PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 00, Number 0, Pages 000-000

S 0002-9939(XX)0000-0

INDEPENDENT FAMILIES UNDER DETERMINACY-LIKE
HYPOTHESES

ABSTRACT. We generalize the notion of an independent family on w to J-
independent families on an arbitrary cardinal £ and then show that under
determinacy-like hypotheses that there can be no such families for reasonable
J. This is quite atypical as all other generalizations of the kinds of combi-
natorial families coming from the theory of cardinal characteristics follow a
very different pattern, which will also be explained; in this sense independent
families seem particularly special. The base theory assumed throughout is

ZF + All infinite sets are Dedekind infinite.

0. INTRODUCTION

0.0. Some History. When studying the continuum problem one defines several
kinds of families of reals' which have either some kind of internal structure (al-
most disjoint families, independent families, and ultrafilter bases) and others which
have some kind of maximality property (unbounded families, dominating families,
splitting families, reaping families, ect.) one then associates to each kind of family
a cardinal which is provably uncountable, though consistently strictly below the
continuum. Here we will be focusing primarily on independent families and their
closest relative, the reaping family. Fichtenholz and Kantorovich conceptualized
the independent family in the early twentieth century [4]. Hausdorff then noticed
shortly after that every cardinal x carries an independent family of cardinality 2~
[7]. A maximally independent family within a boolean algebra is essentially a max-
imal set of free generators of that algebra, however connections to set-theoretic
topology have also been made.

Many of these connections are between independent families generally and var-
ious topological constructs, a connection of mazimal independent families is the
notion of resolvability. A topological space is k-resolvable if it can be partitioned
into k-many dense sets. Between [6] and [8] it is shown that if x is a regular
cardinal and that there are no maximally independent families on x then for any
v > Kk any dense subspace of [, 27 of cardinality < x is both 2-resolvable and
w-resolvable®. Further, in [3] the authors use a particular maximally independent
family to construct a dense subspace of 22” for which every open subset of this dense
subspace has a dense subset of order k, though no subset of this dense subspace is
2-resolvable.
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0.1. Incorporating Determinacy. For those families with internal structure it
is unclear that there would be any maximal such families under the axiom of de-
terminacy, in [11] Norwood and Neeman showed that there are not maximal al-
most disjoint on families on w under Woodin’s ADT and in [12] Schrittesser and
Tornquist sharpened this result showing that if DCg and Ramsey Uniformization
hold and w — (w)4 then there are no maximally almost disjoint families on w.
One can then generalize the notions of all of these families to arbitrary cardinals.
Chan, Jackson, and Trang generalized the notion of a maximal almost disjoint
family to an arbitrary cardinal [2]. In [2] the following results were obtained; note
that all hypotheses, except V = L(R), hold under Woodin’s AD*.
Theorem (Chan, Jackson, Trang [2]) Assume that k is a cardinal.

(1) If w < cf(k) < O and the bold-face GCH holds at cf(k) then there are no
mazimal B(k)-almost disjoint families and no mazimal [k]<"-almost dis-
joint families.

(2) If V. = L(R) + AD and cf(k) > O then there are well-orderable maxi-
mal B(k)-almost disjoint families and well-orderable maximal [K]<"-almost
disjoint families.

(3) Assume AD + DCg, w — (w)y, ¢f(k) = w, Ramsey Uniformization holds for
K and w injects into every infinite subset of p(k), then there are no mazximal
B(k)-almost disjoint families.

In this paper we generalize the notion of an independent family as follows:

Definition 1. Let J be an ideal on an ordinal k. We say F C J T is J -independent
if for all finite disjoint X, Y C F

bX,Y) =X\ Jy e ™.
F is a mazximal J-independent family if there is no G 2 F which is J -independent.

So that the classic independent family is a fin-independent family on w. We
obtain the following results.
Corollary 26. Assume AD + DCr and k < © is a cardinal. Suppose J is an
ideal on Kk such that either J is wi-complete or ¢f(k) = w and B(k) C J C [k]<".
There are no infinite mazximal J—independent families on k.

Corollary 27. Assume J is a set of ordinals and V = L(R,J) + AD 4+ DCg and
K is a cardinal. Suppose J is an ideal on k such that either J is wi-complete or
cf(k) = w and B(k) C J C [k]<". There are no infinite mazimal J—independent
families on k.

Then one can use these corollaries to establish that the most general V =
L(p(R)) + AD" models do not have maximally independent families.
Theorem 28. Suppose V.= L(p(R)) + ADY and J is an ideal on a cardinal
such that either J is wi-complete or cf(k) = w and B(k) C J C [k]<". If F is an
infinite J —independent family on k, then F is not mazimal.

1. DETERMINACY AND L(p(R))

In this section we merely recount the necessary facts about determinacy to es-
tablish our results.
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Fact 1. Assume AD then there are no injections w; — R, for every A C R there
is an open set U such that AAU is meagre, and the class of meagre sets is closed
under well-ordered unions.

Definition 2. O is the least ordinal onto which one cannot surject the reals.

The following lemma, due to Moschovakis, will be used to conclude some of the
main corollaries. Theorem 25 has stronger hypotheses than what follows from AD
alone, but using this lemma allows the theorem to apply to kK < ©.

