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Let 6y = {Z € M(g,C) | 'Z = Z, ImZ > 0} be the Siegel upper half plane of
degree g, I'y = Sp (g, Z) the Siegel modular group of degree g and

A B
= {(E b)en

IfM = <é g) , we denote (AZ + B)(CZ + D)~! by M (Z). Let e(z) = exp(2miz)

and for Z € G4 put

diagonal elements of A'B, C'D are even} .

_ ll‘
0(Z) = Z e(5 nzn> )

neZd

2-1 o
If M belongs to Fg*, 6(M (Z))/6(Z) is holomorphic on &,. Let o = ( 0 9 X ) and
g

let @(Z) = 0(2Z) = 6(a (Z)). Let

Iy @) = {(2 g) €Ty

Then Fg“ =a ! Fg* a N I'y contains I Og (4). Hence if M belongs to Fog (4) or more gener-
ally if M belongs to ', then

JM,Z):=0M(Z))/OZ)

C=0 (m0d4)} .

is holomorphic on &4 and satisfies the equality:
J(M, Z)? = det(CZ + D)y (det D),

where ¢ : 1427 — {41} is the non-trivial Dirichlet character modulo 4 (cf. §1). J(M, Z)
is called the automorphy factor of weight 1/2.
Letu : GL(g, C) — GL(r, C) be anirreducible holomorphic representation. u(CZ+

D) is also an automorphy factor (with respect to I'y) and so is J (M, Z)2k+l u(CZ + D)
(with respect to Fog (4)). Let I' be a subgroup of Fog (4) of finite index. A holomorphic
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70 R. TSUSHIMA

mapping f : &, — C' is called a Siegel modular form of half integral weight with
respect to I, if f satisfies the following equality forany M € I" and Z € G:

FMAZ)) =JM, Z)* w(CZ + D) f(Z).

(We have to assume “the holomorphy at cusps” if ¢ = 1.) We denote by M, x+1/2(I")
the C-vector space of all such mappings. An element f € M, x11,2(1") is called a cusp
form if f belongs to the kernels of the @-operators. We denote the space of cusp forms by
Suk+172(I"). Namely, f belongs to Sy, x+1,2(I") if and only if

f(Zy) = Imgzlgm F1E ksr12(Z2) =0

for any § € 59 such that p(§) € Iy, where Z = (tzol ;2
&1 (cf. Definition 1.5 and Definition 1.7). If p is the trivial representation, we denote
My j112(I) and Sy, ky1/2(I7) by Myq12(I") and Sg11,2(I7), respectively. It is known
that M, x41/2(I") is finite-dimensional.

Let x be a character of I" whose kernel is a subgroup of I" of finite index. We denote
by M, i412(I", x) the C-vector space of the holomorphic mappings of &, to C" which
satisfy

>, Z € G5 1and Z7 €

fFM(Z)) = (M, 2)** x(M) /(CZ + D) f(2)

forany M € I" and Z € G,4. We also denote by S;, x41,2(I, x) its subspace of cusp forms.

Now we assume that ¢ = 2 and u is the symmetric tensor representation of degree
J which we denote by Symj. We denote My, x11/2(I") and S, g11/2(I") by M ky12(17)
and S; r+1/2(I"), respectively. Let i be as before. We define a character of M € I 02 (4) by
Y (det D) where D is the lower right 2 x 2 matrix of M. If j is odd, then Mj,k+1/2(1"02 4))
and M x41/2(I3(4), ¥) are {0} since —14 € I'{(4) and Sym’ (—13) = —1;41. There-
fore we assume that j is even. The purpose of this paper is to compute the dimension
of Szj,k+1/2(1’()2(4)) and Szj,k+1/2(1"02(4), Y¥r) (Theorem 4.4 and Theorem 4.5). From these
results we can prove that ;2o Mi+1/2(I'¢ (4)) and Pye o Mi+1/2(I'¢ (4), ) are free mod-
ules of rank one over the graded ring of the automorphic forms of integral weights (Proposi-

tion 5.2 and Proposition 5.3). Their structures were explicitly determined by T. Ibukiyama
([Ib]). By using a similar method in [Sto], we can also determine the structure of the module
PBrLoMak+1/2(I5 (#)) ([T6)).

More generally we can express the dimension of S x+1/2(I", x) by a finite sum for
general I" and x (Theorem 3.2). Especially we will be able to compute the dimension of
S2jk+172(1 02 (4p), x), where p is an odd prime and y is a Dirichlet character modulo 4p
(cf. [T5] for the case of integral weight). But this will be an exhausting job.
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1. Transformation formula of ® (Z) and the line bundle Fg

In this section we recall the transformation formula of & (Z) (Theorem 1.4, cf. [Si] or
[Smi]). Next we prove that the line bundle of the modular forms of half integral weight is
extendable onto the Satake compactification of the Siegel space.

DEFINITION 1.1. Let A € M(g, C) be a symmetric matrix with Re (A) > 0. Then
there exists 7 € GL(g, R) such that

1+id;
'TAT =
1+idy
We define (det A)'/? = |detT|*1]_[?=1(l+idj)1/2, where we choose z!/? so that —m/2 <
arg(zl/z) <m/2forz € C.
REMARK 1.2. Ifg =2, (detA)Y/?is uniquely determined by the condition —7 /2 <
eurg(detA)l/2 < /2, because —m /4 < arg(1 + idj)l/2 <nm/4(j=1,2).

A B

LEMMA 1.3. Let M = <C D

) € I'y and let m = rank C. Then there exist M,
My, My € I'y such that

_ / o Al Bl . A2 0]
M=MMM,, M = , My = s
O D O Dy

Ay o By 0]

/ o 19*’” o 0 Ao By
M = c o D 0 ,  where co Do) € Iy and detCo # 0.
0 0 o Do

0 ] 0O lg_m
(If m =0, we suppose M' = 124.) Moreover we can choose Cy so that
c1
Co= s CGilcyr I1<i<m—1).
Cm

Proof. The assertion is easily proved ([Smi], Theorem 8.1). But we give a proof
here because we use the process of the proof later. There exist U, V € GL(g,Z) such
Co Dy D12>
0 Dy1 D2
(D11 € M(m,Z)). Then since C'D = D'C, we have

Co O\(Du Dn _(DPu Di (Co 0
O 0J)\Dy D»n) \Du Dn)J\O O

o
that UCV = ( O) , where Cg has the above form. Let uDp'v7! = (
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and D2;"Cy = O. Hence Dyy = O, since detCy # 0. On the other hand
<C0 O D11 Dp;

0O 0 O D22> is primitive. This means that Dy» € GL(g —m, Z). Let

lmw —Di2D5,)
U =" 12_1 22
0] D,

Co O
and Dy = Dj;. Replacing U with UjU we can assume that UCV = (00 0) and

Dy

uD'v! =
(5

0]
) ) Since Co' Dy = Dy’ Cy, there exists My € I}, such that
g—m

Ao Bo ' .
My = . We define M’ by using M as above. Let

Co Do
' — ‘v o u(¥V ©
- 0 U 0 l‘Vfl .

S =1 lg SN\ o . 'y -'USs _
Then M'M has the form (S =25). SoM, = _1 | and My =
0 1 o U
vl o
< 0 tV) satisfy the condition. O

Now for Z € G4, we put

Z Z
M M (Z) = <, ! 2) . where Z € G, and Z3 € Sy, ifm > 0,
Z> Z3
and
. | det Col'/? det(—i(Z1 — AoCy ' N2, if m >0,
M, 2) = _
) if m=0.
Next we put

|det(Co/2)[72 > e(="n(Cq ' DoY), if m >0,
AMM) = neZ9 /(' Co/2)Z9

1, if m=0.
Then we have

A B
Cc D

above. Let J(M, Z) = j(M, Z)"'A(M)~". Then it holds that
OM(Z)=JM,Z2)O(Z)

THEOREM 1.4. Let M = < ) € Fog (4) and let j(M, Z) and (M) be as

and
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J(M, Z)> = det(CZ + D)y (det D).
. . o 1
DEFINITION 1.5. Let 14 be the unit matrix of degree g and J4, = Lol Let
—yg
Gy ={M e GL(2g,R)| ’MJgM =v(M)Jg4, with some v(M) > 0}
be the symplectic group of degree g with similitudes. Let T = {z € C | |z| = 1}. We define

A B) € G4 and

a group 59 which consists of the pairs § = (M, ¢(Z)), where M = <C D

¢(Z) is a non-zero holomorphic function on &4 such that
#(Z2)* = 1(E)v(M)"/?det(CZ + D)
forany Z € &, with some #(£§) € T. The multiplicative law is defined as follows:
(M1, 91(2)) (M2, 92(2)) = (M1 M2, p1 (M2 (Z))$2(Z)) .

We denote the natural projection of 59 to G4 by p. By definition, if p(§) = 14, then
& = (la4,t) where ¢ is a constant.

COROLLARY 1.6. We have an injective homomorphism t of T Og @) to G g:

(M)=M,J(M, Z)).

DEFINITION 1.7. For any holomorphic mapping f: &, — C" and £ = (M, ¢(Z)) €

Gy, we put
FE k122 = p2)" Dz + D)~ f(M(2)).

Then we have

SUE N uk+172(Z2) = (f | Elpk+1/2) | 0] k4172 (Z2)
for any £ and n € ég. Such a mapping f belongs to MM,kH/z(FOg (4)) if and only if
F M) ks1/2(Z) = f(Z) forany M € I (4).
Let I'y (N) be the principal congruence subgroup of level N of I'y. Namely,
I'y(Ny={Mely|M=1, (modN)}.

I'y(N) is a normal subgroup of I'y. If N > 3, I'4(N) acts on &, without fixed points and
the quotient space X4(N) := I'4(N)\&, is a (non-compact) manifold. X,(N) is a open
subspace of a projective variety Yg (N) which was constructed by I. Satake ([Sta], Satake
compactification). If g > 2, Yg (N) has singularities along its cusps: Yg (N) — Xg(N).
Cusps of Yg (N) is (as a set) a disjoint union of copies of X4/(N)’s (0 < g < g). A
desingularization X g (N)of Yg (N) was constructed by J.-1. Igusa ([Ig2]) and Y. Namikawa
(IN]D (¢ = 2, 3, 4) and more generally by D. Mumford and others ([AMRT], Toroidal
compactification).

Let u : GL(g, C) — GL(r, C) be a holomorphic representation and let V, be G4 x
C", on which I, g (V) acts as follows:
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M(Z,v) =M (Z),u(CZ+ D)v).
IfN > 3,V, := I'y(N)\V, is non-singular and is a holomorphic vector bundle over
Xg(N). V, is extended to a holomorphic vector bundle V,L on X g(N) ([Mu]). In the
case when ¢ = 2 and u = Sym’, we denote V, and VM by Sym/ (V) and Symj(l7),
respectively.
Let Hy be G4 x C. The group I'y (4N) acts on H4 as follows:

M(Z,v) =M (Z),J(M, Z)v).
Then, Hy := I'q(4N)\'H4 is a holomorphic line bundle over X 4 (4N). We have

THEOREM 1.8. The line bundle Hy is extendable to an ample line bundle ﬁg over
the Satake compactification Yg (4N).

Proof. Let f be a (local) section of HZ**D. Then f is identified with a (local)
modular form of weight k 4 1/2 with respict to I’y (4N). We denote ¢ (Z)_(2k+l)f(P (Z))
by f | [Elkr1/2(2) for € = (P, $(2)) € G4. We prove that

F 1 Elkt12(Z + S) = [ | [Elkt1/2(2)

forany & € p (T y) and any integral symmetric matrix S whose entries are divisible by
4N. Then f | []x+1/2(Z) is expanded to a Fourier series:

f11Ek+1/2(2) = Y a(T)e(te(TZ)/4N) ,
T>0
where T is over all half-integral semi-positive symmetric matrices and from this fact it is
proved that H is extendable onto Yg (4N) similarly as in [Sta]. ﬁ?z is isomorphic to the
line bundle L4 which is defined by the automorphy factor det(C Z + D). Since L4 is ample
([B]), H 4 is also ample.

