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MODULAR FORMS AND PROJECTIVE INVARIANTS.!

By Jun-1cHI lcUsA.

To Weil on his 60th birthday.

We shall denote by &, the Siegel upper-half plane of degree g and by
A(Ty(l)) the graded ring of modular forms on &, belonging to the principal
congruence group I'y(!) of level I. Although modular forms are transcen-
dental functions on &, the ring 4 (T,(1)) is “algebraic” in the sense that
it is of finite type over €. This is a consequence of the theory of compacti-
fications (cf. 1,4). Furthermore, we can make an approximation of 4 (T'y(1))
by a ring of carefully chosen theta-constants in such a way that 4 (T,(1))
will become the integral closure of the ring of theta-constants within its field
of fractions. This is our fundamental lemma in [8]. Using this fact, we
shall show that there exists a ring homomorphism

p: A(Ty(1)) =8,

in which 8 s the graded ring of projective invariants of a binary form of
degree 2g + 2, such that p increases the weight or the degree by a %g ratio.
Actually, we have a ring homomorphism p from the subring of A4 (T,(1))
consisting of polynomials in the theta-constants (whose characteristics m
satisfy m=0mod 1) to the ring S, and we can extend p to 4(T,(1)) pro-
vided that: if A(T'y(1)) contains an element of an odd weight, there exists
at least one monomial y in the theta-constants defining an element of 4 (T'y(2))
of an odd weight such that ¢(7) 540 at some point = of &, associated with
a hyperelliptic curve. It is defined for every odd g and at least for g =2,4.
There are homomorphisms from A (Ty(1)) to other graded rings which are
of considerable interest. We shall, however, confine ourselves to the homo-
morphism p, which has some immediate applications to the investigation of
A(Tg(1)). The homomorphism p is bijective for g =1, injective for g =2,
and the kernel is a principal ideal generated by a cusp form of weight 18
for ¢g=3. In this way, we can obtain the structure theorem of A (T,(1))
for g=1,2. In the case when g=2, we shall calculate the square of the
cusp form of weight 35 as a polynomial in the four basic modular forms of
even weights. In the case when g =38, we shall show that there are no cusp

* This work was partially supported by the National Science Foundation.
Received May 20, 1966.
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818 JUN-ICHI IGUSA.

forms of weights less than twelve. This enables us to answer, without using
“ungeheure Rechnung,” a problem of Witt [21] concerning the numbers of
representations of matrices of degree three by the well-known two classes of
even quadratic forms of discriminant one in dimension 16. As a consequence,
the difference of their analytic class invariants for ¢ =4 will give a remark-
able cusp form of weight 8, and it will play a significant role in the theory
of modular varieties of genus four.

1. The group of characteristics. Let [ denote an even positive integer
and P an abelian group of type (1, - -,I). We assume that § is put into
duality with itself by a multiplicative, non-degenerate, alternating bilinear
form

s’BX‘B 3 (uJU) '—)el(u:'v) € py,

in which p,; is the cyclic group of I-th roots of unity (in some field of charac-
teristic not dividing I). We recall that a multiplicative bilinear form is
called alternating if it takes the value 1 along the diagonal. If we denote
by R the kernel of the duplication u— 2u of B and if we put b(3lu, 3lv)
=e¢;(u, $lv), we get a multiplicative, non-degenerate, alternating bilinear
form (r,s) > b(r,s) defined on ., and b(r,s) is symmetric and p,-valued.
Therefore, the rank of 9 is even, say 2¢g. Also b(r,s) considered as a 2-cocycle
of B is the coboundary of a p,-valued 1-cochain c(r) of B, i.e.,

c(r)c(s)y =0b(r,8)c(r+s), c(r)==1

for 7, s in 8. We may say that b(r,s) is the multiplicative bilinear form
(or bi-character) associated with the multiplicative quadratic form (or charac-
ter of the second degree) c(r). We shall denote by T' the set of all such
1-cochains. Actually, we consider 7' as the set of indices for the 22¢ cochains
and denote them as c«(r), cg(r), - -. If we define « ¢ for @ in T and ¢
in P by

Cast (1) =b(t,7)ca(r),

the union X of ,P and T becomes a vector space over Z/2Z of dimension
Rg +1. We embed ,X into an abelian group X containing P as a subgroup
of index 2 such that ,X becomes the kernel of the duplication of %. This is
possible in one and only one way. We call X the group of characteristics of
degree g and of level I. Also, elements of § are called period-characteristics
and elements of X — 9 are called theta-characteristics.

Now, we shall introduce a p,-valued function defined on T. We first
observe that, for r, ¢ in , and « in T, we have
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MODULAR FORMS AND PROJECTIVE INVARIANTS. 819

(X ca(r))? =2%ca(0) =%,
Sca(r) =2% (r=0),0 (otherwise).

Using the first identity, we put
2 ca(r) = R7%6(),

and we say that « is even or odd according as e(«) = 1. One sees imme-
diately that the number of even characteristics is 29-*(2¢ 4 1) and the number
of odd characteristics is 29-1(29—1). We can express ce(r) in terms of e(a).
In fact, we have

e(a)e(B) = (%)2”r’2t6a(7'+t)0ﬁ(t)
=B Zb(tatp—r)ca(r)
=0a(a+ﬁ).

After these remarks, we shall consider the orthogonal group of ¥ with respect
to the bilinear form e;(u,v) and denote it simply by O(X). An element M
of O(%) is, therefore, an automorphism of ® with the property e;(M - u, M - v)
= ¢;(u,v) for all u, v in .

THEOREM 1. Ewery M in O(X) can be extended uniquely to an auto-
morphism of X such that e(M-a) =e(a) for all @ in T. In this way X
becomes an O (X)-module.

Proof. We fix an element § of 7. We shall first prove the extendability.
For a given M, consider the function Xx: ,§— u, defined by

x(r) =cs(M*-r)es(r).

Then x is a character of , in the sense x(r +s) =x(r)x(s). Hence there
exists a uniquely determined element r(M) of P satisfying x(r) = b(r(M), r)
for every r in ,B. Put

M-0+u)=84+r(M)+M-u

for all w in B. Then, the so-extended M gives an automorphism of the group
X keeping T stable. Moreover, we have

(M- (847))e(3+7) = ca(r(M))

for all 7 in ,B. Now, if we have cs(r(M)) = —1, we will get e(M - @) — — e(«)
for all @ in T. This contradicts 3 e(a) —29. Therefore, we have ¢(M - a)
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820 JUN-ICHI IGUSA.

—e¢(a) for all « in 7. We shall next prove the uniqueness of the extension.
Suppose that M* is an extension of M and put M* -8 =238+ r*(M). Then the
condition that e(M*-«) = e(a) for all « in T implies

b(r,r*(M))es(M*-r)es(r) =1

for all 7 in .8, and hence 7* (M) =r(M). Finally, because of the uniqueness,
the process of extension is a homomorphism of O(X) to the group of auto-
morphisms of X. Therefore X becomes an O(X)-module. This completes
the proof.

Once we have this theorem, we can interpret the classical theory of
characteristics [cf. 11] as a theory of the O(X)-module X. Since there is no
difficulty in doing this, we shall mention only the following theorem of
Frobenius, which can be reduced to the Witt theorem for the metric vector
space ;B over Z/2Z:

CoROLLARY. Suppose that we have two sequences of the same number
of elements in T, say oy, sy - - and By, B, * . Then, there exist an element
M of O (X) with the property M- ay = By, M- ay=s," - - if and only if, under
the mapping a;—> Bi, linearly independent subsequences correspond to each
other and the functions

e(a), e(% B,y) =e(x)e(B)e(y)e(a+B+7v)

take same values at corresponding elements and triples.

We can also decompose X into domains of transitivity with respect to
0(%X). We recall a terminology introduced by Frobenius. We say that three
elements a, 8, y of T' are syzygous or azygous according as e(a, 8,y) = = 1.
A sequence is called azygous, say, if all triples in the sequence are azygous.
There exists an azygous sequence of 2¢g 4 1 linearly independent elements
in T, and they form a base, called an azygous base, of ,X. The equivalence
of azygous bases can be determined by the above corollary.

Now, let ¢ denote a generator of the cyclic group m. A sequence of 2g
elements u,/,- - -, u,/, w,”,- - -,u,” of P is called a canonical base of P with
respect to ¢ if we have

ea(u/,u’) =¢ a(uw”,w') =1

and e;(other pair) =1 for 1=1,2,- - -,g. If we map u,/,u,,- - - to the
elements (1/1)%(1,0,0,- - -), (1/1)¢(0,1,0,- - -),- - - of Q2, we get an iso-
morphism P==,(Q/Z)%. If m,nmod1l are the elements of (Q/Z)?? which
correspond to %, v in B, we have
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MODULAR FORMS AND PROJECTIVE INVARIANTS. 821

er(u, v) = {PCmn=tn0,

We also observe that, if M is an element of O(X), it transforms a canonical
base to a canonical base. Therefore, if we introduce g X ¢ matrices @, b, ¢, d
with coefficients in Z as

M- aw’ -+ bu”
(M' u") - (cu’ + du")’
in which «" and «” are column vectors determined by the canonical base, the
Rg X g matrix composed of a, b, ¢, dmod! is an element of Sp(g,Z/IZ).
We shall denote this matrix also by M. In this way, we get a well-defined
correspondence O(X) — Sp(g,Z/1Z), and it is an isomorphism of the two

groups. We note that, if mmod1 corresponds to w, then *Mmmod1 corres-
ponds to M - .

On the other hand, if we fix an element & of 7, we get a bijection
X—PB—>:1(Q/Z)*% by §4+u—>u—>mmodl. We shall call mmodl the
coordinate vector of § 4+ u with respect to § (and with respect to the canonical
base of R).

Lemma 1. A canonical base of R determines a unique even characteristic
3 such that, if mmod 1 is the coordinate vector of an element a of T with
respect to 8, we have

o(a) = (—1)4m'n’
for every a.

Proof. Let 8 denote an even characteristic and a =8 4 r an arbitrary
element of T. Since e(a) =e(a)e(8) =cs(r) and since r—> (—1)4m'm”
defines an element of T, there exists a uniquely determined element n mod 1
of ,(Q/Z)* such that we have

(a) = (— 1) Cnmtrintnr-tn),
Furthermore, since we have
Se(e) =3 (—1)smn” —2,
s m
using again the fact that r— (—1)#m"” defines an element of T, i.e.,
4('m'm” + tm'n” —tm ) =4 (t(m 4 n)’ (m + n)” 4 tn’n’") mod 2,

we get 2'n'n”"=0mod 1. Since the correspondence —nmod1 is a bijection
from the set of even characteristics to the set of nmod 1 in 2(Q/Z)* with this

18
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822 JUN-ICHI IGUSA.

property, there exists one and only one even characteristic § which is mapped
to 0mod1. This completes the proof.

