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Abstract

This is the first of two papers on the fine structure of HOD in models of the Axiom of
Determinacy (AD). Let M = ADT 4+ V = L(p(R)). [10] shows that under a natural hypothesis
on the existence of iteration strategies, the basic fine structure theory for pure extender models
goes over to HODM . In this paper, we prove a fine condensation theorem, quite similar to
Theorem 9.3.2 of Zeman’s book [14], except that condensation for iteration strategies has been
added to the mix. In the second paper, we shall use this theorem to show that in HOD™ 0,

holds iff x is not subcompact.

1. INTRODUCTION

One goal of descriptive inner model theory is to elucidate the structure of HOD (the universe of
hereditarily ordinal definable sets) in models M of the Axiom of Determinacy. HODM is close to M
in various ways; for example, if M F AD" +V = L(p(R))!, then M can be realized as a symmetric
forcing extension of HODM | so that the first order theory of M is part of the first order theory of
its HOD. ? For this and many other reasons, the study of HOD in models of AD has a long history.
We refer the reader to [11] for a survey of this history.

The study of HOD involves ideas from descriptive set theory (for example, games and definable
scales) and ideas from inner model theory (mice, comparison, fine structure). One early result
showing that inner model theory is relevant is due to the first author, who showed in 1994 ([9])
that if there are w Woodin cardinals with a measurable above them all, then in L(R), HOD up to
0 is a pure extender mouse. Shortly afterward, this result was improved by Hugh Woodin, who
reduced its hypothesis to AD*®) | and identified the full HOD*®) as a model of the form L[M, %],
where M is a pure extender premouse, and Y is a partial iteration strategy for M. HODA®) g
thus a new type of mouse, sometimes called a strategy mouse, sometimes called a hod mouse. See

[12] for an account of this work.
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Since the mid-1990s, there has been a great deal of work devoted to extending these results to
models of determinacy beyond L(R). Woodin analyzed HOD in models of AD" below the minimal
model of ADg fine structurally, and Sargsyan pushed the analysis further, first to determinacy
models below ADg + “@ is regular” (see [2]), and more recently, to determinacy models below the
minimal model of the theory “AD" 4+ © = 6,.1 + 0, is the largest Suslin cardinal” (commonly
known as LSA). (See [3].) The hod mice used in this work have the form M = L[E, 3], where E is
a coherent sequence of extenders, and X is an iteration strategy for M. The strategy information
is fed into the model M slowly, in a way that is dictated in part by the determinacy model whose
HOD is being analyzed. One says that the hierarchy of M is rigidly layered, or extender biased.
The object (M, ) is called a rigidly layered (extender biased) hod pair.

Putting the strategy information in this way makes comparison easier, but it has serious costs.
The definition of “premouse” becomes very complicated, and indeed it is not clear how to extend
the definition of rigidly layered hod pairs much past that given in [3]. The definition of “extender
biased hod premouse” is not uniform, in that the extent of extender bias depends on the determinacy
model whose HOD is being analyzed. Fine structure, and in particular condensation, become more
awkward. For example, it is not true in general that the pointwise definable hull of a level of M
is a level of M. (The problem is that the hull will not generally be sufficiently extender biased.)
Because of this, it is open whether the hod mice of [3] satisfy Vk[,. (The second author did show
that VkO, 2 holds in these hod mice; cf. [3].)

The more naive notion of hod premouse would abandon extender bias, and simply add the least
missing piece of strategy information at essentially every stage. This was originally suggested by
Woodin. The first author has recently proved a general comparison theorem that makes it possible
to use this approach, at least in the realm of short extenders. The resulting premice are called
least branch premice (lpm’s), and the pairs (M, X)) are called least branch hod pairs (1br hod pairs).

Combining results of [10] and [3], one has

Theorem 1.1 ([10],[3]). Assume ADT+ “there is an (w1, w) iteration strategy for a pure extender
premouse with a long extender on its sequence”. Let T' C P(R) be such that L(I',R) E ADg+ “there
is no (w1, w1) iteration strategy for a pure extender premouse with a long extender on its sequence”;

then HOD*T'R) s g least branch premouse.

Of course, one would like to remove the iterability hypothesis of 1.1, and prove its conclusion
under AD™ alone. Finding a way to do this is one manifestation of the long standing iterability
problem of inner model theory. Although we do not yet know how to do this, the theorem does
make it highly likely that in models of ADgr that have not reached an iteration strategy for a pure
extender premouse with a long extender, HOD is an Ipm.

Least branch premice have a fine structure much closer to that of pure extender models than that
of rigidly layered hod premice. The paper [10] develops the basics, the solidity and universality of
standard parameters, and a coarse form of condensation. The main theorem of this paper, Theorem
3.7, is a stronger condensation theorem. The statement of 3.7 is parallel to that of Theorem 9.3.2 of

[14], but it has a strategy-condensation feature that is new even in the pure extender model context.



The proof of 3.7 follows the same outline as the proofs of solidity, universality, and condensation
given in [10], but there are a number of additional difficulties to be overcome. These stem from
the restricted elementarity we have for the ultrapowers of phalanxes that are taken in the course
of the proof.

Theorem 3.7 is one of the main ingredients in the proof of the main theorem of our second
paper. We say that (M,Y) is a mouse pair iff M is either a pure extender premouse or a least
branch premouse, and X is an iteration strategy for M that condenses and normalizes well. See

[10, Chapter 5] and section 1 below for a full definition.

Theorem 1.2 (AD"). Let (M,X) be a mouse pair. Let k be a cardinal of M such that M & “k*

exists”; then in M, the following are equivalent.
1. O.
2. Uy <k
3. Kk s not subcompact.
4. The set of v < kT such that M|v is extender-active is non-stationary in .

The special case of this theorem in which M is a pure extender model is a landmark result of
Schimmerling and Zeman. (See [1].) Our proof follows the Schimmerling-Zeman proof quite closely.

Theorem 1.2 has applications to consistency strength lower bound questions that we discuss in
the second paper. But our work was also motivated by the desire to put the fine structure theory of
[10] to the test, so to speak. Determining the pattern of [J is a good way to go one level deeper into
the world of projecta, standard parameters, restricted elementarity, and condensation theorems.
We found when we did so that the definition of hod premouse given in [10] was wrong, in that
strategy information was being added in a way that would not in general be preserved by > hulls.
The correct method for strategy insertion comes from [7], and we describe it further below. [10]
has been revised so that it now uses this method.

Acknowledgements. The work reported here began when the second author visited the first
author in March and June of 2016 at UC Berkeley. The second author thanks the NSF for its
generous support through grant No DMS-1565808.

2. LEAST-BRANCH HOD PREMICE

We adopt for the most part the fine structure and notation from [10, Chapter 5] concerning least-
branch hod premice (Ipm’s) and lbr hod pairs. We summarize some main points below. The reader
can see [10, Chapter 5] for more details.

Least branch premice (lpm). The language for lpm’s is £y with symbols €, E.F%, B,f'y.
An lpm M is of the form (N,k) where N is an Ly amenable structure that is k-sound. We
write k = k(M). We often identify M with N and suppress k. o(M) denotes the ordinal height
of M, and 6(M) denotes the « such that o(M) = wa. (M) = (6(M),k(M)) is the index of



M. For (v,1) <jex!(M), M|(v,1) is the initial segment of M with index (v,l). We write N < M iff
N = M|(v,1) for some (v,1) <jex!(M). If v < 6(M), write M |v for M|(v,0). We write p, (M) for the
n-th projectum of M and p, (M) for the n-th standard parameter of M We set p(M) = pj(np)41(M)
and p(M) = prar)+1(M), and call them the projectum and parameter of M. We say M is sound
iff it is k(M) + 1-sound. An lpm M must be k(M )-sound, but it need not be k(M) + 1-sound. All
proper initial segments of an lpm must be sound lpms.

We also use other fine-structural notions from [14] and [1] like E,(cn) elementarity, and the Egn)
Skolem function ﬁ?/,{ of M, at various places in the paper. We also write <j; for the canonical
well-ordering of M.

EM codes the sequence of extenders that go into constructing M. FM if non-empty is the
amenable code for a new extender being added; in this case, we say that M is extender-active
(or just E-active). If FM = F is nonempty, then M & crt(F)*t exists and o(M) = i} (1), where
p=crt(F)T. Also F must satisfy the Jensen initial segment condition (ISC), that is, whole initial
segments of F' must be in EM (see [11] for a detailed discussion of ISC). 4 is the index of the
largest whole initial segment of F' if exists; otherwise, ¥ = 0. We also demand M is coherent, that
is i (EM) | o(M) + 1= (EM)~(0).

$M and BM are used to record information about an iteration strategy € of M. YM codes
the strategy information added at earlier stages; ¥ acts on normal trees. ¥ (s,b) implies that
s = (v, k,T), where (v, k) <I(M) and T is a normal tree on M|(v, k) in M of limit length and 77b
is according to the strategy. We say that s is an M-tree, and write s = (v(s), k(s), T (s)). We write
Zyk for the partial iteration strategy for M|(v, k) determined by 3. We write £ (s) = b when
M (s,b), and we say that s is according to ©M if T (s) is according to 2%5),]6(5)‘

Now we discuss how to code branch information for a tree 7 (s) such that ¥ (s) has not yet
been defined into the BM predicate. Here we use the B-operator in [7]. We are correcting some
errors in the original version of [10]. These corrections have been incorporated in its latest version.

M is branch-active (or just B-active) iff
(a) there is a largest n < o(M) such that M|n E KP, and letting N = M]|n,

(b) there is a <py-least N-tree s such that s is by ¥V, 7(s) has limit length, and %V (s) is

undefined.
(c) for N and s as above, o(M) < o(N) + Ih(T (s)).

Note that being branch-active can be expressed by a ¥ sentence in £y — {B}. This contrasts
with being extender-active, which is not a property of the premouse with its top extender removed.

In contrast with extenders, we know when branches must be added before we do so.



