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The fine structure of operator mice

*

Farmer Schlutzenberg
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Abstract

We develop the fine structure theory of operator-premice. These are
a generalization of standard premice, in which an abstract operator F is
used to form the successor steps in the internal hierarchy of the premouse,
instead of Jensen’s J-operator (which computes rudimentary closure).
Such notions have seen applications in core model induction arguments,
but their theory has not previously been developed in detail. We define
fine condensation for operators F and show that fine condensation and it-
erability together ensure that F-mice have the fundamental fine structural
properties including universality and solidity of the standard parameter.
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1 Introduction

The core model induction is the most general and successful method for comput-
ing lower bounds for the consistency strengths of strong theories, like PFA, MM
and many others. It is used to construct models of AD™ of high complexity —
which themselves contain inner models for large cardinals — from such theories;
the papers [24], [21], [28], [26], [1], [27], [7], [6], [2] develop the general theory
of the core model induction and give various applications. The construction
is inductive in structure. Roughly, one proves that the universe V (or some
part thereof, such as the hereditarily countable sets HC) is closed under certain
kinds of operators (functions) F which yield inner models for large cardinals.
The proof is by induction on the complexity of such F, as measured in terms of
the Wadge hierarchy in models of AD". Suppose we have constructed an oper-
ator F of the right kind, which captures a pointclass T' of ADT." We would like
to construct an operator of higher complexity, and a pointclass Q of AD" that
strictly contains I'. In one case, we can construct such objects by constructing
the operator  — M7 *(z); this is the sharp for the canonical iterable F-closed
model for one Woodin cardinal over x, analogous to M#(x) This is usually
achieved by showing that some fully backgrounded construction or partially
backgrounded construction (K °-construction) over z, which is built relative to
F, reaches leﬁ(x) Here “built relative to 77 means that the successor stages
of the construction are applications of F, instead of Jensen’s operator J. (Given
aset X, J(X) is the closure of X U {X} under the rudimentary set functions.
Standard premice are constructed using J to extend the model at successor
levels, and extenders are added at certain limit levels.) In order for this kind of
construction to work, F should satisfy special properties, generalizing many of
those that 7 satisfies. This paper defines precisely these concepts and general-
izes fine-structural and iterability results from ordinary mice to F-mice.

In an F-premouse, F is used to extend the model at successor levels, instead
of J. The operator F can be used to feed different kinds of information into a
model. For example, ordinary mice, or an iteration strategy, or the specification
of term relations for a self-justifying system, are some examples of the kind of

!Tn the same sense that M%(z) captures L3 (z).
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information that might be fed in. We will define F-premice for a fairly wide
class of operators F with nice condensation properties, and develop their basic
theory. Versions of this theory have been outlined and used by others (see
particularly [21, §1.3] and [28, §2.1]), but without supplying a very thorough
development of the theory. We give here a more thorough development. Aside
from providing more details, some of the basic definitions we use here differ from
those in [21] and [28] in important ways. But other than in Remark 3.13 (which
can be omitted), this paper has no formal dependence on those two papers,
though they do provide significant motivation for what we do here.

If X is a transitive set in the domain of an operator F of the kind in which we
are interested, then N = F(X) will be a transitive structure with X € N, and
F(X) will be a (very) simple instance of an F-premouse over X. More generally,
if R is a sound F-premouse over X, then F(R) will be an F-premouse over X,
with R < F(R) (that is, R is a proper initial segment of F(R), in fact the
largest such). An essential feature of the operators suitable for our purposes
is their behaviour under condensation, which should be reasonably analogous
to that of the J-operator. For example, if X is a transitive set in the domain
of F, R,S are F-premice over X, M is a transitive structure with R € M
and 7 : M — F(S) is elementary with 7#(R) = S and 7[X U {X} = id,
then we might want to know that M = F(R). In fact, we will also want
to consider such condensation with respect to partially elementary maps that
show up in fine structural contexts. We will formulate such properties — coarse
condensation and fine condensation — in Definitions 3.10 and 3.25 respectively.
But before we can discuss those properties, we need to describe the more basic
and general properties of operator-premice, which will be the abstract form for
F-premice, irrespective of the features of any particular F. This is the subject
of §2. After having developed this theory, we will prove in Theorem 3.45 that if
F is an operator with fine condensation, then F-iterable F-premice satisfy the
fundamental fine structural properties that are essential to our understanding
of standard premice.

As mentioned above, some basic notions we use differ significantly from their
analogues in [21] and [28]. Let us now try to convey some idea about this. The
fine version of condensation for operators (described roughly in the previous
paragraph) which is employed in [21] and [28] is that of condenses well (see [21,
Definition 1.3.2] and [28, Definition 2.1.10]), and this notion is central to the
theory in those papers. As we explain in Remark 3.13, this property does not
fully function as one would like, and in particular, in the terminology of [28], the
operators Fg derived from mouse operators G typically do not condense well,
contrary to [21, Lemma 2.1.12].2 We will show that the variant we introduce,
condenses finely (see 3.25), behaves as desired. Because Remark 3.13 motivates
some key aspects of the definition of condenses finely, we have placed it just prior
to the formulation of that definition. But 3.13 does not rely on the material in

2 Actually, there is a minor further issue in [21, Lemma 2.1.12], or more to the point, in
[21, Definition 2.1.8], upon which [21, 2.1.12] relies; Fg (as specified in [21, 2.1.8]) is typically
not well-defined in the first place. There is a natural correction to this, but employing the
correction, [21, Lemma 2.1.12] fails.
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the paper prior to where it appears, and the reader who wishes to start with it
should have no difficulty in doing so.

A second key definition of [21] and [28] is that of model operator (see [21,
Definition 1.3.1], and the similar [28, Definition 2.1.4]). The authors were not
able to develop the theory at the level of generality of model operators with
condensation properties, because we could not see how to define appropriate X-
Skolem functions, nor prove facts such as the preservation of the 1st standard
parameter under iteration maps. Thus, we make stronger hypotheses on the
kinds of structures we work with, ensuring more properties familiar from 7-
structues;® see especially Definitions 2.21, 2.7 and 2.39.

Our proof of the solidity of the standard parameter, part of Theorem 3.45,
is based on that in the union of [4], [25] and [9]. But we provide some details
which are not discussed explicitly in those papers, which are also relevant in
the case of ordinary premice (as opposed to operator-premice), and which the
authors believe are non-trivial. In the introduction to §3.8, we isolate the point
in the proof at which the details are relevant.

In the paper, we will mostly focus on material that is new, skipping certain
parts which are immediate transcriptions of the theory of standard premice,
although for purposes of readability and self-containment, we do include some
fairly standard material.

We have tried to develop the theory in a manner that its content is mostly
compatible with the literature. This is part of our motivation for developing
the theory of F-premice abstractly, dealing with operators F more general than
those given by J-structures; cf. the developments in [21] and [28], which are
abstract. Of course the abstract development also makes the work more general,
and has the advantage of showing which properties of [J-structures are most
essential to the theory. But it does incur the cost of increasing complexity
somewhat. A reasonable alternative would have been to give a more concrete
development by restricting attention to operators given by J-structures, and in
the end, all applications known to the authors are of this form. Also, if one deals
exclusively with J-structures, one can more naturally formulate fine structural
condensation properties regarding all [J-initial segments of the model. But at
least the most straightforward analogues of condensation for abstract F-mice
apply only to F-initial segments of the model.* This seems to be a significant
complication for abstract F-mice.® Also, there are important operators, like

3A J-structure is one of form (J2, B) for some A, where « is an ordinal or a = Ord, and
some predicate B C JO‘?. Here \7;‘ refers to the ath iterate of the [J-operator relativized to
A.

4That is, given a reasonably closed F-mouse M, it is straightforward to formulate conden-
sation properties with respect to embeddings H — M, or H — F(M), or H — F(F(M)),
etc, but it is not so clear how this should be done with respect to embeddings H — N when

MeN e F(M).
5For example, strategy mice can either be defined as an instance of the general theory
here, or as J-structures. The latter approach is taken in [10], and that approach is more

convenient, as it gives us the right notation to prove strong condensation properties like [10,
Lemma 4.1(***)]. If one defines strategy mice as an instance of the general theory here, one
would then need to define new notation to refer to arbitrary J-initial segments in order to
prove the analogue of [10, Lemma 4.1(***)]. But then one might as well have defined strategy
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x +— Cr(z) for pointclasses I', which are not known to be given by J-structures.
We hope the work here will fuel the developments of a more general theory of
operators that can accommodate those like Cr in the future. (Cr probably need
not yield the kind of operator that is appropriate to define operator-mice as we
define them. But maybe some appropriate variant can be worked out.)

The paper proceeds as follows. In §2 we define precursors to F-premice, cul-
minating in operator premice. We analyse these structures and cover basic fine
structure and iteration theory. In §3, we introduce operators F, and F-premice,
which will be instances of operator premice. We define fine condensation for
operators; this notion is integral to the paper. We describe mouse operators
in Definition 3.18 (a basic example of abstract operators), and show in Propo-
sition 3.28 that mouse operators condense finely. We then prove, in 3.45, the
main result of the paper — that the fundamental fine structural facts (such as
solidity of the standard parameter) hold for F-iterable F-premice, given that F
condenses finely.

1.1 Conventions and Notation

We work in ZF throughout the paper, indicating choice assumptions where we
use them. We write Ord for the class of ordinals. Given a transitive set M,
Ord™ = Ord(M) denotes OrdN M. We write card(X) for the cardinality of X,
P(X) for the power set of X, and for § € Ord, P(< 0) is the set of bounded
subsets of 6 and % the set of sets hereditarily of cardinality < 6. We write
f:X --»Y to denote a partial function.

We identify [Ord]<“ with the strictly decreasing sequences of ordinals, so
given p,q € [Ord]<¥, p|i denotes the upper i elements of p, and p < ¢ means
that p = q[i for some i, and p<q iff p < ¢ but p # ¢q. The default ordering of
[Ord]<¥ is lexicographic, with p < q iff p # ¢ and max(pAq) € q.

Given a first-order structure M = (X, A;,...) with universe X and pred-
icates, constants, etc, Aj,..., we write [M] = X. A transitive structure
is a first-order structure with transitive universe. We sometimes blur the dis-
tinction between the terms transitive and transitive structure. For example,
when we refer to a transitive structure as being rud closed, it means that its
universe is closed under rudimentary functions. For M a transitive structure,
Ord(M) = Ord(|M]). An arbitrary transitive set X is also considered as the
transitive structure (X). We write trancl(X) for the transitive closure of X.
We say that M is amenable if for predicate A of M, we have X N A € M for
all X € IM].

Given a transitive structure M, we write J, (M) for the o' step in Jensen’s
J-hierarchy over M (so for example, J; (M) is the rud closure of trancl({M})).
We similarly use & to denote the function giving Jensen’s more refined S-
hierarchy, so S,(M) = J1(M). And J(M) = J1(M).

We take (standard) premice as in [25], except that we allow superstrong
extenders on their sequence, as discussed in Remark 2.48. Our definition and

mice as in [10] to begin with.
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theory of operator premice is mostly modelled on [25] and [4], and fine structure
is mostly in those papers, but adopting the simplifications in [19, §5]. For
discussion of generalized solidity witnesses, see [29].

Our notation pertaining to iteration trees is fairly standard, but here are
some points. Let 7 be a putative iteration tree. We write <7 for the tree order
of T and pred” for the <7-predecessor function. Let a + 1 < Ih(7) and 3 =
pred” (a+1). Then M7, denotes the N' < Mg— such that M, = Ult, (N, E),

where n = degT(oH—l) and E = E/, and 12;7_;1 = zg" denotes the corresponding
ultrapower embedding. And for a + 1 <7 ~, ij;THﬂ = izﬂﬁ oir’,. Also let
MgT = M{ and ig7 = id. If In(T) = v+ 1 then M7 = M7, etc, and b7
denotes [0,7]7. For a < 1Ih(T), baseT(oz) denotes the least 8 <+ «a such that
(8, a7 does not drop in model or degree. (Therefore either 8 = 0 or 8 is a
successor. )

A premouse P is n-sound iff for every n < w, if n < p- then P is n-
sound, and if p7,; <n < pZ then letting p = p%, p\n is (n + 1)-solid for P,
and P = Hull?, | (n U {p,57}), where p? is the i-th standard parameter of P,
pr ={pT,...,pl}, and Hull,,;; is defined via the union of 2.2 and 2.27.

Let M be a first order structure and I' a set of formulas in the signature
of M. Let X C M. Then Th}"(X) denotes the set of pairs (¢, #) such that
pel, e X< and M FE o(Z).

2 The fine structural framework

In this section, we introduce and analyse an increasingly focused sequence of ap-
proximations to F-premice (which were outlined in the introduction, but will be
defined formally later). We first define hierarchical model, which describes the
most basic structure of F-premice. We refine this by defining adequate model,
adding some semi-fine-structural requirements (such as acceptability). We then
develop some basic facts regarding adequate models and their cardinal struc-
ture. From there we can define potential operator premouse (potential opm),
which are analogous to potential premice; this definition makes new restric-
tions on the information encoded by the predicates (most significantly that the
predicate E encodes extenders analogous to those of premice), and adds some
pre-fine structural requirements. Using the latter, we can define the central fine
structural concepts for potential opms. We then define Q-operator premouse
(Q-opm) by requiring that every proper segment be fully sound, and show that
the first-order content of Q-opm-hood is almost expressed by a Q-formula. We
then define operator premouse (analogous to premouse). We prove various fine
structural facts regarding operator premice, and discuss the basic iterability
theory.

Later in §3, we will introduce operators F, and F-premice. In order to

6As in [4], we consider two cases: type 3, and non-type 3. For example, the property of
being a non-type 3 Q-opm is expressed by a Q-formula modulo transitivity and the Pairing
Axiom.
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motivate the language Ly of hierarchical models (see Definition 2.3), we mention
now the basic setup for F-premice. In an F-premouse M, the predicate E will
be used to encode an extender, P to encode auxiliary information given by F (for
example, if F codes an iteration strategy ¥ and T € M is a tree according to X,
then P could code a branch b of T according to X), S to encode the sequence of
proper initial segments of M, X to encode the extensions of all (not just proper)
segments of M, cb to refer to the coarse base of M (a coarse, transitive set at
the bottom of the structure), and ¢p to refer to a coarse parameter, which will
be useful if there is some special element of the coarse base to which we want
to be able to refer to directly with the language (continuing the same example
of F coding an iteration strategy, cp might specify the structure for which F
is an iteration strategy). The choice of symbols has the following linguistic
justification: E stands for extender, P for predicate, S for segments, X for
extensions, cb for coarse base, cp for coarse parameter. We use cp instead of p to
avoid conflict with notation for standard parameters. We use cb instead of b to
avoid conflict with notation associated to strategy mice. For better readability,
we will typically use the variable A to represent cb™. An F-premouse M is over
its base A = cb™. Here A € M and A is in all proper segments of M. When we
form fine structural cores, all elements of AU {A} will be in the relevant hulls.
But in some contexts we will also be interested in hulls which do not include all
elements of A.

2.1 Hierarchical models

Definition 2.1. Let Y be transitive. Then gy : Y — rank(Y’) denotes the rank
function. And Y denotes trancl({(Y,w, oy)}). For M transitive, we say that M
is rank closed iff for every Y € M, we have Y € M and Y<¥ € M.” Note that
if M is rud closed and rank closed then rank(M) = Ord N M. -

Definition 2.2 (Hulls). Let £ = {B, P,é} be a finite first-order language,®

where B is a binary predicate, P = (B 5 is a tuple of unary predicates
<<m

and ¢ = (¢;);., a tuple of constants. Let N be a first-order L-structure and

B = BV, etc. Let T be a collection of £-formulas with “z = ¢ in I' for each
i <n. Let X C |[N]. Then

Hull) (X) =qet (H,BNH?, PyNH,...,Pp_1NH,co,... ca 1),

where H is the set of all y € || such that for some ¢ € T" and & € X <%, y is the
unique 3’ € N such that N E ¢(Z,y'). If N is transitive and H is extensional,
then C = cHullﬁf(X ) denotes the £ structure which is the transitive collapse of
Hulld (X). (That is, |C] is the transitive collapse of H, and letting 7 : [C| — H
be the uncollapse, P¢ = 7~ 1“P;, etc.) -

7VVf) take finite sequences over Y as functions f: n — Y for n < w, so if Y is infinite then
rank(Y <¢) < rank(Y") + w.

8We include an equality symbol in all first-order languages by default, interpreted as true
equality.
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Definition 2.3. Let Ly be the language of set theory augmented with unary
predicate symbols E, P, S, X, and constant symbols cb, cp. Let L$ be Lo
augmented with constant bymbolb i1, &2 Let Ly = Lo\{F, P}. —|

Definition 2.4. A hierarchical model is an Ly-structure
= (IMJ; €l IM*, E, P, S, X, b,p),

where EM = e [M|?, EM = E, etc, b = ¢b™ and p = ¢p™, and such that for
some ordinal A > 0, the following conditions hold:

1. (Base, Parameter) b = Y for some transitive Y, and p € 7 (b); we say that
M is over the (coarse) base b and has (coarse) parameter p.

2. (Segments) S = (Sg)£</\ where Sy = b and for each £ € [1,)), S¢ is a
Lo-structure with ¢b¢ = b, ¢p¢ = p, and $5 = S|¢. Write S\ = M.

3. For each & € [1, )], [ S¢] is transitive, rud closed and rank closed, and S¢
is amenable (note that this includes in particular M = S).10

4. (Continuity) |Se] = U,<¢ [Sa] for each limit £ < A.

5. (Extensions) X% : [S¢| — &, and X% (z) is the least a such that = €
LSa+1J~

Let {(M) denote A, the length of M. For a < A let M|ow = S,. A hierarchical
model M is a successor iff [(M) is a successor ordinal £ + 1; in this case let
M~ = M|, TE I(M) is a limit ordinal, let M~ = M. We say that A is an
(initial) segment of M, and write N’ < M, iff N' = M|« for some « € [1, A],
and say that A is a proper (initial) segment of M, and write N’ < M, iff
N <M and N # M. (Note that M|0 =b 4 M.) We write EM = E, etc. For
any transitive Y, let ¢b¥ =Y so cbMI* = M|0 for all ot 4

The first observation follows easily from the definition:

Lemma 2.5. Let M be a hierarchical model and N < M. Then N is a
hierarchical model.

Remark 2.6. For the most part, definability over hierarchical models M will
literally be computed over €,(M) (to be defined later), which will be an £ -
structure. But for successors M, we will have €o(M) = (M, g M) ¢€o(M))
and %M = () = ¢% (M) So in this case, definability over M (using L£o) will
be equivalent to that over €o(M) (using £g).

9 is for measurable, and will represent the critical point of an active extender, and e is for
extender, and will represent the largest witness to the Initial Segment Condition for a type 2
active extender.

10Note that it follows that S, € LSQJ and [So ] C LS/jJ foralla < g < A
1 hat is, we have cbMI® = b = Sy = M|0 for all a € (0, \] by definition. But recall that
MIO — epb — by =V = b= M]0.

b =Y for some transitive Y, so cb’



292

293

294

295

296

297

298

299

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

321

322

Definition 2.7. Let M be a hierarchical model over A.
If M is a successor, then for p € [OrdM]<"J7 we say that M is (1,p)-solid
iff for every o € p, we have!?

Hull(AUa U (p\(a+1))) <1 M

and
cHulll' (AU a U (p\(a + 1)) € M.

Note that it follows that Th' (AUaU (p\(a+1))) € M, and note that the ¥;-
elementarity ensures that the uncollapsed hull is extensional (in fact X suffices),
and hence the transitive collapse cHull is well-defined.

We say that M is soundly projecting iff for every successor N' < M, there
is p € [Ord(N)]<% such that A is (1,p)-solid and

N = Hullly, (N~ U{N",p}).

We say that M is acceptable iff for every successor N' < M, for every
7 € Ord(N ), if there is some X € P(A<¥ x 7<%) such that X € N\N~ then
in A there is a map A<% x 7<« °2° A/—.

We say that M is an adequate model iff M an acceptable hierarchical
model and every proper segment of M is soundly projecting.

An adequate model-plus is an £ -structure M such that the Lo-reduct
of M is an adequate model. -

In the end we will be primarily interested in structures for which every initial
segment is soundly projecting, not just the proper segments. For certain kinds of
operators F, such as the usual operators used to encode an iteration strategy in
a hybrid mouse or strategy mouse, the successor structures N produced (as F-
premice) will in fact have the stronger property that A" = Hulljz\/1 (N-U{NT}).
Of course, this is the case when F is the usual [J-operator. For mouse operators
F, N = F(N7) will be equivalent to a sound mouse over N/~ which projects
to N7. By coding that mouse via its nth reduct for the relevant n (with

pﬁfﬂ < ordV < pj,yf)7 we will get a structure which is soundly projecting,
with the p of the definition being pﬁ:ﬂ_l.

As in [4], etc, it is useful to consider what can be expressed with Q-formulas
and variants thereof, as they are preserved well downward under X;-elementary
maps, and upward under ultrapower embeddings:

Definition 2.8. Given a language L extending the language of set theory, an
L-simple-Q-formula is a formula of the form

oV, ..y Un—1) <= VaIylz Cy & P(y,vo,...,0n-1)],

12(Clearly this implies that Th/EV; (X) € M also, where X = AUa U (p\(+1)). Recall that

for standard premice M, when defining the solidity of pf”, it does not matter whether we
demand that the relevant ¥1-hulls are in M, or their corresponding ¥1-theories are in M; the
two requirements are equivalent. But this does not seem clear for the structures we consider.
It is important that we use the stronger condition.
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for some ¥; formula ¢ of L. (Here all free variables are displayed; hence, z is
not free in 1).)
Let @pair be the Pairing Axiom. -

It is easy to see that neither ¢pair, nor rud closure, can be expressed, modulo
transitivity, by a simple-Q-formula.'® However:

Lemma 2.9. There is an Ly-simple-Q-formula @.m such that for all transitive
Lo-structures M, M is an adequate model iff M E [@pair & ©Vam).

Proof Sketch. This is a routine calculation, which we omit. (First find an Lo-
Q-formula ¢ruq such that @pair A @rua expresses rud closure; this uses the the
finite basis for rud functions.) O

If M is an adequate model over A and & < [(M) then M has a map
AW x €59 20 A
In fact, by the following lemma, this is true uniformly.

Lemma 2.10. There is a 31 formula v of Ly, of two free variables, such that
for all A and adequate models M over A, ¢ defines a map F : (M) — M, and
for & < (M), letting he = F(§), we have

he + A< x €59 2 pq)¢

and for all o <&, we have hy C he.

Proof. The proof is quite routine, using the sound-projection of proper segments
of M, much like in the proof of the corresponding fact for L. At the referee’s
request, we provide details. We will define h¢ for £ < [(M), by recursion on &.
We leave it to the reader to see that the definitions are sufficiently uniform and
local that one can write down a ¥, formula ¢ witnessing the lemma.

Recall that M|0 = A. Note 0<% = {(}}. We define hg : A<“ x 0= °2° 4 by
setting ho(Z,0) = £(0), in case 1h(Z) > 0, and ho(0,0) = 0.

Given a soundly projecting successor NV, let ¢V be the least g € [Ord(N)]<
such that A/ = Hull} (M~ U {N~,g}).

Now suppose 1 < [(M). We define hy : A<% x 1<% 2 M1, Set hy (#,0) =
ho(Z,0), so hg C hy. For k < w, let 0;, denote the sequence (0, ...,0) of 0’s of
length k. So 1<¥ = {0 | k < w}. Let us now define hy(Z, 0,11) for n < w. Let
p be a 3; formula with free variables exactly vy, ..., vgi2, where k < w. Let n
be the Godel number of ¢, and & € A*. If there is a unique y € M|1 such that
M E o(@, A, g™ y), then we define hy(, 6n+1) = that unique y; otherwise

w

131f £ is a first-order language extending the language of set theory, and X,Y are rud closed
transitive L-structures such that ¢X = ¢¥ for each constant symbol ¢ € £, and PX = PY for
each predicate symbol P € £ with P # €, then any Lo-Q-formula true in both X,Y is also
true in the “union” of X,Y.

10
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define hy(,0,41) = 0. By the definition of ¢g™I* and since A = (M]1)~,
hy @ A<% x 1<% 2 M1, and since hy is definable (in fact without parameters)

over M|1, we have h; € M.

Now suppose 0 < 7 < v+1 < (M) and we have defined h., : A< xy<¥ onto
M|y. We define by g : A< x (v +1)<% 2 M|(y 4 1). We start by setting
hy C hy41. It remains to define h(Z, @) in case & € (y+1)<“\y<“. Here we will
use (7, @) to determine some formula ¢ (with Godel code n) and some elements
Yos -« Ym—1 € M]y, and use these data, along with the parameters M|y and
gMIOFD) to attempt to define some y € M|(y+1); if this attempt is successful,
we will set h41(Z, @) = y. Here we use y; = hy(fi,é_;), where Z; is a certain
substring of Z, and ZL a certain substring of @, determined as follows. Suppose
@ has form

—

(4,0, 1,00, 1, 0> 1, 0, 0, , 1, 0y, 1, 01, o3 0o 1,0k o L lt) (2.1)

where E_; has length lh(f;-) = k; for each i < m."* Note that any such sequence
is uniquely readable, in that the form above is uniquely determined by the
sequence. Suppose that ;€ ~<¥ for each i < m. Let ¢ be the X1 formula with
Godel code n. Suppose that the free variables of ¢ are exactly vo, ..., Vmt2.
Let Z € A<“ have length jo + j1 + ...+ jm_1, and write

T = _’QA Af,m_l
where 1h(Z;) = j;. Let y; = hv(fi,é_;), so y; € M|y. If there is a unique
y € M|(y+ 1) such that

M|(’Y + 1) = %0(2/0, sy ymflaM|’yng|(’Y+l)vy)a

then define h,41(Z, @) = y, and otherwise define h.41(Z, @) = (. For all other
(%, d), define hy11(Z, @) = 0. Then h.1 is surjective and definable over M|(y+
1), s0 hyp1 € M.

Given h, for all & < & where { < (M) is a limit, (we must) set he =
Ua<§ ha. By the uniformity of the definitions, h¢ is Z{MIE, so hg € M. O

Definition 2.11. Given an adequate model M over A and £ < (M), let h?’l
be the function h¢ of the preceding lemma. Let MM = U§<Z(M) h?’t. -

Remark 2.12. So h™ is ¥M via a formula in £;, uniformly in adequate M,
and
M LAY (M) 2 A

(recall that if M is a limit then M~ = M), and if M is a successor then
M e M.

14The sequence in line (2.1) has length 1+n+1+ (jo +1+ko +1+1h(Z0)) +. ..+ (jm—1 +
14km—14141h(fn,_1)). The first entry is -y, followed by n-many Os, one 1, jo-many Os, one

1, ko-many 0s, one 1, then lh(%)—many ordinals < 7, etc.

11
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We now want to analyse somewhat the cardinal structure of adequate mod-
els. This will be useful when we come to defining potential operator-premice, in
particular regarding the properties of extenders on their sequence.

Definition 2.13. Let M be an adequate model over A and A = [(M). Let

p < Ord(M). Then pis an A-cardinal of M iff M has no map A<¢ x~y<« °2%° 5
where v < p. We let ©M denote the least A-cardinal of M, if such exists. We
say that p is A-regular in M iff M has no map A<Y¥ x y<¢ oo p where v < p.

