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Abstract

The main result of this paper, built on work of [19] and [16], is the proof that the theory
“ADgr + DC + there is an R-complete measure on ©” is equiconsistent with “ZF + DC + ADg
+ there is a supercompact measure on @, (p(R)) + © is regular.” The result and techniques
presented here contribute to the general program of descriptive inner model theory and in

particular, to the general study of compactness phenomena in the context of ZF + DC.

1. INTRODUCTION

Throughout the paper, unless stated otherwise, we assume ZF + DC. We begin with the following
definitions. In the following, a measure on some set Y is an ultrafilter (maximal filter) on Y. If u

is a measure on Y, then for any set A C Y, we say A is pu-measure one if A € pu or equivalently
n(A) = 1.

Definition 1.1 (ZF+DC). Suppose X is an uncountable set and p is a measure on @, (X) =des
{0 C X | 0 is countable}. We say that

1. p is fine if whenever x € X, then the set Ay =45 {0 | v €0} € p.

2. w is countably complete if whenever (A, | n < w) is a sequence of u-measure one sets then

N, An € p.

3. w is normal if whenever F : o, (X) — 9w, (X) is such that the set {o | F(oc) Co A F(0) #
0} € u then there is an x € X such that the set {o | x € F(o)} € p.

If there is a nonprincipal measure p on @, (X) that satisfies (1)-(3), then we say that wy is X -
supercompact. If there is a nonprincipal measure p on gy, (X) that satisfies (1) and (2) then we

say wy s X -strongly compact.
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This is a generalization of the notion of supercompactness in the ZFC context. The definition
of strong compactness is unchanged. In particular, in clause (3) of Definition 1.1, if we replace
“F(o) Co” by “F(0) € ¢”, then we get the standard definition of normality in the ZFC context.
Without the full Axiom of Choice, we seem to have to weaken the requirement on F. If X is a set
of ordinals then the two notions coincide. Definition 1.1 originates from [ 1]. The following is not

hard to prove (see [17]).

Lemma 1.2 (ZF + DC). Suppose i is a fine measure on o, (X). The following are equivalent.
1. p is normal.
2. Suppose we have (A | € X N Ay € p). Then NpexAr =gef {0 | 0 € ey Az} € 1

From now on, the phrase “u is a supercompact measure on g, (X)” always means “u is a
nonprincipal, normal fine, countably complete measure on g, (X)”. We will also say “w; is X-
supercompact” to mean “there is a supercompact measure on g, (X)”. When u is nonprincipal,
countably complete, and fine (but not necessarily normal), we say that u is a strongly compact
measure. We say that wy is supercompact if wy is X-supercompact for all uncountable X and wq
1s strongly compact if wy is X-strongly compact for all uncountable X.

This paper explores aspects of compactness properties of wi under ZF + DC. In particular, we

focus on the consistency strength of the theories:

(P) = “ZF + DC + w; is supercompact”,
(Q) = “ZF + DC + ADg + wy is supercompact”

and their variations. From here on, by ADg, we always mean AD' + ADg. See Section 2 for basic
terminology and facts about AD™.

We note that “ZF + w; is supercompact” implies DC (cf. [1]). We choose to be redundant
here since we’ll be using DC in many arguments to come. Also, (Q) is equivalent to “AD™ + wy is
supercompact” by results in [19] and [21].

Woodin (unpublished) has shown that Con(P) and Con(Q) follows from Con(ZFC + there is
a proper class of Woodin limits of Woodin cardinals). We conjecture that a (close to optimal)
lower-bound consistency strength for the theory (P) is that of (Q) and is “ZFC + there is a Woodin
limit of Woodin cardinals.”

In the context of ZF 4+ DC, the papers [16] and [18] study supercompact measures on g, (R)

and show that the following theories are equiconsistent:
1. ZFC + there are w? Woodin cardinals.

2. AD™ + there is a supercompact measure on g, (R).

3. ZF + DC + © > ws + there is a supercompact measure on g, (R).!

!The equiconsistency of (1) and (2) is due to H.W. Woodin. The equiconsistency of (2) and (3) is due independently
to H.W. Woodin and the author.



It is also well-known that the existence of a supercompact measure on g, (R) is equiconsistent
with that of a measurable cardinal (see [13]). Recall that the existence of supercompact measures
on @, (R) was first shown by Solovay [11] from ADg. Consistency-wise, it is known that ADg is
much stronger than (1) (and hence (2) and (3)).

Surprisingly, [19] shows that having a supercompact measure on @, (p(R)) is much stronger
consistency-wise as it implies that there are models of ADg +DC. Solovay [ 1] shows that ADg+DC

is strictly stronger than ADg consistency-wise.

Theorem 1.3 (Trang-Wilson). Assume ZF + DC. Suppose there is a supercompact measure on
©uw, (p(R)). Then there is a transitive M containing R U ORC M such that M F ZF + DC 4+ ADg.

[19] also shows the conclusion of Theorem 1.3 is equiconsistent with “ZF 4+ DC + w; is p(R)-
strongly compact”. The main conjecture regarding compactness properties of w; under ZF + DC

is.

Conjecture 1.4. The following theories are equiconsistent.
1. (P)
2. “IF 4+ DC + wy is strongly compact”

Conjecture 1.4’s analogue in the ZFC context is perhaps more well-known. However, the above
results (e.g. Theorem 1.3) and recent progress in inner model theory suggest that Conjecture 1.4

is more tractable.

Definition 1.5 (ZF+DC). Let © = sup({a | I7 : R — a A 7 is onto}) and pu be a measure on O.
We say that u is uniform if sets of the form (o, ©),[a, ©) are in p for all a« < ©. We say that p
is R-complete if ;i is uniform, and whenever we have (A, | v € RN A, € p) then (|, cp Az # 0.

Let

o (Ty) = “ZF 4+ DC + there is a supercompact measure on g, (p(R)) + © is regular.”

e (Ty) = “ZF + DC + ADg + there is a nonprincipal R-complete measure on ©”.

e (T3) = “ZF + DC 4 ADR + there is a supercompact measure on g, (p(R)) + © is regular.”

We will also say “© is measurable” in place of “there is a nonprincipal R-complete measure on

©.” The main theorem of this paper is the following.
Theorem 1.6. Con(T>) < Con(T3).

The proof that (T2) implies (73) (and hence (77)) is given in [17] (note that by a standard

argument, © is measurable implies © is regular).? By [17], we know that (7%) implies the existence

2Let p witness © is measurable. Suppose © is singular. Then it is easy to see that there is a cofinal map f : R — ©.
For each z € R, let A, = (o < © | a > f(x)). Clearly A, € p for all z € R. Let av € (), Ae # 0. Then a > f(z) for
all x € R. This contradicts the fact that f is cofinal.



of a supercompact measure on g, (p(R)), but we do not know the exact consistency strength of
this theory. In this paper, we focus on the proof of Con(73) implies Con(7%).
Recent developments in the core model induction techniques suggest that the use of AD in the

proof of Theorem 1.6 can be omitted. We conjecture the following.
Conjecture 1.7. Con(Ty) < Con(Tz)(< Con(T3)). Furthermore, Con(P) implies Con(T3).

The outline of the paper is as follows. In Section 2, we summarize some basic facts about
descriptive set theory and the theory of AD' that we use in this paper. Section 3 introduces the
notion of hod mice that we will construct in this paper. Section 4 discusses a variation of the
Vopenka algebra that is useful in constructing models of determinacy from hod mice (see Theorem
4.1). Section 5 gives the construction of a proper hod pair, which in turn will generate a model of

“ADRr + © is measurable” and hence completes the proof of Theorem 1.6.
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author was a student at UC Berkeley. The author would like to thank the referee for providing nu-
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2. BASIC FACTS ABOUT AD™

We start with the definition of Woodin’s theory of AD*. In this paper, we identify R with w®.
Recall © is the sup of ordinals « such that there is a surjection m : R — a. Under AC, O is just
the successor cardinal of the continuum. In the context of AD, © is shown to be the supremum
of w(A) for A C R.3 The definition of © relativizes to any determined pointclass* (with sufficient
closure properties). For a pointclass I', we denote © for the sup of a such that there is a surjection
from R onto o coded by a set of reals in I'.

Recall that ADx is determinacy for games in which player I and II take turns to play elements
of X for w many rounds. If X = w, then ADx = AD.