We note that, if we multiply 4/ to the elements of a canonical base of %,
we get a canonical base of ;8. The element § in Lemma 1 depends only on
this canonical base of ,B. Another remark is that, if M is an element of
O(%) and if mmod1 is the coordinate vector of an element 8§ +u of X —P
with respect to 8, the coordinate vector of M-*- (8 + «) with respect to the
same 8 is given by the following familiar expression

— 14
(__Z :>m+%(gzt§§z>mod1.

After these preliminaries, we shall proceed to show that every principally
polarized abelian variety possesses a group of characteristics of level I, which
is intrinsically associated with the polarization, provided the characteristic
of the universal domain, say K, does not divide I. Let J denote a principally
polarized abelian variety of dimension g =1 with X as its polar divisor (in
the sense that it is positive and 1(X) =1, i.e., its g-fold intersection-number
equal to g!). We shall assume that X is symmetric in the sense that it is
invariant under —1dy, in which id, denotes the identity automorphism of J.
As before, we shall denote by I an even positive integer with the above assump-
tion. Then J is an abelian group of type (1,- - -,1) and of rank 2g.
We introduce * functions ¢, on J indexed by the points u of ,J as

($u) =1+ (Xy—X).
Then we introduce the same number of functions y, on J as
(Yu) = (F-2dy) 7 (Xy—X).

We observe that ¢, can be replaced by ay¢, with a, in K*, the multiplicative
group of K. At any rate, once ¢, is chosen, we can normalize the constant
factor in ¢y, so that we have yy,(z)! = ¢,(l2), in which 2 is a generic point
of J over a common field of definition of J, ¢, and ¢,. The definition implies
that we have

Purv(2) = (%, v) - ¢u(2) po(2—u)

with ¢(u,v) in K* for all w, v in /. Moreover (u,v) = c(u,v) is a 2-cocycle
of ;J with coefficients in K*. Also, we have

Yo(2 +u) = e(u,v) "¢y (2)
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MODULAR FORMS AND PROJECTIVE INVARIANTS. 823

with e;(u, v) in p; for all u, v in iJ. Furthermore (u,v) — ¢;(u,v) is a multi-
plicative, non-degenerate bilinear form, depending only on the polarization,
such that

ei(u,v) = c(u,v)/c(v,u).

All these are in Weil [17]. We call ¢;(u, v) the canonical bilinear form on .J.
It is clear, by what we have said, that we can take ;J with its canonical bilinear
form as B and construct a group of characteristics X of degree g and of level 1.
We shall show that elements of X —% also admit a geometric interpretation.

For a moment, we shall assume that /=2. Then, the divisor (y,) is
symmetric for every r in ,J/, and hence we have

Yr(—2) = cx(r) - yr(2)

with cx(r) = = 1 depending only on X and ». If +" is a point of ,J such that
Rr" =r and if s is a point of ./, using the identity defining c(r,s), we get

Yris (2) = const. ¢, (2)¥s (2 —17).
We replace z by — 2z 47 in this identity, and we get

b(r,8)ex(r 4 8) =cx(r)ex(s).

We shall also examine the dependence of cx(r) on X. We note that sym-
metric polar divisors on J are of the form X; with ¢ in ,J. We shall show
that we have

cx, (r) =0b(¢,r)ex(r).

If " is a point of 4/ such that 2¢' =, the divisor of the function z—> y,(z — ¢}
is given by (2-id;)*(X,,;—X;). Moreover we have

Yr(—2—t) =cx(r) Yo (2 + 1)
=cx()b(t,7) yr(z—7),
whence the assertion.

Going back to the case when [ is an even positive integer, we see that
we can identify 7' with the set of all symmetric polar divisors. Furthermore,
the group structure in ,% is given by X ¢ = X,. Therefore, we can identify
X —P with the set of all X, with « in L.

Now, we say that a level I structure is given in J if a canonical base of
¢/ is chosen. Then, we can summarize our results in the following way:

TaEOREM 2. Let | denote an even positive integer not divisible by the
characteristic. Then a principally polarized abelian variety J possesses an
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824 JUN-ICHI IGUSA.

ntrinsically defined group of characteristics X such that =/ with its
canonical bilinear form and T the set of 2% symmetric polar divisors. In
particular, the concept of even and odd symmetric polar divisors is intrinsic
and each level 2 structure in J determines a unique even symmetric polar
divisor.

The unique symmetric polar divisor in this theorem is the even charac-
teristic denoted by & in Lemma 1. We call this polar divisor simply the
theta-divisor associated with the level 2 structure. We note that the number
of even divisors is 29-(2¢ - 1) and the number of odd divisors is 29-1(29—1).
We note also that, if J — J” is a specialization of principally polarized abelian
varieties with level [ structures, the theta-divisor of J specializes uniquely
to the theta-divisor of J” over this specialization.

Finally, if a level I structure is given in J and if m,nmod1 are the
coordinates of u, v in J, we get a mutiplicative bilinear form ¢’(u, ) on J as

¢ (u,v) ={PCm,
Since we have

¢ (u, v)/¢ (v,u) = ei(u,v) =c(u,v)/c(v,u),

the 2-cocycles ¢(u,v) and ¢/(u,v) are in the same cohomology class [cf. 17,
pp. 157-8]. Therefore, by replacing ¢, by au¢, with a, in K*, we can assume
that we have c(u,v) =c¢’(u,v). When we make this normalization, we have
¢(u,v)!=1for all w, v in ;J. In the following, especially in proving Theorem
3, we shall use only this property of the normalization (in the case when [ = 2).

Now, we consider a vector bundle L over J for the divisor class con-
taining (I-1d,)™*(®), in which ® is the theta-divisor for some level  structure
in J. Also, we fix a section 6 of L such that the divisor of zeros of 6, which
we shall denote by (8),, is (I-4d;)"*(®). Then, for every u in J, we (cliine
a section 6, of L by 6, =y, 6. It is clear that we have (6,)o= (I-1id;)2(®,).
The 1°0 sections thus introduced form a base over K of the vector space of
sections of L over J. Moreover, the 1*¢ elements 6,(0) of the stalk L, are
the algebraic analogue of the classical theta-constants, and hence we call them
algebraic theta-constants of degree g and of level I evaluated at J. We refer
to Mumford [13] for a general theory of theta-constants.

2. Hyperelliptic case. First we consider, in general, a non-singular
curve U of genus ¢ =1 and we denote by (J,¢) its jacobian variety. Also,
we shall denote by W the image in J of the (¢— 1)-fold product of C and by
f a canonical divisor of C. Then J is a principally polarized abelian variety
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MODULAR FORMS AND PROJECTIVE INVARIANTS. 825

with W, as a polar divisor for every z on J. Moreover, the divisor ¢=*(W,)
is defined if and only if

2+ () =26 (P)

has a unique solution, and we have

¢_1(Wz) = élpi-

This is a weak form of “Theorem 207 in [17]. Also, the divisor X = W,
is symmetric if and only of the point ¢ has the property

2c+¢(f) =0.

On the other hand, suppose that u, v are points of ;J. Then, we can calculate
el(u,v) as follows. We take two divisors a, b of degree zero on C with
disjoint supports and with the property ¢ (a) = u, ¢(b) =v. Let f, h denote
functions on C defined by (f) =1-a, (k) =1-b. Then we have

h(a)/f(b) = e(u,v).

We say that C is hyperelliptic if there exist two points P,, P, on C with
the property I(P; 4 P;) =2. We shall show that, if P,", P,/ are another
points of ¢' with the same property, then

a=(9—2) (P4 P.) + (P/ + P)

is a canonical divisor. At any rate, it has the same degree as f. Moreover,

we have I[(f—a) =1I(a) —(¢9—1) =1, and hence a and ¥ are linearly
equivalent. In particular, we have

(9—2) (P14 Py) + (P4 Py) ~ (9—1) (P, + Py),

and hence P,’+4 P, ~P,+ P,. Therefore, the complete linear system
| P, + P, | consists of all P, + P,” with the property (P, 4 P,)) =2. We
shall denote this complete linear system by g.. We note that g, converts C
into a two-sheeted covering of the projective line D—=K U 0. Moreover, the
(numerical) function @: C— D is unique up to an automorphism of D.
From now on, we shall assume that the characteristic of K is different from
. Then, the different of the covering consists of 2¢g 4 2 distinct points
Qo Q1,0 * *, Q2001, say, and we have

(dz) =2g::oi — ().

1
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826 JUN-ICHI IGUSA.

Since (dz) is a canonical divisor, by what we have said, it is linearly equiv-
alent to (¢§—1) (2)x. Consequently, there exists a function y on C with
the property

) =20~ (g+1) @)

The function y is unique up to a constant factor and, if we assume that
a;=z(Q;) 550, oo for +=0,1,- - -,Rg 41, we can normalize the constant
factor so that we have

2g+1

y2=i1:10(w—ai)-

We note that the function-field of C over K is K(z,y). For the sake of
simplicity, we shall normalize ¢ by ¢(Q,) =0. Then we get ¢(¥) =0.

LemMmaA R. Put si=¢(Q:) for i=1,2,- - -,2g+1. Then these 2g + 1
points of .J have the following properties

2g+1

glsi=0, b(s,8) =—1 (15%47).

Proof. Since the first part is clear, we shall prove only the second part.
If 1y, 4z, 15, 1, arve distinct indices among 0,1, - +,2g 4 1, we have

b($(Qi) — & (Qi), ¢ (@) — o (Qu))
= ((z—a;)/ (¢ —0:))(Qu — @)/ (¢ — a:,) /(2 — 0:.) )(Q1, — Qu),

and this is 1. Therefore, taking ¢, =0, we get b(s;, 8;) = b(s;, sy) whenever
1, §, k& are distinct indices among 1,- - -,2g 1. We shall show that any
2¢ points among s, 8, * *, Sz form a base of ,J. Otherwise, by changing
indices, we will get s, 4 - -4 s,=0 for some p satisfying 1=p=2g.
Consequently, there exists a function f on C with the property

f2=£! (z—ai/z—a,).