<w onto

We say that p is an ordinal-cardinal of M iff M has no map v "= p where
v < p. We say that p is relevant iff p < Ord(M™). =

Lemma 2.14. Let M be an adequate model over A and A = (M) > £ > 0.
Let k be an A-cardinal of M such that k < Ord(M|E). Then rank(A4) < k < &
and = Ord(M|k).

Lemma 2.15. There is a X1 formula ¢ in L, such that, for any A and adequate
model M over A, if © = OM exists and is relevant then:

1. © is the least o such that P(A<*)M C M|a.

2. | M|O] is the set of all x € M such that trancl(x) is the surjective image
of A<¥ in M.

3. Over M|©, ¢(0,-,-) defines a function G : © — M|O such that for all
a < 0, we have G(a) : A<¥ °2° Mla.

4. © is A-regular in M.
Let kg < k1 be consecutive relevant A-cardinals of M. Then:
5. k1 is the least a such that P(A< x k5“)M C M|a.

6. | M|k1] is the set of all x € M such that trancl(x) is the surjective image
of A< X Kk§¥ in M.

7. Over M|k1, ¢(Ko,-, ) defines a map G : k1 — M|k such that for all
a < k1, we have G() : A<¢ x k5 2 M|a.

8. k1 is A-regular in M.

Proof. We just prove parts 1-4; the others are similar. Let v € [1,1(M)] be
least such that P(A<“) N M C M|y. For part 1, we must see that v = ©.

Let us first observe that « is a limit ordinal. Suppose v = £ + 1 for some
&. By acceptability, there is a surjection 7 : A<“ — M|¢ with 7 € M|y. So
Ord(M|§) < ©. So if v = (M) then Ord(M~) = Ord(M|¢) < O, contradict-
ing the assumption that © is relevant. So vy < [(M). But then because M is ad-
equate, M|y is soundly projecting, so there is a surjection 7’ : (M|£)<¥ — M|y
with 7 € M, so Ord(M|y) < ©. But then the usual diagonalization gives a
contradiction.

12
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Now by acceptability, for every a < v, M|y has a map A<¥ ongo M]a.
We now claim that v = ©. For v < © by acceptability. So suppose v < ©,

and let g : A<% “%° 4<@ be in M. Let h = kM7, Then because g,h € M,

clearly M has a map f: A<w °2%° M|y, so M has a map A<¥ ono P(A<HM,
again a contradiction.
So v = O, giving part 1. Part 2: As mentioned above, for every a < O,

M|O has a surjection A< °Z° Ma. So letting Y € M be transitive and

onto

7 A 57 Y with 7 € M, it suffices to see that Y € M|O. Let X C A<¥
be the code for Y determined by m. Then X € M|y = M|O. But then
Y € L.(X) where k is least such that L,(X) is admissible, and note that
k<©,sY e M|O.

Part 3: Let o < ©. We will define g : A<% x A<% °™° Af|a, and the
uniformity in the definition will yield the result. Let 8 € [«, ©) be least such
that

P(AS)YNM|B L M|a.

Let h = hMIP. Let 2 € A< be such that for some y, f = h(zx,y) is such
that f : A<¥ — M|« is a surjection (such x exists by acceptability). Let
Y, be the least such y, and f, = h(z,y,). For all such z and for z € A<¥,
define g(x, z) = f.(z). For all other (z, z), set g(z,z) = (). This completes the
definition of g, and the uniformity is clear.

Part 4 now follows. U

Corollary 2.16. Let M be an adequate model over A and let v be a relevant A-
cardinal of M. If v is a limit of A-cardinals of M then M|~ satisfies Separation
and Power Set. If v is not a limit of A-cardinals of M then M|y E ZF~. In
particular, M|OM E ZF ™.

Lemma 2.17. Let M be an adequate model over A such that O™ exists and
is relevant. Let k € [OM,0rd(M)) be relevant. Then k is an A-cardinal of M
iff K is an ordinal-cardinal of M.

Proof. Suppose £ > © = ©M and « is an ordinal-cardinal, but M has a map
frASY x y<w oo

where v < k. For each y € v<¥, let f, : A<Y — &k be f,(z) = f(z,v),
and let g, be the norm on A<“ associated to f, (that is, g, : A<Y — Ord,
rg(gy) is an ordinal, and gy(z) < g,(2’) iff fy(z) < fy(2")). Then g, € M
and rg(g,) < O, because the associated prewellorder on A< is in M|© and
M|© E ZF~. Similarly, the function y — (f,, g,) is in M. Let

t
h:©x~y<® Xk

be as follows. Let (o, y) € © x y<¥. If v ¢ rg(gy) then h(a,y) = 0; otherwise
h(a,y) = f(x,y) where g,(z) = a. Then h € M, a contradiction. O

13
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Definition 2.18. Let M be an adequate model over A and let x < Ord(M).
Then xTM denotes either the least ordinal-cardinal v of M such that v > &,
if there is such, and denotes Ord(M) otherwise. By 2.17, if M is a limit and
OM < k, then k1tM is the least A-cardinal v of M such that v > &, if there is
such, or is Ord(M) otherwise. This applies when F # § in 2.21 below. 4

Definition 2.19. Let M be an adequate model over A. Then p™ denotes the
least p € Ord such that p > w and P(A<¥ x p<¥)N T (M) M. 4

2.2 Potential operator-premice

Remark 2.20. We now proceed to the definition of potential operator-premouse.
This will lay out the main first order properties we demand of F-premice. The
properties for segments with an active extender are very close to those for stan-
dard premice as in [25], generalized to allow superstrong extenders. The prop-
erties for successor levels are new, and they consist of four clauses. Let us first
give some motivation for these. Projectum amenability generalizes the fact that
in an ordinary premouse A, if M <A then there are no new bounded subsets
of pM which are in J(M). It ensures that we record all essential segments of
a potential operator-premouse A in its history SV. For example, suppose we
are forming an n-maximal iteration tree and we wish to apply an extender F
to some piece of A/, but E is not N-total. Projectum amenability will ensure
that there is some M <N such that E is M-total and M projects to crit(E).
The property of 31 -ordinal-generation is used in making sense of fine structure;
it ensures for example that the 1st standard parameter p; is well-defined. The
stratification of N lets us define ¥;-Skolem functions in the manner usual for
J-structures, thereby ensuring that Hulljz\f1 (N UY) <1 N for any Y C N, and
also allows us to establish facts regarding the preservation of fine structure (in-
cluding the preservation of p;, assuming 1-solidity) under degree 0 ultrapower
maps. And the existence of cb -ordinal-surjections, together with stratification,
will be used in proving that ¥;-ordinal-generation is propagated under degree
0 ultrapower maps.

Definition 2.21. We say that N is a potential operator-premouse (potential
opm) iff A is an adequate model, over A, such that for every M < N,

1. (P-goodness) If PM £ () then M is a successor and PM C M\M~.1?

2. (E-goodness) If EM # () then M is a limit and letting F' = |J E™, then
F is an extender over M such that, letting S = SM, E = EM and
Kk = crit(F):

(a) F is A<% x y<“_complete for all v < k.

(b) The (following) premouse axioms hold for (|[M], S, E): letting U =
Ulto(M|s+tM, F) and v = v(F), we have:

15The requirement that PM C MA\M ™ does not restrict the information that can be
encoded in PM, because given any X C M, one can always replace it with {M~} x X.
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i.
ii.

iii.

iv.

(Mitchell-Steel indexing) Ord™ = 1V,

(Coherence) S = SUIOrd(M),

(Initial Segment Condition) For every n such that kM < n < v

and n = v(F'|n) (that is, either n = v + 1 for some generator of

F, or n is a limit of generators of F) and F'[n is not of type Z,

either:

A. there is P < M such that |J E” is the trivial completion of
Fin, or

B. EMIm £ () and there is P < Ultg(M|n, F’), where F' =
U EMIn such that |J E” is the trivial completion of F'[7.

(Amenable encoding) F is the amenable code for F'; that is, E

is the set of all e € M such that for some & € (k, k™M), we have

e = Fn(M[E) x [v]=).

(It follows that M has a largest cardinal 0, and ¢ < ip(k), and § < v <
Ord(M) =6*Y)

3. If M is a successor then:

(a) (Projectum amenability) If (M) > 1 and w,a < p™~ then

P(A<Y x a<¥) N M C M.

(b) (A-ordinal-surjections) For every z € M there is a < Ord™ and a
map A<% x o< °%° 2 in M.
(¢) (Xi-ordinal-generation) M = Hulljzvll (M~ U{M~}UOrd™M).

(d) (Stratification) There is a limit v € Ord and sequence M = </Wa>

a<y

such that:

i

ii.

iii.

for each a < v, Mva is an Ly-structure such that M/IVQJ is transi-
tive and M, = M| L./K/IVQJ, that is, cbMa = A and cpma = cpM
and PMa — pM V\/lvaj, ete,

Mis a continuous, strictly increasing sequence with M~ € Mvo
and M =, ., Ma,

Mv[a € M for every o < 7, and the function a — Mv[a, with
domain v, is SM({M™}). .

Remark 2.22. Let A be a potential opm over A. Suppose FV codes an
extender F. Clearly x = crit(F) > ©™ > rank(A4). By [28, Definition 2.2.1],
we have ktM < Ord(M); cf. 2.18. Note that we allow F to be of superstrong
type (see 2.23) in accordance with [25], not [25, Definition 2.4].16 Mitchell-Steel

16The main point of permitting superstrong extenders is that it simplifies certain things.
But it complicates others. If the reader prefers, one could instead require that F not be
superstrong, but various statements throughout the paper regarding condensation would need
to be modified, along the lines of [4, Lemma 3.3].
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fine structure for premice with superstrongs has been developed in [16] and [11],
and of course, [29] developed it for Jensen fine structure.

Definition 2.23. Let M be a potential opm over A. We say that M is E-
active iff EM # (), and P-active iff PM # (). Active means either E-active
or P-active. E-passive means not E-active. P-passive means not P-active.
Passive means not active. Type 0 means passive. Type 4 means P-active.
Type 1, 2 or 3 mean E-active, with numerology as in [4].

We write FM for the extender F coded by EM (where F = () if EM = ().
We write EM for the function with domain I(M), sending o — FMI, Likewise
for E/, but with domain (M) + 1.

For o < Th(M), we define M||« as follows. If M|a is E-passive then M||a =
M|a. If M is E-active then M ||« denotes the (unique) E-passive potential opm
N with SV = §Mle (50 Th(M) = o and A has the same universe as has M|a).

Suppose F' = FM # () and k = crit(F). As usual, v(F) = max(x ™™ /(F)),
where v/(F) is the strict sup of generators of F'. We say M, or F, is super-
strong iff ip(crit(F)) = v(F).

Suppose M is a successor. A stratification of M is a sequence M witness-
ing 2.21(3d) for M. For a ¥; formula ¢ € Ly, we say that M is ¢-stratified
iff (M, )M defines the set of all proper restrictions M [ of a stratification
M of M. .

Lemma 2.24. Let M be a successor potential opm, over A. Let M= <./qa>
be a stratification of M. For a <~y let

a<y

H, = HullM* (AU Ord(M,)).
Then for every x € M there is a < v such that x C H,,.
Proof. Use X;-ordinal-generation and A-ordinal-surjections. O

Lemma 2.25. Let M be a potential opm M over coarse base A. Then M =
Hull(A U Ord™), and HullM(AU X) <1 M for all X C M.

Proof. Use ¥j-ordinal-generation and Lemma 2.10. O

2.3 Fine structure

We now want to define the various fine structural notions for the structures
under consideration, such as soundness, projecta, etc. We will want these def-
initions to apply not just to potential opms, but also the squash of a type 3
potential opm, once we have defined these. The following definition abstracts
out what properties we want for this.

Definition 2.26. Let A be a structure for a finite first-order language £ con-
sisting of constants and relation symbols. We say that N is pre-fine (for £)
iff:

17The p-stratification of M need not imply that every successor N’ M is p-stratified.
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(i) L is a finite and {&,cb} C £, where € is a binary relation symbol and cb
is a constant symbol.

(i) NV is an amenable L-structure with transitive, rud closed, rank closed
universe || and &Y = e |V|? and bV is transitive.

(iii) N = Hulljz\/1 (b U Ord(N)) (note the language here is £),

(iv) there is a Xy formula ¢ of £, a limit ordinal n and a sequence (N,)
such that each N, is an L-structure, [N, ] is transitive, N, € N,

My :Nr U\/‘(YJ )
|Na] € [N3] for a < B, IN] =U,, [Na], and for all X € N,

X e {MY}(1<7] — N’: QQ(X)

a<n

(Since Ve = bV and N, is transitive, it follows that N C Na) =

Definition 2.27 (Fine structure). Let A be pre-fine for the language £. We
sketch a description of the fine structural notions for N. For details refer to
[1],[25]; we also adopt the simplifications explained in [19, §5].1% Let A = cbV.

We say that N is 0-sound and let p) = Ord(N), p) =0, €(N) = N and

o) = 21% W) (here and in what follows, definability is with respect to £). Let

TV = N.

Now let n < w and suppose we have already defined p{y, ﬁ,’y = ([)'iv., . ,pﬁ/),
¢, (N), and n-soundness. Suppose that N is n-sound, which will imply that
¢,(N) = N. Suppose we have also defined the class of rZﬁ/ 41 relations, and
that every X7V relation is rEﬁf 41

Define p,’;/H as the least ordinal p > w such that for some X C A<% x p<¢,
X is ¥4, but X ¢ |[N]. Define p/¥\; as the least p € [Ord]<* such that some

such X is N
¥ (AU Pjyy-s-l U {p,ﬁﬁz\[})
Here p?, 1 is well-defined by condition (iii) of pre-fineness. For X C N, let

Hull), | (X) = Hulty, || (X),

and cHullﬁf +1(X) be its transitive collapse, if this hull is extensional. If A C X
then the hull is indeed extensional, as then Hull) (X) <4 AV, since r&) € S
and using conditions (iii) and (iv) of pre-fineness, we can define 3; Skolem
functions in a standard manner.'® Let

T, (X) = Thi, _, (X).

3041

18The simplifications involve dropping the parameters u,, and replacing the use of general-
ized theories with pure theories. These changes are not important, and if the reader prefers,
one could redefine things more analogously to [4],[25].

9That is, fix (Va),., asin (iv). Let ¢ be 3o and & € X< with N' = 3y 4 (y, 7). We

want to see that there is y € Hull)Y (X) such that N & ¢(y, Z). Using (iii), let @ € A<“ and
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(Recall that Th?Y, 1 (X) was specified at the end of §1.1. Note that this theory
is analogous to the pure r¥, i theory, as opposed to the generalized 13, 1
theory, in the sense of [1].2°.) Then we let

Copr(N) = cHull), (AU gy Uy,

and the uncollapse map 7 : €, 11(N) — N is the associated core embedding.
We say that A is (n + 1)-universal iff

NQP(AQU X (pﬁ[+1)<w) C &1 (N).

For a € p¥,, define the (n + 1)-solidity witness W2, (a) at a by setting

Wﬁrl(a) = cHull, 41 (AU U (pﬁfﬂ\(a +1)u ﬁﬁ/)

We say that N is (n + 1)-solid iff W, (a) € N for each a € p),,. (This
follows the form of the definition of solidity in [29]. In [4] and [25], r3,41-
theories are used as solidity witnesses, instead of transitive structures. Note
that also following Zeman [29] but not Steel [25], we do not incorporate (n+1)-
universality into (n + 1)-solidity.) We say that A is (n + 1)-sound iff N is
(n 4+ 1)-solid and €, +1(N) = N and the core embedding = id.

Now suppose that A is (n+ 1)-sound and pn+1 > w (so pN_s_1 > rank(A)) 2
Define T' = TN, W C N by letting t € T iff for some ¢ € N and a < an,

t=ThY,,(AUaU{q}).

Define r¥,, 42 from T),41 as usual: an r¥, o formula ¢(¥) (in free variables ¥)
is one of form

3t (Tt (t) A(t,D))

where 1 is r3;. The an 1o relations are then given by interepreting these
formulas over N, with T}, interpreted as T . This completes the definitions.
_|

7 be a 1 formula such that there is 3 € [OrdV]<* and y € N such that
[N E %(y,Z)] and [y is the unique y’ € A such that N F 7(a, B, y)].

Then there is o < 7 such that & € (My)<“ and there is § € [OrdV*]<% and y € Ny such
that
[No E 9 (y,&)] and [y is the unique 3’ € Ny such that Ny F 7(@, 8, y)].

Let ag be least such a. Let 8y € [Ord(Nag)]<“ be the least witness to the choice of
ap. Let yo be the unique y € Ny, such that No, F 7(a, Bo,y). Then N E v(yo, &) and
ao,ﬁo, Yo € Hulljl\/(X), which suffices.

20As in [4, §2], it does not matter which we use.

21If AN Ord < rank(A), we can still definably refer to each o < rank(A) via elements
x € A of rank a. This is because N is rud closed and rank Closed so the rank function
r4:A— Ordis in A, and since A = bV, note that {ra}is 121 It easily follows that we
can’t have w < p{:/Jr] < rank(A).
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Definition 2.28. Let A be a potential opm.

If N is E-active then pN =qof crit(FY), and otherwise pN =ge 0.22

If V is E-active type 2 then ¢ denotes the trivial completion of the largest
non-type Z proper segment of F; otherwise eV =qo5 00.23

If AV is non-type 3 then €o(N) = N4 denotes the LT -structure (N, p?V, eV)
(with @V = iV etc).

If AV is type 3 then define the £ -structure €, (N) = N9, called the squash
of NV, essentially as in [4]; so

Nt = (R, E" P!, 8" X";eb, epN yV, V)

where v = v(FN), R = |N|v|, E' = FN|v (which is the usual coding of FN
over the squash), P/ =0, 8’ = SV NR and X' = XV NR. Note V" =N =)
here.

We define the fine structural notions for N (n-soundness, pl, |, Hull, 1
ThY, |, etc) as those for €o(N).2 .

In the proof of the solidity, etc, of iterable opms, one must also deal with
structures which are almost active opms, except that they may fail the ISC. The
details are immediate modifications of the standard notions, so we leave them
to the reader.

The following definition is just the direct adaptation of the usual one:

Definition 2.29. Let M be a potential opm. Let R be an L{-structure (pos-
sibly illfounded). Let 7 : R — €o(M).

We say that 7 is a weak 0-embedding iff 7 is Yg-elementary (therefore R
is extensional and wellfounded, so assume R is transitive) and there is X C R
such that X is €-cofinal in R and 7 is ¥;-elementary on elements of X, and if
M is type 1 or 2, then letting u = p®, there is Y C R|u™™ x R such that Y is
€ x €-cofinal in (R|u*®) x R and 7 is ¥j-elementary on elements of Y. =

The following definition of (near) k-embedding is analogous to that in [25,
Definition 2.20, Remark 4.3], and weak k-embedding analogous to that intro-
duced in [14] (the change in the definition in weak k-embedding between [4] and
the one we use here is due to Steve Jackson).?>

22Recall the language LS’ = Lo U {f, é} was specified in Definition 2.3.

231n [4], the (analogue of) e is referred to by its code y™. We use e instead because this
does not depend on having (and selecting) a wellorder of M.

24Thus, when we write, say, M = cHullQZ_l(X), we will have X C €y (N) and literally mean

that €p(M) = R where R = cHulli(jr({v’)(X), So if NV is type 3, then M is produced by first
squashing N, forming the transitive collapse R of the hull of X in /%9, and then unsquashing
R to reach M. However, if N is type 3 and n = 0 it is possible that unsquashing R produces
an illfounded structure M, in which case €o(M) has not literally been defined. In this case,
we define M to be this illfounded structure, and define €o(M) = R.

25 Jackson noticed a difficulty in the proof of the Shift Lemma for weak k-embeddings as
defined in [4] and [25], when 0 < k < w. Jackson suggested the definition we use here as a
replacement. (The problem is that it does not seem obvious that a weak k-embedding 7 in
the sense of [1] is always such that ﬂ“Té\/I - Tév. But we do not actually know of an example
of a weak k-embedding as defined in [4] for which this or the Shift Lemma fails.
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Definition 2.30. Let k < w and let M, N be k-sound opms. Let
I Q:o(./\/l) — Qto(N)

We say that 7 is a near k-embedding iff either k = w and 7 is fully elementary,
or k < w and:

1. 7 is r¥j41-elementary,

2. (3 = 7Y,
3. for i < k, we have:

— if pM = p then pN = p)’, and
— if pM < pp* then w(pM) = p}Y.

We say m is a k-embedding iff w is a near k-embedding and if £ < w then
W“pﬁ/‘ is cofinal in p{g/

If0 < k < w, we say 7 is a weak k-embedding iff k = w and 7 is fully
elementary, or k < w and has the properties of a near k-embedding, except that
instead of r¥j . -elementarity, we only demand that 7 is r¥g-elementary and
there is a set X C pﬁ’l such that X is cofinal in pkM and 7 is r¥g 4 -elementary
on parameters in Hullﬁil(X U{pM}). Therefore 7“TM C TN, (Note that this
definition of weak k-embedding diverges slightly from the definitions given in [4,
p. 52] and [25, Definition 4.1]; see Footnote 25.)

We say that 7 is (weakly, nearly) k-good iff 7 is a (weak, near) k-
embedding and ¢d™ = b and 7 [cbM = id. .

The following definition is not intended to be a comprehensive statement
of fine structural condensation. It simply encompasses some basic instances
of condensation, which for example arise in the basic proofs of fine structure,
such as solidity, etc. The definition is also of low enough complexity that it is
preserved by the relevant hulls and ultrapower maps.

Definition 2.31. Let N be an w-sound potential opm. We say that N is
< w-condensing iff for every k < w, for every soundly projecting, (k + 1)-
sound potential opm M, for every near k-embedding m : M — A such that
p= pﬁil < crit(m) and p < pﬁ_l, we have the following. If M|p is E-passive let
Q = N, and otherwise let Q = Ult(N]p, FV1?). Then either:

- M<Q, or
- M~ <Q, and M € R where R« Q is such that R~ = M~. B

The inclusion of the second option above (where M~ <Q and M € R) might
appear to diverge from the usual kind of conclusion for condensation, as we do
not have M < Q here; instead, M is strictly “between” R~ and R. Note that
if this clause attains then by projection amenability for R, M is sound and
pM = pM = pM" | the soundness following from the fact that pM = pM .
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2.4 Q-operator-premice

Definition 2.32. A Q-operator-premouse (Q-opm)? is a potential operator-

premouse M such that every N'< M is w-sound and < w-condensing. -

Q-operator-premice are basically analogous to premice in [4]. However, we
will soon refine things one step further, defining operator-premice, which will
be the primary objects of interest; these are just Q-operator-premice, all of
whose segments are soundly projecting (including the top one), and they are
also analogous to premice. Of course for premice, there is no distinction between
these two notions. The analogy with the premice of [1] does fail, however, in
a minor regard: [4] makes no condensation demands of proper segments of
premice. We make this requirement here so that we can avoid stating it as an
explicit axiom at certain points later (and it holds for the structures we care
about).

Much as in [4], modulo wellfoundedness (of the relevant objects), we can

?

capture the property of being a Q-opm with formulas of the following forms:

Definition 2.33. The class of (non-simple) £ -Q-formulas is defined as in
[4, Definition 2.3.9]; that is, these are the formulas (%) of form

Ve VE < it Jy In < it [z CyAE<nAY(y,n, @),

where ¢ (vg, vy, @) is an r¥; formula of ﬁa' , which has only vy, vy, @ free. We de-
fine the class of E(J{ -P-formulas just like the conventional notion of Q-formulas
(instead of following [4, Definition 3.1.4]); these are the formulas () of form

Vo Jy [z Cy Ay, i)
where (v, @) is an r¥; of L& and has only v, i free. =

Recall from Definition 2.7 that an adequate model-plus is an L7 -structure
N such that N'[Ly is an adequate model.

Lemma 2.34. There are ES'—Q—formulas ©1,¢2, an LI -P-formula p3, an L -
simple-Q-formula o 1imit, and for each X1 formula ¢ € Ly there are Cg -simple-
Q-formulas ©o ., Pa,, obtained recursively from 1, such that for any adequate
model-plus N :

1. N"E o timit iff N = €o(N) for some limit passive Q-opm N .
2. N'E pay tff N = Co(N) for some 1-stratified P-active Q-opm N

3. N"E o, iff N = €y(N) for some passive Q-opm N which is either a
limit or is 1-stratified.

4. N' E 1 (respectively, N' E @3) iff N' = €o(N) for some type 1 (respec-
tively, type 2) Q-opm N .

26 Q) is for Q-formula. We will see that the first-order aspects of Q-opm-hood are expressible
with Q-formulas and P-formulas.
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5. If N' = €y(N) for some type 8 Q-opm N then N' E @3. If N E p3 then
EN' codes an extender F over N such that if Ult(N”, F) is wellfounded
then N' = €y(N) for some type 3 Q-opm N .

Proof. Part 1 is routine. Part 4 is a straightforward adaptation of its analogue
[4, Lemma 2.5]. Part 5 is likewise adaptation of [4, Lemma 3.3], with the
following two remarks. Firstly, the P-formulas of [4, Definition 3.1.4] are more
liberal than EJ—P—formulas. But note that each of the sentences 64, ...,05 of
the proof of [4, Lemma 3.3], adapted to our context, are expressible with an
£8L—P—f0rmula (for 0y, this is as in part 1 of the current lemma). Now the rest
of the proof of [4, Lemma 3.3] goes through, noting that we have been able to
drop the clause “or N is of superstrong type” from the statement of [4, Lemma
3.3], because we allow extenders of superstrong type as the active extenders of
Q-opms.

Part 2 is an easy adaptation of part 3, using the fact that if A/ is P-active
then PNV C N\N~. So it just remains to consider part 3; we just sketch the
proof of this.

Consider an adequate model-plus N/ and N' = N'[Ly. We leave it to the
reader to verify that here is an Ly-simple-Q-formula asserting (when interpreted
over N) that every M <N is a < w-condensing w-sound potential opm, and an
L(T -simple-Q-formula asserting that PV = BN = /N = ¢V = ). Tt remains to
see that we can assert that 2.21(3) holds for M = N (the assertion will include
the possibility that N is a limit). For 2.21(3a), use the formula “VYz3y [:E -
y A p(y)]”, where ¢(y) asserts “either there is s € S™ such that y € s or there
are S, A such that § = y N S™ and A = cb™ and S has a largest element P
and for each 7 < Ord(P), if there is X € y\P such that X C A% x 7<%, then
there is n < w such that p?; 11 < 7, as witnessed by a satisfaction relation in y”
(use the fact that A is rud closed).

Clause 2.21(3b) is easy, and it is fairly straightforward to assert that either
N is a limit or \V is ¢-stratified, identifying candidates for N~ as in the previous
paragraph. We can therefore assert 2.21(3c) as “Va3Jy [m C y and there is a0 < 7y
such that y C Ha]”, where v, H, are defined as in 2.24, using the stratification
given by . O

The natural adaptations of [4, Lemmas 2.4, 3.2] hold, and the proofs are
straightforward:

Lemma 2.35. Let R,S be transitive L7 -structures. Let 7 : R — S. Let
£ e R<Y. Then:

1. Let ¢ be an L -P-formula. Then:

(a) If m is r¥i-elementary and S E o(mw(Z)) then R E ¢(Z).
(b) If w is Xg-elementary and C-cofinal and R & ¢(Z) then S E p(n(X)).

