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Abstract

This paper makes significant progress towards resolving a conjecture relating
strong forcing axioms like PFA and the derived models at a limit of Woodin
cardinals k. In particular, using a concept called Covering Matrices, we show
that the © of the derived model at r is strictly less than s under various
circumstances; in particular, this shows that the conclusion holds under PF A
when £ is a limit of Woodin cardinals of cofinality w. Assuming a form of mouse
capturing, we show that the derived model satisfies ADg under PFA when &
is a regular limit of Woodin cardinals. If x is indestructibly (k,x")-weakly
compact limit of Woodin cardinals, the the derived model outright satisfies
ADg.

1 Introduction

Derived models are an important class of models studied extensively by modern set
theorists. These are the models of AD™ constructed from large cardinals; conversely,
if AD" holds, then one can show that L(P(R)) is a derived model. These seminal
results, due to H. W. Woodin, show essentially that the theory AD™ is a comple-
tion of AD. Forcing axioms are generalizations of the Baire Category theorem that
have found many applications in set theory. Deep work in set theory in the last 30
years have established tight connections between forcing axioms and determinacy, e.g.
[Woo10; Ste05; ST24].

It is a natural question to ask how strong forcing axioms influence inner models of
AD, like derived models. A well-known conjecture ([Wool0, Problem 8]) by Woodin
conjectures that if MM (c) holds and M is an inner model of AD* such that ©M = ws,
then M = ADg. The following conjecture follows the same vein, but instead, we ask
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fundamental questions about the derived models if a global forcing axiom like PF'A
holds. In the following, we write D(V, k) for the “new” derived model at k (see
[LT25] for a precise definition) and © is the supremum of ordinals « such that there
is a surjection from R onto a.

Conjecture 1.1 (PFA). Suppose k is a limit of Woodin cardinals. Then the following
hold.

1. ©PVrR) < gt
9. D(V.k) = ADs.

This paper presents some progress towards resolving Conjecture 1.1. Conjecture
1.1 is a generalization of Wilson’s conjecture, which was partly resolved by work of
[LT25] under additional mouse capturing assumptions. In this paper, we attempt to
study derived models under strong forcing axioms (like PFA) or large cardinals in a
more general setting. The main theorem of Section 2 is 2.4, which implies part (1)
of the conjecture in the case x has cofinality w, if the derived model does not satisfy
LSA. The proof utilizes a combinatorial object called a Covering Matrix. Section 2
addresses part (1) for other values of k as well, but it assumes combinatorial properties
of the Covering Matrix not known to follow from PFA (though they are known to
follow from large cardinals, [Via08]). It is not known if the derived model at any limit
of Woodin cardinals can satisfy LSA, assuming PF A.

In Section 3, we show that if  is a limit of Woodin cardinals and & is Col(k, kT )-
indestructibly weakly compact, then D(V, k) = ADg (Corollary 3.8). We note that
it has been shown by Woodin that if x is a limit of Woodin cardinals and < k-strong
cardinals, then D(V, k) = ADg; in our situation, x need not be a limit of < k-strong
cardinals.

The techniques of Section 3 are used to address partially part (2) of the conjecture
under PF'A in Section 4. The main theorems of this section are 4.2 and 4.11. We
note that the work in Section 4, although more general than that in [LT25], still
assumes a form of mouse capturing. We hope to address the question of whether
the derived model always satisfies ADg under PF' A without additional inner model
theoretic assumptions in a future publication.

2 Covering Matrices

Wilson used coherent covering matrices to show:

Theorem 2.1 (Wilson). Suppose k is a limit of Woodin cardinals of cofinality w and
there is no coherent covering matriz for k*. Then @OD(V’“) < kT

Our next theorem generalizes Wilson’s result. The non-existence of a coherent
covering matrix used in Wilson’s argument is a special case of a covering property
introduced by Viale in [Via08§].



Definition 2.2 (Viale). Let A < k be regular cardinals. We say K = (K(«, ) : a <
A\, B < K) is a A-covering matriz for k if the following hold:

1. B =Upger K(a,B) forall 3 < k.

2. K(a,B) € K(n,p) for all B < k and o < n < X\. Moreover, for all sufficiently
large 8 < k and all a« < N\, there is n < X such that K(a, ) € K(n, 3).!

3. Forally < 8 < Kk and all a < A, there is n < X such that K(«,v) C K(n,f).

4. For all X € [k]=*, there is yx < K such that for all B < k and n < A, there is
a < A such that K(n,8)NX C K(a,7vx).

Definition 2.3 (Viale). We say r has the A-covering property, and write CP(k, \),
if for every K a A-covering matriz for k, there is an unbounded set A C k such that
[A]* is covered by K .2

Theorem 2.4. Suppose k is a limit of Woodin cardinals, cof(k) = X\, CP(kT,\)
holds,® and D(V, k) ¥ LSA. Then @PV") < g+,

Proof. Suppose not. Let D = D(V, k) be the derived model at k constructed from
generic G C Col(w, < k). If D = ADg, then ©F < k¥ * so we may assume D =