Let M = (10g 15;]) € I'yAN) and & = (P,¢(2)) € p_l(Fg)- Then PM P!
belongs to I’y (4N) since I'y(4N) is a normal subgroup of I'y. We prove that
EuMyET  =uPMPT.
Then we have

FIEUM) E Nkq12(Z) = f I TUPMP Dit12(Z) = f(2)

from the assumption that f is a (local) modular form with respect to Iy (4N). Hence it
follows that

S Elkt12(Z + 8) = [ | [§ (M) ]k+1/2(Z) = [ | [Elk+1/2(2) .
Now we prove our assertion. Since 571 = (Pfl, ¢)(P71 (Z))fl), we have

(PMPHYEWEHY T = PMP Hem He™ = (1ag, 1),
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where
t=JPMP  , PM Pz Pz s, PN Z) (P (Z2) 7!
is a constant. We prove that = 1. Let Z = P(Z’ + S). Since J(M*I, p! (Z)) =1,tis
equal to
e(2) pMT'PTN(Z)  O(P(Z'+S)  ¢(Z)
OPM-'P=1(Z)  d(PI(Z) —  OPPZ) HZ+S)

Let P = (A B). Then by definition we have

C D
¢(Z') /det(CZ'+ D)
$(Z'+8)  Jdet(C(Z+S)+ D)
Since /det(CZ’ + D) is a non-zero function on the simply connected space G4, the sign

of \/det(C(Z’ + 8) + D) is uniquely determined by the sign of v/det(CZ’ + D) and we
have

. ¢(Z)
im ———— =
ImZ'—oco ¢(Z' + §)
Hence the assertion is equivalent to
ePZ + 8
lim J(PMP™',P(Z'))= lim OFZ +5)
Im Z'— 00 ImZ'—o0 O(P(Z'))
We fix P and assume that
lim J(PMP ', P(z)=1

ImZ—o00

=1.

l, S
for any M = < Og | ) € I'y(4N). Let Q € I}y (4). Then we have
g

J(QPMP~'Q7' QP (2)) = J(Q, PM(Z))J(PMP~', P(Z)J(Q", QP (Z)).

Since
| y o J@PZES)
Wm0 PM (2107 QP (Z) = lim T E TS =
it follows that

lim J(QPMP'Qo7 ', 0P (2) =1,

ImZ—o0

from the assumption.

Next let N(By, I'y) be the subgroup of I'; consisting of the elements of the form:
u rt'v! .
o -l ) UeGL(g,Z), TeM(g,Z), 'T=T.

Let R € N(By, I'y) be an element of the above form. Then
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J(PRMR™'P™', PR(Z)) = J(PM P~ P(UZ'U +T)),

g Us'u
M| = .
(0] 1y

where

Hence it follows that

lim J(PRMR™'P7! PR(Z) =1

ImZ—o00

from the assumption.
Therefore it suffices to prove the assertion for the representatives of the double cosets
A B

in IJ (49\T'y/N(Bo, ITy). Let P = (c b

) € I'y. Let C = (c;ij) be the matrix such that

/ /
C =C (mod4)and —1 < cij <2 =i, j < g). There exists P = (6 D’) €Iy
such that P = P’ (mod 4) (cf. [Ig3], Chap. V, Lemma 25). Notice that we can apply
the proof of this lemma without changing 1" which is the first row of C. Then PPl e
I'y(4) C I Og (4). Hence we can replace P with P’. Letm = rank C and represent P’ as

MM’ M, in Lemma 1.3. We can replace P’ with M’. So we assume that

Ao (0] By o
O lyg—w O O Ao Bo
Co¢6, O Dy O |’ (Co Dy
O 0 0 lyu

) € Ty, detCo #0

and

Co= , ci=1lor2 (1<i<m).
Cm

It suffices to prove the case when N = 1. Let E;; = (ay) be the matrix such that

. 1y &1 Iy S
a;j = 1 and a; = 0, otherwise. Let M = , My = € I'y(4). Then

o 1, o 1,
we have
lim J(PM\MyP~ ', P(Z))
ImZ—oc0
= lim J(PMiP~',P(Z) lim J(PM,P~' P(Z)).
ImZ—o0 Im Z—o0

Hence it suffices to prove the assertion for the case when § = 4E;; or § = 4E;; + 4E;
(i # j). First we prove the case when S = 4E;;. Let V;; be the matrix corresponding to
the transposition (ij). Namely, V;; = 14 — E;; — Ejj + Eijj + Eji. Let o = (1i) and

- Vii O
Ve = . As we showed before, we have
o Vi
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lim J(PMP~',P(Z)= lim J(P°M°P°~', PO(Vi;ZVii)),

Im Z—o00 ImZ—o00

1, 4E A B°
where P = VOPV® and M® = VOMV° = < g “). Let P° = <C )

o 14 7 D°
Then
oo po-l — 14 —4A°E'C° 4A° E('A°
—4C°E'C° g +4C°E|'A°
If i > m, then the assertion is trivial because —4C° E{;'C° = O. So we assume that
i < m. Then
—4¢? ! 1 +4ajic;  *
—aco By Co =TT %) 1, +4CTE) A = < i ) :
0 0 0 lg—1

2
L, 4ATEnCT = (1 —daic; o )  AATEL4 < (4% *) .
* Iy * %k

Hence P? M° P° " is represented as MM’ M, where M» = 1,4 and

1 —4a;ic; o 4ai2i ‘o
m=| om0 ©
—4¢? ‘o 1+4aic; o
0 0 0 lg—1
Let P2 (Vigzvi) = (00 %) (Wi € ). Then
1i i) = tW2 W3 1 -
lim W, = 2
Im Z—>o0 Ci
1 —4ajic;  4d> i
My = a;’ ¢ dii fixes L. Hence we have
—4c; 1 4 4ajic; Ci
1—1i

li i(P°M° P° ™' POV ZVyi)) = )
ImZIEoo]( < 1i 11)) \/E

On the other hand from Lemma 1.9 exhibited just after this proof we have

2¢2—1
AP MO P — 1 'Ze (1 + 4ajici)x? =1+i.
ﬁci = 4Ci2 V2

Therefore it follows that
lim J(P°M°P°~', POV, ZVyi)) = 1.

ImZ—o00
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Next we prove the case when § = 4E;; + 4E; (i # j). Let o = (1i)(2j) and

Vo — (Vlinj o

). As we showed before, we have
(0] V1iVa

lim J(PMP_I,P(Z))zI lzim J(PGMJPail,PJ(VquJ'Z VaiVii))
m4s—>o0

ImZ—o00
A° B°

where P° = V°PV? = (C" D

1, 4Ep +4E
) and M® = VOMV® = < 9 2 21).

0] g
Then

po o po—l _ (Lo —4AT(En+ Ea)'C” 4A%(Enp + En)'A°
—4C%(E1p + E2)'C? g +4C(E1y + E2)'A°

Ifi > mor j > m, then the assertion is trivial. So we assume that i, j < m. Then

0 —4Cl'Cj tO
—4C%(E1n + Egl)’C" = —4Cl'CJ' 0 o R
0 0 (0]
1+4aijci 461]‘]‘6‘,' *
g +4C°(E1n + E»))'A% = dajic; 1 +4ajic * ,
0 0 g2
1— 461,']‘6‘,' —4aiicj t0
g —4AU(E12+E21)ICU = —4ajjcl~ 1 —4aj,-cJ- o s
* * g2
Sa,-iaij 4a,~l~ajj + 4a,-jajl~ *
4A°(E1p + Ep))'A% = dajiajj + 4a;jaj; 8ajjaj; *
k % *

Since A°'C% = C%'A°, we have a;j¢; = ajic;. Hence P’ M? P° " is represented as
MiM'M, where M» = 154 and

1 —4ajjc;  —4aiic; o 8aj;ajj dajiaj; +4daija;; o
—dajjc;  1—4ajic; o dajiaj; +4aijaji 8ajjaji ‘o
;o o ] lg— 0 0 0
M= 0 —46‘,’6‘]' o 14+ 461,']‘6‘,' 461]‘]‘6‘,' ‘o
—4cic; 0 ‘o dajicj 1 +4ajic; ‘o
0 0 (0] 0 0 g2
Let P°(Vi;Va; Z Vo Vi) = (,Wl W2> (W1 € &3). Then
’ Wy W3
lim W] _ 1 (aiicj aijci>
Im 200 CiCj \@ji¢j ajjci
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which is fixed by
1-— 4a,-jci —461,’,‘6‘]' 8aiiaij 4aiiajj + 4aijaji
Mo — —4ajjc 1 —dajic; 4ajiaj; +4a;ja;i Bajjaj;
0= 0 —4C,‘Cj 14+ 4a,-jci 4ajjc,-
—4C,'CJ' 0 4(1,'1'0./' 1+ 4ajiCj

Hence we have

lim j(P°M°P°!, PC(V1iVa; Z Vo Vi) = 1.

ImZ—o0

On the other hand from Lemma 1.9 we have

2cicj—1
1 Ci . 4aiicix® +2(1 +4ajjc))xy + 4ajjciy? -1
2cic; acicj o

)\,(PGMo‘Po‘il) —
x, y=0
Therefore it follows that

lim  J(P°M°P° ™', PO (V;Va, Z VajVii)) = 1.

ImZ—o0

Now the proof of Theorem 1.8 was completed. O

LEMMA 1.9. (1) If (ci,aii) = (1,0), (2,0) or (2, 1), then

(0 A
aiiCi)x .
e\ —— | = 1+lC'.
> ( 2 ) (1 +i)ei

x=0 i
2) If (ci,cj,aii,aij,aji,ajj) = (1,1,0,0,0,0), (1,2,0,0,0,0), (1,2,0,0,0, 1),
(2,2,0,0,0,0), (2,2,1,0,0,0), (2,2,0,0,0, 1) or (2,2,1,0,0, 1), then

26,‘61'—1 2 2
dajicjx” + 2(1 +4a;jci)xy +4ajjciy
Z € = = 26‘,’6‘]' .

dcici
x, y=0 e

Proof. Directly proved by computation. a

REMARK 1.10. There are some cases such that S is not divisible by 4, PMP~! ¢
Fog 4) and limy z— oo J(PMP~', P (Z)) = i (a # 0 (mod 4)) (cf. Theorem 3.9 (15)
®15.). Hence Hy is not extendable onto the Satake compactification I'\G&4 for general I.
Actually Hy is not extendable onto Fog D\Gy.

NoOTATION 1.11. Let Eg and fg be as above. Then we denote by ﬁg and Zg the
pullbacks of H, and L, by the natural morphism of X ; (4N) to X 4 (4N), respectively.

2. Classification of the fixed points (sets)

Let I" be a subgroup of Fog (4) of finite index. If g > 2, I" contains I’y (4N) for some
N ([BLS], [Me]). In the following we assume that ¢ = 2 and u is Symj . The space of
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Siegel modular forms M r+1,2(I2(4N)) is canonically identified with the space
I'(X2(4N), OSym! (V) @ Hy ®*1y)

which is the space of the global holomorphic sections of Sym/ L ﬁ2® @D The divisor

at infinity D := X (4N) — X2(4N) is a divisor with simple normal crossings. The space
of cusp forms S; x41,2(I2(4N)) is canonically identified with the space

r(X2(4N), 0Sym/ (V) @ BE* ) — D).

Here O(Sym’ ) ® FN12® @k+D) _ D) is the sheaf of germs of holomorphic sections which

vanish along D and this is isomorphic to O(Sym/ (V) ® ﬁ2®(2k+1) ® [D]®(_l)) where [D]
is the holomorphic line bundle which is associated with D.