Since ao, a1, * -,ap are distinct, clearly f itself is not contained in K(z).
Since we have [K(w,y): K(z)] =2, we get K(,f) =K(x,y). Therefore,
the different of K(z,f)/K(x) has to be of degree 2¢ +2, and hence
Rg+R=p or p+1 according as p is even or odd. But this contradicts
p=2g. Now, suppose that we have b(s;,s;) =1 for some i5%4; satisfying
1=4, j=®%9+1. By changing indices, we can assume that j—2g - 1.
Then, by what we have shown in the beginning, we get b(si, S2p.,) =1 for

This content downloaded from 129.15.14.45 on Sun, 09 Sep 2018 16:35:25 UTC
All use subject to https://about.jstor.org/terms



MODULAR FORMS AND PROJECTIVE INVARIANTS. 827

i=1,2,- - -,29. Since 8;,8z," * *,8,, form a base of ,J, this implies
8291 =0, but this is a contradiction. The lemma is thus proved.

We note that, although we have shown in the course of the above proof
that 2g of the points $;,8s,° * -, 8y are linearly independent over Z/2Z,
this fact is a consequence of Lemma 2. Actually, the lemma shows that the
symmetric polar divisors W, for ¢=1,2,- - -,2¢g + 1 form an azygous base
of the group of characteristics of level 2 intrinsically attached to J. In
particular, all symmetric polar divisors of J can be written as W, with

s=su+ 8+ "+ Su

in which 1 =14, <14, <" - <4 =2¢-+ 1 and either we take ¥=1,3, - - -,
2g + 1 or we can equally take k=0,1,- - -,g. We shall use the second way
of expressing all symmetric polar divisors.

Lemma 8. The polar divisor W does not contain points of .J of the
form sy - s, with 1=4 <"+ <, =2g-+1, but it contains all
other points of oJ.

Proof. A point of the form s, +- - -+ s;, is contained in W if and
only if there exist g—1 points Py,- - -, Py, on C satisfying

$(Qu+- "+ 0Qu) =¢(Prt -+ Poa).

The second part of the lemma follows from this fact. As for the first part,
we have only to disprove the existence of Py, - -, Py, for k=g¢g. In other
words, we have only to prove

HQu+t+- - 4 Qi — Qo) =0

or 1(Qu+- -+ Q) =1for 1=1, < <t =2+ 1. Suppose that f
is a function on C with the property (f) + @i+ - -+ @4, > 0. By changing
indices, we may assume that ¢, =1,- * -,7,=g¢. We can write f in the form

f=(4(z) + B(2)y)/D (=),

in which 4 (), B(z), D(z) are in K[«] without any common factor. Suppose
that P is one of the Qo, @1, * *, Q2p.a. If we denote the multiplicities of
r—ux(P) in A(z), B(z), D(z) by a, b, d, we get

ordp(f) =min(Ra,2b +1) — 2d.

Since we have min (a, b, d) = 0, the only case when we have d =1 is the case
when P=¢,,- - -,0, It is possible, in this case, that we have d=1.
Then necessarily we get a=1, b=0. On the other hand, suppose that P is
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different from Qo, @y, - -, Q2.1 Then f is finite at P and at its conjugate.
In other words, both f and its conjugate are finite at P. Consequently
A(z)/D(z) and B(z)y/D(z) are finite at P. In the case when z(P) 550,
we also have y(P) 5%, and y(P) %0 by assumption. Therefore, we get
D(z(P))£0. We have thus shown that D(z) divides both 4(z) and
(t—ay) - - - (z—ay). Put A(z) =C(z)D(z) and consider the case when
#(P) =o. The condition that C(z) and B(z)y/D(z) are finite at P means
that C(z) = const. and deg. B(z) + g+ 1—deg. D(z) =0. On the other
hand, we have shown that deg.D(z) =g, and hence B(z) =0. Therefore,
we get f= const., and this completes the proof.

We shall, now, incorporate the observations made in the previous section.
In general, if X and ¥ are symmetric polar divisors not containing 0, we can
replace z in Yx.y (—2) = cx (X 4+ Y') - yx,v(2) by 0, and we have yx,¥(0) 540,
. Therefore, we get cx(X 4 YY) =1, and hence ¢(X) =¢(Y). Conse-
quently, if we put

(k) =e(W+s,+- - - +si)

for 1= < - -<4=2+1, Lemma 3 shows that ¢(g) does not depend
on the sequence. Suppose that 1 <k =g and assume that e(k) does not
depend on the sequence. Put

X=W+8¢1+‘ : '+3ik-z

and let 4, denote one of the 1,2,- - -,2¢g 41 different from i, - -, .
Then, we have

— 1 =0(84,80,) = e(X)e(X +s55,,) e (X +35,) € ()
=b (s’iku’ sik-l) =¢ (X) e (X + sik-1) e (X + 'g‘l)m) B(k),

and hence (X + s;,) = e(X + s8;,,,). Using this formula, we see immediately
that e(k—1) does not depend on the sequence. Therefore e(k) is well
defined for 1=%k=g and also (trivially) for ¥=0. The exact value of
e(k) will be given by the following lemma:

LEMMA 4. We have

]t k=g ,g+1
e(k)-—{__1 for b=g+29438 mod 4.

Proof. We have observed already that —1 =e(k—2R)e(k) for 1 <k =g.
The lemma will, therefore, be proved if we show that e(g9) =1, e(9—1)
=—1. For this purpose, we take the sum of e¢(X) for the 22 symmetric
polar divisors X. Then we get
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=T+

(=3

=e(g) ((

+e(9g— )+ ).

We observe that the coefficients of e(g) and e(g—1) in the above identity
are positive integers Moreover, the former is equal to the latter plus 29.
Therefore, the only possibility is e¢(g) =1, e(¢g—1) =—1. q.e.d.

Now, we divide the 2¢ + 2 points Q,, @1, * *, @241 into two sets, each
consisting of g4 1 points, in two different ways. We can write two such
partitions as

((Q"a}' : ‘:Q%,Qh';' : ':Qiq’)ﬁ (va' : "Qip:Q'h"?. : '>Qiq"))
((Q"J’ ' .’Qip’Q".'l"’. ’ "Q‘iq”)ﬁ (Q]v : .)ijsqu’)' ' "Q'iq'))y

in which Q;, =0, and p+ ¢=g¢ -+ 1. Then we necessarily have 1=p=yg.
For the sake of simplicity, we put

Y=26(00), = 38(Qu)-

We take p independent generic points M,,- - -, M, of C over a common
field of definition of C, ¢, J and consider the function on C defined by
M,— (¢ps/ps) (p(My~+- - -+ Mp)). Then, the divisor of this function
can be determined. First of all, the divisor of the function ¢¢/¢ps on J is
2 (Wg—W). Moreover, if we put

D
z=5—2¢(Mi),
=2
then ¢ (W,) is defined and, if we denote by M, the conjugate of M;, we have
4 , q
¢ (W) =2 M + X Qs
i=2 a=1

This is a key point, and we have used the fact that I( é Qi) =1 (ctf. proof
=1

of Lemma 3) and “Proposition 8” in Weil [16]. Therefore, the divisor
of the function in question is

2 (qu Qe — Qi)

and hence this function differs from
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1 (o — /s —a,)

by a constant factor (depending on M,,- - -,M,). In this way, we get
the following identity

(8e/pe) (8 01)) =0 TLIT (2(M) —aar/2 (U) —ur),

in which ¢ is a constant factor.
We recall that the divisor of the function ¢y /¢s on J is 2+ (W — W),
Moreover, if we put

s=5000,  1=30(0u),

we have s 4 s’ +§” 4t =0. Therefore, by Lemma 3 we see that (¢y/¢s) ()
and (¢y/¢s) (t) are both defined and different from 0, 0. After this remark,
we replace My,- + -, My by Qi,- - -, @i, and also by Qy,- - -, Q;, in the above
identity, and take the products of both sides of the so-specialized identities.
Then we get

(ps/¢bs) () (bs/bs) (1) = c>-times
T I G i) /i) (i),

in which (IJ) stands for a;—ay;. We shall show that the left-hand side is
=+ 1. In general, if r, s, ¢ are arbitrary points of ,J, we have

(bres/$rut) (2) = (e(r,8) /e(r,8)) (@s/be) (2—1).

In this identity, we replace 7, s, ¢ by s, &/, s and also by ¢, &/, s”, and take the
products of both sides of the so specialized identities. Then, the left-hand
side of the new identity is equal to 1. Moreover, it is permissible, by Lemma
3, to replace z by 0 in the right-hand side, and we get

(bs/bs) (8) (bsr/$s) (£) = (s,87) o (£, 8”) /e (s, ') (8, 5).

We now take into account of the normalization that we have introduced at
the end of the previous section. Then, the right-hand side is simply =+ 1,
as asserted.

After this remark, we return to the identity involving ¢ and we replace
M- -,Mp by Q- - -,Qs,. This is permissible and, combining all that
we have said, we obtain the following identity

This content downloaded from 129.15.14.45 on Sun, 09 Sep 2018 16:35:25 UTC
All use subject to https://about.jstor.org/terms



MODULAR FORMS AND PROJECTIVE INVARIANTS. 831

(bsss/bassr) (0)° = (fo/s) (5)°
— == T TT Gise') (i) /i) (i )-

Before we state the theorem we have just proved, we shall recall some of the
definitions introduced in this section.

The non-singular curve C is of genus g=1 and carries a complete
linear system g, of degree two and of dimension one; the 2¢ 42 points
Qo, Q1,7 * *, Q24 are the points @ of C such that 2Q belong to g»; (J,¢) is
the jacobian variety of C with the canonical function ¢ normalized by
¢(Qo) =0, and ¢(Q;) =s; for i=1,2,- - -,2g 4+ 1. In addition to these,
we shall denote by ©® the theta-divisor for some level 2 structure in J, and
by t the sum of s; for which e(®,,) =—1. Also, for s=s;, +- - - +s;, with
1=14, <" <1, =2¢9+1, we shall denote by D, the product of the dis-
criminant of

(z—a) (e—ay) " - - (2—ay,)

and the discriminant of its complementary factor in the product of all z —a,
for k=0,1,- - -,29+ 1. With these notations, we can state the following
theorem :

THEOREM 3. We have 0,:(0) <0 for s in ,J if and only if s is of
the form s; - - - -+s, with 1=16, < <, =2¢9-+1. Furthermore
0:.:(0)% and D, are proportional in the sense that their ratio is independent
of s.

