ALMOST EVERYWHERE BEHAVIOR OF FUNCTIONS ACCORDING TO
PARTITION MEASURES
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ABSTRACT. This paper will study almost everywhere behaviors of functions on partition spaces of cardinals
possessing suitable partition properties. Almost everywhere continuity and monotonicity properties for
functions on partition spaces will be established. These results will be applied to distinguish the cardinality
of certain subsets of the power set of partition cardinals.

If k is a cardinal, € < K, cof(e) = w, K =« (K)§¢, and ® : [k]S — ON, then ® satisfies the almost
everywhere short length continuity property: there is a club C' C k and a § < ¢ so that for all f,g € [C]S, if
f16=g10 and sup(f) = sup(g), then ®(f) = ®(g).

If £ is a cardinal, € is countable, K —+ (k)5 € holds, and ® : [k]{ — ON, then & satisfies the strong almost
everywhere short length continuity property: there is a club C C x and finitely many ordinals dg, ..., < €
so that for all f,g € [C]S, if for all 0 < ¢ < k, sup(f | 6;) = sup(g | 6;), then ®(f) = ®(g).

If  satisfies k =« (k)5, € < K, and @ : [k]S — ON, then ® satisfies the almost everywhere monotonicity
property: there is a club C' C & so that for all f,g € [C]S, if for all & <€, f(a) < g(a), then &(f) < P(g).

Suppose dependent choice (DC), w1 —« (w1)3*, and the almost everywhere short length club uniformiza-
tion principle for wy hold. Then every function ® : [w1]s! — w satisfies a finite continuity property with
respect to closure points: Let € be the club of o < wy so that sup(f [ &) = a. There is a club C C wy and
finitely many functions Yo, ..., Tn—1 : [C]¥' — wy so that for all f € [C]{?, for all g € [C]3?, if €4 = €5
and for all ¢ < n, sup(g | Ti(f)) = sup(f | YTi(f)), then ®&(g) = &(f).

Suppose r satisfies k —« (k)§ for all € < k. For all x < k, [k]<" does not inject into XON, the class
of x-length sequences of ordinals, and therefore, |[k]X| < |[k]<|. As a consequence, under the axiom of
determinacy (AD), these two cardinality results hold when & is one of the following weak or strong partition
cardinals of determinacy: wi, w2, 6% (for all 1 < n < w, assuming in addition DCg), and 6%.

1. INTRODUCTION

Partition relations appear frequently in combinatorics. Ramsey showed that the set of natural numbers,
w, satisfies the finite partition relations w — (w)% for each k < w. The infinite exponent partition relation
w — (w)§ (also called the Ramsey property for all partitions) is a natural generalization which is not
compatible with the axiom of choice. However, simply definable partitions such as Borel or analytic partitions
always satisfy the Ramsey property by results of Galvin and Prikry [7] and Silver [I7]. Mathias [I5] produced
many important results concerning the Ramsey property including the technique of Mathias forcing which is
used to verify w — (w)¥ in the Solovay model and Woodin’s extension AD™ of the axiom of determinacy, AD.
Mathias also studied the Ramsey almost everywhere behavior of functions on the Ramsey space [w]“ such as
when every function @ : [w]“ — R is Ramsey almost everywhere continuous or every relation R C [w]“ xR has
a Ramsey almost everywhere uniformization. Recently, these two properties have been used by Schritteser
and Tornquist [16] to show that w — (w)4 implies there are no maximal almost disjoint families on w.
Finite exponent partition relations on uncountable cardinals are important in set theory and motivate large
cardinal axioms such as the weakly compact and Ramsey cardinals. Martin, Kunen [I8], Jackson [§], Kechris,
Kleinberg, Moschovakis, and Woodin [12] showed that the axiom of determinacy is a natural theory in which
w1 and many other cardinals k possess even the strong partition relation: k — (k)5. Kleinberg [14], Martin,
and Paris studied functions on the finite partition spaces of w; and produced ultrapower representations for
wy, showed ws has weak partition property, and established combinatorial properties such as Jénssonness
for wy,, for all n € w. Under the axiom of determinacy, the authors ([4], [2], [5], and [6]) studied variations
of almost everywhere continuity properties for functions on the partition spaces of w; and ws according to
suitable partition measures and applied these results to distinguish the cardinalities below &2 (w;) and & (ws).
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There, AD provided useful motivation and elegant arguments, but the techniques have severe limitations.
Here, the authors will prove stronger almost everywhere behaviors for functions on partition spaces (such
as continuity and monotonicity) from pure combinatorial principles, and these results will be applied to
distinguish important cardinalities below the power set of partition cardinals. This will lead to new results
about the most important weak and strong partition cardinals of determinacy.

A basic question of infinitary combinatorics is the computation of the size of infinite sets. Cantor formal-
ized the notion of size and the comparison of sizes. Let X and Y be two sets. One says X and Y have the
same cardinality (denoted |X| = |Y|) if and only if there is a bijection ® : X — Y. The cardinality of X
is the (proper) class of sets Y which are in bijection with X. The cardinality of X is less than or equal the
cardinality of Y (denoted |X| < |Y]) if and only if there is an injection ® : X — Y. The cardinality of X is
strictly smaller than the cardinality of Y (denoted |X| < |Y]) if and only if | X| < |Y] but =(|Y] < |X]).

The axiom of choice, AC, implies every set is wellorderable. Thus the class of cardinalities forms a
wellordered class under the injection relation. Each cardinality class has a canonical wellordered member
(an ordinal) called the cardinal of the class. Wellorderings of sets (even R) are incompatible with certain
definability perspectives. This is usually the consequence of definable sets possessing combinatorial regularity
properties.

Let w denote the set of natural numbers or the first infinite cardinal. Cantor showed that w does not
surject onto P (w). Thus w < |#(w)|. Let w; denote the first uncountable cardinal. With the axiom of
choice, w; < |#(w)| using a wellordering of & (w) or R. However, if the axiom of choice is omitted and
instead R is assumed to satisfy the perfect set property and the property of Baire, then a classical argument
involving the Kuratowski-Ulam theorem would show that there is no injection of w; into R or & (w). Thus wq
and | Z(w)| = |R| are incompatible cardinalities. Moreover, the perfect set property completely characterizes
the structure of the cardinalities below | #(w)| in a manner which satisfies a choiceless continuum hypothesis:
The only uncountable cardinality below | Z(w)] is |2 (w)].

With the perfect set property and the Baire property, the structure of the cardinalities below £(wq) is
non-linear since wy and |R| = |#?(w)| are two incompatible cardinalities below |#?(wy)|. For each € < wy, let
[w1]€ be the increasing sequence space consisting of increasing functions f : € = wy. P(w1) and [wy]** are in
bijection. Therefore, sequence spaces represent natural combinatorial cardinalities below |22 (wy)| = [[w1]“].
Another important example is [wi]<*1 = | J,_,,, [w1]{, which is the set of countable length increasing sequences
of countable ordinals. A natural question is to distinguish |[w1]“|, |[w1]<*!|, and |2 (w1)| = |[w1]**| under
suitable regularity properties. A helpful combinatorial property possessed by w; (in some natural theories)
is the strong partition property, wq —. (w1)s*.

Partition properties will be discussed in detail in Section [2 Let k be a cardinal, ¢ < k, and A C k. Let
[A]¢ be the collection of increasing functions f : € — A of the correct type (i.e. discontinuous everywhere
and has uniform cofinality w). The partition relation k —,. (k)§ is the assertion that for all P : [k]S — 2,
there is a closed and unbounded (club) C' C wy and ¢ € 2 so that for all f € [C]S, P(f) =i. If for all € < &,
Kk =4 (k)5 holds, then & is called a weak partition cardinal. If kK —, (k)5, then & is called a strong partition
cardinal. If e < k and k —, (k)5 holds, then the partition filter p* on [k]S defined by X € uf if and only if
there is a club C C k so that [C]¢ C X is an ultrafilter.

If x satisfies suitable partition relations, then the partition spaces [k]¢ for € < &, [k]<", and [k]? rep-
resent important cardinalities below (k). Distinguishing the cardinality of these partition spaces involve
understanding the possible injections that exist between these partition spaces. To answer such questions,
this paper will use partition properties to obtain very deep understandings of the behavior of functions
® : [k]S — ON on measure one sets according to the relevant partition measure, p!.

In [2], it is shown that if kK —. (k)5, then every function A : [k]f — ON, there is an ordinal a so
that A='[{a}]| = |[k]%|. This asserts that |[s]%| = |2 (k)| satisfies a regularity property with respect to
wellordered decompositions. The set [k]5" does not satisfy such regularity. This is used in [2] to show that
I[K]£"| < |[&]%] = |#2(k)|. This paper is motivated by the question of distinguishing the cardinality of [k]¢
for € < k and [k]S*. For these computations, it will be important to understand functions ® : [s]S — &
through continuity properties.

To motivate continuity, suppose ® : [k]S — ON. Given f € [k]¢, ® can be considered as an abstract
procedure which uses information about f to assign an ordinal value. Example of such information include
specific values of f(«a) for a < e, initial segments f | « for a < €, or possibly the entirety of f or the values

K
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of f on some unbounded subsets of €. An almost everywhere continuity property intuitively asserts that for
ur-almost all f, ® can assign an ordinal to f using only information from f which comes from a well-defined
bounded subset of e.

One appealing continuity property for a function @ : [k]S — & (with € < k) would be that for pf-almost
all f, there exists a 0 < € so that ®(f) only depends on f [ §. However, such a property is impossible by
the following illustrative example. If k satisfies K — (k)2, then x is a regular cardinal. Thus the function
U : [k]¢ — & defined by U(f) = sup(f) is well defined and it depends on more than any initial segment. This
suggests that that perhaps a general function ® : [k]® — k might have a fixed § < e so that for pf-almost
all f, ®(f) depends only on the initial segment f | ¢ and sup(f). Under suitable partition properties, such
a continuity will be true more generally for functions @ : []; — ON with cof(e) = w (and this cofinality
assumption is generally necessary).

Fix € < k a limit ordinal with cof(x) = w. Define an equivalence relation Ey on [k]¢ by f Eqy ¢ if and
only if there exists an a < € so that for all § with a < 8 < €, f(8) = g(8). A function ® : [k]¢ — ON
is Ep-invariant if and only if whenever f Ey g, ®(f) = ®(g). The first step is the following independently
interesting result that functions which are Eyp-invariant p”-almost everywhere depend only on the supremum
pr-almost everywhere under suitable partition relations.

Theorem Suppose k is a cardinal, € < k is a limit ordinal with cof(e) = w, and kK —, (k)5 holds. Let
® : [k]S — ON be a function which is Ey-invariant pf-almost everywhere. Then there is a club C' C & so
that for all f, g € [C]S, if sup(f) = sup(g), then ®(f) = ®(g).

Using this theorem, the desired almost everywhere short length continuity result is established.

Theorem Suppose k is a cardinal, € < k is a limit ordinal with cof(¢) = w, and k —, (k)5 holds. For
any function @ : [k]¢ — ON; there is a club C' C k and a § < € so that for all f,g € [C]¢,if f[d =g | § and
sup(f) = sup(g), then ®(f) = (g).

The almost everywhere short length continuity of Theorem is used to show that if x is a weak
partition cardinal, then for any xy < k, <"k does not inject into Xk or even X§ for any ordinal § by providing
a sufficiently complete analysis of potential injections.

Theorem Suppose £ is a cardinal so that k —. (k)5". Then for all x < k, there is no injection
of <"k into XON, the class of x-length sequences of ordinals. In particular, for all x < &, [Xk| < |<"k].

A stronger continuity notion would assert that a function ® : [k]¢ — ON (with € < k) has finitely
many locations in e depending solely on ® so that ®(f) depends only on the behavior of f at these finitely
many locations. (By the previous example, one of these locations must be allowed to be the supremum of f.)
The next result states that if € is countable and & satisfies a suitable partition relation, then @ : [k]¢ — ON

will satisfy a strong almost everywhere short length continuity.

Theorem Suppose k is a cardinal, € < wy, and Kk —, (k)5€ holds. Let ® : [s]¢ — ON. Then

*

there is a club C' C « and finitely many ordinals dg, ..., < € so that for all f,g € [C]S, if for all 0 < i < k,
sup(f [ ;) = sup(g [ 4;), then ®(f) = ®(g).

Suppose € < k and ® : [k]¢ — ON. A natural question is that if one increases the information stored in f
by increasing the values of f, could the value of ® possibly decrease? An almost everywhere monotonicity
property for ® would assert that for uf almost all f, g € [k]S, if for all & < ¢, f(a) < g(a), then ®(f) < ®(g).
By Fact for all functions of the form ® : [k]¢ — ON to satisfy this almost everywhere monotonicity

property, one must at least have the partition relation x —, (k)¢. If € is countable, the strong almost ev-
erywhere short length continuity of Theorem [3.9]implies the following almost everywhere monotonicity result.

Theorem Suppose k is a cardinal, € < wy, Kk — (k)5 holds, and @ : [k]S — ON. Then there is
a club C' C & so that for all f,g € [C]¢, if for all & < ¢, f(a) < g(w), then ®(f) < P(g).
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When cof(€) = w, one only has the weaker almost everywhere short length continuity property of Theorem
[3-7 Moreover, there are functions on partition spaces of high dimension which do not satisfy a recognizable
continuity property. Regardless, almost everywhere monotonicity still holds for functions on partition spaces
assuming the appropriate partition relation.

Theorem Suppose & is a cardinal satisfying k —, (k)5. For any function ® : [k]¥ — ON, there
is a club C' C & so that for all f,g € [C]%, if for all & < &, f(a) < g(a), then O(f) < P(g).

Adapting this argument, one can also show monotonicity for ® : [k]S — ON when € < &.

and function @ : [k]¢ — ON,

Theorem Suppose k is a weak partition cardinal. For any € < & <
(a), then ®(f) < ®(g).

€
there is a club C C k so that for all f, g € [&]¢, if for all & <€, f(a) < g(a

The last section will establish the strongest known continuity result for functions of the form & :
[w1]¥* — wy from the strong partition relation on w; and a certain club selection principle. Let club,,
denote the set of club subset of w;. The almost everywhere short length club uniformization principle at
wy is the assertion that for all R C [wq]<¥* x club, which is C-downward closed (in the sense that for all
0 € [wy|£¥1, for all clubs C C D, if R(¢, D) holds, then R(o,C) holds), there is a club C' C w; and a function
A [C]£¥r Nndom(R) — club,,, so that for all £ € [C]£¥t Ndom(R), R(¢, A(D)).

Consider a function ® : [w1]¥* — w;. Asking that there exists a 6 < w; so that ®(f) only depending
on f [ ¢ for uﬁl—almost f € [wi1]¥* is impossible in general. (For instance, consider ®(f) = f(f(0)).
See Example [6.1}) Using the almost everywhere short length club uniformization at wq, [4] showed that
functions @ : [wl] ! — wi do satisfy poi-almost everywhere continuity where [w;]¢* is endowed with the
topology generated by a basis consisting of Ny ={f € [w]¥* : £ C f} for each £ € [wy]s** and w; is given
the discrete topology. Explicitly, there is a club C' C w; so that for all f € [C]¥*, there exists an a < wq
so that for all g € [C]¥*,if f [ @ =g | «, then ®(f) = ®(g). [2] showed that the almost everywhere short
length club uniformization at w; can be used to get an even finer continuity result which asserts that there
is a club C' C wy so that for all f € [C]¥* and all o < wy, if ®(f) < f(«), then f [ « is a continuity point for
® relative to C. (For these results, the condition that ® maps into w; is generally necessary.)

A natural question is whether ® : [w;]¥* — w; satisfies any form of continuity in which ®(f) depends only
on the behavior of f at finitely many locations on wy. By the function from Example it is impossible
to have finitely many ordinals dy, ..., 0,—1 < wy which are independent of any input f so that ®(f) depends
only on the behavior of f at these finitely many points. One can conjecture if there are finitely many con-
tinuity locations for ® which do depend on f. That is, are there finitely many functions Yy,..., T,,_1 so
that there is a club C' C w; with the property that for all f € [C]“t, for all g € [C]¥1, if for all i < n,
sup(g | Ti(f)) = sup(f | Ti(f)), then ®(f) = ®(g)? This is also not possible. For each f € [w1]¥1, call an
ordinal « a closure point of f if and only if for all 8 < «, f(8) < « or equivalently sup(f | o) = . Let
€y denote the club set of closure points of f. Let ¥ : [w1]¢* — w; be defined by ¥(f) = min(¢y), i.e, the
smallest closure point of f. Example shows that there is no collection of finite functions Y, ..., T,,_1
which satisfies the proposed continuity property with respect to ¥. Closure points necessarily contain infinite
information concerning f. The next result shows that closure points are the only obstruction to a u!-almost
everywhere continuity property asserting finite dependence:

Theorem Assume DC, wy —, (w1)5?, and that the almost everywhere short length club uniformization
principle holds at wy. Let @ : [w1]¥* — wq. There is a club C' C w; and finitely many functions Yo, ..., Tp_1
so that for all f € [C]41, for all g € [C]4*, if €, = € and for all ¢ < n, sup(g [ Y;(f)) = sup(f | Yi(f)),
then ®(f) = ®(g).

To put these results in context and discuss examples, one need to consider the natural theories which
possess combinatorial regular properties. Let A C “w. Consider a game G4 where two players take turns
picking natural numbers to jointly produce an infinite sequence f. Player 1 is said to win G 4 if and only if
f € A. The basic axiom of determinacy, denoted AD, asserts that for all A C “w, one of the two players has
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a winning strategy for G4. Under AD, the perfect set property and the Baire property hold for all sets of
reals, and w; and many other cardinals possess partition properties. Many weak versions of the continuity
results mentioned here have been previously established for w; and wy under AD. This paper evolved from
attempts to establish continuity properties and cardinality computations at the most important weak and
strong partition cardinals of determinacy.

See Section [2| for a summary of partition properties under AD. Martin showed under AD that w; is a
strong partition cardinal and ws is a weak partition cardinal which is not a strong partition cardinal. Jackson
[8] showed under AD and DCg that for all n € w, d3, 41 is a strong partition cardinal and ol 12 is a weak
partition cardinal which is not a strong partition cardinal. The next strong partition cardinal after w; is
6% = wy+1. Kechris, Kleinberg, Moschovakis, and Woodin [I2] showed that 6% and the X;-stable ordinals
d4 of L(A,R) for any A C R are strong partition cardinals under AD.