Definition 2.1. AD™ is the theory ZF + AD+DCg and

1. for every set of reals A, there are a set of ordinals S and a formula ¢ such that t € A &
L[S, z] E ]S, x]. (S,¢) is called an co-Borel code for A;

2. for every A < ©, for every continuous ™ : \* — w®, for every A C R, the set 71[A] is

determined.

ADT is equivalent to “AD + the set of Suslin cardinals is closed”. Another, perhaps more useful,

characterization of AD*" is “AD+X; statements reflect into the Suslin co-Suslin sets” (see [15] for

3w(A) is the Wadge rank of A.
4See [21] for more backgrounds on descriptive set theory in contexts where determinacy only holds locally.



the precise statement). Recall, our convention is ADg is the principle AD™ + ADg.

Let A C R, we let 64 be the supremum of all « such that there is an OD(A) surjection from
R onto a. If T" is a determined (boldface) pointclass, and A € I', we write I' [ A for the set of
B € T" which is Wadge reducible to A. If a < ©, we write I' [ « for the set of A € I" with Wadge
rank strictly less than «. Occasionally, we will write I' for a w-parameterized (lightface) pointclass
and write [ for its corresponding boldface pointclass. We write Ag for the ambiguous part of the
boldface pointclass {2, that is Ag is the collection of A such that both A and R\A are in .

Definition 2.2 (ADT). The Solovay sequence is the sequence (0, | o < Q) where

1. 0y is the supremum of ordinals 8 such that there is an OD surjection from R onto 5;
2. 0 =06;
3. if a > 0 is limit, then 0, = sup{6s | B < a};

4. ifa=0F4+1and 0z <O (i.e. <), firing a set A CR of Wadge rank 03, 0, is the sup of
ordinals y such that there is an OD(A) surjection from R onto 7y, i.e. 0, = 04.

Note that the definition of 8, for &« = 8 + 1 in Definition 2.2 does not depend on the choice of
A. The Solovay sequence is a club set in ©. Roughly speaking the longer the Solovay sequence is,
the stronger the associated ADV-theory is. For instance the theory ADgr + DC is strictly stronger
than ADg since by [11], DC implies cof(0) > w while the minimal model of ADg satisfies © = 6,
(ADg implies that the Solovay sequence has limit length). ADgr + O is regular is stronger still as it
implies the existence of many models of ADg + DC.

Definition 2.3. “ADg + © is measurable” is the theory “ADgr+ there is a nonprincipal R-complete

measure on ©7.

It’s easy to see that “ADgr + © is measurable” implies “ADgr + © is regular”; in fact, there are
unboundedly many 6, < © such that L(p(R) | 6,,R) F “ADr + © is regular”.

We end this section with a theorem of Woodin, which produces models with Woodin cardinals
in ADT.

Theorem 2.4 (Woodin, see [0]). Assume ADV. Let (0, | a < Q) be the Solovay sequence. Suppose
a=0ora=p8+1 for some < Q. Then HOD F 0, is Woodin.

3. A BRIEF INTRODUCTION TO HOD MICE

In this paper, a hod premouse P is one defined as in [8] and [10]. The reader is advised to consult
[8] for basic results and notations concerning hod premice and hod mice at the level of “ADg + © is
regular” and [10] for hod mice beyond this.? Let us mention some basic first-order properties of a
hod premouse P. There are an ordinal \” and sequences ((P(a),X%) | a < A¥) and (§F | a < A7)
such that

5We will not deal with short-tree strategy mice in this paper. This is because the hod mice we are constructing
is well below the level of Isa hod mice, whose theory is developed in full detail in [10].



1. (6P | a < AP) is increasing and continuous and if « is a successor ordinal then P E §7 is
Woodin;

P
ey

2. P(0) = Lp,(P|6o)P; for a < AP, Pla+ 1) = (Lps® (Pl6a))7; for limit a < AP, P(a) =
®p<all
(Lpo"~""" (P16));

3. PEYP is a (w,o(P),o(P))-strategy for P(a) with hull condensation;
4. if @ < 8 < A" then 2763 extends %7

We will write 67 for 6}} and ¥F = @BO\PZE' Note that P(0) is a pure extender model. Suppose
P and Q are two hod premice. Then P <j,q Q if there is a < A€ such that P = Q). We say
then that P is a hod initial segment of Q. (P,X) is a hod pair if P is a hod premouse and ¥ is a
strategy for P (acting on countable stacks of countable normal trees) such that ¥ C ¥ and this
fact is preserved under Y-iterations. Typically, we will construct hod pairs (P, X) such that ¥ has
hull condensation, branch condensation, and is I'-fullness preserving for some pointclass I'. As a
matter of notation, if (P,X) is a hod pair and Q <peq P, then Xg is ¥ restricted to stacks on Q.
Also, note that when Q = P(a), then ¥ g = ¥p(,) is an extension of the internal strategy »P.

Suppose (Q, ) is a hod pair such that ¥ has hull condensation. P is a (Q, ¥)-hod premouse if
there are ordinal A” and sequences ((P(a),X%) | a < AP) and (6% | o < AP) such that

1. (6P | a < AP} is increasing and continuous and if « is a successor ordinal then P F 7 is
Woodin;

2. P(0) = LpZ(P|6o)¥ (so P(0) is a X-premouse built over Q); for a < AP, Pla + 1) =

P
(LpSB™E (P15, )P; for limit a < AP, P(a) = (Lpe, "< (P|6a))P;

3. PEXNPisa (w,oP),o(P))strategy for Q with hull condensation;
4. PEXP is a (w,0(P),o(P))strategy for P(a) with hull condensation;
5. if o < B < A7 then 275 extends %7

Inside P, the strategies X7 act on stacks above Q and every X7 iterate is a ¥-premouse. Again,
we write 67 for 07, and X7 = @g_\» Zg. (P,A)is a (Q, X)-hod pair if P is a (Q, X)-hod premouse
and A is a strategy for P such that ¥ C A and this fact is preserved under A-iterations. The
reader should consult [3] for the definition of B(Q,X), and 1(Q, ). Roughly speaking, B(Q,¥) is
the collection of all hod pairs which are strict hod initial segments of a Y-iterate of Q and I(Q,X)
is the collection of all Y-iterates of ¥. In the case A< is limit, I'(Q, %) is the collection of A C R
such that A is Wadge reducible to some ¥ for which there is some R such that (R, V) € B(Q,X).

See [8] for the definition of I'(Q, ) in the case A€ is a successor ordinal.

5This just means % acts on all stacks of w-maximal, normal trees in P.



[¢] constructs under AD" and the hypothesis that there are no models of “ADg + © is regular”
hod pairs that are fullness preserving, positional, commuting, and have branch condensation.”
Such hod pairs are particularly important for our computation as they are points in the direct
limit system giving rise to HOD of AD"™ models. For hod pairs (Msy,X), if ¥ is a strategy with
branch condensation and 7 is a stack on My, with last model N (we will denote this model N'7),
by NT is independent of T (this property is called positionality). Therefore, later on we will omit
the subscript 7 from X NT whenever ¥ is a strategy with branch condensation and My is a hod
mouse. We also let a(7) denote the supremum of the generators used in 7.

Suppose AD™ holds. We fix a simple coding of H,,, by elements of R. For an (wq,w;) iteration
strategy A, we let Code(A) be the set of reals coding A via the specified coding.® Suppose (P, %)
is a hod pair such that ¥ has branch condensation and is I'-fullness preserving for some pointclass
I' and suppose Code(X) is Suslin co-Suslin, then [8, Corollary 2.44] shows that ¥ is positional and
commuting. We can then compute the direct limit Moo (P, X) of all X-iterates of P.

In practice (in determinacy models where the HOD analysis can be carried out or in core model
induction contexts) we construct hod pairs (P, ) such that ¥ has branch condensation and is I'-
fullness preserving for some pointclass I' (if I' = p(R) then we simply say “fullness preserving”). In
core model induction applications, we construct hod pairs (P, ¥) such that every (R,A) € B(P,X)
belongs to an AD"-model. We then can show (using our hypothesis) that the hod pair (P, ) we
construct belongs to an AD"-model.

In this paper, P is a hod premouse if

(i) either P is a hod premouse below “ADgr + © is measurable”, that is, no hod initial segment
Q of P satisfies “09 is a measurable limit of Woodin cardinals” (P is called improper in this

case),

(ii) or P = (P, E) where P~ is improper hod premouse (or anomalous hod premouse, cf. [,
Section 3.4]), P F “0% is regular” and E codes (as an amenable predicate) a normal measure

over P with critical point % (P is called proper in this case).