Let x be a character of I" whose kernel is a subgroup of I" of finite index. We may
assume that the kernel of x contains I3(4N). Let f € Sjx+12(I2(4N)) and M € I". We
define an action of M on S; j+1/2(I2(4N)) as follows:

Mf (M (Z)) = J(M, 2)**! x(M)Sym/ (CZ + D) f(Z).
Since I (4N) acts trivially on S; x+1/2(12(4N)), this action induces an action of the factor

group I'/T5(4N) on S x+1/2(I2(4N)) and S; x+1/2(I", x) is identified with the invariant
subspace of Sj x+1/2(I2(4N)). Thus we have

Sikt1/2(I, x) = Sj 1 /2(Da(@N)) /12N

Therefore the dimension of S; x41,2(I", x) is computed by applying the holomorphic Lef-
schetz fixed point formula ([AS]) and the vanishing theorem (Theorem 4.1) to the above
situation.

To use the holomorphic Lefschetz fixed point formula we have to classify the fixed
points (sets) of 5 and I2/1>(4N) acting on fg (4N). We classify (the irreducible com-
ponents of) the fixed points (sets) of I» in the following sense. Let @ and @’ be the fixed
points (sets). @ and @’ are called equivalent if there is an element of I, which maps @
biholomorphically to @’. The fixed points in the quotient space X»(4N) were classified
in [G]. The fixed points in the divisor at infinity are classified easily. In total there are 25
kinds of fixed points (sets).

LEMMA 2.1. Among the 25 kinds of fixed points (sets) the following 10 fixed points
(sets) are not fixed by the elements of 1> which are conjugate to elements of I 02 (4), where

p=e/3), o =e(/5),n=(14+2v=-2)/3 and Z € S1. To represent the fixed points
(sets) we use the same notations ®7, &g, --- , @1 as in [T2].
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(i 0 l(p O (i O (P O
. n n—1/2 . 0  o+ao’ (i 0
1o ((n—l)/Z y ) e (a)+a)3 —a)4>’ s <0 oo)’

) i (i+1)/2 . (p O . P (p+2)/3
P19 ((i+1)/2 0 ) P20 : (o oo)’ Po1 <(p+2)/3 0 )

Proof. If M belongs to F02(4), we have

U Vv
M= (O ’Ul) (mod 4),

where U € GL(2,7Z). Since (detU)? = 1 and det(x1; — ‘U™ = det(x1, — U™ -
(detU )2 = det(xU — 13) - detU (mod 4), the characteristic polynomial Pys(x) of M is
equivalent to one of the following polynomials modulo 4:

24+ x4+ P Hx—DEE—x—1), 2 +2x+ 1),

=D P=x+D% P=x—D&*4+x—-1), &Z+2x—Dx>=2x—1).

Thereforeif M € I is conjugate to an element of I 02 (4), then the characteristic polynomial
Py (x) of M is equivalent to one of the following three polynomials modulo 4:

x4+2x2+1, x4+2x3+3x2+2x+1, x4,
From this fact we can show that the above points (sets) except @9 are not fixed by the ele-

ments of > which are conjugate to elements of F02 (4). Since the characteristic polynomial

of P, (cf. Proposition 2.5) which fixes @9 is ()c2 + 1)2, the above argument is not valid
in this case. In this case we have to check more carefully and the assertion is proved in
Theorem 2.8 (9). O

0

REMARK 2.2. Although we represented @7 by {(6 Z)} C 63 symbolically,

&7 means the image of {(6 g)} to )?2(4N ). The same applies to &g and also to the

following cases.

The remaining 15 fixed points (sets) have the contributions to the dimension formula.
But since the automorphic factor J (M, Z) is defined with respect to F02 (4), we have to

classify the remaining 15 fixed points (sets) with respect to F02(4). Let @ be one of the
following 15 fixed points (sets):



O (G B (S | R (AR

SR (I R (S B (AR

oo (5 3): o 5202 e {(0 D)

oo {5 O e {(7 W) e (G O)
(5 &) o (2 0) o (22

) € 6y, 7,71, 7, € &1 and W e C. Strictly speaking @17 should be

D3 :

Z
where
(le

represented as

(GRS ] (AT

z AINZ +1)2 z AIN(Z+ 1) +1/2
Utlanvz +12 00 Utlavz+y+12 00 :

This appears as a boundary of @3 and is a four fold cover of a one-dimensional cusp.

DEFINITION 2.3. Let us denote by Fix(M) the fixed points in iz (4N) of M and let
C(@)={MeI/I5(4N) | M (Z) = Z forany Z € ®},
CP(®) ={M € C(®P) | @ is an irreducible component of Fix(M)},
C(@,)={Mecl>|M(Z)=Zforany Z € ®},
CP(®, ) ={M € C(®, I) | @ is an irreducible component of Fix(M)},
N(D,1»)={M € I, | M maps @ into D}.
We call CP(®) and CP(®, I;) the sets of proper elements in C(®) and in C(®, I3),
respectively.

What we have to do is to classify the double cosets in F02 WD\I>/N (P, I3). Since I»
is an infinite group, it is not an easy task to classify F02(4)\F2 /N (@, I>). But since F02(4)
contains I>(4) which is a normal subgroup of I>, we can take the quotient by />(4) and
reduce the problem to a task in the finite group I>/15(4) >~ Sp (2, Z/4Z) and we can use
a computer. So first we classify I 02 (4)\I> which consists of 120 cosets and next classify
these cosets with respect to the action of N (@, ) from the right. We have to execute this
computation many times in the following.

Let P, P>, ---, P, be the representatives of F02 MD\I>/N (D, I3). Next we have to

check P, CP (@, Fz)Pi_l N F02(4) (i=1,2,---,n)is empty or not. Let
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P,®={P(Z)| Z e D}.
The following assertion is trivial.
LEMMA 2.4. If P; CP(®, 1"2)Pf1 N 1"02(4) is empty, then P; @ is not fixed by the
elements of T 02 4).
Before we classify the fixed points (sets), we classify the rational boundary compo-
nents of G, with respect to [ 02(4) and determine the configuration of the cusps of the

Satake compactification I 02 (4)\S, of I 02(4)\62. Let B be the one-dimensional bound-
ary component of G, which is defined by Im Z, = oo. Let N(By, I3) be the stabilizer in
I of Bj. The elements of N(B1, I>) have the following form:

0

* ¥ ¥
* ¥ ¥
* ¥ ¥ *

*
0
0 0 O

The one-dimensional cusps of the Satake compactification correspond bijectively to the

double cosets in I 02 (4)\I2/N(By, I>). Similarly as above we classify the double cosets
by a computer. We have

PROPOSITION 2.5. F02(4)\F2/N(B1, 1) consists of four double cosets. The rep-
resentatives are Py, Py, Py and Py, where P1 = 14 and

0010 100 0 100 0
000 1 010 0 010 0
P=1_1 000l ®=loo 1 0ol" #*=lo 210
0—1 0 0 020 1 20 0 1
Let

a 0 b 0

0100

M=1. 04 0

000 1

. (a bY. . . .
The submatrix (c d) in M acts on the one-dimensional rational boundary component at

infinity and P,-MP;1 (i =1,2,3,4) belongs to F02 (4) if and only if

a b a c a b a b
c d)’ b d)’ c d)’ c d
belongs to I} 01 (4), respectively. Hence each one-dimensional cusps of the Satake compact-

ification is biholomorphic to I} 01 D\G;. I 01 (4)\ S is a rational curve with three holes.
Let By be the zero-dimensional boundary component of G, which is defined by
ImZ, = ImZ; = oo. Let N(By, I») be the stabilizer in I» of By. The elements of
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N (B, I>) have the following form:

* k% ok ok
* %k ok
0 0 % =
0 0 % =

The zero-dimensional cusps of the Satake compactification correspond bijectively to the
double cosets in Foz D\I>/N(By, I7). We have

PROPOSITION 2.6. F02 (4)\I2/N(By, I) consists of seven double cosets. The rep-
resentatives are Py, Py, --- , P7, where

010

0 100 0
0 0 0100
Bs=1 o 1| Pe= 20 1 0
- 0 02 0 1

S OO
S O =

Let C; be the one-dimensional cusp corresponding to the double coset
F02(4) P;N(B1,I3) (i = 1,2,3,4), respectively and let Q; be the zero-dimensional cusp
corresponding to the double coset I 02 A P;N(By, I2) (i =1,2,---,7), respectively. Then
the cusps of the Satake compactification look like as follows.

Os
Cusps of I“O2 D\G3 :
01 ) 04
Cs
03 Os 07
Ci C Cy

This is proved as follows. The cusps Q1, Q2, Q3 and Q4 are on C1, Ca, C3 and Cy,
respectively. Since

I§@)PsN(By, ) = [ (4)PIN(B1, I)
I§@)PsN(By, Ib) = I (4) P3N (B, I)
T34 P;N(By, I2) = I (4)PsN(By, 1),
0Os, Op and Q7 are on C1, C3 and C3, respectively. Let Py be as in Theorem 2.8. Since
I'§#)PsN(By, I) = I (4 PN (Bo, I) .
T¢@)PIN(B1, Ib) = T§(4)PaN(By, 1),
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Qs is also on Cy4. Similarly we can prove that Q5 and Qg are also on C, Q3 is also on Cy
and Q7 is also on Cy.
PROPOSITION 2.7. We have [Ty : I/ (4)] = 299=D2 Especially [T : T{(4)] =
2 and I"O2 (4) is a normal subgroup of I'y'.
Proof. 'We have

A B
—1
ocF;‘oz :{<C D)ng

aly e = {(2 g) ery

We map them into Sp(g, F»). Namely,

A 0]
—1
alfa™! /Iy (2) = { (TA IAI) ‘A €GL(g,Fy), 'T=T,

B = O (mod 2), diagonal elements of C 'D are even} ,

BECEO(mOdZ)}.

diagonal elements of 7" are 0 },

_ A O
Hence [alya™ : Iy(2)] = 2997 V2|GL(g.Fy)| and [alyf Do~ : I[,2)] =
|GL(g,F2)|. Therefore [Fg“ : Fog @] = [oz]“go‘oc_1 : ocfog @a~ 11 =29060-D/2, 0O

As a matter of fact we classify the fixed points (sets) with respect to Iy instead of
I; 02(4) (cf. Remark 3.6). In the following theorem we represent the representatives with
respect to F02 (4) as @,, @4, Dp, D.. These notations mean that @, and @, are equivalent
with respect to Fz"‘ and @,, &, and &, are not equivalent with respect to I 2"‘ .

THEOREM 2.8. Let

1000 1 000 1 00 0
0100 01 00 01 0 0
=101 1 0l = o-1 10| o= o-1 10}l
100 1 12 0 1 110 1
0100 100 0 0100
00 10 0100 001 0
Pu=1 9021 2={o 210" =001 1|
120 0 22 0 1 110 0
01 00 100 0 010 0
00 1 0 0100 001 0
Pu=1 9211 P5={o 11 0| 5=l o001 1|
1120 110 1 1110




86 R. TSUSHIMA

1 000 00 10 00 10
01 00 0 0 0 1 0 0 0 1
Pr=1, 2 1 0o P=|_1 0 1 0] P9=|21 0 1 ol
2 2 0 1 0—-1 0 0 0-1 0 2
00 10 00 10 1 0 00
0 0 0 1 0 0 0 1 01 00
Po=1_7 0 1 2| =21 01 2| 25|21 0 1 o]
0-1 2 0 0-1 2 2 0-1 0 1
1 0 00 1 0 00 1 0 00
01 00 01 00 01 00
Pa=1_1 2 10| 2= 221 10" 5= 0o=1 1 0]
2-1 0 1 -1 2 0 1 “1-1 0 1
1 000 00 1 0 00 1 0
01 00 00 0 1 00 0 1
Pos=1, 1 1 0] P=|-1 0-1 of P2=|=1 0-1 2|
1-1 0 1 0-1 0 0 0-1 2 0
1 000 01 00 01 00
01 00 0010 0010
Po=15 1 1 0 =002 1| PB=l0o22 1]
1 20 1 -1 220 -1 2 20
01 00 01 0 0 00 10
0010 00 1 0 0 0 0 1
Po=1 9211 =0 o0-1 1| P*=|=1 0 02
-1 100 —1-1 0 0 0-1 2 0

Then fixed points (sets) of I 02(4) are classified as follows.
(D) 1"02 (M\I»/N (D1, I») consists of one double coset. The representative is P). @14 1=
Py @ is the total space )?2 (4N).
2) F02 (D\I> /N (D2, I) consists of three double cosets. The representatives are Py, Py
and P3. Only @>, := Py @2 and ©y, := P4 @, are fixed by elements of 1"02 4).
3) I 02 (M\I»/N (D3, I») consists of five double cosets. The representatives are Py, Ps,
Ps, Ps and P7. Only @3, := P| @3, @3 := P5 @3 and @3, := P7 D3 are fixed by elements
of T3 (4).
@) 1"02(4)\1"2 /N (@4, I) consists of eleven double cosets. The representatives are P,
P3, P4, Ps, P, Py, P1g, P11, P12, P13 and P1a. Only @44 := Py @4 and @4y = Py Dy
are fixed by elements of I 02 4).
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%) Foz D\ /N (D5, In) consists of eight double cosets. The representatives are P,
P>, Ps, P7, Pio, P13, P15 and Pig. Only @5, := P) @5 and ®sp := P; D5 are fixed by
elements of F02 4).