2. Let ¢ be an ES'—Q—formula. Suppose i* € Ord™. Then:

(a) If m is t¥q-elementary and S E p(n(L)) then R E p(X).
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(b) If m is Xo-elementary and rg(w) is C x C-cofinal in (S|iT°) x S and
R E @(&) then S E ¢o(7(Z)).

There is also a version of this lemma for weak 0-embeddings, but here we
only consider statements ¢ without parameters:

Lemma 2.36. Let N be a Q-opm, let R be an Lg—stmcture and let m : R —
Co(N) be a weak 0-embedding. Then:

1. Suppose N is type i # 3. Then:

(a) For every L -Q-formula o, if €(N) E ¢ then R E ¢.
(b) R = €o(M) for some type i Q-opm M. %7

2. Suppose N is type 3. Then:

(a) For every L -P-formula ¢, if €o(N) E ¢ then R E .
(b) If Ult(Co(N), FN) is wellfounded then Ult(R, FR) is wellfounded.

(c) If Ult(R, FR) is wellfounded then R = €o(M) for some type 3 Q-
opm M.

The proof is routine, using Lemma 2.34 for parts 1(b) and 2(c).

Lemma 2.37. Let n < w and M be an n-sound Q-opm over A with w < pi*.
Let X C €(M), let R = CHullﬁ_l(A UX Upa) and let 7 : R — €o(M) be the
uncollapse. Then:

1. If either n > 1 or M is non-type 3 or Ult(€o(M), FM) is wellfounded
then R = €o(N) for some Q-opm N

2. If R = €y(N) for some Q-opm N then N is n-sound and w is nearly
n-good.

Proof. Suppose n = 0 and M is a successor. Then by Lemmas 2.34 and 2.35, it
suffices to see that 7 is r¥;-elementary, or in other words, that rg(r) <1 M. But
using stratification (as in part 3(3d) of Definition 2.21) we can define appropriate
31 Skolem functions over M, much as was done in Footnote 19, and thereby
verify that rg(m) <1 M.

If n =0 and M is a limit it is similar, but easier. (If M is type 3, then by
the hypothesis in part 1, Ult(€y(M), FM) is wellfounded, which implies that
Ulto(R, FR) is wellfounded, and R = €y(N) for a type 3 Q-opm N.)

If n > 0, then the proof for standard premice adapts routinely.?® (If M is
type 3 and n > 1, there is (a, f) € rg(m) such that v(FM) = [a,f]ﬁ"M, which
easily gives that R = €, (N) for a type 3 Q-opm N, even if we don’t know that
Ulto (M, FM) is wellfounded. ) O

27Possibly M, N are passive and N is a successor but M a limit.
28The fine structural setup here is a little different from that in [4], as we have dropped the
use of u;M See [19, §5] for calculations which deal with this difference.
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Using stratifications and standard calculations, we also have:
Lemma 2.38. Let N, M be n-sound Q-opms over A. Then:
1. Let w: €o(N) — €y(M) be nearly n-good. Suppose that N' ¢ M and

N = cHullY (AU pU {g}),

where p € Ord and p < crit(n) and q € [p)/]<%. Then 7 is n-good.

2. If N =¢€,11(M) and 7 is the core embedding, then m is n-good.

2.5 Operator-premice

We finally reach the ultimate notion prior to introducing an actual operator F
from which to build our premice:

Definition 2.39. An operator-premouse (opm) is a soundly projecting Q-
opm. For an opm M, let ¢™ = pM N (Ord(M~),0rd(M)) (so if M is a limit
then g™ = 0). .

Definition 2.40. Let M be a k-sound opm over A and ¢ € (pp')<“. We
say that M is (k + 1, ¢)-solid iff for each a € ¢, letting ¢’ = ¢\(a + 1) and
X =AUaUq UpM, we have cHquMH(X)EM. =

Lemma 2.41. Let M be a successor opm and (M) = E+1. Let p= pM and
p=p\p. Then M is p-sound and p' < p and either:

~ p=¢™ (in other words, p* N [p, Ord(M™)] = 0), or
- ¢M =0 and p = {a} for some a € [p,£].

Therefore either M is w-sound and pX' = p = pM ", or there is k < w such that
M is k-sound and pﬁf_l <p < pM (soif k>0 then p = pM).

Proof. We have pM < p as M is soundly projecting. If ¢™ # () then p N
[p, Ord(M™)] = 0, as letting A = cb™, we have

M7 U{M™} CHullM(AUpU M),

as XM is M, and this suffices since M is soundly projecting. So suppose
@™ = 0. Let r be least in (¢ + 1)<“ such that

M~ e H=HullM(AUupur).

Note that H = M, since M is soundly projecting and ¢™ = (). So if r = () then
p=10=q¢M, so we are done. So suppose r # (.
Suppose for a contradiction that card(r) > 1 and let oy > 7 be the top 2

elements. Let
C = cHullM(AU oy U{ag})
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and m : C — M the uncollapse. So crit(r) = a; < Ord®. So «; is an A-
cardinal of C, and so w(aq) is an A-cardinal of M. Since p < ag < 7(aq)
and M~ projects to p, therefore m(ay) > Ord(M ™). But then M~ € rg(m),
contradicting the minimality of r.

So r = {ap} for some ay. It remains to verify that M is (1, r)-solid. Let

C = cHull™ (AU ap)

and 7 : C — M the uncollapse. Then rg(m) N Ord = ag, because otherwise
again crit(r) is an A-cardinal of C, etc. Note that because r # ), we have
PM = {) (since otherwise PM C M\ M ™). Therefore C = M||ap,?” so C € M,
which gives that M is (1, {ap})-solid, as desired. O

Lemma 2.42. Let N be a successor opm and m : M — N. Suppose either
(i) m is X1-elementary and ¢V =0, or

(i) 7 is Xo-elementary and ¢V € rg(r).

Then M is a successor opm of the same type as N, and w(¢™) = V.

Proof. By 2.34, M is a Q-opm and we may assume N~ € rg(w), so M is a
successor, T(M™) = N7, and M is i-stratified where N is ¢-stratified. Now

N =Hul) W~ Uu{N"u),
which with X;-elementarity gives
M =HullM (M~ U{M~}Ug)

where 7(q) = ¢V. This suffices for part (i). For part (ii) use generalized solidity
witnesses to see that M is (1, )-solid, which is enough. O

However, in the context above, if 7 is just $;-elementary and ¢V # 0, M
might not be soundly projecting, even if ¢V € rg(m). Such embeddings arise
when we take ¥; hulls like in the proof of 1-solidity for (0,w; + 1)-iterable
premice.

Lemma 2.43. Let n, M, R, 7 be as in Lemma 2.87, with n > 0, and sup-
pose that M is an opm. Suppose that either n > 1 or M is non-type 8 or
Ult(€o(M), FM) is wellfounded. Then R = &o(N) for an n-sound opm N, and

7 is nearly n-good.

Proof. By Lemma 2.37, we know that R = €y(N) for some n-sound Q-opm N
and that 7 is nearly n-good. So we just need to see that A is an opm. So we may
assume that N is a successor, so M is also. Since n > 0, 7 is r¥s-elementary,
so by Lemma 2.42, it suffices to see that ¢™ € rg(m). But ¢™ C pM € rg(n),
so we are done. U

29This denotes the passivization of M|ag; that is, the passive opm P such that ST = SMlao
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Let X be transitive. Then X# determines naturally an opm M over X of
length 1, so U = Ulto(M,Fx#) is also a Q-opm over X of length 1, but U
is not an opm.?* So opm-hood is not expressible with Q-formulas. However,
given a successor opm N, we will only form ultrapowers of A/ with extenders
E such that crit(E) < Ord(N ™), and under these circumstances, opm-hood is
preserved. In fact, we will only form ultrapowers and fine structural hulls under
further fine structural assumptions:

Definition 2.44. Let k < w. An opm M is k-relevant iff M is k-sound, and
either M is a limit or £k = w or pﬁil < pM.

A Q-opm M which is not an opm (so M is a successor) is k-relevant iff
k=0 and pM < pt . .

For the development of the basic fine structure theory of opms, one only
needs to iterate k-relevant opms (and phalanxes of such structures, and bicephali
and pseudo-premice); see 2.47. For instance, the following lemma follows from
2.41:

Lemma 2.45. Let k < w and M be a k-sound operator-premouse which is not
k-relevant. Then M is (k + 1)-sound.

2.6 Fine structure and iterations

Now that we have introduced operator-premice and studied how they behave
under forming elementary hulls, we want to consider forming iteration trees on
them. In the following lemma we establish the preservation of fine structure
under degree k ultrapowers, for k-relevant opms. The proof involves a key use
of stratification.

Lemma 2.46. Let M be a k-relevant opm over A and E an extender over M,
weakly amenable to M, with rank(A) < crit(E) < pp, and crit(E) < pit
if M is a successor.>' Let N' = Ulty(M, E) and j = ig/[’k be the ultrapower
embedding. Suppose N is wellfounded. Then:

1. N is a k-relevant opm of the same type as M.

2. N is a successor iff M is. If M is a successor then j(I((M)) = I(N) and
if M is -stratified then N is 1-stratified.

3. § 18 k-good.
4. For any q € (pp)<¥, if M is (k+1,q)-solid then N is (k + 1, j(q))-solid.

5. pﬁ_l < supj“pﬁil.

307 is not soundly projecting.
31Note that if M is a successor and k > 0, then pﬁ’( < pM7 | but p(/)\/( > pM” | so the
hypothesis that crit(E) < pM~ is just needed when k = 0.
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6. If E is close to M and M is (k + 1)-solid then pﬁ_l = sup j“ppt, and
PR = i(pty) and N is (k + 1)-solid.

Proof. The fact that N is a Q-opm of the same type as M is by 2.34. Part 3 is
standard and part 2 follows easily. We now verify that A is soundly projecting;
we may assume that M, N are successors. If k > 0, use elementarity and
stratification. Suppose k = 0. Let p = pM  and ¢ = j(¢™). The fact that N/
is (1, ¢)-solid follows by an easy adaptation of the usual proof of preservation
of the standard parameter, using stratification (where in the usual proof, one
uses the natural stratification of the [J-hierarchy). So it suffices to see that
N = Hull)Y (MW~ U{N~,q}). But this holds because M is an opm and

N =Hull) (rg(j) Uvg)

and vy C N, the latter because crit(E) < Ord(N ™) (in fact, crit(E) < p¥ ).

Parts 4-6: If £ > 0 the proof for standard premice works. See, for example,
[4, Lemmas 4.5, 4.6], and if kK < pkMH, see [18, Corollary 2.24] and its proof
(that result is formally below superstrong, but essentially the same proof works)
and/or [11, Lemma 3.8%**]; these arguments are related to the calculations in
[4, Claim 5 of Theorem 6.2]. If k = 0, again use stratification to adapt the usual
proof. (In the case that [(M) is a limit, M is of course “stratified” by its proper
segments.)

By part 5, it follows that A is k-relevant, completing part 1. O

We next want to define (fine, such as k-maximal, etc) iteration trees T on
opms, following the general form of [25, §3.1]:

Definition 2.47. Let k < w and let M be a k-sound opm. The k-maximal
iteration game G; (M, 0) on M, of length 6 is defined completely analogously
to the game Gy (N, 0) for k-sound premice NV, as defined in [25, §3.1], except for
the following differences. Let 7 be a partial play (so 7 will be a putative tree).
Then:

— It is player I's responsibility that for all 8 +1 < a+ 1 < 1h(7), we have
lh(Eg—) < 1h(E7) (as opposed to lh(E;) < 1h(ET), as is the requirement
in [25]).32

— Tt is player II’s responsibility that for each a + 1 < 1h(T), M/ is an opm
(as opposed to a premouse, as is the usual responsibility).

The rest is as in [25, §3.1]. In particular, the game stops as soon as either player
breaks a rule, and it is player I's responsibility that E7 € E, (M) for each
@+ 1 < Ih(T). Recall here that if M is a successor opm and E € E}! then
EcEY )

A k-maximal iteration tree on M is a partial play of G (M, c0) in which
neither player has yet lost. A putative k-maximal iteration tree on M is

32The weakening of this requirement is needed because we allow extenders of superstrong
type in Eﬁ\_’l See Remark 2.48 for details.
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as for a k-maximal iteration tree T, except that if 7 has successor length, then
the main branch b7 of T is allowed to drop infinitely often, and if it does not,
there are no demands on the nature of the last model M (other than that it
be formed via the direct limit along the branch in the usual manner).

A (k,0)-iteration strategy for M is a winning strategy for player II in
Gr(M, 6).

The k-mazximal stack iteration game G (M, «, 0) is defined by analogy with
the game G (N, a, 0) for k-sound premice N, essentially as defined in [22, prior
to Corollary 1.10], and see also [25, §4.1].3% As in [17, §1.1.5], the k-optimal
stack iteration game G = Q;"pm(./\/l,a,é’) is defined likewise, except that we
do not allow player I to drop in model or degree at the beginnings of rounds.
That is, (i) round 0 of G is a run of G;(M,#), and (ii) letting 0 < v < a and

T = (Ts) B<y.
and n = degz—o, round v of G is a run of G, (N, 6).

A (k,a,0)*-optimal iteration strategy for M is a winning strategy for
player II in g;;pw(/\/u a,0), and a (k, «,0)*-iteration strategy is likewise for
Gi(M,a,0). See [17, Lemma 9.8] for some basics on the connection between
(k,,0)*- and (k, «, 0)*-optimal iteration strategies.

Now (k,0)-iterability, (k,«,0)*-optimal iterability, etc, are defined by
the existence of the appropriate winning strategy. b

be the sequence of trees played in rounds 8 < v and N = MZ

Remark 2.48. The requirement, in G (M, 0), that lh(Eg) < Ih(ET) for B <
a, is weaker than requiring that Ih(E]) < Ih(E]), because opms may have
superstrong extenders in their sequence. For example, we might have that EOT is
type 2 and E{ is superstrong with crit(E] ) the largest cardinal of M{ [Ih(E] ),
in which case MJ is active but Ord(MJ) = Ih(ET), and therefore if EJ is
defined then 1h(FE] ) = Ih(E] ). Because EJ is type 2, however, if EJ is defined
then 1h(E]) < 1h(EY).

The preceding example is essentially general. It is easy to show that if T is
k-maximal and o < 8 < 1h(7") then either Ih(ET) < Ord(Mg—) and Ih(ET) is a
cardinal of M7, or = a+1 and Ih(E]) = Ord(M_],,) and E] is superstrong
and M, is type 2. Therefore if « + 1 < 8+ 1 < 1h(T) then v(E]) < I/(EZ;),
and if @ +1 < B < 1h(T) then E7 [v(ET) is not an initial segment of any

33Here are more details. For v < a, after the first v rounds have been played, both players
having met their commitments so far, we have a ~-sequence T = (7})5<A{ of iteration trees,
with wellfounded final model ]\407:: (formed by direct limit if « is a limit); it follows that this
model is an n-sound opm where n = degz;. At the beginning of round =, player I chooses some
(9,q) € (ML . n), and round ~ is a (possibly partial) run of G4(Q, ), producing a putative
tree 7. Player I is allowed to terminate this run at any stage, after producing 75 of length
some £ + 1 < 6. If player I wins the round of G4(Q, ) at any stage before terminating, then
player I wins the full run of G; (M, c, 6). If player I terminates with 7 of length £ 4+ 1 < 6
and 7 is not a win for player I in G4(Q,0), then they go on to round v + 1 of G}(M, , 0),
assuming v + 1 < «. Suppose player I never terminates at any £ +1 < 6, and 7, is not a
win for player I in G4(Q, 0); so 75 is an iteration tree of length 6. Then player II wins the full

run of G (M, a, ). Note that in case € is a successor ordinal, this last rule is as in the games
denoted G} (M, a, 0) in [22], but differs from those denoted Gy (M, «,0) in [25].
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extender on E (Mg)

The comparison algorithm needs to be modified slightly. Suppose we are
comparing models M, N, via padded k-maximal trees T ,U, respectively, and we
have produced 7 [(a-+1) and U[(a+1). Let v be least such that M7 |y # MY|;
let us assume that 7 is a limit, so that this distinction is due to differing extenders
indexed at 7. If only one of these models is active, then we use that active
extender next. Suppose both are active. If one active extender is type 3 and
one is type 2, then we use only the type 3 extender next. Otherwise we use both
extenders next. With this modification, and with the remarks in the preceding
paragraph, the usual proof that comparison succeeds goes through. The reason
we make this modification is as follows. Suppose we use the usual process, so
that if both sides are active at height + (where the least disagreement was),
we automatically use both of the disagreeing extenders. Let us use padding
in the usual way for comparison. It might be that E7 is superstrong and EY%
is type 2 (with 1h(E7) = v = Ih(EY)), and the situation described in the
previous paragraph occurs in 7 at that stage, so that v = Ord(MaTH) and
MTJrl is active type 2. But then it might also be that F(MTH) = EY4. On the

«@ (03
other hand, v < Ord(MY, ) (since EY is type 2), so El,, = F(M],,) = EY.
So T,U use identical extenders at stages o + 1, « respectively, which breaks
the usual comparison arguments. With the modified algorithm, we would set

E7 to be the superstrong extender (indexed at v) and EY = (), and if indeed
F(MT, )= FM17 | then the comparison would terminate at stage a + 1.
Note that everything mentioned in this remark applies to standard premice

with superstrong extenders, not just opms.

Lemma 2.49. Let M be a k-relevant opm and T be a partial play ofg(’fpmk(/\/l, 00, 00)

of successor length, with ML well-defined and wellfounded. Then MZ is a
deg” -relevant opm.

Proof. Given the result for k-maximal trees 7, the generalization to stacks of
the kind dealt with in the lemma is routine. For k-maximal 7, the result
follows by a straightforward induction on 1h(7), using Lemma 2.46, together
with the following observation. Suppose f+1 € @g;g and let o = predT(a +1)
and N' = M3T, and n = deg” (B +1). We claim that M7, is n-relevant,
which together with 2.46 suffices. So suppose that N is a successor. We have
K= crit(EZ,—) <v(E]) and pNy <k < pV. But Ih(E]) < Ord" ", since EY
has no elements indexed in the interval (Ord" ™, Ord™]. Since N= <« M 5117 we

have & < p . Therefore p, | < r < p&¥ ", so N is n-relevant. O

In 2.49, it is important that we are considering g;“pt’k(/\/l, 00,00); ML can
fail to be deg;—relevant for trees produced by G; (M, 0o, 00). (For example, after
the first round, producing last model/degree (M(Z;,deg;ro), player 1 could drop
in model/degree to some (Q,q) < (MT,deg’ ) such that Q is a successor and
qu+1 = pgf, and then in the second round, use just one extender E applied to
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Q with crit(E) < p2, forming Ult,(Q, F). If the ultrapower map is continuous
at p% , then Ult,(Q, E) is not g-relevant.)

3 JF-mice for operators F

Operator-premice M are generally considered in the case that successor steps
are taken by some operator F (Definition 3.4); that is, in which N’ = F(N ™)
for each successor N' << M. We call such an M an F-premouse. A key example
is that of mouse operators, for which we have some formula ¢ and F(N ™) is,
roughly, the least mouse R over N/~ such that either R F ¢ or R projects
< pw(N7) (but R must be coded appropriately so that F(N ™) is an opm; see
Definition 3.18 for details). One can also use the operator framework to define
(iteration) strategy mice, although a different approach is taken in [10] (to give
a more refined hierarchy).

3.1 Abstract operators F and J-premice

Definition 3.1. We say that X is swo’d (self-wellordered) iff X = zU{z, <}
for some transitive set x, and wellorder < of z. In this situation, < x denotes the
wellorder of X extending <, and with last two elements x, <. Clearly there are
uniform methods of passing from a swo’d X to a wellorder of A = X. Fix such
a method, and for such X, A, let <4 denote the resulting wellorder of A. —

The domains of our operators will be operatic domains, which will be certain
kinds of subsets of operator backgrounds. The set 7, of sets hereditarily of
cardinality < k) is a basic example of an operator background:

Definition 3.2. We say that a set or class & is an operator background
iff (i) 4 is transitive, rudimentarily closed and w € A, (ii) for all x € & and
all y, f, if f: <% — trancl(y) is a surjection then y € %, and (iii) & = DC.
(So Ord(#) = rank(#) is a cardinal; if w < k < Ord then .5, is an operator
background (note that this only uses ZF, since x is an ordinal), and under ZFC
these are the only operator backgrounds.) By (iii), every element of % has a
countable elementary substructure in 2.

Let # be an operator background. A set C'is a cone of Z iff there is a € #
such that C is the set of all z € & such that a € J1(2). With a,C as such, we
say C is the cone above a. If b € Ji(a) we say C is above b. A set D is a
swo’d cone of # iff D = C NS, for some cone C of %, and where S is the
class of swo’d sets. Here D is (the swo’d cone) above q iff C is (the cone)
above a. A cone is a cone of & for some operator background #A. Likewise for
swo’d cone. .

Definition 3.3. Let % be an operator background. For C C A, let

C={v | Y € C AY is transitive}.
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An operatic domain over % is a set D = 6U P C %, where C is a cone of
% or a swo'd cone of %, and P is some class of < w-condensing w-sound opms,
each over some A € C. (We do not make any closure requirements on P.) Write
CP = C and PP = P. Note that C N P = {.

An operatic domain is an operatic domain over some such 2. —

We can now define operators:

Definition 3.4. Let % be an operator background. An operator over %
with domain D is a function F : D — & such that (i) D is an operatic domain
over A, (ii) for all X € D, M = F(X) is a successor opm with M~ = X (so if
X € CP then [(M) = 1 and cb™ = X, whereas if X € PP then I((M) = I(X)+1
and X < M). Write C7 = CP and P7 = PP. 4

Remark 3.5. The argument X to an operator shotg be thought of as having
one of two possible types. It is a coarse object if X € CF; it is an opm if X Gi}-.
Some natural operators F have the property that, given N’ € PF (so N € CF),
F(N) is inter-computable with F(N). But operators producing strategy mice
in the “least branch” (or “least tree”) hierarchy do not have this property. (For
in that case, F(N) is defined by first identifying the “least tree” T for which
a branch must be added, and then adding the correct branch through that tree;
this depends of course on SV, which indicates which trees have already been
dealt with. On the other hand, N is treated as a coarse object, so when defining
F(N), SN is irrelevant, and the “least tree” T chosen will likely be different
from Tyr.)

The simplest operator is essentially the rudimentary closure operator J:

Definition 3.6. Assume DC. Let p € V. Let C} be the class of all « such that
p € J1(Z). Let P, be the class of all < w-condensing w-sound opms R over some

Y € CA’p, with ¢p™ = p. Then J,P denotes the operator over V' with domain
D = C, U Py, where for x € D, J7P(x) is the passive successor opm M with
universe J; (z) and M~ =z and cp™ = p.3* (So if 2 € C), then (M) =1 and
cbM =2.) Let JP = J;p.

Without assuming DC, if p € 77, then we can define, in the same manner,
the operator j;)p% over . We might also just write J® for J;p/ﬁ B

Definition 3.7 (F-premouse). For F an operator, an F-premouse (F-pm)
is an opm M such that N'= F(N ™) for every successor N’ <4 M. 4

Let M be an F-premouse, where F is an operator over Z. Note that
™ € CF, as M|1 = F(M|0) and M|0 = cb™ =  for some z, and & ¢ P7.
Note also that Ord(M) < Ord(£).

We now define F-iterability for F-premice M, using Definition 2.47 (and
hence continuing to follow [25]). The main point is that the iteration strategy

341t is easy to see that M is indeed an opm, so J;p is an operator.
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should produce F-premice. One needs to be a little careful, however, because
the background % for F might only be a set. To simplify things, we restrict
our attention to the case that M € A.

Definition 3.8. Let F be an operator over #. Let M be an F-premouse
and let 7 be a putative iteration tree on M. We say that T is a putative
F-iteration tree iff M is an F-premouse for all o + 1 < Ih(7). We say that
T is an F-iteration tree iff M is an F-premouse for all a + 1 < 1h(7). We
may drop the “F-” when it is clear from context.

Let k < w and let M € % be a k-sound F-premouse. Let § < Ord(%) + 1.
The iteration game G; (M, 0) has the rules of G (M, 6), except for the following
difference. Let 7 be the putative tree being produced. For o + 1 < 6, if both
players meet their requirements at all stages < «, then, in stage «, player II
must first ensure that M is wellfounded, and if @ < Ord”?, that M7 is an
F-premouse. (Given this, if a4+ 1 < 6, player I then selects E7.) Thus, if we
reach stage Ord(Z), then after selecting a branch, player II wins iff MJ A(®)

is wellfounded. (We cannot in general expect Mgrd ) to be an F-premouse
in this situation. For example, suppose that 4 = HC and § = w; + 1 and
Ih(7) = w; + 1. Then MZ—I cannot be an F-premouse, since all F-premice have
height < w;. But in applications such as comparison, we only need to know
that MWT1 is wellfounded. So we still decide the game in favour of player II in
this situation.)

Let A\,a < Ord(#), and suppose that either Ord(#) is regular or A <
Ord(#). Let 6 < XA+ 1. The iteration game G;” (M, a,0) is defined just
as G*x(M, a,0), with the differences that (i) the rounds are runs of G} (Q,6)
for some Q, ¢, and (ii) if « is a limit and neither player breaks any rule, and
T is the sequence of trees played, then player II wins iff Mgz is well-defined,
wellfounded,®® and if a < Ord(%) then M7 is an F-premouse. (By some
straightforward calculations using the restrictions on «, 6, one can see that for
any 7 < «, if neither player has lost the game after the first v rounds, and
’71[7 is the sequence of trees played thus far, then M7 € % and M7 is an
F-premouse, so G7 (Q,0) is defined for the relevant (Q,q). This uses the rule
that if one of the rounds produces a tree of length 6, then the game terminates.)

GoZi k(M, @, 0) is likewise defined by analogy with G*opi 1 (M, @, 6).

An F-(k,6)-iteration strategy for M is a winning strategy for player II
in G (M, k,0). An F-(k,a,0)*-optimal iteration strategy for M is likewise
for gg‘;(/\/{,k,a,ﬂ). And an F-(k,«,0)*-iteration strategy is likewise for
G T (M, k,a,0).

Now F-(k,0)-iterability, etc, are defined in the obvious manner. -

3.2 Coarse condensation of operators

In order to prove that F-premice built by background constructions are JF-
iterable, we will need to know that F has good condensation properties, which

351t follows that if a = Ord(%) then MZ\Ord(f;?) is an F-premouse.
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roughly demand that elementary hulls of structures F(M) should have form
F(M'). (But we will also need to consider variants thereof.)

Definition 3.9. Let 7 : M — N be an embedding and b be transitive. We say
that 7 is above b iff bU {b} C dom(7) and w[bU {b} = id. —

Definition 3.10. Let F be an operator over 4 with domain D. Suppose O
is the cone above some transitive p € . We say that F condenses coarsely
(or F has coarse condensation) above p iff for every successor F-pm A (so
p e Ji(cbV)), every set-generic extension V[G] of V and all M, 7 € V[G], if M
is a successor opm, M~ € V and 7 : M — N is fuiy elementary and is above
p, then M is an F-pm (so in particular, cb™ € CP and M~ € dom(F) and
M=FM™)eV).