Previously known continuity results at w; and ws heavily used determinacy methods. For instance, Kunen
trees and functions ([9] and [3]) are very important for many combinatorial questions at wy and for the de-
scription analysis below w,, which leads to the strong partition property for 83 = w, 1. [5] and [6] Fact 2.5
used these Kunen functions to provide a very simple argument that every function ® : [w1]¢ — w; with € < wy
satisfies the almost everywhere short length continuity expressed in Theorem and even the stronger ver-
sion expressed in Theorem (but only when the range of the function goes into wy). [B] used this result to
show that [[w1]*| <[[w:]<**| under AD. Using Martin’s ultrapower representation of wy1 = [[j,,,jn /15" for
each 1 < n < w, [6] showed that [w1]<“* does not inject into “(w,,). Using a variety of determinacy specific
techniques (the full wellordered additivity of the meager ideal, generic coding arguments, Banach-Mazur
games, Wadge theory, and Steel’s Suslin bounding), [6] showed that [w1]<“* does not inject into “ON under
AD and DCg. (Note that Theorem [4.3| n improved this result to just the hypothesis AD.) Extending these
methods to studying the next strong partition cardinal 53 = wy+1 seems difficult. Although w1 have
analogs of Kunen functions and generic coding functions ([I3]) using supercompactness measures, there is
no analog of the full wellordered additivity of the meager ideal which can be a major obstacle to generalizing
results to w,,41 as observed by Becker at the end of [I]. Moreover, 87 and the ¥;-stable ordinals 4 (A C R)
are strong partition cardinals which are limit cardinals and cannot possess analogs of the desired Kunen
functions. The methods for w; are much less applicable here. Although, 6%, 6%, and 84 are important
cardinals of determinacy possessing numerous scales and reflection properties, unlike wq, these properties do
not seem to facilitate the analysis of cardinality. The pure combinatorial methods of Theorem [3.7} [4-3] [3:9]
5.3l and are the only known method for establishing these properties for these important strong partition
cardinals of determinacy.

Corollary Assume AD. Suppose k is wi, wa, 5}1 for 1 <n < w, 5%, or d4 where A C R. If
€ <wq and @ : [k]S — ON, then there are finitely many ordinal By < 1 < ... < Bp—1 < € (where p € w) so
that for all f, g € [C]<, if for all i < p, sup(f I Bi) =sup(g | Bi), then ®(f) = P(g).

Assume AD. Suppose & is wy, wa, 07, or 54 where A C R. If € < x with cof(e) = w and ® : [k]¢ — ON,
then there is a club C C k and a § < € so that for all f,g € [C], if sup(f) =sup(g) and f [ § =g | §, then
o(f) = D(g).

Assume AD + DCg. If 1 < n < w, € < 8% with cof(e) = w, and ® : [§5]¢ — ON, then there is a club
C C 6! and § < 8. so that for all f,g € [C]S, if f |6 =g |6 and sup(f) = sup(g), then ®(f) = &(g).

Corollary Assume AD. If & is wy, wa, 84 for some A C R, or 87, then for any x < &, [Xx| < |<*x| and
<Fk does not inject into XON.

Assume AD + DCg. If & is 8} for some 1 < n < w, then for any x < &, [Xk| < |<#k| and <*k does not
inject into XON.

Corollary Assume AD. Suppose k is wi, 5?, or § 4 where A C R. For any ¢ < k and any func-
tion ® : [k]¢ — ON, there is a club C' C & so that for all f,g € [C]<, if for all a < €, f(a) < g(a), then

* * )

®(f) < 2(g)-

Assume AD + DCg. For any n € w, for any € < J;n_ﬂ, and any function @ : [62n+1] — ON, there is a
club C C 83,,, so that for all f,g € [C]S, if for all @ < ¢, f(@) < g(), then &(f) < &(g).
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Corollary Assume AD. Let k be wy, wo, 6%, or 0 4 where A C R. For any € < k and ® : [k]¢ — ON,
there is a club C C wy so that for all f,g € [C]¢, if for all a < ¢, f(a) < g(a), then ®(f) < P(g).
Assume AD 4 DCg. For any 1 <n < w, € < 8%, and @ : [§1]¢ — ON, there is a club C' C 8., so that for

any f,g € [CIS, if for all a < ¢, f(a) < g(a), then B(f) < B(g).

Determinacy provides examples to show that the hypothesis in Theorem and Theorem are gen-
erally necessary. Let U : [wo]¥? — w3 be defined by ®(f) = [f}p“lﬁl, i.e. the ordinal represented by f in
the ultrapower [],, wa/puf" of we by the club measure on w;. W will not satisfy the weak or strong ver-
sion of the almost everywhere short length continuity. (See Example [3.13]) Letting T : [wo]“' T — w;
defined by Y(f) = ¥(f | w1) is an example of a function satisfying the weak short length continuity (note
cof (w1 +w) = w) and does not satisfy the strong short length continuity (note that w; < wy +w). In the two
examples above, the range goes into w3. Curiously, it is shown in [5] that every function ® : [wa]¥! — wo
satisfies even the strong almost everywhere short length continuity property (despite cof(w;) > w). This
remarkable property is unique only to wo and is made possible by Martin’s ultrapower representation of wy
under AD.

[4] shows the almost everywhere short length club uniformization holds for w; under AD. (By a more
general argument, [2] shows that nearly all known strong partition cardinals of AD also satisfies this club
uniformization principle.) By absorbing functions ® : [w;]¥? — w; into the inner model L(R) which satisfies
AD and DC, Theorem [6.18| implies the following holds in AD.

Theorem Assume AD. Let @ : [wq1]¥* — w;. There is a club C' C w; and finitely many func-
tion Ty, ...,I',—1 so that for all f € [C]¢*, for all g € [C]¢, if €5 = & and for all ¢ < n, sup(g | Ti(f)) =
sup(f [ I';(f)), then ®(f) = ®(g).

In this result, it is necessary that the range goes into w;. For example under AD, the function @ :
[w1]¥* — wo defined by ¥(f) = [f]#«lvl (f is mapped to the ordinal below ws represented by f in the
ultrapower of wy by the club measure on w;) does not satisfy any recognizable continuity property.

2. PARTITION PROPERTIES

ON will denote the class of ordinals.

Definition 2.1. Suppose € € ON and f : ¢ = ON is a function. The function f is discontinuous everywhere
if and only if for all & < ¢, sup(f | &) =sup{f(B) : 8 < a} < f(a).

The function f has uniform cofinality w if and only if there is a function F' : e xw — ON with the following
properties:

(1) For all a < ¢, for all n € w, F(a,n) < F(a,n+1).
(2) For all a < ¢, f(a) =sup{F(a,n) :n € w}.

The function f has the correct type if and only if f is both discontinuous everywhere and has uniform
cofinality w.

Definition 2.2. If A and B are two sets, then 4B denote the set of functions f : A — B.
Let ¢ € ON and X be a class of ordinals. Let [X]¢ be the class of increasing functions f : e — X. Let
[X]5 be the class of increasing functions f : e — X of the correct type.

Definition 2.3. (Ordinary partition relation) Suppose x is a cardinal and e < k, then let k — (k)5 state
that for all P : [k]® — 2, there is an A C k with |A| = k and an ¢ € 2 so that for all f € [A]¢, P(f) = .

Definition 2.4. (Correct type partition relations) Suppose « is a cardinal, € < k, and v < &, let kK —. (k)5
assert that for all @ : [k]S — -, there is a club C' C k and an i < «y so that for all f € [C]S, ®(f) =1n.
k is a strong partition cardinal if and only if kK —. (k)5. K is a very strong partition cardinal if and only
if K =4 (K)%,. k is a weak partition cardinal if and only if K — (k)5".
6
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The correct type partition relations will be used in this paper. Under the axiom of determinacy, partition
relations are often established by proving the correct type partition relation. The ordinary and correct type
partition relations are nearly equivalent by the following result.

w-€ €

Fact 2.5. Suppose k is a cardinal and € < k. kK —, (k)5 implies k = (k)§. kK — (k)€ implies kK =, (K)5.

It is not known if £ —, (k)5 implies K = (k)%,, i.e. whether a strong partition cardinal is a very strong
partition cardinal. (Although all known strong partition cardinals are very strong partition cardinals.)
However, one does have the following related results for weak partition cardinals.

Fact 2.6. Suppose k is a cardinal and € < k. K —, (K)§ implies k = (k)S, for alln € w.

€+e €
2

Fact 2.7. Suppose k is a cardinal and € < k. Then k —, (k)57 implies K — (K)S ..

Thus K — (k)5" implies k —, (K)SE.

Definition 2.8. If  is a cardinal and € < &, then let pf be the filter on [k]¢ defined by X € pf if and only
if there is a club C C & so that [C]¢ C X.

If kK =, (k)5 holds, then p” is an ultrafilter and is called the e-partition measure on k. If K —, (k)5 holds,
then pf is called the strong partition measure on k.

Note that uf is r-complete if and only if £ —, (k)<, holds. Thus if € < x and x —, (k)5 holds, then
pe is k-complete by Fact 2.7}

Definition 2.9. Suppose A is a set of ordinals. Let & = ot(A). Let enumy : £ — A denote the increasing
enumeration of A.

Suppose k be a regular cardinal. Let X C x be an unbounded subset of . Let nextx : kK — X be defined
by nexty () is the least element of X greater than a. Let next% : k —  be the identity function. For each
0 <7 < K, let next : Kk — X be defined by next} () is the y*P-element of X strictly greater than . (Note
that nextx (a) = nextl (a).)

Suppose k is a cardinal, € < k, and f : € = k. Let C; denote the closure of f[e] in x.

If e € ON, f: e — ON, and a < ¢, then let drop(f,«) : (¢ — a) — ON be defined by drop(f,a)(5) =

fla+B).

Fact 2.10. Suppose k is a cardinal, € < k, and k —, (k)% holds. (By Fact if € < K, then Kk —, (k)5
is enough to ensure this condition.) Let ® : [k]S — & have the property that for p”-almost all f, ®(f) < f(0).
Then there is a club C C k and a ( < K so that for all f € [C]S, ®(f) = (.

Proof. Let Cy C & be such that for all f € [CoS, ®(f) < f(0). Define P : [5]1T¢ — 2 by P(g) = 0 if and only if
®(drop(g,1)) < g(0). By k = (k)$, there is a club Cy C C which is homogeneous for P. Let Co C C be the
club of limit points of Cy. Take any f € [C2]S. By the stated property of Cy, ®(f) < f(0). Since f(0) € Ca,
there is a v € Cy so that ®(f) < v < f(0). Let g € [C1]1T¢ be defined by ¢(0) = « and drop(g,1) = f.
Then ®(drop(g,1)) = ®(f) < v = g(0) and hence P(g) = 0. This shows that C; must be homogeneous for
P taking value 0. Let f € [C3]S. Since f(0) € Co, min(Cy) < f(0). Let g € [C1]ET¢ be defined so that
drop(g,1) = f and ¢g(0) = min(Cy). Then P(g) = 0 implies that ®(f) = ®(drop(g,1)) < g(0) = min(C).
Since f was arbitrary, it has been shown that for all f € [C3]S, ®(f) < min(Cy). Since K —, (k)S,, implies
that uf is k-complete, there is a C3 C Cy and a ¢ < & so that for all f € [Cs]S, ®(f) = (. O

Fact 2.11. Assume k — (k)3. Then pf (i.e. the w-club filter on k) is a normal k-complete ultrafilter.

Proof. Let ® : k — k be a pf-almost everywhere regressive function. Then there is a club C' C & so that for
all a € [C]}, ®(a) < . By Fact there is a club D C k and a ¢ < & so that for all « € [D]}, ®(a) = (.
So @ is pf-almost everywhere constant. ]

An ordinal v is additively indecomposable if and only if for all « < vy and 8 < v, a+ 8 < 7. An
ordinal v is multiplicatively indecomposable if and only if for all @« < v and 8 < v, a - < 7. An ordinal
is indecomposable if and only if it is additively and multiplicatively indecomposable. In all discussions,
0 and 1 will be excluded and hence additively indecomposable ordinals will always be limit ordinals. For
every limit ordinal e, there exists ¢y < € and €; < € so that € = ¢y + €1 and ¢; is additively indecomposable.
Because of this decomposition, it will be useful to establish results for sequences whose lengths are additively
indecomposable (but possibly not multiplicatively indecomposable) before deducing the general result. One
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will frequently assume club subsets consists entirely of (additively and multiplicatively) indecomposable
ordinals.

Fact 2.12. Let Cy C k be a club subset of k consisting entirely of indecomposable ordinals. Let C; = {«a €
Co : enumg, () = a}. Then C1 C Cy is a club subset of K consisting entirely of indecomposable ordinals.

For any v < Kk, a <7y, and B <y with v € Cy, next’go (a) < v and in particular, next&wﬂ)(a) <.

Proof. Fix v € Cy and a < 7. Let ¢ = sup{n < & : enumg,(n) < a}. Note that next}, (o) = a and
ito < 8 <7, nextgo(a) = enumg, (¢ + B). Since @ < vy and v € C1, ¢ < enumgg(v) = v. Because
~v is additively indecomposable, ¢ + 8 < 7. Thus nextgo(a) = enumc, (¢ + 8) < enumg,(y) = 7. The
last statement follows from the first statement and the fact that since v is additively and multiplicatively
indecomposable, for all § <, w- (8+1) < 7. |

Fact 2.13. (Almost everywhere fized length measure witness uniformization) Let k be a cardinal, 1 < 0 < k,
and 1 < € < k. Suppose k —. (k)5 holds. Let R C [k]2 x [K]S be such that for all f € [k]2, Ry = {g €
[K]€ : R(f,9)} € ut. Then there is a club C C wy so that for f € [C]2, [C \ sup(f) + 1]S C Ry.

Proof. If h € [k]2*€, then let h° € [x]%, and h' € [x]S be defined by h® = h [ § and h' = drop(h,d). Define
a partition P : [5]2T¢ — 2 by P(h) = 0 if and only if R(h°,h'). By x —, (k)57¢, there is a club C' C w;
which is homogeneous for P. Fix an f € [C]S. Since Ry € uf, there is a club D C C so that for all
g € [D]S, R(f,g) holds. Pick a g € [D]¢ with sup(f) < g(0) and let h € [C]3*¢ be defined so that h° = f
and h' = g. Then P(h) = 0. Thus C is homogeneous for P taking value 0. Now fix an f € [C]°. Take any
g € [C\ sup(f) + 1]<. Let h € [0]2*€ be defined so that h® = f and h! = g. P(h) = 0 implies that R(f,g).
Thus [C' \ sup(f) + 1] C Ry. O

If k is a cardinal, then let club, denote the collection of club subsets of .

Fact 2.14. ([2]) Let k be a cardinal satisfying k —. (k)5 and 1 < e < k. Suppose R C [k]¢ X cluby
is a relation which is C-downward closed in the club coordinate in the sense that for all £ € [k]¢ and all
clubs C C D, if R(¢,D), then R({,C). Then there is a club C C K so that for all £ € [C]S N dom(R),

R(¢,C\ (sup(£ +1)).

Fact will not be used here. Fact implies Fact however, it requires Kk —, (k)5. Fact
is generally not true for weak partition cardinals which are not strong partition cardinals. For instance,
under AD, Fact fails at wo. Fact gives slightly easier proof in the case of strong partition cardinals,
but the paper seeks to prove these results for weak partition cardinals so Fact must be used in a more
indirect way.

Fact 2.15. (Everywhere wellordered measure witness uniformization) Let k be a cardinal, € < k, and assume
K = (K)STC. If R C k x [K]S has the property that for all a < k, R € uf, then there is a club C C wy so
that for all @ < k, [C\ next&(a) + 1S C R,.

Proof. Define a new relation S C k X [k]S by S(a, f) if and only if for all 8 < «, R(8, f). Note that S, € pf
since S, = ﬂﬁga Rg, Rg € uf for each 8 < a, and pf is x-complete by Fact Applying Theorem m
there is a club C' C wy so that for all a € [C]L, [C'\ a+ 1]¢ C R,.

Let o < k. Note that next?(a) is an element of C of cofinality w and thus next%(a) € [C]L. Thus

*

[C\ nexté () + 1]5 C Shext () SINCe Shexts, (a) € Ra, [C\ nexté(a) +1]¢ C R,. O

The axiom of determinacy AD provides a rich theory with an abundance of partition cardinals possessing
desirable structures. For each n € w, let 6; be the supremum of the ranks of prewellordering on R which
belong to the pointclass AL. Under AD, 81 = wy, 03 = wa, 83 = Wy i1, 04 = wWyyo. Similarly, let 85 be the
supremum of the ranks of prewellorderings on R which belong to the pointclass A2. If A C R, then let 4
be the least ¥;-stable ordinals of L(A,R), which is the least ordinal ¢ so that Ls(A,R) <3 L(A,R). It is the
case that (63)X®) = §,.

Fact 2.16. Assume AD.
(1) (Martin; [I0] Theorem 12.2, [3] Corollary 4.27) w1 —« (w1)%!

<wi
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(2) (Martin-Paris; [10] Corollary 13.5, [3] Theorem 5.19 and Corollary 6.17) wa — (wa)5“?. —(way —.
(w2)57)-

(3) (Martin; [10] Theorem 11.2; Theorem [9] 2.36) For any n € w, Jém_l s (83p1)5 "

(4) (Kunen; [I0] Theorem 15.3) For alln € w, 5%n+2 — (6;n+2)2<‘”1.

(5) (12]) For any ACR, d4 —. (51“)(22;'
8

(6) (12]) 67 —. (5§)<5§-
Assume AD + DCgr. Let n € w.

1 1 53,
(1) (18]) 621,41 —+ (62n+1)<25£:+1'
<8312 85in
(2) (B) 83,10 =+ (83,40)7 2. (810 =>4 (83,40)57" 7).
3. ALMOST EVERYWHERE SHORT LENGTH CONTINUITY

Definition 3.1. Let s be a cardinal and € < k. Define an equivalence relation on ‘k by f Ey g if and only
if there is an « < € so that for all 8 with a < 8 < ¢, f(8) = g(B).

Suppose @ : [k]¢ — ON is a function. ® is Ep-invariant p-almost everywhere if and only if there is a
club C' C & so that for all f,g € [C]S, if f Ey g, then ®(f) = ®(g).