(6) F02 D\ /N (Dg, I») consists of six double cosets. The representatives are Py, P3,
Ps, P1o, P14 and P1g. Only ®@¢, := P) @ is fixed by elements of 1"02 4).

(9) Do is not fixed by the elements of I> which are conjugate to elements of I 02 4).

(10) F02 D\ /N (D10, I?) consists of ten double cosets. The representatives are Pi,
P3, P4, Py, P3, Py, P12, P13, P14 and P17. Only @104 := P14 @19 is fixed by elements of
Ig@).

(12) I; 02 M\ /N (D12, I) consists of twenty four double cosets. The representatives
are Pi, P3, Py, P7, Py, Pio, P13, P14, P15, P13, P19, P20, P21, P22, P23, Paa, P27, Pag,
Py, P3g, P31, P32 and P33. Only @124 := Py @12 and @1y := Pag P17 are fixed by
elements of T 02 4).

(15) I"O2 M\I>/N (P15, 1) consists of four double cosets. The representatives are P,
Py, P3 and Py. Let @154 := P| @5, P150 1= Py P15, P15p := P Py5 and P15 :=
P3 @15. All of them are fixed by elements of F02 4).

(16) F02 D\ /N (D16, I72) consists of seven double cosets. The representatives are Py,
Py, P3, Py, Py, P2 and P34. Only @16, := P1 P16, Pioa := P4 P16, P16y := P2 P16,
Diec := P3 D16, P1og := P12 P16 and D1ee := P34 D16 are fixed by elements of F02(4).

(17) F02(4)\F2/N(<D17, 1) consists of ten double cosets. The representatives are Pi,
Py, Py, P4, Ps, Ps, P7, P11, P13 and Pya. Only 17, := Py D17, P70 = P4 P17,
P17y = P3 @17, Pr7c = Ps @iy, D170 = P11 P17, Pr7a = Pp P17 and Py =
P14 @17 are fixed by elements of 1"02 4).

22) I 02 M\ /N (D22, ID) consists of twelve double cosets. The representatives are Py,
Py, P3, Py, Ps, Ps, P7, P11, P12, P13, P17and P3). Let @2y := Py @22, Poog := Py D2,
DProp i= Py D22, Prpc := P7 P2, Pooe := P17 P22, P24 := P13 P12, P22 := P32 P22,
Dpof = Ps Py, Ooppr i= P11 Poa, Pog := Po P2, Poopn = P3Py and Poppy =
P12 @27. All of them are fixed by elements of I"O2 ).

(23) T 02 (M\I»/N (D23, D) consists of fifteen double cosets. The representatives are Py,
P, P3, Pa, Ps, Ps, P7, P3, P11, P12, P13, P17, P31, P32 and P3a. Only @33, := P) @23,
D300 := Py D23, P23p := Pp @23, Po3py := P34 D23, P3¢ := P3 D23, P3¢ := P12 D23,
D34 := P5 D23, P30 := P11 D23, Po3e := Ps D23, Po3er := P31 P23, P35 1= P7 D13,
Doz pr = P17 P23, and P3¢ := P3p P23 are fixed by elements of 1"02 4).

24) I 02 (D\I/N (D24, 1) consists of thirteen double cosets. The representatives are
Py, P, P3, Ps, Ps, Ps, P1, P11, P2, P13, P17, P32 and P3g. Only @24y := P) Doa,
Doyyr := Py Doy, Poap := P3 P4, Poapy := P12 P24, Po4c := P5 Doy, Doy := P11 D4,
Doy = P7 Poa, Ppyqr := P17 D24, and Do4. := P3y D24 are fixed by elements of FOZ ).
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(25) Foz D\ /N (D25, 1) consists of eight double cosets. The representatives are P,
Py, P3, Py, Ps, P, P; and Py1. Let @35, := P| @25, Pp50 := Py P25, Posp := P D5,
Dose = Py Pos, Posq := Ps5s Drs, Posqr := P11 Pos5, Pase := Po Prs and sy =
Py @rs. All of them are fixed by elements of F02(4).

Proof. We prove only (9). Other cases are similarly proved. C”(®y, I';) has ten
elements. It consists of =P, +Ps, :I:PS_1 and other four elements. Other four ele-
ments are conjugate to £ P5 or :I:P;l. Since the characteristic polynomials of +P5 and
:I:P;1 are x* + 1, they are not conjugate to elements of I’O2 (4) (cf. Proof of Lemma 2.1).
F02(4)\F2 /N (P9, I;) consists of eighteen double cosets. The representatives are Pj, Ps,
Py, P7, Py, Py, Pio, P12, P17, P1g, P19, P, P21, P22, P23, Pp4, Pa5 and Ppg. 1"1'1"21",71
(i=13,4,7,8,9,10,12,17,---,26) does not belong to F02(4). Hence @9 is not fixed
by the elements of I, which are conjugate to elements of I’O2 (4) (cf. Lemma 2.4). a

3. Detailed data

In this section we list the data which we use to compute the dimension formula. First
we recall the holomorphic Lefschetz fixed point formula. Let X be a compact complex
manifold and V a holomorphic vector bundle on X, and let G be a finite group of automor-
phisms of the pair (X, V). For g € G let X9 be the set of fixed points of g. Then, X9 is a
disjoint union of submanifolds of X. Let

X9 =>"x4
o
be the irreducible decomposition of X9, and let

Ng =) N{®
%

denote the normal bundle of XJ decomposed according to the eigenvalues e'? of g. We put

1— efxlgfie -1
wmﬁw=rmjj;m),
B
where the Chern class of N7 (0) is
c(NJ®) =[] +xp).
B
Let 7(XJ) be the Todd class of XJ. Let V|XJ be the restriction of V to XJ and
ch(V|XJ)(g) the Chern character of V|XJ with g-action ([AS]). Put
ch(VIX3)(g) - TTo U’ (NG (6)) - T(X3)
det(1 — g|(Ng)*) }

[X9]

o

T(g’Xg) == {
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and

T(g) =Y 1(g,XJ).

o

We have
THEOREM 3.1 ([AS)).

D (=D Tr(g|H (X, 0(V)) =(g) .
i>0
Let I" be a subgroup of F02 (4) of finite index and x a character of I" whose kernel is
a subgroup of I" of finite index. The kernel of x contains /5(4N) for some N. In our case
X, V and G are §2(4N), Symj(17) ® I-12®(2k+1) ® [D]®(*1) and I'/I»(4N), respectively.
But in the following we assume that V is Symj(17) ® I-12®k & [D]®(*1) for the sake of
simplicity. When we apply the data, we replace k with 2k + 1.

Applying the holomorphic Lefschetz theorem we have the dimension formula. We
state the general dimension formula (cf. [T5], Theorem 1.6). Let g € I'/I5(4N). We

denote the centralizer of g in I7(4)/I2(4N) and in I'/T5(4N) by C(g, I3 (4)/T2(4N))
and C(g, I'/T2(4N)), respectively. Let

N(®, [$(4)/T2(4N)) = (M € I'{(4)/T2(4N) | M maps @ into @} .

THEOREM 3.2. Under the assumption that the higher cohomology groups vanish,
the dimension of S y+1,2(I", x) is expressed as

((PMP~!, P®) (Clg, TP@)/ TN
2.2, ; 2 X))
IN(P®, T2/ TN\ 4= [C(g. T/ D24N))]

® P M

Here @ is over the 15 fixed points (sets) in §2, P is over the representatives of
TEO\2/N (P, ) and M is over CP (@) N P13 (4)P. Let Conj(I'/T2(4N)) be the
set of the representatives of the conjugacy classes of I'/T»(4N). Moreover g runs over
Conj(I"/ T2 (4N)) such that g is conjugate to PM P~" in I'}(4)/[>(4N).

Let @ be an irreducible component of fixed points sets and let M € CP(®). The
Chern character with M-actionch : W + ch(W)(M) is also a ring homomorphism of the
ring of the holomorphic vector bundles to the cohomology ring as in the case of the usual
Chern character. Hence we have

ch(V|®)(M) = ch(Sym’! (V) @ H* @ [D1®CV|®)(M)
= ch(Sym/ (V)|®)(M) ® ch(HF*|®)(M) ® ch(ID1®V|@) (M) .
Let Z € @. Then by definition we have
ch(HPK|0) (M) = J(M, Z)ch(HP¥ @) .
Let
cho(V|®)(M) = ch(Sym? (V)|@)(M) ® ch(HE*|®) @ ch(ID1®V|®)(M)
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and let
cho(V|®)(M) - [T, U (NM(6)) - T (®)
det(1 — M|(NM)*)

0(M, D) ={ }[¢].

Then we have
ch(V|®) (M) = J(M, 2) cho(V|®)(M)
and
(M, D) = J(M, Z)*to(M, ®).

Let L, and L, be as in Notation 1.11. We have ﬁ2®2 ~ I, and
~ ~ 1 ~ 1 ~
ch(Hy) =1+ c1(Hy) + Sc1(H)? + Ze1 ()

—1+1 (Z)+1 (Z)2+1 (L)?
= 2C1 2 Scl 2 48C1 2) -

Since Symj (V) and Ly correspond to the automorphy factors (which are defined with re-
spect to 1) Symj (CZ + D) and det(CZ + D), respectively and the divisor D is invariant
with respect to I, the terms in 7o(M, @) are invariant with respect to 1. Namely, we have

PROPOSITION 3.3. Let M € CP(®, ) and P € 1. If M and PMP! belong to
I§(4), then

0(PMP™, P®)=10(M, D).

Hence the only term in t(M, @) which depends on F()2(4) is J(M,Z). What we
have to do to get the dimension formula is to compute |[N(P &, F02(4) /T(4N))| and
T(PM P!, P ®)forevery P € IF(4)\I/N(®, ') and MeCP (@)NP~' I3 (4) P. From
the above observation it suffices to compute to(M, @), |N(P @, I 02(4) /T5(4N))| and
J(PMP™', P (Z))(Z € ®). Welist t7o(M, ®) in Theorem 3.4, |N(P @, F02(4)/F2(4N))|
in Theorem 3.8 and J(PMP*I, P (Z)) (Z € @) in Theorem 3.9, respectively.

In the following theorem we assume that j is even. Hence we replace j with 2 and
assume G is F()2(4)/ 4 I>(4N). The notations @1, @2, - -+, ¢25(6,r,5,t) € [/ = I>(4N)
are same as in [T2]. We do not show them explicitly here. If one does not know them, he can

obtain the dimension formula from the data in Theorem 3.4, Theorem 3.8 and Theorem 3.9.
The elements in C?(®P1g) except g10(i) (i = 1,2,4,5) are not conjugate to the elements

in I} (4).