We say that F almost condenses coarsely above p iff the preceding holds
for G = 0. =

Definition 3.11. An operator F over % is total iff P includes all < w-
condensing w-sound F-pms in 2. —

The following lemma is a standard kind of observation:

Lemma 3.12. Let F be a total operator over B with domain D. Suppose that
CP is the cone above some p € HC, and that F almost condenses coarsely above
p. Then F condenses coarsely above p.

Proof sketch. Suppose the lemma fails and let P be a poset, and G C P be V-
generic, such that in V[G] there is a counterexample 7 : M — N. So N € V
is a successor F-pm (so N' € &), M € V[G] is a successor opm, M~ € V, and
7 € V[G] with 7 : M — N is fully elementary and is above p, but M is not an
F-pm. By passing to proper segments of M, N if needed, we may assume that
M~ is an F-pm, and therefore that M~ € dom(F). So letting M’ = F(M™),
we have M # M.

Let P’ = Col(w, M’ UN). By Li-absoluteness, we may assume that P = P’.
That is, if H is (V,P')-generic then in N, M/, M~ p € HCVH! | and since in
V[G] there is (P, o) such that P is a successor opm such that P~ = M~ and
P # M and o : P — N is elementary and above p, there is also such a pair
(P,o) € V[H].

Let o : w — p be a surjection. Let X = M’ UN UpU U {M' N, p,o},
so X € #B. We can fix n € Ord such that L,(X) F ZF ¢, and in fact by
condensation, taking the least such 7, we have L, (X) € 4.

So P = Col(w, M UN) € L,(X) and L, (X) FE “It is forced by P that
there is (P, o) such that P is a successor opm with P~ = M~ but P # M’
and o0 : P — N is elementary and above p.” Because £ F DC, we can take
a countable elementary hull of L,(X), such that letting 7 : Lz(X) — L,(X)
be the uncollapse map, 7(X) = X and rg(7) includes all relevant objects and
all points in p U {p}. Write 7(P) = P, etc. Fix g € V which is (Lz(X),P)-
generic. Then in L;(X)[g], we have some opm P such that P~ = M~ but
P # M, and some elementary o : P — N which is above p = p. Since
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TIN N = N and 7|M' : M’ — M’ = F(M~) are elementary and above p,
and F almost condenses coarsely above p, A" and M’ are F-premice. But then
similarly, because we have o, P is an F-premouse, so P = F(M~™) = M/, a
contradiction. O

3.3 Operators which (don’t) condense well

Remark 3.13. So far the only example of an operator we have formally defined
is that of J. In Definition 3.18 below, we will introduce a more general class
of examples, mouse operators. This will be a modification of the notion model
operator from (see [28, Definition 2.1.8], where such objects are denoted Fr).
But as we describe below, the model operators defined in [28, 2.1.8] have a minor
problem, which we rectify here. (The notion mouse operator as defined in [28,
Definition 2.1.7] is distinct from both of these.)

We will then proceed toward the central notion of condenses finely, a re-
finement of condenses coarsely. This notion is based on that of condenses well,
from [21, Definition 1.3.2] and [28, Definition 2.1.10]. We will modify condenses
well in several respects, for multiple reasons. The main changes will be mo-
tivated by the following discussion. We can demonstrate a concrete problem
with condenses well, at least when it is used in concert with other definitions
in [28]. The following discussion uses the definitions and notation of [28, §2],
without further explanation here; the terminology differs from this paper. (The
remainder of this remark is for motivation only; nothing in it is needed later.)

Let K be the function  — J2(x). Clearly K is a mouse operator (see [28,
2.1.7]). Let F = Fg (see [28, 2.1.8]). Then we claim:

1. assuming that “nth master code” has a standard interpretation in [28,
2.1.8], F is not well-defined®® (contrary to [28, 2.1.8, 2.1.12]), and

2. modifying the definition of F' in the natural way so as to produce a (well-
defined) model operator F’, F’ does not condense well (contrary to the
spirit of [28, 2.1.12]).

Let us verify this.

The fact that F is not well-defined is just because in [28, 2.1.8], in case 2
of the definition of F(M), the universe of F(M) is taken to be the nth master
code of Jo(M)[E, for the relevant n < w. Here, as we are in case 2, we have
To(M)|€ = TJ1(M). Now it can be that n > 0 and p(M) < Ord™, and then
the nth master code (if this is interpreted in a standard kind of fashion) has
ordinal height p(M), and its universe does not even include all of the universe
of M. But then it does not make sense to define S¥M) = M= (M), as is
written in [28, 2.1.8].

So let us consider the modification of the definition of F' = Fx, where instead
of using a master code in case 2, we define

F'(M) = (J2(M)|&;€,0,0, SM ™ (M), 0(M) + 1,a).

36This is a minor point, and is easily rectified, by following the form of mouse operator from
[21, bullet (1) after Definition 1.3.1].

34



1179

1180

1181

1182

1183

1184

1185

1186

1187

1188

1189

1190

1191

1192

1193

1194

1195

1196

1197

1198

1199

1200

1201

1202

1203

1204

1205

1206

1207

1208

1209

1210

1211

1212

1213

1214

1215

1216

1217

1218

1219

(This wouldn’t work for mouse operators in general, but we only consider the
mouse operator K for this discussion.) In case 1, keep F'(M) = F(M) as
defined in [28, 2.1.8].

Then F’ is a model operator, and seems to carry the meaning intended in
[28, 2.1.8]. (The adjustment in the definition brings it, moreover, in line with
the definition of mouse operator in [21, bullet (1) after Definition 1.3.1].) But
F’ does not in general condense well. For clearly regular premice M whose
ordinals are closed under “+w” can be arranged as models M with parameter ()
(see [28, Definition 2.1.1]), such that for each a < (M), M|(a+1) = F'(M|a).
Now let M be a premouse such that for some x < Ord(M), x is measurable
in M, via some measure on E = EM, and M E“\ = kT exists”, pM = ),
and M = J1(Mo) where My = JE. Let M* = J(M,), arranged as a model
with parameter () extending M. We have pM = X\ = p(M,) and My € M* €
F'(Mp) and I[(M*) = A+ 1 and (M*)~ = My (see [28, Definition 2.1.3]). (We
can’t say M* = M, because M is not defined.)

Let E € E be M-total with crit(E) = k. Let N' = Ultg(M, F) and 7 = ip.
Then p)Y = supm“\ < w()\). Let Ny = m(Mp) and N* = J,(Np), arranged as
a model with parameter () extending NVy. Then p;(N*) < w(\) = p(Np), and
therefore N* = F'(Np). But 7 : M* — N* is a 0-embedding (and w(M,) =
Np). Since M* # F(M,), F’ does not condense well (see [28, 2.1.10(1)]). Note
that, in fact, Ulty(M, E) = Ultg(M, E) and 7 is both a 0-embedding and a
l-embedding, since for all 13 functions f : K — M there is a measure one
set X € M such that f]X € M. So 7 is also rXip-elementary, even though
M* # F'(Mo).)

But note that in the example above, M is not O-relevant, nor k-relevant
for any k < w. This motivates our focus on k-relevant opms. We now give a
second example, and one in which the embedding is the kind that can arise in
the proof of solidity of the standard parameter — certainly in this context we
would want to make use of condenses well. We claim there are (consistently)
mice M, containing large cardinals, and p, o € Ord™ such that:

- M = J(N) where N = M|p™™™M,

— M is 1-sound,

-t =p<a<ptM,

- pt ={p*™ a}, and

— letting H = cHull! (a U {pT™}), we have p’t = a.

Given such M, p,a, H, note that a = p™ and H = J(M||a). Then H is a
1-solidity witness for M, and the 0-embedding 7 : H — M is the one that
would be used in the proof of the 1-solidity of M. Moreover, with F’ as before,
“M=J(N) = F'(N) (since M projects below Ord™) but “H # F'(M||a) =
J(T(M]|a))”. So we again have a failure of condenses well, and one which is
arising in the context of the proof of solidity. (Of course, in the example we are
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already assuming 1-solidity, but the example seems to indicate that we cannot
really expect to use condenses well in the proof of solidity for F’-mice.)

Now let us verify that such an M exists. Let P be any mouse (with large
cardinals) and p a cardinal of P such that p*+7 < Ord”. Let v = p*” +1. For
a < pt? let

Ho = cHull?lv(a u{p*?}).

Because ijh = ptP, there is a with p < a < p™” and such that the uncollapse

map 7, : He — P|v is fully elementary, and so plte = a = p*Ha. (In P, there
is a club C C p*% of ordinals « such that crit(7,) = a and 7(a) = p*”. But
Ply = Hull?w(pwj U {p*%}), so considering Tarski-Vaught a straightforward
closure argument yields a club C" C C such that 7, is fully elementary for each
a € ') Fix such an a. Let H = H,, and

M = CHU.H?“Y(p U{pt?, a}).

We claim that M, p, « are as required. For we have M € P, which easily gives
that pt! = p. Clearly M = J(N) where N' = M|p*™. The 1-solidity witness
associated to pt™M is cHull (p™M), which is just M|p™M, as M|pT™ <1 M,
as M|pt™ £ ZF~. And the 1-solidity witness associated to « is cHull}(a U
{p*t™M}), which is just H = J(P||a) € M. All of the required properties follow.

The preceding examples seem to extend to any (first-order) mouse operator
K such that J(z) € K(z) for all .

To get around the problem just described, we will need to weaken the con-
clusion of condenses well, as will be seen.

Our second modification to the definition of condenses well is not based
on a definite problem, but on a suspicion. It relates to, in the notation used
in clause (2) of [28, 2.1.10], the embedding o : F(Py) — M. In at least the
basic situations in which one would want to use this clause (or its analogue in
condenses finely), o actually arises from something like an iteration map. But
in condenses well, no hypothesis along these lines regarding o is made. It seems
that this could be a deficit, as it might be that F(Py) is lower than M in the
mouse order (if one can make sense of this); we might have F'(Py) <M. Thus, it
seems that in proving an operator condenses well, one might struggle to make
use of the existence of o. So, in condenses finely, we make stronger demands on
.

A third change is that we do not require that moo € V (with 7, 0 as in [28,
2.1.10]). This is explained toward the end of 3.42.

Motivation for the remaining details will be provided by how they arise
later, in our proof of the fundamental fine structural properties for F-mice
for operators F which condense finely, and in our proof that mouse operators
condense finely. We now return to our terminology and notation. Before we can
define condenses finely, we need to set up some terminology in order to describe
the demands on o.
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3.4 Mouse operators

In this section, in Definition 3.18, we will define mouse operators, as an instance
of a somewhat more general kind of operators (those of form Fg; see 3.16).
These are variants of the model operators of [28, 2.1.8], but in view of Remark
3.13, the details must be modified somewhat. Our definition of mouse operators
will be based on op-J -structures. An op-J-structure will be used to form one
step in the Fg-hierarchy. Being a J-structure, it has its own internal hierarchy,
which will provide the stratification needed for opms:

Definition 3.14 (op-J-structure). Let a € Ord\{0}, and let Y be such that
either Y = Z for a transitive Z, or Y is a < w-condensing w-sound opm. Let

D = Lim N [Ord” +w,Ord” + wa)

and let P = (Pg)gep be given.

We define ._7[5 (Y) for B € [1,q], if possible, by recursion on 3, as follows.
We setﬁjlp(Y) = J(Y) and take unions at limit 8. For 8+ 1 € [2,q], let
R= J;(Y) and suppose that P =q¢f Poqr C R and is amenable to R. In this
case we define

T4 (Y)=J(R,PIR,P).
Note then that by induction, ﬁ[R C R and ﬁ[R is amenable to R.
Let £7 be the language with binary relation symbol &€, predicate symbols

P and P, and constant symbol cb.
For Y as above, an op-J-structure over Y is an amenable L 7-structure

M= (FF¥),eM P, PY),

where a € Ord\{0} and P = <]3,y> p with domain D defined as above, |[M] =
. 2l
Jf(Y) is defined, PM = P, pM = p, cb™M =Y.
Let M be an op-J-structure, and adopt the notation above. Let (M)
denote a. For g € [1,a] and R = jBP(Y) and y = Ord”, let

M7y = (R,€® PIR,P,,Y).

Write N' <7 M iff N' = M|7~ for some 7. Clearly if N' <7 M then N is an
op-J-structure over Y. Write N <7 M iff N <97 M but N # M.

Let M be an op-J-structure. Note that M is pre-fine (see Definition 2.26).
We define the fine structural notions for M using 2.27. —

From now on we omit “€” from our notation for op-J-structures. In what
sty

follows, recall that operator background, operatic domain, CP and PP were
introduced in Definitions 3.2 and 3.3.
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Definition 3.15 (Pre-operator). Let % be an operator background. A pre-
operator over % is a function G : D — 2, for some operatic domain D over
% such that for each Y € D, G(Y) is an op-J-structure M over Y such that
(i) every N' < M is w-sound, and (ii) for some n < w, pi; = w.3" Recalling

that D = CD U PP, let €% = CP and P = PP. 4

We now want to derive an operator Fg from a pre-operator G. Say R is a
sound Fg-premouse, over some set A, and we want to define F(R). The initial
hope is that this structure should be essentially equivalent to G(R), but with
predicates reorganized appropriately. But this might not work, for two reasons.
Most importantly, the resulting structure might fail projectum amenability; that
is, G(R) might contain subsets of p’¥ x A<* which are not in R. In this case,
we need to first replace G(R) with the largest J-initial segment G'(R) of G(R)
which does satisfy projectum amenability. And then, although pS;L(lR)
(R)

= w for
some n < w, we cannot expect that pf = w. So we need to replace G'(R)
with its nth reduct, for the appropriate n, and then code this as a successor
opm.

Definition 3.16 (Operator Fg). Let G be a pre-operator over an operator

_

background 4, with domain D = CPUPP. We define a corresponding operator
F = Fg, also with domain D, as follows.

— Y

Let X € CP and N = G(X) = (|IN], P, PV, X). Let n < w be least such
that p,; = w, so Ord™ < o where 0 = p\. If n = 0 then let M =N. If n > 0
then let Q = N|‘70 and let M be the op-J-structure

M= (2], V10T X),

where T C | Q] codes ThYY (| Q] U#) in some uniform fashion, amenably to | Q]

such as with mastercodes.?® Note that in either case, M = (|[M], ﬁM, PM X)
is an w-sound op-J-structure over X and pi* = w. Now define F(X) as the
hierarchical model K over X, of length 1, with [K| = [M], EX = = ¢p**°
and P* = {X} x (]3M @ PM). (We use {X} x --- to ensure that P* C IC\K~.
Recall that K having length 1 requires that S* = ().)

Now let R € PP; we define F(R). Let A = cb™ and p = pX. Let P = G(R).
Let N' < P be largest such if p > w (so p > rank(A)) then for all @ < p, we
have P(A<¥ x a<“)N = P(A<¥ x a<¥)R. (Such an N\ exists, since J(R) =
P|7(0rd™ + w) satisfies the requirements, by choice of p. Note that if p = w

37Recall from 2.27 that pnf‘/lJrl = w does not mean that there is a new subset of w definable
from parameters over M, but just a new subset of w X (Y U {Y})<%.

38For concreteness, we take T to be the set of pairs (o, t’) such that for some t, (7, a, t) €
TM and t’ results from the theory t by replacing each instance of pA1 in statements in t with
a, interpreted as a constant symbol; note that if (21, a,t) € T2 then o does not already
occur as a parameter in ¢, and this substitution neither obscures nor creates information.

39 A natural generalization of this definition would set ¢pX to be some fixed non-empty
object. For example, if one uses operators to define strategy mice, one might set cp to be
the structure that the iteration strategy is for.
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then ' = P.) Let n < w be least such that pﬁﬂrl = w, so Ord™ < pV. Define
M from (N, n) as in the definition of F(X) for X € CP, but with cb™ = R.

Much as there, M = (| M| ,13M, PM R) is an w-sound op-J-structure over R
and p" = w.

Now set F(R) to be the unique hierarchical model K of length {(R)+1 with
K| = [M], RaK (s0 S5 = SR~ (R)), EX = 0, and PX = {R} x (P @ PM).
Let us also say that F(R) projects early if N’ <P (in this case, F(R) does
not “reach” the full P = G(R), but just its initial segment N'). This completes
the definition. =

With notation as above, let R € D. Note that F(R) easily codes G(R),
unless R € PP and F(R) projects early. Let us verify that Fg is indeed an
operator:

Lemma 3.17. Let G be a pre-operator over an operator background A, with
domain D. Then Fg is an operator over B. Moreover, for any Fg-premouse
M of length o + w, for all sufficiently large n < w, Fo(M|(a + n)) does not
project early.

Proof sketch. We first show that F¢ is an operator. Let F = Fg and X € D =
dom(F). We must verify that M = F(X) is an opm. This follows from (i) the
choice of | F(X)]| (i.e. the choice of N' < G(X) in the definition of F(X), which
gives, for example, projectum amenability for (X)), (ii) if X € PP then X is an
w-sound opm (acceptability follows from this and projectum amenability), (iii)
standard properties of [J-structures (for example, to establish stratification),

and (iv) with M as in the definition F(X) (either in case X € CD or in case
X € PP), the fact that M is w-sound and p{"! = w (for sound projection).
Now let M be an F-premouse of limit length o + w. Then for all m,

pb/yl l(atm+1) < pf,/l [(atm) ,

because M|(a +m + 1) is soundly projecting and M|(« + m) is w-sound. So
if n < w is such that pﬁ/ll((wrn) is as small as possible, then F(M|(a+ n)) does

not project early. O

So any limit length Fg-premouse M is “closed under G” in the sense that
for e-cofinally many X € M, we have G(X) € M.
We can now define mouse operators.

Definition 3.18. Let ¢ € Ly. Let & be an operator background. Suppose
that for every transitive structure € % there is M < Lp(x) such that M E ¢,
and let M, be the least such. Let G, : # --+ % be the pre-operator where
for x € & a transitive structure, G,(2) is the op-J-structure over & naturally
coding M, and for x € # a < w-condensing w-sound opm, G, (z) is the op-7-
structure over x naturally coding M,. The mouse operator F, determined
by ¢ is Fg,,- -

39



1359

1360

1361

1362

1363

1364

1365

1366

1367

1368

1369

1370

1371

1372

1373

1374

1375

1376

1377

1378

1379

1380

1381

1382

1383

1384

1385

1386

1387

1388

1389

1390

1391

1392

1393

1394

1395

1396

1397

Remark 3.19. For example, suppose that Mf(X ) is defined and fully iterable
for all sets X. Then X — M?(X ) is a pre-operator G, for the obvious formula
¢, and F = F, the induced mouse operator. Let M be the least F-premouse
which models ZFC™; so M E“Every set is countable”, and letting n = Ord™M,

pﬁ/”a = w for all @ < n, but p! = n. Note that F(M) projects early, and in

fact ,0‘17(M) = w, so F(M) is J(M), reorganized as an F-premouse. But for

no a < n does F(M|a) project early (since pﬁ/t‘a = w already), so F(M]|«) is
equivalent to M7 (M|a) for all a < 7.

There are only countably many mouse operators over a given 4, since each
is determined by a formula ¢. But by combining with real parameters (say
specifying the base of a cone), we obtain uncountably many operators. Assuming
AD in L(R), such an operator can be used to witness the ¥ truths about reals
in a given J,(R), and that operator is in J,/(R) with an o’ very close to a.

3.5 Fine condensation

In this section, in Definition 3.25, we will define (almost) fine condensation. It
will be the key property that ensures that copying constructions for iteration
trees on JF-premice proceed in a desirable fashion; that is, if we have F-premice
R,S and an embedding 7 : R — S, and U on S is an F-tree (that is, its models
are F-premice), and U is the copy of T under 7, then we would like to know
that 7 is also an F-tree. Of course, we will have the copy maps 7 : M — N
from models M of T into models N of &. (Almost) fine condensation will be
applied to these copy maps, and this should allow us to conclude that M is
an F-pm. The property should also guarantee similar behaviour for realization
maps replacing copy maps.

We will also want to apply (almost) fine condensation to maps 7 : M — N
such as core embeddings, or hull embeddings which arise in the proof of solidity
of the standard parameter, for example.

Before giving the definition, we will introduce some terminology allowing us
to describe the kinds of embeddings 7 : M — N we want to consider.

The definition of (z,?jtrl, C,?f‘H) below is a direct adaptation from [18, Defini-
tion 2.19]. The facts proved there about this notion generalize readily to the
present setting, although that paper formally works below superstrong. See also
[11, §3], where there is no superstrong restriction.

Definition 3.20. Let M be a k-sound opm. Let D be the class of pairs (z,() €
[Ord]<“ x Ord such that { Nz = (. For x € [Ord]<¥ let f, be the decreasing
enumeration of z. For z = (2,{) € D let f, = f. = (¢). Order D by = <* y
iff fo <iex fy, with o <* y if f, C f,. Then (z,é\il,{,ﬁl) denotes the <*-least
(#,¢) € D such that

Thpt, (cbM Uz UC) ¢ M.

The (k + 1)-solid-core of M is

Sp1(M) = cHullpy (™ U 21, U My),
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and the (k 4 1)-solid-core map aﬁj_l is the uncollapse map. !

If M is (k + 1)-solid then &441(M) = €41(M) and o7, is the core map.
But we will need to consider the (k + 1)-solid-core more generally, in the proof
of (k + 1)-solidity.

Iteration maps, along a portion of a branch which does not drop in model,
and is at degree k, are k-tight embeddings (but k-tight is more general):

Definition 3.21. Let k < w, let £, M be k-sound opms and ¢ : L — M. We
say that o is k-tight iff there is A € Ord and a sequence (L,), ., of opms such
that £ = Lo and M = £, and there is a sequence (Eq), of extenders such

that each E,, is weakly amenable to L, with cb* < crit(E,) < pf“,
Lot1 = Ultg(La, Ey),

and for limit 7,
,Cn = dirlima<ﬁ<n (‘Con ‘667 -]CE/B)
where jog : Lo — L is the resulting ultrapower map, and o = jo,. n

Note that E, is not required to be close to L,.
Copy maps and realization maps between k-sound structures are often k-
factors:

Definition 3.22. Let & < w and M, N be k-sound opms and p be transitive.
Suppose that if £ < w then M is k-relevant.

We say that m : €o(M) — €y(N) is a k-factor above p iff 7 is a weak
k-embedding above p, and if k& < w then there is a k-tight o : €4(L) — €o(M)
such that

Toooof,  Grr1(L) = €(N)

is a near k-embedding, o is above p, and L is k-relevant.

For an operator F, a k-factor is F-rooted iff either kK = w or we can take £
to be an F-premouse.

A k-factor is good iff A =4o¢ cb™ = cbN and 7 is above A. =

An w-factor above p is just an w-embedding (i.e. fully elementary between
w-sound opms) above p. If k < w, then both ¢ and a,fﬂ, and therefore also
oo Ul§+17 are k-good. Any near k-embedding 7w : M — N above p, between
opms M, N, is a k-factor above p (if k < w, use L = M and ¢ = id), and if M
is an F-pm, then 7 is F-rooted.

Definition 3.23. Let C be a successor opm and M a successor Q-opm with
C~ = M~. We say that C is a universal hull of M iff there is an above C~,
0-good embedding 7 : C — M and for every z € M, Thi' (M~ U {z}) is 1X§
(after replacing x with a constant symbol). =

Remark 3.24. We are now ready to define (almost) fine condensation. It is a
variant of condenses well from [21] and [28]. As discussed in Remark 3.13, we
need to modify that notion.
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One issue that Remark 3.13 illustrates is the following: Given a ¥;-elementary
7: M — N =F(N7), we should not always expect that M = F(M™), even
in the case of a mouse operator F. However, for a mouse operator F, the it-
erability of N' = F(N ™) above N~ and the existence of 7 should ensure the
iterability of M above M™. (Here the iterability we refer to is that of the
ordinary mouse over N~ produced by F; the F-iterability of N above N~ is
trivial, as Eﬁ\rf is empty above ordV 7.) Secondly, the minimality of N above
N~ should ensure that M does not strictly surpass F(M™). But Remark 3.13
indicates that M might not actually reach F(M ™) in general, and for example,
we might have M € F(M ™). We might, for example, have that M is a proper
segment of F(M™) in the hierarchy as an op-J-structure, but there are also
other possibilities.

On the other hand, we want (almost) fine condensation to hold under ap-
propriate circumstances, and in particular, we want mouse operators to almost
condense finely. So it is allowed that M € F(M ™) in (one case of) the definition
of condenses finely.

In Proposition 3.28, we will show that mouse operators do almost condense
finely, and the proof will help to illuminate key details of the definition.

Definition 3.25. Let F be an operator over 4 with domain D. Suppose that
CP is the cone above some transitive p € . We say that F condenses finely
above p (or F has fine condensation above p) iff (i) F condenses coarsely
above p; and (ii) Let A, A, N, L € V and let M, p,0 € V[G] where G is set-
generic over V. Let k < w. Suppose that:

- p € N(A)NTi(A),

— L is a k-sound opm over A and N is a k-sound opm over A,

—~ M is a Q-opm over A and if £ > 0 then M is a k-sound opm,

— L, M, N each have successor length,

- M~ €V and L, M~ ,N are F-premice and M~ € dom(F) (so F(M™)

is an opm), and
— 1 €M) = €(N).
Then:
1. If M is a k-sound opm and either

—  is k-good, or

— M is k-relevant and V[G] E“p is a k-factor above p, as witnessed by
(l:’(r)”’

then either M € F(M™) or M = F(M™).

2. If k = 0 and pM < Ord™  and ¢ is 0-good (hence above p), then there
is a universal hull # of M such that either H € F(M™) or H = F(M™).
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We say F almost condenses finely above p iff F almost condenses
coarsely above p and condition (ii) above holds for G = (). =

Recall that if M is a successor opm then pM < Ord™ . So in both parts

1 and 2 above, we have p{\’t < OrdM_7 but in part 2, M need not be an opm
(although it is a Q-opm). Also note that there are cases of condenses finely in
which we do not assume that M is k-relevant, though in these, ¢ is k-good.

Let us observe that in certain key circumstances, we can rule out the possi-
bility that M € F(M™), and so the conclusion of fine condensation sharpens
to M =F(M™):

Lemma 3.26. Let F be an operator. Let k < w. Let N be an F-pm which is a
k-sound successor opm. Let M be a successor Q-opm. Suppose M~ is an F-pm
in dom(F). If k > 0 then suppose also that M is a k-sound opm. Suppose that
M = Cr11(N) or M is k-relevant. Then M ¢ F(M™), and if k = 0 then there
is mo universal hull of M in F(M™).

Proof. Suppose otherwise. Suppose first that & > 0, so M € F(M™). Then by
projectum amenability for F(M ™), M is not k-relevant. So M = €11 (N) ¢

ws N. Let m: M — N be the core map. By Lemmas 2.43 and 2.38, 7 is k-good,
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so T(M™) = N~. So since M is not k-relevant, pﬁil = ot = pM, but
then p., = p, so N is (k + 1)-sound and M = N = F(N7) = F(M™),
contradicting the assumption that M € F(M™).

So k = 0. (So we do not assume M is an opm, but it is a Q-opm.) Again
by projectum amenability, M is not O-relevant, so M = €;(N) ¢ N. Let
7 : M — N be the core map. Then 7 is 0-good, so #(M~) = N~. So
pM = pM < ppt = Ord™, and pM = pN = pN" . But then since N is an opm
and by Lemma 2.41, N is 1-sound, so M = N/, again a contradiction. O

So under the circumstances of the lemma above, if M is an opm, fine con-
densation gives the stronger conclusion that M = F(M™). But we will need to
apply fine condensation more generally, such as in the proof of solidity. Analo-
gously to Lemma 3.12, we have:

Lemma 3.27. Let F be a total operator over %, with domain D. Suppose O
is the cone above some transitive p € HC, and that F almost condenses finely
above p. Then F condenses finely above p.

