THETA BLOCKS

MARTIN RAUM FOLLOWING A TALK BY D. ZAGIER

The theory of Theta Blocks is based on work by V. Gritsenko, N. Skoruppa, and
Z.

JAcoBI FOrRMS (EICHLER-Z.)
TeEH,2€C,qg=e" =¢(1), ( =¥ = ¢(2).

O(r, 2) = Z (%)qn2/8<n/2

neZ

= g5 (C2—(F) —qR(¢2 =)+

H (1—q¢")(1—q"¢)(1 —¢"*¢) (Jacobi triple product identity).

OO\H
m\»—A

where

—4, ]+l n=%1 (mod 4)
e P -

)
O(r+1,2) :g(%)@(f, 2)
O(r,z+1) = —0O(7,2)
O(r,z+7) = —q 2('O(r, 2)
01,5 = \/Te(Z)errs
n(r) = 5 sumaca(2)g

Definition 0.1. A Jacobi form is a (holomorphic) function ¢(1,z) satisfying (k =
weight, m = indez)
() 9(&Fd 5a) = (o + "e(353) 0(7, ).
(ii) &(1,2 + 17+ 8) = e(—mr*t — 2mrz)é(7, 2).
(ii) holomorphy at infinity: ¢(7,2) = 3 4m_r2s0 (1, 7)q"C"
Notation: Ji .

@€J11

weak Jacobl forms: ¢(7,2) = >, -oc(n,7)¢"¢"; weakly holomorphic: ¢(7,2) =

S o €(1,7)"C"; Notation: Jy, C jk’m C J;ﬂm
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Examples 0.2. k > 2

Ekz,m = Z D<Z21| ... € Jk:,m-
SLa(Z

E4,1(T, 0) = E4(T) E671<T7 0) = EG(T)
$10.1(7; 2)

o cusp

= B4 1k — Eg1Ey € Jig4
! /

111 = EuiEgy — Ee 1By ;-

A= ®10,1 c j_271 B— $12,1 c (7071
b1
C = : J_10.
A € J12

M, = @ My(SLa(Z)) = C[E4, E).

"Z’U@TL,* = C{E47 E67 A7 B] = M*[A7 B]
Jow = M,[A, B,C] /(432C?* = A(B* — 3E,BA* 4+ 2FE4AY)).

B_dua_ #0 _
A ¢10,1 0(22) \/
C /
A2

/2 3
0.1. “Jacobi like”. k even = ¢(7, —2) = ¢(7, 2).

67,2) = go(r) + (ST — elT)

o wis(T)  mé&i(r)  mEg(T)
2 )@ (e 20 +2) 2k + 1)
where (f(7) =Y a,q”, f'(1) := > na,q")

§o € My & € My

£l/ € Mk+2y .
Cohen-Kuznetsov

§o — Tio(7,2) = §o + & (2miz)” + - -
is Jacobi-like (satisfies (1)).

o= &2

J,gi?l;e) = (H My, (convergent part).
v=0
k odd

phi(r, 2) = &(7) (2miz) + (€ + %“)@m-z)?’ .

)2miz)t + -

)
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Odd weight forms have zeros at %1, 5, and %

Any Jacobi function has at most 2m zeros in a fundamental domain. So we get

Theorem 0.3. k cven
<7k,m (i @ Mk+2u'
v=0
k odd
o m=2
Jk,m (i) @ Mk+2u+l-
v=0

We call this the Taylor expansion of a weak Jacobi form.

0.2. Elliptic forms. Functions satisfying only (2).
¢=> c(n,r)g"¢".
(2) tells us
B(r.2) = 4 CG(r, 4 X ) = 3 cln, p)g T,
So we have
c(n,r) =c(n+ Ar+mA2 r+2m)) VA€ Z.
Set
A = dnm —r? = dm(mA’ + 1A +n) — (2mA +1)2

c(n,r) =C(A,r (mod 2m))

o= > (X c@andE)( Y )

Il (mod2m) A=-I?2 (mod 4m) r=l (mod 2m)
= Z hi(T) O (T, 2) universal.
I (mod 2m)

¢ +— (ho, ha, ..., hopm—1) = vector.
¢ € Jpm =M € Mkfé(some level).
Summary: (1) (“Jacobi-like”) & ¢ = & + (& +...)2° +---. (2) (“elliptic”)
& o= h(1)Om(T, 2).
gl/ - Z [h/l@?n,l]y E Mk+2y-

I (mod 2m)

m = 1 then :]vk,m = Mk+2A D MkB, Jk71 = Mk D Sk+2, Jz}?p = Sk D Sk+2.
A -1 0 3 4 7 8 11 12 15

Gos 0 0 1 -2 -16 36 99  -272 -240
Coefficients ¢,, 0 0 1 10 -88 -132 1275

A 1 -2 8 -12 39 -56 153

B 1 10 -64 108
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e(ne)? L =012
S P TS O

First weight 2 Jacobi form at m = 25, first cusp form at m = 37.