THEOREM 3.4. Let V be Sym* (V) @ HP* @ [DI®V. Let ¢ = e(1/4N) and
p = e(1/3). We have the following results. There p in [] is over the odd prime numbers
which divide N, while Tr, means the trace map Q(p) — Q.
(1) wler, @1) =237'Q2j + DK =4 Ej +k—2)2j +k—3)N"
—302j +k=3)N  +45NH[TA - p~H (A - p~%



2)

3)

4)

(&)
(6)

(10)

(12)
(15)

(16)

17)

(22)

(23)

(24)
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T0(p2. ®2) =27 ((k = 4)(4j + k — 2)N°
—6(2j +k —3)N> +36NH[](1 — p~2)2
T0(¢3. P3) = 2*((k — 4)(4j + k — 2)N°®
—32j +k—=3)N°+3NH[](1 — p~2)?
T0(pa, Pa) =271 (=17 (2j +k = 3)N> =3N*)[T( - p~2)
70(ps, @s5) = 27'3(=1)/(2j + k = 3)N> —2NH[[(1 — p~2)
70(g6. P6) = Tr, (0! (1 — p))((2j + 2k — 3)N? — IN?)
27137 [IA = p72). i 34N
: !2‘33‘211(1 -p2). if3IN
0(95 " P6) = T0(¢6. Do)
0(p10(1). P10) = 372(p) 2p + D(2j + 1)
70(¢10(2), P10) = 372(p*) (20> + D(Q2j + 1)
0(¢10(4), P10) =37 (p)!
0(¢10(5), P10) = 37 (p?)’
10(p12, P12) = 27137 Tr, () (—p?))
10(p15(r), @15) = 273712 + DN = p~?)

(9—(2j+2k—3)N (2j+2k—3)N—6_ 4 )
(1—z (1—cr) d—c)
T0(p16(r), P16) = 2737 < 2o (i{ i_ {25)_ 3)N>N3]_[(1 -p7
8 — (2j + 2k — 3)N 4 ) 5 .
, D = + N 1—
10(¢17(r), @17) < TG 1) [[A—=p7)
Qj+1) ( 2 2 )
1,r,1), @ = + +3
olenllr 0.2 = e\ - T o -
1 4
10(9223,1,1), P22) = T o) <(C’+’ - + 3)

(9232, 7, 1), Po3) =271 (=1)I (¢ — )7
(g3 (4,7, 1), @p3) =27 = D¢ = 7!
(9242, 7, 1), Pog) =271 (=1)I (¢ — )7
0(p2a(4, 1, 1), P2g) =27 (¢ = D¢ = 7!
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25)  7o(pas(l,r.5.0), ®5) = 2j + DE =D =@ -7
10(p25(2, 7, 8,1), Pas) = 37 Tr, (p/ (1 — p)) (T — 1)~
T0(p25(3. 7,5, 1), @2s) = 37" Tr, (p/ (1 — p))(* T+ — )7
T0(p2s(@. 7,5, 1), @as) = (¢ — T = 7!
T0(@25(5. 7,5, 1), P2s) = (¢ = )7 (¢" = 17!
T0(p25(6, 7,5, 1), @2s) = (¢ = D¢ = D7

Proof. Due to [T5], Theorem 3.2 which is the result in the case of weight k and level

N. It suffices to remove det(CZ + D)k of t(¢, @) in [T5], Theorem 3.2 and replace k and
N with k/2 and 4N, respectively. O

Let I}’ be as above. We have the following
PROPOSITION 3.5. If Iy PN(®, I5) = I'y P'N(®, I), then
IN(P @, I'7(4)/T2(4N))| = |N(P' &, I (4)/T2(4N))| .
Proof. From the assumption we have elements y € Iy’ and n € N(&, I2) such that

P’ = yPn. N(P ®, [}(4)/T3(4N)) is isomorphic to (N(P ®, I') N I¢(4))/(N(P ®,

I)NI5(4N)). Since I’O2 (4) is a normal subgroup of Iy’ and I>(4N) is a normal subgroup
of I';, we have

y(N(PO, D) NIGH)y ™ = N(P' &, 1) N I3 &),
Yy (N(P @, [3) N Dy(AN) y~! = N(P' &, ) N [(4N).
The assertion is proved from these relations. O
Let
C(P®,I{(#4)/T2(4N)) = (M € I[}{(4)/T2(4N) | M (Z) = Z forany Z € P &}
and let CP(P @, F02 (4)/I(4N)) be the set of proper elements.

REMARK 3.6. Let P @, P’ ® and y be as in the above proposition. It is obvious
that CP(P' &, I}(4)/1h(4N)) = y CP(P &, I'}(4)/2(4N)) y ~!. Since the automorphy
factor J (M, Z) is defined with respect to Iy, we have

JyMy™ v (Z2)=JM, 2)

for M € CP(P &, F02(4) /I5(4N)) and Z € P®. From the above proposition and
this observation it follows that the contributions of P @ and P’ & to the dimension of
Szj,k+1/2(1"02(4)) are same.

Next we prove that the contributions of P @ and P’ @ are the same also in the case of
82 k+1 /2(1"02 (4), ¥). It suffices to prove the following
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A B

LEMMA 3.7. Let M = <4C D

) € 4 andy € I'§. Put (M) = y(det D).

Then (M) = ¥ (yMy ™).
Proof. 1t suffices to prove that {5 is extendable to a character of I;'. Let P4 be

as in Proposition 2.5. Then I'Y’ = I3(4) U I3(4) Py. Let M = (A B), M =

4C D
A" B 2 0 1
<4C/ D/) € FO (4) andF = (1 0>Then

A+2BF B
MPy = <4C+2DF D)'

Put ¥ (MP;) = y(det D). We have to prove that (MM’ Py) = ¥ (M)y (M’ Py),
V(M PsM') = (M P3)y (M) and (M P4M' Py) = (M P3)y (M’ Py) forany M, M’ €
F02(4). The first case is trivial. We prove only the second case. The third case is sim-
ilarly proved. The lower right 2 x 2 matrix of M P,4M’ is (4C + 2DF)B' + DD’'. Let

d d b b d;, d
D= ( 1 12) , B = < 1 ,12> and D' = < 1 }2> Then

dyy dy by, by, dy; dy

det((4C + 2DF)B' + DD') — (det D)(det D)

= 2(d11d22 + dlzdzl)(b/“diz + b/ZIdéZ - b/IZdil - b/22dél) (mod 4) .
On the other hand we have
1112 + bydyy = bladyy + byydyy
because it holds that ‘B’ D’ = ‘D’ B’. Hence it follows that
det((4C + 2DF)B’ + DD') = (det D)(det D') (mod 4) .

This proves the assertion. m|

In the following theorem we list |[N (P @, F02(4)/F2(4N))|. If P® and P’ @ are not

equivalent with respect to F02 (4) but equivalent with respect to Iy, we list only one of
them and we mark the notations of the fixed points (sets) by x. We also list the order

of C(P &, I (4)/T2(4N)). We list P &, |C(P &, I[§(4)/T2(4N))| and |[N(P @, I{(4)/
I(4N))| in this order. Similarly as before p in [] is over the odd prime numbers which
divide N.

THEOREM 3.8. The orders of the isotropy groups and the stabilizer groups of the
fixed points (sets) of I 02 (4) are as follows.

(1) D1y 2 2MINITI(1 - p~2)(1 — p~)
2) @2, 4 2'NSTT( — p2)?

3) D34 4 2ONSTT(1 — p=2)2
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“4)
(&)

(6)

(10)
(12)

(15)

(16)

(17)

(22)

D3
¢3c

*
Dyq

¢5a
Psp,

Peq

D10q
D12

Dis5q”

Pisp
Dsc

¢16a>’<

Pi6p

D164

~

12

12

24

8N
2N
8N

16N
AN
16N
16N
4N

16N
16N
16N
16N
4N
20N?
22N?
26N?
24N?

R. TSUSHIMA

N[ - p2)?

2103N61_[(1 _ p—2)2

NI - p7?)

23NTIA - p?)

23N TIA - p2)
223NTI(1 - p72),
232N3[](1 - p7?),

12

24

210N61—[(1 _ pfz)
2°NSTT( = p72)
NI = p72)
2N = p72)
NI = p2)
26N41—[(1 _ p—z)
2°NTIA = p2)
2N - p72)
NI = p72)
BN - p72)
2'NTIA = p2)
NI = p72)
25N4]_[(1 _ p—z)
2°N3

23N3

2°N3

20N3

if 31N
if 3IN
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Pe 23N? 26N3
Do f 23N? 20N3
Dy 2°N? 2°N3
Doy 2’N? 28N3
(23) P3," 2'N? 2'N?
Da3p* 2’ N? 2’ N?
Dp3c* 26N2 26N2
D34* 24N? 24N?
Dp30* 24N? 24N?
@3 p* 2'N? 2'N?
D23 24N? 24N?
(24) Drag* 2'N? 2'N?
D4 26N2 26N2
Doy 24N 24N
Pogy* 27 N? 27 N?
Dge 24N 24N
(25) Pas.* 283N 283N3
D3 223N 223N
D5, 28N3 28N3
Dysq* 26N3 26N3
D5, 2’N3 2’N3
Dosf 28N3 28N3

Proof. We prove only the cases of @3, = Ps®3 and @3, = P;®3. Other cases
are proved easily. N(P®3, I'}(4)/T2(4N)) is isomorphic to (N(P®;3, I3) N I{(4))/
(N(P®3, ) N I»(4N)). From [T2], Theorem 2.2 we have

[N(PD3,1%) : N(PP3,I») N TH(4N)] = [PN(¢3,F2)P71:PN(¢3,F2)P71QI—'2(4N)]
= [N(P3,I2) : N(P3, I2) N 12(4N)]
:2113N61—[(1 _p72)2.
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So it suffices to determine [N (P®3, [3) : N(P®3, 1) N F02(4)]. Lete, 6 and y be

1 0o 0 12 01 00 0 0 1/2 0
01 1/2 0 1 000 and 0 0 0 1/2
0 0 1 0|’ 0 0 0 1 -2 0 0 0|’
0 0 O 1 0 010 0 -2 0 0
respectively. Let
a0 bi/2 0 ai, bi, ci, di €L
0 a 0 by/2 a; = ds_; (mod 2)
Ny = Sp(2,
SVl 0 a0 [PV b =0 mea)
0 2 0 d =12

Then N(P3, IH) = lesfl U 38N1871 ([T2], Theorem 2.6). Let [ be a natural number
and let Nq(2/) be the subgroup of N; consisting of the elements such that <a,- Z’) =
]

Ci

<(1) (1)> (mod 2) (i = 1, 2). N1(21) is a normal subgroup of N; which is isomorphic to

I (2l) x I'1(21) and we have [N : N1 (2)] = 6.
Let N be the subgroup of N; consisting of the elements such that c; = 0 (mod 4) and
b1 = ¢ (mod 8). Then

PsN (@3, Do) P N T 4) = Ps(eNae™ )P U Ps(Sey Nae ™ Py !
and
[PsN (D3, Fz)P{l : PsN (93, Fz)P{l N TG @H] =[Ny : Nl
On the other hand
[N1: Ni®)]=6-[N1(2): Ni(®)]=6-[I1(2): I (8)1* =321
and [N; : N1 (8)] = 219 because N> /N1(8) is isomorphic to a subgroup of SL(2,7Z/8Z) x
SL(2,7/8Z) of order 2'°. Hence we have [N (Ps®;3, I) : N(Ps®3, ) N I (4)] = 24.
This proves the case of @3p.