Proposition 3.28. Let F, be a mouse operator, as in Definition 3.18. Then
F, almost condenses finely.

Proof sketch. We just discuss the proof in one case, which illustrates the main
points and should clarify why almost condenses finely is formulated as it is. Let
F = F, and let N be a successor F-pm. Let M be a successor Q-opm with
pM < Ord™ and let 7 : M — N be a 0-embedding. Then we want to verify
clause 2 of almost fine condensation holds with respect to M, N, 7. So we need
to see that there is a universal hull H of M such that either H € F(M™) or
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H = F(M™). (Clause 2 also assumes that 7 is 0-good, but that isn’t needed
here.) Note that although M is a Q-opm, we do not assume it is an opm.

We have m1(M™) = N~. Let N* <Lp(N ™) be the premouse over N~ coded
by N. (That is, either p)" = w and OrdV = OrdV" and PV encodes EY”
directly, or for some n such that 0 < n < w, pﬁil —w< ordV < o
and OrdV = pN" and PV encodes ThY" (M*|pV") U {#Y"}). Moreover, N*
has no proper segment satisfying o, and either N* E ¢ or pff - > wand NV
projects < pN.) Let n < w be such that pﬁ/_;l —w<odV < pN". By
downward extension of embeddings, M encodes an n-sound premouse M* over
M~ and 7 determines an n-embedding 7* : M* — N* with 7 C 7*. Because
pt < OrdM | pM < OrdM .

Now suppose M* is (n + 1)-sound. Then M* is fully sound, as M* is a
premouse over M~ so M* <Lp(M™). Moreover, M* < M’ where M’ is the
premouse over M~ coded by F(M™). For by the X;-elementarity of =*, M*
has no proper segment modelling ¢, and if M has length > 0 and w < pM~
then letting A = 0™, for a < pM, we have P(a<¥ x A<“) N M* C M.

Now suppose instead that M* is not (n + 1)-sound. Let H* = €41 (M*).
Then H* < M’, where M’ is as before, and the n'® master code H of H* is a
universal hull of M, and either H € F(M™) or H = F(M™), as required. [

Note we makes significant use here of the assumption that p3* < Ord(M ™).

3.6 Copying and realization

We next want to consider the copying construction and how it relates to op-
erators F with fine condensation. As discussed in [25], [15] and [14], even for
standard mice, the copying construction is complicated by type 3 premice M,
because one must handle segments A < M such that N” 4 €5(M), but the fine
structural maps 7 : €y(M) — €y(R) only act directly on €y(M). We first make

some preparations in this regard. The following notions are from [15] and [11]:

Definition 3.29. Let M be an opm. If M is not type 3 then M" denotes M.
If M is type 3 and x = p™ then MT dentes Ulto(M|xTM, FM).

For m : M — N, a Yg-elementary embedding between opms of the same
type, we define Shift(r) : MT — AT as follows. If M is not type 3 then
Shift(r) = 7. If M is type 3 then Shift(n) is the embedding induced via the
Shift Lemma by 7.

If M is not type 3, we say that « is v-preserving, not v-high and not v-low.
Suppose M is type 3. Then we say that 7 is v-preserving iff Shift(7)(v(FM))
I/(Fx), v-high iff Shift(7)(v(FM)) > v(FN), and v-low iff Shift(7)(v(F™M))
v(FV).

L A

Remark 3.30. Elementarity considerations show that if 7 is r¥;-elementary,
it is not v-low, and if 7 is r¥s-elementary, then it is v-preserving; see [15].
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Lemma 3.31. Let F be an operator above b which almost condenses coarsely

above b. Let A € @ Let N be a type 8 F-pm over A such that N1 is an F-pm.
Let m: R — €y(N) be a weak 0-embedding which is above b. Then R = €o(M)
for some F-pm M.

Proof. Because 7 is a weak 0-embedding, £ = E® is an extender over R.
So we can define RT and Shift(r) : RT — AT as in 3.29. By almost coarse
condensation, R' is an F-pm, which yields the desired conclusion. O

Given an iteration tree & on an opm M, and given NV < M, the next
definition sets up notation for embeddings on A induced by the iteration maps
of U.

Definition 3.32. Let I/ be a k-maximal tree on an opm M, and let N' < M.
If N <M then let (N;),_, be the model dropdown sequence of N in M. (That

is, No = N, for each i + 1 < k, Njyq is the least N7 < M such that p¥ < pVi,
and pﬁf’“‘l is an M-cardinal.) We say that A is M-stable iff:

— If M is active type 3 then either N'= M or N' < M*? (hence N}, < M59).
— If NaM then for all i +1 < k, if N1 is active type 3 then N; <(N;11)%.

Suppose N is M-stable. Let o < 1h(U). Let us say for the moment that
(U, ) is good iff either

1. N=Mand [0,a]¥ N ZY =0, or

2. there are ordinals 79 <Y 0g = v1 <Y 61 = v2 < 63 . 0p_1 = Y <Y 6 =
« such that:
(a) Y0 = 0 and [70550]1/[ N -@M = wa and
(b) for each i € (0, k], if 7; < 0; then:
i (vi,8]4 N Y = {e;} where predu(ei) =; (and g; <Y §;),

i*u kU

.o . s Z/{ .u
ii. Vi € dom(j) where j =it s odit o o... 0dfh oifs

and M4 = j(Ni_y).
If (U, a) is good then we define M , < MY and

% 00 €o(N) = €M)

as follows. Let 7k,0r be as above. If 7, < Jj then set M/Z\/{f,a = MY and
B o = 02U 0. 0dtts oidds . If 4 = 6 then set MY, = j(N), where

T U U o U
J=it s 0...0dks odgs . and set i%r o, = j[€(N).

Now we say that [0, 3]¥ is N-bounded iff there is o <Y 3 such that [0, a]"
is good and if o <Y 3 then letting ¢ < 3 be such that predu(s) = «, we have
MU q ]V[u’a. If [0, B is N-bounded, as witnessed by «, we say that [0, 5]“
drops below the image of N iff 3 is not good; that is, o < S3.

We say that U is N -bounded iff 3 is N-bounded for all 8 < 1h(lf). -
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The following lemma is an instance of some very related material in [18,
§2] (for example, [18, Lemma 2.27]), [11, §6], [15, §7] and the preprint [13, §5].
It shows that when we define an embedding 7 : Ulty (R, FM) — Ult,(S, FV)
via the Shift Lemma from a given embedding 7 : €y(R) — €o(S), if 7 is v-
preserving, so is 7.

Lemma 3.33. Let R, S be type 3 k-sound opms, where k < w, and 7 : €5(R) —
€o(S) a v-preserving weak k-embedding. Let M, N be active F-premice and 1) :
Co(M) = €o(N) a weak 0-embedding. Let k = crit(FM). Suppose R||xTR =
MM and S|[p(r) TS = Nip(w) ™V and x[(R|[xTR) = ¢1(M|TM). Sup-
pose Kk < pE. Suppose 7 is v-preserving. Let

7 Ultp (R, FM) = Ulty (S, FV)
by the Shift Lemma map induced by m, 1. Then T is v-preserving.

Proof. This kind of argument is given, for example, in [11, §6.1]. If the ul-

Rk ond iSOk both . - Rk
trapower maps ¢, and ¢ are both v-preserving, commutativity (o lpm =

z‘;ﬁ o) gives the desired result. If k > 0 then these ultrapower maps are indeed
v-preserving, by Remark 3.30).

So suppose k = 0.

Let g = crit(F®). We have RT = Ultg(R|u*™, F?). Note that FM is also
an extender over R. Let U’ = Ultg(RT, FM) and let 5/ : RT — U’ be the
ultrapower map. Then a standard calculation shows that

U'=U" = Ulto(Ulj(1)*7, FY)

R|ptTR0 U TR0

and j = j'[€y(R), and j' o i g =ipy 0j.
Now let a, f € €y(R) be such that v(F?) = [a, f]?;g. Then we may assume
f € Rlp*® and we have v(F?) = [a, f]?léﬁn’o = i?l{ﬁm’o(f)(a). So

§(W(FR)) = j (R0

= [i(a), 5P 0 = [i(a), 5 (£)]%0.

Now v(FY) = supj“v(F®). So by line (3.1), if j/ is continuous at v(FR)
then j is v-preserving, and if j is discontinuous at v(F) then j is v-high.

But j’ is continuous at v(FR) iff cof ® (v(FR)) # k. And cof *(v(FR)) = &
iff cof® (v(FS)) = m(k) = 1(k), since 7 is v-preserving. So if cof X (v(FR)) # &,
then j is v-preserving, and similarly, so is z‘fw?h and so as remarked earlier, it
follows that 7 is also v-preserving, as desired.

So it just remains to consider the case that cof™(v(FR)) = &k (so j' is
discontinuous at v(FR)), and so cof® (FS) = n(x) (and z‘;g is discontinuous at
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v(F®)). Let f € R be such that f : kK — v(F?) is continuous, strictly increasing
and sup f“k = v(F®). Then note that since v(FY) = supj“v(F®) and k =
crit(j) = crit(j'), we have 5/ (f)[x = jof : k — v(FY) and j'(f)[k is continuous,
strictly increasing and sup j'(f)“k = v(FY). Now let g : [u]<¥ — R|ut™ and

a € [v(F®)]<¥ be such that f = i§g1'+n’0(g)(a) and k € a. Say kK = «; where
a={ag,...,a_1} and ap < ... < aj_1. Then define ¢’ : [u]* — R|u™? to be
¢’ (u) = sup g(u) “u;, where u = {ug, ..., up—1} and up < ... < ug_;. Then note
that v(FR) = [a,g’]?;é). Let b’ € U be the function b’ : [j(u)]F+t — Ulj(u)*tY
with

h'(u) = sup(j(g') (w\{ui})) “us,
where u = {ug,...,ux} and up < ... < ug. Note here that j(¢') has domain

k+1

[5(1)]¥, whereas b’ has domain [j(u)]**!, and if u = {uo, ..., uy} as above, then

R (u) = sup(5(g") ({uo, -+ -, Wim1, Wity .- ug})) “u;.

Then v(FY) = [j(a) U{x}, h’]g}?. For note that |a| = k and & is the ith element
of a, but j(a) N[k, j(x)) =0, and j(k) is the ith element of j(a), so  is the ith
element of j(a) U {k}.

Since 7 is v-preserving, v(F®) = [r(a), W(g’)]‘;’g and [r(a), W(g)]f}é) is a func-
tion f* : (k) — v(F) which is continuous and strictly increasing, and v(F®) =
sup f*“m(k). So it now easily follows that v(FS) = [7(j(a)) U{T(x)}, T(h’)}gU’?,
where U* = Ult (S, FN), so T is v-preserving, as desired. O

We now verify that fine condensation for F ensures that the copying con-
struction proceeds smoothly for relevant F-premice. The indexing function ¢
in the following lemma need not be the identity, because of the possibility of
v-high copy embeddings 7 : €o(M) — €o(N) between type 3 premice M, N.

Lemma 3.34. Let F be an operator above b which almost condenses finely above
b. Let A, A € CT— Let j < w and let Q be a j-sound F-premouse over A. Let
(N, k) <(9Q,7) be such that N is Q-stable (see 3.32). Let M be a k-relevant
F-pm over A. Let w: €o(M) — €o(N) be an F-rooted k-factor above b. Let
Yo be an F-(j,w1 + 1)-strategy for Q. Then there is an F-(k,w; + 1)-strategy
Y m for M such that trees T via Xaq lift to trees U via Xgo. In fact, for such
pairs (T,U), there is ¢ : 1h(T) — 1h(U) such that for each o < Ih(T), there is
(NY, my,) such that:

1. (N¥,deg]) < (MY, degl{,))-

2. o : Co(MT) — €o(NY) is an F-rooted deg -factor which is above b.
8. If m is good then m,, is good.

4. U is N-bounded.

5. [0,a]T N 27 # 0 iff [0,u(a)]¥ drops below the image of N .
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w6 If[0,a]T N DT =0 then N¥ = MY, and

T Ul
T © e = Trf g () © T (3.2)

1652 7. 1f [0,a]7 N 2T £ 0 then NY = ]Wf(’a), deg! = deg%a) and my is a v-

1653 DPreserving near degZ—embedding.

1654 8. If (N,k) = (Q,7) and 7 is a near k-embedding then NY = M%a), deg! =

1655 deg%a) and T, IS a near degz-embedding, and if © is also v-preserving
1656 then so is mg.
1657 The previous paragraph also holds with “(j,wi,w1 + 1)*-optimal” replacing

ws (w1 +1)” and “(k,wy,wy + 1)*-optimal” replacing “(k,wy +1)”.

wso  Proof. We just sketch the proof, for the case that 7 is k-maximal. It is mostly
o the standard copying construction, augmented with propagation of near em-
s beddings (using the methods of the proof of [, Lemma 1.3]) and the standard
w2 extra details dealing with type 3 premice (see [25], [15], [14]). Because of how
ez we handle type 3 premice, the tree orders of 7 and U need not be identical, and
e the indexing map ¢ can fail to be the identity.

1665 The construction is by recursion on 1h(7). Suppose we have determined
wo T [(a+1), (@), U (e(a) + 1) and all the other objects mentioned in the lemma,
wer  satisfying the properties there, in particular with N¥ < JLILZ/(’(X) and 7, : €o(MT) —
wes  Co(NY). We now want to proceed to T [(a + 2), etc.

1669 Suppose first that 7, is non-v-high or EJ = F(MT) or Ih(E]) < po(M]).
o Then we set t(a+ 1) = t(a) + 1 and set E%a) to be:

1671 - F(M%,L(a)), if ET = F(MT) and 7, is non-v-low,

1672 - F(]VIJL\’/_’L(Q)) IShift (o) (v(E])), if EI = F(MT) and 7, is v-low,
oo = a(ED), i I(ET) < po(MT),

1674 — Shift(7ma)(E]), if po(M]) < 1h(ET) < Ord(M]).

1675 Now suppose instead that 7, is v-high and po(M]) < Ih(ET) < Ord(M]).
w6 (So by induction with part 7, [0,a]” N 27 = () and M is active type 3.) In this
67 case let us say that o is an insertion stage. We set t(av + 1) = () + 2, and set
ws B4 = F(MY%, ) and B4, | = Shift(me)(E]).

1679 Let 8 = pred” (o + 1) and 8 = pred?(s(o + 1)) (determined k- and j-
o maximality respectively). Then ' = ¢(8), unless 8 was an insertion stage and
1681 V(F(Mg—)) < crit(E]), in which case 8/ = «(8) + 1 and a +1 € 27 and
e (a+1) € Y. We (can and do) define 7,41 via the Shift Lemma from 74/, 7,
183 as usual.

1684 For limit ordinals o, t(a) = sups., +(8), and [0,a)7 is the unique cofinal
s branch of T« such that for some 8 <7 a, we have t“[8,a)7 C [0,¢(a))%. We
s omit the remaining details of the definitions, which are routine.
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Now let us observe that for each «a, 7, is an F-rooted degZ:-factor above b
(see Definition 3.22); that is, that there is a degz—sound F-pm L and a degz—
tight o : £ — M such that 7, 00 o a(’fegT 41 Gk (L) — (CO(NZ/(’M) is a near
k-embedding. For given this, fine condensgtion, together with Lemmas 2.49 (to
see M is deg” -relevant) and 3.31, give that M7 is an F-pm. (If M might be
type 3 (that is, if N¥ is type 3), then 3.31 applies, because (N¥)T is an F-pm,
since we can extend U[(t(a) + 1) to a tree U’, setting ELL(’;) = F(NY).)

Fix (Lo, 00) witnessing that 7 is an F-rooted k-factor; so oo : Lo — M is
k-tight and 7o gg o 01511 1 Gp1(Lo) = €o(N) is a near k-embedding.

Case 3.35. [0,a]” does not drop in model in 7.

In this case, it is routine to verify that [0,:(a)] does not drop below the
image of N, m, is a weak degaT—embedding and line (3.2) holds.

If deg! = k then (Lo, o) witnesses the fact that m, is an F-rooted k-factor
above b, where o = ig; o 0g, because i/Z/\{/,o,L(a) and 7 o Jooolf_‘f_l are near k-

embeddings, and 7, o ig—a = 2% 0,(a) © T

Now suppose that [0,a]7 drops in degree and let n = degaT. Then letting
L=2¢,1(M])and o : € (L) = €o(MT) be the core embedding, (£, ) wit-
nesses the fact that 7, is an F-rooted n-factor above b (we have &,1(L) = L
and o%,; = id). The fact that m, o o is a near n-embedding is because
Ta 00 = & (¢) () © T Te I8 a weak (n + 1)-embedding, and &% ) (o) 2
near n-embedding.

Now consider part 8. Suppose that (N,k) = (Q,j) and 7 is a near k-

embedding. Clearly NY¥ = ]Wf’(’a). The fact that 7, is a near degz—embedding

(in fact for every 8 < a, mg is a near degg—embedding) is by [8, Lemma 1.3], or
more literally, its proof. However, note that that proof is inductive on «, and

one should also maintain as part of the induction that deg; = deg% g for every

8 < «. In order to see that degz;ﬂ = degféﬂﬂ), letting v = predT(B + 1), if

B+1¢ 27, one uses the fact that T is a near degz-embedding and deg;r =
deg%v). Finally, if 7 is v-preserving, then using Lemma 3.33, one easily shows
inductively that mg is v-preserving for every 5 < a.

Case 3.36. [0,a]” drops in model in 7.

It is straightforward to see that [0,:(a)]¥ drops below the image of A" and
that NY = M%a). The fact that 7, is an F-rooted deg -factor is almost the
same as in the dropping degree case above. The fact that m, is in fact a near
degz—embedding and degZ: = deglf(a) follows much as before, though this time
it is not quite as directly by [8, Lemma 1.3] itself, but from an examination of
its proof; one observes that the inductive argument used in [8] can simply be
done above any node in 7 at which there is a drop in model, instead of having
to start at the root node 0.4° (Similar arguments were also used in [14].) And
the fact that m, is v-preserving is proved similarly, by an induction above any
node in 7 at which there is a drop in model. O

40Note that we are not assuming that 7 itself is a near embedding in this case; it is just
that above any drop in model in 7, we get near embeddings.
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Definition 3.37. Let A be an F-pm and k < w. Then N is F-k-fine iff for
each j < k:

— €;(N) is a j-solid F-pm,

— if j < k then €;(N) is (j + 1)-universal,

— if k = w then €,(N) is < w-condensing. -
We next consider background constructions building F-mice.

Definition 3.38. Let F be an operator over . Let A € C?}- and x < Ord(#)+
1. An L7 [E, A]-construction (of length Y) is a sequence C = (M) aey such
that for all o < x:

— No = F(A) and N, is an F-pm over A.
— If v is a limit then N, = liminfg., Np.

— If a+1 < x then either (i) N,y1 is E-active and Ny11||Ord(Nyy1) = N,
or (i) N, is F-w-fine and N, 1 = F(€,(N,)). 4

We will now explain how fine condensation for F leads to the F-iterability
of substructures R of F-pms built by background construction. The basic en-
gine behind this is the realizability of iterates of R back into models of the
construction.

Definition 3.39. Let F be an operator above b which almost condenses finely.
Let A,A € Cr. Let C = (N,), <\ be an L7 [E, A]-construction. Let k < w
and suppose that N is F-k-fine. Let R be a k-sound F-pm over A and 7 :
€o(R) — €(N,) be an above b weak k-embedding. Let T be a putative F-tree
on R, with deg] = k. We say that T is (r, C)-realizable above b iff for every
a < Ih(T), B = base” (a) exists (that is, [0, drops only finitely often) and
letting m = deg,, , there are ¢, 7 such that:

- (Cvm) Slex (>\a k)v
— if [0,a]” does not drop in model or degree then ( = A and 7 = T,

— if [0,a]” drops in model or degree then 7: QZO(MET) — € (N¢) is a near
m~embedding above b,

- if MET is not type 3 then there is a weak m-embedding ¢ : €y (M) —
¢, (N¢) such that o il = 7.

— if MET is type 3 then there is a weak m-embedding ¢ : S — €,,(N¢) such
that @ o i%7 = 7, where S is “(M] )" 4! =
41(MT)*9 might not make literal sense, if say M. is not wellfounded. By “(MT )% we
mean that either a = £ + 1 and S = Ulty, (M27)%9, EZ) (formed without unsquashing), or

a is a limit and S is the direct limit of the structures (Mg’)Sq for £ € [B,a)7, under the
iteration maps.
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Definition 3.40. A putative F-(k,0)-iteration strategy for a k-sound F-
pm N is a function ¥ such that for every k-maximal F-tree 7 on N, with T
via ¥ and 1h(7) < 6 a limit, 3(7) is a T-cofinal branch. -

Lemma 3.41. Let F be an operator above b which almost condenses finely above
b. Let A,Ae Cr. LetC = (Na) ey be an L7 [E, A]-construction. Suppose that
(NL)T is an F-pm for each o < x. Let A < x and k < w be such that Ny
is F-k-fine, and let S = €, (N)). Let R be a k-relevant F-pm over A. Let
T €(R) — €o(S) be an F-rooted k-factor above b. Let ¥ be either:

- a putative F-(k,w; + 1)-iteration strategy for R, or
- a putative F-(k, w1, w1 + 1)*-optimal iteration strategy for R.

Suppose that every putative F-tree via ¥ is (mw, C)-realizable above b. Then X is
an F-(kywr + 1), or F-(k,w1, w1 + 1)*-optimal, iteration strategy.

Proof. The argument is almost that used for Lemma 3.34, using the (w,C)-
realizability maps in place of copy maps. The hypothesis that each (V)T is
an F-pm is used to see that Lemma 3.31 applies where needed. We leave the
details to the reader. O

The above proof does not work with (k,w;,w; + 1)*-optimal replaced by
(k,w1,w1 + 1)*, because of the reliance on m-relevance in connection with fine
condensation.

Remark 3.42. We digress to mention a key application of the extra strength
that condenses finely has compared to almost condenses finely; this essentially
comes from [20], such as in [20, §2]. Adopt the assumptions and notation of
the first paragraph of 3.41. Assume further that F condenses finely (not just
almost), Z = V and F is total. For an F-premouse M, say that M is F-full
iff there is no a € Ord such that F*(M) projects < Ord(M).#2 Assume also
that there is no F-full M such that Ord(M) is Woodin in FO*(M). Let x be a
cardinal. Suppose that R E“there is no Woodin cardinal” and every k-maximal
putative F-tree 7 on R of length < k is such that in some set-generic extension
V[G], either T is (, C)-realizable, or there is a limit A < Ih(7") and a 7 [ A-cofinal
branch ¢ such that ¢ is T-maximal and (7A) ~ ¢ is (7, C)-realizable. Then R
is F-(k,x + 1)-iterable, via the strategy guided by Q-structures of the form
F(M(T)) for some a € Ord.** This follows by a straightforward adaptation
of the proof for standard premice (cf. [20]), where F = J. In the argument one
needs to apply condenses finely to embeddings ¢, o, when poo ¢ V. Here o is
an iteration map arising from 7~ (and possibly c), with codomain M (or M),
and ¢ embeds the codomain of ¢ into some model of C. We can only expect
poo €V if the realized branch does not drop in model or degree (indeed, in

42Here F(M) is the unique F-pm N such that M <N and I(N) = (M) + « and N|B is
E-passive for every 8 € (I(M), I(N)].

43Tt might be that the Q-structure satisfies “6(7") is not Woodin”, but in this case, « = 841
for some 8 and FP(M(T)) satisfies “5(T) is Woodin”.
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the latter case, ¢ o 0 = m), or if all relevant objects are countable. We use
fine condensation to see that the Q-structure @ < M] (where M(T) € V and
b € V[G]) is in fact of the form F*(M(T)); the hypothesis of condenses finely
that M~ € V holds where needed since M(T) € V, and so F*(M(T)) € V
for each «; @ has no extenders in its sequence above 6(7) by the smallness
assumption.

From now on we will only deal with almost condenses finely.

3.7 Weak Dodd-Jensen

The weak Dodd-Jensen property is defined as the obvious adaptation of the
usual one (see [5]):

Definition 3.43. Let k£ < w and M be a countable k-relevant opm.

We say that (7,Q,7) is (M, k)-large iff T is a run of Qofpt(/\/l,k:,wl,wl)
of countable successor length, in which neither player has lost, @ < M and
7 Co(M) — €o(Q) is a nearly k-good embedding.**

Let ¥ be an iteration strategy for M. Let @ = (a,),,,, enumerate Ord™.
We say that ¥ has the k-weak Dodd-Jensen (DJ) property for & iff for
all (M, k)-large (T, Q,7) with T via ¥, we have @ = ML, b7 does not drop in
model (hence, nor degree), and

i7 1ordM < 7)Ord™
(that is, either i7 10rd™ = 71Ord™, or i" () < 7(ay,) where n < w is least
such that i7 (av,) # 7()). =

Note that in the context above, if iT[OrdM =7 [Ord/\/l then i7 = 7, because
iT, 7 are both nearly 0-good, and M = Hull}"! (¢b™ U Ord™).

Following [5], one can convert given strategies for stacks of trees on a count-
able mouse into strategies with weak DJ:

Lemma 3.44. Assume DCg. Let ]-"Abe an operator above b € HC which almost
condenses finely above b. Let A € Cr. Let M € HC be an F-(k,wi,w; + 1)*-
optimally iterable k-relevant F-pm. Let & = (o), ., enumerate Ord™. Then
there is an F-(k,wy, w1 +1)*-optimal strategy for M with the k-weak DJ property
for a.

Proof Sketch. The proof is like the usual one (see [5]), using one minor obser-
vation: Suppose 7T is a run of Q({Tpt(./\/l, k,w1,w1) of countable successor length,
Q<aMT and 7 : €(M) — €(Q) is a near k-embedding, but Q is not M7 -
stable. In this case we can’t use Lemma 3.34 to copy trees on M to trees on
MT via 7, which is superficially a problem for the proof of the lemma. But

because Q is M7 -unstable, there is E € Ef‘:’ such that @ <« MZ|Ih(E). Let E

4436 Q is k-sound; the rules of gfpt therefore imply that if Q = MZ; then degz; > k. So

we do not need to explicitly stipulate that degz; > k, unlike in [14].
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be least such. Then note that Q < MJ ~ ) and Qis ML ) _gtable. (Here
T~ (E) is the run of the game for which 7 constitutes the first o rounds (for
some «), followed by 1 more round, which is the tree on M7 which only uses
E.) So we can apply Lemma 3.34 to 7w, Q and ]\J; ) <E>, and this is enough for
the proof. O

3.8 Solidity and condensation

In this final section we prove some of the basic fine structural facts (solidity, etc)
hold for iterable F-mice, assuming F condenses finely. The proof will be heavily
based on the corresponding proofs as presented in the union of [4], [25] and [9].
Beyond extra details in connection with operator mice, which are relatively
minor, we need to handle some details which arise with superstrong extenders,
which did not arise in the papers just mentioned.

We also take the opportunity to discuss a couple of elements of the proof
which are not made explicit in [4], [25], [9]. These elements are also relevant for
standard premice, not just operator premice. They deal with two issues.