We have only to show that we have W=0,. Suppose that we define ¢
by this. Then, by Lemma 4 we have

e(@)sﬁ)cest(t) = e(®t+8i) = e(®t+s;) = 6((’:‘)3,)098’(15),

and hence e(@,,)b(si,t) =e(®,)b(s;,t) for ¢,j=1,2,- - -,2g + 1. There-
fore, by Lemma 2 we have ¢(0,,) = ¢(®,,) if and only if s;, s; at the same
time either appear or not appear in the expression of ¢ as a partial sum of
S1582,° * *,82941. Since the sum of these 2¢ 4 1 points is 0, we seee that

¢t is equal to the sum of s; for which ¢(®,,) =—1. This is our previous
definition of the point ¢.
We also note that the number of s; such that ¢(®;,) =—1 is congruent

to gmod4. At any rate, we can write ¢ in the form s; 4 - -+ s, with
0 =k = g such that ¢(@;,) takes the sign ¢ for i=1,,* - -,1; and the opposite
sign for the remaining g 41— indices. Then, we have ¢(®) —e(k) =1,
and hence k=g, g +1mod4. Also, we have e=e¢(k—1). Therefore, if
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=gmod4, we get e=—1 and, if k=g 4 1mod4, we get e=1. In the
second case, we have only to observe that 29 +1—Fk=gmod4. This remark
will be used later in proving Lemma 8.

Finally, we shall make some observations which we shall use in Section 4.
Suppose that J and J” are principally polarized abelian varieties with sym-
metric polar divisors X and X" such that (J”, X’) is a specialization of (J,X).
Then, a point, say §’, of ,J’ on X’ which does not come from a point of ./
on X over the above specialization is singular on X’. Suppose, in fact, that
s’ is simple on X’. Consider the graphs of =td, in the product J X J and
restrict them to X X X. Call the restrictions A, T'; similarly for A’, 7".
Then (&', 7”,A"-T”) is the unique specialization of (A, T, A-T') over the given
specialization. In fact, we have only to apply the principle of conservation
of number in its local form. Since A’ N T” is zero-dimensional, the components
of A”-7T” are precisely all points of A”’N 7Y which are simple on X’ X .Y’;
similarly for A-T". Therefore, by assumption s’ X ¢’ isin A’ T”. We already
have a contradiction here. We note that A and T are transversal at every
simple point of X X X in AN T. The same is true for A” and 7”. Therefore,
if all points of .\ and X’ are simple, the numbers of points of order two on
Y and on A” are same. Another remark is that, in the special case when
g=3, if the symmetric polar divisor has a singular point, the polarized
abelian variety can not be the jacobian variety of a non-hyperelliptic curve.
This is a simple consequence of “Proposition 187 in Weil [17].

3. The homomorphism ©. From now on, we shall take the field C
of all complex numbers as our universal domain. Let J denote a complex
torus of (complex) dimension ¢ and X a positive divisor on 7. Then there
exists a theta-function with X as its divisor of zeros. The precise meaning
is as follows. The universal covering group 3 of J is a vector space over C
of dimension g and the kernel D of the canonical homomorphism 3—J is
a lattice in 3. A holomorphic function z—8(z) defined on 3 is called a
theta-function belonging to D if it has the property

(24 d) =e(La(2) + ca) -6(2)

for every d in D) with a C-linear form L4(z) and a constant ¢, both depending
on d. A theta-function determines a positive divisor on J, provided that it
is not the constant zero. A fundamental existence theorem in the theory of
theta-functions asserts that every positive divisor of J can be obtained in this
way [cf. 19]. Now, we can extend L,(z) uniquely to a “quasi-hermitian
form” on B as (z,2') > RiL,(z) and its hermitian part is a Riemann form
belonging to D. In particular. if we put
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<z z’> =Ly (z) — L. (),

this alternating form is Z-valued on D. If the divisor X has the property
that [(X) =1, all elementary divisors of the alternating form <d,d"y on D
are equal to 1. Therefore, we can choose a base dy,* - -, dy of D so that
we get

0o 1,
(<di: d]>) = (_ 1, 0 )

Then we choose a C-linear isomorphism 3 == C? so that (d;- - - d,,) is mapped
to (r1,). This is always possible and we get a point = of the Siegel upper-
half plane ©;. We note that the choice of the base of D is not unique but,
once it is chosen, the isomorphism 3 ==C¢ is unique. In particular, the
point 7 is unique up to the modular transformation r— M-+ with M in
Sp(g,Z). Furthermore, we have

0) =00(2)* T e *(p+m)r(p+m) +4(p+m) (4 m"),

in which 6,(z) is a “trivial theta-function,” i.e., a function of the form
exp (polynomial of degree two), and m’, m” are column vectors in R9. We
shall denote the theta-series on the right-hand side by 8n(r,2) in which m
is the column vector composed of m’ and m”. We note that the last normaliza-
tion is unique only in the sense that m mod1 is unique. We refer to [8] for
basic properties of the theta-function ,,(r,2) of characteristic m. We shall
translate results in the previous sections into the language of theta-functions.

First of all, the complex torus J admits a projective embedding given by

2= (On(7,12))

Im=0mod 1

for any I1=2. In fact, this is true for every given point r of &,. Because
of this fact, if there is no danger of confusion, we shall sometimes call J an
abelian variety and use the language introduced for abelian varieties. For
instance, we say that the above projective embedding is compatible with the
principal polarization on J with X as a polar divisor. Also, we shall denote
by @ the divisor of J determined by 6,(r,z). We fix an isomorphism
) =1(Q/Z)* defined by w = (v1,)m mod (r1,)Z?— mmod 1. Then we have

bu(2) = (0-m(7,2) /6(7,2) )
Yu(2) =0_m (7, 12) /0, (7, 12).
Therefore, we get
c(u,v) = e(ltm’n”) (u,v—>m,nmod 1)

co(r) = e(—2tm’m’’) (Rr=0;r—>mmod1).

This content downloaded from 129.15.14.45 on Sun, 09 Sep 2018 16:35:25 UTC
All use subject to https://about.jstor.org/terms



834 JUN-ICHI IGUSA.

Consequently, the base of J giving rise to the above isomorphism J == (Q/Z)%
is canonical with respect to ¢=e(1/l). Moreover ® is even and, in fact,
it is the theta-divisor for the level 2 structure in J determined by this
canonical base. It is now clear that the theta-constants 6,,(+) =0, (+,0) are
indeed the theta-constants in the sense of Section 1. Furthermore, in the
case when =2, the theta-function 6, (r,2) is even or odd if ®, is even or
odd, i.e., if 4'm’m” is even or odd for r— mmod 1.

Suppose, on the other hand, that a non-singular curve C' of genus ¢ is
given. We take a base of the homology group H,(C,Z) so that the corres-
ponding 2¢ X 2¢ intersection-matrix takes the canonical form, i.e., becomes
a matrix composed of 0, 1;,, —1, 0. Then we take g linearly independent
differentials of the first kind on C such that the period-matrix takes the form
(v1g). This is always possible and we get a point r of &,. As before, the
choice of the base of H,(C,Z) is not unique but, once it is chosen, the choice
of the g differentials is unique. We shall denote by J the principally polarized
abelian variety determined by the point . Then J is the jacobian variety
of C. Moreover, the canonical function ¢ is given by the following integral

~p
¢(P) = dzmod (1,)Z,
' Py

in which dz denotes the column vector of the g differentials and P, a point
of C. Furthermore, the image W by ¢ of the (g —1)-fold symmetric product
of C is of the form @, with a point k of J satisfying 2k — ¢(¥), in which ¥
is a canonical divisor of C. This is a consequence of the Riemann vanishing
theorem.

There is a slightly different way to describe analytically a principally
polarized abelian variety with a level I structure. Let + denote a point of &,
and consider the complex torus €9/(1,) (IZ)%. Since this is complex-
analytically isomorphic to €7/(+1,)Z% in an obvious way, we can consider
C9/(r1,) (IZ)* as a principally polarized abelian variety. There is a nice
projective embedding compatible with the polarization, and it is given by

z2—> (0 v (lr, 22) )
(o ) 21n'=0mod 1
by the kernel of the epimorphism €¢/(r1,) (1Z)% — €9/ (+1,) 2% coming from
the identity map of €C7. We shall prove the following important lemma:

LeMMA 5. For every 1= 3, there ewist irreducible, non-singular, quasi
projective varieties U, U* over C and a morphism f: U*— U such that:
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(i) U is complez-analytically isomorphic to the quotient variety Ty(1)\S,,
(i1) +f T denotes the graph of the morphism f and if u denotes the point of
U which corresponds to any gwen point v of S, the cycle J,=f*(u) of U*
is well defined by the following intersection-product

Ty (U* Xu) =f*(u) X u,

and its support is the principally polarized abelian variety with the level |
structure which is complex-anaytically isomorphic to €9/(71,) (1Z)% and it
has coefficient one, (iii) there exist 1*9 rational cross-sections for f: U*—> U
such that their values at the point uw of U are the points of 1(J,).

Proof. We consider the so-called Satake compactification of the quotient
variety Tg., (1)\S,.1, which is the projective variety associated with the graded
ring A(Ty.. (1)) [ef. 1,4]. We then take its monoidal transform along the
singular locus. We know that the image points in the compactification of
all limits

. T 2
lim (,
Im(w)>+e0 2 W

)

for r in &, fill up a quasi projective variety U, which is complex-anaytically
isomorphic to T'y(!)\&,. We denote by U* the proper transform of U by the
monoidal transformation and by f the restriction to U* of the monoidal
transformation. Then, they have the properties stated in the first part.
As for (ii), if we take any point r, of &, and if 4, denotes the corresponding
point of U, the variety U* is complex-analytically isomorphic over a small
neighborhood of u, to the variety determined by the following N — (21)¢
rings
C<<7_7'0>> [01(7; 2)/0i(r,2)," - -, 0 (752) /0k(, 2)]

for k=1,,- - -, N, in which €{{r—r,>> is the ring of convergent power-
series in the coefficients of r+—r, and 6,(r,2)," - -,0x(7,2) are the theta-
functions

9 ”,)(211-, %2) 2In'=0mod1
(

o
arranged in some order. We refer to [10] for its proof. This shows that
the cycle f-*(u,) calculated by the analytic theory of intersections is irre-
ducible and it is complex-analytically isomorphic to the principally polarized

abelian variety with the level 7 structure determined by the point 7, We have
only to recall that, as far as algebraic cycles are concerned, the analytic and
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algebraic theories of intersections are same. Finally, we shall prove the
property (iii). Choose any vector « in Z%., Then, to every point w of U,
we associate the point s(u) of J, which corresponds to (1,)zmeod (+1,) (1Z)%
under the isomorphism J, == €/ (r1,) (IZ)%. 1t is clear that s(u) is uniquely
determined by w and, in this way, we get a holomorphic cross-section s of
f: U*—>U. We observe that the inhomogeneous coordinates of s with
reference to the ambient projective space of U* are meromorphic (and
algebraic) functions on U, and hence they are rational functions on U [ef. 1].
This shows that the cross-section s is rational. q.e.d.