Let N3 be the subgroup of N; consisting of the elements such that a; +c¢; — d; =
c1 + ¢ = 0 (mod 2). Then

PIN(®3, D) Py N I 4) = Pr(eNse )Py U Pr(8eN3e =y P!
and
[P;N(®3, )Py 0 PIN (@3, D) Py N T (4)] = [Ny : N3]

Since [N3 : N1(2)] = 3, we have [N(P7®3, I3) : N(P;®3, )N 1"02(4)] = 2. This proves
the case of @3,. O
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In the following theorem we list J(P¢ P 71, P (Z)) and y(det D), where ¢ is an ele-
ment of CP (&, I'; /I (4N)) such that P(/)Pi1 e CP(P @, F02(4)/F2(4N)), Z e dand D
is the lower right 2 x 2 matrix of P(pP_l. Welist P @, ¢, J(P(pP_l, P (Z)) and v (det D)
in this order. In the case where @ is in the divisor at infinity, J (P¢ P _1, P (Z)) means the
limit of J(P(pP71, P (Z)) when Z tends to @.

THEOREM 3.9. The proper elements of the isotropy groups of the fixed points (sets)
of F02 (4) and the values of the automorphy factor of weight 1/2 and the character \ are
as follows. We assume that r +t = 0 (mod 4) for the elements whose notations are marked
by x1) and assume that r — t = 0 (mod 2) for the elements whose notations are marked by
*2). The meaning of the mark * of @ is the same as in the above theorem.

(D Diq @1 1 1
() Dr* 2 1 -1
3) D3 ¥3 1 -1
D3 3 -1 -1
D3¢ @3 1 -1
“4) Puy* ©4 1 1
(5) Ds, ®s 1 1
D), ®s -1 1
(6) Do ®6 1 1
05! 1 1
(10) 104 10(1) P 1
®10(2) 0 1
910(4) - p? —1
®10(5) —p -1
(12)  P12" P12 -1 -1
-1
®1a —1 —1
(15)  @15." @15(r) 1 1
Disp @15(4r) 1 1
Disc @15(r) @)’ (="

(16)  Pi6” P16(r) 1 -1
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(17)

(22)

(23)

Pi6b
¢16£‘

D164
¢16€

*
D174

P17p
45170>|<

D174
D17e

P24"

D22

*
D¢

D224

D22,

Py f*
Dy

Doy

D234*
Dr3p*
D3 "

D234"

D3c*

P16(4r)
@16(r)
¢16(r)
P16(4r)
@17(r)
@17(r)
@17(r)
@17(r)
@17(4r)

@2(l,r, 1)
2203, 1, 1)

02 (1, 4r, 4t)
0223, 4r, 41)
@l r, 1)
0223, r, 1)

e (1, r,0*
923, r, 1))
@ (1,2r, 26)*?
9223, 2r, 200"
@2(1, 4r, 1)
@22(1,4r, 1)
@l r, 1)
©23(2, 1, 1)
w234, 1, 1)
©23(2, 4r, 4t)
@23(4, 4r, 41)
0234, 1, 1)
®23(4,4r, 1)
@23(4,4r, 1)

R. TSUSHIMA

(@)
@)

@)

- @)

O W

O

(i)r+t

(=1’
(=D’

@)

(_l)r—i-t
(_1)V+l‘+1



(24)

(25)

Pz "
Pr3g

Drus”
Dogp*
Py
Dr4q™

D24,

Drs5q*

D5

D5

Drs5q*

D5,

©23(2,r, 1)
@23(4,r,1)
023(2,2r + 1,21 + 1)*?
@234, 2r + 1,21 + 1)*?

0242, 1, 1)
44,1, 1)
44,1, 1)
@24(4,4r, 1)
0242, 1, 1)
44,1, 1)
9242, 2r, 20)*?)
@24(4,2r, 20)*Y

@25(1, 7, 5,1)
@252, 1,5, 1)
@253, 1,5, 1)
@254, 1,5, 1)
@25(5, 1,5, 1)
@25(6, 1,5, 1)
©a5(1, 4r, 4s, 4t)
©25(2, 4r, 4s, 4t)
©25(3, 4r, 4s, 41)
©25(4, 4r, 4s, 4t)
©25(5, 4r, 4s, 4t1)
©25(6, 4r, 4s, 4t)
@25(1, 1, 5,1)
@25(6, 1,5, 1)
wa5(1,4r, s, 1)
©25(5,4r,s,1)
@a5(1,4r, 25, 1)
©25(5, 4r, 25, 1)
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(l-)r+t
O
i(=1’
i(—1)!
1
1

'

— (i)
— )
-1
-1

~ e e e e e e e e
N
<

@)

O}
@)

(_1)V+l‘
(_1)r+t+l

-1
-1
-1

—1
—1
—1
(=1’
(_1)t+1

(=1
(_l)t-‘rl

99
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®as @as(1, 7,5, 1) @)= (T

@25(4, 7,5, 1) (O A G DU

Proof. Due to the transformation formula of & (Z) (Theorem 1.4). When @ is in the
divisor at infinity, ¢ includes parameters (for example “7” of ¢15(r)). In such cases we have

a problem to evaluate the Gaussian sum A(PeP~"). But we skip this problem as follows.
Since ¢15(r) = ¢15(1)", we have

lim J(Pois(r)P~', P(Z)) = lim J(Pois(HP~', P(Z))".
Z—®P5 Z—>®P5

Hence it suffices to compute J(PqJP*l, P (Z)) for the generators of C(P®, F02(4)/
I>(4N)). O

4. The dimension formula

In this section we present the explicit dimension formulas and also prove
sz,kﬂ/z(l"oz @, y) = Szj,kH/z(I’Oz (4), ¥). We can prove the following vanishing the-
orem similarly as in [T5], Theorem 6.1 by using the vanishing theorem of Kawamata-
Viehweg ([Ka], [V]).

THEOREM 4.1. If j =0andk >3 orif j > 1 and k > 4, then
H' (X,(4N), OSym! (V) @ BE* D @ [D12D)) ~ {0}
fori > 0.
By using this theorem and the theorem of Riemann-Roch-Hirzebruch we have
THEOREM 4.2. If j =0andk >3 orif j > 1 and k > 4, then
Sik+12(I@N)) = 2371 + 1)(2(2k — 3)(2j + 2k — 1)(j + 2k —2)N'°
—30(j + 2k —2)N® +45NT) x [ [ = p™ (1 = p ™),
where p is over odd prime numbers which divide N.

Proof. It suffices to replace k and N in the formula of the dimension of S; x (I2(N))
([T3]) with k 4+ 1/2 and 4N, respectively. O

To evaluate the sums which appear in the computation of Theorem 4.4 and Theorem
4.5 we use the following

LEMMA 4.3. Let ¢ = e(1/4N). Then we have
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1—4N
- if k=0 (mod4),
142N
4AN—-1 (i)kr — +2 , if k=1 (mod4),
1 =
DS i I |
r=1 —5 if k=2 (mod4),
1—-2N
- if k=3 (mod4).
—16N2 424N —5
+ , if k=0 (mod4),
12
2N2— 12N =5
4N-1 (i) — if k=1 (mod4),
2 — =
@ Z (1—-¢m)? 8N2 -5
r=1 - if k=2 (mod4),
12
2NZ 4+ 12N —
N+—5, if k=3 (mod4).
12
—16N2+ 16N — 3
—; , if k=0 (mod4),
4N3 +2N?2 —8N —3
4N-1 i)k + 3 , if k=1 (mod4),
&) Y T = | ene
— (1=¢7) 8NZ -3 ,
r e if k=2 (mod4),
—4N3 +2N? + 8N —
+1§+8 3, if k=3 (mod4).

The dimension of S x+1/2(15 02 (4)) is calculated as

S SN spmp!, pz)*! WM, ) ,
IN(P®, I'}(4)/T»(4N))|

® P M

where @ is over the 15 fixed points (sets) in §2, P is over the representatives of
T@\D2/N(@, 1), M is over CP (@) N P~ [ (4)P and Z € &. We have

THEOREM 4.4. If j = Oand k > 3 orif j > 1 and k > 4, the dimension of
Szj’k+1/2(1—‘02 (4)) is given by the following Mathematica function:
SiegelHalf[j ,k ]1:=Block[{a,ljk},
mod [x_,y ]:=Mod[x,y]l+1;

a=(2+F+1) % (4%j+2+k-1) » (j+k-1) » (2+xk-3) /2"5/372;
a=a+ (2+j+1) +If [Mod[k,2]1==0,19-22+k-22%7,25-22+k-22x31/276/3;
a=a+3* (2+«j+1) *If [Mod[k,2]==0,-1,11/2"6;
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contribution of ¢ *)
contribution of ¢i5(r) =)
contribution of @xn(l,r,t) *)
contribution of @ys5(l,r,s,1) *)

a:a+(4*j+2*k—1)*(2*k—3)/2A6;
a=a+If[Mod[k,2]1==0,17-12+k-12%7,49-20+k-20%j]1/2%6;
(» contribution of ¢y *)

(» contribution of ¢ie(r) =)

(» contribution of ¢x33(4,r,t) *)

a=a+7x (4«J+2«k-1) % (2%k-3) /276/3;

a=a+ (35-48xk-48+73)/2"5/3;

a=a-13/2"4/3;

a=a+If [Mod[k,2]==0,7,15]/2"6;

a=a+If [Mod[k,2]==0,2,3]/2"2;

(» contribution of ¢3 =)

* contribution of ¢17(r) *)

* contribution of ¢»(3,rt) *)

* contribution of ¢@u4,rt) )

x contribution of ¢u5(,r, s,t) (i =4,56) x)

1ik={1,-1};

a=a+ (j+k-1) *1jk[[mod[],2]111/2%3;
a=a-If[Modl[k,2]1==0,3,5]+1jk[[mod[j,2111/2%4;
(» contribution of ¢4 *)

(» contribution of ¢33(2,r,t) *)

a=a-If[Modlk,2]==0,3,1]%1jk[[mod[],2]11]1/2%4;
(» contribution of ¢s5 *)
(» contribution of (2,1, t) *)

1jk={1,0,-1};
a=a+2+«1jk[[mod[j,31]11*(j+k-1)/3"2;
a=a-1ljk[[mod[j,3111/2;

(» contribution of ¢ *)

(» contribution of ¢p5(2,r,s,t) and ¢5(3,7,5,1) *)
1jk=(2%j+1)«{{1,0,-1},{0,-1,1},{-1,1,0}};
a=a+1jk[[mod[j,3],mod[k,3111/2/3%2;

(» contribution of ¢io(l) and ¢i0(2) *)
1ik={{1,-2,1},{-2,1,1},{1,1,-2}};
a=a+ljk[[mod[j,3],mod[k,3111/2/3%2;

(» contribution of ¢i9(4) and ¢io(5) *)
1ik={1,-2,1};

a=a-1jk[[mod[j,3111/2/3%2;
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(* contribution of @2 *)
Return[al] ;
]
The dimension of S; x+1/2(15 02 (4), ¥) is calculated as

SN a(PMPT P (2)* g (det D)

® P M

(M, D)
IN(P®, I'}(4)/5(4N))|’

where D is the lower right 2 x 2 matrix of PM P~!. We have

THEOREM 4.5. If j =0and k >3 orif j > 1 and k > 4, then the dimension of
Szj’k+1/2([‘02 (4), V) is given by the following Mathematica function:

SiegelHalfpsil[j ,k ]1:=Block[{a,ljk},
mod[x ,y 1:=Mod[x,y]l+1;
a=(2+«J+1) % (4«J+2«k-1) » (j+k-1) » (24k-3) /2"5/3"2;
a=a+ (2xj+1) «If [Mod [k,2]==0,25-22«k-22%7,19-22«k-22%31/276/3;
a=a-3x (2«j+1) +xIf [Mod[k,2]1==0,-1,11/2"6;
(» contribution of ¢; *)
contribution of ¢i5(r) =)
contribution of @(l,r,t) *)
contribution of @us5(l,r,s,1) *)

a=a- (4xj+2xk-1) % (2xk-3) /276;
a=a-If[Modl[k,2]1==0,49-20+k-20%7,17-12+k-12x3]1/2%6;
(