Definition 2.1. Suppose that M is branch-active. We set

n™ = the largest 1 such that M|n E KP,

vM = unique v such that n™ + v = o(M),

sM = least M|nM-tree such that MM g undefined, and

WM ={a|n+acBM}.
Moreover,
(1) M is a potential lpm iff b™ is a cofinal branch of T (s)[v™.
(2) M is honest iff 1™ =1h(T (s)), or v™ < Ih(T(s)) and b = [0, M) (4.
(3) M is an lpm iff M is an honest potential lpm.
_i

Note that n™ is a ¥ singleton, because it is the least ordinal in BM (because 0 is in every

M is also a Eé\/[ singleton. We have separated honesty

branch of every iteration tree), and thus s
from the other conditions because it is not expressible by a ()-sentence, whereas the rest is. Honesty
is expressible by a Boolean combination of 35 sentences. See 2.6 below.

The original version of [10] required that when o(M) < n™ 4+ Ih(T(s)), B™ is empty, whereas
here we require that it code [0, 0(M))7(y), in the same way that BM will have to code a new branch
when o(M) = n™ + Ih(T (s)). Of course, [0, ™)y € M when o(M) < n™ + Ih(T (s)) and M is
honest, so the current BM seems equivalent to the original BM = (). However, BM = () leads to
YM being too weak, with the consequence that a Y1 hull of M might collapse to something that is

not an Ipm.? Our current choice for BM solves that problem.

Remark 2.2. Suppose N is an lpm, and N F KP. It is very easy to see that 2V is defined on all
N-trees s that are by XV iff there are arbitrarily large £ < o(V) such that N|¢ = KP. Thus if M is
branch-active, then n™ is a successor admissible; moreover, we do add branch information, related
to exactly one tree, at each successor admissible. Waiting until the next admissible to add branch
information is just a convenient way to make sure we are done coding in the branch information

for a given tree before we move on to the next one. One could go faster.

We say that an lpm M is (fully) passive if FM = () and BM = (. It cannot be the case that
M is both E-active and B-active. In the case that M is E-active, using the terminology of [!], the
extender FM can be of type A4, B, or C.

Suppose that M is an lpm, and 7: H — M. What sort of elementarity for 7 do we need to

conclude that H is an Ipm? In the proof of square we have to deal with embeddings that are only

3The hull could satisfy o(H) = ™ + Ih(T(s™)), even though o(M) < n™ + Ih(T(s™)). But then being an lpm
requires B # (.



weakly elementary. The possible problem comes when k(H) = k(M) = 0. If M is a passive lpm,
then so is H, and there is no problem. If M is extender-active, then it could be that H is only
a protomouse, in that its last extender predicate is not total. The problem here is solved by the
parts of the Schimmerling-Zeman proof related to protomice, which work in our context. Finally,

we must consider the case that M is branch-active.
Definition 2.3. A rQ-formula of Ly is a conjunction of formulae of the form
(a) Yudv(u C v A ), where ¢ is a ¥ formula of £y such that u does not occur free in ¢,
or of the form
(b) “F # 0, and for p = crt(F)T, there are cofinally many & < p such that »”, where 1 is 3;.
4

Formulae of type (a) are usually called Q-formulae. Being a passive Ipm can be expressed by
a Q-sentence, but in order to express being an extender-active lpm, we need type (b) clauses, in
order to say that the last extender is total. r@ formulae are ms, and hence preserved downward

under Xi-elementary maps. They are preserved upward under ¥g maps that are strongly cofinal.

Definition 2.4. Let M and N be Lg-structures and w: M — N be ¥y and cofinal. We say that
w is strongly cofinal iff M and N are not extender active, or M and N are extender active, and
letting m“(crt(F) )M is cofinal in (crt(F)*)V. -

It is easy to see that

Lemma 2.5. Q) formulae are preserved downward under Y1 -elementary maps, and upward under

strongly cofinal Xg-elementary maps.

Lemma 2.6. (a) There is a Q-sentence ¢ of Lo such that for all transitive Ly structures M,
M E ¢ iff M is a passive lpm.

(b) There is a rQ-sentence ¢ of Lo such that for all transitive Ly structures M, M E ¢ iff M is

an extender-active Ilpm.

(c) There is a Q-sentence ¢ of Ly such that for all transitive Lo structures M, M E ¢ iff M is

a potential branch-active lpm.

Proof. (Sketch.) We omit the proofs of (a) and (b). For (c), note that “B # (" is ¥1. One can go
on then to say with a 31 sentence that if 7 is least in B, then M |n is admissible, and s exists.
One can say with a I} sentence that {a | B(n+ )} is a branch of T (s), perhaps of successor order
type. One can say that B is cofinal in the ordinals with a Q-sentence. Collectively, these sentences
express the conditions on potential lpm-hood related to B. That the rest of M constitutes an

extender-passive Ipm can be expressed by a II; sentence. O

“See section 1.4 of [10] for a discussion of the degrees of elementarity. If k(H) = k(M) = 0, then 7 is weakly
elementary iff it is 3¢ elementary and cardinal-preserving.



Corollary 2.7. (a) If M is a passive ( resp. extender-active, potential branch-active ) lpm,
and Ultg(M, E) is wellfounded, then Ultg(M, E) is a passive (resp.extender-active, potential

branch-active ) lpm.

(b) Suppose that M is a passive (resp. extender-active, potential branch-active) lpm, and 7: H —

M is ¥1-elementary; then H is a passive (resp. potential branch-active) lpm.

(c) Let k(M) =k(H) =0, and m: H — M be X9 elementary; then H is a branch-active lpm iff

M is a branch-active lpm.

Proof. rQ-sentences are preserved upward by strongly cofinal ¥y embeddings, so we have (a). They
are Ilp, hence preserved downward by ;- elementary embeddings, so we have (b).
It is easy to see that honesty is expressible by a Boolean combination of Yo sentences, so we

get (c).
O

Remark 2.8. It could happen that M is a branch-active lpm, 7: H — M is cofinal and elementary
(with k(M) = k(H) = 0), and b™ is not cofinal in 7 (s), but b is cofinal in T (s). If we were
using the branch coding in the original version of [10], then BM = @, so B¥ = (), so H is not an

Ipm.

Part (c¢) of Lemma 2.6 is not particularly useful. In general, our embeddings will preserve
honesty of a potential branch active lpm M because ©M and BM are determined by a complete
iteration strategy for M that has strong hull condensation. So the more useful preservation theorem
in the branch-active case applies to hod pairs, rather than to hod premice.

Least branch hod pairs (lbr). We say that (M, Q) is a least branch hod pair (lbr hod pair)
with scope Hy iff

1. M is an lpm.

2. Q is a complete iteration strategy for M with scope Hy (see [10, Section 5.3]).

3. € is self-consistent, normalizes well, and has strong hull condensation (again, see [10]), and
4. If s is by Q with last model N, then ¥V C Q,, where Q,(t) = Q(s"t).

Included in clause (2) is the requirement that all Q-iterates of M be least branch premice.
Because of our honesty requirement in the branch-active case, this no longer follows automatically
from the elementarity of the iteration maps.” That the iterates of M are honest comes out of the
construction of €2, as a consequence of self-awareness.

If (M,Q) is an lbr hod pair and 7: H — M is weakly elementary, then Q" is the pullback
strategy, given by

Q™ (s) = Q(7s).

®Honesty for “branch-anomalous” M does not seem to pass to Ulto(M, E) for first-order reasons.



We show now that, except in the protomouse case, (H,{2") is an lbr hod pair.

Lemma 2.9. Let (M, Q) be an lbr hod pair with scope Hs, and let m: H — M be weakly elementary.
Suppose that one of the following holds:

(a) M is passive or branch-active, or
(b) H is an lpm.
Then (H,Q7) is an lbr hod pair with scope Hs.

Proof. We show first that H is an lpm. If (b) holds, this is rather easy. If M is passive, we can
apply (a) of 2.6, noting that @) sentences go down under weakly elementary embeddings. So let us
assume that M is branch-active.

By (b) of 2.6, H is a potential branch active lpm. So we just need to see that H is honest. Let
v=vl b=0" and T = T(sf). If v = Ih(T), there is nothing to show, so assume v < Ih(T).
We must show that b = [0,)r. We have by induction that for N = H|nH, (N, Q%) is an lbr hod
pair, and in particular, that it is self-aware. Thus 7T is by Q7, and so we just need to see that for
U=Tlvand W =U"b, W is by QF, or equivalently, that 7#WV is by €). But it is easy to see that
mW is a psuedo-hull of 7 (U )AbM , and € has strong hull condensation, so we are done.

For the proof that (H, Q™) is self-consistent, normalizes well, and has strong hull condensation,
the reader should see [10]. We give here the proof that (H,Q™) is self-aware, because it extends
the honesty proof given above.

Let P be an Q7 iterate of H via the stack of trees s. Let @) be the corresponding € iterate of
M via ws, and let 7: P — @) be the weakly elementary copy map. Then for U € P,

U is by ¥ = 7(U) is by x9
= 17U is by Qrs 0
= U is by (27)s,p,

as desired.

3. CONDENSATION LEMMA

The main theorem of this section is Theorem 3.7. This theorem will be used in the [J-construction,
but it is more general than is necessary for those applications.

Our theorem extends Theorem 9.3.2 of [14], which deals with condensation under 7: H — M
for pure extender mice H and M. That theorem breaks naturally into two cases: either (1) H ¢ M,
in which case H is the crt(m)-core of M, or (2) H € M, in which case H is a proper initial segment
of either M or an ultrapower of M. The proof in case (1) works for least branch hod mice without

much change, so we begin with that case.



Definition 3.1. Let M be an lpm or a pure extender premouse, and n < k(M ); then
(a) 71’](}1 is the Eg")—SkOIem function of M. We write hyy for E%M)H.

(b) Let p(M) < « and r = p(M) — «, and suppose that r is solid. Let m: H — M with H
transitive be such that ran(m) = hys“a Ur, and suppose that 7= 1(r) is solid over H. Then
we call H the a-core of M, and write H = core,(M). In addition, if (M,X) is a mouse
pair, then the a-core of (M,Y) is (H,A), where H = core,(M) and A = X", where 7 is the

corresponding core map.
(¢) M is a-sound ift M = core,(M).
_{

According to this definition, if M is a-sound, then p(M) < a. So M could be sound, but not

a-sound, which might be confusing at first.

