Exercises on Modular Symbols

Day - One

Exercise 1. o If I' < SL,(Z) has finite index then T'\ P'(Q) is finite.
e Let ' =Ty(p), then show that Ty(p) \ P1(Q) = {[0], [io0]}.

o Let I' = I'g(IV) then show that 2 ~ £2 if and only if ged(qi, N) = ged(ge, N) =t
and pi(£) = pa(2)(modZ ). Where the condition p;(£) = ps(2)(mod%’) is not

required when N is square free.

Exercise 2. Verify the 7 modular symbol relations stated in the lecture. In addition, show that

{a, g(a)}r = 0 if g is elliptic or parabolic element of T".
Exercise 3. Verify that B(I') < Z(I') and B(N) < Z(N).
Exercise 4. Compute .Z(N) for N = 11,13,17,19,23. If keen try for N not prime.

Exercise 5. Determine J s.t. the following sequence is exact.

0 — J < Z[SLy(Z)] — Z[P*(Q)] — 0

Exercise 6. Determine [/ s.t. the following sequence is exact.

0 — I = Z[SLy(Z)] — Z[P*(Q)]° — 0



Day - Two

Exercise 1. (a) For a given I' < SLy(Z), compute dim.Z(T").
(Recall: Z(I') = {\ : '\ SLo(Z) — C : | : AMx) + A(zS) = AMx) + AM(zR) +
MzR?) =0,YVz € T'\ SLy(Z)}).

Hint: Its easier to compute dim.Z(T")*.

(b) Compute gr(using Riemann-Hurwitz Formula) and compare to part(a).

Exercise 2. Determine the Hecke eigenforms in Hompr, vy (Z[P'(Q)], C).

M (N) P Ea(2) = P P Exlt2),

tf2IN x

where the sum is running over the primitive Dirchilet characters x(mod f) with

Ey(2)=1-— 242 o1(n)q"

and

Ey(2) = const. + 3 ( 3 dx(d)rg)) '

n> dn

Exercise 3. Let Mg:{(ZZ) €Z*?%:|:ad—bc=1Vla>b>0,d>c>0}

(a) Show that M, is finite.
(b) Determine M, for £ = 2, 3.

(c¢) Find the eigenvalue of 7'(2),7'(3) on £~ (11).