O = 0O, for some ¢. Since D ¥ LSA, any set of reals in D of Wadge rank ©, is

Suslin-co- Sushn in D, hence in Hom*. Then fix some v < k and A € HomV[G },

A CRVIEM such that D(V, k) E w(A*) =6,.°

Let T,U € V|G | 7] be trees witnessing A € H0m<,[i . Fix Col(w,~)-names A,
T, and U for A, T, and U. We may assume all the properties of A, T, and U mentioned
above are forced to hold by the trivial condition in the forcing C'ol(w, ). Additionally,
we may assume, for some ¢ € On, the trivial condition forces D |= I(A*) = (.5 For
q € Col(w,v),let A, = Ay,, T, = Ty,, and U, = Uy, where H, = qUG | (y\dom(q)).
Note () IF D(V, k) ): (A7) = ¢, s0 A < A*.7

Claim 2.5. For any q € Col(w,~), there is Lipschitz f : R* — R* such that
A" = Ay and f is coded by a real in V|G [ ~].8

IThis is not quite the same as Definition 4 of [Via08]. [Via08] also ought to have said proper
containment only holds for large enough S to avoid the trivial cases where 8 < A. Our other change
is equally superficial — since A is regular, if a sequence (K («a, 8) : a < A) satisfies our condition, we
could replace it by a subsequence of length A which is strictly increasing.

2Le. for any X € [A]*, there is a < A and 3 < & such that X C K(a, 3).

3By Lemma 14 of [Via08] this implies A < k.

4See Theorem 4.12 of [LT25].

SA* C R* is the unique set such that A* = p[T] whenever T,U € V[G | 7] are trees witnessing
AeH omv[G 1,

6](A) is the Lipschitz rank of A.

Te. Ay is Lipschitz reducible to A*.

8Note there is obviously such a Lipschitz f coded by a real in R* — the content of the claim is
that we may take it to be in V[G [ «]. This will be used to collect the sets A} into a single set in
D. The proof of this claim is where we use that D ¥ LSA. Without this assumption, we still have
for each g some v, < x such that a real in V[G [ 7] codes a reduction of A} to A*, but we don’t
see how to bound the v, strictly below k.




Proof. Since Ay <; A* in D, there is Lipschitz f : R* — R* such that AN = Ay
and f is coded by a real in R*. Then by Theorem 2.2 of [Ste07], there is Lipschitz
f:RVIEM 5 RVIEN] coded by a real in RVIM such that f~1(A) = A,.

Since f is Lipschitz, we may consider f as a function f : 2<% — 2<% such that
[h(t) =t for any ¢t € 2<“. Let f~1(T) = {(t,s) € v x On~¥ : (f(t),s) € T'}. Define
f71(U) analogously. It suffices to show p[f~'(T')] NR* = A%. Clearly p[f~"(T)] N
RVIEN = A, Since A is the unique subset of R* such that A} = p[T"] = p[U']°
for some < k-complementing trees 7" and U’ in V|G [ 7], it suffices to show that
plf~HT)| U p[f~H(U)] = R*. Suppose a € R*. Either f(a) € A* or f(a) € (A*)°. If
f(a) € A*, then there is § € On“ such that (f(a), 5) € [T]. But then (a,3) € [f~(T)],
so a € p[f~H(T)]. Similarly, if f(a) € (A*)¢ = p[U], then a € p[f~1(U)]. O

By Claim 2.5, for each ¢ € Col(w,7) there is v, € RV coding a Lipschitz
reduction of A% to A*. Then there is 7/ < x and y € RVI?") such that y codes the
function ¢ — z, with domain Col(w, ). Let B = {(z, z) € R* xR* : x codes H,\z €
Ay}, Then B is in D, since A* € D and the maps ¢ — x, and ¢ — H, are in D.
Clearly w(B) > ©,. So for every 8 < k™, there is a surjection fz : R* — ( which
is ordinal definable from B in D. We can choose fz such that f: (fs : B <rkt)is
ordinal definable from B in D. Pick g : A — k in V such that ¢ is increasing and
cofinal in k. For a < X and 8 < 7, let K(a, ) = f{[RVIC19@]] Let K = (K(a, ) :
a<\p<kh).

We want to show K € V. Let B € V be a natural name for B. That is, we
could take B to be the set of pairs (o,p) where p € Col(w, < k) and o is a standard
Col(w, < k)-name for a real such that p forces there is ¢ € Col(w, ) such that

1. o, codes H, and®

2. 09 € Aq.lo
Claim 2.6. If « < X and € < § < k" then either () H_g'ol(w,<ff) ¢ € fo[RVICI9@]] op
D1 iy €  f5[RV TN 1

Proof. Suppose not. Then fix p, ¢ € Col(w, < k) such that p II—gol( )€€ f3 [RVIClg(@)]

and ¢ II—gol(w’ <) €& [ [RVIC19(@)])] | Extending p and ¢ if necessary, we may assume
dom(p) = dom(q) and p € G. Let G, = ¢U G | (k\dom(q)). Note G, € D.