Remark 3.2. Let H be the a-core of M, as witnessed by w. We have p(M) C ran(7), so the new
Yk(an)41 subset of p(M) is Xy ppy41 over H. Thus p(H) = p(M) and 7(p(H)) = p(M), and H ¢ M.

One might guess that P(a)™ C H, but this need not be the case, as the following example
shows. Let N be sound, and let M = Ult(N, E), where p(N) < k = crt(F), and E has one
additional generator a. Let H = Ult(N, E|a), and let w: H — M be the factor map. Clearly, 7
witnesses that H is the a-core of M. But a = (k¥ 7)# < (k7)™ so H doesn’t even have all the
bounded subsets of « that are in M.

Theorem 3.3 (AD"). Suppose (M,X) is a Ibr hod pair with scope HC. Suppose ™ : H — M is
nontrivial®, and letting n = k(M) = k(H) and o = crt(n),” a < p,(M). Suppose also

(1) H is a-sound,

(2) mis a cardinal-preserving E[()n)—embeddmgs, and

3) H is an lpm of the same type as M?, and
(3) p yp ,

(4) H ¢ M.
Then H 1is the a-core of M.
Proof. Let r = p(H) — «, and n = k(M).

T = ThiL, (o),

7 is trivial iff H = M and 7 is the identity.

"Here we allow a to be o(H) and 7 to be the identity.

8Letting H™ and M™ be the level n reducts of H and M, this means that 7[H": H® — M™ is X, and = is the
canonical upward extension of w[H". See [14, Section 1.7]. If = is weakly elementary, then it is Zé") elementary and
cardinal preserving. The converse is probably not true. In our square application, 7 will in fact be weakly elementary.

9This means: H is passive if and only if M is passive; H is B-active if and only if M is B-active; and H is
E-active if and only if M is E-active; in the third case, F' is of type A (B, C) if and only if ™ is of type A (B, C
respectively). All but the last clause are implicit in (2).



so that T" codes H.

Suppose first that 7 is not cofinal Z(()n). Letting H™ and M™ be the level n reducts, we have that
T is 31 over H™, and hence T is ¥; over some proper initial segment of M™, so that T € M". If
n > 0, then M|p,(M)E KP and T' € M|p,(M),so H € M. If n =0 and H is fully passive, then we
have m: H — M|n for some n < o(M), and ran(m) in M. Any premouse is closed under transitive
collapse, so we again get H € M. If n = 0 and H is extender-active, then letting H~ = H||o(H),
we get H~ € M by the argument just given. However, F can be computed from the fragment
FM | sup m“o(H) and 7 inside M, so H € M. The case that n = 0 and H is branch-active can be
handled similarly, noting that the proper initial segments of b™ are in M.

So we may assume 7 is cofinal Z(()n), and hence Eg"). We claim that p(M) < «. For if not, T is
a bounded subset of p(M) that is X1 over M"™. Thus T € M|p(M), so H € M.

Suppose r = (. If v € (p(M) — «), then T can be computed easily from the solidity witness
Wf/\/l, so T in M, and with a bit more work, H € M. So we have p(M) — a = (), which implies that
H is the a-core of M, as witnessed by .

Suppose next that r = (B, ..., 51), and p(M) — a = (70, ..., Ym), where B; > Bit1 and v; > ;11
for all i. We show by induction on 7 < [ that i < m and 7(8;) = 7;. Suppose we know it for
1< k<l Let W= Wr,ﬁfﬂ be the solidity witness for ;41 in H. Since 7 is Zgnﬂ) elementary,
7(W) can be used to compute ThX; (7(Bk+1) U {70, ..., 7k} inside M. But p(M) < 7(B11), s0 we
must have k < m. Similarly, yx+1 < 7(Bg+1) is impossible, as otherwise (W) could be used in M
to compute the ¥,41 theory of p(M) U p(M). On the other hand, if 7(Br1+1) < Yk+1, then using
the solidity witness W%M)%H for yx+1 in M, we get H € M.

It follows that m(r) = p(M) — «, and thus H is the ag-core of M.

O

Remark 3.4. In the case H is the core of M, we can also get agreement of ¥ and X™ up to
(pH)H = (pT)M. See Corollary 3.14. It may be possible to prove strategy condensation in the other

cases, but we have not tried to do that.

Next we deal with condensation under 7: H — M in the case H € M .19 We shall actually prove
a stronger result, one that includes condensation for iteration strategies as well as condensation for
the mice themselves. It is convenient here to use the terminology associated to mouse pairs.

Recall from [10, Section 5.3] that (M, X) is a mouse pair iff either (M, X) is a least branch hod
pair, or (M,Y) is a pure extender pair.!’? We say that (H, V) < (M, ) iff for some (v,1) < I(M),
H = M|v,l) and ¥ = %,;. If (H,¥) and (M,X) are mouse pairs of the same type, then
m: (H,¥) — (M, ) is elementary (resp. weakly elementary) iff 7 is elementary (weakly elementary)
as a map from H — M, and ¥ = ™. We say that (M, X) is an iterate of (H, V) iff there is a stack

WIf 7. H — M is elementary, a = crt(n), H is a-sound, and o < p(M), then H € M. This is the case with the
coarser condensation results of [10, 5.55] and [, 8.2], where a = p(H) and 7(a) = p(M).

1 That is, M is a pure extender premouse, and ¥ is a self-consistent complete iteration strategy for M that
normalizes well and has strong hull condensation.
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s on H such that s is by ¥, and ¥ = U,. It is a non-dropping iterate iff the branch H-to-M does
not drop. Assuming AD" and that our pairs have scope HC, [10] proves the following:

(1) If (M, X)) is a mouse pair, and w: H — M is weakly elementary, then (H,¥™) is a mouse pair.

(2) If (H, V) is a mouse pair, and (M, ) is a non-dropping iterate of (H, V), then the iteration
map is: (H,V) — (M, X) is elementary in the category of pairs.

(3) (Dodd-Jensen) If (H,WV) is a mouse pair, (M, Y) is an iterate of (H, ¥) via the stack s, and
m: (H,¥) — (M,X) is weakly elementary, then

(i) the branch H-to-M of s does not drop, and

(ii) for all n < o(H), is(n) < w(n), where is is the iteration map.

(4) (Mouse order) Let (H, V) <* (M,X) iff there is a weakly elementary embedding of (H, V)
into some iterate of (M, X); then <* is a prewellorder of the mouse pairs with scope HC' in

each of the two types.
The following is an easy case of condensation for pairs.

Lemma 3.5. /AD"/ Let (M,X) be a mouse pair with scope HC, and let 7: (H, V) — (M,X) be
elementary, with © = identity; then either (H,¥) < (M,YX), or (H,¥) < Ult((M,X), EM), where
a=o(H).

Proof. Suppose first H is extender-active. Let F = FH and G = M and let k = crt(F). So
kP = gPM < o(H), and il “xH = M “x M Thus ran(r) is cofinal in o(M), which implies
(H,V) = (M,X).

Next, suppose that H is branch active.'? Since 7 is the identity, n = n = n™ and s = s/ = sM.
Let 7 = T(s), and let v = v so that o(H) = n + v. Because 7 preserves B, b =™ Ny, But
WM Ny = bMle(H) hecause M is an Ipm, so H = M. We get ©™ = Yz from the self-consistency
of (M,¥%), so (H,¥) < (M,X).

Finally, suppose that H is fully passive. Clearly, M||6(H) is branch-passive, and thus M||6(H) =
H. Using self-consistency for (M, ), we get (H,¥) < (M, X), unless M|6(H) is extender-active.
In that case we get (H, W) < Ult(M, EM), where o = 0(H), using self-consistency and strategy
coherence.

O

Definition 3.6. Let M and N either be both pure extender premice or both lpm’s with n =
k(M) =k(N), and 7 : M — N; then 7 is weakly elementary if 7 is the n-completion of = [ M"
(in the sense of [5]), and 7w | M™ : M™ — N™ is ¥y and cardinal preserving.

_{

120f course, this only applies when M is an lpm. In general, our proofs for pure extender pairs are special cases of
the proofs for lbr hod pairs, so it doesnt hurt to assume our mouse pair is an lbr hod pair.
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Our main condensation theorem for mouse pairs is:

Theorem 3.7 (AD). Suppose (M, X) is a mouse pair with scope HC. Suppose w : (H, V) — (M, )

is weakly elementary, and not the identity. Let o = crt(m), and suppose
(1) H is a premouse of the same type as M,
(2) p(H) < a < pyuy(H), and H is a-sound, and
(8) H is not the a-core of M.
Then exactly one of the following holds.
(a) (H, V)< (M,X).
(b) (H,¥) < Ulty((M, ), EM).

(¢c) (H, V) =Ult((M|(&, k), L), E), where (M) >, (§,k) >0 (,n), and (£, k) is lex least
such that p(M|(&,k)) < a, E is on the extender sequence of M|¢, and crt(E) is the cardinal

predecessor of a in M|E and is the only generator of E.

When one applies Theorem 3.7 in the proof of [y, it is easy see that H € M, and to rule out
conclusions (b) and (c). In that proof, p(H) = p(M) = k, and a = (k7)¥, and both H and M
are sound. This implies (¢) cannot hold. Moreover, because & is not subcompact, one can arrange
that EM = (), so (b) does not hold. So one gets conclusion (a), that (H,¥) <1 (M,%). In the
square proof, what matters then is just that H < M; the full external strategy agreement given by
YT = Xym) is not used.

Remark 3.8. It follows from the theorem that the hypothesis o < py ) (H) can be dropped, if

one omits condensation of the external strategy from its conclusion. See 3.13 below.

Remark 3.9. A relatively coarse special case of Theorem 3.7 is sketched in [10, Theorem 5.55]. In

that case, 7 is assumed to be fully elementary and crt(w) = p(H).