Lemma 2 (Moschavakis [10]). Assume AD and k < ©. R surjects onto p(k).
Assuming AD" we understand well-ordered subsets of p(x) for k < ©.

Definition 3. Suppose k is a cardinal. The bold-face GCH at k holds if there is no

injection k't — p(k).

Fact 3 (Steel, Woodin [15]). Suppose AD™ and r < © is a cardinal. The bold-face

GCH holds at k.

We will analyze models of the form V' = L(p(R))+AD". The following theorem,
due to Woodin, shows that such models come in two forms.

Theorem 4 (Woodin). Suppose V' = L(p(R)) + AD" then either ADg holds or
there is a set of ordinals J such that V = L(R,J) + AD*.

Considering the above and after analyzing models of the form L(R), to analyze
the AD" models of the form L(p(R)) we will only need to consider the case that
ADg + —DC holds. In such a case it is helpful to know the cofinality of ©.

Lemma 5 (Solovay [14]). If V = L(p(R)) + AD" + ADg + —DC, then cf(0) = w

A hypothesis of theorem 25 is DC, which does not follow generally from AD". To
work around this we apply 25 within inner models of AD" where DCg will suffice.

Proposition 6. Let J be a set of ordinals and C C R, then L(R,J) E DCg — DC
and HODg¢c, 1y F DCr — DC.

Proof. The argument is essentially the same for either L(R, J) or HODgy(¢, s}. Let
M be either L(R, J) or HODgyjc, 13-

Let X # 0 be a nonempty set in M. There is a surjection 7 : R x On — X in
M. Let R be a relation on X with dom R = X. Define a 0 : R x On — On by

o(a,a) =min{f : (Ib € R)((r(a,a),7(b, B)) € R)}

and a tree T C R<* with a function 7 : T — On recursively. Let z € X be given and
ap € R and ag € On such that 7(ag, a9) = . Then T1 = {{aop)} and 7({ag)) = ao.

Once T,, C R™ has been defined say (ag,...,an_1,a,) € Ty41 if and only if both
<a/07 s 7a‘n71> €T, and7 lettlng ﬁ = 7-(<a07 BRRE) a/n71>)7

<7T(a’n—17 /8)7 W(ana U(an—h B))> € R

and let 7({ao, ..., an)) = o(an,o(an—1,8)). Let T = J{T}, : n < w}. Notice that T
has no terminal nodes since for any (ao,...,a,) € T there is some b € R such that

(m(an,o(an—1,7{ag,...,an-1))), 7(b,0(an,o(an—1,7({ag,...,an-1)))))) € R
and any such b has (ag, ..., an,b) € Thy1. So by DCg there is a {(a, : n < w) € R¥
with (a, : n <w) € [T]. Let a, = 7({ag,...,an)) for all n < w and let (x,, : n < w)
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be defined by z,, = 7(an, a,). We show that (x,,z,+1) € R for all n and zy = z.
Well, 7({ao)) = ap and so xg = 7(ag, ag) = =. Now, notice that a,, = o(an_1,n-1)
and since (aq,...,a,) € T,

<£En_1,l’n> == <7T(an—1aan—1)a ’/T(avna(an—l,an—l)» S R
(I

Then to show that there are well-orderable reaping families on suitable x in
L(R, J), we need to know how L(R,J) interacts with its HOD.

Theorem 7 (Woodin). Suppose V.= L(R,J)+ AD. There is a forcing A € HOD;
such that HOD; F |A| = © and such that for all S C On there is a g C A which is
generic over HODy and S € HOD;lg].

In L(R, J) every set is definable from a real and J. A is essentially the Vopénka
algebra for adding a real, the forcing consisting OD ; co-Borel codes for sets of reals.
Chan in [1] has detailed accounts of this theorem. For us, the only facts about A
we will use is that each p € A is a code for a set of reals so that in L(R, J), p is
essentially a set of reals which we will not distinguish from its code in HOD .

2. REAPING FAMILIES

In this section we focus on reaping families due to their connections with inde-
pendent families, though the analysis is the same with the same tools for any of:
reaping families, dominating families, unbounded families, splitting families, almost
disjoint families, towers, families with the strong finite intersection property but no
psuedo-intersection, and shattering families.

Definition 4. Suppose J is an ideal on an ordinal k. Theny C k J-splitsx € J+
ifbothxNy € JT andx\y € JT. Theny C x J-splits R C J+ if y J-splits every
x €R. We say R is J-reaping if there is no single y C k which J-splits R.

It is a classic theorem that for kK = w, J = fin that every countable R C
[w]“ is split, and thus all reaping families on w are uncountable. The argument
would enumerate any countable subset of [w]“ in order-type w, then go through this
enumeration to construct a set which splits the entire sequence, picking integers to
put into the splitting set and others to keep out. This argument will be adapted to
show that there are no well-ordered reaping families on certain .

Definition 5. For a cardinal k, we define two ideals which coincide should K be
regular. B(k) = U{p(n) : n < &} and [k]<F ={z C K : |z| < K}

Lemma 8. Suppose k is a reqular cardinal and the bold-face GCH holds at k then
there are no well-ordered B(k)-reaping families on k.