Definition 3.2. Let x be a cardinal and € < k. Define T on [k]{ by g C f if and only if g € [C/]S.
(This notion depends on k and e. Implicitly, g C f implies f and g are functions of the correct type.)

Lemma 3.3. Suppose k is a cardinal, € < k is an additively indecomposable ordinal with cof(e) = w, and
Kk —s (K)S€ holds. Let @ : [k]S — ON be a function which is Eg-invariant pf-almost everywhere. Then there
is a club C C k so that for all f,g € [C]S, if sup(f) = sup(g), then ®(f) = D(g).

Proof. Since ® is Fy-invariant pf-almost everywhere, let Cy C x be a club so that for all f,g € [CylS, if
f Eo g, then ®(f) = ®(g). Define Py : [Col¢ — 2 by P(f) =0 if and only if for all g C f, ®(g) = (f). By
Kk = (K)5€, there is a club Cy C Cp which is homogeneous for Pp.

The claim is that C is homogeneous for Py taking value 0. For the sake of obtaining a contradiction,
suppose C; is homogeneous for Py taking value 1. Define P; : [C1]S — 2 by Pi(f) = 0 if and only if there
exists a g C f so that ®(g) > ®(f). By x =« (k)§, there is a club Cy C C; which is homogeneous for P;.

Case 1: Suppose Cs is homogeneous for P; taking value 1. Let Z = {®(f) : f € [C2]5}. Z has a minimal
element since Z is a nonempty set of ordinals. Pick f € [C3]¢ with ®(f) = min(Z). Note that Py(f) =1
and Pi(f) = 1 imply that there exists a ¢ C f so that ®(g) < ®(f). However because g € [Ca]S since Cs is
a club, ®(g) € Z and ®(g) < ®(f) = min(Z) which is a contradiction.

Case 2: Suppose Cs is homogeneous for P; taking value 0. For any function h : € - ¢ — &, define
main(h) : € — £ by main(h)(«) = sup{h(e-a+ B3) : B < €}. Define P, : [C5]S¢ — 2 by Py(h) = 0 if and only
if there is an f € [Cp]S so that main(h) C f and ®(f) < ®(main(h)). (Recall Cp, is the closure fe-¢€)].) By
Kk = (K)S€, there is a club C5 C Cy which is homogeneous for P, and consists entirely of indecomposable
ordinals. Let Ci = {a € C3 : enumg,(a) = a}. Let f € [Ci]¢ with f(0) > e. Since Pi(f) = 0, there
exists some g C f such that ®(f) < ®(g). As C1 is a club, g € [C3]S. Because g has the correct type, let
G : € Xx w — ON witness that g has uniform cofinality w. Since g is discontinuous everywhere, by modifying
G if necessary, one may assume that for all a < €, sup(g | @) < G(«,0). Since cof(e) = w, let p: w — € be
an increasing cofinal sequence through €. For each 7 < ¢, let @(n) be the least n so that n < p(n).

Fix a < e. Let 1 = G(,0). Let 1, = max{next“é'a(p(n)Jrl)(L%),G(a,n + 1)}. Suppose inductively,
one has shown (& < g(a). Then since (& < g(a) and w - (p(n) + 1) < g(«), Fact implies that .5, | <

-3(7;+1)(L;(17))' Note that 12, < next&("ﬂ)(%(n)) = r%(n) <
nextc, (o) < tamyrr ™ € [C5l5, and sup(r®) = sup{sf} : n € w} = g(a). Let Fy be the
collection of v € f[e] such that sup(g [ @) < v < g(a) and there is no ordinal 1 < € so that sup(r® [ n) = ~.
Note that ot(F,) < € since g C f. Thus ot(r®[e] U F,,) = € since € is additively indecomposable, ot(Fy) < e,
and sup(Fy,) < g(a) = sup(r®). Let s* : € = (r®[¢]UF,) be the unique increasing function which enumerates
r[e] U F,. Note that s* has the correct type and sup(s®*) = g(«). Define h: €-€ — C5 by h(e-a+n) = s%(n)
whenever a,n < e. Note that h € [C3]S€, f € [Ch]S, main(h) = g C f, and ®(main(h)) = ®(g) > ®(f). So
P5(h) = 0 and thus Cj5 is homogeneous for P, taking value 0.

9
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Let C§ = C3. If C§ has been defined, then let C3 = {a € CF : enumcy (o) = a}. For a € C3, let
s(a) =sup{n < w(a)+1:a € CF} . Let Y be the collection of f € [C1]¢ with the property that for all
1 < n < w, there exists an o < € so that for all 8 > «, <(f(8)) > n. Let Z = {®(f) : f € Y}. Since Z is
a nonempty set of ordinals, Z has a minimal element. Let g € Y be such that ®(g) = min(Z). Since g is
of the correct type, let G : € X w — k witness that g has uniform cofinality w. Since ¢ is discontinuous, one
may assume that for all a < ¢, sup(g | a) < G(a,0).

Fix o < e. Let (§ = G(a,0). Let vy, = max{nextg;({;((g)tll)(L%),G(a,n + 1)}}. Suppose inductively
3

it has been shown that +& < g(a). Then since (& < g(a), w- (p(n) +1) < g(a), and g(a) € Cg(g(a)) =
{y e cgloN=1 . enum c(s(en-1(7) = 7}, Fact [2.12] implies that ¢, < g(a). For each n < ¢, let 7*(n) =
3

next“"(”“)(bf‘ﬂ(n)). Note that ¢, < 7%(n) <12, %€ (€597 Ne and sup(r®) = sup{® 1 n € w} =
g(a). Let h : e-e — C3 be defined by h(e- a+n) = r*(n) whenever a,n < e. Note that h € [C5]$€ and
main(h) = g. Since Pa(h) = 0, there is an f € [C4]¢ so that g = main(h) C f and ®(f) < ®(main(h)) = ®(g).
For each n € w, let 0, < € be least ordinal J so that for all o with § < a <€, ¢(g(v)) —1 > n. For each
n € w, let n, < € be the least n so that f(n) > ¢(d,) which exists since ¢ = main(h) C f. For all n > n,,

since f € [Cp]S, there is a unique o > §,, so that f(n) € Cpa C C’g(g(a)%l C C%. Thus it has been shown that
for all n € w, there is a 7,, < € so that for all n with n, <n <, ¢(f(n)) > n. In particular, ¢(f(n2)) € C3.
(There is a possibility that f ¢ Y since f ¢ [C3]S because an initial segment of f takes value in C§ \ Ci.
However, an initial segment of f can be swapped to obtain an element k € Y. The details follow.) Let

o € [C3]7 be defined by o(v) = next‘gdl(uﬂ)(O) for each v < 72. Note that sup(c) < next&(nﬁl)(O) < f(n2)
by Fact BT since - (1 + 1) < f(m), 7m2) € C3, and €5 = {ar € O : enumey (o) = ). Let k € [C]:
be defined as k = o"drop(f,n2). Note that k also has the property that for all 1 < n < w, there is an n < €
so that for all & with n < a < €, ¢(k(a)) > n. Thus k € Y and ®(k) € Z. Since k Fy f, one has that
®(k) = @(f) < ®(g9) = min(Z). Contradiction.

Since Case 1 and Case 2 both lead to contradictions, P; is a partition with no homogeneous club which
is impossible since £ —. (k)§ holds. Thus C; must be homogeneous for P, taking value 0.

Now suppose f,g € [C1]¢ with sup(f) = sup(g). Since € is additively indecomposable, ot(f[e] U g[e]) = e.
Define h € [C4]¢ by recursion as follows: Let h(0) = min(f[e] Ugle]). If 8 < e and h | 8 has been defined,
then let h(B) be the least element of f[e] U g[e] greater than sup(h | ) + 1. Note that h is increasing,
discontinuous, and can be shown to have uniform cofinality w using the witnesses to f and g having uniform
cofinality w. Observe that Pi(h) = 0, f C h, and g C h imply that ®(f) = ®(h) = ®(g). The proof is
complete. O

Definition 3.4. Let k be cardinal, € < k, Kk —, (k)§ holds, C C £ be a club, and ® : [k]S — ON be

*

a function. Say that ® depends only on the supremum relative to C' if and only if for all f,g € [C]S, if

sup(f) = sup(g), then ®(f) = ®(g). Say that ® is C-constant on [C]¢ if and only if for all f € [C]¢, for all
gE [, @(f) = ®(9).

A property ¢(f) on [k]S holds pf-almost everywhere if and only if there is a club C C & so that for all
f€[C]E, (f) holds. To express ® is C-constant p/-almost everywhere involves a formula ¢o(f) which only
involves f. To express ¢ depends only on the supremum relative to C' requires a formula ¢ (f) which has
C itself as a parameter. This causes some technical difficulties which can easily be resolved using the club
uniformization principle, Fact if Kk =, (k)5. However, at weak partition cardinals which are not strong
partition cardinals, Fact will need to be used together with the next result.

Fact 3.5. Suppose k is a cardinal, € < k is an additively indecomposable ordinal, kK —, (k)5, and C C Kk is
a club. @ depends on supremum relative to C if and only if ® is C-constant on [C]E.

Proof. Suppose ® depends only on the supremum relative to C. Suppose f € [C]¢ and ¢ C f. Then
sup(f) = sup(g) and thus ®(f) = ®(g).

Suppose ® is C-constant on [C]S. Let f,g € [C]S be such that sup(f) = sup(g). Since € < k is an
additively indecomposable ordinal and sup(f) = sup(g), ot(f[e] U gle]) = €. Let h : ¢ — C be defined
by h(0) = min(f[e] U gle]). If B < e and h | S has been defined, then let h(/3) be the least element of
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fle] U gle] greater than sup(h | 8). Then f C h and g C h. Since ® is C-constant on [C]S, one has that
o(f) = @(h) = 2(g)- 0

Theorem 3.6. Suppose k is a cardinal and € < K is a limit ordinal with cof(e) = w. Let ¢g < € and €1 < €
be such that € = eg+€1 and €1 is an additively indecomposable ordinal. Suppose k —, (k)5 and kK —, (k)5
hold. Let @ : [k]¢ — ON be a function which is Eg-invariant p-almost everywhere. Then there is a club

*

C C k so that for oll f,g € [C]S, if sup(f) = sup(g), then ®(f) = D(g).

frg € [Col, if f Egy g, then ®(f) = ®(g). For each o € [Cy]e, define @, : [Cy \ sup(o) + 1]¢¢ — ON
by ®,(¢) = ®(c°¢). Note that ®, is Ep-invariant on [Cy \ (sup(c) + 1)]$*. Since cof(e) = w implies that
cof(e1) = w, k =4 (K)58'*, and Lemma imply there is a club D C Cy \ (sup(o) + 1) so that for all
l,1 € [D]s, if sup(€) = sup(), then @,(¢) = @, (¢).

Define R C [Cp]e x [k]$* by R(o,¢) if and only if for all ¢ C ¢, ®,(¢) = D, (£). By the observation of the
previous paragraph, for each o € [Cy]$, there is a club D so that ®, depends only on supremum relative to
D. By Fact ®, is C-constant on [D]S'. Thus [D]St € R,. This shows that for all o € [Co]s°, Ry € puf, .
By k —« (k)5 and Fact there is a club C; C Cj so that for all o € [C1]$°, [C1 \ (sup(o) +1)]$* C R,.

Let 7 € [C1]® be defined by 7(a) = enume, (w - o + w) for each o < ¢y. Let Cy = Cy \ sup(r) + 1.
Now suppose f,g € [Co]S and sup(f) = sup(g). Let ogg,01 € [Co]?® and £y, ¢ € [C3]S be such that
f =00t and g = 01°¢1. Let f' = 774y and ¢’ = 7°¢;. Note that f Fy f" and g Ey ¢’. Since ® is
Ep-invariant, ®(f) = ®(f’) and ®(g) = ®(¢’). However, @, is C-constant on [C3]$! and so by Fact
®. depends only on supremum relative to Cy. Since sup(¢y) = sup(¢1), ®,(¢p) = ®,(¢1). In summary,
O(f) = () = ,(by) = ®,(41) = ®(¢') = ®(g). Thus Cy is the desired club which completes the
proof. O

Proof. Since ® : [k]S — ON is Fy-invariant pf-almost everywhere, let Cy C & be a club so that for all

Theorem 3.7. Suppose k is a cardinal and € < Kk with cof(e) = w. Let g < € and €1 < € be such that
€ = eo+e1 and €1 is an additively indecomposable ordinal. Suppose k —, (k)5T and k — (k)5 hold. For
any function ® : [k]S — ON, there is a club C C k and a § < € so that for all f,g € [CIS, if f1d=9g ] ¢
and sup(f) = sup(g), then ®(f) = ¢(g).

Proof. Since cof(€) = w, let p : w — € be a cofinal increasing sequence through e with p(0) = ¢y. Forn € w, let
A" ={(0,0,a) : a < p(n)} and for each 1 < m < w, B, = {(m,i,a) : i €2Ap(n+m—1) < a < p(n+m)}.
Let L™ = A" UJ; <<, By, and note that L™ C w x 2 x €. Let L™ = (L", <) where < is the lexicographic
ordering on w x 2 x €. Since p(0) = ¢y and ¢ is additively indecomposable, ot(L") = € + €; = e. For any
function h € [5]£" and i € 2, let h™* € [r]< be defined by

h(m,0, a) m=0Aa<pn)
R (o) = { h(m, i, a) m=1Apn)<a<pn+1)
h(m,1 —i,«) m>1Apn+m—1)<a<pn+m)

The following picture indicates the relation between h, K™%, and h™!.

n n n
A Bj By BY
| | | | | | | |
[ | [ ] [ | [ |
h — e——— e——— o——— o——— o——— o
h1:0 -~ — -~ -~
hrol -~ ———— o——— -

In other words, h™° and h™! is extracted from h in a manner so that ™ and h™! share the same k*"-block
for k < n (i.e, the functions agree before p(n)), the nt*-block of h™° comes before the n*"-block of A™!, and
for k > n, the k*-block of h™! comes before the k'"-block of h™°.

If f,g € [k]S, then say that the pair (f,g) has type n if and only if the following holds.

e For all a < p(n), f(a) = g(a).

o sup(f [ p(n+ 1)) < g(p(n)).
e Forallm>n+1,sup(g | p(m+1)) < f(p(m)).
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Observe that (f,g) has type n if and only if there is an h € [5]5" so that h™? = f and h™! = g.
For each n € w, let P" : [k]5" — 3 be defined by

0 B(h™0) = d(hm)
Prhy={1 &™) < d(h™1).
2 B(h™0) > B(h™)

By the fact that ot(£") = € and Fact Kk =4 (k)§ implies that for each n € w, there is a club C' C x and
an i, € 3 so that for all h € [C]£", P(h) = i,. For each n € w, let K,, = {h € [k]S : P"(h) = i,,} where L" is
identified with e. For each n € w, K,, € p”. Since k —, (k)57 implies u” is xk-complete by Fact there is
a club C' C & so that [C]S C K, for all n € w. Thus for all n € w and all h € [C], P"(h) = iy. By thinning
C, one may assume C consists entirely of indecomposable ordinals and w - € < min(C). Let C° = C. If C"
has been defined, then let C"*! = {a € C™ : enumcn (o) = a}. For each o with o > ¢g = p(0), let ¢(a) be
the unique n so that p(n) < a < p(n+ 1).

(Case 1) For all m € w, there exists an n > m so that i, = 1.

Let (n; : j € w) be an increasing enumeration of {n € w : i, = 1}. Let +,, = enumc2(n), the n'"-element of
C?. Let 7 € [C]% be defined by 7(a) = next; (QH)(O). Note that sup(7) < to since g € C?, w- (eg+ 1) < 10,
and Fact A sequence (f; : j € w) w1ll be constructed so that all j € w, the pair (fj4+1, f;) has type
n;. This will be accomplished by recursively constructing the sequence while maintaining the following
properties:

) Forall j € w, f; € [C].

) Forall j ew, fj [eg=T.

) For all j,n € w, v, < fj(p(n)) <sup(fj [ p(n+1)) < tni1.
) For all j € w and a < p(n;), fij(a) = fi+1(a).

) For all j € w, sup(fjs1 | p(n; + 1) < F5(plny))-

) For all j € wand n > nj, sup(f; [ p(n+ 1)) < fj+1(p(n)).

2
3
4
)
6
7) For all j € wand a > p(n;), fj(a) € C

(1
(
(
(
(
(
(

Define fo by fo(a) = 7() if a < € and fo(a) = nextcl(o"s_l)(L< o ) if g <a<e Sincew: (pn)+1) <
tni1s tn < tnt1, and C? = {a € C) : enumei(a) = al, Fact implies that sup(fo | p(n + 1)) <
next,, (p(nﬂ)ﬂ)( n) < lnt1-

Suppose f; has been defined. Define f;4; as follows: If @ < p(n;), let fiy1(a) = fi(a). If p(n;) < a <
p(nj+1),let fii1(a) = nextco(aﬂ)( tn;)- Observe that since f;(p(n;)) € C* by (7), w-(p(n;j+1)) < f;(p(n;)),
tn; < fi(p(n;)) by (3), and C* = {a € C° : enumco(ar) = a}, Fact implies that sup(fj+1 [ p(n; +
1)) < fi(p(n;)). For a with p(n; +1) < a < ¢ let fiy1(a) = nextZ ™ (sup(f; | p(s(a) 4+ 1))). For all
n > ng, sup(f; [ p(n+1)) < fit1(p(n)) < sup(fiz1 [ p(n+1)) < tpq1 since sup(fij41 [ p(n +1)) <
next.’; (p("+1)+1)(sup(fj ' p(n+1))) < tns1 because w- (p(n+1)+1) < tpy1, sup(f; [ p(n+1)) < tpy1 € C?,
C? = {a € Oy : enumei (a) = a}, and Fact This shows that f;11 has been constructed with the desired
relations between f; and fj41.

By (1), (2), (4), (5), and (6), f;, fi+1 € [C]S and (fj41, f;) has type nj. Thus for each j € w, there is a
function h; € [C]™ so that h?j’o = fj+1 and h;”’l = f;. Since for all j € w, C is homogeneous for P™

taking value 1, P™ (h;) = 1. This implies ®(f;41) = ‘I)(hn“ ) < (D(hn” ) = ®(f;). Thus (®(f;) : j € w) is
an infinite descending sequence of ordinals. This shows Case 1is 1mp0851ble.
(Case 2) For all m € w, there exists an n > m so that i, = 2.