Proof of Theorem 3.7. Let w: (H, V) — (M, X) be weakly elementary, and let ag = crt(7). Suppose

H is ag-sound, and not the ag-core of M, so that by 3.3, H € M. For definiteness, let us assume
1314

that H and M are Ilpms. The proof in the case that they are pure extender mice is similar.
Definition 3.10. A tuple ((N,®),(G,A),o,v) is problematic iff
(1) (N,®) and (G, A) are lbr hod pairs of the same type, with scope HC, and G € N,

(2) o: (G,A) = (N, ®) is weakly elementary, with crt(o) = v,

3Even in the pure extender case, one cannot simply quote 9.3.2 of [14], because we are demanding strategy
condensation.

1Under ADT, every countable wi-iterable pure extender mouse M has an complete iteration strategy ¥ such (M, %)
is a pure extender pair. Thus our theorems 3.3,3.5, and 3.7 together imply 9.3.2 of [14], modulo some details about
where the strategies live, and how elementary 7 is.
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(3) v < pr(e)(G) and G is v-sound, and

(4) conclusions (a),(b), and (c) of 3.7 all fail; that is, (G, A) is not an initial segment of (N, @),

nor is it an ultrapower away in the manner described in (b) or (c).

_|

Claim 1. Let ((N,®),(G,A),o0,v) be a problematic tuple, and k = k(G); then then p(G) < v <
pr(G) < pr(N).

Proof. p(G) < v because G is v-sound. pi(G) < pp(N) because o is weakly elementary. O

We must show that ((M,Y), (H, V), 7, «p) is not problematic. Assume toward contradiction
that it is, and that (M,Y) is minimal in the mouse order such that it is the first term in some
problematic tuple.

We obtain a contradiction by comparing the phalanx (M, H,ag) with M, as usual. However,
since we are comparing strategies, this must be done indirectly, by iterating both into some suffi-
ciently strong background construction C. It can happen that at some point, the two sides agree
with each other (but not with C). This leads to a problem in the argument that the end model on
the phalanx side can’t be above M. The solution, employed in [10]), is to modify how the phalanx
is iterated, moving the whole phalanx (including its exchange ordinal) up at certain stages. Our
main new problem here is that because of the restricted elementarity of our maps, if we move up
naively, the new phalanx and associated embedding may not be problematic. This forces us to drop

to a new problematic phalanx on occasion.

Claim 2. Let ((N,®),(G,A),o,v) be a problematic tuple, and k = k(G); then we can decompose
o | G* as
ol GF= U o,
n<pr(G)

where each ¢ belongs to N*.

Proof. Assume first k = 0, and that 6(G) is a limit ordinal. For n < 6(G), let G" be G||n, expanded
by I, where I" is the appropriate fragment of FG if G is extender active, and the appropriate
initial segment of BY if G is branch active. Let N be N||o(n), expanded by o(I"). Let ¢ be the
fragment of o given by

dom(c™) = hém “(v U s),

and

O-n(h%?" (67 3)) = h}va(n) (67 U(S))v

for § <wv. We have that 0" € N, and o =, 4y 0"- If 6(G) is a successor ordinal, we can ramify
using the S-hierarchy.

The case k > 0 is similar. We have G¥ = (G||pr(G), A) where A is Th{ (pr(G) U pp(G)). For
n < pi(G), let
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G = (Glln, AN Glln).

Let s = pfk \v, and let h},, be the £ Skolem function, so that Gk = hé,k “(vUs). For n < rhog(G),
dom(c™) = h&m “(v U s),

and for v < v in dom(o™),
U”(hén (v,8)) = h}vkug(m (v,0(s))-

It is easy to see that this works. O
We call ((¢”,G") | v < n < pr(G)) as above the natural decomposition of o | G*.
Using claim 2, we can move a problematic tuple (N, ®), (G, A), o,v) of up via an iteration map
that is continuous at pi(G). When the iteration map is discontinuous at px(G), we may have to

drop.

Definition 3.11. Let ® = ((N,®), (G, A), 0,v) be a problematic tuple; then ® is extender-active
iff BN £ . .
When we move up extender-active tuples, the new exchange ordinal is always the image of the

old one, so the new tuple is still extender-active.

Claim 3. Let ((N,®), (G, ), o, v) be problematic, and suppose that (N, ®) <* (M, X); then there
is no proper initial segment (@), 2) of (G, A) such that v = p(Q) and either

(i) EN =0, and (Q,Q) is not an initial segment of (N, ®), or

(ii) EY #0, and (Q,Q) is not a proper initial segment of Ult((N, ®), EN).

Proof. This follows from the minimality of (M, X) in the mouse order. For if (Q, () is a counterex-
ample, then letting (R,T") < (NN, ®) be such that R = ¢(Q), we have that (R,I") <* (M,X), and
(R, T),(Q,Aq),o | Q,v) is problematic.
O
So under the hypotheses of claim 3, (N, ®) agrees with (G, A) strictly below v,
We are ready now to enter the phalanx comparison argument of [10].
Let N* be a coarse I'-Woodin mouse, where ¥ € Ap and I' is an inductive-like, scaled pointclass

contained strictly in the Suslin co-Suslin sets. Let (ﬁ , 2%, 0%) satisfy the following.
(i) N*E F is a coarsely coherent extender sequence.
(i) F witnesses 6* is Woodin in N*,

(iii) ©* is an (w,w;)-F-strategy for N*15 such that the restriction of £* to stacks in V& is in
N*. In fact, N* F “I am uniquely F-iterable for stacks in V"

15380 ultrapowers used in trees according to ©* are by extenders in F and its images.
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(iv) There is a Coll(w, *)-term 7 and a universal I'-set U such that if i : N* — N is via ¥* and
g C Coll(w,i(6*)) is N-generic, then i(7), = U N N|g].

Let C be the maximal F-construction of N *, with associated models M, ; = M;CJ and induced
strategies 2,,; = QF, for (v,1) < (6*,0). By [10, Theorem 5.31], there is a unique pair (1, ko) such
that (M, X) iterates to (Mg ko, Qno.ko)» and for all (v,1) <iex (10, ko), (M,X) iterates strictly past

(My;,9,). Let U, be the unique normal tree on M witnessing (M, ) iterates past (M, Q).
16

We define trees S, ; on (M, H, o) for certain (v,1) < (no, ko). Fix (v,1) < (no, ko) for now, and
assume S,y is defined whenever (v/,1') < (v,1). Let U = U,,;, and for 7 < 1h(U), let

Ef = Eur(rﬂ)

be the tail strategy for MY induced by ¥. We proceed to define S = 8,1, by comparing the phalanx
(M, H, o) with M,,;. As we define S, we lift S to a padded tree 7 on M, by copying. Let us write

Eg— = X7 (0+1)
for the tail strategy for ./\/lg induced by X. For 6 < [h(S), we will have copy map

T : /\/lg —>./\/lg—.

The map 7y is a weakly elementary. We attach the complete strategy
Ag = (Z])™

to ./\/lg. We also define a non-decreasing sequence ordinals A\g = )\g that measure agreement between
models of S, and tell us which model we should apply the next extender to.

The following claim will be useful in pushing up problematic tuples.
'S
Claim 4. Suppose £ <g 0 and (&,6]s does not drop; then A¢ = A;‘E’e.

Proof. Because ¥ is pullback consistent, we have EZ— = (Zg—)ig‘). But then

16 We can work in N* from now on, and interpret these statements there. But in fact, the strategies €, are
induced by ¥ in a way that guarantees they extend to ¥*-induced strategies Q:l defined on all of HC. U, iterates
(M, %) past (M1, Q) in V.
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as desired. OJ
We start with
MS = M,MS = H,)\o = Q,

and

and
Ap=X, Ay =X,

We say that 0, 1 are distinct roots of S. We say that 0 is unstable, and 1 is stable. As we proceed,
we shall declare additional nodes 6 of S to be unstable. We do so because (M$, Ag) = (MY, xH)

for some v!'7, and when we do so, we shall immediately define ./\/l‘g 1, as well as og and «p such that

o =qf <(Mg, Ap), (Mbs+17 Aoi1), 00, ag)

is a problematic tuple. Here Agy1 = Ag?. In this case, [0, 0]s does not drop, and all { <g 6 are also
unstable. We regard 8 + 1 as a new root of S. This is the only way new roots are constructed.

Let us also write
y =qaf <Mg7Mg+170970‘9>

for the part of ®y that is definable over /\/lbS We say @, is problematic iff it is not the case that
either ./\/lg 1 < ./\/lg or ./\/lg 1 is an initial segment of an ultrapower of ./\/1‘99 in one of the two ways
specified in the conclusion of 3.7.

If 6 is unstable, then we define
By = (o )Mi+1.

If £ <g,0, then we shall have 8y < ige(ﬁg), and
By = ig g(Be) = B = if 4(Pe),

in the appropriate sense. In this connection: it will turn out that i¢¢(8¢) = By implies igg is

continuous at pk(/\/lf+1), where k = k(/\/lf‘s+1). So we can set

igg (0¢) = upward extension of U z"ge (02),

n<pp(Mg, )
where <O’g | n < pk(M‘gSH)) is the natural decomposition of o¢. This enables us to make sense of
i, (®;)
§0NTE

17 In the first version of [10] the external strategy agreement was not required for @ to be declared unstable, but it
is important to do so here.
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The construction of S takes place in rounds in which we either add one stable 6, or one unstable
0 and its stable successor 0 + 1. Thus the current last model is always stable, and all extenders
used in S are taken from stable models. If v is stable, then A, = )\(E,‘Yg ).

In sum, we are maintaining by induction that the last node v of our current S is stable, and

Induction hypotheses (}),. If # < v and 6 is unstable, then
<s 0 and [0, 0]s does not drop (in model or degree), and every £ <g 6 is unstable,
1) 0 <s 6 and [0,0]s d d i del or d d <g0i bl
(2) there is a v such that (M5, Ag) = (M%’, 214),
(3) @y = (M3, Ay), (MéSH, Ag11), 009, ) is a problematic tuple,
g 1s extender-active 1 o 1s extender-active, and if @y 1s extender-active, then 5 ,(g) = g,
4) Dy i d ive iff @ i d i dif @y i d i hen 45,
(5) if £ <g 6, then ap < ige(aﬁ) and [y < ige(5§)7
6) if (ag, Bo) = ¢ g({a, Be)), then
(a) &, = ifﬂ@)g), and
(b) ige is continuous at pk(./\/lfﬂ), for k = k(./\/lgﬂ),
(7) ./\/lg;_l = Mg, and g1 = mg 0 0y.
Setting op = 7, we have ().