O(r,22)

nr3

Theorem 0.4 (Sk. - Z.).
Jem = M “pure”
M (Lo(N)) € My(N) C Mi(Lo(N)).
Connection to elliptic curves X (37) = Es3; with odd function equation. L'(FE,1) =

h(P), P a Heegner point. Heegner points Px are labeled by discriminants. To
compute the corresponding Jacobi form ¢ use projection to Ss.

0(2)%0(22)20(32)?0(42)O(52)

n(7)° '
A 20 8 4 7 8 11
CELAA 1 -2 248 -492 4119 -7256 33512

¢ =

Example 0.5. Jo1 = MyA®M,B = (E,A)

E3
J(r) = R = a7+ T4+ 196884 + -

is a Hauptmodule H/T — PY(C). Set J = j — 744.

Ey(7) 1 2
v/ J(T) = =q 5 +248¢5 + - - -.
(") n(r)®
We find
L+ — 744 ) 1728 — 744 144
I +3Z\/§)=O 37 = —248 J;Z)z 782 M 4o J( +2“/7):—3375—744:—4119.

This is the above coefficients.

¢ € Ji,, order at 0o: Ordy(¢) = min{n — % : c(n,r) # 0} = min; Ord (hy).

1

weak order: Ords(¢) = min{n : ¢(n,r) # 0}.
Ords(¢) > 0 ¢ € Jium Orde(¢) > 0 < ¢ € Ji .
Right notion of order is a function on R/Z.

Definition 0.6.
Ord(¢)(x) = min{ma® + rz +n : c(n,r) # 0}.
minger/z Ord(¢)(x) = Orde(¢). We have Ord(¢;¢2)(x) = Ord(¢:)+Ord(¢s). The

minimum in the definition are attained at z = 7= € ;-7Z/Z.
m 2m

2

o(r,2) = 3 ()¢ ¢t

n
.1 n n? 1 1
Ord(O)(w) = i (o 5w+ 5) =5l 51
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Example 0.7. The above theta block corresponds to (aq, . ..,a10) = (1,1,1,2,2,2,3,3,4,5).
10

. 1 1, 6
mq}n(;ﬂaix - §|| Z o
So we can divide by n°.
Second lecture
ordg(z) = min (ma? + nx + 7).
o(2) oin, ( )

¢ hol. = dmn > r2 = ma? + ro +n = Gmetn’Hlmn—r?) - g

4m
¢ hol & ordy(x) > 0Vx, because
min(ordg(z)) = min min (ma® + rz +n) = minmin(ma? + rz + n) = min dmn =17 Auwin Or
— = 1 = 1 == - (
T€R ¢ z  c(n,r)#0 nrox n,r 4m 4m

Since ordy has discontinuities at non-minimal points only, it the minimum is attained
at © € 5=7/7Z.
Properties of g(x) = ord,(z):
e continuous.
o g(z +1) = g().
e g(—z) = g(x).
o ¢"(x) =2m a.e.
[} Ol"d¢1¢2 = OI‘d¢>1 -+ ord¢,2.
The order is multiplicative, because for ¢ € Ji ,,, then ¢(7,0) € My, (7, %) € M,

but ¢(7, 277_3) & M, q%qﬁ(T, 277_3) € M. Generally, qm)‘2¢(7, AT + v). Thus

ord,(z) = limiting value as A — 2z € R, g — 0 of Ord, (qm)‘2¢(7, AT + u))

1. THETA BLOCKS

Definition 1.1 (temporary). A theta block is:

where l; € Z, x € Q and ©,(r, z) = O(7,12).
More generally: allow @lil.

Example of the more general case: 77(7)%, which is holomorphic, since all zeros

0._ (d)
Gw—H@%

d|l

61 = H@?la

d|l

cancel.

which are holomorphic.
Notation: a =a = (ay,...,ay). O, =[], O(7,a;2). M(a) = 240rd(0,) € Q
M (a) is the biggest power of n by which 6, can be divided and remain holomorphic.