Subclaim 2.7. By = ng

w,<K

Proof. Suppose (1, 23) € Bg. Then there is r € Col(w, ) such that z; codes H, and
zy € A* = p[Ty,] NR*. But there is 1’ € Col(w,) such that 7' UG, | (y\dom(r')) =
H,. So z; codes " UGy | (y\dom(r')) and x5 € p[Tr/qu[(V\dom(,n/))] N R*. Inspecting
the definition of B, it is clear that (z1,22) € Bg,. O

901 and o9 here are some natural names for the pair of reals coded by o.

Owhere Hq and Aq are names for H, and A,, respectively, such that the empty condition forces
H,=qUG | (v\dom(q)) and A, = p[Ty,] NR*.
HHere f5 really refers to the definition in D from B and ordinal parameters.
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Since G and G, disagree at only finitely many values, RVIG19()] = RVIGal9(@)] Byt

then the definition of fg | RV[Glg(@) (from B and ordinals) gives the same function
in V[G] and V[G,]. Contradiction. O

Claim 2.8. K €V
Proof. Immediate from Claim 2.6. O
Claim 2.9. K is a A-covering matriz for k™.

Proof. We must check the conditions of Definition 2.2.

1. For any 8 < x*, B = f,é'[R*] = Ua<)\ /IBIDRV[G[‘(](Q)]] = Ua<)\ K(a, B).

2. The first part holds because ¢ is increasing. For the second part, suppose
k < B < kt and @ < \. Note S is uncountable in D, whereas RVIGI9(®)] ig
countable in D. So K(a,f) = f{[RVI€9™]] C 5. Then by 1, there is some
n < A such that K(«, 8) # K(n, 5).

3. Fix £ < 8 < kT and a < XA. Note RVIG19(®)] i5 a countable set of reals in D
and fe € D, so f/[RVICI9)]] is a countable set of ordinals in D. Then since
D satisfies countable choice, we can pick (y; : i < w) such that fg[(y;)] =
JURVIGI@I] - Pick i < X large enough that (y;) € V[G [ 5]. Then K(a,§) C
K(n, ).

4. In fact, we can prove the stronger property (iv’) from [Via08]: the same proof
as for property 3 gives for all £ < 8 < kT and all < A, there is @ < )\ such
that K (1, 8) 1€ € K(a,€).

Claim 2.10. For alla« < X and 8 < k™, 0.t.(K(«, 3)) < K.

Proof. K(a, 8) is the image of a countable set of reals in D under fs. So K(«, f3) is

countable in D, whereas x = wP. ]

Since K € V, CP(k™,\) gives an unbounded A C x* such that [A]* is covered
by K. Pick 7 < kT such that 0.t.(AN7) > k. By Claim 2.10, for each a < A, there
is &, € ANT\K(a,7). Let X = {&, : a < A}. X € [A]}, so the following claim gives
a contradiction.

Claim 2.11. X is not covered by K(«, 8) for any a < X\, B < k™.
Proof. First suppose 5 < 7. Since K is a covering matrix, there is n < A such that
K(a,B) € K(n,7). Then &, € X\K(«, 3).

Now suppose 7 < . Applying the property (iv’) we proved in Claim 2.9, there is
n < A such that K(a, ) N7 C K(n,7). So &, € X\K(a, B). O

[]



Corollary 2.12. Suppose k is a limit of Woodin cardinals, T is strongly compact,
k>7,cof(k) =X <7, and D(V, k) ¥ LSA. Then @PV*) < x+,

Proof. Theorem 10 of [Via08| implies CP(x", A). Then apply Theorem 2.4. O

Corollary 2.13. Asssume PFA. If k is a limit of Woodin cardinals of cofinality w
and D(V, k) ¥ LSA, then ©PVH) < g+

Proof. By [Via08|, PF A implies C P(k",w). Then apply Theorem 2.4. O

Whether Theorem 2.4 is a viable method towards proving all of part (1) of Con-
jecture 1.1 remains to be seen — besides resolving the case D(V,k) = LSA, it is
unknown whether PF'A (or even M M) implies CP(k*, cof (k)) if cof (k) > w

3 Weakly compact cardinals

The following theorem appeared in Wilson’s thesis ([Will2]). In the next section we
will use its proof, which we include here in greater detail for the reader’s convenience.

Theorem 3.1 (Wilson). Suppose k is weakly compact and k is a limit of Woodin
cardinals. If D(V, k) ¥ ADg, then @PV#) = g+,

Proof. Suppose not. Take N < V such that N is transitive, |[N| = x, PV c N,
and <" N C N. By weak compactness of k, there is an elementary embedding j :
N — M such that M is transitive, |M| =k, <*M C M and crit(j) =

Let G C Col(w, < k) be generic over V' (in particular, G is generic over N). Let D
be the derived model of N at x constructed using G. As we are assuming the theorem
fails, D ¥ ADg. Then D has a largest Suslin pointclass I'; and corresponding largest
Suslin cardinal . Let T € D be a tree on w X § which is a tree for a scale on a
universal I'-set. We may assume 7' € V.