Proof. Suppose R C B(k)" is well-ordered, we split it. Since R is well-orderable
there is an enumeration of R in order-type k, (x¢ : £ < k). Define sequences
(Ae : € < k) and (Be : £ < k) of bounded subsets of x such that for all ( < & < &

(%) sup A¢ < min B¢ < sup B¢ < min A¢

and A¢ Nwe # 0 # Be Nwe. Once (A : € < 1) and (B : £ < 1) have been defined
obeying (x). Let ¥ = sup{sup(B¢) : £ < n} + 1, since n < x and & is regular ¥ < &.
Define A,, = {min(z¢\9) : { < 1} again, since x is regular, ¢ := sup 4, + 1 has
0 < k and let B, = {min(z¢\d) : £ < n}.
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Then y = [J{A¢ : £ < k} splits R. To see this, for any n < x and any £ > 7,
AeNz, # 0 and in fact the map € — min(x, N A¢) is an injection and so x\n injects
into y N x,,, the same can be said of [ J{B¢ : £ < k} and

{4 ¢ <mpn| {Be: € <k} =0.
U

Theorem 9. Suppose k is a cardinal and the bold-face GCH holds at c¢f(k). There
are no well-orderable B(k)-reaping families on k and if in addition cf(k) > w then
there are no well-orderable [k]<"-reaping families on k.

Proof. First we assume cf(x) > w and show that there are no well-orderable [«]<"-

reaping families on k. Suppose R C [k]" was well-orderable, we construct a splitting
set. Fix an increasing continuous cofinal p : cf(k) — k. For € R let

m(x) = {¢ € cf(r) : cf(p(§)) = w A (v <E)( [z N p(E)\p(n)] = [p(E)])}-

It is perhaps less clear that for all x € R that w(x) € B(cf(k))'. Let z € R and
no < cf(k) be given. We construct an increasing sequence. Once 7; is defined,
since |z| = k, there is some least 7;11 > n; such that |z N p(ni41)\p(m:)| > |p(m:)].
Let n = sup{n; : i < w}, then cf(n) = w and so p(n) = sup{p(n;) : i < w}
is also of countable cofinality as p is continuous. Further for any i < j < w,
=0 p(m\p(mi)| = [p(n;)] and so for all i < w, [z0 p(n)\p(m:)| = [p(n)]. So, we have
found a member of 7(z) larger than any given 7.

Since R is well-orderable, so is 7’ R and so we enumerate 7” R in order-type cf(k)
as (z, : n < cf(k)) and as in the proof of the previous we get sequences of bounded
subsets of cf(k), (A, : n < cf(k)) and (B, : n < cf(x)) such that for all { < n < cf(x)
we have e N A, # 0 # xzc N B, and sup A¢ + 1 < min B < sup B¢ +1 < min 4,,.

For each & < cf(k) let

I¢ = [p(min Ag), p(sup A¢ 4+ 1)] and J¢ = [p(min Be), p(sup Be + 1)].

Notice this, if € R and 7(z) = x, and 1 < § then there is some a € A N7(x) so
that |2 N p(a)\p(min A¢)| = |p(a)|. In particular, whenever & € R and 7(z) = z,,
for all £ >, [z N I¢| > |p(min A¢)| and since (min(A¢) : € < cf(k)) runs cofinally
through cf(x), for any = € R, |z N J{I¢ : £ < cf(x)}| = . The same can be said
of the J¢’s, so letting y = [J{I¢ : & < cf(k)} we have that y [xk]<"-splits R as
{Je & <cf(k)} N U{Ie : € < cf(k)} = 0.

Showing that there are no well-orderable B(k)-reaping families on « is similar.
Let w(x) = {§ € cf(k) : zN [p(§), p(§ + 1)) # 0} instead and if § C cf(k) splits 7" R
then y := U{[p(n), p(n + 1)) : n € g} splits R. O

Corollary 10. Assume AD" and & is a cardinal with cf(x) < ©. There are no well-
orderable BT (k)-reaping families on k. If ¢f(k) > w then there are no well-orderable
[k]<"-reaping families on k.

Question 1. Can there be well-orderable [k]|<"-reaping families on a cardinal k of
countable cofinality under AD' ?

Similar arguments apply to unbounded, dominating, and splitting families, among
other kinds of generalizations of families coming from the theory of cardinal char-
acteristics. Bold-face GCH at cf(x) is sufficient to prove that there are no well-
orderable such families on x by pushing down along a cofinal sequence, using con-
structions at the level of cf(k), and then push back up along a cofinal sequence.
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The constructions here at the level of cf(k) are similar to the classic constructions
showing that there are no countable such families on w.

In the AD context there is very little that can be determined about the structure
of p(k) if cf(k) > O. So, to analyze the structure of p(x) for such cardinals
model-dependent analysis should be done and the most classic models of AD are
models of the form L(R,J) for some set of ordinals .J. Here we see that there
will be well-orderable reaping, dominating, unbounded, and splitting families. The
core tool for this is Woodin’s theorem 7 that such models are symmetric collapse
extensions of their HOD. See Chan’s [1] for a detailed exposition. In [2] Chan,
Jackson, and Trang use these facts to establish that if V' = L(R) + AD and cf(x) >
© then there are well-orderable maximal B(k)-almost disjoint families and well-
orderable [k]<"-almost disjoint families, both well-orderable in order-type . Their
argument is that in HOD*®) there are such families which are maximal, they are
then well-ordered in HODZ®) in order-type (k1)HOP = k*. Then one notices that
the maximality of such families are indestructible by forcings of cardinality < cf(k)
and so remain maximal in V' = L(R). The same argument can be applied to any
other of the families, except independent families. Unbounded, dominating, and
splitting families also enjoy small forcing indestructibility. While reaping families
do not in general enjoy small-forcing indestructibility, in any model of ZF and any
k in this model there is a reaping R C p(x) which cannot be split by small forcing.