Let (n; : j € w) be an increasing enumeration of {n € w : i,, = 2}. For each k € w, let w(k) = |{n <
w-(a+1)

k :i, = 2}. For a < e = p(0), let 70 = nextgo (0). Let 1o = next¥,(sup(7o)). If ¢, has been defined,
then let 141 = nextc,ifgﬂ)l)ﬂ)( n). A sequence (f; : j € w) will be constructed so that for all j € w, the

pair (fj, fj+1) has type nj. This will be accomplished by maintaining the following properties throughout
the construction:
(1) For all j € w, f; € [C]S.
(2) Forall j ew, fj [ eg =T.
(3) For all j,n € w, 1n < f;(p(n) < sup(f; | p(n+1)) < tas1.
12
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(4) For all j € w and a < p(n;), fi(a) = fir1(e).

(5) For all j € w, sup(f; | p(n; +1)) < fi+1(p(ny)).

(6) For all j € w, n > nj, sup(fy11 | p(n £ 1)) < f5(p(n)):
(7) For all j € w and a > p(n; + 1), f;(a) € CFE@)=I,

For a < eg, let fo(a) = 7(a). For o with €9 = p(0) < o < ¢, let fo(a) = nextc,i,?Ii)))( L(a))- Note that for

each n € w, sup(fo [ p(n+1)) < nextcé‘;(nﬂ))( n) < nextcg()gif)l))(w) < nextcé‘;ﬁ;nﬂ)( n) = lnt1-
Suppose f; has been defined. Define f;;1 as follows: If a < p(n;), let fij11(a) = f(a). If p(n;) < a <

p(n; + 1),‘let fi+1(e) = next; w (o+1) (sup(fj I p(n; +1))). Observe that sup(fj1 [ p(n; 4 1)) < tn, 41 since
tnj+1 € CTH sup(f; | p(n; + 1)) <tny41 DY (3), w- (p(ny; +1) +1) < tp;41, and by Fact [2.12, For a with

pn;+1) <a<elet fjpi1(a) = nextcé‘?:(ra))) i-1(te(a)). Note that for each n > n;, sup(fj11 [ p(n+1)) <

next, (Y (1) < f5(p(n) since w - (p(n+1) +1) < f;(p(n)), tn < f(p(n)), f;(p(n)) € C=(M=I, and by
Fact This completes the construction of f;;1 with the desired relation between f; and fj41.

By (1), (2), (4), (5), and (6), f;, fi+1 € [C]S and (f;, fj+1) has type nj. Thus for each j € w, there is a
function h; € [C]fnj so that h?j’o = f; and h;”’l = fj4+1. Since for all j € w, C' is homogeneous for P"
taking value 2, P (h;) = 2. This implies ®(f;) = ®(h"0) > ®(h"1) = ®(fj11). (P(f;) : j € w) is an
infinite descending sequence of ordinals. This shows Case 2 is impossible.

The failure of both Case 1 and Case 2 implies that the following Case 3 must holds.

(Case 3) There exists an m* € w so that for all n > m*, i, = 0.

Fix ( € [C]f(m ). Define @, : [C]st — ON by ®y(v) = @(K v). It will be shown that ®, is Fy-invariant
pe, -almost everywhere. Suppose v, w € [C?]9 and v Eg w. Let fo,« = £'v and g« = £'w. Since v Ey w,
let n* > m* be such that for all @« > p(n*), fim-(a) = gm=(a). For j > m* let L; = fm(p(4)) and
L? = gm~(p(4)). Note that L;-c, L‘jq- € C? for all j > m*. One will define two finite sequences (f; : m* < j < n*)
and (g; : m* < j < n*) with the following properties:

(1) For all m* < j <n*, f;,g; € [C]S. For all m* <j <n* andp( ) <a<e, fi(a),gi(a) € CL

(2) Forall m* < j <n*and m* <k <w, bup(f] (k) < Lk and sup(g; | p(k)) < ¢f.

(3) For all m* < j <n* f; | p(m )76793 p(m*).

(4) For all m* < j <n*, f; [ p(j) =g; [ p(j)-

(5) For all m* < j <n* and a with p(n*) < a <e, fj(a) = gj().

(6) For all m* < j <n*, sup(fj+1 [ p(j +1)) < fg( (7)) and Sup(gm [ (G +1)) <g;(p(5))-

(7) Forall m* < j <n*and j+1 <k <w, sup(fj | plk+1)) < fjt1(p(k)) and sup(g; | p(k +1)) <

gi+1(p(k)).

Note that f,,~ and g, have already been defined above. Suppose m* < j < n* and f; and g; have
already been defined with the above properties. For o < p(j), let fj11(a) and g;41(a) be f;(a) = g;(a) by
(4) and therefore sup(f+1 | p(j)) = sup(gis1 | p(j)). For p(j) < a < p(j + 1), define f;.1(a) and g;.1(a)
to be nextZs ™ (sup(fy41 [ p(7))) = next?, ! (sup(gj1 | p(7)). Thus fiar | p(G+1) = g1 | p(j +1).
Note that since f;(p(j)) € C', g;(p(4)) € C’l, and w- (p(j + 1) + 1) < min{f;(p(4)),9;(p(4))}, Fact
implies that sup(fj41 [ p(j + 1)) = sup(gj+1 [ p(j + 1)) < min{f;(p(5)), g;(p(j))}. For a > p(j + 1),
let fii1(a) = nextcl(a+1 (sup(f; | p(s()))) and gj41(er) = next“él(aﬂ)(sup(gj i p(g(a)))). Since for all
kE>j+1, sup(fj | p(k)) < L£ and sup(g; | p(k)) < ¢ by (2), w- (pk) +1) < mm{Lf, }, and LLL% €
C?, Fact m implies that sup(fj41 | p(k)) < 1,£ and sup(g;+1 | ( )
sup(f; | p(k)) =sup(g; [ p(k)). This implies that for all @ > p(n*), fjt1(a
construction of f;11 and gj41.

By (1), (3), (4), (5), (6), and (7), (fj+1. f;) and (gj+1, g;) are of type j for each j such that m* <j<n*
For each j so that m* < j < n*, let h;,p; € [C]%" be such that h]0 = fit1, h j = f;, pj = gj+1, and
pg’l = g;. Since for all j > m*, C is homogeneous for P’ taking Value 0, one has that for all m* < j < n*,
Pi(hj) = 0 and P’(p;) = 0. Thus ®(f;+1) = ®(f;) and ®(g;+1) = P(g;). Also by (3), (4), and (5),
fnx = gn+. Putting these together, one has that

Dp(v) = D(l0) = B(fin+) = P(fm-41) = . = ©(fnr) = B(gn=) = - = P(gm=41) = P(gm+) = P(C'w) = Dg(w).

13
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It has been shown that for all v, w € [C]$, if v Ey w, then ®;(v) = ®p(w). This shows that @, is Ep-invariant
pe -almost everywhere.

Define a relation R C [C’]f:(m*) x [k]€t by R(£,v) if and only if for all w C v, ®p(w) = ®,(v). Since it
was shown above that for each ¢ € [C]P(™"), &, is Ey-invariant pf -almost everywhere and rk —, (k)<
holds, Theorem implies that there is a club D C & so that for all v,w € [D]%, if sup(v) = sup(w), then
Dy(v) = Oy(w). In particular, for any v € [D]$t and any w C v, sup(v) = sup(w) and thus ®,(v) = y(w).
This shows [D]¢ C R,. For all £ € [C]°™™) R, € pe, - By Fact there is a club E C C' so that for all
¢ e [EP) B\ (sup(f) +1)]¢ C Ry.

Let § = p(m™*). Suppose f,g € [E]S, sup(f) = sup(g), and f [d =g [ 6. Let £ = f ] =g [I. There
exists v, w € [F]¢! so that f = v and g = £"w. P, is C-constant on [E\ (sup(£) + 1)]¢t and so by Fact
®, depends on supremum relative to E'\ (sup(€) 4+ 1). Since v,w € [E\ (sup(¢) + 1)]5* and sup(v) = sup(w),
O(f) = (L) = Pp(v) = Py(w) = P(L'w) = P(g). It has been shown that there is a § so that for all
f.9 € [E)5, if sup(f) = sup(g) and f [ 6 = g | 6, then B(f) = D(g). 0

Corollary 3.8. Suppose k is a cardinal, € < k is a limit ordinal with cof(e) = w, and p € w. Let ¢y < €
and €1 < € be such that € = €y + €1 and €1 is an additively indecomposable ordinal. Assume Kk —, (n)§+€+p
and K —, (K)57 P Let @ @ [5]$T? — ON be a function. Then there is a club C C k and a § < € so that
forall f,g € [CISP, if f 16 =g |0, sup(f | €) =sup(g | €), and for all i < p, f(e+1i) = g(e + 1), then
o(f) = 2(9)-

Proof. The argument is similar to Theorem where all partitions now include p elements at the top. [

Theorem 3.9. Suppose k is a cardinal, € < wy, and K —, (k)5€ holds. Let ® : [k]S — ON. Then there

*

is a club C' C k and finitely many ordinals dg, ..., 0, < € so that for all f,g € [CIS, if for all 0 < i < k,
sup(f [ ;) = sup(g [ &;), then ®(f) = ®(g).

Proof. Let §g = €. Suppose € = §y > ... > §; have been defined so that there exists a club D C x with the
property that for all f,g € [C]¥, if f | §; = ¢ | 0; and for all 0 < j < 4, sup(f | ;) = sup(g | J;), then
®(f) = ®(g). Fix such a club D. If §; is a successor ordinal, then let d;1; be the predecessor of §;. If J;
is a limit, then cof(§;) = w since §; < € < wy. Define ¥ : [D]%* — ON as follows: Suppose ¢ € [D]°
and 9 > ... > ;-1 > sup(¥) in D. Let ¥(¢,v;—1,...,7) = P®(f) where f is any element of [D]S so that
sup(f [ 0;) = £, sup(f | ;) = ~; for each j < i. W(L,7v;_1,...,70) is well defined independent of f by the
induction hypothesis. By Corollary [3.8 there is a § < §; and a club C C D so that for all £,. € [O]%,
Vie1 < .. <o in C, if sup(¢) = sup(t) < yi—1, and £ | § = ¢ [ &, then (¢, v;—1,...,7) = V(¢,Yiz1,---,70)-
Let d;41 be the least § with this property. By definition of W, it has been shown that there is a club C'
and ordinals € = §y > ... > d;11 so that for all f,g € [C]S, if f | dit1 = g | di41 and for all j < i+ 1,
sup(f [ 9;) =sup(g [ §;), then ®(f) = ®(g). By the wellfoundedness of the ordinals, there is some k so that
at stage k, dx = 0. Then the finite sequence € = dg > d; > ... > 6 = 0 has the property that there is a club
C so that for all f,g € [C]S, if for all j <k, sup(f | ;) =sup(g [ J;), then ®(f) = ®(g). O

The rest of this section will put the earlier result in context and provide some additional examples
especially under AD.

Corollary 3.10. Assume AD. Suppose k is w1, wa, 5; forl<n<uw, 5%, or &, where ACR. Ife < wp
and @ : [k] — ON, then there are finitely many ordinal fo < B1 < ... < fp—1 < € (where p € w) so that for
all f,g € [CI<, if for alli < p, sup(f | B) = sup(g [ Bi), then ®(f) = ®(g).

Assume AD. Suppose k is wi, w, 07, or 64 where A CR. If € < k with cof(€) = w and ® : [k]¢ — ON,
then there is a club C C k and a 6 < € so that for all f,g € [C]S, if sup(f) =sup(g) and f [ 6 =g |, then
®(f) = 2(g)-

Assume AD +DCgr. If1 < n < w, € < 8% with cof(e) = w, and ® : [6:]¢ — ON, then there is a club

nix

C C b and § < 8% so that for all f,g € [C]S, if f 16 =g |6 and sup(f) = sup(yg), then ®(f) = ®(g).

Proof. This follows from Fact Theorem and Theorem O
The next result shows that the assumption that cof(e) = w is necessary in Theorem
14
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Fact 3.11. Suppose ( < K are two cardinals such that ¢ —. (¢)3, Kk — (Kj)g, and DCc hold. Then the
ultrapower [ k/u$ is a wellordering (and hence an ordinal) and there is a function ® : [k]$ — [1¢ K/ pS so

that for all clubs C C k and all § < (, there are functions f,g € [C]i with sup(f) =sup(g), f [ d=g |9,
and (1) # B(g).

Proof. The partition relation ¢ —, ({)% implies that /L% is a (-complete ultrafilter on ¢ and thus cof({) =

¢ > w. DC,c implies that the ultrapower []. r/ ,ug is a wellordering which can be identified as an ordinal.

If f:(¢ — kK, then let | f]uc denote the element of the ultrapower represented by the function f. Define
1

®: k]S — I1¢ ks by ®(f) = [f]#g. Let 6 < ¢ and C' C & be a club. Let £ € [C]2. Let o, € [C]$ be
defined by () = nextg(aﬂ)(sup(@) and ¢1(a) = nexty w(a+2) (sup(?)). Let f = £1p and g = £"1;. Then

£.9 € [CL, sup(f) = sup(g), f 16 =L =g [ 6, and (f) < B(g) since {a < (: f(@) <g(@)} 2{a<¢:a>
5} € ps. O

Fact 3.12. Assume AD. There is a function ® : [wa]¥' — w3 so that for all clubs C C k and § < wy, there
are functions f,g € [C]¥* so that sup(f) =sup(g), f [ d =g [0, and O(f) # D(g).

Proof. Under AD, w1 — (w1)3" and [, w2/ui" = ws. As in Fact the map ® : [wo]¥* — ws defined
by ®(f) = [f]“‘fl has the desired property. O

The restriction that € < w; is necessary in Theorem [3.9]

Example 3.13. Suppose ( < k are two cardinals such that ¢ —. ()3, k — (n)g, and DC, ¢ hold. Then
there is a function ¥ : [£]$T — [1¢ K/ p$ so that for all clubs C' C & and all finite set of ordinals 8y < ... <

Bp—1 < ¢ +w (where p € w) and functions f,g € [C]E'W so that for all i < p, sup(f | 8;) = sup(g | 8;) and
W(f) £ ().

Assume AD. There is a function U : [we]“*™ — w3 so that for all club C' C wy and all finite sets of
ordinals 8y < 81 < ... < Bp—1 < w1 + w (where p € w), there are functions f,g € [C]¥**“ so that for all

i <p,sup(f [ B:i)=sup(g | B:) and W(f) # ¥(g).

Proof. For the first statement, let ¥ : [£]$T — I1¢ k/u$ be defined by U(f) = ®(f | ¢) where ® is the
function from the proof of Fact

For the second statement, let ¥ : [wo]“' T — w3 be defined by ¥(f) = ®(f | wi) where ® is the
function from the proof of Fact For a slightly more interesting example, one can also use Y(f) =
U(f) +sup(f) = ®(f [ w1) + sup(f). Note that since cof(w; + w) = w, Theorem does apply to T and
indeed, for all f,g € [wa]¥1 1%, if sup(f) = sup(g) and f | wy = g | wy, then Y(f) = T(g). O

Consider a function @ : [ws]® — ON where w; < € < wy but cof(e) > w. Neither Theorem nor
Theorem is applicable since € > w; and cof(e) # w. Moreover, Fact gives an example of a function
D : [wo]¥t — w3 which fails to satisfy the short length continuity property under AD. Remarkably under AD,
if one demands the function ® takes image in wy rather than ws, then the short length continuity properties
do hold even if cof(e) = wy. This result is possible under AD because wy has an ultrapower representation
as [[,,, wi/p7" which can be studied using the Kunen tree analysis.

Fact 3.14. ([5]) Assume AD. Suppose € < wa (including the possibility cof(e) = w1) and ® : [wa]¢ — wa.
Then there is a club C C we and finitely many ordinals fo < B1 < ... < Bp—1 < € (where p € w) so that for
all f,g € [CI, if for all i < p, sup(f | B;) =sup(g | Bi), then ®(f) = ®(g).

4. APPLICATIONS OF SHORT LENGTH CONTINUITY
Fact 4.1. If k is a cardinal and € < k with cof(k) > €, then || = |[&]¢] = |[K]S].

I
Proof. For f € °k, define by recursion ®(f) as follows: ®(f)(0) = f(0). If 3 < € and ®(f) | 8 has been
defined, then sup(®(f) | 8) < & since cof(k) > € and so let ®(f)(8) = sup(®(f) | B8) + f(B). (f) € K]
® : k — [K]¢ is an injection and thus |k| < |[k]¢] < |°K].
Let A ={w-(a+1): a < k}. Suppose f € [A]c. For each a < ¢, let v, < & be such that f(a) = w-(yo+1).
Define F': ¢ x w — K by F(a,n) = w -y, +n. F witnesses that f has uniform cofinality w. Fix 8 < e.
15
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Let ¢ = sup{ya + 1 : a < B8}. Note that { < g. Then sup(f [ 8) Sw-( <w- -y <w-(ys+1) = f(B).
This shows that f is discontinuous everywhere. Hence f has the correct type. Thus it has been shown that

[A]° = [A]S. Since |A] = &, [[s]5] < [[s]°] = [[A)] = [[A]S] < [[s]5]. O
The following cardinality computation was proved in [6] for w; using AD and DCg.

Fact 4.2. ([6] Theorem 2.9) Assuming AD, —(|<“w| < |¥(wy)|).
(I6] Theorem 4.4) Assuming AD and DCg, there is no injection of <“*w; into “ON, the class of w-sequences
of ordinals.

The arguments in [6] used many techniques of determinacy (often specific to wq). The techniques seem
difficult to generalize to the higher projective ordinals 5711 and have no analog at strong partition cardinals
which are limit cardinals like 6?. The following result generalizes Fact purely from the weak partition
relation.

Theorem 4.3. Suppose £ is a cardinal so that k —. (k)5". Then for all x < k, there is no injection of

<Fk into XON, the class of x-length sequences of ordinals. In particular, for all x < k, [Xk| < |<"k|.