We can extend j to a map j : N|G|] - M|G x H], where H is chosen such that
Gx H C Col(w, < j(k)) is generic over V. Note then j(D) is the derived model in M
at j(k).

Let o = j"((meas® (6<«))P).

Claim 3.2. 0 € HODMUGHQ*H] and is countable in HOD%[U?R**H .

Proof. Clearly o C j(D) C HODMUGHJ*H] . Since we are assuming ©P(®) < gt

OF < (kTN so there is a surjection f : K — (meas’ (6<¥))P in N[G]. Then, since
crit(j) = k, j(f) | k is a surjection of k onto ¢ in M |G * H|. And & is countable in
MG % HJ, so o is countable in M[G x H|.

Enumerate 0 in M[G * H] as 0 = (A; : i € w). Pick x; € R§,; such that A; is
definable in M[G % H] from parameters in M U {z;}. Since M¥ C M, by taking the
union of the parameters in M used to define A;, there is a single set X € M such
that for any i € w, A; is definable in M[G * H| from X and x;.

Let © = @, = Since j(k) is regular in M, cof (j(k))MEH > w, so x € R, p.

And o is definable in M[G * H| from X and z,s0 0 € H OD%LC]E*;L. O
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Let T = j(T). Consider the game G, from Definition 3.6.3 of [Wil12]
Claim 3.3. Player II has a winning strateqy in HOD%[&;‘;L for the game G7.
Proof. We alter the game G7, to get an equivalent game in V" as follows. By Proposi-
tion 3.5.5 of [Will2], there is a wellordering <*€ j(D) of j((meas" (§)<*)") which is
definable in V[G % H] from T. And o is also definable in V|G % H] from j [ N, so the
set Z of ordinals coding sets in o relative to the wellordering <* is in V. Let G<- be

the game played just like G7,, except Player II plays elements of Z coding a measure

in o rather than the measure itself. Then G<- is in both V and H OD%L%**H G-

is a closed game, so Player II has a winning strategy for G<« in H ODMU]R* if and
only if Player II has a winning strategy for G<- in V. Clearly, playing G<* "and G%

in HOD MUC;Q*H] are equivalent, so it suffices to show Player II has a winning strategy
for G<+ in

We deﬁne a winning strategy 7 € V for Player II in the game G<- as follows.
Suppose ((n;, o, h;, ¢;) : 7 < 1) is a partial play of G<«, where (; codes some u; € 0.
For A € P(6)P, let A € [i;4 if and only if (ay, ..., a;) € j(A). Let pir1 = j(fiis1)-

Subclaim 3.4. ji;;; € (meast (5<%))P (and therefore p;y1 € o).

Proof. Clearly, ji;41 is countably complete — what we must show is that p; 1 € D.
Since  is regular, RVI¢) = R¥%,. Then I is also an inductive-like pointclass of V[G] and
VIG] & Ar is determined. Then by Lemma 3.5.4 of [Will2] (applied in V[G]), the

code set for fiz1 is in Env(I)Y ¢, But Env(I)" = Env(I)” 2 so0 iy € D. O
Subclaim 3.5. PT0ji+1,i(Hi+1) = M
Proof. Tt suffices to show proji1(ftis1) = . But®®
Ace iy — <Oé(], ...,Oéi_1> € ](A)
= (0, -y ;) € extizy1(i(A))

— <Oé(), ey Oéi> € ].(61'152'7“_1 (A))
- 6(13tz'72'+1(A) € [_112‘4_1.

Subclaim 3.6. ;.1 concentrates on T(no,m,m).

12By Proposition 3.2.5 of [Will2], any set in Env(T') is ordinal definable from a universal I'-
set and a real in R§, so Env(I') C V(Rf,). From the definition of the envelope, we get any two
transitive models with the same reals and ordinals and both containing I' will agree on Env(T).
This immediately gives Env(T)” = Env(I‘)N[G]. To get EnV(I‘)N[G] = EnV(I‘)V[G], we use that
we are assuming for contradiction that ©P(V:r) < x+. Because we picked N such that @P(V:F) ¢ N,
Env(I‘)N[G] is a Wadge initial segment of Env(I‘)V[G] with the same Wadge rank, so they are equal.

13See Definition 3.5.6 of [Will2] for the definitions of proj and ext.



Proof. We must show {(&o, .-, &) = ((no, -+, 74), (§o, -+, &) € T} € priga. But {(&o, .-, &)
((n()?"'vni)v(507“'7&')) S T} = j({(€077£z) : ((n07"'7 Z) (5 751)) S T}) So it
suffices to show {(&o,...,&) @ ((noy .o, 1), (€0, -, &)) € T} € fuigr, 1e. (ao,...,qq) €
J({o0s - &) = ((nos s 1), (S0, -, &) € TH). BI}t J({(foa s &) 1 (o, i), (§0s -0 &) €
T}i) :f{éfo,...,fi) : ((no, -, n4), (&0, -, &) € T}, and (o, ..., ) € Ting,..ns) DY t}g

Let 7({(nj, aj, hj, ;) : j < 1)) = (i1, where (;41 is the unique ordinal coding ;41
relative to <*. Subclaims 3.4-3.6 show that 7 plays valid moves for Player IT in G'<«.
If both players follow the rules of G<«, then Player I wins. So to show 7 is a winning
strategy, we suppose (n;, a;, h;,(; i € w) is a play of G<+ in which Player II has
played according to 7 and Player I has played in accordance with the rules of G<-
and derive a contradiction.