Example 1.2.

—6 cusp
N 0112223345 € Jogr
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Question: How good does this get?
Open question: Does N — M (a) have to go to oo as N — oo? Assuming it does,

what is the biggest N you can find where @ljlz'v",ejN has weight 27
Record: N = 37, SH01028u)0-On)
Fact: M( )< N.nMO,.--0Oy M — weight > 0.

( ;ay) € ZYN. WLOG a € NV, since ©_; = —0,, ged(a) = 1, and
1 > aq Z > ay.

Example 1.3 (“Theta quarks”). a,b € Z = 0,040, is divisible by n, i.e. Ords(©,0,044p) >
i. m = “2—2 + % + @ =a’+ab+ V> e€Z. nMO, € J%m(e?’N_MUIQ{m).

* if 3|m
Orde {ii( +2) if 3m.

Proof 1: Show ord(0,0,0,14)(x) > 5.

1 1
ord(6)(2) = 5w — 5 I,

2]l = d(z, Z).

ord, —mln ZHCWU——HQ

Awverage of function is %, giving an upper bound for the minimum ord.. So
al 1
M(a) = 240rd(0,) = 12 mi ax— —||?
(a) rdso(O4) min ;:1 laiz — S|

M k? ) 1 1 N2
— =min min |jaz— - = min |7, Tal=ynn, =), T Z ,
= mn i ar == (0] = (5 m(@)

where 7w, : RN = (a) & (@)t —™ (a)*.

Receipt: extend a = a™V) to an orthogonal basis of RN, M, ... a™.
2 (k7 CL @ )2
|K||* = Z (a0}

Apply this to aV) = (a,b,a +b): a® = (1,1, -1).

—1))2 k1+ky—ks+1)2
k= (lﬁ + ;,kQ"’ z ks + l), S0 H7T(aba+b)< )H2 = ((rélil’ §|)|)2 = t 23 3+2)

=6, ®b@a+b € J

m(€%) is a quark. The character becomes trivial if we multzply three
Q1,Q2>Q3 of them. Q10Q2Q3 € J3.m; 1mytms-
Infinite famailies
(7’) nile)a@b@a-‘rb-
(i) 1720,0,0,.40, . Here, a'V = (a,b,a + b,a —b), a? (1 1,—1,0), and
a(2) 2
a® = (=1,1,0,1). 80 Image | = gy + - > OG5 + 05
(7'7'7') 7]_4(951G)b(aa+b@afb(_)Qafb@anb
(iv) N730,0,0.044,0p1Ouivre specializes to the above if ¢ = a — 2b (up to the
n power).
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(v) 7776(@_al(?b@c@d@a-i—b®b+c@c+d@a+b+c@b+c+d@a+b+c+d~

(vi) N7 2 O 04 Ou 4y Ouytta,r N = @ and M = @, so that
N—-M=s=N.

Proof 2: Actually do it!

Proposition 1.4. For a,b € N define

S\ 124rs S ~(a—b)rtas
@a’b(T’ Z) - Z (g)q e C( o+ € Jl,a2+ab+b2(68)-

r,SEL

00,0,
Then O, = —#.

Proof. Trick:

-3 _ D testaz (j)qﬁ/ﬂi

VseZ: (— ¢
iy )
Proof:
(52)(5)
1 12 2 -3 —4
o n?/24 n?/24
n=5 (=) 7= () + > (—)a™ ™.

n
n=1 (mod 4) n=3 (mod 4)

This is similar to a trick crucial to tread L(s,x) (Gauss)

- Zj (mod f) X(])Q(‘%)
Z]‘ (mod f) X(J)Q(%) .

Euler:

1 B foootsflefnt dt
ns I'(s)

Now consider

{Imn)€Z® :l=m=n (mod?2)}={(r,st)€Z:s=t (mod3)} via

2 2
We have
(12 +m® +0%) /8 = (1 +rs + 5/3) +£7/24.
We have
—0,00441 = Z (%) ql2+m82+n2 CaHme(Hb)m = Z (_74>qr2+7“s+52/3qt2/24<‘”+bmz(“+b)7
Lm.nez r,s,t€Z,s=t (mod 3)
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2. 3. LECTURE

Q:(ala"wa‘N)EZN

gives us a theta block

Recall

1
M (a) = 240rd(0,) = 12 glgﬂgl d(a;x, 7 + 5)2 = biggest M s.t. n~ O, is holomorphic.
i=1

We find M = 0 if and only if all a; are odd.