Suppose P is a proper hod premouse and suppose X is some iteration strategy of P. Suppose
T is a stack according to X. It’s easy to see that T can be decomposed into a sequence of stacks

(Ta, No = a < ) for some v, where

1. No =P = (Ny , Ep), Nag1 is the last model of 75, and for limit o, N, is the direct limit
(under the iteration maps) of the Ng’s for 5 < o

2. for a« < v — 1 successor, say N, = (N, ,Es). Then 7,41 is either a stack below SN (if
77)4 = <N07717Eo¢—1>) or else 7doz-ﬁ-l = <Na_an>'

"Branch condensation does not seem to follow from hull condensation and vice versa. By [8, Theorem 2.42],
fullness preserving strategies with branch condensation are positional and hence commuting. In short, we can just
write “hod pairs that are fullness preserving and have branch condensation”.

8Let m : R — H.,,, be the coding of elements of H., by elements of R. Then m induces a surjection Code: p(R) —
p(H.,) as mentioned above. To save space, we will generally not make distinction between A and Code(A) in this
paper.



3. for a = 0 or limit, 7 is either a stack on N, below N, or else T, = (N, Ey);

Such a sequence is called the normal form of T. Informally, a stack in normal form on P consists
of stacks below 67 and its images and trees of the form (F) where F is the predicate coding the
normal measure over R with critical point . For instance, if To = (Ep), then N7 = Ult(P, Ep).
In constructing a strategy > for P, we need to construct strategies for the “new Woodin cardinals”
of N7 (i.e. those Woodin cardinals between 6% and 7z, (67)), cf. the proof of Lemma 5.16.

4. A VOPENKA FORCING

In this section, we prove a theorem concerning a variation of the Vopenka algebra. This theorem
will play an important role in the next section. Suppose I is such that L(T',R) = AD* + ADg and
I' = p(R) N L(I',R). Let H be HODLT'R) | Woodin has shown that # = L[A] for some A C ©
(see [20]). We write © for ©L("R) The following theorem comes from many conversations between
H.W. Woodin and the author and is due to Woodin. We include a proof here for the reader’s
convenience. A similar, but less general theorem and its proof can be found in [1]. We note that
the version in [!] is enough for our applications in this paper. The more general version as stated

in Theorem 4.1 will have applications elsewhere.

Theorem 4.1. Suppose L(I',R) E ADT + ADg and H = HOD*("'R) | Let H* be a ZFC model such
that A € H' and Vi = Véﬁ, where A C © is such that H = L[A]. There is a forcing P € H and
a h C P generic over Ht such that in H*[h]:

p(R) N HH(T) = p(R) A H(T) =T.9
In particular, H*(T') E ADg.

Remark 4.2. HT(T') can be realized as a certain kind of symmetric model in H'[h]; a similar
remark applied to H(T'). The symmetricity is with respect to a certain class of order-preserving

maps from P to P specified in Lemma 4.35.

Proof. First, we define a forcing Q € L(I',R). Let Z = pg(0)“T"R)| where pg(0) is the collection
of bounded subsets of ©. A condition ¢ € Q if ¢ : ny — Z for some ny, < w. The ordering <q is as

follows:
q<qren <ngAVi<n, q(i) =r(i).
So Q is simply the Levy collapse forcing Col(w, Z). Now we define
P*={A|3n<wAC Z"NAc ODLTR) Athere is a surjection 7 : R — A}.

For A € P*, we let ng be the unique n < w such that A C Z". The ordering <p+ is defined as

follows:

A<p B&ng<naAVteAt|ngeB.

9Here H+(T) is the minimal, transitive ZF model containing H* and T'. H(T") is defined similarly.



It’s easy to see that there is a partial order (IP,<p) € H isomorphic to (P*, <p+) and in H,
(P, <p) has size ©. Let 7 : (P, <p) — (P*,<p+) be the isomorphism and 7 is OD*"®) We will
write p* for m(p), where p € P. (P, <p) is the direct limit of the directed system of complete boolean
algebras P, in H, where P} is the “n-dimensional” Vopenka algebra on Z" and for n < m, the
natural maps 7, ,, from P, into P, defined as: 7,,,,(p) = {t € Z™ : ¢t | n € p} are complete
embeddings.

Q is weakly homogeneous in the sense that for any p,q € Q, there is an automorphism 7 : Q — Q
such that 7(p) is compatible with ¢. In the following, we show that P* (and hence P) is fairly closed

to being weakly homogeneous.

Lemma 4.3. Letp,q € P*. LetP}, , = {r € P* | n, > ny+ng}. Then thereis a map m:P* — P*

*

such that rng(m) is dense in P*, w [ P} —is an automorphism of P}, ., . and m(p) is compatible

7nq

with q.

Proof. First, we define a “finite permutation” ¢ : w — w as follows.

n+ng ifn=0,1,...,n,—-1
o(n) = n—n, ifn=nyn,+1,...,n,+n4—1 (4.1)
n otherwise

Now we proceed to define w. For any t € Z<¥ for any n < m < n,, by t | [n,m], we
mean (t(n),...,t(m)); we can define ¢ [ [n,m) etc. For any r € P such that n, < n, + ng, let
r* ={te Z"™*"a : t [ n, € r}; for r € P such that n, > n, + ng, let 7* = r. Now let

w(r)={too:ter},
where
too [[0,n, 4+ ng) = (t(c(0)),t(c(1)),...,t(c(ny +ng —1)))
= (t(ng),t(ng +1),...,t(ng+np, — 1),¢(0),...,t(n, — 1)),

and if ny > ny, +ng, then too [ [ny, +ng,ne) =t [ [np + ng, ne).
So 7 permutes the first n, + n, coordinates of every ¢t € r* for any r € P according to o and

does not change coordinates > n, + n, (this corresponds to ¢ being identity above n, 4+ ngy). It is

*

easy to see that 7 is <p- order-preserving, is an automorphism of P, , . and rng(m) is dense in P*.

Now
m(p) ={t € Z™ ™ . ¢ | [ng,np +ng) € p}
is compatible with ¢ because r < w(p) and r < ¢, where
r={teZ™ta ¢t ][0,ng —1] € ¢ At | [ng,ng+np) € p}.

This completes the proof of the lemma. ]



Now let g* € Q be L(I',R)-generic and g = |J ¢*. By density, g : w — Z is onto. Let h C P be
defined as follows:
peEh< (g ny)e€p™ (4.2)

Also, if p € P, by n,, we mean n,+. The term “symmetric” will be spelled out in during the course

of the proof of Lemma, 4.4.

Lemma 4.4. Write hy for the filter h above. Then the following hold.

(a) hg is P-generic over H. In fact, for any condition p € P, there is a P-generic filter h over H
such that p € h and I' € H[h]. Furthermore, H(T') is the symmetric extension of H in H]h].

(b) Suppose g* is L(H™, Z)-generic, then for any p € P, there is a P-generic h over H* such that
p € h and T € Ht[h]. Furthermore, H(T') is the symmetric extension of H' in HT[h].

Proof. For part (a), to see hy is generic for P over H, consider a dense set D C P* which is OD.
Let D' =|JD. Then D’ is dense in Q. Otherwise there would exist a condition ¢ € Q which does

not extend to a condition in D’. Let
p=1{¢ € Q:ny =ng and ¢ does not extend to a condition in D'}

then p € P*; here p is nonempty as q € p. By density of D we can find some p’ € D extending p.
Then any condition ¢” € p’ is an extension of a condition in p (namely of ¢” | ny) to a condition in
D', a contradiction. This proves density of D’ in Q. It is now easy to see that if ¢* € g N D’ then
q* € p for some p’ € D, witnessing that p’ € D N h.10

In fact, we just proved that given an open dense set D C P in H, for any condition p € Q, there
is a ¢ <g p such that qll—@hﬁD;&(b.

Given g and hy as above, we also can define g from h, in a simple way. Let b € © and n < w.
Let Ay, € P be such that Ay = {s € Z""1 . b € s(n)}; it is clear that A, € OD. We take the
map (b,n) — Ay, to be in H. Clearly,

beg(n) e Apn € hy. (4.3)

We then can define P-terms for g(n) and ran(g) by
on = {(p,b) | b <O Ap <p Ay},
and
R={({p,o,) |pEPAN <w}.
Note that o, € H for all n and R € H. The following properties are easy to verify.