For a node v of S, we write S-pred(~y) for the immediate <s-predecessor of S. For v a node in

S, we set
st(y) = the least stable § such that 6 <gs 7,

and

" S-pred(st(y)) : if S-pred(st(y)) exists
rt(y) =
st(7y) : otherwise.

The construction of S ends when we reach a stable 6 such that

(D) (M1, 00) < (MG, Ag), or

(I1) (MG, Ag) < (M1, ), and [1t(6), 0]s does not drop in model or degree.*®

8Tn [10, Theorem 5.10], there is another way the comparison can end: we reach a stable  such that for some &,
MG = M?, and neither [rt(0), 0]s nor [0, &Jys drops in model or degree. Moreover, letting Q be the result of removing
the last extender predicate of Mj, then Q < M,,;. This is not necessary in our situation, and would cause problems
for the strategy-condensation part of our proof.
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If case (I) occurs, then we go on to define S, ;4. If case (II) occurs, we stop the construction.

We now describe how to extend S one more step. First we assume S has successor length v+ 1
and let Mf be the current last model, so that + is stable. Suppose(f), holds. Suppose (I) and (II)
above do not hold for 7, so that we have a least disagreement between /\/lf and M, ;. By the proof
of [10, Lemma 5.9], the least disagreement involves only an extender E on the sequence of Mf
Letting 7 = 1h(E), we have

o My|(r,0) = MJ|(7,~1)," and

o (1) 00 = (Ay)(r-1)-
Set )\§ = A and £ be least such that crt(E) < )\‘g. We let S-pred(y+1) =&. Let (8, k) be lex
least such that either p(/\/lf|(ﬁ,k)) <crt(E) or (B,k) = (é(/\/l?), k‘(./\/l?)) Set
MSE, =U(ME|(B, k), E),
and let if 41 be the canonical embedding. Let
My =UKM] |(me(B), k), 7y (B)),

and let 7,41 be given by the Shift Lemma. This determines A;.

If ¢ is stable or (8,k) < (é(/\/lf),k:(/\/l?)), then we declare v 4+ 1 to be stable. (f),41 follows
vacuously from (1)..2

If £ is unstable, (8,k) = (6(/\/{?), k(/\/lg)), and (./\/lirl,AﬂY + 1) is not a model of U, then again
we declare v + 1 stable. Again, (1)41 follows vacuously from ().

Finally, suppose ¢ is unstable, (5, k) = (6(/\/1?), kr(/\/lg)), and for some T,
(M1, Aypr) = (MY B2,

We then we declare v + 1 to be unstable and v + 2 stable. We must define the problematic tuple
needed for ()y42. Let i = i§7+1v and

<(N7 \11)7 (G7 (I))a g, a> = <(M§7 A§)7 (M§+17 A£+1)7 O¢, a§>~
We have that ((V, V), (G, ®),0,a) is problematic. Let k = k(G). (So k = k(N) = k(M).)

Case 1. i is continuous at pg(G).

In this case, we simply let

(MS 1o, 1) = (i(G), i(a)).

"Recall MS|(7, —1) is the structure obtained from MS|r by removing E.

20Tt is possible that £ is unstable, A¢ = e, S-pred(y + 1) = &, and Crt(E:?) = Ar where F is the last extender of
M¢|ag. In this case, (8,k) = (Ih(F),0). The problem then is that M3, is not an lpm, because its last extender
i¢,~+1(F) has a missing whole initial segment, namely F'. Schindler and Zeman found a way to deal with this anomaly
in [6]. Their method works in the hod mouse context as well. Here we shall not go into the details of this case. The
anomaly cannot occur when £ is stable, because then A\¢ = )\(Eg) is inaccessible in M$.
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We must define 0,,1. Note that by our case hypothesis,
i(GF) = i(G)*.
Let (67 | n < pr(G)) be the natural decomposition of o | G, and set

ilc1GH =[] ilo".

n<pr(G)

Using the continuity of i at pi(G), it is easy to see that i(c | G* is Yg-elementary from i(G)* to
i(N)kE. We set

oy+1 = completion of i(o | Gk) via upward extension of embeddings,

and

— A9+l
Ayio = A7+1 :

This defines ®,,1. Abusing notation a bit, let us write

We must see that @, is problematic. First, it satisfies the hypotheses of the condensation
theorem 3.7. For G is a-sound, so i(G) is i(«)-sound. By downward extension of embeddings (cf.
[5, Lemma 3.3]), i(c | G¥) extends to a unique embedding from some K into i(NN), and it is easy to
see that K = i(G), because i(G) is k-sound, and that the embedding in question is what we have
called i(c). i(o) is weakly elementary: it maps parameters correctly, i(o) | i(G)* is Yo-elementary
and cardinal preserving by construction.

Finally, crt(i(o)) = i(a), because for all sufficiently large n < px(G), a + 1 C dom(o") and
crt(o) = «, so crt(i(o”)) = i(a).

So we must see that one of the conclusions of 3.7 fails. We show that the conclusion that failed
for @, fails for @ ;.

Suppose first that <I>§_ is problematic. We break into cases. If G is sound and EY = (),
then =G <« N. But then i(G) is sound, EZ(%) = 0, and —i(G) < i(N), so &, is problematic.
If G is sound and EY # (), then =G < Ult(N, EY). But then i(G) is sound, EZ((C]:;) # (), and
—i(G) < Ult(i(N), EZ((;\;)), so ®_ . ; is problematic. Finally, there is the case that G is unsound. The
II; fact that G is not an initial segment of an appropriate ultrapower of N is preserved by i, so we
are done.

So we may assume <I>£_ is not problematic, and hence also q); 41 is not problematic. Suppose
first G < N, so i(G) <i(N). We must show A) # (Ay+1)i(@), so suppose otherwise. Using claim

' y+1
4 we get Ag = Al 4, so
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a contradiction. Equation 2 holds because i o 0 = i(0) o i, and equation 5 comes from equation 4
using claim 4 again. Thus ®¢ is not problematic, contradiction.

A similar argument shows that &, is “strategy problematic in the other two cases, when G
is an ultrapower away from N.

Thus <M§f+1,/\/l§+2,07+1,a7+1> is problematic. Setting
MLz = M;r+1 and 7y 19 = Ty41 0 Oyt

the rest of (f),42 is clear.

Case 2. i is discontinuous at pi(G).

Set k = Crt(E:?). In case 2, pi(G) has cofinality ~ in N. Since p(G) < a and G is a-sound, we
have a X1 over G* map of a onto (a*)“. Ramifying this map, we see that (™) also has cofinality
Kk in N.

Let (6", G") | o < 1 < pr(G)) be the natural decomposition of o [ G¥.2! Let s = p(G) — a, so
that

dom(c™) = him“(a U s).

Let
7= |J i)
<pr(G

n )

k

The domain of 7 is no longer all of i(G)", instead

dom(r) = | hlgn“(i(0) Ui(s)).
n<pr(G)

But set
J =Ult(G, E; | supi“a),

and let t: G — J be the canonical embedding, and v: J — i(G) be the factor map. This is a ¥
ultrapower, by what may be a long extender. That is, J is the decoding of J*¥ = Ulto(G*, E; |

21'We encourage the reader to focus on the case k = 0, which has the main ideas.
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Figure 1: Lift up of (N, G, 0, ) in the case i is discontinuous at pg(G)

supi“a). Note that t is continuous at «, because « is regular in G (because a = crt(o)), and
a < pi(G).

We claim that ran(v | J¥) C dom(7). For let f € G* and b C supi“a be finite, so that t(f)(b) is
a typical element of .J*, and v(t(f)(b)) = i(f)(b). We can find 7 < pj(G) such that f € dom(c") and
n > a, so that i(f) € dom(i(c")) and b C i(n). Since f“(a) C dom(o"), i(f)“i(a) C dom(i(c™)),
so i(f)(b) € dom(7T), as desired.

Let 7 be the extension of 7 given by: for a C supi“pg(G) finite,

r(hEE (a,p(i(G))) = WERD (7(a), pu(i(N)).

It is easy to check that ran(v) C dom(7).

This gives us the diagram in Figure 1.

The map 7 here is only partial on i(G), but Tov: J — (V) is total. Also, i“G C dom(7), so
T o1 is total on G. For each n < pi(G), and x € dom(c"),

i00"(x) =i(a")(i(x)),
so 7o agrees on G¥ with i o 0. Since both map px(G) to pi(i(N)),
Toi=1%00.

Clearly i | G = v ot, so the diagram commutes.

Since F; [ supi“a is a long extender, we need some care to show that J is a premouse. The
worry is that it could be a protomouse, in the the case that G is extender active and £ = 0. So
suppose k = 0 and p = crt(F G); it is enough to see that ¢ is continuous at p¢. If not, we have
f € G and b C supi“« finite such that

supi“ptC <t(f)(b) <i(uh).

We may assume dom(f) = +/*l, where v < @, and by Los, ran(f) is unbounded in 5. It follows
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that u ™% < a. But cof (u™%) = cof (6(G)) = k in N, so u™¢ is not a cardinal in N, so ™ < a
is ruled out by ¢ | a being the identity.
Thus J is a premouse. We claim that 7 o v is weakly elementary. First, 7 is a partial 3 map
from i(G)¥ to i(N)¥, so Tow | J¥is g from J* to i(N)*.
The diagram shows that
Tov(pg(J)) = Tovot(p(G)) =i00(pk(G)) = pr(i(N)).

For n < pi(G), we have that ¢ is the identity on a7, so
supi“a = supt“a < crt(r o v).