Proof. Suppose there is an injection &' : <"k — XON. By Fact |<Fk| = |[k]s"| and thus one has an

injection @ : [r]5" — XON. For each € < x and v < x, let @ : [x]{ — ON be defined by ®(f) = ®(f)(7).
By Theorem for each v < x and € € [k]! (equivalently, € < x and cof(e) = w), there is a club C and a

*

§ < e so that for all f,g € [C]5, if sup(f) = sup(g) and f [ § = g [ J, then @ (f) = ®(g). Let 5 be the
least such § < e. For each v < x, define A, : [k]; — & by A,(€) = 65. Note that for all € € [s]}, A (e) < e
and so by Fact or Fact there is a § <  so that AJ'[{d}] € uf. Let d, be the least such é. Since
k —s (k)3 implies £ is regular and x < &, let §* = sup{d, +1: v < x} and observe §* < k.

Note that for all v < x, AJ'[6*] € uf since 6, € 6*. By Fact wi is k-complete and thus
N, x A [5*] € pf. There is a club E C k with E consisting entirely of indecomposable ordinals so that

[E]L €N, A [5*] Fix an €* > §* with ¢* € [E]! and observe that ¢* is an additively indecomposable

ordinal with cof =w

(See Remark ) For any v < x and ¢ € [x]%", let @;ﬁb . [k]€ — &k be defined by ®¢ S0 = @ (D).
For each v < x, let A, be the set of f € [k]S so that for all ¢ C drop(f,§*), @;(f) = <I>7f 5+(0). Fix a
v < x. Ay(€*) = d, < &* implies that there is a club F' C x so that for all f,g € [F]S, if sup(f) = sup(g)
and f | 0* = g [ 0%, then <I>fy(f) = @fy*(g). In particular, if f € [F]¢, then for any ¢ C drop(f,e*),
(I)iy*,fh?*([) = ®.(f). This shows that [F]° C A, and hence A, € pf.. Since k —, (k)5 T implies pf. is
r-complete, (), ., Ay € pg. Thus there is a club G C & so that [G]E C M, <y Ay- (Such a club G could
also be obtain by an application of Fact -

Fix a v < X Suppose f,g € [G]S with sup(f) = sup(g) and f | 6* =g [ 6*. Let v = f | 6" =g | 6*.
Note that <I>6 . 1s E-constant on [G]i Fact |3.5| implies that <I>f;L depends only on supremum relative to
G. Thus <I>fy (f) = <I>f:L(drop(f, 0*)) = <I>f;L(drop(g,5*)) = @EY* (g) since sup(drop(f,d*)) = sup(drop(g,d*)).
So it has been shown that for all v < x, for all f,g € [G]¢, if sup(f) = sup(g) and f | 6* = g | 0*, then
o (f) = @5 (9)-

Let f,g € [G]S be such that sup(f) = sup(g), f | 6* = g | 6%, and f # g. By the property of G' from
above, for all v < x, <I>f;(f) = @f; (g9). This implies ®(f) = ®(g). This is impossible since @ : []5"* — XON
was assumed to be an injection. O

Remark 4.4. In the proof of Theorem an indirect argument was used to obtain the club G and establish
its properties by appealing to the x-completeness of pf.. This argument could be circumvented if one had
the ability to make a y-length choice of clubs given by each instance of Theorem applied to ‘I’f{* with
v <X.

The short length continuity result is also used in [5] to show |[[w1]*] < |[w1]<“!| under AD. There, this
indirect argument was not necessary since w-many clubs could be chosen by AC§ and the Moschovakis coding
lemma, which follows from AD. [2] investigated the everywhere wellordered club uniformization principle at
K, which is the assertion that for every relation R C k X club,, which is C-downward closed in the club-
coordinate, there is a function A : dom(R) — club,; so that for all &« € dom(R), R(a, ®(«)). This selection
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principle would also suffice. [2] showed that this principle holds at x under AD if k is the prewellordering
ordinal of a pointclass possessing suitable definable boundedness properties. [2] also showed that if k is a
strong partition cardinal, then the everywhere wellordered club uniformization principle at x is equivalent
to k = (k)% ,. However, Theorem does not presuppose that « is a strong partition cardinal, AD, or any
other conditions beyond k being a weak partition cardinal.

Corollary 4.5. Assume AD. If k is wy, wa, 84 for some A C R, or 82, then for any x < k, |Xk| < |<"k|
and <"k does not inject into XON.

Assume AD + DCg. If k is 8}, for some 1 < n < w, then for any x < &, [Xk| < |<"x| and <"r does not
inject into XON.

Section [5| will investigate almost everywhere monotonicity. The remainder of this section will establish
almost everywhere monotonicity for functions ® : [5]S — ON when € < w; and satisfies suitable partition

*

relations. This will use Theorem to reduce to the almost everywhere monotonicity of functions @ : [x]f —

ON when p is finite which will be established next.
Fact 4.6. Suppose k is a cardinal, p € w, k =, (K)57', and @ : [k]2 — ON is a function. Then there is a

club C C k so that for f,g € [C]%, if for alln < p, f(n) < g(n), then ®(f) < ®(g).
Proof. Let k < p. For h e [k]2*", let h¥0 h*1 € [k]2 be defined by

) _Jh(n) n<k 1,y Jh(n) n<k
hko(n)_{h(n—l—l) k<n<p hk()_{h(n—i-l) k<n<p

Define P¥ : [k]2*" — 2 by P*(h) = 0 if and only if ®(h¥9) < &(hF1). By k —, (k)2 let C C &
be homogeneous for P*. Suppose C' is homogeneous for P taking value 1. Fix £ € [C]*+t®=F=1)  Define
fi € [C]% as follows.
l(n) n<k
filn) =< 0(k +1) n==k
lw+n—k—1) E<n<p
Note that for all i € w, there is an h; € [C’]f.fJrl so that R¥0 = f; and A%! = f,,1. P(h;) = 1 implies that
B(fir1) = ®(APY) < ®(RFC) = ®(f;). Thus (B(f;) : i € w) is an infinite descending sequence of ordinals.
Thus C must be homogeneous for P* taking value 0.
For each k < p, let C, C k be a club which is homogeneous for P* taking value 0. Let C' = ﬂk<p Ck.
Suppose f,g € [C]% be so that for all n < p, f(n) < g(n). Let

ei(n) = f(n) n<p—1-—1 ‘
' gln)  p-1l-i<n<p

Observe the following holds.

(1) ¢; € [C]F and ¢p—1 = g.

(2) There is an ho € [C]27" so that k™" = f and b5~ 5" = ¢q.

(3) For each 0 <i < p— 1, there is an h; € [C]2T" so that h? ™' "0 = ¢;_; and BP9 = ¢;.
These properties and the fact that PP='~%(h;) = 0 for each i < p — 1 imply that ®(f) < ®(cp) < ®(c1) <
oo < P(cp_1) = B(g). O

The next result will be improved in Section 5]

Theorem 4.7. Suppose k is a cardinal, € < w1, k —4 (k)5 holds, and @ : [k]S — ON. Then there is a club
C C k so that for all f,g € [C]S, if for all a < ¢, f(a) < g(a), then D(f) < D(g).

Proof. By Theorem @ there is a club Cy and finitely many ordinals 5y < 81 < ... < Bp—1 < € so that for
all f,g € [ColS, if for all i < p, sup(f | B;) = sup(g | B;), then ®(f) = ®(g). Define ¥ : [Cy]i — ON by
U(0) = ®(f) for any f € [Co]S so that for all i < p, sup(f [ 8;) = £(7). Note ¥(¢) is well defined independent
of the choice of f. By Fact there is a club Cy C Cj so that for all £,. € [C]%, if for all 4+ < p, £(i) < 1(7),
then U(¢) < U(e).
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Now suppose f,g € [C1]S so that for all & < €, f(a) < g(a). Let £(i) = sup(f [ f;) and £4(i) =
sup(g [ ;). Note that £f,¢, are discontinuous since p is finite and fy < ... < fp—1. Since € < wy, for
each i < p, let p; : w — B; be an increasing cofinal sequence through B;. Let K;, K, : p x w — ON be
defined by K;(i,n) = f(pi(n)) and K,(i,n) = g(p;(n)). Ky and K, witness that ¢; and ¢, have uniform
cofinality w. Thus 7,4, € [C1]}; that is, have the correct type. By definition of ¥, ®(f) = ¥(¢;) and
®(g) = ¥(4,). Note that for all ¢ < p, £;(i) < £4(¢). By the choice of club Cy, ¥(¢y) < ¥({,). Thus
O(f) =T(ly) < V(L) = 2(g). O

Corollary 4.8. Assume AD. If k is wy, wo, 5; foranyl <n <w, 6%, or d4 for some A C R, then for any
€ < wy and function @ : [k]S — ON, there exists a club C C k so that for all f,g € [C]S, if for all a < ¢,

fla) < g(a), then ®(f) < P(g).

Proof. This follows from Theorem Note that DCg is not necessary for the result concerning 5,11 for any

1 < n < w since AD alone can establish §;, —, (8})5“". O

5. ALMOST EVERYWHERE MONOTONICITY

The next result shows that if a partition relation fails at «, then there is a corresponding failure of almost
everywhere monotonicity at k. Thus partition relations are necessary for the almost everywhere monotonicity
property.

Fact 5.1. Suppose k is a cardinal and € < Kk is such that K —. (k)§ fails. Then there is a function
® : [k]S — ON so that for all club C C &, there exist f,g € [C]S so that for all « < ¢, f(a) < g(a) and
P(g) < ©(f)-

Proof. Let P : [k]S — 2 be such that for all club C' C &, there exists functions hg, hy € [C]S so that P(hg) =0
and P(hy) = 1. P fails the monotonicity property:
Suppose C' C k is a club. As noted above, there is some f € [C]¢ with P(f) = 1. Let D C C be a club

with the property that for all h € [D]%, f(a) < h(«) for all @ < e. As noted above, there is some g € [D]S
so that ®(g) = 0. Then f,g € [C], for all a <€, f(a) < g(a), and P(g) =0 < 1 = P(f). O

The following lemma considers pairs (f, g) possessing property (2) and (3) stated below in order to simplify
the construction of the relevant functions of the correct type. Theorem will reduce the general case to
this lemma.

Lemma 5.2. Suppose k is a cardinal satisfying k —. (k)5. For any function ® : [k]¥ — ON, there is a club
C C k so that for oll f,g € [C]%, if f and g have the property that for all o < K,

(1) f(a) < g(a),

(2) there is no limit ordinal § < k so that sup(f | B) = g(«),

(3) and there is no limit ordinal 5 < k so that sup(g | 8) = f(«),

then ®(f) < ®(g).

Proof. Let 7 : k — K be an increasing and discontinuous function whose image consists of indecomposable
ordinals. For any h € [x]%, let main(h) € [x]? be defined by main(h)(a) = h(Z(a)). (Observe that main(h)
is an increasing function of the correct type since h is an increasing function of the correct type.) Define
P : [k]f = 2 by P(h) = 0 if and only if for all p € [h[x]]f, ®(main(h)) < &(main(p)). By k —. (k)5 let
Co C k be a club homogeneous for P. Let Z = {®(main(h)) : h € [Cp]f} which has a minimal element
since it is a nonempty set of ordinals. Let h* € [Cy]% be such that ®(main(h*)) = min(Z). If p € [h*[k]]%,
then p € [Cp]% and thus ®(main(p)) € Z and ®(main(h*)) = min(Z) < ®(main(p)). This shows P(h*) = 0.
Since h* € [Co]%, Cyp must be homogeneous for P taking value 0. By choosing a subclub of Cjy if necessary,
one may assume that Cy consists entirely of indecomposable ordinals and for all f € [Cyl%, for all « < k,
Z(a) < f(a) (which is possible since Z and f are discontinuous). Let C; = {a € Cj : enumg, () = a}.
Since C is a subclub of Cy, C; also consists entirely of indecomposable ordinals.

Now fix f, g € [C1]F with properties (1), (2), and (3). One will construct simultaneously by recursion two
functions h € [Cp]%¥ and p € [h[]]¥ so that main(h) = f and main(p) = ¢g. The construction will recursively
define at each stage longer initial segments of the final two objects, h and p.

Suppose a < k and the following holds:
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(a) For each S < a, h | Z() + 1 has been defined, is a function of the correct type, and h(Z(58)) = f(8).

(b) For each 8 < a, 03 < 8+ 1 has been defined. If §y < 1 < @, then g, < 0g,.

(c) For all 8 < «, for all n < og, p | Z(n) + 1 has been defined, is a function of the correct type, and
p(Z(n)) = g(n).

(d) For all 5 < a, for all n < a5, g(n) < f(B) < g(op).

Let 1o = sup{og : 8 < a}. Let 6 = sup{Z(B) +1: f < a} and 790 = sup{Z(B) + 1 : § < tn}. Since
te < a, one has 19 < dp. Note that since Z is discontinuous and takes value among indecomposable ordinals,
70 < 0o <sup(Z | @) +1 < Z(«). Properties (a) and (c) imply that h [ dp and p [ 7o have been defined.
Note sup(h [ dg) = sup(f | @) < f(«) since f is discontinuous. Also sup(p | 79) = sup(g | ta)-

If «v is a successor ordinal with o = a* + 1, then ¢, = 0os. By property (d), sup(g | to) = sup(g | gax) <
fla*) = sup(f | @) < g(0ar) = g(ta). Suppose a is a limit ordinal and (og : 8 < «) is not eventually
constant. Property (d) implies that sup(g | ta) < sup(f | @) < sup{g(og) : f < a} =sup(g [ ta) < g(ta) by
the discontinuity of g. Suppose « is a limit ordinal and (o : 8 < @) is eventually constant. Then sup{g(og) :
B < a} = g(ta). Then by property (d) and property (2) for the strict inequality, sup(g | ta) < sup(f [ a) <
9(ta). The following property (x) has been established in all cases: sup(g [ t) < sup(f [ @) < g(ta)-

Let A= {8 <a:sup(f[a)<g(B) < fla)}.

(Case A) If A ={.

Then let 7 = 75 and § = Jy.

(Case B) A # 0.

Note 1, < « since if ¢, = «, then by (%) and the discontinuity of f, sup(g [ @) = sup(g | ta) <
sup(f | @) < f(a). However, sup(g | @) < f(a) implies A = () which is a contradiction. Note that by (x),
to = min(A). Let &€ = ot(A) < a and observe that A = {1, +1: 1 < &}. Recall §g and 7 have already been
defined above. Note that sup(h [ dg) = sup(f | a) < g(ta). For 0 < v < &, suppose that for all n < v, the
following holds:

® ¢, =00+ Z(ta +1n) and p, = 70 + Z(ta +n) have been defined.
e h[ey+1andp | u,+1have been defined.

e h(ey) = g(ta +n) = ppy).

Let 9, = sup{e, +1:n <v}and 7, = sup{p, +1:7n < v}. Note that 6, = sup{do+Z(ta +n)+1:n<v} <
do+Z(tq +v) and 7, = sup{m0 +Z(ta+n) +1:n < v} < 79+ Z(tq +v) since Z is discontinuous. The above
assumptions imply that & | 6, and p | 7, are defined, and sup(h | d,) = sup(g | (ta +v)) = sup(p | 7).

Fix v with 0 < v < & Let e, =0, +Z(ta +v) and p, = 7 + Z(to + v). Since 6, < dp + Z(ta + v),
Ty < 70+ Z(to + v), and Z(t, + v) is indecomposable, €, = 0, + Z(to + v) = do + Z(to + v) and p, =
Ty + Z(ta + V) = 70 + Z(ta + V). For 8 < I(tq +v), let (6, + B) = p(1, + B) = nextg;](ﬁﬂ)(sup(h [d,)).
This defines h [ €, and p | p, with sup(h | €,) =sup(p | p,) < nextgg‘ﬁ”) (sup(h [ 6,)) < g(ta + v) by Fact
2.12| since sup(h | dp) < g(to) (in the case v = 0), sup(h [ 6,) =sup(g [ 7)) =sup(g | (ta +V)) < g(ta +v)
(in the case 0 < v < &), and Z(to + V) < g(ta + V). Let h(e,) = p(py) = g(ta + V).

Let 7 =sup{p, +1:v <&} and § =supf{e, +1: v < &} Note p | 7 and h | § have been defined so that
sup(p | 7) = sup(h | §) = sup{g(y) : v € A} < f(a) by property (3). Since Z is discontinuous, ¢, + v < « for
all v < &, dp < Z(a), and Z(«) is indecomposable, one has § = sup{e, +1: v < &} = sup{dop +Z(ta +v)+1:
v<& <d+sup(Zla)+1l<d+I(a)=TI(a).

In either Case A or Case B, ordinals 7 and ¢ have been defined with 7 < § < Z(«a) and sup(h [ §) < f(a).
Let £ = min(k \ A).

(Case I) g(¢) > f(a).

Let 0, = t4 if Case A held and let o, = £ if Case B held. For 8 < Z(«a), let h(648) = next&wﬂ)(sup(h i

d)). Note that sup(h | Z(a)) < nextgga)(sup(h [6)) < f(a) by Factsince fla) € C1, sup(h | §) < f(a)
and Z(«) < f(a). Let h(Z(a)) = f(a).
(Case II) g(¢) = f(a).
For g < Z(¢), let h(d + ) = nextgo(ﬁﬂ)(sup(h I6)).
(Case IL.1) £ = a.
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Then h | Z(a) and p | Z(«) have been defined with sup(h | Z(«)) = sup(p | Z(a)) < nextz(a) p(h |

(su
9)) < f(a) by Fact since f(a) € C1, sup(h | 9) < f(a) and Z(«a) < f(a). Let h(Z(a)) = p(I( )
fla) =g(a). Let 0, = a+ 1.
(Case 11.2) ¢ < a.
Then h | (6 +Z(¢)) and p | (6 —|—Ihave been defined with sup(p [ (6 +Z(¢))) =sup(h | (0 +Z(¥))) <

nextgff)(sup(h [ 0)) < f(a) by Fact [2.12|since f(a) € Ci, sup(h [ Z(¢)) < f(e), and Z(¢) < I(a) < f(cv).

For B < Z(a), let h(6 + Z(£) + B) = next?; P (sup(h | (5 + Z(0)))).

0

This defines h [ Z(«) with sup(h | Z(a)) < next Lo )(sup( h 1 (6+Z(¥)))) < fla) by Fact m since
f(0) € Cr, sup(f | (5 +Z(0)) < f(a), and T(a) < f(@). Let h(Z(a)) = f(a) and p(Z(€)) = () = f(a).
Let o, =4+ 1.

