coset T'Viy, m (p) P e(R)P. If
this is the same double coset for inequivalent representatives ~, then it means
that two m-cusps intersect at this ¢-cusp; for equivalent v but inequivalent p,
it means that the m-cusp has self intersection.

An immediate virtue of the Satake compactification is the existence of a
global ®-map. We consider only the special case where m =n—1, ¢ =n —
2 and ' C Sp,(Q), appropriate for degree two paramodular groups. The
usual map ® : My, (T') = Mg (wWn,n—1 (I'N Py n—1(Q))) is defined by (®f) (Z) =
limy— 400 f(Z L @A) for Z € H,,—1. This maps satisfies

BT (f | 6) = (<I><"”>(f)) | wnr(6)

for ¢ € P, ,(Q) and integers r = 0,1,...,n — 1. We now fix representatives ~;
for a disjoint double coset decomposition Sp,(Q) = U?_ Ty P, ,—1(Q) and
set T; = wnno1 (7 ' N Pyp1(Q)). Define & : My, () — @V My(I';)
by f i+ [17, ®(f | 7). Any element [[?_, f; € Im® satisfies the following
condition:

V1<4i,j<p,Vhi,hs € Sp,,_1(Q), we have &(f; | h1) = (f; | ha)
whenever F'Yiin,nfl(hl)Pn,n72(Q) = F'inn,nfl(h2)Pn,n72(@)-

This condition amounts to saying that the f; agree where the cusps cross. In
[18], Satake proved that for even weights k > 4 the condition (1) characterizes
the image of the global ® map. The restriction on the weight in his proof arises
from the need to have convergent Poincare series; for some relaxation to k = 4
in degree two see [1].
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4. The one dimensional cusps

We review Reefschlager’s result that the 1-cusps of a paramodular group of
level N correspond to divisors of N. It is possible to do this briefly because the
proof has been streamlined by Gritsenko, who introduced a useful invariant.
The paramodular group K (N) stabilizes the lattice Ly =diag(1,1,1, N)Z* and
the transposed group K ()’ stabilizes the dual lattice Li=diag(1,1,1,1/N)Z*.
For X € Q*, the fractional ideals X'JLy and X'LY% are invariants of the or-
bit K(N)X because (0X) JLy = X'0'JLy = X'Jo 'Ly = X'JLy and
(6 X)Ly = X'o'Ly, = X'LY. These fractional ideals both scale by « when
we replace X by aX for a € Q*. In order to remove this scaling factor, define

l-inv(X) = (X'JLy)(X'L%)™"; this fractional ideal is an invariant of the
orbit K(N)[X] for [X] € P3(Q) and is in fact an integral ideal containing NZ
because JL,, O NL%. The following algorithmic result is due to Gritsenko (see

[6])-
Proposition 4.1 (Gritsenko). Let N € N and [X] € P3(Q). We have
K(N)[X]=K(N)[(d 1 0 0)]
for 1-4nv(X) = dZ 2 NZ.
This result classifies K (N)\Sp2(Q)/P2,1(Q) as well. Denote the second col-
umn of o € Spy(Q) by o2; then defining l-inv(c) = 1-inv(oz), this is an

invariant of the double coset K (N)o P2 1(Q). Proposition 4.1 implies that this
invariant separates the double cosets as well.

Proposition 4.2. Let N € N, 0 € Spy(Q). We have K(N)oP>1(Q) =
K(N)u(} 4)P21(Q) for 1-inv(c) = dZ 2 NZ. Furthermore, for d | N, we
have 1-inv (u(} ¢)) = dZ.