1 1
M(a) =12min min |jaz —k[* =12 min |7,(k)|]* = 12d(7ra(—,...,—),ﬂa(ZN))z.
z€R ke(Z+1)N E€@+HN T T2 27"

We are interested in theta blocks with N as large as possible. There were five families
(i) a= (a,b,a+b), N =3, M(a) > 1, k= 1.

b a—0b a+b
—a b+a b—a
-1 -1 0
1 0 —1

— = o Q

which gives an orthogonal basis of R*. With k = (a, 8,7,0) € (Z + 1)* we have

_(kr)? (k) (@=B-—9)? (a+8-0)7_ (1/2 (1/2)* 2
ma(k) = (r1,71) * (ro,m2) 3 * 3 = 3 * 312

a a b a—b a+b 2a—b a—2b
Ql

ro —1 1 1 0 0 0

rn —1 =10 1 0 0

rp —1 0 -1 0 1 0

r3 0 =11 0 0 —1

ry,. 0 0 O —1 1 —1

For k € (rg,...,r4) we get

(k,ro)? | (kyr)? | (kyra)® | (Kyrs)® | (Kyra)®  (1/2)2 0 (1/2)° 4
4 S
3 * 4 * 4 + 4 * 4 3 4 12
We consider ((ng, ...,ns) € Z5T)

[I ot (ni—nyz)

0<i<j<s

IE]* =

We have N = (5'51) = @
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s(s—1

Claim: M = (;) = T) We give 3 proofs of this
(i) Ord > ...
(ii) quotient = explicit © series
a) by comparing transformation properties.
b) explicitly.

Fix s
V={H¢€ Mg, : Htr:—H}

dimV = N = (821),

We write V(R), V(Z) for the real and integral points. Orthogonal decomposition
V(R) = Vo(R) @ Vi(R). Set

1 1 1
IH|?=Q(H)= > hi= §Zh?j =3 Zhijhji = —§tr(H2)-
2¥) [2¥}

0<i<j<s
Notation: u=(1,...,1). B=(5,52,..., %), Bi==%—ifor0>i> s.
( ). B=1(5,% 5)s Bi =5 >0 >
s+1
0 1 1 1
g_ -1 0
-1 -1 0
0 1 2 3 s
-1 0 1 2 s—1
G =
—S 0
We have

Vi={H eV :uH=0or Hu" =0}
Vo={y"u—u"y} y=(0...1...0),
where H = Hy+ H, € Vi & V4. We have Q(H) = Qo(H) + Q1(H).

Proposition 2.1. We have Qo(H) = sJ%lHuHHZ, Q(H) = 3%1 D osicjkssMig+hir+
B )?.

Proof. We have Qp =0 on Vi, 1 =0 on Vj.

S

6(5 + 1)@1(]{) = Z (hlj + hjk + hki)z

%,3,k=0

=3(s+ 1) _h%+6>  hihj = 6(s + D[ H|* — 6(s + 1)Qo(H).

ijk
0
Theorem 2.2. [[ g, O(7, (n; — n;)2) is divisible by n(;)
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Proof. k < K is a matrix now.

M ((ni = nj)osicj<s) > 12min Qi (K) = 2(s +1) D> (hij+ hge+ ) = 2(s +1)(1/2)° (8 g 1)

0<i<j<k<s

0
Consider 7 € H, z € C*™!/Cu

PS(T; ZOv"';ZS) - H @(T,Z]‘ _ZZ)

0<i<j<s

Claim: 77(7')_(3>Ps(7';§) is holomorphic. If you specialize to z = nz, z € C, n €
Z**1 /7w then this specializes to previous thing.

Definition 2.3.

Qmz)= Y ela) GG

TE(Z+5)3um 0 £1 0r 0
e(z) = {O if any two x;’s are equal  (mod s+ 1),
sgn(w) if m(z) =L (mod s+ 1) for some permutation 7 € Sypq
Theorem 2.4.
Py(r2) = ()8 Qu(r 2).
Proof.