First, [1, Lemma 6.1.5] (on closeness of extenders) establishes that if T is
a k-maximal tree on a k-sound premouse M, then for every a + 1 < 1h(7),
ET is close to M;L The proof of solidity, etc, involves trees on phalanxes, to
which this lemma does not literally apply, though the arguments analysing the
comparisons seem to assume that the lemma does apply to them. So we discuss
the generalization of the lemma to trees on phalanxes which arise in the proof.
This kind of thing has also been discussed in [14] and [11], for example.

Second, and somewhat more importantly, we discuss why weak Dodd-Jensen
is enough to rule out certain situations in the analysis of comparisons, in which
it might not be entirely obvious that it is enough, and which are not addressed
explicitly in [4], [25], [9].

The main issue regarding weak Dodd-Jensen arises in the following situation.
Suppose that M is a k-sound, (k,w;,w; + 1)*-iterable premouse, and we want
to prove that M is (k 4 1)-solid. Let o € p;. Let W be the (k + 1)-solidity
witness

W = cHullp}y (e U {3 ppty \(a + 1)})

at o, and m : W — M the uncollapse map. We need to see that W € M.
Suppose that « is not an M-cardinal. Let x = card™(a). Let R 9 M be least
such that p® = k and o < Ord™. The proof given in [25] that W € M proceeds
by comparing the phalanx P = (M, < k), (R,k), W) versus M, producing
trees 7 on P and U on M. An iteration strategy ¥ for M with the weak
Dodd-Jensen property with respect to some enumeration of M is used to form
U, and T is formed by simultaneously lifting 7 to a tree 7 on M via X. Let r
be such that pf%; = k < p’. The tree T is (k,r, k)-maximal, meaning that in
B, M is at degree k, R is at degree r, and H at degree k. The main issue does
not arise in the anomalous case, i.e. when R is active type 3 with Ord® = a, so
we will ignore this case, and therefore we have k < pl¥, so 7 < w is well-defined.
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1873 Now the process for forming 7 in this context at a step for which crit(EZ )=
w4 K is not made clear in [1].%5 The process is, however, clarified in [9]:%® we lift
1875 M,Z:H to z,’;zl (R), defining 41 : MZ:H — 2:71—1 (R); there is a natural definition
s for this map w41, analogous to Shift Lemma maps. Then 7,4, is a weak r-
17 embedding, but not clear that it is a near r-embedding; that is, not clear that it
s is 18,4 1-elementary. In fact, if there is an ¥ ®-definable function f : k — p&,
wo  and « is the least such ordinal, then m, ;1 is not a near r-embedding, as then
MT+1 i*11 (R)
1880 7Tn+1(p7~ K ) < prn .
1851 ‘We write M7 and MY for the last models of T and U respectively. Suppose
w2 M = MY and neither b7 nor b drops in model, b does not drop in degree,
wes  and b7 is above R (but maybe b’ drops in degree strictly below r), so the first
wes  extender used along b7 is some EZ— as above. If b7 does not drop in degree
s (strictly below r), then one can use some standard fine structural arguments to
s reach a contradiction. But if it drops in degree (and it follows that it drops to
s degree exactly k < r), then standard fine structural arguments do not seem to
s suffice, and the most obvious tool appears to be weak Dodd-Jensen. But for

10 this, we need to know that 7 04 is a near k-embedding.

1890 While [1] appears to ignore this situation, [25] and [9] do not say much fur-
o1 ther regarding its analysis outside of the anomalous case, which we are presently
w2 ignoring. In [25], it is mentioned briefly that [8, 1.3] shows the copying construc-
183 tion gives rise to near k-embeddings (see [25, Remark 4.3], and also [4, §4.3],

1w immediately following the definition of (M, k)-large). But the results in [3]
1805 themselves do not really suffice themselves to cover all cases, especially the one
1805 described above. We will show in Claim 3.45.7 below, at least under some con-
wor  tradictory assumptions which we are free to make,*” that in the above situation,
198 oo IS a near k-embedding, and hence so is 7o 0 . The proof will involve an

10 extension of the methods of [3]. Part of these calculations were used, for ex-
wo ample, in [14] and [I1]. But in the most subtle case, they were not, and the
wor  argument we give to handle it seems to be new.

1002 There are actually multiple options available to either complete the proof

w03 as it is, or to modify the proof somewhat and thereby prove solidity slightly
1904 diﬁerently:

1905 1. Instead of formulating the weak Dodd-Jensen property for near k-embeddings,

1006 formulate it for k-lifting embeddings (or maybe cardinal-preserving k-

1907 lifting embeddings), as defined in [16]. The copying construction routinely
45In fact, it is ill-defined, because on p. 47 of [4], clause (4) of Definition 5.0.6 requires

P(k) N M}, = P(k) NN, whereas on p. 78, in Subcase A of Case 2, it is required that
75:7‘+1 = P41 Butin case k = crit(E,T) = crit(E,T) (where kTR = @), then ETT measures
only P(k) N R, so is not M-total, but ETT is M-total, so according to Definition 5.0.6, in

order for 7 to be an iteration tree, we cannot set 73‘;';+1 = P;+1.

463ee p. 728 of [J], within the proof of Theorem 3.3, in the paragraph beginning “There is
one wrinkle in the copying argument”.

47We will assume that W ¢ M, that M is (k + 1)-solid with respect to p?’}rl\(a + 1), and
that the enumeration of M we use for specifying weak Dodd-Jensen begins with p',i\il\(a—k 1),
in descending order.
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yields such embeddings.

2. Use the results of [18] on (z, {)-preservation (and their generalizations in
[11] to the superstrong level) and some of the arguments from [11]; these
make the troublesome appeals to weak Dodd-Jensen unnecessary.

3. We have not thought carefully about the following option, but it seems it
should work: instead of formulating the weak Dodd-Jensen property with
respect to stacks in which the rounds are each n-maximal for the relevant
n, consider stacks in which the rounds can be “weakly n-maximal”, in
which degrees of nodes in the tree need not be taken as large as possible.
Then we would be free to enforce agreement over degrees of nodes in T (as
above) with corresponding nodes in T at certain points of the construction,
thus avoiding the difficulties we encounter in the proof of Claim 3.45.7
later.

A variant of this, which should also work, would be to allow the equation
“Ppi1 = Ppiq” on page 78 of [1] (see Footnote 45). So the lift tree T
would apply EZ]— to a model with strictly fewer subsets of its critical point

than what is measured by EZ— . But then the resulting map 7,41 should

in fact be a degZ— 4 1-embedding, and it seems this should also remove the
problem.

Option 1 is probably mathematically the most natural option. But it involves
a significant change to the general setup for the proof, and seems it might require
using a different iteration strategy than that selected in [25] (since we need one
that has the resulting Dodd-Jensen property). Option 3 also involves changes
to the general development, and selection of iteration strategy. Option 2 does
not involve such changes to the setup, so can be used to show that the original
comparison argument (as in [25] and [9]) works. But it involves a significant
change in method for analysing aspects of the comparison, and new ideas for
this.

We wanted to keep the setup of the original proof the same, excluding the
alternatives 1 and 3, and as far as possible, to stick to the same basic methods
of the original proof. The proof we give achieves the latter better than option 2.
It also gives some information which does not come out of the other methods.
Let us begin.

We now state the central result of the paper — the fundamental fine structural
facts for F-mice. An F-pseudo-premouse is just the F- version of a pseudo-
premouse (see [4, §10]), an F-bicephalus is that of a bicephalus (see [4, §9]),
and the F-iterability of such structures is defined in the obvious manner.
Likewise the definition of F-iterability for phalanxes of F-pms.

Theorem 3.45. Let F be an operator above b € HC, over A, which almost
condenses finely. Then:

1. Fork < w, every k-sound, F-(k,wy,w1+1)*-optimally iterable F-premouse
is F-(k + 1)-fine.
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2. Every w-sound, F-(w,w1, w1 + 1)*-optimally iterable F-premouse is < w-
condensing.

3. Every F-(0,w1,w1 + 1)*-optimally iterable F-pseudo-premouse is an JF-
premouse.

4. There is no non-trivial F-(0,wy,wy + 1)*-optimally iterable F-bicephalus.

Proof sketch. The proof is heavily based on that for standard premice, as given
by the combination of [25], [9] and [4], and with which the reader should be
reasonably familiar. But we will give quite a detailed proof of the solidity
aspect of part 1, in order that we can describe the new features which arise for
operator-premice and in particular superstrong extenders,*® and also in order to
discuss the details in the situation described in the introduction to this section.*’
We will omit some more routine calculations. We also sketch enough of the rest
of parts 1 and 2, focusing on aspects new for operator-premice, that combined
with [25], [9], [4] and the proof of solidity we give, one obtains a complete proof
of parts 1 and 2. Part 3 involves similar modifications to the standard proof,
and part 4 is an immediate transcription.

Part 1: Let M be a k-sound, F-(k, w1, w;+1)*-optimally iterable F-premouse
over A € a We may assume that pﬁl < pM, and by Lemma 2.45, that M is
k-relevant. We may assume that M is countable (otherwise we can replace M
with a countable elementary substructure, because F almost condenses coarsely
above b € HC and # F DC).

Let 3¢ be an F-(k,wy,w; + 1)*-optimal iteration strategy for M. We would
like to use Lemma 3.44, but that lemma assumes DCg. But we may assume DCpg.
For we can work in W = L7 *¢[z], where € R codes M. (The hypotheses of
the theorem hold in W regarding b, A, M, FV S}V W where 8%, FW 2V
are the restrictions of A, F, ¥, to W.)

Now using 3.44, let ¥ be an F-(k,w; + 1) iteration strategy for M with the
weak DJ property for some enumeration of Ord™.

We will first establish (k + 1)-universality and that C = €1(M) is an F-
pm. For this, let us assume for better focus that M is a successor, since the
limit case is easier and much closer to the standard proof. Let 7 : C — M be
the core map.

First suppose k = 0, and consider 1-universality. Because 7 is 0-good and
by 2.36, C is a Q-opm, C is a successor and 7(C~) = M~. By fine condensation
and 3.26, H = F(C~) is a universal hull of C, as witnessed by o : H — C.

48Various other papers have dealt in various ways with fine structure for superstrong exten-
ders, for example [29], [16], [11], [23], [12]. The extra considerations that we need to handle
superstrong extenders are very similar to some of those which appear in those papers. But
because we are working with Mitchell-Steel indexing and generally following the original proof
setup from [25], [9], [4], we can’t directly cite those works.

49The reader who has not gone through the rest of this paper, and is just interested in the
proof of solidity for standard premice and the issues mentioned in the introduction, should be
able to read the proof, ignoring the details specifically regarding F-premice. In that case, the
structure ‘H we introduce is just W, and the uncollapse map o : H — W is just the identity.

96



1985

1986

1987

1988

1989

1990

1991

1992

1993

1994

1995

1996

1997

1998

1999

2000

2001

2002

2003

2004

2005

2006

2007

2008

2009

2010

2011

2012

2013

2014

2015

2016

2017

2018

2019

2020

2021

2022

2023

We claim that C is O-relevant. For suppose otherwise, so p§ = p¢ . But
p§ = p and M is O-relevant, so p < pM . Since 7 is 0-good, 7(C~) = M~
and 7(p§) = m(pS ) = pM . So by < w-condensation for M~ and since p¢ =
p! is an M-cardinal, we have C~ <M~ so H = F(C~) <M~ also. But H
is a universal hull of C, and therefore C € M also, contradicting the fact that
C=¢(M).

So letting p = pM, we have p = p§ < p¢ . Since H~ = C~, therefore
ClptC = H|pt™. So it suffices to see that M|ptM = H|pT™.

The phalanx B = (M, < p),H) is F-((0,0),w; + 1)-maximally iterable.?"
Moreover, we get an F-((0,0),w; + 1)-iteration strategy for P by lifting to 0-
maximal trees on M via ¥. This is proved by using 7 o ¢ to lift H to M and
the identity to lift M to M, combining the usual methods for lifting trees on
phalanxes (as in [4] and [25]), handling various details much as in the proof of
Lemma 3.34, in particular to see that the strategy is indeed an F-strategy. We
can therefore compare 8 with M. The analysis of the comparison is mostly rou-
tine, using weak DJ to rule out various possibilities. The only, small, difference
is when b7 is above H without drop and M7 < MY%. Because H is a universal
hull of C = &; (M), this implies that 8 does not drop and ML = MY ; now
deduce that M||pt™ = H||p*™ as usual, completing the proof.”!

We now show that C = H, and therefore that C is an F-pm. Recall that
His an F-pm, H~ = C~, 0 : H — C is a 0-embedding which is above H~
and every 137 subset of H~ = C~ is 1%}, Therefore pjt = p = p§ < plt",
and since H is H " -sound, also p§ < o(pjt). Recall from Definition 2.39 that
¢t =pitn (OrdH_,OrdH), and likewise for ¢¢. Since H is (1, ¢™)-solid, C is
(1,0(q™))-solid (since by stratification, o preserves solidity), so o(q™) < p§.
And since ¢ is above C~ and H|p™" = C|p™C, it follows that o(p]t) = p{. But
by 1-universality, 7(p$) = pM, so C = Hull{ (AU pUpS), so H = C and o = id,
completing the proof.

Now suppose k > 0. Then C = €1 (M) is an opm by 2.42, and is k-relevant
as pf1 < pf < pC . So by fine condensation and 3.26, C = F(C™) is an F-pm.
The rest is a simplification of the argument for £ = 0.

Now consider (k+1)-solidity. Here we will not assume that M is a successor,
since there are some subtleties we want to deal with explicitly, which do not arise
in the successor case. Let ¢ = pt,, i < lh(g), W = W} (¢) be the (k + 1)-
solidity witness for M at ¢; (see 2.27), and o : W — M the uncollapse map.
We have p}¥ | < pu where p = crit(0) = ¢;. By 2.38 we may assume that o is
k-good, so:

— W is a k-sound Q-opm,
— if M is a successor then c(W™) = M~ and

50A (ko,k1,...,k)-maximal tree on a phalanx ((Mo, po), (M1,p1),...,H), is one formed
according to the usual rules for k-maximal trees, except that an extender F with p;—1 <
crit(E) < p; (where p_1 = 0) is applied to M;, at degree k;.

51There are some minor details involved here which are not explicitly discussed in [25], etc,
and which we have not mentioned. We will cover such details in the solidity to proof to follow.
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— if M is a limit or k > 0 then WV is an opm.
We may also assume that Wﬂl(qj) € M for each j < i, or in other words,

M is (k + 1)-solid with respect to qli. (3.3)

Suppose for the moment that M is a successor. Then by 2.41 we may
assume that p < pM° so p < p!V" . Suppose u = p!Y" . Then since M~ is < w-
condensing, either W~ <M~ or M|u is active and W~ <Ult(M |, FMI#)| and in
either case, F(W™) € M~. But by the fine condensation of 7, W is computable
from FOW™), and so W € M~, which suffices. (That is, if W € FOV™) or
W = F(W™), we are done. But otherwise, by fine condensation, & = 0 and
there is a universal hull % of W such that H € F(W~) or H = F(W ™), and so
H e M. But W = Hull¥ (W~ U{z}) for some = € W™, so working in M~ we
can recover WV from H.) So we may assume that u < pYV", so W is k-relevant,
soW ¢ F(W™) and if k = 0 then W has no universal hull in F(W™). If k =0,
let H = F(W™); by fine condensation, H is an F-pm, and is a universal hull of
W; let ¢’ : H — W be a map witnessing this, with ¢/ =idif H=W. If k >0
then W is an opm, so by fine condensation, W = F(W™) is an F-pm. If k > 0,
let H=W.

Now if M is in fact a limit, then so is W; in this case let H = W.

We now return to the general case (successor or limit). We just need to
see that H € M. (For if W # H then M is a sucessor, u < pYV , k =0
and W = Hull}Y(u U {z}) for some z € W, and since H is a universal hull,
Th;\i (pU{z}) € J(H) € M.) So let us assume from now on, for simplicity,
that

H ¢ M;

we will derive a contradiction. It easily follows that
p=rt" < Ord™.

fH=Wleto' =id: H — H. Let m =000’ : H — M. Note that crit(r) = p.
Let us also assume from now on, for focus, that y is not an M-cardinal, since
the M-cardinal case is easier and more routine. So we have y = k17 = gtV
for some M-cardinal k. Let R <M be least such that < Ord™ and ok = k.
Let
B = ((M7 < ’i)v (R7 H)vH)'

Then B is (k, r, k)-maximally F-iterable, where r is least such that pZ?H = K, by
lifting to k-maximal trees V on M (possibly » = —1, which holds iff R is active
type 3 with u = OrdR). In fact, fix an enumeration e of M in ordertype w,
with eli = ¢[i (recall ¢ = P%A and ¢; = u). Fix a (k,w; + 1)-iteration strategy
3} for M with weak DJ with respect to e. Then we will form V according to X.

Note here that since R < M and p¥ = pF,, = k is an M-cardinal, the
model dropdown sequence of R (see 3.32) contains only one element, R itself.
Moreover, R is M-stable (see 3.32), since k < p{*. So the usual methods for
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lifting trees on phalanxes (as in [25], [9] and [4]), combined with the methods in
the proof of Lemma 3.34, do work here. In particular, note that we are in the
situation described in [9, p. 728, proof of Theorem 3.3, paragraph “There is one
wrinkle in the copying argument...”], and we use that method mentioned there,

defining 7,41 : M77T+1 — R =My L(n+1)<M%n+1) when Crit(EnT) = k. Note that

K = iKL(nH) (k)isan M7 . -cardinal and plﬁl =K' < pR'. As discussed in the

t(n+1)
analogous situation in [11, Proof of Claim 9, §14.2%**]  letting E)]/, be the copy
of EnT ) if E}f, is superstrong, then there is a further small wrinkle. For in this

case, E,T is also superstrong and 7rn+1(A(E7T)) =K < (k)R = 7r,7+1(1h(E,7]—)),
and by commutativity, it is easy enough to see that m,; is non-v-high, so E,‘]), 41
is the m,41-copy of E,TH, and lh(EZ—) < 1h(E,77—+1), so (k)R < lh(E);,H) <
ord® < lh(E)l},), and in particular, lh(E)I},_H) < lh(E);,). So V itself is not in
fact a k-maximal tree; it is essentially-k-mazimal in the sense of [11, §6.2%**].
But this does not actually cause a problem, because one can easily replace V
with an essentially equivalent k-maximal tree V', in particular with M, o‘é/ =MY
and corresponding iteration maps. In V', E)I}, does not get used; instead, the
next extender used in V' is E);, 41, unless that extender is also superstrong with
critical point &, in which case lh(E);,H) < lh(E)f,H), etc, producing a (finitely
long) strictly decreasing sequence. Then the next extender used in V' is simply
the next one used in V which is not superstrong with critical point &, if there is
one, or otherwise the last extender used in V. See [11, §6.2***] for more details.
We will continue to work with V itself, not V', however.

Let (T,U) be the successful comparison of (3, M) and let V be the lift of
T to a tree on M, formed with 7 and V according to . In order that we can
make use of standard fine structural preservation arguments (like [4, Lemma
4.5]), we want to know:

Claim 3.45.1. E] is close to M7, for every o+ 1 < 1h(T).

Recall here we are assuming that H ¢ M; this will be used in the proof
of the claim. Since P is a phalanx, the claim does not literally follow from [4,
Lemma 6.1.5], but needs a slight variant of that argument. Such arguments

were also given in [14] and [11, Proof of Claim 10, §14.2***], but we include an
argument here for better self-containment. We will follow an inductive proof
much as in [4, 6.1.5], and the reader should have that proof in mind; we will

point out the key differences.

Proof of Claim. Let b € [v(ET)]<% and consider the measure (E”),. We must

«
see that
-

(ET )y is £y (3.4)

Suppose first that (E7 ), € M,/ . Things are as usual by induction as usual
unless pred” (a 4+ 1) = M or pred” (a +1) = R.

Suppose pred” (a + 1) = M, and so M:T, = M (as E] is M-total in this

case). If root” (o) = M then line (3.4) is shown as usual. If root” () = H then
we get as usual that (E7); is r$}¢, but then since 7 : H — M is ¥j-elementary
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and crit(7) = p, it follows that (E]), is 1¥ also. And if root” (o) = R then
it is similar, but this time because R € M.

So suppose that predT(a +1) =R, so M;Il =R and crit(E]) = k. Note
then that since s = y < Ih(EJ) and u < Ord™ and EJ € E*, in fact
k1t < h(E]), and so (ET), € H. Since also (ET), C xt" = crit(n), we
can fix Y 9 such that pY = k¥ and (E]), € ). By condensation applied
to w]Y : Y — 7(Y), either M|kT? is passive and Y < M, or M|t is active
with extender ' and Y < Ult(M|lh(F), F). But if M|k is passive, then since
pR =k < k't = pY, we must have Y a9 R, so (E]), € R. And if M|xT™ is
active with F', then R = M|Ih(F), so Y < Ult(R, FR), so (E]), is rF. This
establishes line (3.4) in this case.

Now suppose that (E]), ¢ M. So E] = F(M]) and M is active type
1 or 2, and piw‘* < 0" where 0 = crit(ET). If crit(E]) > &, then one can
argue essentially as in [4, 6.1.5], so suppose crit(E]) < k. Suppose first that
crit(ET) < &, so pred” (¢ 4+ 1) = M and M:T, = M and piw”T < k. Letting
¢ = root” (), the argument in [4] therefore shows that (&, a]” does not drop
in model, and that crit(E7) < crit(iga). By induction, all extenders used along
(¢,a]T are close to their target model, and it follows that (E7 ), is 1%, where
N = MET Like before, since R € M and w : H — M is Xi-elementary, this
suffices to give line (3.4).

So now suppose that crit(E]) = x, so predT(a + 1) = R. Supposing T
drops in model in (£,a]7, let v + 1 be the last such drop. Then as in [4],
Kk < crit(iiﬂ;lya), so pred” (y +1) # M and pred” (v +1) # R, and (ET), is

T

;@i\/IW“. So (ET), € M] where pred” (y + 1) = 4, but then (ET), € H, and
we can deduce that (E7), is t¥F as before. So suppose 7 does not drop in
model in (¢,a]7. Then k < (:1"it(iz;¢)7 and so & = H. Since M is active type
1or2and x = crit(E]) = crit(F(M])), H is therefore also active type 1 or
2 and k = crit(F™), so M is active type 1 or 2 and x = crit(F™). But H is
determined by F* and H|x+™, and F* is finitely generated (that is, generated
by finitely many generators), since H = Hull}* (1 U {z}) for some finite z. And
kT = < k™M so F € M, so H € M, a contradiction. O

Claim 3.45.2. For all 6 < Ih(T), if either ¢ is above H or above M or
(root” (8),8]7 drops in model then deg] = degz}(é) and 5 : M — M%&) is

a near degg——embedding.

(Note here that if § is above R and (R, 8] drops in model then [0, (&€ +1)]¥
drops below the image of R, so My o1y = M), ,).)

Proof. If § is above M and there is no drop in model or degree in (M, 6]
then (0, :(6)]Y also does not drop in model or degree, and 7 is in fact a deg -
embedding, by its commutativity with the iteration maps. This applies in par-
ticular in the case that J is a successor and predT((S—i—l) = M, since k < p < pt.
And since H ¢ M, 7“p}t is cofinal in p, so similar remarks apply to the case
that ¢ is above H and there is no drop in model or degree in (#,6]”. In the
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remaining cases, the claim now follows from an inspection of the proof of [,
Lemma 1.3]. O

We now begin to analyse the comparison. We will make use of the claim
implicitly, in the usual fashion.

Claim 3.45.3. ML = MY and t“ does not drop in model or degree.

Proof. We can’t have MY QMZ;, by weak DJ. Suppose MZ;<1MZD/’O. Then by weak
DJ, b7 is not above M, so it is above R or H. And M is sound, which implies
T is trivial and ML = H. But then it follows that H € M, a contradiction. So
ML = MY.

Suppose b drops in model or degree; so b7 does not drop in model or degree.
If b7 is above M, then MZ; is k-sound, so b must drop in model, and then
i;’\—/loo : M — MT = MY is nearly k-good, contradicting weak DJ (as b drops).
If b7 is above R, then because R is sound, it is just as if b7 drops in model, and
so we reach the usual contradiction via compatible extenders. So b7 is above
‘H, but then the usual calculations yield that H € M, a contradiction. O

Claim 3.45.4. b7 is not above M.

Proof. Suppose b7 is above M. If b7 does not drop in model or degree, then
by weak DJ, i7 = i, giving the usual contradiction to comparison. So b7
drops in model or degree, and (since ML = MY is k-sound) therefore in model,
and hence bY also drops in model. By Claim 3.45.2, 70 : ML — MY is a
near degz;-embedding, and since degzO >k (as MY is k-sound), therefore 7,
is a near k-embedding. But then 7o, 0 : M — MY is a near k-embedding,
contradicting weak DJ. O

Claim 3.45.5. b7 is not above H.

Proof. Suppose it is above H. Just as in the proof of Claim 3.45.4, it does
not drop in model or degree. By Claim 3.45.2, mo, : ML — MY is a near
k-embedding. So note that by our choice of ¥ and enumeration of e (with
eli = qli, where ¢ = pﬁil), letting 7(g) = ¢[4, we have iz_;oo((j) < i“(qi). (For
oo (oo (@) = ¥ (1(@)) = ¥ (q7) < Too iH(q14)), by weak DJ.)

On the other hand, i(q[i) < 1'77;00((})‘ For by our inductive hypothesis (3.3),
M is (k + 1)-solid with respect to q[i, so MY is (k + 1)-solid with respect to
“(qli), so if i, (q) < i4(ql4) then

u

MY MY _
Thy 5 (0 U By~ 100 (@)}) € ME,
but H and MY have the same subsets of u, so then
Th?c-[+1(u U {ﬁzlv (j}) € Ha

whereas # = Hull}, | (1 U {p}!, ¢}), which is impossible.
So we have established that i}, (q) = i (q[7).
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. ./ MY ML "y
Now if ppt; < crit(i¥) then gﬁ_l = s = P = Py < crit(i7), and
t= Thﬁl(pﬁ‘il U{pt,}) is QE%_"‘{, hence r¥}, |, and r¥)Y, |, which contradicts
the minimality of pﬁil So crit(i¥) < pé‘j‘rl. A straightforward calculation

ll
shows that sup i “pﬁil pkﬁ 52 But p?_H < p < crit(i”), and it follows

that plt,; = p = Ih(EY) and EY is superstrong, and crit(E§)™ = p,, and

MY .
pei1 = 1" But since ¢; = p € ppt,, we have

So i (u) € M4

&£, and the usual arguments with solidity witnesses (and preser-
vation of the standard parameter under iteration maps) show that from i (u),
Wwe can recover y
W = T (U {5y (qli)}) € MY,
.

But then since i],. (7) = ¥ (qli), we again get that ThlY, ,(u U {5}*,q}) € H
again a contradiction.

Claim 3.45.6. b7 is above R, does not drop in model, 0 < k = deg; <r.

Proof. b7 is above R by Claims 3.45.4 and 3.45.5. Now if b7 drops in model,
then by Claim 3.45.2, 7w, is nearly k-good, so we can apply weak DJ for a
contradiction. We have r > 0, since if » = —1 then FMZ fails the ISC, and
hence M7 is not an opm. Since MOTO = Mf;{o is k-sound, k < ¢ < r where
= degTOO The final copy map 7o : ML — MY . is a weak (-embedding. If
k < £ then 7o, is a near k-embedding, and so 7o 0 : M — M%,Oo is also a
near k-embedding, and either M%’Oo <MY or bY drops in model, contradicting
weak DJ. So k=40 <r.