But a < o(«a), so i(a) < too(a) = Tovot(a). Also, t(a) < i(a), so t(a) < 7 ov(t(a)). Thus
crt(T ov) < t(a), and since t(a) = supt“a, we get

crt(T owv) = supi“a = t(a).
We set

S
M=,
Oy41 = Tow, and

Qyp1 = Crt(7 0 v).

We need to see that @, is problematic.
Claim.

(a) If ®, is problematic, then ®7, is problematic.

(b) ®¢ is extender-active iff &, is extender-active; moreover, if ®¢ is extender-active, then

i?,yﬂ(“é) = Qiyy1.

Proof. We write
;—&-1 = <Z(N)7 J,Touw, Crt(T o 11)>

The reader can easily check that the tuple obeys the hypotheses of 3.7. Clearly J is X1 generated
by supi“a Ut(s), and crt(7 o v) > supi“a. ¢ preserves the solidity of s, so ¢(s) = p(J) — supi“a.
We have shown that 7 o v is weakly elementary. Since i(G) € i(N), we have J € i(NN), so J is not
the crt(7 o v)-core of i(N).

So what we need to see is that none of the conclusions (a)-(c) of 3.7 hold for (i(N), J, Tov, crt(ro
v). We break into two cases.

Case A. ®¢ is not extender-active.

We have E} = (). Since (N, ¥) <* (M[,%]) <* (M, ), claim 3 gives

Gl(a)¥ = N||(a™).
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Since G € N, there is a first level P of N such that P||(a™)% = G|(a™)¢ and p(P) < a. Because
our tuple is problematic, P # G. Letting n = k(P), we get by the argument above that in N,
pn(P) has the same cofinality as (a*)” = (o), namely &.
We set
Q = Ult(P, E; | supi“a),

and let to: P — @ be the canonical embedding, and vp: @ — i(P) be the factor map. Again, we
must see that () is not a protomouse, in the case P is extender active with crt(F Py =, and n = 0.
If @ < p™F, this follows as above. If ™7 < a, then because Pla™! = G|a™C, utF is a cardinal
of G, and hence of N, so i is continuous at u™%, as desired.
It is easy to check that the hypotheses of 3.7 hold for ((i(P), ), (Q, 2", vo,crt(vg)), where
Q = (Ay41)i(p)- Note here that
supi“a = crt(vg) = to(w),

because o is continuous at « and i is not. Let s = p(P) \ a; then P = k5" “a U s because P is
sound and p(P) < . Thus
Q= hg“ “(supi“a Utg(s)).

Moreover, ty maps the solidity witnesses for s to solidity witnesses for ¢o(s), so
Q is crt(vp)-sound,

with parameter to(s) \ crt(vg).?? Also,

p(Q) < supia = ert(vg) < to(a™) < pu(Q),

where the last inequality comes from p,(Q) = suptp“p,(P) and the fact that ¢y is continuous at
at P, It is easy to verify that vg is weakly elementary. Finally, i(P) is sound, so @ cannot be its
crt(vg)-core.

Thus the hypotheses of 3.7 hold for ((i(P), ), (Q, 2", vy, crt(vy)). But note

(i(P), Q) < (i(N), Ayi1) <* (MT,,5T,) <* (M. Z).

So because (M, ) is minimal, one of the conclusions of 3.7 holds, and @ is an initial segment of
i(P), or an ultrapower away. (One can argue that Q<1¢(P), but we don’t need this.) However, J and
Q agree to t(a™%) = ty(a™T), and both project to supi“a or below. So if (i(N), J, T ov, crt(rov))
is not problematic, then

J=0Q.

This implies that k(J) = k(Q), and t(s) = to(so), where so = p(P) —a. Butt [a=1i[a =1 | a.
It follows at once that G = P. So G <« N, and <I>§_ is not problematic, contradiction. This gives (a)

of the claim.

22() may not be sound; this happens if p(P) < k.
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For (b), we must see that crt(r o v) is not an index in i(/N). There are two cases. If i is
continuous at «, then crt(v) > i(a) and crt(7) = i(«), so crt(7 o v) = i(«), which is not an index
in i(N). Otherwise, crt(7 o v) = crt(v) = supi“a. But then supi“a has cofinality « in (N), and

since & is a limit cardinal in ¢(IV), it is not the cofinality of the index of a total extender in i(NN).

Case B. ®¢ is extender-active.

In this case supi“a = i(a), because a has cofinality crt(EY)™" in N. So i(a) is an index in i(N),
say of F'. Moreover, i(a) = crt(7 o v), so we have (b) of the claim.

Let R = Ult(N,EY). G|a™% is an initial segment of R by (x)(N). If a™® = a™¢ then
(o)t = i(a)HURENLE)) D50 (i(N),J,7 o v,i(a)) is problematic. (Since crt(v) > i(a), i(a) =
crt(r o v)).) Otherwise, we have a first initial segment P of R past a™¢ that projects to or below
a. We can now use P just as we did in Case A, thereby proving (a) of the claim.

O

By the last claim, we may assume that <I>£_ and <I>; 1 are not problematic. Suppose for example
that G << N, so that J < i(N). Since ®¢ is problematic, Ag # (A¢)g.. If @44 is not problematic,
then

(Ays1)s = AT5%.

Because (i(G), (Ay+1)iq)) <* (M, X), we also have

(Ay+1)i(y = (Ayg1)

By claim 4, A = Aiyofl. So we can calculate as above

Ai1)ie

This is a contradiction. The cases in which G is an ultrapower away from N are similar, so we

conclude that ®..1 is problematic in all cases.

This finishes the definition of ®,,1, and the proof that it is a problematic tuple. We have also
proved (4) of (t)y+2. We now verify the rest of (1),42.

For the first part of (5), note that if ¢ is discontinuous at «, then supi“a = crt(v) = crt(r o
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v) < i(a), and if ¢ is continuous at «, then crt(r) = i(a) = crt(r o v). Thus in either case,

ay1 S 0§ (ag).
For the rest of (5) and (6), it is enough to see that 8,411 < i(83), where 8 = B¢ = ()¢, If i
is discontinuous at «, then « is a limit cardinal of G, and 8,11 = (supi“a)t’/ < i(a) < i(8), as

desired. If i is continuous at «, then since and (a¥)% has cofinality x in N, we get

(1) < i)™ = supi“p < i(B),
as desired.
(7) of ()42 is obvious from our definitions.

Remark 3.12. If Case 2 occurs in the passage from ®¢ = (N, G,0,a) to to 441 = (i(N),J), 7o
v, crt(Tow)), then pi(J) = sup t“pi(G) has cofinality « in i(/V), where k = crt(E,‘Yg). Along branches
of § containing v + 1, k can no longer be a critical point. It follows that along any given branch,

Case 2 can occur at most once.

If (I) or (II) hold at 4 2, then the construction of S is over. Otherwise, we let Ef+2 be the

least disagreement between ./\/lg o and My, and we set

Aya1 = inf(aq 1, )‘(E$+2))-

This completes the successor step in the construction of S.

Now suppose we are given S [ 0, where 6 is a limit ordinal. Let b = 3(7 | 0).

Case 1. There is a largest n € b such that n is unstable.

Fix n. There are two subcases.

(A) forally € b—(n+1), rt(y) = n+ 1. In this case, b — (n + 1) is a branch of S. Let S choose
this branch,

m+1,0)s =b—(n+1),

and let M$ be the direct limit of the ./\/lﬁ for sufficiently large v € b — (n+ 1). We define the
branch embedding Zf,o a usual and 7y : Mg — MHT is given by the fact that the copy maps
commute with the branch embeddings. We declare 6 to be stable.

(B) for all y € b— (n+ 1), rt(y) = n. Let S choose

[07 0)3 = (b - 77) U [07 77]3)

and let M‘g be the direct limit of the ./\/lf for sufficiently large v € b. Branch embeddings ii@
for v > n are defined as usual. 7y : Mg — /\/lz' is given by the fact that copy maps commute
with branch embeddings. We declare 6 to be stable.
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Since 0 is stable, (1)g follows at once from Vy < 6(f),.
Case 2. There are boundedly many unstable ordinals in b but no largest one.
We let 17 be the sup of the unstable ordinals in b. Let & choose

[0,0)s = (b—n) U[0,7]s,

and define the corresponding objects as in case 1(B). We declare 6 stable, and again (f)y is imme-
diate.
Case 3. There are arbitrarily large unstable ordinals in b. In this case, b is a disjoint union of

pairs {v,7v + 1} such that v is unstable and v + 1 is stable. We set
[0,0)s = {£ € b |  is unstable},

and let M@S be the direct limit of the /\/l‘g ’s for € € b unstable. There is no dropping in model
or degree along [0,6)s. We define maps ige,ﬂg as usual. If (./\/l‘g,Ag) is not a pair of the form
(MY 32U then we declare 6 stable and (1) is immediate.

Suppose that (M‘g ,\g) is a pair of U. We declare 6 unstable. Note that by clauses (4) and (5)
of (1), there is a £ <g 6 such that for all v with £ <g v <g 0, igv«ag,ﬂg) = (ay, B4). So we can
set

ap = common value of i‘vsﬂ(aw), for v <g 0 sufficiently large.

By clause (5), we can set
M;}SH = common value of zﬁ@(/\/lfﬂ), for v <g 0 sufficiently large.

We also let

0p = common value of iie(av), for v <g 0 sufficiently large.

Here

z"vgﬂ (o) = upward extension of U ifﬂ(a@,
n<p

where p = pk(./\/l§+1) for k = k:(M§+1), and the o7 are the terms in the natural decomposition of
o. By (5) of (1), iie is continuous at py(M41) for v <g 0 sufficiently large, so oy is defined on all
of M‘gH. It is easy then to see that ®p = (M3, Ag), (Mgﬂ, Ag11), 009, ) is a problematic tuple.
If (I) holds, then we stop the construction of S = S,; and move on to S, ;4+1. If (II) holds, we
stop the construction of § and do not move on. If neither holds, we let Eg '+, be the extender on

the ./\/lg 1 sequence that represents its first disagreement with M, ;, and set
Xos1 = MEg 1),

and

/\9 = inf()\9+1, Ozg).