By the rules for Player I, j,, ..., (hi) > hiy1. By the countable closure of M,
(i1 <w) € M, and thus fi = (u; : i € w) € M[G * H]. Also by countable closure of
M, (h;:i€w)e M. So (h; :i € w) witnesses (i is illfounded in M[G x H].

Claim 3.7. i = (f; : i € w) is illfounded in N[G].

Proof. If i € N[G], then j(iz) = fi (since j(f1;) = p; for each i) and the claim follows
from elementarity of j. So it suffices to show g € N[G].

Since j(fi;) = ps, there is ¢; € N such that j(¢;) = ¢; and (; codes fi; relative to
J7H<LY). But (G i <w) € V,s0 (¢ :i<w) €V and by the countable closure of N,
(G; i <w) € N. It follows that i € N[G]. O

On the other hand, suppose (X; : i € w) € N[G] is such that X; C P(§%) and
X; € fi;. To show [ is wellfounded in N|[G], we need to show in N[G] there is f € 6%
such that for every i € w, f [ ¢ € X;. Again by elementarity, it suffices to show
in M[G % H] there is f € j(0) such that f [ i € j(X;) for each i € w. f(i) = «;
works, since (a; : i € w) € M|G * H] by the countable closure of M. But then [ is
wellfounded in N[G], a contradiction. O

From Claim 3.3, and Lemma 3.6.4 of [Will2], there is a tree S € HOD%L%*GHL

such that p[S] = p[T]¢. Then by elementarity of j, H OD%EJGRLG satisfies there is a tree

S such that p[S] = p[T]°. Then there is 7 < k such that S € V[N [ 4]. But then in
D, p[T]¢ is Suslin, a contradiction. O

Corollary 3.8 (Wilson). If k is a limit of Woodins and k is Col(k, kT)-indestructibly
weakly compact, then D(V, k) = ADg.

4 ADp from PFA

In the last section we saw D(V,k) = ADg follows from sufficient large cardinal
hypotheses on k. Here we provide some evidence that assuming PF A, weaker as-
sumptions on k should give D(V, k) = ADg. We do not see how to prove the results



of this section without assuming a version of mouse capturing holds in the derived
model. Specifically, we will assume there is a hod pair (P, ) in the derived model
such that the derived model satisfies

1. V = L(Lp*(R)) and

2. super-small [-¥*-mouse capturing holds on a cone (in the sense of Definition
5.25 of [ST24], where I' is the largest Suslin pointclass of the derived model).

Remark 4.1. Assumptions (1) and (2) may be redundant. (1) follows from (2)
assuming some smallness assumptions (see [SS15]). On the other hand, Remark
4.10 shows we can replace our use of (2) in the proof of Theorem 4.2 with another
application of (1) if we are working below superstrong cardinals.

Theorem 4.2. Suppose K is a reqular limit of Woodin cardinals and there is a hod
pair (P,Y) in D(V, k) such that D(V, k) satisfies V = L(Lp™(R*)) and “super-small
['->*-mouse capturing holds on a cone.” Then cof(@D(V”")) > K.

Remark 4.3. Note V = L(Lp*(R)) implies any set of reals is OD(X,x) for some
x € R. In particular, our hypothesis implies D(V, k) ¥ ADg. If k is a reqular limit
of Woodin cardinals and D(V, k) |= ADg, then cof (@P(V") = k.

Proof of Theorem 4.2. Let D = D(V, k,G) and © = OF. Let R* = RP = Ucen RVIGId,
Suppose the theorem fails. So D ¥ ADg and cof(0) < k. Let I' be the largest Suslin

pointclass of D and let § be the largest Suslin cardinal of D. Let T € D be a

tree projecting to a universal I'-set U. Let (P,X) be a hod pair in D such that

D EV = L(Lp*R)). T,P,X € V[G | (] for some ¢ < k, but, collapsing ¢ if

necessary, we may assume 1, P, > € V. Consider X < V,++ such that

1. XNk=krx € On,
2. X< C X,

3. X is cofinal in ©, and
4. T € X.

Say X < V,.++ is good if it satisfies the above properties. Let 7x : Ny - X <V
be the anti-collapse embedding. Since k is regular, mx can be extended to a map
Tx : Nx[G | kx] = Vi+[G]. Let Dx = ny'(D), Ox = 75'(0), T'x = 7" (L),
Tx = 75 (T) and dx = 75 (). Let Ry = 7' (R*) = Uccnx RVIGIC Note Dx|© <
(Lp™(Rx))".