An immediate consequence of Lemma 5 is that, if h: W—U is a
morphism of a normal algebraic variety W to U and if we consider the fiber-
product W*=U* X W over U, the projection W*— W defines an “algebraic
family ” of principally polarized abelian varieties with level ! structures, and
every such family can be obtained in this way. In particular, the triple
(U*,U,f) is unique up to an isomorphism.

Before we shall apply this consideration to our problem, we introduce
some terminology and notations. We shall denote by W the Zariski open
subset of C%+* consisting of points with distinet coordinates. Then W is
an irreducible (quasi projective) algebraic variety defined over Q. Suppose
that ¢ = (o, @1," * -, @29,1) is & point of W. Then a non-singular model ('
of the plane curve defined by the equation

2g+1

y2=}=10 (z—a)

will be called a hyperelliptic curve associated with a. Also, the point = of
&, such that €9/(r1,)Z* is complex-analytically isomorphic to the jacobian
variety of (' will be called the point of &, associated with a.

Lemma 6. Let V denote a normal algebraic variety which is complex-
analytically isomorphic to the quotient variety T,(2)\S,. Then, there exists
a morphism h: W—V such that, for every a in W, the image point h(a) is
the point of V which corresponds to one of the points of &, associated with a.

Proof. We consider the triple (U*,U,f) for some even level 1= 4.
Then the finite group T, (2) /T, (1) operates on U as a group of automorphisms
and the corresponding quotient variety is isomorphic to V. Let p:U->7T
denote the associated epimorphism. We choose a field of definition, say K,
of the data involved and pick a generic point a of W over K. Let r denote
one of the points of &, associated with ¢ and u the corresponding point of U.
Put p(u) =v. We shall show that v is rational over K (a). Suppose that
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(C’,u',v’) is a generic specialization of (C,u,v) with reference to the field
K(a). Then, there exists a point +* of &, to which corresponds u”. Moreover
Ju=17(u) specializes uniquely to Ju = f*(w’) over the above specialization,
and they are the jacobian varieties of C' and C” respectively. We also note
that the level ! structure in J, specializes uniquely to the level I structure
in Jy. On the other hand, because the specialization is taken over K (a)
and is generic, clearly C and C” are isomorphic. Therefore J, and J, are
isomorphic. Furthermore, the images in J,. of the level 2 structure in Jy
under the specialization on one hand and under the isomorphism on the other
are same. Consequently, the point +* is of the form M- with M in T,(2),
and hence ' =wv. This shows that v is rational over K (a). The rest is clear.

We note that the morphism % in Lemma 6 is not intrinsic. In fact, we
can combine & with any one of the elements of T,(1)/T,(2) operating on V
as a group of automorphisms. From now on, we shall consider the cases
when 1=1,2. We shall assume that the characteristic m in 6, satisfies
2m=0mod 1.

After these preliminaries, we shall proceed to construct a homomorphism
from the ring 4(T,(1)) of Siegel modular forms to the ring S of projective
invariants of a binary form of degree 2¢ 4+ 2. We recall that the ring
A4 (Ty(l)) is the graded ring generated by holomorphic functions ¢ on &,
satisfying the functional equation

y(M 1) =det(cr + d)*-y(7)

for every M in T,(I) (plus a condition at infinity for g=1). As for the
ring 8, it is defined in the following way. In general, consider a homo-
geneous polynomial of degree r in n variables z,* - -, @,

2%1...rﬂ$11'1 P x”r,.'

The group SL(n,C) operates on the variable space “contragrediently” and,
if we require that the above form is invariant, the same group operates on the
coefficient space. In this way, we get an irreducible representation of

SL(n,C) of degree
(r—[—n—l)
n—1 /.

We consider the graded ring of polynomials in the u,,..,, with coefficients
in € and operate SL(n,C) on this graded ring using its action on its homo-
geneous part of degree one defined by the above representation. Then, the
invariant subring, say S(n,r), is a graded, integrally closed, integral domain

19
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over €. According to the first main theorem in the classical theory of
invariants, it is of finite type over € [cf. 20]. We note that, if I is an
element of S(n,r), we can evaluate I at any special homogeneous polynomial
of degree r in n variables or at any polynomial of degree r in n—1 variables.
At any rate, with this notation, the ring § is given by 8(2,29 +2). In the
special case when n =2, the following elementary lemma is useful:

Lemma 7. Let &, - -, & denote independent variables over C and put
P(z) =(x—¢&) - - (x—¢&). Suppose that f(£) is an element of the ring
Cl¢&,- - -, &). Then, there exists a homogeneous element I, of S(2,7) of

degree w satisfying f(&) = L,(P-(z)) if and only if (i) f satisfies the func-
tional equation

FQI&) = (IT (6 +8)) - £(6),

wn which (M- £);= (aé& + B) (v&i+ 8)* for every M in SL(2,C) with coeffi-
cients a, B, v, 8, and if (il) f 1is symmetric in &, - -, &.
We note that an expression of the form

(tf&—fj) (gk—fl)' )

in which every &; appears w times, satisfies the condition (i). We also note
that the graded subring of C[&,,- - -, & ] generated by elements f(£) satisfying
the condition (i) is integrally closed in this ring. We leave the verification
as an exercise to the reader.

Now, we take a point @ of W and consider the point r of &, associated
with a. Then, exactly

ST Yochss
g “lgt+1
of the 6,,(r) are different from zero. On the other hand, there are same
number of decompositions Py(x)Pyy(2) of Pyg.s(z) into products of two poly-
nomials P;(z), P () each of degree g+ 1. Theorem 3 states that, if D(P;),
D(Prr) denote the discriminants of P;(z), Py (x) and put Dy — D(P;)D(Pyy),
there exists a bijection from the set of 6,,(7)®5£0 to the set of D, such that
we have
am(T)B —_pt. DS}

in which p* is independent of 6,,(r)®. After this remark, we shall prove the
following lemma:

Lemma 8. Let k denote a positive integer and consider a product
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MODULAR FORMS AND PROJECTIVE INVARIANTS. 839

Om,* * * Omy, SUCh that (Om,* * *Om,) (r) =0 at the point + of &, associated
with a. Then, by replacing each 0,,(r) 0 by the corresponding (D;)'/,
we get a product of integral powers of a;— a; if and only if Om - - * Oy, defines
a modular form of level 2.

Proof. In general, suppose that we have /=2 mod 4. Then 0p,- * - Oy
with Imoa=0mod 1 defines a modular form of level I if and only if we have

(ml. . .mzk)t(ml. . 'mzk) + (k/zl) (10 ](')ﬂ)
g
== (R/1)-times a half-integer matrix,

This is a consequence of our fundamental lemma in [8]. We shall consider
the special case when =2, and proceed to prove the if-part. We shall use
C, J etc. to denote the hyperelliptic curve associated with a, its jacobian
variety etc. Then, with respect to the level 2 structure in J that we have
explained before, the points s;=¢(Q;) have coordinates in ,(Q/Z)%. For
the sake of simplicity, we shall denote them by s;mod 1. Also, we put t=3’
s;mod 1, in which the summation is extended over those s; satisfying 4%s/s;” =1
modR. Then we have 6, (r) =0 if and only if we have

m=s; +- - -+ s,+ tmod1l

for some 1 =1, < - - <14 =2¢+1. This is a consequence of Theorem 3.
On the other hand, if 6,,* * 0y, defines a modular form of level 2, we have

tr(my + cmgr)t(mys - Mag)z 4 3k -2’2 =0mod 1

for every column vector z composed of 2/, z” in Z9. We shall show that
a;—a; appears with an integer exponent in the product of (D,)Y/® which
corresponds 10 Om,* * * Om,. Put

0 1
sz(—-l, O”)(s¢+s,~) mod 2

for 0=1<j=2+1, in which we put s,=0mod1. Then, for the above
vector m mod 1, we have

e(Pem) =b(si+sp s+ -+ 8,4 1).

Now, in the case when 1=1, we have b(s;+s;, 8,4 - - +5;,) =1 if and
only if (a;—a;)t appears in (D,)Y/®. Moreover, a case-by-case examination
shows that b(si+sj,t) =—e(3-%’2”’). Therefore, we get e(tam) =1, i.e.,
‘Zm=0mod1, if and only if either (a;—a,)* appears in (D,)*/® and
‘a’e”’ =1mod 2 or (a;— a;)% does not appear in (D,)*® and *z’z”” =0 mod 2.
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In the case when 1 =0, we have (—1)7b(sj,s;, +- - -+ s;,) =1 if and only
if (a;-—a;)? appears in (D)%, Also in this case, if we denote by p the
number of ¢ for which 4fs/s/”=1mod?2 holds, we have (—1)?'b(sj,¢)
=—e(3%’2””). We have shown at the end of the previous section that we
have p=gmod4. Therefore, the same conclusion as in the case when =1
holds also in the case when ¢=0. After these preparations, let e denote the
exponent of (a;—a;)? in the product of (D,)/® we are talking about. Then
we get
1(Rk—e) + 1k =0mod 1, or

1e =0mod1,

according as ‘2’2"’ =1, or *2’2’=0mod 2, and hence e=O0mod4. This
completes the proof of the if-part. As for the only-if part, since we do not
have to use it in this paper, we shall leave it as an exercise to the reader.

We shall consider the subring of 4 (I'y(2)) consisting of polynomials in
the theta-constants (with coefficients in €). This ring is generated over C
by a finite number of monomials, say yu,ys,- - -, of respective degrees
Rk:, Rko, - - - in the theta-constants. Then, we can find an algebraically closed
subfield K of € such that we have

Clyns Yy~ ] =COx K[yny Y1- - -]

Choose a generic point a of W over K and let + denote one of the points of S,
associated with . Then we have

Yr, (7) = ke P2 (¢kt) ((,7,),

in which p; (yx,) (@) is contained in K[a] for i =1, %,* - . Therefore, each
pz(yz,) defines a polynomial function on W, and we can define p2(y) for
every ¢ in K[y, ¢, - - -] so that p, gives rise to a ring homomorphism. Then
we extend p, to C[yx, Yr, - - -] by linearity. If we introduce 29 + 2 letters
ao*, 4%, ¢ v, 4y, %, the ring of all polynomial functions on W — €29+ can
be identified with C[a*] = C Qx K [a]. Moreover, if ¥y is a monomial in the
theta-constants of degree 2k contained in A (Ty(R)), then p,(y%) is a product
of a;/*—a;* in which every a;* appears 3gk times. In particular, the image
or the range of p, is contained in the subring of C[a*] defined by the condition
(i) of Lemma 7 (after an obvious change of notations). We observe that p,
is not intrinsic. In fact, we can combine p2 With any one of the elements of
T,(1)/T4(2) operating on A(T,(2)) as a group of automorphisms, because
it keeps the domain of p2 stable.