This completes the construction of the desired objects satisfying property (a), (b), (c), and (d). Let
h=U{hZ(a) :a < k} and p € U{p | 0a : @ < k}. By construction, h and p are increasing functions
of the correct type. (To verify these functions have uniform cofinality w, note that an ordinal of the form
next;, (ﬁ+1)(7) with 8,7 < k is a uniform limit of an w-sequence from Cy). Then h € [Co)%, p € [h]K]]%,
maln( ) = f, and main(p) = g. Since P(h) = 0, one has ®(f) = ®(main(h)) < ®(main(p)) = ®(g). O

Theorem 5.3. Suppose k is a cardinal satisfying K —« (k)5. For any function ® : [k]¥ — ON, there is a
club C C k so that for oll f,g € [C)%, if for all a < K, f(a) < g(a), then O(f) < ®(g).

Proof. Let Cy C k be a club satisfying the property from Lemma One may assume that Cy consists
entirely of indecomposable ordinals. Let C; = {& € Cj : enumg, () = a}. Suppose f, g € [C1]% and for all
a < K, f(a) < g(a). Let conditions (1), (2), and (3) refer to the conditions from Lemma [5.2]

First, one will construct a k € [C1]F so that the pair (f, k) satisfies condition (1) and (2) and the pair
(k, g) satisfies condition (1), (2), and (3). Let ( < k and (m¢ : £ < ¢) and (v : £ < () be two increasing

sequences so that the following holds.

(1) For all { < ¢, vg is a limit ordinal.

(2) For all £ < ¢, sup(f [ ve) = g(ne)

(3) For all v < k and n < &, if v is a limit ordinal and sup(f | v) = g(n), then there is a £ < ¢ so that
v =1 and n = 7.

These objects refer to the areas in which the pair (f, g) fails to satisfy condition (2). (Note ¢ = 0 if there are
no failures.) Observe that for all £ < (, g(ne) < f(ve) implies that ne < ve since for all a < &, f(a) < g(a).
For each £ < ¢, let pe be the least -y so that sup(g [ 7¢) < f(7). Note that ne < pe < pe + 1 < vg since for
all @ < k, f(a) < g(a), ne < Vg, and vg is a limit ordinal.

Define k : k — C; as follows: Let a < k. If o # ¢ for any £ < ¢, then let k(o) = g(). If thereisa { < ¢
so that oo = 7, then let k(o) = f(ue +1). The following illustrates the construction.

sup(f | pe) fue) flue +1) = k(ne) sup(f I ve) = g(ne) f(ve)
f — ° . o
k(ne) = flue +1)
k °
sup(g [ 7¢) g(ne) = sup(f [ ve)
g [ ]

Since for all «, k(a) € f[k]Ug[k], one can construct a witness K : K Xxw — & to k having uniform cofinality
w by using witnesses F': kK X w — k and G : kK X w — K to f and g, respectively, having uniform cofinality w.
If for all £ < ¢, a # n¢, then f(a) < g(a) = k(a). If a = n¢ for some & < ¢, then f(a) = f(ne) < fpe) <
flpe +1) = k(). So for all a < &, f(a) < k(). The pair (f, k) satisfies condition (1).
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If for all & < (, o # 1, then k(o) = g(). If there is a & < ¢ so that a = 7, then k(a) = f(ue +1) <
sup(f | v¢) = g(ne) = g(a). Thus for all @ < &, k(«) < g(a) and hence condition (1) holds for the pair
(k, 9).

Let property (x) for (k,g) assert that for all @ < &, sup(g | ) < k(a). If for all £ < ¢, a # n¢, then
sup(g | @) < g(a) = k() since g is discontinuous. If there is a & < ¢ so that o = ne, then sup(g [ ) =
sup(g [ ne) < flpe) < f(ue +1) = k(). It has been shown that property (x) for (k, g) holds.

By property (x) for (k,g) and condition (1) for the pair (k,g), for any a < 8 < k, k() < g(a) < sup(g |
B) < k(). This shows that k is increasing. Also by property () for (k,g) and condition (1) for the pair
(k,g), for all o < &, sup(k [ &) <sup(g [ @) < k(). This shows that k is discontinuous. It has been shown
that & is an increasing function of the correct type into C1, i.e. k € [C4]%.

If for all £ < ¢, a # n¢, then there is no limit ordinal v so that sup(f [ v) = g(a) = k(«) since the pair
(f,g) satisfies condition (2). If there is a £ < { so that a = ¢, then k(a) = f(pe + 1) and there is no limit
ordinal v so that sup(f | v) = k(a) = f(ue + 1) since f is a strictly increasing function. The pair (f, k)
satisfies condition (2).

Let property (xx) for (k, g) assert that for all limit ordinals v, sup(k | v) = sup(g [ v). Fix a limit ordinal
v. By condition (1) for the pair (k,g), sup(k | v) < sup(g [ v). By property (x) for (k,g), for each n < v,
sup(g | n) < k(n). Thus since v is a limit ordinal, sup(g | v) < sup(k [ v). Property (xx) for (k, g) has been
established.

Suppose condition (2) for (k,g) fails. Then there is an « < k and a limit ordinal v so that sup(k [ v) =
g(a). Then by property (xx) for (k,g), sup(g | v) = sup(k | v) = g(«) which is impossible since g is an
increasing and discontinuous function. Condition (2) for the pair (k, g) has been shown.

Suppose condition (3) for the pair (k,g) fails. Then there is ordinal « and a limit ordinal v so that
sup(g | v) = k(a). Then by property (xx) for (k,g), sup(k | v) = sup(g | v) = k(). This is impossible since
k is an increasing and discontinuous function. Condition (3) for the pair (k, g) has been shown.

Since Cj has the property stated in Lemmal5.2] (k, g) satisfies condition (1), (2), and (3), and k, g € [C1]*,
one has that ®(k) < ®(g).

Next, one will construct an h € [Cp]% so that the pair (f,h) satisfies condition (1), (2), and (3) and the
pair (h, k) satisfies condition (1), (2), and (3). Let ¢ < x and (ne : £ < () and (v¢ : £ < () be two increasing
sequences so that the following holds.

(1) For all £ < ¢, ne is a limit ordinal. and
(2) For all £ < ¢, sup(k [ ne) = f(ve).
(3) For all n < k and v < &, if n is a limit ordinal and sup(k | n) = f(v), then there is a £ < ¢ so that
n=1n¢ and v = vg.
These objects refer to the areas in which the pair (f,k) fails to satisfy condition (3). Note that ne < v
because if v¢ < ng, then there is a v with ve < v < 7 since ¢ is a limit and thus f(ve) < k(ve) < k(y) <
sup(k | ne) = f(ve) which is a contradiction. Let pe be the least v < n¢ so that sup(f | ve) < k(7).
Define h : k — Cj as follows: If o < x and there is no £ < ¢ so that e < a < g, then let h(a) = k(o). If
a < k and there is a £ < { so that pe < o < g, then let h(o) = nextgg((a7“5)+1)(sup(f [ v¢)). The following
illustrates the construction.

sup(f [ vg) J(ve) = sup(k [ ne)
f _ .
h(pe)  sup(h [ ne)
h -
sup(k [ pe) k(pe) sup(k [ me) = f(ve) k(ne)
k JE— . °

Since k has the correct type, there is a function K : K X w — k witnessing k has uniform cofinality w. If

a < k and there isno § < ¢ with e < o < 7, then h(a) = k() and K can be used to produce an w-sequence

whose limit is h(a). If @ < & and there is a § < ¢ with pg < a < v, then h(a) = nextg;)((a_m)ﬂ)(sup(f I ve)
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is a uniform limit of an w-sequence from Cy. From these observations, a witness to A having uniform cofinality
w can be constructed.
Note that for each £ < (, nj < ve < sup(f | ve) < k(ue). Since k(pe) is indecomposable, w - ((ne —

pe) +1) < k(ue). By Fact [2.12] for all o such that pe < a < n¢, h(a) = nextgo((aiﬂg)ﬂ)(sup(f [ve)) <
w-((ng —pe)+1) ‘

nextc, (sup(f [ ve)) < k(pe). In particular, the following property (* * %) holds: sup(h [ n¢) <
next2 " THO (sup(f | ve)) < kpe).

If « is such that there is no & < ¢ with pg < o < ¢, then h(a) = k(a). If a < k and there is a £ < ¢ so
that pe < o < mg, then h(a) < k(ue) < k(a) by (). It has been shown that for all o < &, h(a) < k()
and thus condition (1) holds for the pair (h, k).

Suppose a < 8 < k. If there are no & < ¢ and & < ¢ with pg, < o < e, and pe, < 8 < 7g,, then
ha) = k(a) < k(B) = h(a). Suppose there is a & < ¢ with pe, < o < ne, and no & < ¢ with pe, < 8 < ng,.
Then e, < ne, < B. By (% %), h(a) < k(pe,) < k(ne,) < k(B) = h(B). Suppose there is no & < ¢ with
te, < o < Mg, and there is a & < ¢ with pg, < 8 < 1¢,. Note that o < pg,. Then by the definition of
Hey, h(a) = k(o) < sup(f [ ve,) < h(B). Now suppose there exist & < ¢ and & < ¢ so that pg, < o < 7
and pre, < B < ne,. If & = &, then let & = & = & and observe h(a) = next‘go((afﬂi)ﬂ)(sup(f [ve)) <

nextg;((ﬁ7“5)+1)(sup(f [ v¢)) = h(B). Suppose & # &2 and thus & < &. By (x * *) and the definitions of
pe, Mg, and ve, ha) < k(pe, ) < sup(k [ ne,) = f(ve,) <sup(f | ve,) < h(B). Thus in all cases, it has been
shown that if @ < 8 < k, then h(a) < h(8) and thus h is an increasing function.

Suppose a < k is such that there is no £ < ¢ with g¢ < a < ne. Then by property (1) for the pair
(h,k) and the discontinuity of k, sup(h | a) < sup(k | «) < k(a) = h(a). Suppose there is a & < ¢
with pe < o < me. First, suppose a@ = pe. Then by condition (1) for the pair (h,k) and the definition
of pe, sup(h | ) = sup(h | pe) < sup(k [ pe) < sup(f | ve) < h(ueg) = h(a). Suppose pe < o < vg.
Then sup(h | a) < nextgo(a_“g)(sup(f Fve)) < next“cj;)((a_%)ﬂ)(sup(f I v¢)) = h(a). Thus in all cases,
sup(h [ @) < h(«). This shows h is discontinuous everywhere. It has been established that h is an increasing
function of the correct type through Cy (that is, h € [Cy]%).

If o < k and there is no £ < ¢ with pe < o < ¢, then sup(h | o) < h(a) = k() since h is discontinuous.
Suppose o < & and there is a { < ¢ with pe < a < ne. Suppose there is no € < ( so that He < me < Mg,
then sup(h [ ne¢) < k(ue) < k(o) <sup(k [ ne) = f(ve) < k(ne) = h(ng). In particular, sup(h [ ne¢) < k(a) <
h(ng). Suppose there is a £ < ¢ so that pug < ne < ng, then sup(h [ n¢) < k(pe) < k(a) < sup(k | ne) =
f(ve) < sup(f [ vg) < h(pug) < h(ne). (This implies that pug = ne.) One has sup(h [ 7¢) < k(a) < h(ne).
This shows that for all & < &, there is no limit ordinal v so that sup(h | v) = k(«). Therefore condition (2)
holds for the pair (h, k).

If @ < k and there is no § < ¢ with pe < o < ¢, then sup(k [ o) < k(o) = h(a) < k(a+1). If o« < k and
there is a & < ¢ with pe < a < ng, then sup(k | pe) < sup(f | ve) < h(ue) < h(a) < sup(h [ ne) < k(ue)
using (% % x). It has been shown that for all o < &, there is no limit ordinal 7 so that sup(k [ v) = h(«).
Condition (3) has been shown for the pair (h, k).

Since Cj has the property of Lemma [5.2} (h, k) satisfies condition (1), (2), and (3), and h, k € [Co]%, one
has that ®(h) < ®(k).

Suppose a < k and there is no ¢ < ¢ such that ps < a < ne. Then f(o) < k(a) = h(a) since the pair
(f, k) satisfies condition (1). Suppose a < k and there is a § < ¢ such that pe < a < ne. Since a < ne < vg,
one has that f(a) < sup(f [ v¢) < h(pe) < h(a). It has been shown that for all & < &, f(a) < h() and so
condition (1) holds for the pair (f,h).

Suppose o < k and there is no { < ¢ such that pg < o < 7¢, then there is no limit ordinal v so that
sup(f [ v) = k(o) = h(«) since the pair (f, k) satisfies condition (2). Suppose a < k and there is a £ < ¢
such that e < a < g, then sup(f | ve) < hpe) < h(a) < sup(h | n¢) < k(sie) < sup(k | ne) = f(ve). So
for all a < k, there is no limit ordinal 7 so that sup(f | v) = h(«). Condition (2) holds for the pair (f,h).

Suppose a < k. First suppose there is no £ < ¢ so that a = v¢. There is a unique p so that sup(k |
p) < f(a) < k(p). Suppose there is no £ < ¢ so that pg < p < ng. Then sup(h [ p) < sup(k [ p) <
f(a) < k(p) = h(p). Suppose there is a £ < ¢ so that pg < p < mg Then f(a) < sup(f [ vg). Therefore,
sup(h [ p) < sup(k [ p) < f(a) < sup(f [ vg) < h(pg) < h(p). (This implies pg = p). Hence sup(h |
p) < f(a) < h(p). Now suppose there is a & < ¢ so that a = v¢. Suppose that there is no £ < ¢ so that
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pg < ne < ng. Then sup(h [ n¢) < k(pe) < sup(k [ ne) = f(ve) = fa) < k(ne) = h(ng) using (* * *) here.
Thus sup(h | 7¢) < fla) < h(ne). Suppose there is a § so that ug < n¢ < mg. Then f(a) < sup(f | vg).
Therefore, sup(h [ 1¢) < k(pe) < sup(k [ ne) = f(ve) = f(a) <sup(f [ vg) < h(pg) < h(ne). (This implies
pg = 1e.) Hence sup( ne) < f(a) < h(ne). In all cases, it has been shown that for all & < &, there is no
limit ordinal 7 so that sup(h [v) = f(a). The pair (f, h) satisfies condition (3).

Since Cy has the property of Lemmal[5.2] (f,h) satisfies condition (1), (2), and (3), and f, h € [Co]%, one
has that ®(f) < ®(h).

In conclusion ®(f) < ®(h) < (k) < D(g). O

Corollary 5.4. Suppose & is a cardinal satisfying & =« (k)5, € < K, and @ : [k]S — ON. Then there is a
club C C Kk so that for all f,g € [C]S, if for all a < ¢, f(a) < g(a), then O(f) < D(g).

Proof. Define @' : [k]% — ON by ®'(f) = ®(f | €). The result follows by applying Theorem to @', O

Corollary 5.5. Assume AD. Suppose k is wy, 6%, or 0 4 where A C R. For any ¢ < k and any function
® : [k]S — ON, there is a club C C &k so that for all f,g € [C]S, if for all a < €, f(a) < g(a), then
o(f) < 2(g).

Assume AD + DCg. For any n € w, for any € < 5én+1, and any function ® : [52n+1] — ON, there is a
club C C 83,1 so that for all f,g € [C]S, if for all a < ¢, f(a) < g(a), then ®(f) < ®(g).

A suitable modification can be used to investigate almost everywhere monotonicity for weak partition
cardinals which may not be strong partition cardinals.

Lemma 5.6. Suppose k is a cardinal satisfying £ —. (k)5". For any € < k and function ® : [k]¢ — ON,

there is a club C C k so that for all f,g € [C]S, if f and g have the following properties:
(1) For all a <e¢, f(a) < g(a).
(2) For all a < e, there is no limit ordinal 5 < € so that sup(f | B) = g(a) (where sup(f | €) = sup(f)).
(3) For all o < €, there is no limit ordinal 5 < € so that sup(g [ 8) = f(«).

then ©(f) < ®(g).

Proof. Let I : e+¢ — K be an increasing and discontinuous function whose image consists of indecomposable
ordinals. Let €¥ = sup{Z(a) + 1 : a < ¢} and ¢! = sup{Z(a) + 1 : o < € + ¢}. Note that ¢ + e} = €.
Suppose h € [/{]il. Let hY € [/ﬂf:) be defined by h® = h | %, If £ € [n]eo, then let main(¢) € [k]¢ be defined
by main(¢)(a) = h(Z(«)).

Define P : [k]¢ — 2 by P(h) = 0 if and only if for all p € [h[e}]]S, ®(main(h?)) < ®(main(p)). By
K =, (k)5 , there is a club Cy C « which is homogeneous for P. Let Z = {®(main(())) : £ € [Co]< } which
has a minimal element since it is a nonempty set of ordinals. Let £* € [Co]¢” be such that ®(£*) = min(Z).

Let § € [Co]¢ be defined by
* 0
b(a) = {K () a<e

next¢, ((o—e )+1)(sup(€*)) O <a<e’

Note that § € [Co]¢ and b0 = ¢*. If p € [h[e!]], then p € [Col¢. Thus ®(main(p)) € Z and ®(h°) =
®(main(¢*)) = min(Z) < ®(main(p)). This shows P(h) = 0. Since b € [C’O]f:, Cp must be homogeneous
for P taking value 0. (Note only k —. (/@)51 is needed rather than the full weak partition relation.) By
choosing a subclub of Cp, one may assume Cj consists of indecomposable ordinals and e! < min(Cp). Let
Cy ={a e Cp: enumg,(a) = a}.
Fix f,g € [C1]S with properties (1), (2), and (3). One will construction by recursion two functions
h e [Cols and p € [h]e}])S so that main(h®) = f and main(p) = g. The construction and verification are
quite similar to Lemma [5.2] so some details of the verification will be omitted.
Suppose a < € and the following holds:
(a) For each 8 < a, h [ Z(B) + 1 has been defined, is a function of the correct type, and h(Z(5)) = f(5)-
(b) For each 8 < e, 03 < 8+ 1 has been defined. If 8y < 1 < a, then g, < 0g,.
(c) For all 8 < «, for all n < og, p | Z(n) + 1 has been defined, is a function of the correct type, and

p(Z(n) = g(n).
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(d) For all 8 < a, for all n < o, g(n) < f(B) < g(op).

Let to = sup{og : 8 < a}, do =sup{Z(f) +1: 8 < a}, and 7o = sup{Z(8) +1 : B < to}. Observe
sup(g [ ta) < sup(f [ @) < g(ta).