Lemma 4.4. Dx|Ox = (Lp*(Rx))VI¢!

Proof. Suppose not. Let My be the least initial segment of (Lp™(Rx))"I¢) such that
p(Mx) =Ry and Mx>Dx|Ox. Note Mx = AD*. Let Ex be the extender of length
© derived from 7x and let M% = Ult(Mx, Ex).



Let Hy = HMx. le., letting Th C ©x be the ¥;-theory of My with parameters
in ©x U{P}, Hx is the S-construction (relative to ) in Mx over Th.'* By Theorem
4.10 of [ST16], Hx is countably iterable above ©x (in V[G]).

Let Hy = Ult(Hx, Ex). HY is wellfounded, since Hy € V, so H% embeds into
Tx(Hx). But OnNHY = OnN My, so this implies M% is wellfounded.

Claim 4.5. M} is countably iterable in V|G| (as a X-premouse).

Proof. Let Y < V,++ be good. Pick Z < V,++ such that {H%,H}, P,X} C Z
and |Z| < min(kx,ky). Let mz : Ny — Z be the anticollapse embedding. Let
H?;(,Z = 7721(7'[;() and H?f,z = 7751(7'[;)-

Subclaim 4.6. Hk , and Hy , are countably iterable above ©5 = 7,'(0) (as -
premice in V[G]).

Proof. We show the subclaim for HY ;. Since X<"** C X, Ex is < rx-complete.
Then, for any elementary substructure U < H% = Ult(Hx, Ex) with |U| < ky, if
f: Ny — U < H% is the anticollapse embedding, then there is 7 : Ny — Hx such
that mg, o 7(x) = f(x) whenever x € Ny is such that f(x) € range(rg,).”> In
particular, since |Z| < kx, there is 7 : H% , — Hx such that 7(©z) = Ox. Then,
as Hx is countably iterable above ©x (in V[G]), HY , is countably iterable above
Oy. O

H%|© = Hy |0, so HY 4|02 = Hi, ;|©z. Then by the subclaim, either H3 , <
Hy 7 or Hy, ; S HY 5. By elementarity of mz, Hy I H; or Hi < HY.

Let Vop,, be the version of the Vopenka algebra described in Section 3 of [Ste08].
Let R be as defined on p.185 of [Ste08]. Note Vop,, and R are in Hi N Hi. Let F
be Vop,,-generic over both H% and H; such that RF = R* 16

Suppose that H% = H} | for some . By Lemma 4.8 of [ST16], M% is defin-
able over H%[F] from F and My |¢ is definable over H3|([F]| from F by the same
definition.!” Thus M% < M;. Similarly, Hi < H% implies My < M.

We have shown M5 < My or My < M%. But no proper initial segment of M5
extending D projects to © (and similarly for M), so M% = Ms.

Suppose N is a countable hull of M% (in V[G]). Pick Y < V,++ be such that
XeY, X CY,and Y is good. We may also choose Y such that N is countable in
Ny|G | ky]. Since My = M%, N is a countable hull of M;. Then by elementarity,
and that my (N) = N, N is a countable hull of My. My is countably iterable in V[G],
so N is as well. O

Claim 4.7. Let A C R* be definable over M% such that A ¢ M%. Then L(A,R*) |=
AD™.

14The precise definition may be found in Definition 4.6 of [ST16].

15This is essentially Lemma 8.12 of [SZ10]

6Lemmas 3.4 and 3.5 of [Ste08] imply such an F exists.

1"That the definitions of M% and My|¢ in these models are the same is not explicitly stated in
Lemma 4.8, but is clear from the proof.
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Proof. Work in V[G]. Claim 4.5 implies M% < Lp®(R*). So it suffices to show if
A € Lp*(R*), then L(A,R*) = ADT. We split into two cases, although we will show
the first case cannot occur.

Case 1: Env(T) C Lp*(R*) N P(R*).

Let 3 be minimal such that there is A C R* which is definable over Lp*(R*)|3 so
that A ¢ Env(T"). By Theorem 3.2.4 of [Wil12], Lp*(R*)|3 &= AD. Let 3y be such
that [0, 8] is a $1-gap in Lp*(R*).

If By < 3, then Lp*(R*)|By + 1 | AD and 3y + 1 begins a ¥;-gap. Then Section
5.1 of [ST16] shows Lp™(R*)|3y + 1 = erpZ(R*)I’BOH is scaled.'® In particular, there
is a scale for U¢ definable over Lp™(R*)|S + 1.

If By = B, then [0, 3] is an admissible ¥-gap and Lp*(R*)|8 | AD. Let n

be minimal such that pﬁfl(R*)lﬁ = w. If [4,5] is a weak gap, then by Theorem

5.26 of [ST16], Lp™(R*)|8 E rZﬁfl(R*)‘B is scaled.!® 1In particular, a scale for U°
is definable over Lp*(R*)|S8. [d, 3] cannot be a strong gap, since this would imply
Lp*(R*)|8 + 1N P(R*) C Env(T'),? contradicting our definition of 3.