Proof. Take o € Sp,(Q). By Proposition 4.1, there exists a v € K(N) such
that (yo), = a(d 1 0 0)/ for dZ = 1-inv(o2) = l-inv(c) and a € Q*.
Then (u((lJ ‘f)_lva)Q —(0 a 0 0) andsou(}4) 'yo € Py1(Q), as easily

follows from the symplectic conditions. O

The disjoint double coset decomposition

Sp(@ = |J KW)u(39) Pa(Q),
deN: d|N
of Theorem 1.2 follows from Proposition 4.2. The use of the double coset
invariant 1-inv has streamlined the exposition so that the essentially algorith-
mic nature of the double coset decomposition is confined to Proposition 4.1
and invoked only once. In the Appendix we present this algorithm explicitly
enough to write a computer program to implement it. One should not expect
every classification of double cosets to be reformulated so efficiently in terms
of invariants. Even for I'y(£) in degree one, one does not proceed wholly by
invariants. The group I'g(¢) acts on the lattice Ly = Z & ¢Z and T'g(¢)" acts
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onL; =7Z@ %Z, so that X'JL, and X'L} are ideals that are invariants of
the orbit I'g(¢)X for X € Z2. Applied to the first column, these invariants are
enough to give the divisor ¢ | £ of a normal form I'y(¢) (Z I)PLO(Z). The entry
4 is then varied by actions that fix ¢ and attempts to define a single complete
invariant on I'g(¢)\ SL2(Z)/ Py1,0(Z) do little more than restate the classification
problem. We now complete the classification of the 1-cusps by identifying the
one dimensional boundary component corresponding to each positive divisor
of N.

Theorem 4.3. Let Nym € N with m | N and set £ = ged(m, N/m). Let
§ = 35 €N so that N = mls. Denote v = Ci(m). Then

Ly = w1 (v K (N)y N Pt (Q) = (3 DT (397"

Proof. Take any (‘; g) € I'y. There exists a preimage
a0be
({j ah 5) € K (N)y 1 P (Q).
0007
where a,b,c,d, e, f,g,h,p,q,7 € Q. Then the matrix

a0be a+fm m(—a+g—fm) b+em+hm+pm2 e+mp

fghp -1 _ f g—fm h+pm P
T\ 0dgq v - c —cm d+qm q

000r —cm cm? m(—d+r—gm) r—qm

is in K(N). This implies that f,c¢,q € Z and then a,g,d,r € Z follow. From
e +mp,h+mp € Z, and from

b4em + hm +m?*p =b—m?*p +m(e+mp+ h +mp),
we conclude that b — m?p € Z. The paramodular divisibility condition p € %Z
then implies that b € %2’1\[)2 = %Z. The paramodular divisibility condition
N | (—em) implies & | ¢, or

4| e

We have bc € ¢7Z and, in particular, bc € Z. The determinant of the above
4-by-4 matrix is (ad — be)gr, which must be 1. Then ad — be, g,r € 7Z forces
ad—bc, g,7 = £1. Furthermore, the symplectic condition forces ad—bc = 1 and
g =r = £1. Now, looking at the (1,2)-entry, we see that % | (—a+g— fm).
Since £ | m and ¢ | &£, then ¢ | (g — a). Similarly, looking at the (4,3)-entry, we
deduce that ¢ | (d — r). Hence
=r mod/,

d
where r =1 or r = —1. Thus I, C (6g)f‘1(€)(ég)_l because
—1 a ~
D) (39 = (%) eTa(o.

Conversely, take any (‘; g) € G(¢,6). Then a,c,d € Z and b € %Z where
6| cand a =d=r mod ¢ for some r = +1. Let b = by/d and ¢ = cold where
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bo, co € Z. Since ged(F,
Since £ | (r —d) and ¢ (

r—d=mqy+ 6ty and r—a=mf + xlo.

d) = 1, there exist k,z € Z such that by = 7k + 2.
r — a), there exist qo, to, f,« € Z such that

For u,y € Z to be chosen later, let

r —0ox Nz mu + z U
B f r—fm 0 k/N
o cold —coN 1 — €6ty + mdy qo + 0y

—coN  cgmN N(to— Ty) r—mgo —mdy
The conjugate of B by - is:

Lou—k
P
—1 _ T 75
v By c 0 d qo+dy
0 0 O r

Note wi(y"1By) = (‘Z g), and this is independent of u,y € Z. If we can find
u,y € Z such that y~1By € Spa(Q), then B € Sps(Q) and so B € K(N) and
thus wi(y"1By) € I', and the proof would be complete. The matrix v 1By
being symplectic requires that