It then is routine to verify (1)g41.
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This finishes our construction of S = S,; and 7. Note that every extender used in S is taken
from a stable node and every stable node, except the last model of S contributes exactly one
extender to §. The last model of S is stable.

Claim 4. The construction of S, ; stops for one of the reasons (I) and (II).

Proof sketch. This follows at once from the fact that in the comparison above, no strategy dis-
agreements show up, and M, ; never moves. That in turn can be shown by the same method by
which the other results on comparing phalanxes with background constructions are proved in [10].
See [10, S 6.2].

O

Claim 5. For some (v,1) < (1o, ko), the construction of S,,; stops for reason (II).

Proof. If not, then the construction of & = S, x, must reach some M such that (M, ko Qio.ko)
is a proper initial segment of (M3, Ag). Let j : M — M, 1, be the iteration map given by U, k-
(Note that by the definition of (o, ko), My, k, is a nondropping iterate of M.). Letting T = Ty, ko,
we have my : /\/lg — /\/lg' from the copying construction. Let

Q = mg(Mpy ko )5

then
mpoj: (M, %) = (Q,(5])q)

is an elementary map, because

S=0 = (M), ) = (B])Q)™

Thus 7y o 7 maps (M, X)) into a proper initial segment of (Mg—, ZZ—), contrary to the Dodd-Jensen
Theorem. ]

By Claim 5, we may fix (v,1) < (10, ko) such that the construction of S = S, ; terminates at a
stable 6 such that for some -, M‘g < /\/lz,f”‘l. Let S =8,;, U =U,;, and let v be the least such that
M$ < Mz,f We have 1h(S) = 6 + 1, and [rt(), 0]s does not drop in model or degree. If 0 <gs 6,
then [0, 0]s does not drop in model or degree.

Claim 6. For some unstable &, rt(f) = £ + 1.

Proof. If not, then 0 <s 6 and the branch [0, f]s does not drop.

We claim that (M‘g,Ag) = (MZ,Z%) For otherwise z“gﬂ maps (M,Y) to a proper initial
segment of a X-iterate of (M, Y), contrary to the Dodd-Jensen Theorem. (Note here that ¥ is the
pullback of Ag under i‘os’g, by Claim 4.) For the same reason, [0,7]y does not drop. We also get by

a standard Dodd-Jensen argument that

S _ U
0.0 = 10,

27



To see this, note that both are elementary maps from (M,X) to (Mg, Ag) = (Mu E“) Since i%’ﬁ

is an iteration map, for all £

H(€) <5, (8).

Since ioTﬂ is also an iteration map, for all £

ioT,n(f) =Tpo ibg,n(f) < Ty © 216{,7(5)-

Multiplying by 7Tn_1, we get that igm(f) < izéfv(g) for all £. So iﬁn = z'z(j”T.
Since we can recover branch extenders from branch embeddings, we get then that

S _ U 23
S = S5-

Let n <s 6 be least such that 7 is stable. Then 35 = s‘g [ = sZ:Y’ [ § for some §. But there is 7
such that s = 85 [ 0. Thus ./\/l‘s MY. We have also

n 0 vy T

S _Z'L{
0 — Ty

If n is a limit ordinal, then by the rules at limit stages of S above, we declare n unstable. This

by pullback consistency, since ¢

contradicts our assumption. If S-pred(n) = p, then u is unstable by our minimality assumption on
7; but then we declare n unstable by our rules at successor stages. Again, we reach a contradiction.
O

Let € be as in Claim 6, and let 7 be such that (/\/lf, A¢) = (MY, 5Y). We have ME = MY, so
s? = s4 by the proof in claim 6.

Claim 7. 7 < 7.

Proof. We show first 7 < . Let
A = sup(I(s3 (1)) = sup(Ih(s(0)).

We have that (MES,Ag)7 (M‘g_H, Agy1), and (M3, Ag) all agree below A.(Note that A < ag.) How-
ever, if < 7, then Mu disagrees with MY below A. Thus 7 < 7.

Now suppose v = 7. If § = £ + 1, then (Mg+1aA£+1) (MY ) = (./\/l Ag), so ®¢ is not
problematic, contradiction. If 8 > & + 1, then M is not ag-sound. Since MS < /\/l , we must
have M‘S = MY. However, M?H belongs to ./\/lS = MY because ®; is problematic, and clearly

5 ¢ MS$, again a contradiction. Thus v # 7. O

Note that in fact (./\/l?, ¢), (Méﬂ, Agi1), and (MY $H) all agree with M,,; below ag. (Possibly
not at ag.) This is because otherwise A\¢ < a¢, and £ 41 is a dead node in S.

Claim 8. (MG, Ng) = (MY, 3H).

23

s§ is the sequence of extenders used along the branch [0,6]s and similarly for s4.
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Figure 2: Phalanx Comparison

Proof. Otherwise (L.:\/lg,Ag) N (./\/174, 29/’), so M5 is sound, and thus 0 = & + 1. p(./\/l?H) < ag, so
o( M) < ()M,

Supupose first 8 = Ih(EY) > ag. Then (MY, 3Y) agrees with (M%,Eg) below 3, and g >
(ag)Mv, S0 (Mtgﬂ, Agir) < (MY TY) = (M‘g,Ag). It follows that ®¢ is not problematic.

Suppose Ih(EY) = ag. Let us write

U _ MY Mg
F=EY=EM = E,°.

We have (Mgﬂ, Agyr) < (MY, 1,34, )), because (MY, TY ) agrees sufficiently with (Mff, Eg’)
Thus y =74+ 1and = § + 1. Let k = crt(F) and pu = A(F). Since o¢(p) = p, p is a cardinal of
Mg, and F is total on ./\/lf We shall show that (Mfﬂ, Aet1) < Ulto((Mf,Ag), F), so that ®¢ is
not problematic. Note that Ulto((Mtg, A¢), F) = Ultg((MY, 35Y), F).

Let n = U-pred(7 + 1). By (4) of ()¢, ¢ = i‘gﬁ(ao) = i%{T(ozo). Thus k € ran(i%{T). From this
we get that n <y 7.

Let n = k(M) = k(MY) = k(MT%’) We have ag < p,(M) by hypothesis, so ag < pp(MY).
If n = 7, then MY, | = Ult,(MY, F) agrees with Ultg(MY, F) to supi“p,(MY), which is well
past 1h(F)™ as computed in the ultrapower, so we are done. So assume 1 <y 7, and let G be
the extender applied to M%{ in (n,7]y. We must have crt(G) < pn(M%{), as otherwise [0, 7]y
drops. But also k < crt(G), because k < A(G) by the definition of 1, and k € ran(iz(){T). Thus
(k) THMT < ert(G) < pu(MY). Tt follows that Ult, (MY, F), Ulto(MY, F), and Ulto(MY, F) all
agree to their common value for Ih(F)*. This is what we need.

([l

Claim 9. a¢ is a successor cardinal of Mf 1

Proof. Suppose not. It follows that ag is a limit cardinal of M and that p(/\/l‘gS 1) = ag. Thus
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M?H is sound, and it is the core of M‘g. Moreover, 1? +1,0 18 the uncoring embedding, and

41,0
A§+1 = A@ '

by Claim 4.
So (Mfﬂ, Ag¢41) is the core of (MZ:Y’, 21;’) It follows that there is a 8 € [0, 7]y such that either
./\/lfJr1 = M%’ or M?H < M%’ In either case,

2 .S
LBt T tet10

is again the uncoring map. By pullback consistency in U/, setting Q) = M‘gﬂ,

(4)q = (=)
,L'S
— A6§+1,9
- A£+1.

Thus (M?+17A£+1) g (./\/l%, E%)

Clearly 8 > 7. 8 = 7 is impossible because ®; is problematic, and (MY, ¥¥) = (M‘;,Ag). So
suppose 5 > T.

Since ag is a limit cardinal ofM‘g, Ih(EY) > ag. Ih(EY) is a cardinal of MY, so if (Mfﬂ, Aei1)<
(M%, Eg), then (M?+17A£+1) < (MY, 34, contrary to ®¢ being problematic. So ./\/lfﬂ = M%’

Now let F be the first extender used on the branch [0, 5]y such that 1h(F) > a¢. Since
p(./\/lzg) = ag, crt(F) > ag. But then MY = ./\/l‘g+1 is not a-sound, contradiction. O

Let p be the cardinal predecessor of ¢ in Mf 1, Or equivalently, in Mg . Let also p = p(./\/lgﬂ).
We have p € {1, ¢}, and

MS
Claim 10. Eaf = 0.

Proof. Otherwise E;\:? = FY, Ih(EY) = ag, and p = \(EY).

Let F be the first extender used in [0,v]y such that Ih(F) > ag. We claim that F' = EY. For
if not, then by the rules of normal trees, crt(F) < A(EY) < A(F). Since p(MY) < ag < M(F), we
must have p(./\/l,byl) < crt(F) < p. However,

p=p(MY) = p(MF) = p(ME,1) = 1,
because p is a cardinal of ./\/lf and M?H € M‘g This is a contradiction, so we have F' = EY | and
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T+1<y~.
We claim that

p=p(ML).

We remarked above that this holds if 74+ 1 =+, so suppose 7+ 1 <y 7. Let § = Crt(gz;’“ﬁ), SO
that p < 8. Let Q<MY | be such that Q = dom(%%rlﬁ). If p(MY) > 4, then p(MY) > (M >
ag; thus p < 6. It follows that p = p(Q).