Similarly, if 3y > 3, then Lp*(R*)|8,N P(R*) C Env(T), contradicting our choice
of j.

We have shown there is a scale for U¢ definable over an initial segment of Lp*(R*).
In particular, there is a tree S € V(R*) such that p[S] = U°. Since S is coded by a
set of ordinals and S € V(R*), there is v < x such that S € V[G [ v]. Then T and S
witness that U € Hom*. This implies U is Suslin-co-Suslin in D, a contradiction.

Case 2: Env(T) = Lp*(R*) N P(R*).

Every set in Env(T") is determined (see Theorem 3.2.4 of [Wil12]). But L(Lp*(R*))N
P(R*) = Lp*(R*) N P(R*), so L(Lp*(R*)) &= AD. And L(Lp*(R*)) satisfies “X;-
reflection to Suslin-co-Suslin.”?!  But AD™T is equivalent to ZF + AD + V =
L(P(R)) + “Yj-reflection to Suslin-co-Suslin,” so L(Lp*(R*)) = AD". Any inner
model of a model of AD" containing all its reals also satisfies ADT, so L(A4,R*) |
ADT for every A € P(R*) N Lp*(R*).

[

Let A C R* be as in the claim above. Note M% € V(R*), since M% < Lp*(R*).
Thus, the claim implies A € D. But A ¢ M% and M% O DN P(R*), a contradiction.
[l

8This is by Theorem 5.1 of [ST16] if Lp*(R*)|By + 1 is passive and by Theorem 5.9 in the case
that Lp™(R*)|By + 1 is “P-active.” [ST16] neglects to mention the case that the beginning of a gap
is “E-active,” but this is by the proof of Theorem 5.1.

191t is clear the hypotheses of Theorem 5.26 are satisfied. Note in this case § ends the Y;-gap
[6,8] and X € Lp*|d, since ¥ is Suslin-co-Suslin.

20Gee p. 46 of [Will2]. (2') on that page gives the result for a level of the J-hierarchy, but the
proof works for Lp> as well.

2For suppose ¢(u,v) is a ¥y formula and L(Lp*(R)) = 3C C P(R*)$(C,R*). Then there is
C € Lp* (R*)\(éf)LpE(R*) such that L(Lp™(R*)) = ¥(C,R*). Such a C is Suslin-co-Suslin (again by
the scales analysis of [ST16]).
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Let 0 = 7% ((meas™ (§5%))Px) C (meas™(6<¢))P. Note o is countable in V[G].
Then we may consider the game G7.

Claim 4.8. Player II has a winning strategy in HODK[U?RL for the game G%.

Proof. We argue as in the proof of Claim 3.3 of Theorem 3.1. Suppose ((n;, a;, hj, ;) :
j <) is a partial play of GF. For A € P(0x)”,let A € ji;4; if and only if («ay, ..., ;) €
Tx(A). Let prip1 = Tx(fiv1).

Subclaim 4.9. i, € (meas™(63*))Px (and therefore p;yi € o).

Proof. For ease of notation, we prove the case fi; € (meast™ (63%))Px. Certainly, ji;
is countably complete, so it suffices to show 1 € Dy.

Let f : Rx — dx be a surjection definable in Dx from Y x and some z € Rx.??
Note mx(f) : R* — 4 is then definable in D from ¥ and x. For A € P(0x)Px, let
G, be the game (in Dx) from the proof of Theorem 28.15 of [Kan09]. Similarly, for
B € P(0)", let GF* ) be the analogous game played in D, defined relative to the
surjection wx (f) : R* — 4.

If y € Ry is a winning strategy for Player I (Player II) in GQ, then, by elementarity
of mx, y is also a winning strategy for Player I (Player II) in GKEQ). And 7wx(A)

is the unique subset of P(9) in D such that y is a winning strategy in G:i EQ).ZS So

mx(A) = B if and only if there is y € Ry such that y is a winning strategy for A
in G£ and also a winning strategy for B in GEX(f). Thus 7x | P(6x)P* is ordinal
definable in D from {Rx,7x(f), f}. Since D |V = L(Lp*(R*)), f € (Lp*(Rx)))?,
so f is ordinal definable in D from parameters in {Ry, X} URy. Thus mx | P(dx)P%,
and therefore fi1, is ordinal definable in D from parameters in {Ry, ¥} URy. Then
by Lemma 5.24 of [ST16], iy € Cr(Rx). Then super-small I'-3* mouse capturing

gives ji; € Lp*(Rx). Then by Lemma 4.4, ji; € Dx. O
The rest of the proof of the claim is just as in the proof of Claim 3.3. O]
The claim gives a contradiction just as in the proof of Theorem 3.1. O]

Remark 4.10. Assumption (2) in Theorem 4.2 is not necessary below superstrongs.
For let U be the Martin measure on Turing degrees (in D). Let T* be the tree in
Ult(D,U) represented by [x + T)y. Then D = L(T*,R*).?* Then by assumption (1),
L(T*,R*) =V = L(Lp*(R*)). Then for U-measure-one many x € R*, L(T,0,)
V = L(Lp*(0,)) (where o0, = {y € R* : y <r z}). Fiz yo € R* such that x >r
Yo = L(T7 Uz) ): V= L(Lpz(o-z))

Let X be as in the proof of Theorem 4.2. We may assume yg € Rx. Let x € R*
be Sacks generic over Dx.* Then Rx = o, and L(T,Rx) =V = L(Lp*(Rx)). It

22Any set in D is ordinal definable from ¥ and some 2z € R*. Then by elementarity, any set in
Dx is ordinal definable in Dy from X x and some x € Rx. Minimizing the ordinal parameters in
the definition, we can find such an f definable in Dx from Yy and =z.