—(fd+cok+qor+rdy) 0 0
0 0

0 kx—fz—ru 0 0
(V_IBV)J('Y_lB'Y)I_J: ( 7kx+gz+ru 0 fd4cok+qor+rdy O)
0 0

vanishes. To make B symplectic, we need to make kx — fz — ru = 0 and
fd+ cok + gor + réy = 0. Since r = 1, we can set u = r(kx — fz) to make
kxr — fz —ru = 0. Next we claim ¢ | (fd + cok + gor) so that we can define
y = —5(fd+cok +qor) € Z to make fd+ cok + qor +1rdy = 0. To see this, call
X = fd+ cok + qor. Then
mX = mfd+ mcok + mqor

= (r—a—xld)d + mcok + (r — d — 0Ltg)r

=1—ad+ cogkm — Ldrtg — dldx

= —bolcy + cokm — £orty — dldx

= —Vocoz — Lorty — dldx.
Therefore £0 | mX and ¢ | B2 X follows. Since ged(d, ) = 1, it follows that
d | X and this completes the proof. (I

The group 1:‘1(6) has come up in a natural manner and we will need to have
good control over its cusps.

Lemma 4.4. We have the disjoint double coset decomposition

SLo(z) = | Ta(0) (: 2) (Z I) Pio(2),

q,u,d
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where the indices run over

(qu,dye [[ (Z/ged(q, /q)Z) x (Z/0Z)* /{=1},
q€N: ql€

X

where 4, d are prime to ¢ and give the class of u € (Z/ ged(q,4/q)Z)”" and d €
(Z/0Z)* {1}, respectively. The matrices (&%) € SLy(Z) and () € To()
are completed in any manner. Furthermore, we may choose d and the upper

left entry of (* d) (“ *) prime to any given natural number.

Proof. The double coset decomposition of T'; (¢) follows from the standard de-
composition of I'1 (¢) mentioned in the Introduction. Consider a representative

a b\ [(a %\ _[at+bg *
c d g *) \cu+dg */)°
Note that ged(ad + bq, i+ dg) = 1. We will show that d and a@ + bg may

be chosen relatively prime to any given natural number without changing the
double coset. Preserving gcd(d () = 1, we may reselect d from the arithmetic

progression d d+ l,. d + j¢, which contains infinitely many primes, and
complete to a new matrix (‘Zg) € TI'yg(¢). Consider this done. For j € N.

the representative ( atje ber?‘i) € Ty(¢) works just as well and the progression
c

(a+ jeyi+ (b+ jd)qg = (ait+ bq) + j(ci + dg) contains infinitely many primes
because at + bg and cu + dq are relatively prime. Therefore we may pick both
d and at + bq prime to any fixed natural number. O

5. Equality among the K (IN)Co(Z)P2,0(Q)
We determine when representatives Co(x) and Co(y) give the same double
coset in K (N)\ Spy(Q)/P2,0(Q).
Lemma 5.1. Let N,m € N with m | N and set £ = gcd(m, N/m). Let M € Z
such that gcd(M, N) = 1. Then
K(N)Co(Mm)P,,0(Q) = K(N)Co(ML)P2,0(Q).

Proof. Write N = mdf and note £ | m. Since ged(’F, ) = 1, there exist a, z € Z
such that —a’} 40z = 1. Since ged(M, N) = 1, there exists k € Z such that
M]|(1+ Nk). Then define

m (145 M) N (M —k£5) —§(m— 2 NEY ad
p— m(— M+k£8)z m(—14+LM ) -5 (m—E8EY 52 /N
—M(4+mM—kN)z NM? —(14-£M6) (M —kt£8)z ’

—NaM? —NM(—1-mM+kN) N(—M+kLs) a(1+ML6)

—1 —£5 §(m— 1Nk s
Q — Z a —ad 7(m7#)5z/N

0 0 —1+462 -z
0 0 mé —-m
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We can see that P € K(N) and Q € P2(Q). The result follows from directly
checking that PCo(Mm)Q = Co(MYE). O