Proposition 11. Suppose that V = L(R,.J) + AD" and k is a cardinal such that
cf(k) > O and J = B(k) or J = []<*. There is a well-orderable J-reaping family
on k of cardinality 2HOP

Proof. Notice that J"OP7 = 7 "HOD . Let
R={aCk:a¢ T ANK\a¢ T} NHOD; € HOD,

So, HOD; F |R| = 2. Then R is well-ordered in order-type (2%)"°Ps and remains
unsplit in V' = L(R, J). Let A denote the Vopénka algebra for adding a real. To see
that R remains unsplit it suffices to show that whenever & is an A-name for a subset
of k and p IF & € J1 then there is a ¢ < p such that {n<k:qlknei}eJT. For
then any € J in V has a subset y € R. It suffices to show that A has the ©-c.c.

Working in V/, each p € A is a non-empty set of reals, see [1]. If (p¢ : £ < ©) in
HOD, is a maximal antichain in A then in V, [J{pe : £ < ©} = R for if this union
is nonempty then R\{p¢ : £ < ©} is a condition in A and is incompatible with each
pe. It is also the case that since {p¢ : £ < ©} forms an antichain, for £ < n < ©,
pe Ny = 0in V, when regarded as sets of reals. Then in V' we define ¢ : R — © by
¢(r) is the & such that r € pe, then ¢ is a surjection of R onto ©, thus © < ©. O

We will see in the next section that it is not the case that all reaping families are
indestructible by small forcings, examples of reaping families which can be split by
small forcing extensions will naturally arise from independent families.

Question 2. Assume V = L(On”) + ADT or some other Chang-like model. Can
there be mazimal almost disjoint families? Can there be well-orderable dominating,
unbounded, splitting, and reaping families?

In the Chang-like models the algebra to add a subset of x to HOD will generally
not be of cardinality < cf(k) so small forcing indestructibility does not suffice.
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3. INDEPENDENT FAMILIES

Definition 6. For a J-independent family F let R(F) consist of the set of boolean
combinations of members of F:

R(F) :={b(X,Y): X, Y C F finite disjoint}
The connection to reaping families is the same motivation for the notation.

Proposition 12. Let F be an J-independent family. Then F is maximally J-
independent if and only if R(F) is J-reaping

Proof. For any x € J*, FU{z} is J-independent if and only if z J-splits R(F). O

Since any well-orderable J-independent family F has that R(F) is well-orderable,
theorem 9 immediately gives the following.

Proposition 13. Assume the bold-face GCH holds at cf(k) then there are no maz-
imal well-orderable B(k)-independent families on k and if c¢f(k) > w nor are there
any mazximal well-orderable [k]<"-independent families on k.

One might object that the generalization here is the incorrect one. In the classic
case, an independent family on w is a fin-independent family where boolean combi-
nations are of length < w. One might then insist that when generalizing the notion
to arbitrary cardinals k we should be allowed < X length boolean combinations for
some w < A < k.3 Under AD the existence of such families is immediately refuted.

Proposition 14. Assume F C p(k) is an infinite family of subsets of k € On such
that whenever X,Y € [F|=¥ are disjoint b(X,Y) # 0. There is a well-ordering of
the reals in order-type < k. 4

Proof. Let (z, : n < w) be an injection w — F. For each f:w — 2 let

Al = Yw : f) = 00 U = 1) =1},

the hypothesis that w-length boolean combinations are non-empty gives that for all
f € 2¢ that AT # 0. Moreover, if f, g € 2% are distinct, then A N A9 = 0 and so
® :2¥ — k by ®(f) = min(A') is an injection. O

Many of our results showing that there are no maximally independent families in
determinacy contexts really show that there are no infinite maximally independent
families. Let us briefly address finite independent families.

Definition 7. Say an ideal J on a set X is non-atomic if whenever b € JT then
there is an a C b with both a € J* and b\a € J .

Proposition 15. Let J be a non-atomic ideal on a set X and F a finite J-
independent family on X. F is not J-mazimal.

Proof. Say (x; : i < n) is an injective enumeration of F. For each s € 2™ let

By =(ai:s(i) =0\ Jai:s(i) =1} e TF

3In [6] and [8] the notion of independence used is one in which F C p(x) is said to be inde-
pendent if for all X,Y C F disjoint with [ X UY| < &, N X\ UY is infinite.