Let A= {8 <a:sup(f o) <g(B) < fla)}.

(Case A) If A =1.

Then let 7 = 75 and § = Jy.

(Case B) A #£ 0.

One must have ¢, < a and ¢, = min(A). Let £ = ot(A) < « and observe that A = {1, + 1 : 1 < &}. o
and 7 have already been defined above with sup(h [ §g) = sup(f [ @) < g(to). For 0 < v < &, suppose that
for all n < v, the following holds:

e ¢, =00+ Z(ta +n) and p, = 70 + Z(to + 1) have been defined.
e h[e,+1andp | p,+1have been defined.
o hey) = g(ta +n) = p(uy).
Let 6, = sup{e, +1 : n < v} and 7, = sup{p, +1 : n < v}. Note that 6, < 6o + Z(ta + v) and
Ty <70+ Z(te +v). h [0, and p | 7, are defined with sup(h [ d,) =sup(g [ (ta +v)) =sup(g [ 7).
Fix vwith0<v <& Lete, =0, +Z(ta +v) =00+ Z(ta+v) and py, = 7 + Z(ta + v) = 70 + Z(ta + V).
For 8 < Z(ta + v), let h(5, + B) = p(7, + B) = next¢, (ﬁﬂ)(bup(h [6,)). Let h(e,) = p(uy) = g(ta + V).
Let 7 =sup{pe +1:v <} and § =sup{e, +1:v <¢}. Note p [ 7 and h | 7 have been defined so that
sup(p | 7) = sup(h | §) = sup(g(y) : v € A} < f(«) by property (3). Observe also that § < Z(«).
Now in either Case A or Case B, ordinals 7 and § have been defined with 7 < § < Z(«) and sup(h | J) <
f(a). Let £ = min(x \ A).
(Case I) g(€) > f(a).
Let 04 = tq if Case A held and let o, = ¢ if Case B held. For 8 < Z(a), let h(6+8) = nextg;)(ﬂﬂ)(sup(h I
0)). Let h(Z(a)) = f(e).
(Case II) g(¢) = f(a).
For < Z({), let h(3 + 8) = next&s "™ (sup(h | 6)).
(Case I1.1) £ =
Let h(Z(a)) :p(I(a)) = f(a) = g(a). Let 0, = a + 1.
(Case 11.2) ¢ < a.
For f < Z(a), let h(6 +Z(£) + B) = nexts "™ (sup(h | (6 +Z(€)))). Let h(Z(a)) = f(a) and p(Z(£)) =
g(0) = f(a). Let 0o = £+ 1.
Let w < e be largest such that sup(g [ w) < sup(f). Le t =sup{Z(a) + 1 : @ < w}. After e-many
stages, h | € and p | ¢ have been defined. Note main(h | €°) =
(Case 1) sup(f) = sup(g).
Then @w =¢, ¢ = €*, and p € [Cy]S has been completely defined with main(p) = g.
For v < ¢, let h(e” + o) = next¢, (@D (sup(h | €°)). This complete the construction of h € [Co]<’
(Case 2) Sup(f) < sup(g).
Then w < € and s < €°. Suppose v < € and the following holds.
(i) For all n < e+ v, h [ Z(n) + 1 has been defined and is a function of the correct type.
(ii) For all n < w+ v, p [ Z(n) + 1 has been defined and is a function of the correct type.
(ili) For n <€, h(Z(e+n)) = g(w + 1) = p(Z(w + n)).
Suppose v < €. Let A, = {Z(n)+1:n < e+v}and p, = {Z(n) +1 : n < w + v}. (Note that
Ao = € and pp = <.) These assumptions imply that i [ A\, and p | p, are defined. For a < Z(w + v), let
h(A, + @) = p(p, +a) = next, (QH)(sup(h ' A\v)). This defines h [ (A, +Z(w+v)) and p | Z(w +v). For all

a < I(e+v), let h(\, +I(w+v)+a) = nexts, TV (sup(h | (A, +Z(ww+1)))). This defines | Z(e+v) since
M+ Z(w+v)+Z(e+v) = Z(e+v) since Z(e+v) is indecomposable. Let h(Z(e+v)) = p(Z(w+v)) = g(w+v).
This defines h [ Z(e +v)+ 1 and p | Z(w + v) + 1.

The construction of h € [C’o]i1 and p € [h[el]]io has been completed so that main(h®) = f and main(p) = g.
Since h € [Col< , p € [h[e!])<0, and P(h) = 0, one has ®(f) = ®(main(h?)) < ®(main(p)) = ®(g). O
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Theorem 5.7. Suppose k is a cardinal satisfying k —. (k)3 for all v < k. For any € < k and function
O : [k]S — ON, there is a club C C & so that for all f,g € [&]S, if for all « < €, f(a) < g(a), then

O(f) < @(g).

Proof. Let Cy C k be a club consisting of indecomposable ordinals with the properties from Lemmal[5.6] Let
Cy ={a € Cy:enumg,(a) = a}.
Let ¢ <eand (e : £ < () and (ve : £ < () be two increasing sequences with the following property.

(1) For all £ < ¢, ve is a limit ordinal.

(2) For all £ < ¢, sup(f [ ve) = g(ne)-

(3) For all v < € and n < ¢, if v is a limit ordinal and sup(f | v) = g(n), then there is a £ < ¢ so that

v =1v¢ and n = 7.

(Note it is possible that ve = e when sup(f [ €) = sup(f) = g(n¢).) These indicate the region in which
the pair (f,g) fails to satisfy condition (2) of Lemma For each £ < (, let pe be the least v so that
sup(g [ ng) < f(v)-

Define k € [C]S as follows: If a < e and there is no £ < ¢ so that a = 7, then let k(o) = g(a). If @ < €
and there is a £ < ¢ so that o = 7, then let k(a) = f(ue +1). As in Theorem the pair (f, k) satisfies
conditions (1) and (2) and the pair (k, g) satisfies conditions (1), (2), and (3). Therefore, ®(k) < ®(g).

Let ¢ <eand (ne : £ < () and (ve : £ < ¢) be two increasing sequences so that the following hold.

(1) For all £ < ¢, ne is a limit ordinal.
(2) For all £ < ¢, sup(k [ ne) = f(ve).
(3) For all n < € and v < ¢, if n is a limit ordinal and sup(k [ n) = f(v), then there is a £ < ¢ so that
n =1 and v = vg.
Let pe be the least v < ne so that sup(f [ ve) < k(7).

Define h € [Cy]¢ as follows: If o < € and there is no & < ¢ so that pe < a < g, then let h(a) = k(). If
a < € and there is a £ < ( so that pe < a < 7¢, then let h(a) = nextw (o= MHl)(Sup(f [ v¢)). As before,
the pairs (f, h) and (h, k) both satisfy conditions (1), (2), and (3). Thus O(f) < D(h) < D(k).

This concludes that ®(f) < ®(g). O

Corollary 5.8. Assume AD. Let k be wy, wa, 5%, or 84 where A CR. For any e < k and ® : [k]S — ON,
there is a club C' C wy so that for all f,g € [C]E, iffor al a <e, fla) < gla), then (f) < P(g).
Assume AD 4 DCg. For any 1 <n < w, € <48, and ® : [§1]¢ — ON, there is a club C' C 8., so that for

any f,g € [C]S, if for all a <€, f(a) < g(a), then &(f) < ®(g).
6. A FINITE CONTINUITY PROPERTY FOR LONG FUNCTIONS ON w;

Expecting a function ® : [wq]¥! — w; to satisfy an almost everywhere finite continuity in the sense that
there are finitely many ordinals dy, ..., d; < wy so that ®(f) only depends on sup(f | ;) is impossible.

Example 6.1. Let ¥ : [w1]“* — w; be defined by ¥(f) = f(f(0)). For any finite set of ordinals (507 w01 <
wi, for any club C, there are f,g € [C]¥* so that for all ¢ < k, sup(f I6;) =sup(g | ;) and U(f) # ¥(g).

Proof. Let 6 = sup{do,...,0k—1}. Pick f,g € [C]¥* sothat f [d =g |4, f( ) = g(0) > 4, and f( (0)) #
g(g(0)). Then for all i < k, sup(f [ 6;) =sup(g | ;) but U(f) = f(O)) (9(0)) = ¥(g). O

Expecting a function @ : [w;]¥* — w; to have finitely many functions Tg,...,T'x—1 so that ®(f) depends
only on sup(f [ T';(f)) is also impossible by the following example. The concept of a closure point of a
function will be very important in this section.

Definition 6.2. Let f € [w1]¥*. An ordinal § € w is a closure point of f if and only if for all a < £,
f(e) < B (or equivalently) if and only if sup(f | ) = B. Let € = {f € wy : sup(f | B) = S} be the
collection of closure points of f. € is a club subset of wy.

Example 6.3. Let ¥ : [wi]¥" — wy be defined by ¥(f) = min(€y), i.e. ¥(f) is the least closure point of
f. Then for any club C' C w; and for any finite collection of functions T, ...,Tx—1 : [w1]¥* — w;, there is an
fe[C]¥r and a g € [C]¥* so that for all i < k, sup(f | T;(f)) =sup(g | T;(f)) and @(f) # @(g).
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Proof. Let Cy C C be a club consisting entirely of indecomposable ordinals. Let C1 = {a € Cj : enumg, (o) =
a}. Let Cy be the club of limit points of Cy. Let f € [C3]¢*. Then U(f) = min(€y) € Cs. Let v = sup{T;(f) :
i < kAT;(f) <¥(f)} and note that v = 0 if there are no i < k with I';(f) < ¥(f). Since ¥(f) € Cy and
sup(f [ v) <sup(f [ ¥(f)) = ¥(f), there exists a 6 € C; with sup(f [ v) < J < U(f). Define g € [Co]«* by

g(a):{f(a) a<yVaz¥(f)
nexts “(sup(f [ 7)) v <a < W(f)

By Fact g is indeed an increasing function. Moreover, since v < ¢ and sup(f | 7) < §, Fact also
implies that sup(g | §) = 6. Thus § € €,. Therefore, ¥(g) = min(¢,) < § < ¥(f). However, for all i < k,

sup(g [ Ti(f)) = sup(f [ Ti(f)). 0

Motivated by this example, this section will show that if one demands that closure points remains the
same, then there will be finitely many functions I'g, ..., T'x—1 so that for p!-almost all f, ®(f) depends only
on sup(f | Ti(f)).

The results of this section will be proved using the strong partition relation wy —. (w1)¥* and an addi-
tional combinatorial principle called the almost everywhere short length club uniformization for w;. More
specifically, a fine form of y!-almost everywhere continuity is needed.

Let club,, denote the collection of club subsets of w;. A relation R C [wq]S%! x club,,, is said to C-
downward closed in the club,,-coordinate if and only if for all £ € [wq]s*t, if R({,D) and C C D, then
R(¢,C).

Definition 6.4. Almost everywhere short length club uniformization at w; is the asserting that for all
R C [w1]£¥* x club, which is C-downward closed in the club,,, -coordinate, there is a club C C w; and a
function A : (dom(R) N [C]£“') — cluby,, so that for all £ € dom(R) N [C]s“*, R(¢, A(0)).

Almost everywhere short length club uniformization is established in [4] Theorem 3.10 under AD using
techniques which are specific to wy. [2] gives a more general argument which holds for many other known
strong partition cardinals under AD.

Fact 6.5. ([4] Theorem 3.10, [2]) Assume AD. The almost everywhere short length club uniformization at
wy holds.

The almost everywhere short length club uniformization at w; combined with the strong partition relation
w1 =« (w1)5* gives a simpler form of the almost everywhere club uniformization principle stated below.

Fact 6.6. ([2]) (Strong almost everywhere short length club uniformization for wy) Assume wy — (w1)s* and

the almost everywhere short length club uniformization principle holds at wy. For all R C [wi|<¥t X club,,,,
there exists a club C C wy so that for all ¢ € [C]£¥* Ndom(R), R(¢,C \ sup(¢) + 1).

[4] used Fact 6.5 to show that every function @ : [w;]¢" — wy is continuous p¢!-almost everywhere.

Fact 6.7. Assume wy —. (w1)s* and the almost everywhere short length club uniformization principle holds

forwy. Let @ : [w1]¥* — wy. There is a club C' C wy so that for all f € [C]¥, there is an a < wy so that for
allge [ClY, ifgla= fa, then (f) = ®(g).

Here, an even finer form of continuity established in [2] from Fact |6.6] will be needed.

Definition 6.8. Let ® : [w1]¥* — w; and C C w; be a club. One says that £ € [C]<! is a continuity point
for ® relative to C' if and only if for all f,g € [C]¥* so that f | [{|=C0=g | |{], D(f) = 2(g).

*

Fact 6.9. ([2]) Assume w1 —. (w1)s* and the almost everywhere short length club uniformization principle
holds for wy. Suppose ® : [w1]¥* — wy. Then there is a club C C wy so that for all f € [C]¥* and o < wy, if
O(f) < f(a), then f | « is a continuity point for ® relative to C.

Lemma 6.10. Assume w1 —. (w1)s' and that the almost everywhere short length club uniformization

principle holds at wy. Suppose ® : [w1]$" — wy is a function so that for pft-almost all f, ®(f) is a successor
ordinal. Then there is a club C C wy and a function T'® : [C]* — wy so that the following holds:
(1) For all f € [C]er, T2(f) < ®(f).
(2) For all f € [C]2Y, T2(f) + 1= &(f).
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(3) For all f € [C]¥1, f 1 T2(f) is a continuity point for ® relative to C.

Proof. Let Cy C wy be a club consisting entirely of limit ordinals so that for all f € [Cy]%*, ®(f) is a successor
ordinal. By Fact there is a club C; C Cp so that for all f € [C1]¥* and « < wy, if D(f) < f(a), then
f I ais a continuity point for @ relative to C;. Define I'® : [C1]“1 — w; by letting T'®(f) be the predecessor
of ®(f). Note that I'®(f) < sup(f | T®(f)) < f(T'®(f)) since sup(f | T?(f)) € Cy is a limit ordinal and by
the discontinuity of f. Since ®(f) = ['®(f)+1, this implies that ®(f) < f(I'®(f)). However since f € [Cy]**
and C; consist entirely of limit ordinals, ®(f) < f(I'®(f)) since ®(f) is a successor ordinal. By Fact
f 1 T®(f) is a continuity point for ® relative to Cj. |

Lemma 6.11. Assume wi —. (w1)3' and that the almost everywhere short length club uniformization

principle holds at wy. Suppose ® : [w1]¢* — w1 is a function so that for pst-almost all f, ®(f) is a non-zero
limit ordinal and ®(f) ¢ €5 (i.e. ®(f) is not a closure point of f). Then there is a club C C wy and a
function T® : [C]“1 — wy so that the following holds:

(1) For all f € [}, T2(f) < ().

(2) For all f € [C]91, ot({a : T?(f) < a < ®(f)}) is an additively indecomposable ordinal.

(8) For all f € [C]%Y, f | T2(f) is a continuity point for ® relative to C.

Proof. Let Cy C wy be a club so that for all f € [Cyl¥", ®(f) is a limit ordinal which is not a closure point of
f. By Fact let C1 C Cy be a club so that for all @ < wy, if ®(f) < f(«), then f | a is a continuity point
of @ relative to Cy. Define T : [C1]4* — wy by T'(f) is the unique S such that sup(f | 8) < ®(f) < f(8). For
all f € [C1]4r, f I T(f) is a continuity point for ® relative to Cy. Note that T'(f) < ®(f). If T(f) = ®(f),
then since ®(f) is a limit ordinal, ®(f) < sup(f | ®(f)) = sup(f | I'(f)) < ®(f). Thus ®(f) € €; which
contradicts the assumption. It has been shown that T'(f) < ®(f) for all f € [C;]4*. For each f € [Cy]%*,
let 0y = ot({a: I'(f) < < ®(f)}). Note that s is a limit ordinal since ®(f) is a limit ordinal. Let ef be
the least ordinal so that there exists an additively indecomposable ordinal vy with d; = €y 4+ vy. Note that
€f < 0y. Define I'® : [C4]91 — wy by T'®(f) = I'(f) + €f. Then for all f € [C1]%1, T®(f) < ®(f), f I T*(f)
is a continuity point for @ relative to C1, and ot({a : T®(f) < o < ®(f)}) = v; which is an additively
indecomposable ordinal. O

If ®(f) is a function so that for p®!-almost all f, ®(f) € €; (such as the function from Example ,
then ®(f) is the least 3 so that f | § is a continuity point for ®. For such a function, condition (3) must be
weakened otherwise the crucial condition (1) will not hold.

Fact 6.12. (ZF) Assume & is a cardinal, € < k, and kK —, (k)5. Let @ : [k]¢ — ON. There is a club C C k
so that for all f € [C]S, for allg T f, ®(f) < ®(g).

Proof. This follows from Theorem however, in this particular instance, the argument is much simpler.
Let P : [k]S — 2 be defined by P(f) = 0 if and only if for all ¢ C f, ®(f) < ®(g9). By k¥ —« (k)$, there
is a club C' C k which is homogeneous for P. Suppose C' was homogeneous for P taking value 1. Let
Z ={®(f): f €[C]¢}. Let 8 = min(Z). Let f € [C]¥* be such that ®(f) = 8. Since P(f) = 1, there is a
g C f so that ®(g) < ®(f). Since g € [C]S, ®(g9) € Z. Then ®(g) < f = min(Z) which is a contradiction.
C must be homogeneous for P taking value 0. ]

Definition 6.13. Suppose ® : [w1]¥* — w; and f € [wq]¥. Let A;{:’ﬁ ={gewn]{r :gC fAC, =CsAg ]
B=f18}. Let By’ ={®(g) : g € AP"}. Note that if By < B1, then AP C AP and B C B,

w1

Lemma 6.14. Suppose w; —. (w1)s'. For all @ : [w1]¥" — wq, there is a club C C wy so that for all
fe[C)er, sup(BT°) < wi.

Proof. Suppose h € [w1]¢t and for all @ < wi, h(a) is an indecomposable ordinal. Let (v! : o < wy)
denote the increasing enumeration of €, the club of closure points of h, which are also indecomposable
ordinals. Thus for all o < 3, ot({n < w; : /2 <n < 'yg}) = 7;31‘ For o < wy, let B = {(n,¢) : 7yF <n <
yh iy A¢ = h(n)}. Forie 2, Uncw, Bl . is the graph of a partial function whose domain is a subset of
wy. Denote this partial function by h. Let Mo (i) - dom(h?) — w; be the Mostowski collapse of dom (h?).