Lemma 5.2. Let {, N € N with (> | N. Let My, M € Z such that gcd(M;, N)
=gcd(M2, N) = 1. Then

K(N)Co(M1£)P34(Q) = K(N)Co(M2£) P2 0(Q)
if and only if M1 = +Ms mod £.
Proof. Let § = N/{? € N. Suppose that there exist P € K(N) and Q € P2 0(Q)
such that PCo(M2£)Q = Co(M;£). By multiplying out the left hand side of

Co(Mxl)=P~1Co(M14) = Q, we see that, in order for P to have paramodular
divisibilities, () must be of the form

a bl e f

=~ d g h/N
— 05

0 0 ¢ s

where all variables are integers. We have

—cetbh—dft5+agls b s
0 cet Mf +ag q+5ap —1 £(ar+bs)
, _ —cetbh—dftstagts 0 cpt+dg  crddss
QJIQ —J= 75 75 5
_%4_1 _%qu 0 0 s
—L(ar+bs) 7%‘155+1 0 0

and so the conditions for @ to be symplectic are

—ce + bh — dftd + agld = 0,

bqg +apd
5 - b
(2) ar +bs =0,
cp+dg=0,
cr + dso _1
— .

Now, @ is symplectic if and only if P is symplectic. We have

P! = Co(Mal)QCo(M£) ™!
a—feM; £(b—eM7) e f
epiy d—gb M g h/N
= Cjwthlwfsl\lZ—J\llq 0(dMz—geMy Ma—Myp) géMatp hAg+q y
L(aMa— feMy Mo—sMy) EZ(bI\/IgfeMlM27TI\/[1) L(eMa+r) feMa+s
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and so along with the symplectic conditions of (2), P € K(N) if and only if
05| b—eM,
06 | ¢ — hMsy,
§ | My — hM; My — gM;,
06| dMy — geMy My — Mip,
06 | hMs + g,
06 | aMy — feMyMs — sMy,
5 | bMy — eMyMy — 1My,
05 | eMsy + 1.

Thus we have that Co(M1£),Co(M2f) are in the same double coset if and only if
we can find integer solutions a, b, ¢, d, e, f, g, h, p, ¢, r and s to Equations (3)
and (2) for given natural numbers N, ¢ and § with N = ¢2§ and given integers
M; and M5 prime to N.

First, suppose Co(Mi£),Co(M2f) are in the same double coset. It is not
hard to see that Equations (3) imply that 6 | ¢, 6 | b, 6 | ¢, § | r. The last
four equations in (2) imply that ds — ap = ds(ap + bg/d) — ap(ds + cr/d) =
(dsbq — aper)/6 = 0 because dsbg = (dq)(bs) = (—cp)(—ar) = aper. Thus
ds = ap. This implies bg = cr. Then, noting that s and r cannot both be zero,

a d =b/§ —c/d

s p r/d  q/s’
Call this common value = where u,w € Z and ged(u, w) = 1. Then for some
A)B),U)Z e Z)

a = Au, s = Aw, d = Bu, p = Buw,
b= —dvu, r = dvw, c= —dzu, q = dzw.

@ = 1 becomes —dvuzw + AuBw =1, or

uw(AB — dvz) = 1.

This already implies that u,w must be £1.
From Equations (3), we see ¢ divides Ma(b — eM;) + My(eMz + 1) =

Mob + Myr = (—Maduv + Miowv) = dv(Myw — Mau). Hence

| (Myw — Mau)w.
We similarly show that £ | (Myw — Mau)A. From €0 | (aMy — fOM My — sMy),
we get that ¢ divides aMy — sMy; = MsAu — MiAw = —(Myw — Mau)A.
Let A = ¢/ ged(¢, Myw — Mau), then it follows that A | A and A | v. Then
A | (AB — dvz) forces A =1 and thus

Miw — Msu=0 mod /.
Since u, w = £1, then we have
M1 = ng mod f,

The condition
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as claimed.