Lemma 4.5. 1. For any g* C Q generic over L(I',R), let g = Jg* and hy be defined as in 4.2,
then ot = g(n) for all n and R" = ran(g) = Z.

10This argument is pointed out by the referee. It is simpler than the author’s original argument

10



2. For any condition p € P, there is an H-generic h such that p € h and R" = Z

3. For any finite permutation o of w, let m be defined as in Lemma 4.3 from o. Then gr =gey
7[g], hx =aef wh] are Q-generic and P-generic respectively and H[h] = H[h] and H[g] =

H[gr]. Furthermore, letting ©* be the canonical extension of m to P-terms Rh=7* (R)h.11

Remark 4.6. R is “symmetric” with respect to the maps 7 as in clause 3 of the lemma. We
call the models H(T), H1 (L) symmetric models because they will be shown to be H(R"), HT(R")
respectively for appropriate generics h. It is not true in general that 7 (oy,) = oy, but nevertheless,

{7*(0p)" : 0 <w} D {0 :n < w}; one can see from this that 7*(R)" = R".

We can now show that L(I',R) can be recovered over H from Z (via the standard Vopenka

forcing). This is because for any A € T':
(i) A has an co-Borel code S € Z, and
(ii) S is generic over H via a forcing of size < ©.

Both (i) and (ii) follow from AD™ + ADg in L(I',R). For (ii), the forcing is just the standard
Vopenka forcing. Suppose S C k for some k < 0,, where 6, < © is a member of the Solovay
sequence of L(I',R), then by ADg, the standard Vopenka forcing Py adding a subset of x has size

at most 6, in H. Furthermore, Py completely embeds into P and there is P; such that P = Py P;.
12

So there is a formula ¢ such that given any real z, H[S][z] F ¢[S,x] if and only if z € A. 3

This equivalence can be computed in #[h] from # and R" for any H-generic h such that R* = Z.
This shows that I' € H[h] for any h satisfying (2) of Lemma 4.5. For any such h, we define the

symmetric model Sy 5, as

S = HODI AT

{glnn<w}"

Note that g | n is the sequence of (off,...,o" ;) in H[h]. We also define

hin={peh:n,<n}.

In the following, by HOD,, we mean H ODL(F B,

the Vopenka algebra adding g | n over H. Note that H[h | ] nd H[G(g | n)] may differ from
H[g | n]** but we do have

Let G(g [ n) C PP(g [ n) be the generic for

Lemma 4.7. H[h [ n] = H[G(g [ n)] = HODyypp)-

Proof. Using the equivalence

1y and g, only differ on finitely many bits, and similarly for & and h,. Also, in general, 7*(R) # R and 7*(0y,) # on
for most maps .

12See [7] for a similar observation regarding the w-dimensional forcing realizing L(R) as a symmetric model over
HOD"®).

13We in fact can take S to be in ©“; this is a consequence of AD' + ADg.

1A proof of the equality seems to require that every OD subset of Z™ has an OD oco-Borel code. See [7] for the
corresponding fact that every OD subset of R™ has OD oco-Borel code in L(R).
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pehlnsglnecp,

we get that h [ n is ODyg,). Hence H[h [ n] € HODygppy. A similar argument gives H[G(g |
)] € HOD g1y

Conversely, g | n € HOD[h | n| follows from 4.3, noting that we just need h [ n in that
equivalence to compute ¢g [ n. Similarly, g [ n € HOD[G(g | n)]. Let X be a set of ordinals in
HODyiny. Say X C . Let T € OD be such that for any 5 < 7,

peX<T(B,gn)holds in L(T,R).
Let k = max;<,suplg(i)]. Let 7: OD N p([p(k)]") — H be the (OD) natural map.
Let Tj = {a C " : T(B,a)}. Then Y = {(B,7(T}3)) : B <~} € H and it’s easily checked that
BeXeyglnely« (B,7(T5) €Y AT(T;) €h | n.
So X € H[h | n]. Similarly, X € H[G(g | n)]. This completes the proof of Lemma 4.7. O

The above calculations show that I' € H(Z) and in fact
Sn=H(Z) = H(T) = LT, ). (14)

We first verify Sy, = H(Z). First note that Z = Rh e Sy n and H is an inner model of Sy 5, so
the D-direction holds. For the converse, let X € Sy j be a set of ordinals.

Claim 4.8. X € H[h | k] for some k.

Proof. Suppose X is defined in H[h| from g [ n for some n by a formula ¢. We omit the ordinal

parameters for brevity. So for any ordinal «,
ac X e HhEpla,g | n].

By Lemma 4.7, g [ n € H[h | n].

By the discussion above, the canonical Vopenka algebra for g [ n, P(g [ n) completely embeds
into P. Let G(g [ n) C P(g | n) be the generic that adds ¢g [ n and let P/G(g | n) be the factor
forcing induced by G(g [ n), then by Lemma 4.7, we have G(g [ n) € H[h [ n] = HOD/4p,y =
H[G(g | n)]. Then

=

a€ X & H[G(g I n)] =H[h I n]EDIFp/ggm) el g n)t

This gives X € H[h | n] as desired.
0

15We use the maps Tnp,ng a8 in Lemma 4.3 to get that for any two conditions p,q, it cannot be the case that
P lFp/cigin) @ld, g [ n] and q lFp,ggin) ~@[d, g | n] and vice versa.

12



Since for each n, g [ n € H(Z) and G(g | n) € H(Z), and H|[G(g | n)] = H[h | n], we get
h | n e H(Z); therefore, X € H(Z). This gives Sy C H(Z).

L(I',R) C H(Z) follows from the fact that R C Z and Z contains all co-Borel codes for sets of
reals. To see H(Z) C L(I',R), let X be a set of ordinals in H(Z). By Claim 4.8, X € H[h [ n] =
H[G(g | n)] for some n. Since H C L(I',R), g [ n,G(g | n) are in L(T',R), so is X. It’s also easy
to see that H(I') = L(I",R). This gives 4.4 and completes the proof of Lemma 4.4 (a).

For part (b) of Lemma 4.4, let g* C Q be generic over L(H™',Z). Let g, h be defined from g*

as before.

Lemma 4.9. (i) h is a P-generic over H.
(ii) R" = Z and H(Z) = Sy -
(111)) HY(Z) Npe(©) = Z and HT(Z) N p(R) =T.

Proof. For part (i), suppose not. Then there is a finite sequence s € Z<¥ s € ¢* and a dense set
D in P such that D € HT and such that s |- AN D = (). As before (cf. Lemma 4.7), s € HT[G(s)],
where G(s) is H*-generic for the standard Vopenka algebra P(s). So D must define a dense set D’
in the factor forcing P/G(s). Choose a condition ¢ € D’. ¢ must exist. Now ¢ corresponds to ¢*,
a nonempty OD; subset of Z<% of finite sequences which extend s; by Lemma 4.7, ¢ € H1[G(s)].
Let ¢t € ¢*. Then ¢ forces that 2 N D is not empty. This is a contradiction.

Clause (ii) follows from the proof that Sy, = H(Z), noting that H*[G(g [ n)] = H*[h | n] for
all n. Now we want to verify clause (iii) of the lemma. For the first equality, it’s clear that the
D-direction holds. For the converse, suppose A is a bounded subset of © in H*(Z). By the proof
of Claim 4.8, X € H*[h | k] for some k. But HT[h | k] = HT[G(g | k)]. Since X is a bounded
subset of © and the forcing P(g [ k) is O-c.c. (since g | k is a finite sequence of elements of Z,
by ADg, P(g | k), the standard Vopenka algebra adding ¢ | k, in fact, has size < ©), so indeed
X € H[G(g [ k)] as VI = V2.