4We assume that all infinite sets are Dedekind infinite only to avoid writing “Assume there is
an injection w — F”, which we would write every time otherwise.
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Notice that if s # ¢t then Bs N By = 0. For each s € 2™ let a; & Bs be such
that both a; € JT and Bs\as € J*. Let y = [J{as : s € 2"}. Then F U {y} is
J-independent. Let B € R(F) be given and s € 2" be such that By C B, then
BNy2BsNy=as;€JT and B\y 2 Bs\y = Bs\as € J+. O

A key tool in showing that under determinacy-like hypotheses that there are no
maximally independent families on an ordinal is the density ideal associated to a
family. The density ideal goes back to Shelah in his paper showing the consistency
of Con(i < u) [13] but in [5] Fischer and Montoya generalize the notion to an
B(k)-independent family on a regular cardinal x as considered here.

Definition 8. If F C p(k) is J-independent then the J-density ideal of F is
id7(F)={z Ck: (VBeR(F)EBC e R(F)(CCBACNzeT)}
Fact 16. If F is a J-independent family then ids(F) 2 J and R(F)Nidy(F) = 0.

Proposition 17 (Fischer, Montoya [5]). If F C G are J-independent families then
idy(F) C id7(G).

Proof. Suppose D € ids(F). Let B € R(G) be given and X,Y C G be finite
disjoint such that b(X,Y) = B. Let X = XNF and Y = Y N F. Then since
D € id7(F) there are X', Y’ C F finite such that (X U X' )N (Y UY’) = 0 and
b(XUX',YUY')ND e J. Then C :=b(X UX',YUY’') € R(G) has C C B and

CNDCh(XUX' YUY)NnDeJ.
O

Lemma 18. Suppose there are no injections w; — R. Let J be any ideal on an
ordinal k and F be an infinite J-independent family on k. There is a partition
(An 1 n € w) of k with A, € ids(F) for alln € w.

Proof. Fix an injection (z, : n € w) of w — F. For each f € 2¢ let

A = (Y s () = O\ tm : £n) = 1},

We show that for all f € 2@ that A € id7(F) and to show this, it suffices to show
that Af € id7({x,, : n € w}). For any given B € R({x, : n < w}) and f € 2*, there
are unique finite disjoint X,Y C {x, : n € w} such that B = b(X,Y). Let k be
sufficiently large such that XUY C {z,, : n < k}. If f(k) = 0let C = b(X,YU{xx})
and if f(k) = 11let C = b(X U{xx},Y), in either case we have that C C B and
AT N C =0. Tt is not hard to see that (A : f € 2%) partitions .

To finish the proof we show that £ = {f € 2* : A # 0} is countable. Inject E
into k by f + min(A7), then by the hypothesis that there is no injection w; — R
we must have that the order-type of the range of f + min(A7) is countable. O

Remark 1. Notice that the above really shows that, in ZF, if F is an independent
family into which w injects, then there is a partition (A* : z € R) of k with each
A* €id7(F). The hypothesis that w; £ |R| gives that this partition is countable.

We can already see that independent families stand out. Assuming V = L(R),
all the other kinds of the combinatorial families coming from the theory of cardinal
characteristics exist on cardinals £ with cf(k) > ©, we even have well-orderable
such families. However, the following shows that this argument that applies to
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most other kinds of these families, small forcing indestructibility together with
theorem 7, has no chance of being adapted to independent families.

Theorem 19. Assume wy £ |R|. Suppose J is an wi-complete ideal on k € On
and F is an infinite well-orderable J-independent family. F is not J-mazimal.

Proof. We split R(F). Begin with a partition (4, : n € w) of k with A,, € id7(F)
for all n € w. Define 7 : R(F) — [w]“ by n(B) ={n €w: A, NB € Jt}. See that
7(B) is infinite for all B € R(F). For if B € R(F) is otherwise then there is N € w
with A, N B € J for all n > N and so by the w;-completeness of J

BN J{An:n>N}=|J{BnA,:n>N}eJ Cids(F).
but each A,, € id7(F) and hence BN(J{A, : n < N} € id7(F) and so

B=(BnJiAnin< N} U (B0 J{An:n = N}) € idg (F)

which is absurd in light of the fact that R(F) Nidz(F) = 0.

Then since F is well-orderable R(F) is also well-orderable. Then 7 is a surjection
onto its range and so 7" R(F) is well-orderable. Since there are no injections wy —
R, it must be that 7”R(F) is countable. Let (x, : n < w) enumerate 7" R(F).
Then define recursively a strictly increasing y : w — w with y(2n),y(2n + 1) € z,
for all n € w. Let z = (J{Ay2n) : n € w}. The claim is that z splits R(F) so that
FU{z} is J-independent. To see this, let B € R(F), say n(B) = x,, then

BﬂngﬂAy(gn)EJ—’_ andB\zQBﬂAy(an) eJr.
[l

Corollary 20 (ZFC). Let F be an infinite J-independent family on k for an ideal
J which is ¢t -complete. Suppose P is a Col(w,R)-name for a notion of forcing
and Col(w,R) IF P adds a splitting real. Then Col(w,R) * P - F is not J-mazimal.
More generally, let Q be a notion of forcing which adds a splitting set of reals in that
there is a Q-name E such that for all infinite X € V' (R), QIF XNE # 0 # X\FE,
then Q IF F is not j—maximal

Proof. In V there is a partition (A% : 2 € RY) of x with each A% € idg(}'). Define
7 : R(F) = p(R) by n(B) = {x : AN B € JT}. The completeness of J implies
that 7(B) is infinite for all B € R(F). Let ¢ C Q be generic and E C R in V[g] be
such that for all infinite X € pV'(R), X NE #0# X\E. Let z = |J{A%® : z € E}.
Then FU{z} is independent: given B € R(F) fix xp € n(B)NE and z, € n(B)\E,
then

Bnz2BNA"™ ¢ Jtand B\ 2 BNA"™ € J*.