If @ <MY, ,, then p(Q) > ag since ag = Ih(F) is a cardinal of MY |, so p(Q) = p = ag. It
follows that

(Q. (Z4,1)q) = ag-core of MY = (ME,;, Acs),

SO (M‘EH, Agy1)<I(MY, |, 3 1), contrary to ¢ being problematic. (As we showed above, Ulty((MY, 3Y), F)
is in sufficient agreement with (MY, , 3% ) that we can conclude this.) Thus Q@ = MY, ,, and

p=p(Q)

We cannot have p = pi because A(E¥) is not a possible value of p(MY, ), and thus p = a¢. Let
71 be the U-predecessor of 7+ 1 and k = crt(F). If [0, 7 + 1]y drops, then p < k, so [0,7 + 1]y does
not drop. Since p(MY, ) = 1h(F), p(MY) = (K,+)Ml’;{. Let

u
Z = Th " (xF)M7 U ),

where n = k:(/\/lz,;{) +1=FkWM)+1, and r = pn(/\/lz;]’) Z is not in M%’, and hence Z is not in

MY, But Z can be computed inside MY from F and Mfﬂ, both of which belong to MY. This

is because
. .S
M (r) =p(MY) =g, (1),

where t = p(/\/lfﬂ)%, and

crt(irg1,y) > o,

because otherwise p(/\/l%’) > g, so for v < (K+)Ml4a

(p,v,m) € Z & MIF i (v), PIMT)]
& ME ol (v), 1),
Since iZ;]”T 41l kT can be computed from F, we get Z € MY, a contradiction.

This completes the proof of claim 10. O
Claim 11. Let F = EY be the first extender used in [0,7]y such that Ih(F) > ag; then crt(F) = pu.
Proof. Ih(F) > a¢ by claim 10, so A(F') > a¢. p is not in the interval (crt(F'), A\(F)], so crt(F) > p.
Let n = pred; (v + 1), and let @ < ./\/lz4 be such that

MY = Ul(Q, F).

24/\4?“ is sound, because p = ac.
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Figure 3: ./\/ltg 1 = Ult(Q, D), where the trivial completion of D is on the Q-sequence

Note that n < 7, as otherwise some extender G such that Ih(G) > Ih(EY) > ag is used on [0,7)y.
If n < 7, then crt(F) < A(EY) < p, contradiction. Thus n = 7. Note Q, MY, and Mfﬂ have the
same subsets of a¢. Since Mf+1 € MY this implies that Q is a proper initial segment of MY,
The branch (v 4+ 1,7]y can have no drops, since otherwise p(MY) > A(F) > ¢, whereas
p(MY) € {, ae}. Tt follows that Q is the core of MY. (The full core, not the ag-core.)
We claim crt(F') = p. For otherwise, crt(F') > ag, which implies that @ is the ag-core of MZ:/’ ,

so that @ = MS, .. One also has that i =S is the uncoring map, so
£+1 Ty = tey10 8

(3)q = ()

The last equation holds because A¢i; = (Eg)”ﬁﬂ“l = (EHT)ZET»HO““ = (Eg)m’m?ﬂ = (Eg)igrlﬁ.
So if ert(F) > ag, then ®¢ is not problematic, contradiction. Thus crt(F') = pu.
]

Claims 10 and 11 give that A(EY) > ag. Claim 11 implies also that p(MY) = p, as otherwise
p(M%’) = ag is in the forbidden interval (crt(EY), A(EY)). From this we get that p(Q) = u as well.

This implies that @ is the core of ./\/l? .1, and in fact leting D be the normal measure defined
by F, we have the diagram in Figure 3, where ip : @ — Ult(Q, D) is the ultrapower map and
k:UIt(Q,D) - MY | is the factor map. We have that koip = ilfl,y-u and crt(k) > ag. We have
then that

Ult(Q, D) = Coreq, (M)
= Coreq, (Mg)
= Mg,

Claim 12. 7 € [0,v]y.
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Proof. We assume v > 7; otherwise, there is nothing to prove. Let N = Mz;’|a5. Suppose that
D € Ult(N, F). Then D witnesses that the first generator above p of the extender given by the
branch embedding %Z;’N is f =ges crt(k) and B < (;ﬁﬂMg. On the other hand, the first generator
> p of the extender given by the branch embedding 2? 11,0 1s an inaccessible in MZ:/’ . This is a
contradiction.

The above paragraph implies that p(MY) < ag since D codes a subset of a¢ missing from MY,
Now we proceed to prove 7 € [0, v]|y. First we claim that F' is the top extender of Mz,j’ Otherwise,
(MY|[IW(F), F) < MY is sound. By the above paragraph, D ¢ Ult(N, F). This implies that F is
a type A extender, by the initial segment condition. Note also that Ult(N, F) = MY||Ih(F). Now

consider the factor map
kW =gy (U(N,D*),D*) =Y =g, (UIt(N, F), F).

We note that crt(fc) = B > ag, W, Y are premice of the same type, and k is weakly elementary.
Since D ¢ Ult(N,F), W ¢ Y and p(Y') < a¢. Also, W, Y are ag-sound, and p1 (W) = a¢ < 5. We
can apply Theorem 3.3 and conclude that W is the ag-core of Y. Since Y = MY|Ih(F) s MY, Y
is sound. We then conclude that W =Y and D* = F. This means F is on the extender sequence
of MY (by the agreement of MY and MY). So 7 = v, which contradicts our assumption v > 7.

Let G be the first extender used on the branch [0, ]y that has length > a¢. Then crt(G) > ag.
Otherwise, u ¢ rng(%” ), but we know u € rng(%%{ ) as u is the critical point of the top extender
of MY. Then G has to be applied to (an initial segment of) MY since 7 is the least 7/ such that
crt(G) < A(EY).% We have shown 7 € [0, v]y.

O

Claim 13. D* is on the sequence of Q.

Proof. The proof of Claim 12 implies that if v > 7, then crt(iz;’,l,) > a¢ and if D* = F then F is on
the extender sequence of MY. In this case, using the fact that p(Q) = p and ag = (u7)?, we get
F must be on the ()-sequence.

We assume D* # F. In this case F' is the top extender of MY. The proof of Claim 12 gives
that if MY is ag-sound, then D* = F. So we may assume that MY is not ag-sound. So the branch
[0, 7]y must have truncation points. We let € € [0, 7|y be last truncation point of [0, v]y. So there
is Y <« MY such that %ng,/ Y — MY has critical point > ag. Y is sound with top extender E
such that %Zg’l,(E) = F. Using the same argument as in Claim 12, we get that D* = E is on the
(Q-sequence.

O

The above claims show <I>g is not problematic. To show that ®¢ is not problematic (contradic-

tion), we must show that A¢i 1 = (A¢)s, where s is the stack that consists of dropping to @, and

#Recall we already know that for any 7/ < 7, Ih(E%) < ae.
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then forming Ult(Q), D). But

The fourth equation requires an explanation, as we do not know k is an iteration map and hence
we cannot directly apply pullback consistency to k. Let Wo = U | (1 + 1)"(D) and Wy = U |
(v+1)"(F). Then using the notation in [10, Definition 2.26] and using the fact that &/, (D*) = F,
Wy pseudo-hull embeds into W as witnessed by (u,,p) (see Figure 4), where

(a) ulT=id=v |7, u(r)=vand v(r) =T.

(b) pis identity on (U | 7)** and p(D) = F. Here D = EY0 and F = EZ(V;).

(¢) tis determined by u, v, p as prescribed in [10, Definition 2.26], with tQ_H =k, t? =id, tL = iz;{l,,
and for £ < 7, tg = té = id.

Benjamin Siskind has recently shown, using the methods developed in [10], that iteration strate-
gies pull back under pseudo-hull embeddings. That is, if 7 is a normal tree on a mouse pair (P, %),
and ® is a psuedo-hull embedding from 7 into U, and t = 0 : MZ: — MZJ( ) is one of the maps
of ®, then for R = M7 and S = Mff(a), Zts = Y. The same is then true for ¢! and MZ{(@)’ by
pullback consistency in U. In other words, the t-maps of a psuedo-hull embedding are elementary
in the category of mouse pairs.

In our situation, we get that for every & < 7+ 1,

T = ()
In particular, this gives the fourth equation above. This in turns implies ®,¢ is not problematic.
This contradiction completes of proof of Theorem 3.7.

O

We can drop the hypothesis that crt(m) < pjg)(H) from Theorem 3.7, at the cost of omitting
its conclusions concerning condensation of the external strategies. This will be useful in the proof

of square.

Corollary 3.13 (AD™). Suppose (M,Y) is a mouse pair with scope HC. Suppose m : H — M s

weakly elementary, and not the identity. Let o = crt(m), and suppose
(1) H is a premouse of the same type as M,

(2) H is a-sound, and
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Figure 4: W, is a pseudo-hull of W,

(3) H is not the a-core of M.

Then exactly one of the following holds.
(a) H <M.
(b) H < Ulto(M, EM).

(c) H = Ult(M|(&, k), E), where (M) >, (§,k) >[pp (,n), and (£, k) is lex least such that
p(M|(&,k)) < o, E is on the extender sequence of M€, and crt(E) is the cardinal predecessor
of a in M| and is the only generator of E.

Proof. Let n be largest such that o < p,(H), and n < k(H). Let G and N be the same as H and
M, except that k(G) = n = k(N). Let ¥ = X%,. The hypotheses of 3.7 hold of (G,¥), (N,Xn),
and w. (We have H € M by 3.3, hence G € N, hence G is not the a-core of N.) Hence one of the
conclusions of 3.7 holds of them.

If it is conclusion (a), then G <IN, which easily implies H<\M. If it is (b), then G <Ulto(N, EM)
yields H < Ulto(M, EM). Finally, (c) for G and N clearly implies (¢) for H and M; in fact G is

not sound in this case, so G = H. O

Corollary 3.14 (ADT). Let (M,X),a, 7 etc. be as in the hypothesis of Theorem 3.3. Assume
additionally that H is sound, p(M) € rng(mw) and o« = p(H) = p(M). Then m is the core map.
Furthermore, letting p = p(H), then

1. H|(p")" = M|(p+)M.
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2. Letting V = X" and K = H|(pT)H, then Y = V.

Proof sketch. It is clear that 7 is the core map. The first conclusion follows from [10, Theorem
5.57].

For the second conclusion, we apply Theorem 3.7 to the map 7 [ N : N — 7(N) for each N < K

such that p(N) = p, noting that N € 7(N). We get that ¥y = Uy. Therefore,

1]

[2]

YK = ONaK,p(N)=p2N = DNk, p(N)=p YN = VK.
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