Now we're onto the second equality of (iii). The D-direction holds since H(Z) = L(I',R) C
HY(Z). Let A C RY be in H*(Z). First we assume A is definable in H¥(Z) from an element
a € H', via a formula . Let & be a P | w-name for a real in H*(Z) (here P* | w is the forcing
Vop,, defined in [13, Section 3]; P* | w consists of nonempty OD subsets of R™ for some n.). The
statement (%, a) is decided by P | w by homogeneity of P | w,P in the sense of Lemma 4.3 (i.e.
HT E “Dlrp 0 bppr 2, 0] V 0 IFpr, O 1Fp/pr, ~0[E,a)”). Again, by the fact that P | w is ©-c.c.
(in fact R | w has size < © in H by ADg), we get that A € H(Z), and hence A € I". 16

Now suppose A is definable in T (Z) from an a € H™ and a b € Z. Using the standard Vopenka
algebra and ADg, we can get a < O-generic G(b) over H and H™ such that HOD, = H|[G(b)] C
HT[G(b)). Let us use Hy, to denote H[G(b)] and H; to denote HT[G(b)]. Now in H,, we can define
the poset P, the same way that P defined but we replace OD by OD(b) in L(I',R). Now we get a

5This can be seen by taking a hull X < HT such that |X| < © in X" and P [ wU{P [ w,a} C X. Let Mx be
the transitive collapse of X and 7 : Mx — X be the uncollapse map, then Mx € H. We get that x € A if and only
if H[h] F Mx[h | (P w)]E O 1@ ¥z, 7" (a)]. This gives A € H(Z).
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generic hy over H; for Py, as before. A is then definable over HZF(Z ) from parameters in HZF. Now,

we just have to repeat the argument above. This completes the proof of Lemma 4.9. O
Lemma 4.9 completes the proof of Lemma 4.4. O
Lemmata 4.4, 4.5, and 4.9 together prove Theorem 4.1. O

Remark 4.10. If additionally, H™ E “© is reqular”, then H(Z) E “© is reqular.” See [1/, Lemma

1].
5. A PROOF OF THEOREM 1.6

In this section, we assume the hypothesis of Theorem 1.6. We start with some setup and notations.
As in [19], we assume V = L(p(R), u), where “ADr + DC + © is regular” holds and x is a super-
compact measure on g, (¢(R)). Suppose N is such that there is a surjection 7* from p(R) onto
N. Then 7* induced a surjection 7 : p., (p(R)) = @, (N), namely w(o) = 7*[c]. Let u} be the

supercompact measure on g, (N) induced by p, i.e.
A€ pf & 1A € p.

ph does not depend on the choice of w. To see this, suppose 71, m : p(R) — N are surjections.
Then the set A = {o : 37 € g, (p(R)) 0 = m[r] = m2[r]} is a strong club subset of g, (N)
in the sense of [2, Definition 2.1] and hence by [2, Theorem 2.3], A € p}} N pR2.!" Futhermore,
7 [A] = 75 '[A] € p. From this, it follows that p3} = p32. We will then denote this measure py
and sometimes suppress mentioning the surjection 7. We write Vj, o for “for puy-a.e. o”.
We assume, for contradiction that

(t) - there is no model M containing all reals and ordinals such that

M E “ADg + © is measurable”.

Under this smallness assumption, the HOD analysis in V' can be carried out as in [8] and [10]
to conclude that HOD|© is a union of hod premice and in fact is a direct limit of the directed
system F of hod pairs (P, X) such that 3 is fullness preserving and has branch condensation. We
then construct a hod premouse H* extending HOD|O and a normal measure v on © over H* and
amenable to HT. So we have a proper hod premouse (H*,v). Using the Vopenka forcing in the
previous section, we then show that V' = L[HT][v](p(R)) F ADg+© is measurable. This contradicts
(). So (T) must be false; equivalently, there must be models of “ADg + © is measurable” after all.

We define a model H' extending H =g HOD|O as follows: H T is the union of sound, countably
iterable hod premice M such that H <M, p,(M) < ©. Here, M is said to be countably iterable if
whenever M* is countable, transitive, embeddable into M via map 7, letting H* = 7~ (H), then
M* QLpA(H*), where A = @, _ - S (a)-

Let N be a transitive structure of a large fragment of ZF 4+ DC such that p(R) UH C N
and such that there is a surjection 7 : p(R) — N. We call such an N suitable. We have that

17The reader can also see Lemma 5.9 and the subsequent discussions for a proof.
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Vn0 0 < N. For each such o, let N, be the transitive collapse of o and 7, be the uncollapse map.
Let (T, Ho, 05) = 7, L (p(R), H,0). We let T = p(R) and (6 : a < ©,) be the Solovay sequence
defined in T,. Generally, if z € o, then let x, = m, !(x). We also let

HE =Lp> (H,).'8
The following gives an alternative characterization of H*.
Lemma 5.1. H' = [0 — H[],, where Q is the transitive closure of p(R) NH.Y

Proof. First, let M <<H ™. Since M is sound and p,, (M) < O, there is an A C O coding M. Then
A= [U = W;I[AHMN (5'1)

and

* —1
Va0 o [A] € HE. (5.2)

To see this, let @ C N and N is suitable such that A € N. Note any such suitable N, M,
UNnQ = mno- The main point is for any suitable N: V), o H+ only depends on o N §; in fact,
Vino Ac = T AAIAN Ay € HI .

This follows from the definition of H* and the fact that Vino 0NM < M. Finally, A is represented

in the py-ultrapower by the collection of “Q2-invariant” functions, i.e.
A2{f: pu,(N)— HAJ/MN :Voi,02(01NQ=02NN = f(o1) = f(o2)}.. (5.3)

The above discussions give us 5.1 and 5.2. So M < [0 = Hg)uq-
Let M < [0 — HI],,. Let N be suitable such that M € N. Note that by 5.3, the function
o — M, is Q-invariant and represents M in the py-ultrapower using only Q-invariant functions.
For any countable transitive M* embeddable into M via 7, there is 0 € g, (IV) and an embedding
Ty : M* — M, such that M, << H}. Therefore, M* is iterable. This shows M <1 H™.
O

Lemma 5.2. No level M of H' is such that p,(M) < ©.

Proof. Suppose M <1 H™T is the least such that p,(M) < Q. Let N be suitable such that M € N.
We start with the following.

Claim 5.3. For uy-a.e. o, for any f < Ao =qet A7, Y, (p) 18 fullness preserving and has branch

condensation.

18Note that the Lp-stack is computed in V.
19Note that € is suitable.
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Proof. Fix a 0 and a < A,. By the HOD analysis in I', (which uses (})), there is a hod pair
(P, %) such that

e Y is I',-fullness preserving and has branch condensation;
e H,(B) is an iterate of X.

Using 75, we get that m,(X) is an (w1, w;) strategy for P that is fullness preserving and has branch
condensation. Since ¥ = 7,(%) | Ty, 75 is the tail of m,(X) and hence satisfies the conclusion
of the claim.?" O

Fix a o as in the claim and recall M, = 7, 1(M). Let &, be the natural strategy of M, defined

from 7, (see [9, Section 11]). The important properties of ¥, are:
1. ¥y extends X7 =gef Dpcrto 29, (a);

2. whenever (T,Q) € I[(M,y,%,), for all a < A2, 37 0(a) 18 the pullback of a hod pair (R, A)
such that A has branch condensation and is fullness preserving and hence by [3, Lemma 3.29],

Y7,9(a) has branch condensation;

loa

3. X, agrees with X on stacks below O, and for each a@ < A\, the direct limit map 77/2\/70 o 102,

is the direct limit map Wii ()00 [ 69;

4. suppose (71, Q) € I(M,,%,) and let i = 77 be the corresponding iteration map, then there
isamap k: Q@ - M such that koi =7, [ M,. kis defined as: k(i(f)(a)) = Wa(f)(ﬂ'épo(a))
for f € M, and a € (§2)<¥, where A is the T-tail of ¥ . So ¥, is ODyr, 1M, }-

(3) above uses the fact that © is regular.

Let § = 6Me < ©, be a Woodin cardinal of M, such that p,(M,) < 6. Let A C § witness
this. So A is a bounded subset of ©, that is not in M,. We aim to obtain a contradiction from
this.

Now we can construe (Mg, %) as a (Hq(a), Ly, (a))-hod pair. We can define a direct limit
system of (H, (), ¥y, (a)) hod pairs as follows:

Fr={(Q,N) [ (Q.N)=ps (M)} *.

Note that F does not depend on (Q,A) and in fact is ODy,,_ ., in L(p(R)). This easily implies
that A is ODs,, ., in L(p(R)). By MC(Z4,(a)) 2 and the fact that He(a + 1) is Bgy, (o)-full,
AeH,(a+1),80 A€ M,. This contradicts the definition of A. O

2ONote that by positionality of 7, (%), which follows from fullness preservation and branch condensation (cf. [8,
Theorem 2.42], ¥4 () does not depend on any specific iteration from P to Ho(3).

21This means these (H},Z,) hod pairs are Dodd-Jensen equivalent.