Pi(1i20+1,21,...,25) :ﬁ@(T;zO—zH—l) (—1)
Py(1;20,. .., 2s) O(1, 20 — %) '

On the other hand,

=1

Qs(T320+ 1,21, ..., 25) S\ s
Qr.2) )=t

S

P(t;20+ 7,21, ., 25) _ H O(r;20 — 2+ 7)

To get the analog behavior for Q),: In the definition of € the permutation needed
changes by a cycle of length s, with sign (—1)*.

S

=] (- G'6) = (~1)'¢ 5"

=1

Py(T; 20, ..., 25)

llz+A[2

(_1)8628(7-7 z) = Z €($)q 2(s+1) H Cimi—i-Ai
r ~—
GGG TG

ll[I2

= GG ) e@)g  (gGo)™ ol ¢

~—
Ps(1320+7,21,...,25)

Also: (T, z) is antisymmetric in z;’s, so it vanishes on all diagonals z; = z;. Thus
it is divisible by P as a function of z, 7 fixed. We have shown that

Qs(7,2)
Py(7,s)

is holomorphic in z and doubly periodic in each z;. That is, it is independent of z. [
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Remember 3 = (3, %, ...,—35). Easy: 8 and its permutations have minimal norm
n (Z+ £)5 . For example

e s=2 0=(1,0,—-1).

® 5= 37 ﬁ: (%a%7_%7_%)

1BII7 _s(s—1) 1
20s+1) 2 24

Coefficient of q( )/24 g

ﬁw ﬂrr s CZ
Z sgn(m)¢, (ORI Cs (s) = det(¢) = H CC
TE€Gs+1,x=m(0) 0<i<j<s V >¥J

Proof 2. Remember

D=0tz =T[ (X @) = Y e g an

H=—H"%
nij odd (i7j)

Since 2z = uN:
[T =Twrer> =TTw/er =TT = Tl

—4
xtm) = 1]
0<i<j<s 7
Here, H € V(Z), N =S (mod 2V(Z)), H=S+2 _N , h;j = sgn(j — i) + 2n;;.
v (z)

IH|* = Q(H) = Qo(H) + Q:(H) = Q1(H) +
So we can continue

[
Pro= Y (X (F)reng@ens) g

s+1 = =
ze(Z+5)5) 0 H=S5S+2N,uH=2x B
TV

function Ay of 7 alone
Claim: Ay does change for 2/ = x (mod s+1). Simply replace N by N+ (n;—n;);
with same Q1 (H). Ay is antisymmetric.
We get

) = (_]_)ZK] nij _ (_1)tr(NS)/2.

4 z|?
s+1°

Py(1,2) = Ay(1)Q4(T, 2)
Ay(7) = ST (—)rENg@un/s Ly (),
H=S+2N,uH=23
Example 2.5. s =3
0 142a—20 1—2a+c 1+2b—2c

g |1 0 14 2a 1—2b
-1 —1-2 0 14 2¢
—1  —1+2 —1-2 0

IMy||? = 12(a® + 0° + ¢*) — 8(ab + ac + be) + 4(a — b+ ¢) + 1
BIMi|P = (14 )2+ (14 )2+ (1+-)% 7
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3. LECTURE 4 BY NILS SKORUPPA

How many Jacobi forms are theta blocks? We allow quotients of theta during

the whole lecture.
TG

c dlc

are the only admissible theta blocks.

The number of theta block of given index which are holomorphic in H x C (counted
up to multiplication by powers of 1) is finite. The lecture will deal with infinite families
of theta block, which are the only hope — at least currently — to prove something
about this and related questions.

We have two families

{0(r,dz) {67(7,d2)

}d21’ }dzl’

s (e).

Theorem 3.1. Every Jacobi form of weight 5, any index, any character is a linear
combination of these theta blocks.

where 6*(7,2) = ge((TTQZ))n( )€ Jy

Jacobi forms of matrix index:

L=(L,p),

where (3 is a bilinear form § : L x L — Z which is non-degenerate. We will write
Q® L,C® L and then consider § as a form on these modules.

Given a lattice U C L, U#* = {y e Q® L : B(y,U) C Z}. We have L# D L of
finite index.

We write 3(z) = 36(z,z). This induces an element in Hom(L,Q/Z) of order 1
or 2. We say L is even, if f(z) € Z f. a. x € L, and L is odd otherwise. Set
Ley :=ker(z — B(z) +2Z) C L C L* Cy L¥,. We call the set

L*={re L : f(r,x)=p(z) (modZ)forallze L} C LE

the set of special vectors (This is also called “shadow of L” (Quebbemann, Rains,
Sloane, Elkies, etc.)). If L is odd, then L¥ /L# = {L# L*}.
Recall that we write € for the multiplier system (not the character!) of 7.