We shall try to extend p, to the entire ring 4(T,(2)). We first observe
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that, if k¥ is an even non-negative integer, there always exists an element
yr of A(T,(R)), which is a polynomial in the theta-constants satisfying
p2(yx) 54 0. TFor instance, we can take the 2k-th power of a suitable theta-
constant as yy. After this remark, let ¢ denote an arbitrary element of
A(Ty(R) ) for any given positive integer k’. We shall assume that there
exists an element yy, of 4 (Ty(R) )5 which is a polynomial in the theta-constants
satisfying p,(yx) = 0 for some k=% mod 2. According to the above remark,
this is not an assumption in the case when %" is even. By the same reason,
we can assume that k is at least equal to &’. Pick an element yy+ of A(Ty(2))r-
which is a polynomial in the theta-constants satisfying p,(yy+) 40 for
k”=Fk—F. This is always possible. Now, we may assume that the mor-
phism % in Lemma 6 is compatible with the homomorphism p, in the sense
that they are both defined by using the same point + of &, associated with the
given generic point @ of W over K. Then, Lemma 6 shows that the corres-
pondence a—> (yyr/yx) (r) defines a rational function on W, and it can be
identified with an element, say ¥, of €(a*). On the other hand, both p,(ys)
and p,(yy~) are elements of C[a*] different from zero. Therefore, if we put
p2(¥) = ¥po (Y1) /p2 (Yr), this will be an element of € (a*), and we have

Y(r) =p¥ p2(y) (a).

In particular, we see that p,(y) does not depend on the choice of ¢y, and yy-.
On the other hand, we know that ¢ is integral over the domain of the
original p,. This implies that p,(y) is integral over the range of the original
p2, and this is a subring of C[a*]. Therefore p,(y) is also contained in C[a*].
In this way, we can extend p, at least to the subring of A (T,(2)) generated
by homogeneous elements of even weights? so that p, remains to be a ring
homomorphism to €[a*]. Furthermore, the range of p, is still contained
in the subring, say S*, of C[a*] defined by the condition (i) of Lemma 7.
The reason is that the range of the extended p, is a subring of C[a*] and
it is integral over S*, and we know that S* is integrally closed in C[a*].

Lemya 9. Let y denote an element of A(Ty(1)) for which p,(y) is
defined. Then p,(y) 1s contained in the ring S.

Proof. We may assume that y is a homogeneous element of weight %,
say. We observe that p,(y) is unique up to the factor i* for «=0,1,2,3,
and hence the conclusion does not depend on the choice of p,. We shall denote

* We note that, if we are satisfied with defining p, only on this subring, we can
dispense with our Lemma 8. In fact, we can define p, on the subring of A (T,(2))
generated by the biquadrates of theta-constants without using Lemma 8. Then we have
only to extend p, using Lemma 7 (and using our fundamental lemma).
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the elementary symmetric functions of (6,,)% by 24,35, - -. We know that
they are homogeneous elements of A(Ty(1)) of respective weights 4,8,- - -
[cf. 8]. Furthermore, if @ is a point of W and if r is one of the points of &,
associated with a, then 2,;(7) becomes the k-th elementary symmetric function
of ,(r)8540 for k=1,2,- - - up to %-(Rg-+2)!/((g+1)12 Conse-
quently, we see by Lemma 7 that I, = p.(34) is a homogeneous element of
S of weight 2¢gk for k=1,2,- - -. Furthermore, if we denote by P,,.,(z)
the product of all & —a;, we have

Sgp(r) = pt*- L (Pagez(2) ),

in which u*5£0 is unique (although g itself is not unique). On the other
hand, we have I,;(Pg..(2)) 540 as long as the point a is not very special.
In fact, if Py, (2) =29** 4+ - - is an arbitrary polynomial of degree g+ 1
with distinet roots, we have I5(Pyy(2)?) =29+ D(P,..(2))?540, in which
D(Py.1()) denotes the discriminant of Py, (z). Consequently, we have
2,(7) 40 as long as a is not very special. After these remarks, we shall
consider the plane curve defined by the equation y?=Pyy2(z). We then
consider the following differentials

dz/y, zdz/y," - -, z0-tdz/y.

On the non-singular model € of the above plane curve, they define linearly
independent differentials of the first kind. Finally, we take a base of the
homology group H,(C,Z) so that the corresponding 2¢ X 2¢ intersection-
matrix takes the canonical form. We take representatives of the members
of the base so that their images on the plane curve do not pass through the
points of ramification. If we integrate the column vector of the above g
linearly independent differentials along the 2¢ representatives, we get a
g X %9 period-matrix. Furthermore, it can be written in the form ' (:1,)
with a g X g non-degenerate matrix w. The matrix = is one of the points
of &, associated with the point a. Now, if we put p,(y) =1, we have
Y(r) =p*-1(a) with an element I of the subring §* of C[a*]. The problem
is to show that I is symmetric in ao*, a,*," - -, @y, *. It is sufficient to show
that it is invariant under all transpositions, i.e., permutations interchanging
only two indices. Suppose that the given transposition permutes a,, and .1,
say. We choose a smooth Jordan curve passing through a,, and as,,, such
that the corresponding closed Jordan domain does not contain other points
of ramification. We can then move both a,, and a,,,; in the same direction
on the Jordan curve keeping other points of ramification fixed. At the same
time, we deform the hyperelliptic curve C together with the Rg representative
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1-cycles, and we get 2¢g representative 1-cycles of a new base of H,(C,Z)
with a similar property. The new base (written as a column vector) is
obtained by a left multiplication of an element of Ty;(1) to the original base.
Therefore, the left-hand side of

¥ (7)*/2a(7)* = 1(a)*/Log(Pspsz(2) )*

goes back to its original value after the said deformation. Since I5,(Pay,0(2))
is a symmetric function of @y, ay,* * -, @21, We see that I(a)* is invariant
under the said transposition. Hence it is invariant under the symmetric
group. Since the symmetric group has only two representations of degree one,
i.e., the principal character and “sgn,” we see that I(a) is either symmetric
or alternating. We shall show that the second possibility has to be rejected.
We observe that the left-hand side of

y(7)/det(w)* = (p/det(w))*-I(a)

goes back to the original value after the deformation we are talking about.
Consequently (p/det(w))* changes its sign at the same time with I(a) by
the deformation.® In order to examine this situation more closely, we choose
a base of H,(C,Z) so that the representative 1-cycle of the (g-1)-th
member of the base is a smooth Jordan curve containing @y, @.,,, such that
the corresponding closed Jordan domain does not contain other points of
ramification, the representative 1-cycle of the first member of the base is a
smooth Jordan curve such that the intersection of the corresponding two
closed Jordan domains is a closed Jordan domain containing a,, only, and
other representative 1-cycles are all outside the closed Jordon domain con-
taining a.g, @sy.1. For the sake of simplicity, we shall assume that the point 0
is in the Jordan domain containing a@,, and @,,,,. We then join a,, and
@241 by @ smooth curve passing through 0 in the Jordan domain. Under these
assumptions, we move @,, and @,,,, toward the point 0 on the curve keeping
other points of ramification fixed. Then the ¢ X ?2¢ period-matrix will
approach to a matrix of the following form

o0 * oo 0%

® wr 0 I
in which w’(+'1,) is the analogue of w(r1,) for the plane curve defined by
the equation y*=P,,(2) = (¢—ao) - * - (€ —az,), and w” is the loga-

8 According to a formula of Thomae [15], we have det(w)* = (2mi)*ut. If we
use this formula, we can skip the subsequent argument, which will be used, however, for
some other purpose.

This content downloaded from 129.15.14.45 on Sun, 09 Sep 2018 16:35:25 UTC
All use subject to https://about.jstor.org/terms



844 JUN-ICHI IGUSA.

rithmic period of the differential da/z(P.,(x))* at the point z=0. In
particular, the point = approaches to

(z )

while det(w) approaches to det(w’) - w” 54 0. We shall show that (u/det(w))*
has a finite limit different from zero. For this purpose, we consider

S4(7)/det(w)* = (n/det(w) )* - Loy (Ppe2(2)) .-

Then, by the limit process we are considering, the left-hand side approaches
to 2-3,/(+)/(det(w’) - w”)* while I,(Po.2(x)) approaches to I, (2°Pyy(z)).
We are denoting by 3, the analogue of 3, for the degree g—1. Therefore,
the left-hand side is finite and different from zero. On the other hand, we
have seen that I,,(2°P,,(z)) is different from zero as long as P,,(z) is not
very special. Now, suppose that I(a) is alternating. Then (u/det(w))* has
to approach either to 0 or to o under the limit process. We have shown,
however, that this is not the case. Therefore I(a) is symmetric, and this
completes the proof.

As a consequence of Lemma 9, we see that the restriction of p, to
A(T,(1)) gives rise to a homomorphism p=p; from 4(T,(1))N (domain of
p2) to 8. We shall state our results in the following way:

TuroreM 4. Let A(T,(1)) denote the graded ring of Siegel modular
forms of degree g and of level one, and let S denote the graded ring of
projective invariants of a binary form of degree 2g + 2. Then, there evists
« ring homomorphism

p: @ subring of A(Ty(1)) =8,

which increases the weight by a 1g ratio. The homomorphism p is uniquely
defined except for the freedom p— i*p on the homogeneous part A(Ty(1))x
of weight k for «=0,1,2,3. The subring, i.e., the domain of p, contains
all elements of even weights as well as all polynomials contained in A (T4(1))
i the theta-constants. An element ¢ of A(Ty(1)) belongs to the kernel of
p if and only if ¢ vanishes at every point of &, associated with a hyper-
elliptic curve.

We note that the domain of p coincides with A (T, (1)) for every odd g.
Furthermore, since p is injective for g =2, the theorem and our fundamental
lemma show that the domain of p coincides with A(T,(1)) in this case.
Actually, we know a sufficient condition for the domain of p to coincide with
A(T,(1)) when g is even and when 4 (T,(1)) actually contains a homogeneous
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element of an odd weight. The condition is that there exists an element y
of A(T4(2))x for an odd % which is a polynomial in the theta-constants and
which satisfies () 540 for at least one point = associated with a hyper-
elliptic curve. We note that this condition is satisfied for g=4. In this
case, there exist 126 theta-constants 6,, satisfying 6,,(r) %0, and the product
of such 6,, defines an element of 4 (T4 (R))ss. We shall also remark that we
have certain information concerning the image of p. In general, if § is any
graded integral domain, we shall denote by F(S) the subfield of the field
of fractions of S consisting of homogeneous elements of degree zero, i.e.,
quotients of homogeneous elements of § of the same degree.