Now if k = ¢ = r then some fairly standard fine structural calculations
give a contradiction: We have pfﬂ = Kk < pi, and as crit(i”) = k. Using

-
closeness, [1, Lemma 4.5] (adapted to our context) now gives that p,ivi"i =K

. MT MY MT
and ZT(p§+1) = P77~ As earlier, sup i “,okJrl <Pyl = pk+1 = k. But since

k < Ih(EY) for all @ + 1 < 1h(U), it follows that k < crit(i¥), and so in fact
k = ppl;. But now as usual (as in the proof of [1, Lemma 4.5]), it follows
that Thfgk — (pﬁil U ﬁﬁf_l) is definable from parameters over R, and hence an
element of M, a contradiction. O

Now 7o can’t be a near k-embedding, since otherwise 7o, 0 : M — M%
is a near k-embedding, and as R<aM, this contradicts weak DJ. So the follovvmg
claim reaches a contradiction, completing the proof of solidity:

U
52In fact pk_‘_1 = sup i “pM

Corollary 2.24], but as discussed at the start of §3.8, we are avoiding using those results in
this proof.
53In fact, letting ¢’ = Thk_H(u U {101(pk+1)}), then ¢/ ¢ MY, for otherwise, t' € M, and

Eé’{ € M, but from ' and E0 , one can easily compute ¢, so t € M, a contradiction. Here ¢
was defined above; a statement ¢ is in ¢ iff i gy (o) € t'.
0

Pig1> by [11, Lemma 3.8%**] or the methods of proof of [18,
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Claim 3.45.7. 7 is a near k-embedding.

Proof. The proof will be a variant of the proof of [8, Lemma 1.3]. Let o be least
such that ag +1 € b7, so M7, =R and degz;OH =r. Since k = ¢ < r where
¢ = deg!_, thereis a; +1 € (ap+1,00]7 such that, letting B1 = pred” (g 4 1),
we have degg =rand k < dengH <r. Let m, : M — M% () be the copy
map; we have MR ) 3 M%’v)‘ Then 7g, is a Weak r-embedding, and so a

]v{7<
near (r — 1)-embedding. Note moreover that 2%5 (k) < pr ™ < crit(E]), so

s, (i% 5 (K) = i%o (o (F) < T, (crit(E] 7). So either M( M%,L(Bl) or
V drops in model at ¢(a; + 1) and ML(Q Ty = M%’L(mﬂ).

If piwn‘“ﬂl’ < 7, (crit(E7)) then deg) ., = deg) ., and because 7g, is a
near degz1 41-embedding, an inspection of the proof of [3, Lemma 1. 3] shows that
for all ¢ € [a; 41, 00]7, we have degz = degz}(g) and ¢ : MZ — M L(&) MV Roul€)
is a near degg’—embedding7 SO T 18 a near k-embedding, as desired.

%
My .(s1)

So suppose from now on that 7, (crit(E] )) < pr , and so degy(aﬁl) =

]VT7_
r (since pf, = K, we have degy(alﬂ) < 7). Note then that crit(E] ) < p,},

MT M7 MY MY MT MY
. . B _ B1 R,u(B1) __ R,u(B1) B1 R, L(B1)
since either p, "} = p, ™' and p,_] =Py ,or g, (p, 1) = pp_y

Sodega _H—r—l
For r-sound opm N and p < Po , the weak Q{Y—coﬁnalz’ty of pﬁl, denoted
weof =r (pr\/_l), is the least # < p such that there is z € €o(N) with p¥ | N
HullM (6 U {z}) cofinal in gV ,.
A degree r iteration map j : N' — N’ preserves Wcofrgr(p;'\/_l), to the extent
that if 6 = Wcof@jrv(p';\/_1 < pN then weof = (PN')) = j(0), and if 6 = p
/\/' A
then weof™=" (pN')) = pN' (but it mlght be that j( pN > pN'). Moreover,
say X is an iteration tree and N' = Mt and N/ = Mg and j = if¥, .

where (a + 1,00]* N 2% = () and dega—i—l = deg¥ = 7. Then the following are
equivalent:

— j is discontinuous at g ;,
— 0 < pY and j is discontinuous at 6,

-0< pn and either = crit(j) or there is v such that a + 1 <% v <%
and %Y, (0) = crit(if ).

These facts follow from some straightforward arguments; there are very similar
calculations (and more) in [11, §6.1].
Let 8’ <7 B, be largest such that M%ﬁ, N Mb‘fﬁ,). So z% 0.0(8") ° R — M%ﬁ,

is fully elementary and s oﬂ;ﬁ, = i}}a,o,b(/a')- Note that /3’ is the least 8”7 <7 3,
such that crit(ig,,m) > Z‘g;y, (k). Let By € (B1,00]” be largest such that either
B2 = 00 or degz}(ﬁ,z) =r. So ' <7 B <7 By and 17‘}2 (B u(Ba) is a degree r
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iteration map, to which we can apply the preceding remarks on preservation of
weak rY,.-cofinality. We are interested here in both Z%,L(B’),L(Bl) and i%,L(Bl),L(ﬁz)'

IV[‘}
Subclaim 3.45.7.1. j =% {(B1)u(sa) 18 COtinuous at p = priRED)

Proof. Suppose first that weof = (pX ;) = pR. Then by the elementarity

MY v v
3 s, R,e(B7) Ad}l, 8/ A4511 B!
of Z})&O,L(B’)’ wcof™ (p, 5" = pr ®*"7. But then by the preced-
MY v
. . . R.e(B1) , Mg ,
ing remarks on preservation of weak r¥,-cofinality, wcof™>" (p, 5" =

]\4»1?
P10 and also by those remarks, it follows that j is continuous at p.

Now suppose otherwise, so 0 = weof Zr (pR 1) < pR. By full elementarity,

ny p R M o) YV

ir.0.(5n(0) = weof =" (p,—1"""), and so by the remarks, ig o, 5,(0) =
]Lf\}

WcofM%vL(ﬁN(prj"’(ﬁl)). But by commutativity, i) , (o (0) = s, (Z%,,gl (0)) <

M7 M]
supmg, “pr 1. But crit(j) > supmg, “pr 7, so again by the remarks, j is con-

tinuous at p, as desired. O

Now recall that pred” (a; +1) = 4, and degg1 =r (so mg, is a near (r — 1)-
embedding), but degzﬁl =r — 1, whereas degzﬁl =r.

Subclaim 3.45.7.2. 7., 41 is a near (r — 1)-embedding.

Proof. Since 4,41 is a weak (r—1)-embedding, we just have to verify r¥,_1);-

elementarity. The proof is much as in the proof of [8, Lemma 1.3]. Let b €
T

W(ET)]< and let f : [cxit(ET)]< — €(M],) be 15, F. Say f is so defined

from the parameter ¢ € Qo(Mg;), and write this as f = f;. Let ¢ be an

18 _1)41 formula. We want to see that M F o([b, f,]) iff MY Woatn) F

o([Y(0); frs, (g)])s where ¢ : MT Ih(E] ) — N is the relevant extender lifting

-
map. As in [3], we can find some p € QZO(MEZ) such that (E7 ) is rEiVIBl ({o}),

1

v
via a certain ¥; formula g, and such that (FN), ) is rZiM””’l)({ﬂBl (p)}), via
the same formula p. Say ¢(u) is the formula “there is ¢ € T,_; such that
7(t,u)”, where 7 is some ¥; formula; this assumes r —1 > 0, but if r — 1 = 0,
then one uses the usual kind of variant. Then MJ ., F o([b, f,]) iff Mg; E

T

/ —*le;rl / —JVIB1 « : .
¢ (p,q,p,7), where ¢'(p,q,p,.}) asserts “there is t € T,_; such that ¢ is a

T T
theory in parameters aU{p, q7;z3iv£ﬁll } for some o < piwff , and there is some X €
(E;ér1 )b, such that for all x € X, ¢ codes a sub-theory ¢’ (of the appropriate form
for elements of T,_1, and with truth corresponding to truth exhibited directly
in t) and ¢ exhibits that 7(¢', f;(z)) holds”. By the r¥,-elementarity of mg,,

0%
this holds iff M%%(Bl) E ¢ (ms, (p), s, (q),gﬁ%”(ﬂl)), and note that by choice of
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MV
29 P,q, and because i*(‘<}>¢1+1) is continuous at p, ;""" (by Subclaim 3.45.7.1), this

L
2e  holds iff M%7L(al+1) F o([(b), frs, (g)])s 50 Tay41 s a near (r — 1)-embedding,

»s1  as desired. O

2082 Generalizing the previous argument directly, we have:
2 Subclaim 3.45.7.3. For each € € [y +1, 32]7, 7¢ is a near (r — 1)-embedding.

2084 But now for nodes ¢ € b7 beyond 32, we can argue just as before: an
»ss  inspection of the proof of [8, Lemma 1.3] shows that degg— = degzj(g) and ¢

286 1S a near degg—embedding for each such €. So m is a near k-embedding, a

287 completing the proof of the claim. O
2288 As mentioned just prior to Claim 3.45.7, the claim yields a contradiction,
289 completing the proof of solidity.

2200 Now consider part 2 of the theorem, regarding condensation. Let k < w

2o and let H be a (k + 1)-sound potential opm which is soundly projecting. Let
22 7w :H — M be nearly k-good, with p = p?jﬂ < pﬁj‘rl. Then #H is in fact an
203 opm. Let us assume that H, M are both successors, so 7(H~) = M~. By fine
2 condensation of F, H~ is an F-pm, and either H € F(H™)or H = F(H™). I H
205 is not k-relevant then the result follows from the fact that M~ is < w-condensing
2o and H~ is an F-pm. So assume H is k-relevant, so H = F(H ™).

2207 We now use w-weak DJ and the usual phalanx comparison argument to
20 reach the desired conclusion. Say P = (M, < p),H) is the phalanx. Then
20 P is F-((w, k),wy + 1)-iterable, lifting to F-(w,w)-maximal trees ¥V on M. (It
20 could be that M is not k-relevant. So we want to keep the degrees of nodes
»  of V at w where possible, to ensure that each M) is an F-pm.) Suppose T is
20 non-trivial. Because k < w, if M7 is above H without drop in model or degree,
203 T Need only be a weak k-embedding. But in this case, M. is not w-sound,
s which implies MY <« MT , which contradicts w-weak DJ. The rest is routine. [
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4 Comments to referee

Thank you for your detailed response and long list of recommendations. They
have been a very helpful guide in improving the paper. We hope we have been
able to do that. And of course we apologise for the exceptionally long time lapse
between receiving the report and doing the new version.

The most significant changes between the originally submitted version of
the paper and this one are expository, along the lines suggested by the referee,
such as adding more introduction, motivation and context in various places, and
removing unnecessary definitions. There is a significant mathematical change
to the proof of solidity in Theorem 3.45. This change is explained in the com-
ments below, especially comment 31 in §4.3. Because of part of this change,
we were able to replace what was called “k-simple weak Dodd-Jensen” with the
traditional “weak Dodd-Jensen”. We also simplified the discussion of copying it-
eration trees. There are other minor mathematical changes which are described
in the comments.

We have tried to highlight the more significant changes in red/blue. Blue
highlighting indicates a change that was made primarily in connection with one
of your comments, whereas red indicates a change that was primarily of our own
volition.

4.1 Responses to referee’s general comments

(a) Some fundamental definitions are not included, or included only partially,
and the reader is referred to other papers. As this is one of the two pa-
pers where the very basics of operator mice are developed and which seem
to become standard references in this area and most likely also the first
contacts with the subject for a mewcommer to the inner model theory at
these levels, it is crucial that the paper is self-contained when it comes to
fundamental definitions. Besides, some of the definitions in other papers
the authors refer to contain mistakes, which will only confuse the reader.

We have made the paper much more self-contained, adding such things.

(b) On the other hand, there are several cases where the authors introduce
formal definitions in connection with quite unimportant notions: These
notions are then typically used once or twice, and this happens in the text
immediately following the definitions only. What is the point of defining
those notions if they are not used later in the text?

We have removed various definitions which were not used much.

At some points, however, it is simply done to break otherwise longer dis-
cussions into logical components. We believe that this should help the
reader more quickly identify these components.

For example, we have retained Definition 2.26 (“pre-fine”), because it
helps to separate logically and visually the hypotheses listed there from
the discussion of fine structural notions in Definition 2.27. What was
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indeed missing in the original version of the paper in the last paragraph of
Definition 3.14, when we made the second use of “pre-fine” in the paper,
was a reference in the form “(see Definition 2.26)”, so that the reader
could easily see where to look up the definition of “pre-fine”; we have now
added such a reference.

Aside from making it easier to parse what is going on in the interaction
of Definitions 2.26 and 2.27, since “pre-fine” is in fact referred to a second
time in the paper (in Definition 3.14), we believe that separating it as a
definition eases reading further, since it is made simply clear and explicit
in Defin 3.14 that we are referring to exactly the same hypotheses as those
used earlier (in “pre-fine”).

Another issue I wonder about is, that the authors tend to re-name the
existing standard notions or change the existing standard notation in a
kind of trivial way, like permuting the parameters, putting some of them
as a subscript/superscript etc. What is the point of this? Why not to use
the standard notation that already is in the literature and has been used
for decades?

We have tried to change notation to match well established standard no-
tation where such exists, in particular that for iteration games.

There are also several occasions where the authors introduce certain notion
or discuss some situation withoug giving any explanation/motivation, or
some explanation/motivation comes only several pages later, without prior
hint to it. I think this should be addressed, for obuvious reasons that the
reader would be reading though many pages having no clue what is going
on. If the explanation/motivation is given later then the authors should
mention this when right away and better give a reference where the reader
can locate the explanation/motivation.

Agreed, a lot of things needed better introduction/motivation. We have
tried to address this, adding a lot more such material. Also, we have
moved the section on mouse operators back earlier, near the definition of
“condenses finely”, as it provides a good example of operators and fine
condensation, and should help the reader get a better feel for “condenses
finely”.

Because of the vast number of new notions and a huge amount of notation
defined, it would be very helpful for the reader to add an index of defined
notions and notation with links to pages where these definitions occur, as
any serious reader will need to go back-and-forth frequently.

Done

The authors should mark the end of each definition and each proof. Some-
times it is difficult to determine where the end is.

We have improved the marking of ends of definitions/proofs.
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Responses to referee’s detailed comments

This is a minor point, but I think the use of the term “latter” on p.2
line 28, then on line 32 in “latter problem” and again on p.3 line 40 is
confusing. It may be helpful to formulate the text more clearly, as it is not
clear what the term “latter” refers to.

Fixed.

p.8 lines 42-43: If the proof is omitted, the authors should give the exact
reference where in the other paper the proof can be find, i.e., give the
number of the theorem/lemma/etc.

There should no longer be parts omitted which can only be found in un-
published articles, and the citations have been improved.

p.3 lines 44-46: See my remarks in (c) in the introduction to this report.

p.5 line 74: “under ZF”: Should not it be “in ZF”
Changed to “in ZF”.

p.8 footnote 4: It may be a good idea to include this in the main text,
rather than making it a footnote.

Changed it so (Page 7)

p.8 line 138: I think the text should read “..elements of AU {A} will be
in the relevant hulls”

Changed it so (Page 7)

p.9 lines 152-4: At this level of generality, is it clear that the hulls are
elementary enough to gquarantee that the relation € is extensional on these
hulls?

Ab, right. This has been adjusted accordingly. (Page 7)

p.9. line 162: I think it would be helpful to give some explanation/motivation
what is the point of introducing the coarse parameter. In Section 2, there
is mo use of the coarse that would give a slightest hint what the use of
it may be; the notion only occurs in some other definitions that focus on
other issues. The first time the coarse parameter occurs in the text where
one can get some vague idea about its purpose is Definition 3.6, alhough
it does not make the things much clearer either. Some kind of explanation
is in Definition 3.39 (bottom of the page) and Footnote 34, but again the
general motivation/intention is not given. See also my remak (d) in the
introduction to this report.

Motivation and an example has been added at the start of §2, page 7.

p.10 footnotes: I think the contents of the footnotes is important enough
that it should be included in the main text rather than in footnotes.
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10.

11.

12.

13.

14.

One of the footnotes has been removed and its content moved to the
introduction of §2, on page 7. The other footnote has been converted into
Remark 2.6.

p.10 It would be a good idea to include an explanation why the models of
interest have soundly projecting proper levels.

We added some discussion just after the definition. Is this the kind of
thing you meant? (Just after Def 2.7.)

p.11 the last paragraph and p.12 Lemma 2.8: The the proof that these
maps exit and have a uniform X, -definition is based on the fact that the
model in question is stratified; at least the proof I know. Stratification
is used in Jensen’s proof for models of the form L[A], and also Steel’s
proof for models of the form L(R) and K(R). Jensen uses stratification
by hierarchy SZ2; Steel similarly stratification by hierarchy S (R) in his
paper “Scales in L(R)”. I am not aware of a proof that avoids using some
stratification, but if the authors see such a proof they should either write
the proof down or give a reference. The notion of adequate model does not
require stratification, however. Thus, if the authors are unable to provide
a proof or a reference as I suggest above, they should revise this part of
the text appropriately.

We have added a proof. See proof of Lemma 2.10, page 10.

p.12 line 218: When we talk about p being relevant, do we mean that p is
a cardinal in the given structure, or just an ordinal?

“Relevant” applies to any ordinal < Ord(M). (Definition 2.13)

p.15 Definition 2.19 clause 2 on E-goodness: Definition 2.19 is a funda-
mental definition as the entire rest of the paper is based on it. Therefore
all clauses in this definition should be spelled out explicitly. It may be o.k.
if the reference given were standard, but the reference [12] (the numbering
in the paper) is not standard. It is a bad idea to give a reference to a
personal website, as it is not clear when the website may be moved to a
new unknown location or the source would be removed from that website.
Besides, and this is even more serious issue, Definition 2.2.1 in [12] in-
volves a significant error in its treatment of premouse axioms, precisely
the coherence axiom, which only brings even more confusion into the pre-
sentation of the material. I would like to stress one more time, that a
fundamental definition like Definition 2.19 should be spelled out in its en-
tirety, especially since this is the only place (perhaps with the exception of
the authors’ paper “Scales in hybrid mice over R”) where this definition
occurs at this level of generality.

We have added the full definition. See Def 2.21, clause 2.

p.15 Definition 2.19 clause 3(b): “a map” should read “and a map”
Fixed, page 15
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15.

16.

17.

18.

p.15 Definition 2.19 clause 3(c): It looks like ¥1-ordinal generation fol-
lows from soundly projecting for proper initial levels of the model. Some

discussion connecting these notions and giving a bigger picture would be
helpful here.

I don’t follow what you mean. If M is an adequate model (hence all its
proper segments are soundly projecting) and is a successor, why should
3i-ordinal generation hold for M?

We have expanded Remark 2.20, filling in some more information.

p.17 line 305: The term “super-small” is not used in the paper, in fact, its
definition is the only occurrence of this term in the paper. Therefore I do
not see any point in defining it. See my comment (b) in the introduction.
Besides, I feel that the choice of terminology here is unfortunate. The term
“super-small” as defined in the paper defines premice which are actually
quite large, as it allows anything below a locally superstrong cardinal. On
the other hand, the expression “super-small” evokes an impression that
the object in question is really small.

Fixed; it has been removed.

p.17 Lemma 2.22: This is a minor point. According to the Definition 2.2.
of a hull, HullJFV(X) is formed using all finite sequences of elements of X .
Thus, to conform to the notation from Definition 2.2, one should write

“HullM (A U Ord(M,))” in place of ...[same formula but A<“ instead
of A]... This should be also corrected an several other places in the later
parts of the text.

Done; e.g. Lemma 2.24

p.17 Definition 2.23. The notion “pre-fine” occurs precisely twice in the
text after Definition 2.23. The first occurrence is in Definition 2.24 which
comes immediately below Definition 2.23, so the clauses of Definition 2.23
can as well be made an assumption in Definition 2.24. The next occurrence
is on p.62 on line 1216. By that time, the reader will forget what “pre-
fine” means, and will have a hard time to find its definition, especially if
he reads a printout. In any case, the use of the term on p.62 is marginal.
I think it makes no sense to define the notion “pre-fine”; it only adds to
the vast number of notions and and makes the notational/terminological
mist even denser. Instead it would be just easier to refer to the appropriate
place earlier in the paper. See also my comment (b) in the introduction to
this report.

I don’t really agree with removing the definition in this case; I think it
is preferable to retain the definition of “pre-fine” add the comment “(see
Definition 2.26)” following the second reference to “pre-fine” in Definition
3.14. This is discussed in more detail in my comment (b) (which regards
your comment (b)).
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as 19, p.18 line 328: replace “p = pﬁfﬂ 7 with “pﬁfﬂ 7, otherwise the definition

2739 of pﬁfﬂ is confusing. Then replace the occurrence of p in the displayed
2740 formula between lines 332 and 333 with “pp, .
2 Done; see Definition 2.27

e 20. p.18 Definition 2.24. It would make more sense to move the sentence

2743 on line 831 to the beginning of the paragraph starting on line 327, as this
2744 sentence contains a reference to the footnote 12 which reminds what 13,1
2745 is. The reason here is that the notion T¥,41” is already used on line 329.
2746 This has now been organized as a correct (though somewhat informal)
2747 induction, mentionining the (somewhat informally stated) inductive hy-
2748 potheses in the 3rd paragraph of the definition, just prior to defining pﬁ/ 1
2749 Note that it is now r3, o that gets defined at the end. See Definition 2.27.
aso 21, p.18 footnote 12: I think it is a good idea to recall the definition of
2751 Y11 ”; I think it would also be good to recall the definition of “Thﬁ\émrl (X)”.
2750 The definition of r¥; is given in the 2nd paragraph of Definition 2.27, and
2753 the definition of r¥, o (for n < w) now appears more explicitly in the
2754 main text, at the end of Definition 2.27. The definition of Thi*'(X) now
2755 appears at the end of §1.1, page 6.

ass  22. p.21 Definition 2.27. I think the authors should to include the definitions
2757 of weak/near embedding to make the paper self-contained and also that the
2758 reader better see how they compare to the definition of 0-weak embedding.
2759 I think this is important, as these notions are used throughout the paper
2760 and reference [8] in the paper is not a standard reference.

2761 Done, Def 2.30

o 23, p.21 Definition 2.28: (a) the assumption “p < pﬁﬂ_l 7 1s too restrictive, as
2763 many applications of condensation require larger p/,gq_l.

2764 (b) lines 381 and 382: The sentence starting with “If M|p is E-passive...”:
2765 Replace each occurrence of “M” with “N 7, three times in total.

2766 (¢) If p < crit(m) then one should set @ = N and not Q = Ult(N|p, FN1P).
2767 (b) The requirement on M being (k+1)-sound is also too restrictive, as in
2768 practice one often has to deal with M which is sound above crit(rw), which
2769 makes a difference if pI, < crit(r).

2170 (See Definition 2.31.)

2m Re (a) and the second (b) (presumably it was intended to be called (d)):
2172 “< w-condensing” is not intended to be a comprehensive statement of
2173 condensation. It just covers some simpler cases which come up in the
2774 basic fine structure proofs. It is, moreover, of simple enough complexity
2775 that it is preserved by the relevant hulls and iteration maps. I have added
2176 a comment to this effect just prior to the definition.

2rrr Re the first (b): done.

2178 Re (¢): If p < crit(m) then Np is E-passive, so @ = N already.
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2779

2780

2781

2782

2783

2784

2785

2786

2787

2788

2789

2790

2791

2792

2793

2794

2795

2796

2797

2798

2799

2800

2801

2802

2803

2804

2805

2806

2807

2808

2809

2810

2811

2812

2813

2814

2815

2816

2817

24.

25.

26.

27.

28.

29.

30.

p.21 line 385: I think this is false. It may happen that M~ E ZFC™ and
oM = w, even in the case of pure extender mice.

The point is that this doesn’t happen here. I have added some more
explanation to this effect (paragraph following Definition 2.31, page 20).

p.22 Definition 2.30: The same definition, just with different number,
occurs on page 10 (bottom of the page).

Fixed; this was changed to a reminder (immediately prior to Lemma 2.34)

p.22 Lemma 2.31: The authors should say that the formulas o and
Ya,y are obtained uniformly/recursively from 1.

Done; Lemma 2.34

p.28 Lemma 2.32: One cannot give a lemma in an official text this way.
You need to formulate the lemma.

I added this; see Lemma 2.35
p.25 Lemma 2.45: What is q?

It looks to me like “2.45” was supposed to be “2.35” (since there is no
2.45 on page 25, but there is a 2.35, and it has an undefined “g”).

Fixed: I defined ¢ (Lemma 2.38) (I also separated the two statements in
the lemma, into two parts, 1 and 2).

p.26 Lemma 2.38 line 47/: Although the inequality pﬁil < pM™ < pﬁ’l
is technically correct, it is a bit confusing/misleading to write it this way
in this context. It would be better to replace the inequality < on the right
with p = pM.

But if k£ = 0 then p < pi'. We added a comment pointing out that if
k>0 then pM = pM. (And also state that pi! < p/t.) Lemma 2.41

p.28 Lemma 2.42: (a) If M is a successor and k > 0 then the condition
“rit(E) < pM 7 follows from “crit(E) < p”, so it may be a good idea
to add a remark along these lines.

(b) Clause (5): If ppt, < crit(E) then I agree that weak amenability of E
is sufficient to guarantee (5). However, if ppt, > crit(E) then I do not see
how weak amenability helps — rather, I can see how to obtain (5) from the
assumption that E is close to M, or, more precisely, that each measure
of E is X1-definable over M. I also checked the arqument in Claim 5 in
Theorem 6.2 in “Fine Structure and Iteration Trees”, the authors refer
to, but that argument also uses X1-definability of measures of E over M.
If the authors see how to run the argument without the assumption on
Y1 -definability of measures of E over M they should give the argument or
provide a reference where such an arqument occurs. Otherwise they should
revise the statement of Lemma 2.42.

(a) Done (statement of Lemma 2.46)
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2818

2819

2820

2821

2822

2823

2824

2825

2826

2827

2828

2829

2830

2831

2832

2833

2834

2835

2836

2837

2838

2839

2840

2841

2842

2843

2844

2845

2846

2847

2848

2849

2850

2851

2852

2853

2854

2855

2856

2857

2858

2859

2860

2861

31.

32.

(b) For the case that x < piy1, the most specific reference was “[5, §2,
(p, p)-preservation]” in the original submission (as written in the last para-
graph of the proof, for parts 4-6). A more precise reference can now be
made (as the relevant paper has since been published). It is [18, Corollary
2.24] and its proof, although this version is formally below superstrong.
It’s the same argument allowing superstrong, and this can be seen in (as
of yet unpublished) [11, Lemma 3.8]. The arguments are related to those
for [4, Theorem 6.2]. I updated the citations.

p.29 Definition 2.43: It is not clear to me what the authors mean by
“except that” (two occurrences). In the case of pure extender premice, ex-
tenders used on the trees are chosen the same way as required in Definition
2.48. In the case of putative iteration trees, the definition on “Outline of
Inner Model Theory” makes no requirements on the last model of the tree,
either. So there do not seem to be any differences between the notions
defined in Definition 2.48 and standard definitions in literature.