Definition 3.2. J; 1(€"), k € 1Z, h (mod 24), k=2 (mod Z). ¢ € Jy 1 if and only
if ¢ H@(C@L) — C and

(i) (A, =) = e(LE) (cr + d)* 2 e"(A)p(r, 2) for A € SLy(Z).

(ii) (1,2 + a1 + y) = e(B(x +y))e(=70(x) — (2, 2))o(7, 2) for x,y € L.
(5) & =D netyz D rere nxper) A 1)a"e(B(2, 7).
)

Remarks 3.3. (i) (z,y) — e( (x +y)) is a character.
——

€LxL
(1) L not integral, then there are no Jacobi forms.

(iii) L not semi-positive definite, then there are no Jacobi forms.
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(w) F € (32)™", F = F", F > 0.
Jk,F(€h> = Jk,(Z",(w,y)Hm“ZFy)(gh)
via CQZ" -=C", 2@z + 2x.
Jk,m( ) - Jk,(Z,mey)( )

3.1. Embedding construction. o : L — M isometric gives o* : Jpy (") —

Jp(€), ¢ — a*o(r,2) = d(1, a(2)).

Special case:

a: L -7V

o [T06r2) = [T0(7.0,(2)

N e’ GJ%,£(€3N)

eJn e3N
?’ZN( )

Given zo € L, m = (3(x)
Szo + L(2m) — L, t — txg
(S;0¢> (7—7 U)) = ¢(T7 Iow) (U) S (C)
—_———
EJk m(eh)
Infinite family of theta blocks: Let ¢ as above and consider s} ¢ _, 0 = {o(7, 2w) }ser,z20-

By what power of 7 can we divide ¢? Typically: The power is at most n™ =",
n =1k(L), L — Z~. n»"Na*¢ € Jn (") has singular weight, so that we cannot
divide by a higher power of 7.

Definition 3.4 (Eutactic star on L).
N
S={s;}iL;, O0#s;€L? st Z (sj,7)s; (1€Q®L).
) =

We have B(x,y) = Zj B(s;,2)B(s;,y) and [(z,
Remark 3.5. We have an embedding
L>Xw— (5(517$)a"-7ﬁ(sNax))
L—7Z".

Vice verca, if o : L — ZN with all components # 0, then o;(x) = B(sj,x) for a
suitable s; € L¥ and {s;})_, is a ES.

We let Gig be the subgroup of all g € O(L) s.t. there exists a permutation of indices
and sign €; = £1 s.t. gs; = €;5,(;. We set dg(g) =[] ¢€;, ds: Gg — {£1}.

Definition 3.6. {s;}}", is extremal if L* | Loy has exactly one Gg-orbit U whose
elements have stabilizer in ker dg.

Theorem 3.7. L = (L, 3) of rank n, S and extremal ES on L of length N. Then

N[00 B 2) =7 D e(Blw+a)) Y Ss(9)e(Blw +,92))

j=1 € Loy 9€Gg

Z B(s; x)?.

for some constant . Here, w is a Weyl vector for {s;}. By definition, we have
W+ Ley € U, B(w) is minimal in w+ U.
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3.2. Eutactic stars arising from irreducible root lattices. Classification: A,, B,,C,,, D,,, Es, E7.

R irreducible root lattice, R™ positive roots.
Let f; be a Z basis for > Zr.

n
TZE pnjfj
Jj=1
n

Or(r.2) = [ 007> priz) € Jon(e™N).

reRt Jj=1
In the case Ay, we get
nH(T, 2)0(T, 21 + 2)0(T, 22).
For A, = {z € 2" . zg+ -+, =0, A, = {z € A, : 2* = 2}, we set

RT = {(07... 1, ’_1’...0)}7 fj — (0,... J1,—-1,--- ’()).
01, =0 W J0(r2z) J[ 602+ 2).
j=1 1>i<j>n
Set

h=3"(rr)/n,

reRt

where the scalar product comes from the ambient Euclidean space FE.
L = weight lattice of R={z € E : (z,r) € Z for all r € R}.
We have

h(z,z) = Z (r, 2)?,

reR+

and this give the above formula
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