SupPLEMENT 1. The domain of p coincides with A(Ty(1)) for every
odd g and for g=2,4. The range or the image of p is large enough that
we have F(Im(p)) =F(8).

Suppose that F () is strictly larger than F(Im(p)). Then we can find
two general hyperelliptic curves which are birationally equivalent to the plane
curves defined by y?=Py.(z) and y?= P,y.*(z) such that P,g.(z) and
Pog..*(z) are not projectively equivalent but the jacobian varieties of the
hyperelliptic curves are isomorphic (as principally polarized abelian varieties).
According to the Torelli theorem [cf. 18], if that is so, the two hyperelliptic
curves have to be isomorphic, and hence Py,2(z) and P,,..*(x) have to be
projectively equivalent. We thus have a contradiction.

SuppLEMENT 2. Let X denote a cusp form of A(T,(1)) for which p(x)
ts defined. Then p(x) 1s divisible in the ring S by the discriminant of a
binary form of degree Rg 4 R, which has weight 2(2g -4 1).

We shall use the same notations as in the proof of Lemma 9. Then we
have

X(7)*/2a(7)* = p(X) (P2gs2(2) ) /129 (Prgiz() ).

By the limit process sy, 59,1 —> 0, this relation will specialize to the following
relation

0= p(X) (2°P2y(2)) /Ly (2°Psy(x)),

and hence p(x) vanishes for @,* —asp,*=0. Therefore p(x) is divisible
by @s* —asp* in Cla*]. Since p(x) is symmetric, it is divisible by the
product of all a;* —a;* for 154 j. Since the corresponding quotient is alter-
nating, it is divisible by the same product. Therefore p(x) is divisible by
the discriminant.

A consequence of this supplement is that, if the weight of the cusp form
X is smaller than 8 4-4/g, we necessarily have p(x) = 0. We shall see that
the smallest ¢ for which such x exists is 4.
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4, Applications. The reason why the homomorphism p is of some use
is that the ring S 1s easier to examine than the ring A(Ty(1)). For instance,
the generating function of the graded ring S(n,r) can be calculated. In
general, if N, denotes the dimension of the homogeneous part of degree w
of a graded ring generated over € by a finite number of homogeneous elements
of positive degrees, the generating function of the ring is the power-series
1+ Nyt + Nyt>4- - -, The series is convergent for |¢| <1, and it has a
rational function of ¢ as its analytic continuation such that the denominator
is a product of a certain number of polynomials of the form 1—¢2. 1In the
present case where S(n,r) is the given graded ring, because of the complete
reducibility of representations, the dimension N, is the number of the trivial
representation contained in the representation of SL(#n,C) on the vector
space of homogeneous polynomials of degree w in the wuy,...,, with coefficients
in €. Therefore, if we denote by ®,,- - -, ®,, the weights of the representation
for w=1, we have

Nw=(1/n!)ﬁ1- : -fze(mﬂu- o i®p) - DA dy - - Ay,

in which the summation is extended over non-negative integer solutions of
4+ -+ ip==w and in which ¢; +- - -+ ¢,=0 and

A=TL(e(g0) —e(42))-

We refer to Weyl [20] for this formula. Passing to the generating function,
we get

éonth (1/n1) J;l . .Jo ﬁ(l_e(Qi)t)—l.AZd‘ﬁl. - Ay

In the special case when n =2, the m — r -+ 1 weights are simply r¢, (r —2) ¢,

- -,—1r¢. Therefore, the integral for N, will give the difference of two
numbers of partitions while the integral for the generating function can be
calculated using residue symbols. For r==2¢ 4 2 we have

S Nyt® — (1/2(1—1£)) - Respaer ((1—22) (1—22)

. (zj:ljl (1 —22%t) (1 —272%¢) ) d2)

= (1/2(—1)7*(1—1)) - Res|z)> ((#* — 1) 2030

(T ) (e — 1)) a0).
k=1
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The residue at z=—oo exists only in the case when g=0, and we get
Res,=—1. Other residues exist at z2=1¢/2* for a=1,- - -,g+1, and
there the residue is given by

(—1/2a) (1 — t2/@)24-((g>3g+4) /20041
+1
- ( h (t—tole) T (42— ko) )1,
k=1 ko
Consequently, for g =0,1,2,3 the generating function is given by

/(1—8), 1/(1—#)(1—2)
(1+82)/(1—8) (1—8) (1—¢) (1—1)

(1+t8+t°+t1°+t18)/pr112 (1—t).

We shall, now, consider each case separately. We shall denote the roots
of Pygo(2) by &1, &, -+, €apse and, for the sake of simplicity, put (ij) = &—§&;.
We note that for g—1, 2 the homomorphism p is injective. Suppose first
that g=1. Then we get two elements of 4 (Ty(1)) as

2"/’4=2(0m)8: 2'¢6=2i(0m)8(0n)4,

in which (6,,)%(8,)* with *m = (00), tn— (0%) has +1 as its coefficient.
The p-image of 2-y, and 2y, are I, and I, with the following irrational
expressions

1,(Py(2)) =X (12)%(34)*
I3(Py(2)) = X (12)%(34)2(13) (24).

The form of the generating function of § shows that we have § —C [Ls 15],
and hence

A(T1(1)) = Cly, ys].

The homomorphism p is, therefore, a bijection decreasing the weight by a
% ratio. We note also that the p-image I, of the cusp form of the smallest
weight

(22/3%) ((¥4)*— (¥6)*) =TI (6m)®

is the discriminant of P,(z).

We shall next consider the case when g—2. There are five elements of
A(T5(1)) to be examined, and they are
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2%y — s (am)s
R%-yg= 2 = (OmOmbm)*

Syzygous
914, X0 = H (gm) 2
2173 . X1z = 2 (0m10m2 ce ‘ome)';

239531:' X35 = (H om) ( 2 =+ (g'mxg"lzoma) 20) .

azygous
In the second symmetrization, the monomial (#m,fmHbm,)* with tm; = (0000),
tmy,= (000%), *mg=(0040) has 4 1 as its coefficient. In the definition
of X2, the summation is extended over fifteen complements of the so-called
Gopel quadruples. A Gopel quadruple consists of four distinct even charac-
teristics which form a syzygous sequence. In the definition of Xs;, the sym-
metrization of == (O Om0m,)?° is taken by the stabilizer of [] 6. in Sp(R,Z)
modulo the stabilizer of (8ufm,fm,)2° With fm;==(0000), ‘m,= (000%),
tmy= (03 00). Incidentally, we are assuming that this monomial has 41
as its coefficient and also that the coefficients of m in [] 6,, are 0, . We shall
denote the p-images of 2%-yy, R%-ye,- + + by I, Is,- - . We observe that the
graded ring S is generated by homogeneous elements 4, B, C, D, E of respec-
tive degrees 2, 4, 6, 10, 15 such that E* is a polynomial of 4, B, C, D. This
is a consequence of the form of the generating function of §. We can take

A(Ps(z)) =2 (12)2(34)%(56)*
B(Ps(z)) =2 (12)%(23)%(31)(45)*(56)*(64)*
C(Pe(z)) =2 (12)%(23)(31)*(45)*(56)*(64)* (14)*(25)*(36)*
D(Ps(z)) = (12)%(13)*- - - (56)*
E(Pe(w))=Hdet 1 §1+$2 51&2 ’
1 &+& &b
1 &+4&6 &b

and we get
I,=B, Iy=(})-(AB—3C), I,,—=D
l,,=AD, I,;=5% D?E.
Similar calculations were made by Bolza [3] nearly eighty years ago.
Now, if yy is an arbitrary element of A (T;(1))s, its p-image is a poly-

nomial in A, B, C, D, E with coefficients in €. Therefore ¢ can be written
in the form

Fo (Y45 o5 X105 Xa2) +p§1Fp (Y05 Yo, X12) (X12/X10)7?,
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multiplied by Xss/ (X10) 2 if k is odd, in which F, denote polynomials in y., s,
X10, X1z With coefficients in €. On the other hand, the restrictions of ., ys,
X1z t0 e =1,, =0 are algebraically independent over € and

X12/X10 = (we)2 - - *
Xas/X10=e(r1)e(7s) (e(r1) —e(rs)) (we)t 4+~ - -,

in which ; is the (j, 7)-coefficient of = for j==1,2. Therefore, unless ¥y =0
for all p = 1, the modular form y; will have a pole along e=0. Furthermore,
in the case when & is odd, we can write i in the form

Go(Ya5 Y65 Xa0s X12) X5 +p§2 G (Yas Yo, Xa2) (Xas/ (X10)?),

in which (, denote polynomials in s, e, X10, X1z With coefficients in C. Again,
unless G =0 for p=1,2, the modular form y5 will have a pole along ¢=0.
We have thus obtained the following result

A(r,(1)) = C[‘/’é; Yes X105 X125 X35 ] -

This is our second proof for the structure theorem of 4 (T';(1)) and the third
for the structure of its subring 4 (T.(1))® generated by modular forms of
even weights [cf. 9]. Again, in the above proof, the exact analysis of the
zeros of Xy, is not necessary, while this is essential in the proofs of Freitag
[6] and Hammond [6] for the structure of 4 (T,(1))®.

We also note that an explicit form of E? as a polynomial of 4, B, C, D
can be calculated by a finite (admittedly rather tedious) process. The result
can be translated into the language of modular forms, and it is as follows:

(Xs5)? = (1/2228%) - Xy (274315 (Xy2)® — 27339 (y1,) ® (Xu2) *
— 27239 (Y6) 2 (Xa2) * + 3% (¢4) ¢ (X12) ®
—2-8%(¢a)* (¥6) * (Xaz) ®— RM3% (ys) *YeX0 (Xa2) ®
— 228312524 (X10) * (Xa2) ® + 3% (Ye)* (Xa2) ®
+ 13937 (¢4) * (X10) ® (Xa2) ® 4 RM3%5 - T (Y6 ) 2 (X10) 2 (Xu2) 2
— R%3395%6 (X10) ® (X12) 2— 32 () " (X10) X1z
+ R 3%(Y4)* (¢6) * (Xa0) X1z
+ 11355 - 19 (¢s) 36 (X10) *Xa2
~+ 220325511 (14) 2 (X10) *Xa2 — 324 (Y6) * (X10) X2
+ 2123552 (Y6) * (X10) *Xaz — 2 (¥4 ) *¥6 (X10) ®
—R23* (¢4)® (Xa0)* + 2% (¥4) * (¥6) * (X10)®
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299352 (94) 2 (9)* (Xao) * + 21375 o (o) ®
—2(48)° (%0)° + 278°5° (x20)*) .