22This stands for Mouse Capturing with respect to ¥4, (), Which in turns is the statement that if z,y € R, and x
is ODsy, (o) (y) then z is in a Yy _(4)-mouse over y.
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We define a measure v on © over H* as follows. Let A € HT N p(O) and N be suitable such
that A € N. Then
Aev eV, osup(cnNO) € A (5.4)

First of all, note that for pn-a.e. o, sup(cNO) < O as cof(©) > w. Now it appears that whether
A € v depends on the choice of suitable N, but it does not. Fix A C © and suitable N7, N2 such
that A € N; N Na. For upn,-a.e. o, we let A, be the transitive collapse of 0 N A. Similarly, we
define A, for un,-a.e. 0. We have that

A=low— AU]NNl =[o— AU]MW.

Again, as in the proof of Lemma 5.1, here and everywhere else later in the paper, we require
that the ultrapowers use only Q-invariant functions. The point is the transitive collapse of o0 N A
only depends on o N O, not all of o. Furthermore, letting N = Ny N Na, then N is suitable and
HU{A} € N. The following equivalences are easy to verify:

Vlea sup(cNO) € A&V, osup(cNO) € A

& VZN2O' sup(cNO) € A

The main point is: if X € uy, (or X € pn,) then the set {c NN : 0 € X} € un. This shows v
does not depend on the choice of suitable N.?3

It’s clear that v is a measure. Note also that the above definition makes sense for all A € V' but
we only care about those A’s in HT as we can prove the measure behaves nicely on this collection
of sets.

Note that HT is a ZFC™ model and |H*| < ©F. Now we show the following.

Lemma 5.4. v is amenable to H™. In other words, for any M <<H™, v | M € HT.

Proof. Let M <« H" be sound and p,(M) < O (note that H' is the union of such M’s). Let
vpm =v | M. We show vy € HT.

Again, we fix a suitable N such that M, vy € N. Let A = (A4 | o < ©) be a definable-over-M
enumeration of p(6) N M and let N << HT be least such that A € A'.2* We may choose N so that
N eN.

We use the set-up and notations above. Let M = [0 — M,],, and note that V), o M, =
;Y (M) . Similarly, vam = [0+ Vo), where for py-ae. o, v, = m, (vpq). Similar notations
are introduced for /. We want to show VinG Vo € HF. For a uy-measure set of o, we have
(Mg, o, Ny) = 751 (M,vpq, N) and ; («) is fullness preserving for each a < \,. We show the
claim holds for all such o. Let X denote the aforementioned py-measure one set.

Let for each 0 € X, R, = HOD(H;‘,E;)' Note that

©(0s) "Ry = p(05) N ’Hj

3 Alternatively, one can define A € v < YV}, 0 sup(c N O) € A.

24 A exists because p,(M) < © and M is sound.
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by a similar argument to that used in Lemma 5.2. Let A, = (49 | a < ©,) = 7;}(A). We want
to show (a | AZ € v,) € R, which in turns implies (o | A7 € v,) € HT.

Let 0 € X. Let 7, = sup(n,[0s]) (note that 7,[0,] = o N O coincides with the iteration
embedding via X7 and since cof(©) > w, 7, < ©). Note that

Va < O, (A € Ve 75 € (A7) N (75 + 1)) (5.5)
and
(me(A2)N (7o +1) | a < O4) € R, (5.6)

5.5 is true by elementarity and the definition of vp4. 5.6 is true because (7, (A%)N (7, +1) | @ < O,)
is OD from 7, | ©, U {(O4,7,)} and A, A, €N, €R,. Furthermore, 77, | ©, U {(Os,7s)} =
2o ] (O, + 1), hence by the definition of R,, we have 5.6.

Ho,00

By 5.5 and 5.6, we have (a | Ay € vy) € R,. The lemma follows from the agreement between
R, and H .
O

Remark 5.5. (i) In the proof of Lemma 5./, we can’t demand that H™ € N because it may be

the case that o(H™) = O and hence there are no surjections from p(R) onto H™.

(11) It follows from the fact that © is reqular and ADg holds that Ht & “© is regular limit of

Woodin cardinals”.

Now we want to show that v is normal and (©) N L[HT,v] = p(©) N HT. Let M < HT be
sound and p,(M) < ©.

Lemma 5.6. Let M QH". Then var =gey v | M is normal.

Proof. Suppose not. Let N be suitable such that M,vy € N. Let M = [0 — M,]|,, and note
that V* o Mg =7, 1(M).

We define a measure v, on O, over M, as follows.
A € Vs & Yy =det SUp(75[O4]) € mr(A). (5.7)

It’s easy to see that
Vo = T, (vp) Aol /un = vag. (5.8)

By the assumption on v, we have that V), o v, is not normal (in Ny). This means

VZNO'HJC € Mo mo(f) (Vo) < Yo Ao (f)(V0) & 0N 7o (5.9)

By normality of up,

Af e MV} 0 f(ve) € 0N A f(Ve) < Yo
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Fix such an f € M and let

A/:{U | f(Ve) € 0Nye A f(Ve) <o} (5.10)

We have A’ € py. This implies that B € vy where

B={y|f(v) <~} (5.11)

Let M < M* <« 'H" be such that vyy € M*. This is possible since vy € HT and HT is a
limit of such M™*’s. Now we can also assume M* € N by expanding N if necessary. Let then

* * _ —1 *
Vo Mo =7 (MF).
Claim 5.7. There is ann < © such that V}, ;o f(v,) <.

Proof. V0, let X, be the 7,-guided strategy for M, (as defined in the proof of Lemma 5.2) and
iy : My — Ny be the direct limit map, where N, is the direct limit of all X,-iterates of M,. Note
that since M, F “O, is regular”, i, | O, = 7, | O,; also we may and do assume i, is cofinal
in o(N,). These properties follow from (1)-(4) in the proof of Lemma 5.2. (1)-(4) in the proof
of Lemma 5.2 also imply that there is a map k, : N, — M such that k, o i, = 7, | M, and
crt(ky) = i6(O5) = Yo

Let v} = i,[v,] and (fy, By) = (7, 1(f), 7,1 (B)). We have then that Vin0 Bo € vy, which
implies that i,(B,) € vi. We note that crt(k,) = 7, and therefore, v/} is a subset of the normal
measure 7, induced from k,, i.e. for A € N,, A € 1, iff 7, € ks(A).

To prove the lemma, it suffices to show that
VZNU MG F e < Op iy, (f)(O5) < 1o (5.12)

Fix a o in the first paragraph. Note that we can extend i, to a map i} : M’ — N7 such that i} |
Oy =iy | O5 = Ty | O, and extend k, to a map kI : N} — M* such that crt(k}) = crt(ky) = 7o
and kf | Ny = i,.

As mentioned above, the measure 7, € N7 is normal; so there is some 1 < 7, such that

N; F ka(ia(f))(’yU) =1 (513)

By continuity of i, at 0., let 7, least such that iy (n,) > n, we get 5.12 from 5.12 and the choice

of 7.5 Finally, n = [0+ 1], satisfies the claim. O
Let now

A={oeA| f(y)<n}

By the previous lemma, A € uy.

2We do not know that i:(ya) = Uy. So from the normality of 7y, we cannot conclude v, is normal using
elementarity.
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Definition 5.8 (Becker, [2]). Suppose A C @, (N). We say that A is unbounded if for all
0 € ©u (N), there is a T € A such that o C 7. We say that A is a strong club (scub) if A
is unbounded and Yo € p,, (N)VT C o, if whenever T is finite, then there is a 7" € A such that
TC7' Co, theno € A. A is a weak club (wcub) if A is unbounded and whenever (o, | n < w)

is a C —increasing sequence of elements of A then |, o, € A.
Clearly, a strong club is a weak club.

Lemma 5.9. Suppose E € uy. Then E meets every strong club. In particular, A meets every

strong club.

Proof. Suppose C' C g, (N) is a strong club and C N E = (. Let F be defined as follows.
F(o) =o\U{r | 7 € o AT € C}. By our assumption that C is a strong club and CNE = 0§,
Viyo F(o) CoAF(o)# 0. By normality, 32V}, o 0 € E\C Az € F(0).

We claim that this is a contradiction. Fix such an x. Since C'is a strong club, there is a ¢* € C
such that x € o*. By fineness and countable completeness of uy, the set {o € E | 6* C o} € un.
This contradicts the definition of F'. O

Note also that the above lemma implies that if C' is a strong club, then uy(C) = 1.