23 Again see the proof of Theorem 28.15 of [Kan09].

24D is clear. C is by Claim 4 of Theorem 2.3 of [Ste], plus that D =V = L(P(R)).

25We can find such an z in R* since Dy is countable in V[G].
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follows that L(T,Rx) N P(Rx) C (Lp*(Rx))?.?*® Cr(Ry) = L(T,Rx) by Theorem
3.4 of [Ste16], so Cr(Rx) C Lp*(Rx). This is our use of assumption (2) in Subclaim
4.9.

Theorem 4.11. Assume PFA+ k is a reqular limit of Woodin cardinals. Then, for
any hod pair (P,X) in D(V, k), D(V, k) does not satisfy V = L(Lp™(R*)) + “super-
small I'-3*-mouse capturing holds on a cone.”

Remark 4.12. If D(V,k) is sufficiently “small” and does not satisfy ADg, then
D(V, k) satisfies V. = L(Lp*(R*)) + “super-small T-X*-mouse capturing holds on a
cone.”. So the theorem implies either the derived model is large or it satisfies ADg.

Proof of Theorem 4.11. Suppose not. Let D = D(V,k) and © = ©F. We have
D = L(Lp*(R*)) for some hod pair (P,X) € D. As in [LT25], we may pick (P,X)
such that P € V' and there is a symmetric term for > in V.

By the main result of [TZ], there is a club S € © and C = (C, : & € S) such that

1. C, C S and (|, is a closed subset of limit ordinals contained in a.
2. cof(a) >w = C, is unbounded in .

The proof of [TZ] gives more. First, C' is ordinal definable in D from ¥, so C € V.
Second, the construction assigns to each a € C some Yo < O such that for any
B € C,, there is a (fine-structural) embedding og, : D|vs — D|v,. If additionally
n € Cg, then 0,4 = 034 0 0y 5.

As we are assuming D = V = L(Lp*(R)), [LT25] gives © < k. Then by Theorem
4.2, cof(©) = k. Let f: kK — S be strictly increasing, continuous, and cofinal in ©.
For limit ordinals a < &, let C!, = f7*(Cf). Consider a <  of uncountable
cofinality (in V'). Since f is continuous, "o is a club in f(a), so f"a N Cppy is
unbounded in f(«). Thus C/, is a club in a. For oo < k with cof () = w, if C?, is not
cofinal in «, replace C’, by some sequence of order-type w cofinal in o. We now have
C! is a club in « for limit a < k.

Suppose (3 is a limit point of C!,. We must be in the case C!, = f'(C}(a)). Then
f(B) is a limit point of C@) N f"B, so Crip) = Crwy N f(B). Then f"BN Cyp =
f"B8 0 Cyq) is cofinal in f(3), so Ch = f~H(Cpg)). Thus Cj = C, N p.

By Theorem 1 of [Tod84], there is a club C’ C & such that if « is a limit point of
', then C'"Na = C!,. Let C = f"[C"]. Clearly, C'is a club in © and C' C S. Suppose
a and S are limit points of C, and 8 < a. There are ', o/ < k limit points of C’ such
that 8 = f(4') and a = f(a’). Then C, N3 = (C"Na)N B =C"NH = Cj. Then
Co 2 f'CL 2 f"Ch, s0 Cy is cofinal in 3. So (3 is a limit point of Cy. In particular,
b e C,.

26Why? We need to show if N < (Lp*™(Rx))/TBx) then N is countably iterable in D, so that
N < (Lp*(Rx))P. But by elementarity of the ultrapower map ji : L(T,Rx) — L(T*,R*), ji(N) is
countably iterable in D = L(T*,R*). Since N embeds into jy(N), N is also countably iterable in
D.
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We have constructed a club C' C © such that for n < f < « limit points of C|
Opa = 0pq 0 0yp. Let N be the direct limit of the system of embeddings (g, : 8 <
a limit points of C'). For 8 a limit point of C', let o5 : D|ys — N be the direct limit
embedding. N is an Y-premouse over R* which projects to R*.2” N is countably
iterable in V[G], since any countable R < N is contained in range(og) for large
enough 3 and D|vg is countably iterable in V[G].

We have shown N < (Lp*(R*))VICl. Since NN On > ©, N ¢ D. This gives a
contradiction exactly as in the proof of Claim 4.7. m
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