(

(

* % X

(
(
(

* contribution of ¢y *)
* contribution of ¢ie(r) *)
* contribution of ¢x3(4,rt) *)

a=a-7x (4«J+2«k-1) % (2%k-3) /276/3;

a=a- (35-48+k-48%7)/2"5/3;

a=a+13/2%4/3;
a=a-If[Mod[k,2]==0,15,7]/2"6;
a=a-If[Mod[k,2]==0,3,2]/2"2;

(» contribution of ¢3 *)

* contribution of ¢17(r) =)

contribution of ¢»n(3,7r,1) *)
contribution of ¢u(4,r,t) *)
contribution of ¢5(, 7, s,1) (i =4,56) x)

* Ok *

(
(
(
(

1ik={1,-1};

a=a+ (j+k-1) *1jk[[mod[],2111/2"3;
a=a-If[Mod[k,2]1==0,5,31+1jk[[mod[j,2]11]1/2%4;
(» contribution of ¢4 =)
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(» contribution of @x3(2,r,t) *)

a=a-If[Modlk,2]==0,1,3]1%1jk[[mod[],2]11]1/2%4;
(» contribution of ¢5 =)

(x contribution of @u(2,r,t) *)

1jk={1,0,-1};
a=a+2x1jk[[mod[j,3]11]1*(j+k-1)/3"2;
a=a-1jk[[mod[j,3111/2;

(» contribution of ¢g =)

(» contribution of ¢p5(2,r,s,t) and @s53,r,s,t) *)
1jk=(2+j+1)*{{1,0,-1},{0,-1,1},{-1,1,0}};
a=a+ljk[[mod[j,3],mod[k,3111/2/3%2;

(x contribution of ¢io(1) and ¢10(2) *)
1ik={{1,-2,1},{-2,1,1},{1,1,-2}};
a=a-1ljk[[mod[j,3],mod[k,3111/2/3%2;

(x contribution of ¢19(4) and ¢10(5) =)
1jk={1,-2,1};

a=a+ljk[[mod[j,3111/2/3%2;

(* contribution of @12 *)

Return[al] ;

]

Now we prove
THEOREM 4.6.
Maj k12T (8, ) = Sajks1 2Ty @), ¥) .

Z 0
Proof. Let Z = (Ol 7 ) and f € sz,k+1/2(1“()2(4), ). We have to prove that
2
(%) lim  f|[Eljk+12(Z2) =0
ImZzaoo

for any & € pil(Fg). Let P, (i = 1,2,3,4) be the matrices which correspond to the
representatives of one-dimensional cusps as before and let us recall that

1 0 00

0-1 0 O

0010

0 0 0-1

To prove the assertion, it suffices to prove (x) for & = (P, ¢ (Z)) such that P is Py, P>, P3
or P4. Let Z be as above. From ¢, (Z) = Z, we have

P(Z) = Ppy(Z) = (PP~ HP (Z).

@2 =
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forany P. Leti = 1, 2 or 3. Then Pi(,ozPl._l = ¢2. Hence we have
F(PAZ)) = f(Pip2P7HPi(Z))
= J (@2, P(Z)* Ty (=) f(P(2))
= —f(P; (Z)).
Therefore f(P; (Z)) = 0. Nextleti = 4. Then we have

1 0 00O
0-1 0 O
0-4 1 0
4 0 0-1

Py 1’4_l =

and J(Ps¢2 P471, P4 (Z)) is identically equal to 1. Therefore similarly as above we have
F(Ps(Z)) =0, O

REMARK 4.7. Note that f(P; (Z)) (i = 1,2,3,4) is identically zero for Z =

<Z()l Zoz) So it may be natural to ask whether for any P € I, f(P (Z)) is identi-

cally zero or not. But this is not true in general. Let us recall that @; is { <Zl 0 ) } and

0 27
let Pg be as before. Then P;, P4 and Pg are the representatives of I’O2 D\I>/N(D2, I?).
1 0 0 O
-1_|10-1 0 0
Bsefs =102 1 0
2 0 0-1

does not belong to I 02(4) but belongs to I 2‘" and J (Pgpa Py 1, Pg (Z)) is identically equal
to 1. Therefore if f(Z) belongs to M2j k+1/2(Iy , ¥), it holds that f(P (Z)) = 0 for any
Z1 O

PerandZ=<0 Z

) . (¢ is extendable to a character of Iy’ (cf. Lemma 3.7).)

5. Thecase j =0

In this section we prove @2 Mit1/2(1 3 (4)) and @2 My+12(15(4), ¥) are mod-
ules of rank one over the graded ring of the modular forms of integral weights.

PROPOSITION 5.1.

[o/0] [o/0]
Zdim Sir1 2T @) t* = Z SiegelHalf [0, k] X + 2
k=0 k=0
20420 — 1T =218 — 10 4410
T 1= =121 =13
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Proof. If f(Z) € Sit12(I'¢(@4), then f(Z)O(Z)* € Siy32(I¢(4)). Since
dim S7/2(I'F(4)) is equal to SiegelHalf[0,3] = 0, we have Ssp(I§(4) =
S32(Ig(4)) == S12(IF(4)) = {0}). Butsince SiegelHalf [0,2] = —1, SiegelHalf
[0,1] =0and SiegelHalf [0, 0] = 0, we have the equality of the first line. O

Now we have

THEOREM 5.2.

o0
D dim My 2 (I (4) £
k=0

o0 o0 o0
= Zdim Skt 2(Tg @) 15 43 Zdim Skt 2Ty @) F + 4 Ztk —B+3t+1%)
k=0 k=0 k=0
205+ 219 — 17 — 2688 — 9 110 304 +19) 4
S T U-nd-220- Ta-;or Ta-pn” G341
1
T A0 -1 -0
Proof. Recall that

1 0 00O
10 1 0 r
0 0 0 1

zZ 0
and put Z = < 01 7 ) From Theorem 3.9 (15) @5, we have
2

lim  J(Pypis(r) Py, P3(Z) = (i)',

Im Zy— o0

where i = +/—1. Hence if f € Mk_H/g(FOZ (4)) and r is an odd integer, then we have
lim f(P3(Z))=_lm f(P3(gi15(r)(Z))
Zr—00 ImZ,—o0

Im

= lim f((P3pis(r)P; HPs(Z))

ImZ,— o0
= lim J(Psgis(r) Py ', Py (Z) T F(Ps(2)
ImZ,— o0
= @)D 1im  f(Ps(2)).
ImZzaoo

Therefore lim 11 7, 00 f (P3 (Z)) and lim 1 7, 500 f | [E]k+1/2(Z) are identically O where
& = (P3, ¢(Z)). Namely, the ®@-operators to the one-dimensional cusp C3 and to the zero-
dimensional cusps 03, Q¢ and Q7 are 0-maps.

Next we prove the surjectivity of the @-operators to other cusps. In general the Eisen-
stein series of Klingen type of degree g attached to a cusp form of degree r and weight k
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converges if k > g +r + 1 ([KI]). We define Eisenstein series of half integral weight in the
following. In case k is a half integer, their convergence is also proved similarly as in the
case of integral weight.

Let N(Bg, I3) and N(By,I3)beasin §2andlet P, i = 1,2,4,5) be as in §2. Let
& = (P, 9i(2)) € 62 (i =1,2,4,5). We assume that £ = (14, 1) and &4 = ((Pg) =
(Py, J(Py, Z)) since Py € I 2"‘ First we prove the case of zero-dimensional cusps. Let 1
be the function on &, which is identically 1. Let

Ei(Z) =Y 11 ihks12(2),
14

where y is over (P; N (B, Fg)Pfl N F02(4))\F02(4). Let M € N(By, ) and assume that
PMP™' e I (4). Weprove & «(M) & = «(PiMPY) (i = 1,2,4,5). Then

L ET W PMPT ) ks12(2) = (U] M) Ter172) [ 0 Tk1/2(2)
=1] [Si_lt(l/)]k+1/2(z)~

Therefore 1 | [Si_lt(y)]k+ 1/2(Z) is independent of the choice of y.
We prove our assertion. The case of i = 1 or i = 4 is trivial. Similarly as in the proof
of Theorem 1.8, we have
(PMPTYE M) EH T = PMPTY &MY ET = (1a),
where
t=JPMP M Pz g Pz Tt P () ge (P (2) !

is a constant. We prove that t = 1. Let Z = P;M(Z'). Since J(M_l, Pi_1 (Z) =1,tis
equal to

J(PMP7Y, PAZY) ¢i(Z2)) i (M(Z') "
Let

L S ,
M = , SeM2,Z), S="'S and M, =

v o UeGLQ2,7)
s [S , .
0 1

o 'u!
ros a b
Let S = s and U = c d) Elements of N(Bg, I>) have the form of M M>.
Leti = 2. Then MM P, ! belongs to F02(4) if and only if 7, s and ¢ are divisible
by 4. Since lim 1, 77— 002 (Z") $2(M1(Z')) ™! = 1 (cf. Proof of Theorem 1.8), the asser-
tion for M follows from Theorem 3.9 (25) @25, @25(1, 4r, 4s,4¢). Since P2M2P271 €
N(Bg, I), we have J(P2M2P271, P> (Z)) = 1. On the other hand we have

$2(Z") Jdet(—=Z")

o2 (Ma(Z'))  Jdet(—UZ'U)
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(It suffices to check in the case Z is diagonal and U is over the generators of GL(2,Z).)
So the assertion for M, was proved.

Leti =5. PsMi{M» Pgl belongs to I’O2 (4) if and only if » and b are divisible by 4.
Since limy 77— 00®5(Z') ¢5(M1(Z'))~' = 1, the assertion for M; is due to Theorem 3.9
(25) Pasa™ @as(1, 4r,5,1). Let

f1,0(4) = {(z Z) e GL(Q2,7Z) ‘b =0 (mod 4)} .

U = <(1) T) , Uy = (i ?) and U3z = <(1) _?) are the generators of F1’0(4)/(i12). It

suffices to prove the assertion for them. If U = U, or U = Us, the assertion is trivial since
Zi O
¢s5(Z') = ¢s(Ma(Z')) and PsMyP; ' € N(Bo, I). Let U = Uy and Z = (Ol g )
2
Then

¢s(Z) VZi

¢s(M2(Z))  VZi+16Z;°
We assume arg+/ Z; is in (0, 7/2). Since Z and U Z'U are connected by the path

Z1 + t222 tZ)
tZy Z)

) O=r=4

which is on &, arg+/Z| 4+ 16Z; is also in (0, 7/2). On the other hand

1 0 00
_ 01 00
PsMa Py = 0—-4 1 0
4 0 0 1

From the transformation formula of ®(Z) we have

_ Z1+16Z,
J(PsMyP5, Ps (Z)) = ,/T.

Its argument is in (—m /2, w/2) (cf. Remark 1.2). Hence the assrtion was proved.

If k > 3, the series of E;(Z) (i = 1,2,4,5) converges and E;(Z) € Sk+1/2(F02(4)).
Similarly as in the case of integral weight we can prove thatlimy 7o E; | [§ilk+1/2(Z) =
1 and limpmz—ooEi | [jlk+12(Z) = 0 (i # j). Hence ®-operators to the zero-
dimensional cusps Q1, Q2, Q4, Qs are surjective if k > 3.

Next we construct Eisenstein series of Klingen type and prove the case of one-dimen-
sional cusps. M € N(Bj, I») has the following form.
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a 0 b an—bm
mu u nu ru
c 0 d cn—dm
0O 0 O u
a 0 b O 1 0 0 n 1 0 0 O 1 0 0 O
101 0 0 m 1 n O 0O u 0 O 01 0 r
“lec 0 d O 0 0 1-m 0 01 0 0 01 0
0 0 0 1 0 0 0 1 0 0 0 u 0 0 0 1
where M0=<Ccl Z)e]"z,m,n,relanduzzlzl.We denote the matrices of the right

Zy Zpp
VAV /)

J(M, Z) = J(Mo, Zy).