O

Remark 2. This corollary delivers on the previous promise to give examples of
reaping families which are split by small forcings. If x is a cardinal with cf(x) > ¢
then for any maximal B(x)-independent family F, R(F) is split in any generic
extension by Col(w, 2¢), Col(w,R) % Col(w,R), Col(w,R) * Add(w, 1), or Add(RR, 1).

So, assuming ADT the only hope for a reasonable independent family is a non-
well-orderable family. We work toward establishing that there can be no such thing
on a cardinal k < © and that in the canonical models of AD there are none at all.
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Lemma 21 (A-System Lemma). Suppose ZF + AC,(R). Let B C R xV be a
relation such that for allt € R,

B, :={z: (t,z) € B}

is finite. There is a r C ran B such that for all n € w\2, there is a D C R with
|D| > n and such that {B; : t € D} forms a A-system with root .

Proof. Using AC,,(R), fix a k € w such that A := {t € R: |B;| = k} is non-meagre.
We will have D C A in the end.

For each s C [ran B]<% let A, = {t € A: s C B;}. Let T consist of those s such
that A, is non-meagre, ordered by extension. Notice that T is well-founded: any
linearly ordered subset has length at most k. Fix a terminal node r € T'. Let n € w,
n > 1 be given. We construct (t; : i < n), eventually letting D = {¢; : i < n}.

Fix any ty € A,.. Notice that if s Z r is finite then Ay, is meagre, this will be
the key thing to exploit. Assume that (¢; : ¢ < k) has been constructed such that
{By, : i < k} forms a A-system with root . Notice that p (| J{B; : i < k}) is finite
and for each s € p (|{B; : i < k}) with r Cr U s, A,_s is meagre and so

AUt s € o (B i < 1Y) \olr)}

is non-meagre. Fix t, from this non-meagre set. We show that {By, : ¢ < k} remains
a A-system with root r, the only thing to show is that for ¢ < k that By, N By, =7
and the choice of ¢; makes it obvious that » C B;, N By,, if By, N By, = rUs for
some nonempty s C By, \r, then t;, € A,_s which contradicts the choice of t;,. O

Lemma 22 (Miller [9]). Suppose a set G C R is comeagre in a nonempty open set.
G contains a perfect almost disjoint set.

Proof. For convenience, w<* only contains increasing sequences. We will construct

atree T C w<¥ such that whenever f € [T] then ran f € G and whenever f, g € [T]
are distinct then ran fNran g is finite. Since G is comeagre in an open neighborhood
we may fix a s € w<“ and a sequence (D,, : n < w) of open dense-below-s subsets
of w<¥ such that D, 1 C D,, and

m{U{NS:SEDn}:n<W}§é:{fw:x€G}

where f, is the increasing enumeration of z. We construct (si : i < 28 k < w), T
will be the downward closure of {si : k < w,i < 2}, we induct on k. {si :i <
2% k < w} will be the splitting nodes of T and for any fixed k we will also have
st € Dy for all i < 2k, Let s € Dy be any extension of s. Once {s; i< 20§ <k}
have been constructed let n = max{max(ran s?) : i < 27,5 < k} + 1 we pick for
each st | two extensions such that for any distinct si_, their extensions will have
nothing in their range in common above n. Let 82 be any proper extension of
s, Tnin Dy and si € Dy any proper extension of s) ; ~(maxs? + 1). Once

s3t, si”l € Dy, proper extensions of si_, have been defined for all i < j < 2*~1 for

some j, let n’ = max{max(ran s) : ¢ < 2j} +1, sij € D;, be any proper extension
of s1_, ~n', and s’ "' € Dy, any proper extension of s,_, ~(max(s;’) + 1).

That concludes the construction of the tree 7. It is clear that if f € [T] then
there is a map ¢ : w — w<* such that for all k, ¢p(k) € {st : i < 2¥} and
[ To(k)| = ¢(k) and so {f} = ({Ng,;x) : ¥ <w} C G and thus for any f € [T7,

ran f € G. Moreover, if f, g € [T] are distinct then there is some least k such that
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¢5(k+1) # ¢4(k + 1) and so ran f Nran g C ran ¢s(k), which is finite and so
P ={ran f: f € [T]} C G is a perfect almost disjoint family contained in G. O

To more easily state the lemmas and theorems to disprove the existence of max-
imally independent families under determinacy-like hypotheses, a definition.

Definition 9. Suppose X and Y are sets, K is an ideal on X and Jo and Jy are
ideals on'Y with Jy C J1. Let pIC be the positive co-positive pieces,

pPK={aCX:a¢ KANX\a¢K}
Say K <{(Jo, J1) if and only if there is a 3 : pK — pJy such that:

(1) E(-a)A-%(a) € Jo for all a € pK and
(2) for all a,b e pK withanbe K, X(a)NX(b) € J1.

Lemma 23. Suppose k is a cardinal of countable cofinality, then fin < (B(k), [k]<").
In addition if J is an ideal on k such that B(k) € J C [k]<" and F is a J-
independent family on & then fin < (7, ids(F)).