Now let P be the natural forcing that shoots a weak club through A. Conditions in P are
countable W C A such that whenever (o, | n < w Ao, € W) is C —increasing then |J,, 0, € W.
VCy,C1 € P, Cy <p C4 iff C; C ().

Lemma 5.10. P is (wy, 00)—distributive.

Proof. Fix a condition Cy € P and a sequence D = (D; | i < w) of open dense sets in P. We want
to find a condition C' <p Cj such that C' € D; for all 7.

Claim 5.11. The set D ={o | 0 < N} contains a strong club.

Proof. D is certainly unbounded (by a standard closure argument using DC). Now let o € g, (V)
and suppose for all finite 7 C o, there is 7/ € D such that 7 C 7/ C 0. We want to show o € D.
We prove by induction that for any n, for any finite 7 C o, whenever 7 C 7/ C ¢ and 7 € D then
7' <y, 0 <%, N.

This clearly holds for n = 0. Now suppose the claim holds for n and let ¥ be a II,, formula, 7 C o
be finite such that N E 3z ¥[z, 7]. By our assumption, there is a 7/ € D such that 7 C 7/ C 0. By
definition of D, 7/ < N, hence 7' F 3z W[z, 7|. Let = € 7/ be a witness. We have then 7/ F ¥z, 7].
But 2 € o and ¥ is II,,; by the induction hypothesis, o E W[z, 7']. This proves the claim. ]

Let N’ be a transitive model of ZF~ 4 DC such that p(R) — N’ and N,P, D € N’. Let N” be a
countable elementary submodel of N’ such that P, DeN'NNeD (we may assume D enumerates
all open dense sets in N). Such an N” exists by the claim. By a standard argument, we can build

a <p —descending chain of conditions (C), | n < w) such that
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1. Cn-‘rl € Dn;
2. C, € N” for all n;
3. U, Cn=N"NN.

Let C =J,,Cn U{N"N N}. Then C € P and C <p C, for all n. This means C € D, for all n.

Hence we’re done. O

Let G C P be V-generic. In V[G], DC holds and there is a weak club C' C A. Let then
C*={y, | c€C}.

Then C* contains an w—club in V[G].
Now we proceed to derive a contradiction. First, we use an abstract pointclass argument to

generalize Solovay’s proof that w; is measurable under AD to show the following.

Lemma 5.12. In V, there are unboundedly many x < © such that:
1. the w—-club filter on K is an n*-complete ultrafilter on o(k);

2. the set {ocNp(R) | 0 € ANy, < K} is unbounded in py, (p(R) | k); in particular, {v, | o0 € A}

is unbounded in k;

3. VY& < n, the set of o N p(R) such that o € A and £ € o and v, < K is unbounded in
P (P(R) T k).

Proof. Since Solovay’s proof is well-known, we only highlight the necessary changes needed to run
that proof in this situation. Working in V, let n7 < p; < p2 < © where p1, po are regular Suslin
cardinals. Furthermore, we assume that there is a prewellordering of length 7 in S(p1)%%. Fix a
prewellordering < of length 7 such that <€ Ag(,,) and let f : R — n be the natural function
induced from <.

We claim that there is a x which is a limit of Suslin cardinals of cofinality p2 (in V) and &
satisfies clauses (2) and (3) of the lemma. To see such a k exists, first note that by Theorem 4.1,
HT(p(R)) N p(R) = p(R); as discussed in Remark 5.5, H* F O is regular, H*(p(R)) F ADg + ©
is regular. Now the set Y of ¢ N © such that X7 is fullness preserving is in H " (p(R)) (note that
Yo is a limit of Suslin cardinals and cof(v,) = w in HT(p(R))); also, for each & < 7, the set Y of
o €Y such that £ € o is in HT(p(R)). From these facts and the regularity of © in H*(p(R)), we
easily get such a k.

Fix such a k. We show that x satisfies (1) as well. Let  be the (boldface) Steel pointclass at

k (see [12] or [5] for the definition of the Steel pointclass). The properties we need for 2 are:
1. F*Aq € Ag (in fact, Ag = {V | w(Y) < &});

2. Q is closed under N, U with S(p1)-sets.

26For a Suslin cardinal £, S(€) is the pointclass of £é—Suslin sets.
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3. (Boundedness) Let Z be an Q-universal set and 7 : Z — k be an Q-norm. Then for A € Ag,

7w [ A is bounded in k.

In the following, we fix Z, 7w as above and a simple coding of w-sequences of reals by reals. So a real
x codes a sequence of reals (z;)i<,. For each X € p(k), we define the Solovay game G x as follows.
Players I and II take turns to play natural numbers. After w many moves, say player I plays a real
x and player II plays a real y. I wins the run of Gx iff either there is an i such that either z; ¢ Z
or y; ¢ Z and letting j be the least such then y; ¢ Z or sup{m(z;), 7(y;) | i,j <w} € X.

Now we're ready to prove the w—club filter at s, U,, is an n-complete ultrafilter. Note that
U, is an ultrafilter follows from AD and in fact, X € U, iff player I has a winning strategy in the
game Gy. Fix a sequence (A, | @ <nA Ay € Uy). We want to show (), Aq € U,. Since A, € Uy,
player I has a winning strategy for the game G4,. Let g : n — p(R) be such that for all £ < 7,
g(§) € {7 | 7 is a winning strategy for player I in G 4, } and furthermore Code(g, <) = {(x,7) | T €
g(f(x))} € S(p1). Such a g exists by the coding lemma.

For each £ < &, let Ye = {(7[y])n | n < w A 3z(x,7) € Code(g,<) AVi(n(y;) < &)} It’s
easy to see from the fact that = is Q-norm, € is closed under intersection with S(p;)—sets that
Y: € Aq. By boundedness, g(§) = sup{n(z) | z € Y¢} < & for all {. This easily implies (as in the
standard Solovay’s proof) that I has a winning strategy in the game Gﬂa A,,» Which in turns implies
Ne Aa € Uy, O

Let D ={v, | 0 € A} € vpq. Fix a k as in Lemma 5.12 and let U,, be the w—club filter on &;
furthermore, by the choice of k, D Nk is unbounded in x. By the coding lemma, DNk € L(p(R)).
We claim that D Nk € U,;,. Otherwise, D N « is disjoint from an w—club E. Let

E' ={o | v, € E}.

But in V[G], D Nk contains an w—club, namely C* N k. In V[G], E remains an w—club, hence has
nonempty intersection with C* N k. This is a contradiction.
Finally, since DNk € U, and U, is nT-complete, there is a £ < n such that D¢ = {y < x| f(v) =
&} € U,. But then there is a 0 € C such that 7, < k, £ € o, and f(7,) = £ This contradicts the
fact that Yo € C f(v,) ¢ o. This completes the proof of Lemma 5.6.
O

Let Ht~ = Ult(H*,v), and 7, be the ultrapower map. Let A = (©TH)%" and E, be the

(0, N)-extender derived from 7, i.e.

(a,A) € E, eacNYAAcp@O®lnNHT ANaem,(A).
F)y is essentially the measure v.
Lemma 5.13. H'~ is well-founded. Furthermore, p(©)NHT™ = p(©) NHT.

Proof. The well-foundedness of H*~ follows from the fact that v is countably complete in V. The
countable completeness of v follows from the countable completeness of u. The equality of the

powersets follows from ©-completeness and amenability of v, cf. Lemmas 5.4 and 5.6.
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Remark 5.14. We, as usual, identify HT~ with its transitive collapse. As such, HT™ is a hod
premouse. By Lemma 5.13 and Lemma 5.4, E,, coheres HT~. So (H* 7|\, E,) is a hod premouse.

Theorem 5.15. Let HtT = L[HT~|\[E,].>" Then p(©) NHT = p(©) NHT.

Proof. Suppose not. Then there is an M* < HTT such that p(M*) < © and M* defines a set not
in H*. We may assume M* is minimal and p;(M*) < © (note that o(M*) > o(H™T)). Let M be
the transitive collapse of Hull{*" (© Upi""). One can use an argument similar to that in Lemma
5.2 to see that p1(M*) = O and therefore, M is the ¥j-core of M*. M is sound, transitive and
M Yi-defines a set not in H*; so M has the form J,[H*][Er] for some H*, Erq. It’s easy to see
that Expq = E, | M.