Let& (i = 1,2,4) be as before. Let f € Sk+1/2(F01(4)). Since Sk+1/2(F01 4)) ~ {0}
(k < 3), we can assume that k > 4. Let M (Z), be the upper-left entry of M (Z). We have
M (Z), = Mo(Z1). Weput f(Z) = f(Z1). Then

P i12(Z) = F(M(Z)T (M, Z) 7 = f(M(Z))] (Mo, Zy) 2!
= F(Mo(Z1))J (Mo, Z) 27! = f(z)) = f(2).
Leti = 1 or 4 and define
Eif(Z) =Y F 1P Y lkr12(2)
Y

hand side by M1, M>, M3, My, respectively. Let Z = ( ) It is easily seen that

where y is over (P;N(B1, I2) P TG @NTE@). f | [t(P7 ) lkt1/2(Z) is independent
of the choice of y from the above observation.
We return to the general case of degree g. Let

rsf4y = { <2 g) ery,

Then aljo~" N Iy contains I'9°(4). Let ©°(Z) = 6(Z/2). If M belongs to I'7°(4),
then

B=0 (m0d4)} .

J'M, z) ="M (2)/0°2Z)
is holomorphic on &4. By using JO(M, Z) we define the space Sk+1/2(F9’0(4)) simi-
4-1,
0
and *(M) = (M,J°(M. Z)). By definition we have Q;'I'9"°4)Q, = Iy (4) and
J(Q;'MQy. 0,'(2)) = JO(M, Z). Hence it follows 2, ' *(M)r, = 1(Q;'MQy).
If f € Sky1/2(I§ (4)), then

0 ~
larly as before. Let Q4 = ( ) ) and Ay = (Qg,1) € G4. Let M € 994
g
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1D Tes1y2) T IO DNes12(2) = (F | g 'O MDAgTera) | g Ty /2(2)
= f 112 kg1/2(2) .
Therefore f +— f | [A;l]kﬂ/z is an isomorohism of Sk+1/2(rog @) to Sk+1/2(1’9’0(4)).

Let f € Serip(Ty @) and O = [ | ' Terrz € Sipnp(504)). We put
9%2) = f%(Z1) for Z € Gp. We have I *0(4) P! = I (4). Let

Exp(Z) =Y fO1 18 () lkr12(2)
14

where y is over (PN (B, Fg)PZ_l N F()2(4))\F02(4). M € N(Bj, I3) is decomposed to a
product M1 M M3 My as before. We assume M belongs to 1’2’0(4). Namely, b, n and r are
divisible by 4. We prove & *(M) &, ' = «(PaMP;"). Then O | [& ' c(¥)lk+12(2) is
independent of the choice of y since fY | [LO(M)]k+1/2(Z) = f92).
Let Z = PM(Z'). Then

W(PaM Py Y E M) E )T =u(PM Py Y & OMTY & = (14,1,

where
t=J(PMPy", Po(Z") ¢2(2)) JOM, Z) 7 aM(Z')) !
Z1 O N

. Then the case of M3 is trivial.

0 Z

Since J°(M4, Z') = 1 and limImZz_)oo¢2(z/)¢2(M4(Z/))_l = 1, the assertion for My
is due to Theorem 3.9 (15) @15,. The case of M> is easily proved if m = 1 and n = 0.
Letm = 0 and n = 4. Then JO(MZ, Z') = 1. When W moves on the segment from

is a constant. We prove thatt = 1. Let Z' = <

0 2z 4 7>
Z1Zy — 16. Hence the argument of
0(Z)
02(M2(Z")) Z1Z,— 16
isin (—m /2, w/2). On the other hand

, Z1 O , Z1 4
VAR to Mx{(Z") = , det W moves on the segment from Z;Z; to

1000

. 01 00
PP =g g
4 0 0 1

From the transformation formula of ®(Z) we have

_ Z1Z>, — 16
J (P2 M, P, AV N 27,
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Its argument is in (—m /2, w/2). Hence the assrtion was proved. Now we prove the case

1 4) and G (1)> , it suffices to prove the

of M. Since F1’0(4)/(:t12) is generated by <0 |

assertion for them. Let <i b) = (1 4). Then JO(My, Z)) =1,

d 0 1
1 000
VA JZ1Z
2 ( )/ _ 1242 and P2M1P2’1= 01 00
h(M(Z)) JZ+DZ, -4 010
00 01

From the transformation formula of ®(Z) we have

_ Z1+4
u&m&%&w»alzl.

Hence the assrtion is similarly proved as before. Let <i Z) = <} ?) Then since

PM Py e N(Bo, I»), J(PM Py Y, Py(Z))) = 1.

$(Z") _ NVAYZ)
(M(Z')) JZiZ2/(Z)+ 1)

0 n_ 01 O . 1 0\ Z
() 7)o 94)

This is calculated by the transformation formula and equal to /Z; + 1. Hence the assrtion
is similarly proved as before.

Since k > 4, the series of E; s(Z) (i = 1,2,4) converges and E; (Z) €
Sk+1 /2(F()2 (4)). Similarly as in the case of integral weight we can prove that
limimz, >0 Ei f | [Silk+1/2(Z2) = f(Z1) (. = 1,4), limim 2,00 E2, 7 | [62]k41/2(2) =
fO(Zz) and limm 7, o Ei £ | [§j)k+1/2(Z) = 0 (i # j). Hence @-operators to the one-
dimensional cusps C1, C2 and C4 are surjective. Now the theorem was proved for k > 3.

We show that dim M 2 (I} (4)) = 1, dim M3,2(I'¢(4)) = 1 and dim Ms 2 (I (4)) =
3. Then the first equality of the theorem is proved. Since @(Z) € My, ([ 02(4)),
dim M, /2(F02(4)) > 1. We have the product map:

and

Mip(Tg#) x Ma1p(Tg@), ¥) — M1 (I'§(4)).

Since dim M>; /2(1"02 @), y) =dimM 11(F02 (4)) = 1 (cf. Proposition 5.3, and Proposition
5.4), dim M 2(I'§(4)) = 1. Similarly we have ©(Z)* € M3,2(I'§(4)) and the product
map:

M (Tg(4) x Ma1jp(Tg @), ¥) — Min(Tg), ¥).
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Since dim Mlg(F()2(4), ¥) = 1, we have dim M3/2(F02(4)) = 1. Similarly we have the
product maps:

Ms2 (I (4) x Ma1p(Ig(4), ¥) — Mis(Ig(4)),
My (Ig(4) x Ma(ITg(4)) — Mspa(I5(4)).
Since dim M13(I'}(4)) = 3, we have dim Ms,>(I'}(4)) < 3 and since dim My (I'(7(4)) =
3, we have dim M5 > (17 02 (4)) = 3. Thus we have completed the proof of Theorem 5.2. O
PROPOSITION 5.3.
[o/0] [o/0]
> dim My oI5 (4). ¥) t* =) " siegelHalfpsi[0,k] X+ (B +1+17)

k=0 k=0
th

T -221-0)"

Proof. From Theorem 4.6, we have dim My 1,2(I'5 (4), ¥) = dim Sg1/2(Ig (4), ¥).

Since we have dimS;2(I¢(4), ) = SiegelHalfpsil0,3] = 0, it follows
that Ss)2(I'f(4), ¥) = S3pp(Ig@),¥) = S12(Ig4), ¥) ~ {0}. But since we have
SiegelHalfpsi[0,2] = —1, SiegelHalfpsi[0,1] = —1 and SiegelHal
fpsi [0, 0] = —3, we have the equality of the first line. O

Let M(Ig@4), MIg@),¥) and ATG&,¥) be @pZoMir12(T5 @),
D2 oMit12(T24), ) and @2 My (FF(4), ¥¥), respectively. Then A(I§4), ¥) is
a graded ring and since it holds J (M, 7)? = det(CZ + D)y (det D), M(F()2(4)) and
M(F02(4), Yr) are A(FO2(4), ¥)-modules. From the result of J.-I. Igusa ([Igl]), we have
the following proposition. (We can also prove them by dimension formula.)

PROPOSITION 5.4.

R e N A
(1 =123 —1%°

o0
> dim My (I @) i* =
k=0
N A A

D dim My (T34, ¥) 1" = T3 ey

k=0
L+i+03 4+ 1
(1—23(1 =19 A-0(1—)21—13)"

> dim My (g (4), y*) 1* =
k=0

From this, Theorem 5.2 and Proposition 5.3, we have

COROLLARY 5.5. M(I'}(4)) and M(I'{(4), V) are free A(I§(4), ¥)-modules of
rank one.
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A generator of M(Foz(4)) as A(F02(4), Y¥)-module is given by ©(Z). Let f21/2(Z)
be a generator of M (F02(4), Y¥). Then f21,2(Z)©(Z) is an automorphic form with re-
spect to J (M, Z)*y(det D) = det(CZ + D)''. Hence this belongs to My;(I7(4)). Let
f11(Z) be the base of one-dimensional space MU(FOZ(4)). Then f11(Z)/®(Z) is holo-
morphic and we may take f21,2(Z) = f11(Z)/©(Z). Since A(I’O2(4), 1Y) is contained in
B oMi (I (4)) and P2 My (I2(4)) is contained in the ring of theta constants ([Ig1]),
every elements of M (1"02 (4)) and M (1"02 (4), V) are representable by theta constants.

REMARK 5.6. T.Ibukiyamarepresented the generators of A(I’O2 4), ¥) and f21,2(Z)
explicitly by theta constants ([Ib]). Especially A(FO2 (4), ) is generated by algebraically
independent modular forms fi, X, g, and f3 whose weights are 1, 2, 2 and 3, respectively.
f21/2(Z) is divisible by nine theta constants and not divisible by one theta constant. Let

Z; 0 ) . .
, if and only if one
0 Z
of ten theta constants vanishes at Z (J.-1. Igusa, [H]). Hence f21,2(Z) does not belong to
$212(Iy, ¥) (cf. Remark 4.7).

Z € ©,. Then there exists M € I such that M (Z) = (

Appendix. The generating functions

We list here the generating functions of SiegelHalf [j, k] and SiegelHalf-
psilj, kl].

TABLE A.l. ka:() SiegelHalf [J,k]s/t* is a rational function of s and ¢
whose denominator is

1 =520 =21 =01 =% = 13).

The coefficients of s/ O <j <9 0 <k < 7) in the numerator are given by the
following matrix.

0O -3 -6 -6 -3 4 3 -3 —4
0 1 1 1 3 3 1 1
1 7 17 20 & —12 -8 8 10
1 2 7 7 -2 -9 -4 2
3
3
3

—_

—_

-2 —-12 =20 -9 8§ 4 -8 =8
-5 =21 -23 -5 12 6 -7 -9
-1 -1 2 2 1 3 4 2

4 14 13 o -8 -2 7 7

N O =N = OO

TABLE A.2. Zf,{zosiegelHal fpsi[j,k]s/tk is a rational function of s and
t whose denominator is

1 =520 =21 =01 — )% = 13).
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The coefficients of s/ O <j <9 0 <k <7 in the numerator are given by the
following matrix.

[AMRT]
[AS]
(B]
[BLS]
[G]
[H]
(Ib]
[lgl]
(1g2]
[1g3]
[Ka]
(K1]

[Me]
[Mu]

[N]

[Sta]
[Sto]

[Smi]

[Smu]
[Sn]

[Si]

-3 6 6 —6 21 -11 3 6 2
-4 =5 1 12 10 1 -3 =2

—12 11 17 47 23 -6 —-12 —4

10 4 -5 -6 -3 1
13 15 —12 —-41 =25 -1

15 9 21 —-46 -24 6

-6 —-12 -3 13 4 6 -2 -3

-9 =8 8 26 17 0

[e]

(=N S e NeNel el
(e
(o))
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