On the other hand, suppose M; = £ M3 mod ¢. Fix u,w € {£1} such that
Miw — Mau = Ly for some y € Z. Let t1,ty € Z such that N | (¢1M7 — 1) and
N| (thg — 1) Let

ww(u+lMititay) 0 0 —uwtitoy
0 ’IJ,JrZI\/Iltthy —ti1toy 0
P = 0 Ny% w—LEMatitay 0 5
Nuwy% 0 0 uw(w—~—€Matitay)
w 0 0 t1t2y
0= 0 u wuwtitay 0
0 0 w 0
0 0 0 U

Then P € K(N) and Q € P, o(Q) and
PCo(M1£) Q = Co(M>0)

—~

can be verified directly. O

Proposition 5.3. Let N € N. Let (2, /3| N with (1,0 € N. Let My, My € Z
such that ged(My, N) = ged(Ms2, N) = 1. Then

K(N)Co(M11)P2,0(Q) = K(N)Co(Mal2)P2,0(Q)
if and only if {1 = {5 and M7, = M5 mod /4.

Proof. Since (7,65 | N, let § = 77~ € N. In light of Lemma 5.2, we only need
to prove that K(N)CO (lel)PQ,o(@) = K(N)Co(Mgfg)on (Q) implies fl = fg.
So assume there exist P € K(N) and Q € P5(Q) such that PCo(M2f2)Q =
CO(Mlgl)- Since CO(M2€2)71P71C0(M1£1) = Q, by multlplylng out the left
hand side, we see that ) must be of the form
a bl e f
Q- s 4 g h/N
0 0 p 75
0 0 réy s

3

where all variables are integers. We have

0 *x ap+ %q — *
’ x 0 * *
QIQ —J = % % 0 01’
* % 0 0
and so in particular, we must have
b
ap + 2 1.

0

Now, we have

P71 = Co(Mols)QCo(My4y) ™"
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a—fl1 M, 1 (b—eMy) e f

eohMy d—gb1 My g h/N

lodMo—glilo My Mo—L01 Mip glaMa+p %
laaMso— fl1la My Mo —sly My Zléz(blwzfeMlM27rM1) 62(61\/[24“?) flaMsa+s

The divisibility conditions of P~! € K(N) force that 6§ | ¢, § | b, § | q, § | 7.

Let b = 60 and ¢ = d¢’. Now let v = ged(¢y,¢2) and denote ¢f = ¢1/v and

0, = 3 /v so that ged(¢],¢4) = 1. Then the condition that

N | (£2aM2 — f£1£2M1M2 — SglMl)

cMg—hMjMy—Mjq
5

implies that ¢1 | 3aMs, which implies ¢; | ¢3a, which implies ¢] | ¢4a. Then
¢} | a. Let a =¢}a’. Then ap + %q =1 can be rewritten as

(4) a'lip+6b'q =1.
But N = (156 and ¢? | N implies that ¢; | 56 which implies ¢} | §. Then

Equation (4) implies ¢} | 1, which forces ¢{ = 1. This means ¢; | ¢5. By the
same argument, we must also have ¢5 | 1. Thus ¢; = ls. O

6. Reduction of the zero-cusps to canonical form

In this section we show that all double cosets K(N)oP;o(Q), for o €
Sp2(Q), are of the form K(N)Co(z)P2,0(Q) for some x € Z. We begin the
reduction to this canonical form by relying on the classification of the one-
cusps. From 0 € K(N)u({7)P2,1(Q) for some m € Z, it follows that o €
K(N)u(§m)iza(k)Pao(Q) for some k € SLa(Z).

Lemma 6.1. Let N,;m € N with m | N. For all (¢}) € SLy(Z),
10 00
K(N)C1(m)iz1(2Y)P20(Q) = K(N) ( 0 e ?8) Py0(Q).

me m2ed 0 1

Proof. The result follows, using ad — bc = 1, from the calculation:

Cr(m)iza (2 g)

Il

7N\
|
T R=5
3

| | OO»—IS
|
Lo
3
—~ooo
N~~~

1 0 00 —1—-dm 0 O

0 1 00 0 1 0 0

0 mec 10 0 0 -1 0 )"

me m2ed 0 1 0 0 —dm1l O

We now show that the Co(Z) give double coset representatives for the zero-
cusps K (N)\H{ by tracking the zero-cusps of the boundary curves K (N)\H;.