We should have made it more explicit, that the “iteration trees” here
are along the lines of those considered in [25, §3.1] (so not, for example,
coarser variants such as those considered in [3]). But the first paragraph
of Definition 2.47 was supposed to be a slightly informal, to give the basic
point, before becoming more precise after that. So, instead, there is now
a brief remark just prior to the definition about the intentions, and we
have clarified the definition in general. The first “except that” was just
saying that the models M are required to be opms, instead of premice.
(Ct. the “typical run of Gi(M, 0)” described just after [25, Definition 3.3],
in particular the second bulleted point there, “premice M, for a < 6,...”.
So the first “except that” means that that word “premice” is replaced
with “opms”.)

I think that in the description of putative iteration trees in the first para-
graph, the word “likewise” was intended to be comparing putative trees
on opms with (actual) trees on opms, and not intended to be comparing
putative trees on opms with putative trees on premice. So, I think it was
supposed to mean that a putative iteration tree on an opm is as an iter-
ation tree on an opm (in the sense described in the preceding sentences),
except that there are no demands on M7 when 7 has successor length.
Anyway, we have rewritten the description.

p.29 lines 545-550, the issue of replacing the requirement lh(EZ:) <
lh(Eg) with the weaker Th(ET) < lh(Ez—): The relazed requirement Ih(ET) <
lh(Eg—) 1s needed because of the presence of superstrong extenders in the
extender sequences of opm’s which the authors allow. I think this should be
mentioned right when the relaxed requirement on extender indices is intro-
duced, and the reader should be referred to Remark 2.44 where the authors
give a detailed discussion of the situation, and which comes somewhat
later, so that the reader is not puzzled what the point of this modification
in the definition of the iteration game is. See also my comment (d) in the
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2862

2863

2864

2865

2866

2867

2868

2869

2870

2871

2872

2873

2874

2875

2876

2877

2878

2879

2880

2881

2882

2883

2884

2885

2886

2887

2888

2889

2890

2891

2892

2893

2894

2895

2896

2897

2898

2899

2900

2901

33.

34.

35.

36.

introduction to this paper. Now, I do not see the point of introducing the
notation “GM(k,0)”, which only permutes the parameters in the standard
notation G(M,0) coming from Steel’s “Outline of Inner Model Theory”.
The iteration game the authors consider is the same as the standard one,
except they extend it to a broader class of models. The two games are iden-
tical when restricted to premice without locally superstrong extenders as in
“Outline of Inner Model Theory”. Introducing unnecessary notation only
contributes to the notational mist; see my remark (c) in the introduction
to this report. Similarly regarding the game G™(k, o, 0).

Re the extender lengths: done.
Re the game notation: done. (Definition 2.47)

.30 line 561 what is the point of introducing the notion “k-stack-mazimal”?
The notion is used only twice in the paper: in Lemma 2.45 and then on
the line immediately following the proof of the lemma. I think one can
just state the assumptions of the lemma explicitly and will save not only
another unimportant notion but also some room. See my comment (b) in
the introduction to this paper.

We probably thought it made Lemma 2.49 and its proof a little easier
to read. But we have removed the definition, and edited Lemma 2.49
accordingly.

p.31 lines 579-586. I think the authors should explain why the comparison
algorithm needs to be modified. This is again because of the presence of
superstrong extenders, which may cause that the authors do mnot stress.
I think they should explain the situation in detail: That actually it does
not matter in which order the extenders are applied, except in the case
where say we have two comparison trees T and U, the extender EZ; i
superstrong, and M(Z—_H has the same height as the index of E] and the
top extender of MZ_H is of type 2, and is equal to EY, in which case the
comparison terminates. But applying the evende EY at step o would cause
that EY and ET | are two identical extenders, which would ruin the usual

comparison argument.
Done (Remark 2.48)
p.32 lines 592-593: It would be helpful to explain in what sense would

Lemma 2.45 fail if T were not k-stack-maximal: Would ML fail to be
deg” (00)-relevant? Or something else?

Done (following Lemma 2.49)

p.32 Definition 3.1: The term “explicitly swo’d” has not been defined but
18 used on p.32 line 604 and again on p.33 line 617. Was it the intention
that Definition 3.1 defines the term “explicitly swo’d” ?

The term “explicitly” has been removed.
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2902

2903

2904

2905

2906

2907

2908

2909

2910

2911

2912

2913

2914

2915

2916

2917

2918

2919

2920

2921

2922

2923

2924

2925

2926

2927

2928

2929

2930

2931

2932

2933

2934

2935

2936

2937

2938

2939

2940

2941

2942

2943

2944

37.

38.

39.

40.

.38 line 622: what does “possibly” mean here? Do you want it to be
swo’d or not?

Fixed (Def 3.3)

p.35 line 656: What is the point of introducing the term “well-putative”?
It is used precisely once in the paper, namely on line 664. One can as
well say “putative F-iteration tree with well-founded last model” here, in
order to avoid adding to the terminological mist. See my comment (b) in
the introduction to this paper.

Removed it (Definition 3.8).

p.35 footnotes 24 and 25. I think the contents of these footnotes is im-
portant enough that they should be included in the main text. Regarding
Footnote 25, it would be good to add it to the paragraph on lines 660-
666, as it touches relevant aspects concerning iteration games for normal
iteration trees.

We added the footnotes to the main text. But the second footnote (what
was 25) refers specifically to stacks, not normal trees. So it has been added
to the paragraph on stacks. Did you mean that something similar should
be added to the paragraph on nomal trees? But that seems pretty clear,
particularly in light of what was footnote 24. (Def 3.8)

p.37 proof of Lemma 8.12. I think the proof should be written in more
details, as the sketch omits several points.

(a) “We may easily assume”: Say why. This is not much longer than
saying “We may easily assume”. Keep in mind that your potential reader
is someone with no prior experience with operator mice/F-mice, and this
18 a paper targeted to such a reader. You want to make clear which property
s used for what purpose and how.

(b) I don’t see any reason to refer to Xi-absoluteness, as the objects that
exist in a generic extension obviously exist in the larger generic extension
via the collapse. Maybe you want to refer to Ag-absoluteness between
transitive models? But this is a triviality that may be omitted.

(¢) The transitive rud closed set X : I think you need to require more of
X. First, I don’t believe you can define forcing relation over a gemeral
transitive rud closed structures. This requires a recursive definition on €,
for instance to define “p - & =19”, so you need to work in a model which
s able to carry out such a recursion, say X admissible, or stratified, or
so. Second, you want the model X to know about your operator F, so you
may need to add F as a predicate and make sure F'N X is defined on all
objects you need, or add a large enough fragment of F' to X as an element.
This leads to another point in the proof which is not mentioned in the text;
see (d) below.

(d) Now you have your map o : X — X where X is transitive. Then
F collapses to some F |, so if g € V is your generic over X, your model
X|g] satisfies the statement: M # F(M™). Of course, by applying almost
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2945

2946

2047

2048

2949

2950

2951

2952

2953

2954

2955

2956

2957

2958

2959

2960

2961

2962

2963

2964

2965

2966

2967

2968

2969

2970

2971

2972

2973

2974

2975

2976

2977

2978

2979

2980

2981

2082

2983

2984

2985

41.

42.

43.

44.

condensation coarsely you conclude that M = F(M™), but how does this
lead to contradiction? It looks like you need to prove that F CF or
something along these lines. Since you are working in a general setup,
this should be addressed and written up appropriately, instead of saying
that everything goes “easily”. Notice that the proof of Lemma 3.12, as
written up, is not instructive at all, as this is just a standard absoluteness
argument, and, as written, it does not address any specifics of the presence
of F.

See Lemma 3.12 proof:

(a) Done.

(b) The point is that we can take a small forcing, not a larger one; in
particular, one in . We can use :}-absoluteness to get such an embed-
ding in the extension via that forcing, since the relevant objects have been
made countable.

(¢) Well, one can define the relevant forcing relation much more locally,
without assuming KP. But we don’t need that here. So we have adjusted
the proof to avoid any of that.

(d) The model doesn’t need to have any version of the operator F'; it’s

enough that it has the output of F' on the one input, M ~. We have made
it more explicit.

p40 line 761: “easy to find a”: I think this requires more creativity than
the rest of the argument. Instead of “easy to find a” say explicitly that for
instance a = X N pt* where X is a fully elementary hull of p constructed
in P||pt*F, or something similar.

Done (something similar). Page 36

p.40 line 767: 1 think acceptability of M is more relevant here than the
fact that M||p*™ E ZFC™.

Why? By ZFC™ in M|p*™™, we have M|p™M <; M, which is all we
want. Acceptability doesn’t seem to be enough by itself...Do you mean
condensation? But that is a simliar argument to the ZFC™ argument.

.40 line 774: “the second change”: Recall the context. At this point the
reader may have forgotten where you started.

Done. Page 36

p-44 Definition 3.18: If M is an opm then it is soundly projecting, and
therefore pit < o(M™). So it looks like the two clauses in the conclusion
both discuss structures M such that p* < o(M™), just that in the latter
case M may not be opm. Is that correct? In any case, it would be helpful
to add a little discussion after the definition that would help the reader to
understand what is going on.

Correct; a remark to this effect has been added immediately after the
definition (Definition 3.25)
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2986

2987

2988

2989

2990

2991

2992

2993

2994

2995

2996

2997

2998

2999

3000

3001

3002

3003

3004

3005

3006

3007

3008

3009

3010

3011

3012

3013

3014

3015

3016

3017

3018

3019

3020

3021

3022

3023

3024

3025

45.

46.

47.

48.

49.

50.

p.44 Lemma 8.19 and its proof: The lemma and its proof are stated
in a confusing way. First, the statement of the lemma begins with “Let
k,M,G,N, etc, be as in 3.18.” So I understand that the map ¢ : N — N
is also as in 3.18. But on line 852 it says “..; let o : N'— M be the core
map.” So are we not in the situation of Definition 3.187 Or we are in
that situation, and the map ¢ turns out to be the core map? The authors
should make clear what the context here is.

line 854: The reference to 2.41 assumes that N is k-sound. But no as-
sumption on k-soundness is made in the statement of Lemma 3.19, and in
Definition 3.18 either. So we may well have the situation that p,’:/ = pﬁ_l.

Definition 3.25, Lemma 3.26:

Re ¢: It doesn’t matter about the relationship to the ¢ of the proof. So
it has been renamed to 7.

Re k-soundness: the k-soundness has now been made explicit in Definition
3.25, and the statement and proof of Lemma 3.26 has been generally
rewritten, simplified and clarified, and had a minor correction (that M~
should be assumed to be in dom(F)).

p.45 lines 858-859: Are you applying fine condensation for F'? If so then
the statement of Lemma 3.19 should include the assumption that F is
finely condensing. Also, it should be mentioned on lines 858-859 explicitly
that this is the spot in the proof where fine condensation of F' is used.

Fine condensation is not being assumed. Thus, the way the lemma was
stated might have been confusing. The lemma has been rewritten, both
its statement and proof. It should be clearer now. (Lemma 3.26)

p.45 Definition 3.20. This definition seems to be out of place. It would
be more natural to move it immediately above Lemma 3.25.

This definition has been removed, as it wasn’t really necessary, and seemed
to just add definitional clutter.

p-45 Lemma 3.21: It would be a good idea to check if anything needs to be
added in the proof of the lemma, given my comment 40 for Lemma 3.12.

Hopefully the proof of Lemma 3.12 is clearer now (and there was the
small correction to its proof regararding the base a of the cone being in
HC, which has also been made for Lemma 3.27; see our comments 12 and
21).

p.50 line 985: I do not see the point of defining the term “tenable” It is
used precisely once, namely on p.52 in Lemma 3.31.

Done; it has been removed.

p.51 Definition 3.29: add “and” after “ground”.

This has been rewritten somewhat anyway (in particular, “almost fine
ground” has been removed as a definition). Definition 3.39.
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3026

3027

3028

3029

3030

3031

3032

3033

3034

3035

3036

3037

3038

3039

3040

3041

3042

3043

3044

3045

3046

3047

3048

3049

3050

3051

3052

3053

3054

3055

3056

3057

3058

3059

3060

3061

3062

3063

3064

51.

52.

53.

54.

95.

56.

57.

58.

p.52 line 1004: What is the point of introducing the term “weakly realiz-
able”? It is used precisely once, namely on p.53 line 1031. Also, the term
“weakly realizable” has the option of realizable branch in the case the tree
in question is of limit length, whereas the notion of realizable tree does
not have this option. Is this the intention? Also notice that “b” has two
meanings here: both the parameter in the fine gound as well as a cofinal
branch throught the tree.

Done. I removed the definition; it is just now part of the text of Remark
3.42. And the “b” has been changed to “c”. Yes, it is the intention that
one can have a branch at some limit stage realized. But it had missed the
hypothesis that ¢ is T-maximal, which has been added.

p.58 lines 1035-1036: Say briefly what ¢, o are.
Done (Remark 3.42)

p.54 line 1045: I also doubt the term “relevant tree” is useful. It is only
used in the proof of Lemma 3.34.

It has been removed.

p.56 Definition 8.35: I think A = cb™ should be included in the hull, as
the projecta as well as M are defined relative to A.

This definition has been shifted to 2.27. In 2.27 it (now) includes A in the
hull.

p.57 line 1114: You already said on line 1100 that you may assume M is
k-relevant.

Removed it (proof of Theorem 3.45, page 56)

p.58 line 1136: Recall what ¢ is! (Refer to the page or so.) The param-

eter g has not been used for a long time and by now the reader would have

hard time to find out what it is! Finally I had to do a search, but it is hard

to do a search for symbol with superscripts in a pdf file, especially since

in the definition it appears as ¢™. So in the end I had to guess where the
“. »

definition would be and do a search for “q”, which is really awkward for
obvious reasons.

Done. (Proof of Theorem 3.45, page 57.)
p.59 line 1146: Is it not the case that p < p!¥ - simply because p is a
cardinal in W?

I don’t follow what you mean. W can have all sorts of cardinals >
Ord"” ... Proof of Theorem 3.45, page 58

p.68 Footnote 33: I find the footnote incomprehensible. What does the
statement “t' results from t by replacing p* with R” say? And what is
R?

Fixed. The “R” was a typo. Footnote 38
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3065

3066

3067

3068

3069

3070

3071

3072

3073

3074

3075

3076

3077

3078

3079

3080

3081

3082

3083

3084

3085

3086

3087

3088

3089

3090

3091

3092

3093

3094

3095

3096

3097

3098

3099

3100

3101

3102

3103

59.

60.

61.

62.

1.

p.64 line 1239: pN is computed relative to R. So if n is the least such
that pﬁﬂrl = w then it follows by definition that p\ > o(R).

Well, it didn’t say “least” before, hence the “and Ord™ < pﬁ[ 7. But it
has now been modified to say “least n such that p,11 = w”, in two places;
Definition 3.16.

p.64 line 1240: In the case X € CP you do not say what cb* is. In the
current case you demand that cb is R, but it seems to me that b should
be A, as that is what the definition of a hierarchical model requires.

It is X, because it defines it as a “hierarchical model over X” (which was
just another way of saying that ¢b = X). (Definition 3.16)

p.64 Lemma 3.40: What does the term “project early” mean? I did the
search, but did not find the definition.

The definition of “projects early” has been added to the end of Definition
3.16.

p.65 lines 1262-1263: I am confused by this remark. Fa(X) is an initial
segment of G(X), so why is it the case that G(X) € M for €-cofinally
many X € M¥? Maybe the confusion comes because I don’t know what
“projects early” means.

Hopefully with “projects early” defined, this is clarified. The point is that
for all large enough n < w, Fg(M|(a + n))“ = "G(M|(a + n)). (After
proof of Lemma 3.17.)

4.3 Further comments

Further comments on the more significant changes in this version; some minor
changes have not been listed here:

Definition 2.4 has been somewhat reformulated for much better clarity, but
the content is still the same. (In the original version, the definition was
implicitly by recursion, by referring to hierarchical models in the definition
of hierarchical model. This recursion has been removed.) In connection
with this change, Lemma 2.5 has been added (this lemma used to be built
into the definition of hierarchical model).

In Definition 2.23, we added the definition of M||e, which seemed to be
missing from the earlier version.

We added condition (iv) to “pre-fine” (Definition 2.26), because in Defi-
nition 2.27, we had claimed that “If A C X then the hull is indeed ex-
tensional, as then Hull) (X) <y A7, and that this was supposed to follow
from pre-fineness, in particular condition (iii). But I now don’t see that
that was actually enough; the “stratification” in the new condition (iv)
lets one define ¥; Skolem functions in the usual sort of manner, which
together with (iii) does now ensure that Hull} (X) <y AV given A C X.

83



3104

3105

3106

3107

3108

3109

3110

3111

3112

3113

3114

3115

3116

3117

3118

3119

3120

3121

3122

3123

3124

3125

3126

3127

3128

3129

3130

3131

3132

3133

3134

3135

3136

3137

3138

3139

3140

3141

3142

3143

3144

4.

10.

11.

Definition 2.30: In the definition of weak k-embedding, the original version
had omitted the clause that X is cofinal in pﬁ’t; this has been corrected.
(Clearly without that clause, we could have just taken X = ), so the X
would have been pointless.)

I added the explicit definitions of Lar -Q-formula and Eé‘ -P-formula, whereas
it used to say that these were as in [4]. These have also been moved to
Definition 2.33, which is immediately prior to where these formulas are
actually used for the first time in the text. However, I changed the defi-
nition of £{ -P-formula; now instead of following [/, Definition 3.1.4], the
definition is just the usual notion of “Q-formula”. I don’t see why the
particular definition [, Definition 3.1.4] was used in [1]. So I opted for
the simpler notion.

Added part 2(b) to Lemma 2.36 (and added the part numbers to the
statement).

In the proof of Lemma 2.37, I removed the argument for r¥;-elementarity
of the hull, since such an argument was really used implicitly earlier in
Definition 2.27, and I have now added that argument explicitly in Footnote
19, to which the proof of this lemma now refers. I also cleaned up the
lemma statement and proof somewhat.

Added Lemma 2.43.

In Definition 2.47, the terminology “max” in Gp.x was changed to “op-
timal”, in line with [17]. This is particularly relevant in Lemma 2.49,
which needed that player 1 was not making such artificial drops. Thus,
we have modified the statement/proof of this lemma, by adding the word
“optimal” where needed, bringing it into line with the modified definitions.

Also, in Footnote 22 on page 30 of the original submission, the last sen-
tence of the footnote asserted “If round « is won by player II and the run
produces a tree of length 6, then the run of Gi(M, «, ) is won by player
II.” This notation was wrong; with this rule, the game is usually denoted
Gr(M,a,0)* (see e.g. [22]). Moreover, this variant is the more natural
of the two. So we have modified the definitions to use the superscript *
notation, here and also in Definition 3.8 etc.

Definition 3.6 had an implicit assumption of DC in V in the original sub-
mission, so we made this explicit. We also added the version restricted to
.., which does not assume DC in V.

Definition 3.10 didn’t quite make sense in the original submission, because
it ignored the issue of cb™ being in the domain of F. Thus, I have
corrected this, discussing the base of the cone C” where D is the domain
of F. Also, the relationship between the “p” mentioned here and the base
of the cone was not made explicit. One could define things keeping these
distinct, which was probably formally the case in the original version of
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12.

13.

14.

15.

16.

17.

18.

19.

the paper, because the base of the cone was not mentioned. But doing
this would just add more clutter, having two parameters, instead of just
one. And doing so probably wouldn’t add any real value. So preferring
readability, we have just identified these two objects.

Lemma 3.12 was incorrect in the original submission, because it also ig-
nored the base of the cone for the domain of F, which should be assumed
to be in HC. This has been corrected.

I noticed that in [28], the definition of Fy, for a mouse operator J, also
has a problem which was not addressed in the original submission. This is
now included in the discussion in Remark 3.13; this is point 1 of the claim
just after “defining” F' = Fk (that “definition” doesn’t actually work).
The remainder is then adapated to a modified operator F”.

Remark 3.13: After showing that F’ does not condense well, in the original
version there was a parenthetical remark regarding using Ult; (M, E) in
place of Ultg(M, E), and hence getting a more elementary embedding.
But actually, these two ultrapowers are equivalent in the present situation,
so this is now pointed out instead.

In Def 3.14, T added the hypothesis “< w-condensing”, since we only
applied it in this case. (This is just for uniformity with other things
really; it’s not actually important here.)

The material on mouse operators (that is, the definition of pre-operators
(now Def 3.15), defining the operator F¢ from a pre-operator (now Def
3.16), the proof that F¢ is indeed an operator (now Lemma 3.17), the
definition of mouse operator (now Def 3.18), and the proof of fine conden-
sation for mouse operators (now Prop 3.28), was all right at the end of the
original version of the paper. It made much more sense to move it back
earlier, as it helps provide motivation and intuition for the definitions of
operators and fine condensation. So this has been done.

In Def 3.16, in paragraph starting “Now let R € PP” added hypothesis
“if p > w”, which was missing before. (This is the projectum of the largest
proper segment, and it is only possible for some segment of the operator

application to project < p if p > w, which is what is being considered
here.)

In the proof of Lemma 3.17, first paragraph, item (iv), there was a typo:
the “P” that was there was incorrect; it has been changed to “M”. (P
was something else on the way to producing M. We needn’t have p]’ = w,
for example; we have p1! = w since M is essentially the master code at
the level that next projects < Ord™ ~, but is also a structure over M,
so in fact pi = w.)

Definition 3.18: just changed the notation from G to G, to make the
dependence on ¢ explicit.
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20.

21.

22.

23.

24.
25.

Def 3.22: Added hypothesis that M is k-relevant. This was implicitly
there before, but maybe not obvious, so we made it explicit. (For if
7 : M — N is a k-factor and k < w, then there must be a k-tight
o : L — M and £ must be k-relevant. But this implies that M is
k-relevant.) (It was also already an explicit hypothesis in the clause of
condenses finely which assumes a k-factor.)

Definition 3.25 had a problem analogous to that of Definition 3.10, men-
tioned in comment 11 above. This has been corrected. Likewise for Lemma
3.27, analogous to Lemma 3.12, mentioned in comment 12.

Definition 3.25 and Lemma 3.26 were both missing the assumption that
M~ € dom(F), which has been added to both.

Lemma 3.26 was not stated really correctly. Also, we noticed that it has
a simpler and more elementary proof than what was the original version.
So we rewrote the both the lemma statement and proof. Also broke the
proof into two cases (k > 0 and k = 0) for better readability.

Prop 3.28: The proof has been expanded a little, for more clarity.

In the original submission, the paper cited [14] for some of its calculations.
The expectation at that point was that [14] would also be published. But
this probably isn’t the plan now. So some of that cited material has been
shifted here. The main material is in §3.6 on the copying construction, in
relation with v-preservation of copy maps (and non-v-preservation), and
how this relates to copying, and also propagation of near k-embeddings
under copying — results of [3] and variants of those results.

Also, the material in §3.6 section was modified and simplified in another
way. In the original version there was the definition of insert set and
I-reordering. We have removed these and added instead Definition 3.32,
which leads to a less general copying process, but things are simpler. The
less general copying process suffices; the proof of weak Dodd-Jensen just
makes a simple observation to show this. (See comments 29 and 31 re-
garding the change from k-simple to weak DJ.)

The changes in these connections are:

(a) Definition 3.29: We changed the notation for the shifted embedding
from 71 to Shift(r), for consistency with [11]. We also added the
definitions v-preserving, v-high and v-low.

(b) Added Remark 3.30.

(c) Lemma 3.33 was added; this deals with propagation of v-preservation
via the copying construction; in the original version this was cited
from [14].

(d) In Lemma 3.34, we have added the restriction that N is Q-stable.
This simplifies the copying process substantially, and suffices for our
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26.

27.

28.

29.

30.

31.

purposes, because of a small change in the proof of (now weak instead
of simple) Dodd-Jensen.

Parts 7 and 8 have been added to the lemma. These properties were
mentioned in the proof of the lemma in the original submission, so for
better clarity, we have added them to the actual lemma statement.

(e) The proof of Lemma 3.34 has also been rewritten:

i. Since “insert set” and “<“!” have been removed from the pa-
per, and replaced with 3.32. the copying construction had to be
accordingly modified.

ii. Parts of the proof, particularly parts 7 and 8, were cited to [14]
in the original submission. This cited material has been added
to this paper, since [14] is no longer planned for publication.

iii. Some more details have been added for better clarity.

Lemma 3.31: Changed the hypothesis from almost fine condensation to
almost coarse condensation, since that was all the proof used (as was
already remarked after the proof, in the original submission).

Def 3.39: The assumption that the branch [0,a]” drops only finitely often
was made explicit.

In Remark 3.42, the hypothesis that R F“there is no Woodin cardinal” was
missing, and has been added (it guarantees there is always a Q-structure
Q J MbT for k-maximal trees 7 on R; the existence of a Q-structure
seemed to have been implicitly assumed in the original version).

Also the assumption that c¢ is 7-maximal had been omitted, and has now
been added.

Definition 3.43: We have replaced “k-simple DJ” with the standard notion
“weak DJ”. This is because we ended up changing the proof of solidity
etc. See comment 31.

Lemma 3.44 has been replaced with the proof of weak Dodd-Jensen, for
which we can mostly cite [5], modulo the details with copying as discussed
in the proof.

Theorem 3.45: The proof has been expanded and rewritten extensively,
and some discussion added in the section prior to the proof, for the fol-
lowing reasons:

(a) Regarding issues to do with operator mice, some details were added
for better clarity.

(b) There were some details of the proof in connection with superstrong
extenders which were ignored in our original submission. We have
added these. They arise in the proof of Claim 3.45.5 and the details
of the copying process when E},}, is superstrong on page 59.
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The original version of the paper cited [14] for the details of how
to handle some cases. But as that paper is no longer intended for
publication, we have included all relevant details here. Part of those
details handled aspects of the proof of solidity which do not seem to
be fully dealt with in the combination of [4], [25] and [9]. Moreover,
the argument in our original submission changed the setup for the
proof significantly from that in [4], [25], [9], primarily by working with
k-simple Dodd-Jensen instead of weak Dodd-Jensen (thus possibly
changing what iteration strategy we need to work with), and also
by using results from [18], which were not used in the proof in [4],
[25], [9]. And aside from k-simple DJ being different from weak DJ,
k-simple DJ is also more complicated.

We ended up finding an argument which uses the (standard) weak DJ,
and does not need to change the setup of the proof from [25] and [9],
and does not use the results of [18]; so it just fills in some calculations
in the proof of [25] and [9]. We have discussed these things at the
beginning of the section, prior to the theorem statement.

The increased length of the proof is primarily due to incorporating
these arguments.

)

Remark: From the phrase “Now if M is in fact a limit...” on page
58 onward, nearly all of the rest of the proof of solidity has been
modified, so for ease of reading, we haven’t put in any red highlighting
(it would have been mostly red). This is so until the end of the proof
of solidity, which is page 65, where the proof of part 2 starts. (The
proof of part 2 is just the last two paragraphs of the paper, and is
basically as it was in the original submission.)

88



	Introduction
	Conventions and Notation

	The fine structural framework
	Hierarchical models
	Potential operator-premice
	Fine structure
	Q-operator-premice
	Operator-premice
	Fine structure and iterations

	F-mice for operators F
	Abstract operators F and F-premice
	Coarse condensation of operators
	Operators which (don't) condense well
	Mouse operators
	Fine condensation
	Copying and realization
	Weak Dodd-Jensen
	Solidity and condensation

	Comments to referee
	Responses to referee's general comments
	Responses to referee's detailed comments
	Further comments