Finally, we shall consider the case when g=3. We shall first prove the
following lemma which is not restricted to this case:

LeMMA 10. The product of 29*(R9+41) even theta-constants is an
element of A(Ty(1)) for g=3.

Proof. We shall show that the product, say 6, is a modular form of
level 2 for g = 2. If the coeflicients of m are 0, , we have

2 (mil)z —_ 2 (miﬂ)z —_ 22g—4
Smimi =X m'mj =225 (is%7)
1,0 2”'4(20_1—1) (1’=])
Snim'— {7 (i),
in which the summations are taken over the 29-1(2¢ 4- 1) even characteristics.
Therefore 6§ satisfies the condition in [8] to define a modular form of level 2
for g=2. In order to show that 4 is actually a modular form of level one,
we observe that, if M is an element of Sp(g,Z), we have M-0=e(M) -6
with some e¢(M) in €. Clearly M — (M) gives rise to a representation of
Sp(g,Z/RZ) of degree one. On the other hand, it is well known that this
group is simple for g=3. Therefore, in this case, we have ¢(M) =1 for
every M in Sp(g,Z). This completes the proof.
We know that the product § does not define a modular form of level one
for g=1,2. In fact, we have to take its eighth power, square respectively.
Now, suppose that J* and J are principally polarized abelian varieties
such that J is a specialization of J* over some field. Assume that J* is a
jacobian variety. Then J is either a jacobian variety or a product of jacobian
varieties. This is a theorem of Hoyt [7]. We shall explain the second case
more generally. If a principally polarized abelian variety J is a product of
abelian varieties 4, 4, with a polar divisor of the form X, X 4, + 4, X X,
each A4; can be considered as a principally polarized abelian variety with X;
as its polar divisor for 1=1,2. In particular, if 4; is a jacobian variety
(with X; as a polar divisor), we say that J is a product of the jacobian
varieties 4,, 4,. Of course, this can be extended to the case of several factors.
On the other hand, suppose that = and =; are points of &, and &,, associated

with J and 4; for i1=1,2. Then r is equivalent with respect to Sp(g,Z)
to the following point
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n 0
(0 72).
The point r may, therefore, be called a reducible point.

After these remarks, we shall consider the special case when g=3. We
shall denote the modular form introduced in Lemma 10 by x;s for g=3.
Observe that X;s is a cusp form of weight 18. We shall show that the kernel
of the homomorphism p is the principal ideal of A(T3(1)) generated by Xys.
In general, let - denote a point of &, associated with a hyperelliptic curve.
Then

2y-1(2g+1>—(29;'1)=o,o,1,1o,‘ .

even theta-constants vanish at the point r. Consequently, the product of all
even theta-constants is in the kernel of p for g =3, and hence p(xis) =0.
In the following lemma, the modular form 3,,, is the thirty-fifth elementary
symmetric function of (6,,)%:

Lemma 11. Let 7 denote an arbitrary point of &,. Then it corresponds
to a non-hyperelliptic jacobian wvariety when Xis(7) 5% 0. It corresponds to a
hyperelliptic jacobian variety when Xis(t) =0, S140(7) 540, and it is reducible
when Xy5(7) = S140(r) = 0.

Proof. Before we start proving the lemma, we shall make it clear that it
depends heavily on Lemma 5. Using the notations there, let u* denote a generic
point of U over some common field of definition, say K, of U, U* and T;.
Also, let u denote the point of U which corresponds to r. Then J* — f-1(u*)
is a non-hyperelliptic jacobian variety (with a level ! structure). Moreover
J =f7*(u) is the unique specialization of J* over the specialization u*—u
with reference to K. Therefore J is either a jacobian variety or a product of
jacobian varieties. In the second case, we have seen that the point = is
reducible. On the other hand, if J is a hyperelliptic jacobian variety, exactly
one even theta-constant vanishes at r, and hence Xis(r) =0, 3,40(r) 5£0.
Moreover, if 7 is irreducible, at least six even theta-constants vanish at =, and
hence Xis(7) = 340(7) =0. Suppose that we have X,5(r) =—0. Then, the
symmetric polar divisor of J will carry at least 29 points of order two. A
remark at the end of Section 2 shows that the symmetric polar divisor has
a singular point. Another remark there shows that J can not be a non-hyper-
elliptic jacobian variety. This completes the proof.

We believe that Lemma 11 answers a question raised by L. Bers in a
satisfactory manner. Stated in a very weak form, the lemma says that, if a
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point = of S is not reducible, it corresponds to a jacobian variety of a curve
(of genus three).

Suppose now that y is a homogeneous element in the kernel of the homo-
morphism p. Then y vanishes at every point of &, associated with a hyper-
elliptic curve. Therefore ¢ vanishes along every (irreducible) component of
the divisor (X;s) of the zeros of X;s. Consequently, the quotient y/X;s is
holomorphic in &;, and hence will define a modular form, provided that the
divisor (X;s) has no multiple component. We observe that all components
of (X:;s) are conjugate with respect to Sp(8,Z). On the other hand, if =,
is a point of &,, where no even theta-constants vanish, and if w is a point
of &,, we can expand X;s(r) with

To Z)

= (*z w

into a power-series in the coefficients 2,, 2, of 2. Moreover, the leading form
of this expansion is of degree six, and it is given by

— () (1In10mo(fo))"( I;I(’no(tl)))‘“
ImI ((00mo/021) 021 -+ (00mo/022) 022)

in which the first two products are extended over ten and three even charac-
teristics while the third product is extended over six odd characteristics.
We are also putting

(08 (70 2) /925) 2=0 = (00m,/027) 0

for j=1,2. By our previous assumption on the point o, this sextic form
is different from zero, and the six linear forms are distinct. Actually, this
sextic form defines a hyperelliptic curve of genus two, and the point 7, is
one of the points of &, associated with this hyperelliptic curve [cf. 12]. We
note that the fact that the divisor (x;s) has no multiple component can also
be proved by a different method.

THEOREM 5. The homomorphism p is bijective for g=— 1, injective for
g==2, and the kernel is the principal ideal of A(Ts(1)) generated by the
cusp form Xxis of weight 18 for g—=3. In the case when g=2, the graded
ring 8 is generated over the image ring by Xin/Xio and Xss/(Xw0)2 In the
case when g =3, there are no cusp forms of weights less than twelve. More-
over, the C-base of A (Ts(1))ar for k=1,2, - -, 5 is given by 0, Yu, Y, (V)%
Yahe and Yo such that i, Yo, yno have Ya, s, Xuo for degree two as their images
under the ®-operator.
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Proof. The first parts are already proved. We shall, therefore, prove
the second parts. Suppose that x is a cusp form (different from the constant
zero) of weight 2k for k= 5. Then p(X) is a projective invariant of a binary
octavic of weight 3k. Since X is not divisible by X:s, we have p(X) 20. On
the other hand, Supplement 2 to Theorem 4 shows that p(x) is divisible by
the discriminant, which is a projective invariant of weight 14. The only
possibility is that ¥ =25. But then the corresponding quotient will become
a projective invariant of weight one, a contradiction. We shall prove the
last part. By what we have shown, the dimensions of A4 (T4(1)). for
k=1,2,- - -,5 are at most 0, 1, 1, 1, 2. We shall construct modular form
Y Ve, Y10 0f weights 4, 6, 10 which generate 4 (T5(1)). for k5. We
simply take

Ya=(3)* Z(0n)*
As for Y, we take
‘/’3'_—. (%)SE,M (20 0 4)(1-‘[0 ) ))
m” (m”) m” (m")
in which M mod 2 runs over Sp(3,Z/2Z) modulo its subgroup of index 135
defined by “c=0.” As for y,,, we denote the product of eight 6, with
m’ =0 by P; and by P, the product of 6y, such that m,’— m.” =0 and such

that m, = t(m,"m."m,”m,”) runs over the set of six even characteristics in
degree two in which my=20mod1. Then we consider

— 914, 10 = (1/2535) .Z’M.PI(P2)2’

in which M mod 2 runs over Sp(3,Z/2Z) modulo its subgroup of index 30240
consisting of matrices which are composed of M,mod?2 in Sp(R,Z/2Z) and
of 1, such that “c,=0” in M,. It is easy to verify that y,, ys, y1, thus
constructed have the required properties. This completes the proof.

Actually, we know considerably more about the graded ring 4 (T;(1)).
The whole difficulty lies in the fact that this ring is complicated and not in
the inadequacy of our method in any sense. We shall publish our results on
some other occasion. Instead, we shall discuss a problem raised by E. Witt
in [21].*

As it has been observed by Witt, if o denotes a half-integer, positive,
non-degenerate matrix with the property det(2¢) — 1, its degree is necessarily

* We have been informed by Professors Siegel and Witt that this problem has been
settled by M. Kneser in his forthcoming paper entitled, “ Lineare Relationen zwischen
Darstellungsanzahlen quadratischer Formen.”
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of the form 8k and, for every non-negative integer g, the corresponding theta-
series

fo(r) = % e(tr(ourtu))

for 7 in &, defines an element of A(T'y(1))s We note that the above
summation is taken over the set of all 8% X g integer matrices. Clearly, if
we apply the ®-operator to f, for the degree g, we get f, for the degree g —1,
and fo =1 for g=0. Moreover, if we expand f, into Fourier series as

fol(r) = ;A (0,0")e(tr(a’r)),

in which ¢’ runs over the set of all half-integer, positive matrices of degree g,
the coefficient 4 (o,0”) gives the number of representations of o’ by o.

Now, if we consider the lattice in R® consisting of vectors z with coeffi-
cients z; satisfying #;=0mod }, z;=2;mod }, 3 z;=0mod 1, the euclidean
metric restricted to this lattice gives rise to an equivalence class of such o
for any given k. We shall denote its representative by o;. On the other
hand, the class number of all possible o is known for k=1,2, and it is 1, 2.
For k=2, if we denote the direct sum of two o, by o1, then o; and o, form
a complete set of representatives. The problem of Witt is whether we have
4 (011,0") = A (02, 0’) for all ¢’ of degree 3, i.e., whether we have fs,, — fo,
for g=3. Theorem 5 shows that the answer is affirmative. Moreover, we
have

A (011, 1,) — A (03, 1) = 21235 - 7 - 53.

We shall state this fact in the following way:

CoroLLARY. The difference Xs = fo,, — fo, for the degree g—4 is a cusp
form of weight 8 (different from the constant zero).

We note that, in the case when g=3, the unique modular form of
weight 8 has four different expressions, one as an Eisenstein series (in the
sense of Siegel), the second as fo,, and the third as f,,, and the fourth as a

homogeneous polynomial of degree two in ()% The resulting identities
seem to be of highly non-trivial nature.

THE JoENS HOPKINS UNIVERSITY,
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