Proof. Fix an increasing cofinal p : w — k. We need to modify p slightly to
obtain a p. Let p(0) = p(0) and p(n + 1) = p(n) + p(n) so that p(n) injects into
[p(n),p(n+1)) for all n, and in particular, if A is a union of infinitely many intervals
of the form [p(n), p(n + 1)) then |A| = k. Define ¥ : R — p[s]<" C pJ C pB(k) by
Y(z) = U{[p(n),p(n+1)) : n € z}. Then X(—z) = -¥X(z) and if z,y € R have x Ny
is finite, then ¥(x) N X(y) is bounded and thus ¥(z) N X(y) € B(k) Cids(F). O

Lemma 24. Suppose there is no injection w; — R and J is an wy-complete ideal
on an ordinal k. Then for any infinite J -independent family F, fin < (7, id7(F)).

Proof. Fix a partition (A,, : n € w) with each A,, € id7(F). Since J is wy-complete
there must be infinitely many n such that A, € J+, otherwise xk € id7(F). Let
(n? i < w) enumerate those n with A4, € J* and (n! : i < k < w) enumerate

those n such that A, € J. For all i < k let A; = An? UAnl; and if k <w for ¢ > k
let A; = Apo. So we have a partition (A, :n € w) of k such that A, € ids(F)NnJ+

for all n € w. Then define ¥ : R — J+ by X(z) = U{A, : n € x}. It is clear that
¥ witnesses that fin < (7J,id 7 (F)). O

Definition 10. Suppose J is an ideal on a set X and a,b C X, then we write
a C7 b to mean that a\b € J.

Remark 3. Notice that R is J-reaping is equivalent to for all y € J7T there is
an x € R so that either x C7 y or x C 7 —y. Further, notice that C 7 behaves
much like C with respect to finitary operations e.g. if @ C7 x and b C 7 y then
anNbCyxNy and so on.

Theorem 25. Assume ZF + DC and all sets of reals have the property of Baire.
Suppose k is an ordinal, J is an ideal on K, and F is an J-independent family on
k such that fin < (J,id7(F)), then F is not mazimal.

Proof. Suppose F was maximal, we construct a boolean combination in idz(F).
Since F is maximal R := R(F) is J-unsplit and so for each a € J T, there is some
B € R so that either B C7 a or B C7 \a. Fix a ¥ : R — pJ witnessing that
fin < (J,id7(F)). Let

G={reR:(ABeR)(BCs X(x))}
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and
H={zxeR:(3BecR)(BCsr\X(x))}

The maximality of F implies that G U H = R and since X(—z)A-X(z) € T,
r € G+ —x € H and so H and G are images of one another under bit-flipping,
a homeomorphism of the real line. So, G and H must have the same category, in
particular G must be non-meagre. Since G has the property of Baire and is non-
meagre we may and do fix a perfect almost disjoint P C G, appealing to lemma 22.
Fix injections ¢ : R — P and k : [F|<¥ x [F]<¥ — p(k). Then define a relation
B C R x p(k) by (t,a) € B if and only if there are X,Y C F finite disjoint such
that k(X,Y) = a and b(X,Y) C7 ¥ o ¢(t). Note that dom B = R. Now we want
to choose, for each ¢t € R, an a such that (t,a) € B. Of course there is insufficient
choice in V', however we only need V to see finitely many of these choices.

Let g C Col(wy, p(k)) be V-generic. Notice that since we are using countable
conditions and we have DC in V we have AC,,(R) in V[g] and RV = RV19! and so P
remains perfect in V and it remains the case that dom B = R. Then working in V[g]
we have well-ordered p(x)". We make our choices, for each t € R let a; € (k)Y
be such that {t,a;) € B and let (X;,Y;) = k~1(a;) so that b(X;,Y;) C7 ¥ o ¢(t).

Now define a relation S C R x p(k)" by dom S = dom B = R and for all t € R,
S; = X UY;. Now, we use the A-system lemma 21 applied to S to get a finite r C F
and a D C R with |[D| > 2!"l such that {S; : t € D} forms a A-system with root
r. Each ¢t € D induces a partition of the root r into two pieces as (r N X;,r NY}).
Since | D] is strictly larger than the number of such partitions there must be distinct
t,u € D such that rNX; = rNX, and rNY; = rNY,. Now we return to working in
V', we have t,u,r, (X, Y:), (Xu, Yu) € V. Since b(Xy,Y:) C7 E(4(t)) and similarly
for u we have that

b(X¢,Yy) Nb(Xu,Yu) Sy X(e(t)) N E((u)) € idg (F)
as since u # t, ¢(u) N @(t) € fin, and so L(¢p(u)) N L(H(t)) € ids(F). However,
since rN Xy =rNX,, rNY;=rNnY,, and (X; UY;) N (X, UY,) =r we have that
(X; UX,)N (Y, UY,) =0 and therefore b(X; U X,,,Y; UY,,) € R(F). If one then
looks closely one notices that
b(X;,Y:) Nb(Xy,Y,) = b(X; UX,,Y; UY,)
and so we have R(F) Nidy(F) # 0, an absurdity! O

Corollary 26. Assume AD + DCgr and k < © is a cardinal. Say J is an ideal on
K such that either J is wi-complete or c¢f(k) = w and B(k) € J C [s]<". There
are no infinite mazimal J-independent families on k.