Theorem 6.2. Let N € N and o € Spy(Q). There are R,r € N with r | N
and R relatively prime to N such that K(N)oP2o(Q) = K(N)Co(Rr)P2,0(Q).
Furthermore for m € N with m | N, set £ = ged(m, N/m) and § = N/(m¥)

so that N =mt8. Let T1(£) (15) (2%)P1,o(Z) be a double coset from

T1(0)\ SLa(Z)/ P1o(Z)
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chosen as in Lemma 4.4 with: () € To(0), (Z 1) € SLa(Z), q | £ and d and
the upper left entry of (1 75) (% %) relatively prime to N. Set

* % a * —1
D=(53)( a) (5)(535)
so that the corresponding double coset from G(f 0)\ SL2(Q)/P1,(Q) s

G(£,6)DPyo(Q). We have iz,1 (D) € K(N)Co((¢/q)d)P2,o(Q) with (£/q) | N
and d relatively prime to N.

Proof. By Theorem 1.1, we can write 0 € K(N)C1(m)P51(Q) for some m € N
with m | N. Thus o € K(N)C1(m)iz1 (¢ Z)PQ,O(Q) for some (2%) € SLy(Q).
This double coset is unchanged if we reselect (2 %) from G(¢,6)(2 %) P1o(Q).
This is not altogether trivial; it uses the normahty of the Heisenberg subgroup
Hy 1 in Py 1(Q).

As in the statement of this theorem, first select

* K @ * -1 w * -1 w ok
for some integer z = dg mod ¢ with ged(d, N) = 1 and for some integer w with
ged(w, N) = 1. Tt follows that ged(w, dz) = 1. Therefore, we can multiply D
on the right by something in P; o(Q) to obtain D' = (5, y) € SLy(Z) and D’ is

in the same double coset as D. By Lemma 6.1, we have the equality of double
cosets:

10 00
K (N)C1(m)iz,1(D')Pao(Q) = K(N) ( 0 mo: 1 8) P2,0(Q)
mdz m25zy 0 1
Next, we note that N | §m?, so that the simple element (£ 9)isin K (N) for S =

(832, ) So we obtain K(N)Ci(m)iz (D') Pao(Q)= K(N)Co(mdz)Pso(Q).

We have z = dgq + k¢ for some integer k, so that mdz = mddg + kN and
K(N)Co(mdz)Pso(Q)=K(N)Co(mdqd)Ps,0(Q). Using Lemma 5.1, and the
equality ged(mdg, mlzsq) = ¢/q, which follows from ¢ | m, we have

K(N)Co(méz)P2,0(Q) = K (N)Co((¢/q)d) P2,0(Q),
which is the final assertion of the theorem. The first assertion follows by setting
R=dand r=1{/q. O
7. Proofs

We are now ready to prove Theorem 1.3 on the zero-cusps of the Satake
compactification and Theorem 1.4 on the zero-dimensional cusps of the one-
dimensional cusps as stated in the Introduction.

Proof of Theorem 1.3. From Theorem 6.2, we know that
Sp2 U K CO Rr P2 0(@)
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where 7 runs over r | N and R is prime to N. This countable union however,
is not disjoint. By Lemma 5.1, we know we can restrict the union to r = ¢ =
ged(m, N/m), that is, to £ | f. By Lemma 5.2, we know that for fixed ¢ we can
restrict R to run over the classes of (Z/¢Z)™ /{#1}. This union is then disjoint
by Proposition 5.3. Counting the 0-cusps has already been left as an exercise
to the reader. O

Proof of Theorem 1.4. Using the decomposition from Theorem 1.3, for each
b,c € N where ¢? | N and ged(b, N) = 1, we need to count how many times a
double coset G(¢,d)DP; o(Q) yields the double coset equality

K(N)C1(m)iz1(D)P20(Q) = K(N)Co(bc)P2,0(Q).