Let N be suitable such that M, Exq € N. V), o, recall that m, : N, — N be the uncollapse
map. Let

TrO'(MO'7 %0'7 607 Ecn H;7 aa) = (M, 7‘[, @7 EM; H*, a)~

Recall the definition of the strategy X, which is the m,-realizable strategy for M, defined after
Lemma 5.2 for stacks below ©, (this means ¥, does not act on stacks that involve applying FE,
and its images). Our goal is to define a strategy ¥} extending Y, that acts on all countable stacks

of normal form on M.

Lemma 5.16. For px-almost-all o, there is an iteration strategy X} for M, with the following

properties:

1. Ej is a mo-realizable strategy that extends .. This means X, C Ej and whenever T is
a (countable) stack of normal form according to XF, letting i : M, — P be the iteration

embedding, then there is a map k : P — M such that 7, =k o 1.

2. Whenever (Q,A) € I(My,5F), Va < A2, Ag(a) is T(Mqy, 5F)-fullness preserving and has

branch condensation. Hence X} is T'(My, XF)-fullness preserving.

Proof. We prove (1) (see Figure 1). The proof of (2) is just the proof of [8, Theorem 3.26] so we
omit it; we just mention the key point in proving (2) is that Agy) for a < A€ is a pullback of a
strategy that is fullness preserving and has branch condensation.

Fix a 0. Suppose i : M, — P is the ultrapower map using FE,. We describe how to obtain a
mo-realizable strategy Xp (o) for a < AP, We then let Y5 = BpcrrXp(q) and T be a stack on P
according to ¥, with end model Q. Let j : P — Q be the iteration map and k£ : Q@ — R be the
ultrapower map by Fg; here we will write Ep, Eg etc for the image of E, under the appropriate
embeddings. We describe how to obtain 7,-realizable strategy g, for all a < A€ and a m,-
realizable strategy Yg (o) for all a < AR. The construction of the strategy for this special case has

all the ideas needed to construct the full strategy as for the general stack (in normal form), we

2"Note that E, measures all sets in H1 ™|\ by Lemma 5.13.
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simply repeat the arguments given below inductively.

Let 7 < N be such that 0,71 € 7.2 pup-allmost-all T have this property. Let m,, = m ! o
ms. Working in N, let F, ; be the direct limit system consisting of all non-dropping iterates of
(Ho, 25, N N;), let

Z; -
Y0 = 27-[0_700()\/\/[ )7
where 272_[(’_7 ~ 1s the corresponding direct limit map.2? Let i* : P — M, be such that

(1 (f) (M) = 16 (F) (70)-

By the definition of vy, it’s not hard to show i* is elementary and 7, = i* 0 (so 71, = 7T, 0i* 0 1).

Note also that i*(Ep) = E;. Now, let (N, A) be a point in the direct limit system giving rise to
H, such that ran(i* [ A7) C ran(i/’{ﬂoo). There is some s : P|[A” — A such that ij\‘/voo os=14*[ AP,
Then Y7, the strategy of P for stacks that do not use Ep or its images, is simply the s-pullback of A.
Note that by the choice of (N, A), A is a fullness preserving strategy with branch condensation. It’s
not hard to show that the definition of X, doesn’t depend on the choice of (M, A) and the choice of 7.
We show why £ doesn’t depend on the choice of (M, A). Suppose (N, A), (N, A), s: P|AF — N,
and s’ : PIA” — N are as in the definition of ¥, then we can compare (N, A), (N’, A') and get a
common iterate (S, V), where ¥ is the common tail of A and A’; this follows from positionality of
AN Letins: N — Sandiyn s : N — S be iteration maps. Note that ixrs0s =in7 508 =qef t

and
AS = (A/)s’ — Pt.
A similar argument shows that ¥ does not depend on the choice of 7. Let Py, be the direct limit
of ¥ iterates of P|6” and 7p : Poo — M be the natural map such that mp o ii?’oo P (P|67) = i* |
(P167).
Now every element of Q has the form j(f)(a) for some f € P and a € o(T)<%, where a(T)
is the supremum of the generators used in 7. We let j* : Q@ — M, be such that j*(j(f)(a)) =

’L*(f)(ﬂp(ZZéoo(a))) Hence i* = j* o j and 7, = j* 0 joi.

Finally, every element of R has the form k(f)(A9) for some f € Q. Let h : M, — Ult(M;,v;)
be the ultrapower map and h* : Ult(M,,v;) — M be such that 7, = h* o h. Then let k* : Q —
Ult(M,v;) be such that k*(k(f)(A2)) = h(5*(f))(AM7). Tt’s easy to see that hoj* = k* o k. We
can now derive the strategy ¥ using h* o k* | AR the same way we used i* [ A\¥ to derive the
strategy 5. Again, it’s easy to show that X5 is a m,-realizable strategy. The definition of ¥
does not depend on the choice of 7.

In general, suppose T = (Tas N : @ < 7,8 < 7) is a countable stack on M, in normal form
according to X1 and 75 is on N,. We want to define ¥} on 7. As part of the definition of ¥,
we have iteration map i, a,, : Mo = Ny — N, a map i : N, — M, for a sufficiently large 7
that contains all relevant objects, i-pullback strategy > for /\/’a|>\Na, here Mo = § Mo N (Og). If

28Note that o, 7 are countable in 7.
Here \Me = \Me = 9, = §Me by the regularity of O, in My, Hs.
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J* k*

Mg, v,

Q?VQ k va/'R

Figure 1: The construction of ¥}

Ty = (Na, Eq), where Ey = ipm, N, (Es), then we can define maps k* : Ult (N, Eq) — Ult(M ., E;),
h: M, — Ut(M,, E;), and h* : Ult(M,, E;) — M as above and derive a strategy X,41 for
Na+1\)\Na+1, where Noy1 = Ult(N,, Ey). We then let Yo7 C XF. Suppose T, is below Ve
Then we use £, C X} to choose a branch b for 7, and a map j* : NT7b — M., such that
J* o] =iq.

This completes the construction of ¥} and hence the proof of Lemma 5.16. Note it also follows
that X1 extends 3,.

O

By a ZFC-comparison argument ([3, Section 2.7]) and the fact that X} is T'(M,, X1)-fullness
preserving, an iterate of ¥} has branch condensation. Without loss of generality, we may assume

¥+ has branch condensation.
Since p1(M,) < O,, we let A C O, be a set 1 definable over M, but not in H}.3" Say

aeAdes M, Epla,spl, (5.14)

for some s € O5¥. Recall that M, £ O, is measurable as witnessed by E,. We can define a
direct limit system F = {(Q,A) | (Q,A) =p; (M, 5F)} 3L Let My be the direct limit of F and
let iapf, 00 1 Mg — Moo be the iteration embedding. We have that HOD|y, << Mo, € HOD and
p1(Mso) < v5. Let Aso be defined over M, the same way A is defined over My, i.e.

a0 € Agy & Moo E blar,ipg, 00(s), p1 ). (5.15)

Since Ao is OD, A is ordinal definable from (#H,, Y. ). This is because from 5.14 and 5.15, « € A
if and only if zii (@) € A By MC(X;) (which follows from our smallness assumption (f) and
the HOD analysis done in [10]), A € HF. Contradiction. O

*From the fact that H" = [0 — H],, and Los theorem, we can conclude that V;,, o there is A ¥;-definable over
My = Myngq such that A ¢ HT.

31We take Yo-ultrapowers for extenders with critical points > the image of ©, under iteration embeddings by Z,
and Xi-ultrapowers otherwise

25



Lemma 5.17. HTT(T) N p(R) =T and H*(T) F ADg+ there is an R-complete normal measure
on ©.

Proof. First note that no HTT|A < M < HTT is such that p,(M) < ©. The equality in the
conclusion of the lemma follows from Theorem 4.1 with HOD(®) playing the role of H and H*+
playing the role of H'. Note that HTT F “© is regular” and in fact HT(T') F “O is regular”
since © is regular in V. The R-complete normal measure on © in H*(T") comes from v from the
proof of Theorem 2.4 in [3]. The proof uses the fact that every A € T’ can be added to H** via a
forcing of size < ©. This means every A C © in H™ () is in some generic extension of H* via
a forcing of size < © and hence is measured by the canonical extension of v. The normality comes

from normality of v. The R-completeness of the induced measure then follows from [3, Theorem
2.4]. O

This completes the proof of Theorem 1.6.
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