Proof. DC was used in the previous only to ensure that in a generic extension we
have AC,,(R) and that reals are not added. Since AD + DCg holds and x < © there
is a surjection R — p(x) thus DC,,(, holds which is enough for the argument. [

Corollary 27. Assume J is a set of ordinals and V = L(R, J)+ AD + DCg and k
is a cardinal. Say J is an ideal on K such that either J is wi-complete or cf(k) = w
and B(k) C J C []<". There is no infinite mazimal J-independent family on k.

The only possible models satisfying V' = L(p(R)) + ADT which could have a
maximally independent family satisfy ADg + —=DC, k). However, if such a model
had a maximal independent family then one of its inner models of the form L(R)
would contain an independent family which is sufficiently maximal to not exist.
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Theorem 28. Suppose V. = L(p(R)) + AD" and J is an ideal on a cardinal x
such that either J is wi-complete or c¢f(k) = w and B(k) C J C [c]<". If F is an
infinite J -independent family on k then F is not mazximal.

Proof. We consider two cases, F being countable and F being uncountable. Fix a
bijection ¢ : wxk — k with ¢ € HOD. We first consider the case that F uncountable
and J-maximal and arrive at a contradiction. Without loss of generality assume
ADg + —DC so that cf(©) = w. Since AD™ holds the Wadge ranks are well-ordered
in type ©, for C C R let w(C) € © denote the Wadge rank of C. We will now
construct an inner model M in which F is “maximal enough”. For each n < © let

Fy={z € F:(3C CR)(z € HOD¢ and w(C) < n)}

and 1y € © least with F,,, infinite, 1y exists since cf(©) = w and F is uncountable.

Further, fix a partition (A,, : n < w) of k into countably many pieces such that,
letting ¥ : R — pJ be defined by X(x) = [J{A, : n € x}, we have that ¥ witnesses
that fin < (J,id 7(F)) as in either lemmas 23 or 24. This sequence (4, : n < w)
is not unique. If we are in the case that cf(x) = w and B(k) C J C [k]<", then
(An, : n < w) is defined from a cofinal sequence through  in such a way that
Ay, € B(k) Cidy(F) for all n € w. In the case that J is wi-complete, the sequence
(A, 1 n < w) is defined from an injection w — F. Fix an injection ¥ = (x,, : n < w)
of w— F,,, and let (A, : n < w) be defined from #. That is,

{A, n<uw}= {ﬂ{xn fn) =0\ Jfzn s f(n) =1} : f € 2“} \{o}.

If cf(k) = w and B(k) € J C [k]<" then let J =¢”{(n,B8) :n € wAf € A,} and
if else J is wi-complete let

J=y9"{2n,B) :ncwAfeAIUP{2n+1,8):ncwApecua,}.
For each n < © let
Zy={z€R: (3B € R(F,))(B Cy X(z) VB Cy X(—x))}.

Since the ideal of meagre sets is co-complete and (J{Z, : n < ©} = R, there is
some least 71 < © such that ny < n; and Z,, is non-meagre. Fix a C* C R
with w(C*) > n; and such that each F,, and Cy are OD¢ for some C with
w(C) <w(C*). Let F* =F,,, Z* = Z,,, and M = HODgy¢c~, 73 Then we have:
(1) %, F*, Z*, (A, : n <w)633 , C7 "M, and J N M are all elements of M
(2) ME (Vn)(A, € ids(F*)) A X witnesses that fin < (J,id7(F*)). In the
case that J is wi-complete this requires that {z; : i <w} C F* N M.
(3) MEAD + DC + Z* is non-meagre. Proposition 6 addresses M E DC.

We can now essentially run the proof of theorem 25 within M. Working in M
we don’t necessarily have that F* is maximal, however, if we let
G"={zeR:(FBeR(F"))(B Cy X(x))}
and
H ={zeR: (3B e R(F"))(B Cs X(—x))}

we have that G*UH™* = Z* is non-meagre and x € G* if and only if —x € H* and so
G* is non-meagre, which is all we need. Then exactly as in the proof of theorem 25
we go into M |g] where g C Col(wy, p(k))™ is M-generic to find t,u € R and finite
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X, Y, Xy, Y, € F* such that b(Xy,Y;) Cy 2(t), b(X,,Y,) Cg E(u), tNu € fin,
and (X; UX,)N(Y;UY,)=0. So that in M we have a contradiction:
b(X; UX,,Y,UY,) € R(F*)Nidy(F~).

The case that F is countable is much simpler. By coding the family F into a set of
ordinals J and finding a C' C R from which the ideal J is definable one finds that
N = HODgyqc,s} contains as elements each of F,C 7 NN, and J NN and that
N EAD + DC + fin < (7,id 7(F)). So, N E F is not maximal, and thus F is not
maximal in V' either. ]

Theorem 28 completely resolves the problem of the existence of maximal inde-
pendent families in AD™ models of the form L(p(R)) and theorem 25 resolves the
same problem in Chang-like models constructed in AD + DC models.

Question 3. Assume V = L(On”) + AD + —DC. Is there a mazimally indepen-
dent family?
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