From Theorem 6.2 and by Proposition 5.3, and using the notation from the

proof of Theorem 6.2, we can see that each such D must come from (: 2) (f; I)

where ¢ = g and d = 4+b mod ¢. The number of such (: 2) (Z I) is the number
of (4%) times the number of such (} ;). The number of (% 1) is ¢(ged(q, /q)).
The number of (%) with d = +b mod ¢ is the number of elements from
(Z/1lem(q,¢/q)Z)* /(£1) that are equivalent to +b mod ¢, which is %W.

Plugging back in ¢ = £/c gives the formula “0,(lcm(c’e/c),)(f)(ng(C’e/C)). The second
formula follows by considering the cases of ¢ < 2 and ¢ > 2, and noting that

when ¢ < 2 we have ¢(c) = 1 and p(lem(c, £/c)) = p(£/c). O

Proposition 7.1. Let N, Ny, f € N with N = 2Ny and Ny squarefree. For
even k > 4 we have

dim My, (K(N)) — dim Sy, (K (N))
=1+of/2+ > dimS; (f‘l(gcd(m,N/m))) :

meN:m|N

Proof. In the paramodular case by Theorem 4.3, T, = G({,§) = f‘l(f) for
¢ = ged(m, N/m) and N = m{$. For even k > 4, by Satake’s theorem [18],
the codimension of the cusp forms is the dimension of the modular forms
in @, nMpy(I'y,) that satisfy condition (1) of section 3. All the cusp forms
@ NSk(ln) satisfy condition (1). The dimension of the Eisenstein series sat-
isfying condition (1) is the number of zero-cusps of S (K (N)\H3) because, in
the elliptic modular case for even k > 4, there is a basis of Eisenstein se-

ries supported at single cusps, compare the dimension formulae in [4], pages
87-88. O

8. Appendix

Proposition 4.1 (Gritsenko). Let N € N and [X] € P*(Q). We have
KMN)X]=K(N)[(d 1 0 0)] for 1-inv(X) = dZ 2 NZ.
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Proof. We may select a representative X € Ly with X'L% = Z. In coordinate
form, writing X’ = (x1,x2,23,24), we may assume that x1, 2, x3, x4/N
are integral and that ged(z1, 22, x3,24/N) = 1. Both these properties are
preserved by the action of the paramodular group K(N). First, we select a
representative X with x4 = 0 by the following procedure: For X € Ly, if
x4 # 0 then g = ged(ze, z4/N) is also nonzero and we have g = axg + bxy/N
for some integers a and b. We obtain

1 0 0 0 3] 1
0 a 0 b/N||z2] |y
0 0 10 ||| = |as | EEIX
0 —(;—]‘\II)N 0 % Tq 0

Second, we select a representative X with x3 = x4 = 0: take (‘Z g) € SLy(7)
with (¢8)(51) = (§) for m = ged(21, 23) so that

a 0 b O T m
01 0 O i) _ xIo
c 0 d 0 T3 - 0
0 0 0 1 0 0

Third, we select a representative X with x4 = N. Since X’ Ly = Z, we have
ged(m, x2) = 1 and there are integers a and b with am + bxs = 1, so that

1 0 0 0 m m

0 1 0 0 T _ xTo

0 aN 1 0 0| |aNxo
aN bN 0 1 0 N

Fourth, we get a representative with 2o = 1 and x4 = 0. Since N # 0, we
may apply the procedure of the first step as before but note that this time g =
ged(ze, 1) = 1, so that we have a representative of the form X' = (a1, 1,23,0).
Fifth, by a repetition of the second step we have a representative of the form
X' = (m,1,0,0). Finally, notice that 1-inv(X) = mZ + NZ = dZ so that
am + BN = d for some integers o and 5. We have Gritsenko’s result:

DGy (=)

01 0 0 =1 K(N)X.

0 BN 10 0 € K(N)

1 88(1)(1) ﬂC;V—ﬂmN01 0 8 O
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