Define hi(a) = h' o md_olm (i)’ Intuitively, h® and h' are the concatenations of h restricted to the even
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h

[e3

and odd, respectively, blocks determined by the sequence (72 a < wy) of closure points of h. Note that

72;1 = 7§a+1+z‘ and thus if « is a limit ordinal 4" = 4%

Also observe that if f, g € [w1]¥* have the property that for all & < wy, f(«) and g(«) are indecomposable
ordinals, sup(BJ) < min(BY), and sup(BY) < min(B/, ), then there is an h € [w;]¥* so that h° = f and
h' = g. To see this: Let (7} : @ < wi) be the increasing enumeration of {v{ : o < w1} U {7 : a < wi}.
Note that for all limit ordinals «, 73, = 7 = 7. = 79. For each a, Voarl = ’7£+1 and Y3,10 = 7541 by
the assumptions on f and g. Define h by recursion as follows. Suppose h | 75, has been defined. For each
€ < Vimsr = Vhyrs let h(93, +€) = f(35 +€). This defines h [ 73o4,. For each & < 73, = 104y, let
hVsai1 +&) = 9(v4 +&). This defines h | v35,,,. By recursion, this completes the definition of h. (The
assumptions on f and g are needed to ensure h is an increasing and discontinuous function.) Note that for
all a < wy, Y* = ~%. Therefore, h® = f and h! = g.

Define P : [w1]¥* — 2 by P(h) = 0 if and only if ®(h°) < ®(h!). By w; —s (w1)s"', there is a club
Cy C wi which is homogeneous for P and consists entirely of indecomposable ordinals. For the sake of
contradiction, suppose Cy is homogeneous for P taking value 1. Pick any h € [Cy]%t. For each n € w, let g,

denote the partial function whose graph is (J, ., Bl ain Let Maom(g,) : dom(g,) — wi be the Mostowski
collapse of dom(g,). Let g, = g, © mgolm(gn). Note that BS = B! .. Therefore, sup(BI") =~k i1 <

h(w-a+n+1) =min(B 1) = min B < Ypate = min(BY, ) < min(BY7,). By the previous
observation, for each n € w, there is an h,, € [Co]** so that h® = g,, and hl = g, 11. However, P(h,) = 1
implies that ®(g,411) = ®(hl) < ®(h2) = ®(g,). (P(gn) : n € w) is an infinite decreasing sequence of
ordinals which is impossible. This shows that Cy must be homogeneous for P taking value 0.
Let Cy = {a € Cp : enumg, () = a}. Let Cy be the club of limit points of Cy. Let f € [C2]4*. Let v = 0.

If o is a limit ordinal and for all 8 < «, 3 has been defined, then let v, = sup{vs : 8 < a}. If ais a successor
ordinal, then let v, = nextc, (v£). Since f(7[) € Cy and Oy consists of the limit points of C1, v, < f(v7).
Define k € [Cy]¥* by recursion as follow: Suppose 6 < wy and k | s has been defined. For each o < 7541, let
k(vs + o) = nextco(aﬂ)('ygﬂ). Since 7541 is indecomposable and 541 € C; = {a € Cy : enumg, (o) = a},
Fact implies that this defines k | 7511 and sup(k | v541) = Ys4+1. Thus 7% = 4, for all @ < w;. Observe
that for each § < wy, ’Vg—&-l < next¢, (’y({H) = k(6¥) = min(B}) < sup(Bf) =15, < f('y({H) = min(BgH).
Now suppose g C f and €, = €; (that is, for all @ < wy, yg = fya). Then we have that for all § < wq,
sup(Bf) = 67,1 = 754, < min(Bf) < sup(Bf) =5,1 < fF(0711) < 9(v1) = 9(7§4,) = min(Bf,,). By the
observation above, there is an hy € [Co]$" so that h) = g and h) = k. Then P(hy) = 0 implies that ®(g) <
® (k). It has been shown that for all g C f with €, = €;, ®(g) < ®(k). Hence sup(%?’o) <O(k) <w;. O
Lemma 6.15. Assume DC, wy —. (w1)3* and that the almost everywhere short length club uniformization
principle holds at wy. Suppose ® : [w1]$ — wy is a function so that for pfl-almost all f, ®(f) € €. Then
there is a club C C wy and a function T? : [C]“* — w; so that that the following holds:

(1) For all f € [C]2r, T2(f) < ®(f).

(2) For all f € [C]¢1, ot({a : T?(f) < a < ®(a)}) is an additively indecomposable ordinal.

(8) For all f € [C]“1, for all g C f with €5 = € and g [ T2(f) = f [ T2(f), then ®(g) = ®(f).

Proof. By the assumption and Fact [6.9] there is a club Cj so that the following holds.

(a) For all f € [Co]4t, if ®(f) < f(«), then f [ « is a continuity point for ® relative to Cj.
(b) @(f) € ;.

For f € [Col¥r and B < wy, let A(f,8) = sup(%?’ﬁ) < wy by Fact (where B%8 is defined in
Definition [6.13). Observe that by condition (b), A(f,8) € €. Let Zy = {A(f,B) : B < ®(f)}. Let
I(f) =min{8 < ®(f) : A(f, ) = min(Z;)}. The main property of I is that for all 8 with I'(f) < 8 < ®(f),
A(£.8) = A(£,T(f)). Define 3: [Colt — wy by S(f) = A(f,T(f)). Again for all f € [Co]t, B(f) € €.
Applying Fact[6.12to X, T, and @, there is a club C; C Cj on which 3, T', and ® are subsequence monotonic:
that is, for all f € [C1]%1, for all g C f, ®(f) < ®(g), X(f) < X(9g), and I'(f) <T'(g).

Claim 1: For all f € [Cy]%", for all ¢ C f with €y = €5 and g [ T'(f) = f | I'(f), 2(f) = X(9) and
I(f) = T(9).
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To see Claim 1: Because g C f and subsequence monotonicity of T', I'(f) < T'(g). Hence A;I)’F(g) - A;I:’F(f)
and thus X(g) < X(f). However, subsequence monotonicity of ¥ and g C f imply 3(f) < 3(g). Thus X(f) =
Y(g). Now suppose I'(f) < I'(g). This implies that there is an h T g with €, = &,, h [ T'(f) =g [ T'(f) =
FIT(f), and ®(h) > X(g) = X(f). Thus h € A7) and therefore A(f,T(f)) > ®(h) > S(f) = A(£,T(f)),
which is a contradiction. One must have that F(g) < T'(f). Since it has already been observed above that
I'(f) <T(g), T'(f) =T(g). This establishes Claim 1.

Define P : [C1]¢* — 2 by P(f) = 0 if and only if ®(f) = X(f). By w1 —« (w1)5*, there is a club Cy C C
which is homogeneous for P.

Claim 2: C5 is homogeneous for P taking value 0.

To see Claim 2: Pick f € [C2]4*. Let p : w — X(f) be an increasing cofinal sequence with p(0) = I'(f).
One will construct a sequence (f,, : n € w) with the following properties:

(1) fo=f. Forallncw, f, € [C2o]$, fuy1 E fn,and € =& | =&
(2) For all n € w, for all a > 3(f), fu(a) = f(a).
(3) For all n € ) fn—H T/J'(”) = fn f p(n)
(4) For all n € w, p(n) < ®(fn) < 2(f).

Let fo = f and note that p(0) = I'(f) < ®(f) = ®(fo). Suppose f,, has been constructed satisfying the
above four properties. Since f,, C f, Claim 1 implies X(f,,) = X(f) and I'(f,,) = T'(f) < p(n). By condition
(4), p(n) < ®(f,) and therefore by the main property of T, A(fn, p(n)) = A(fn, T(fn)) = Z(frn) = Z(f).
Since p(n + 1) < X(f), there exists an h C f,, with €, =&, , h | p(n) = f,, | p(n), and p(n +1) < &(h) <
Y(h) = X(f) by Claim 1. Since ®(h) € €, (is a closure point of h) by the assumptions, ®(h) is a limit
ordinal and therefore, ®(h) < sup(h [ ®(h)) < h(®(h)). Since ®(h) < 3(f), h | (f) is a continuity point
for @ relative to Cy. Define f,,11 € [C2]4* by

fn+1(a):{h(a) a<X(f)

Note that f,41 is indeed an increasing and discontinuous function since 3(f) € €4 and €, = € imply that
sup(fuss [ () = sup(h | () = S(f) < F5(F)) = Fas1(S(F)). Simee h | 5(f) is a continuity point
for @ relative to Co, ®(f4+1) = ®(h). This function f,41 satisfies all the required properties relative to the
previous f,.

By DC, there is a sequence (f, : n € w) with all the required properties. Define f, € [Co]¥* by
fula) = sup{fn(a) : & < wi}. Note that for all n, f, T fn, € = €4, and f, | p(n) = fu | p(n).
(Note that X(f) € €y, since X(f) € €, for all n € w.) Since P satisfies subsequence monotonicity on Cs,
fw E fn implies that p(n) < ®(f,) < ®(f,). Thus X(f) < ®(f,). Since f, T f and f, [ T(f) = f | T'(f),
Claim 1 implies that X(f) = X(f.,). By definition, ®(f,) < X(f.). Hence X(f,,) = ®(f,,). Since f, € [Ca]%*,
P(f,) =0, and C5 is homogeneous for P, one must have that Cy is homogeneous for P taking value 0. This
completes the argument for Claim 2.

For each f € [Co]¥t, ®(f) = 2(f) = A(f,T(f)). This implies the club Cs and the function I' satisfy
condition (1) and (3). For each f € [C5]41, let §f = ot({a: T'(f) < a < ®(f)}). Let €; be the least ordinal
so that there exists an additively indecomposable ordinal vy with d; = €7 +vy. Let T®(f) = T'(f) +¢s. Now
I'® satisfies all the desired properties. O

Definition 6.16. Let n € w, C' C w; be a club, and Ty, ...,[',,—;1 : [C]¥* — w; be a sequence of functions.
(C,Ty,...,T,—1) is a good sequence if and only if the following holds.

(1) For all f € [C]“* and for all k <n —1, Tip1(f) < Ti(f).
(2) For each i < n —1, ot({o : T141(f) < a < Ti(f)}) is an additively indecomposable ordinals or the
ordinal 1.
(3) For all j <n —1, for all f € [C]¢1, for all g € [C]«1, if
e gC fand ¢, = Cy,
e forall j <k <n—1,sup(g [ Tr(f)) =sup(f | Tk(f)),
e and g [ In1(f) = f [ Tn-a(f),
then I'; (f) = T';(9)-
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Lemma 6.17. Assume DC, wy —. (w1)5*, and that the almost everywhere short length club uniformization

principle holds at wy. If (D,To,...,I'y_1) is a good sequence so that I',,_1 is not pst-almost everywhere the
constant 0 function, then there is a C C D and a function Ty, so that (C,Tg,...,T'y_1,T}) is a good sequence.
Proof. Tt will be shown by induction on the length n > 1 of the good sequence. Suppose (D,T'y) is a good
sequence so that I'g is not p!-almost everywhere constantly 0. Depending on whether for pgt-almost all
f, To(f) is a successor ordinal, a limit ordinal which is not a closure point of f, or a closure point of f,
let C C D and T'; = T'' be given by Lemma Lemma or Lemma (C,Ty,I'y) is the desired
extension.

Now suppose that n > 1 and that any length n — 1 good sequence where the last function is not p!-
almost everywhere constantly 0 can be extended. Let (D,Ty,...,I',—1) be a good sequence of length n
with T'y,_1 not p®!-almost everywhere constantly 0. The restriction (D,T'1,...,I';,_1) is a length n — 1 good
sequence. Applying the induction hypothesis to this sequence, there is a Dy C D and a function I' so that
(Do, T1,,...; Ty—1,T) is a length n good sequence and by applying Fact to I', one may also assume that
for all f € [Dp]«* and a < wy, if T(f) < f(«), then f | a is a continuity point for T" relative to Dy.

(Case 1) For all f € [Do]et, ot({a: T(f) <a<Th_1(f)}) =1.

Setting C = Dg and I',, =T, (C, T, ...,I',—1,T,) is the desired extension.

(Case 2) For all f € [Dg]er, ot{(a: T'(f) < a <T'y_1(f)}) is an indecomposable ordinal.

For all 8 such that T'(f) < 5 < T'p_1(f), let

TP ={gC f:Co=CrAglB=F1BAN0<i<n—1)(sup(g [ Ts(f))=sup(f | Ti(f))}-

Let @? = {To(g) : g € Tf’B} Let A(f,8) = sup(@?) which is an ordinal less than w; by Fact since
Tg - AI;O’O and hence (’E? - %?0’0 (recall that A?O’O and %1;0’0 were defined in Definition . Note that
() < o < B < T a(F), then A(f, 1) < A(f, Bo). Tet Zy = {A(f,8) : T(f) < f < Tna(f)}. Define
Ty, : [Do]¥t = wy by Ty (f) = min{B : T(f) < 8 < Tp_1(f) Amin(Zy) = A(f, 8)}. Define ¥ : [Do]¥* — wq by
X(f) = A(f, T (f)). The main property is that for all 5 with T',,(f) < 8 < Th_1(f), A(f, 8) = A(f,Tn(f)) =
3(f). Applying Fact to 3, Iy, and T'g, there is a club Dy C Dg so that X, I',,, and I’y are subsequence
monotonic on Dj.

Claim 1: For all f € [D1]¢, if g € [D1]¢* has the property that g C f, €, = €4, forall 1 <i <n—1,
suplg [ To(f)) = sup(f | Ta()), and £ 1 Ta(f) = g | Ta(f), then S() = 5(g) and To(f) = T(g)-

To see Claim 1: Since g C f, subsequence monotonicity implies that T',,(f) < T'y(g). Since T'(f) <
T.(f) and (Dg,Tq,....,T,—1,T) is a good sequence, one has by Definition condition (3) that for all
1<i<n-—1,T,f) =Ti(g). Hence, one has that Tg”(g) C T}:”(f) and hence 3(g) < X(f). However by
subsequence monotonocity, one has X(f) < 3(g). Hence X(f) = X(g). Suppose for sake of contradiction
that T',,(f) < T'»(g). Since T satisfies the fine continuity property of Fact relative to Dg, T'(g) = T'(f)-
Now since I'(g) = T'(f) < I'h(f) < T'n(g), the definition of T',(g) implies there is an h with €, = €,
hITu(f) =g 1 Ta(f) =f [ Ta(f), forall 1 <i<mn—1,sup(h [ Ii(f)) =sup(g | T;(f)) = sup(f I T's(h)),
and To(h) > S(g) = (f). However h € T} ") and thus A(f,T(f)) > To(h) > £(f) = A(f,T(f)) which is
a contradiction. This shows that one must have I',,(f) = I'5(g). The proof of Claim 1 is complete.

Define P : [D1]¥* — 2 by P(f) =0if and only if I'g(f) = X(f). By w1 —« (w1)3", there is a club Dy C Dy
which is homogeneous for P.

Claim 2: D5 is homogeneous for P taking value O.

First, if there is an f € [Ds]%* such that 3(f) is a successor, then the supremum in the definition of
2(f) = A(f,T(f)) is obtained. That is, there is a g T f with €, = &7, g | T',,(f) = f | T'h(f), for all
1< <n—1,sup(g | T;(f)) = sup(f | Ts(f)), and To(g) = £(f). By Claim 1, %(g) = 5(f). Thus P(g) =0
and since g € [D2]%*, Dy must be homogeneous for C' taking value 0.

Thus assume that for all f € [Dq]«, X(f) is a limit ordinal. Pick any f € [Da]“*. Let p: w — I'p—1(f)
be an increasing cofinal sequence through T',,_1(f) with p(0) = T',,(f). Let 7 : w — X(f) be an increasing
sequence through 3(f). One will construct a sequence (fy : k € w) with the following properties:

(1) fo=f. Forall k € w, fr € [D2]$*, fry1 C fr, and &y, | = &, = &y,
(2) For all k € w, for all a > T',_1(f), fu(a) = f(a).
(3) For all k € w, fri1 [ p(k) = fi | p(k).
(4) For all k € w, 7(k) < To(fr+1) < 2(f).
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Let fo = f. Suppose fi has been constructed satisfying the above properties. Claim 1 implies that X(fx) =
Y(f) and T (fx) = T'n(f). The main property above and the fact that p(k) > p(0) = T',,(fx) give that

A(fkap(k)) = A(fkarn(fk)) = E(fk) = E(f) Thus there is an h L fk with Q:h - Q:fkv h F ( ) fk fp(k)7
forall 1 <i<n—1,sup(h | T;(fx)) =sup(fx | Ti(fx)), and 7(k) < To(h) < 2(fx). Now define fr11 by

) (@) a<T,_1(f )
frv1(a) = {f(a) Thoi(f) < o

Since (Dg,T'q,...,T—1,T) is a good sequence and h [ T'(f) = f | T'(f), one has that T';(h) = T;(f) for
all 1 < i < n—1. (In particular, I';,_1(h) = T';,—1(f).) Since fry1 | Tn—1(h) = h | T'—1(h), for all
i < n—1,sup(fet1 | Ti(h)) = sup(h | T;(h)), and (D,To,...,I'—1) is a good sequence, one has that
To(fr+1) = To(h) > 7(k). Thus fi; satisfies the required properties.

By DC, there is a sequence (fj : k € w) with the desired properties. Define f, € [D2]¥* by f.(a) =
sup{fr(a) : k < w}. Since f, C firt1, the subsequence monotonicity of I'g implies that 7(k) < To(fr41) <
To(fo). Hence X(f) < I'g(fo). Claim 1 implies that X(f) = X(f,). Therefore, X(f,) < To(f,). Since
To(fo) < X(f.) by definition, one has shown that I'o(f,) = X(f.). Since P(f,) = 0 and f, € [D2]¥*, one
must have that D5 is homogeneous for P taking value 0. This completes the proof of Claim 2.

Claim 2 implies that (C,Tq,...,T',—1,T,) is a good sequence where C' = Dy. This completes the argument.

O

Theorem 6.18. Assume DC, wy —. (w1)5", and that the almost everywhere short length club uniformization

principle holds at wy. Let @ : [w1]¥* — wy. There is a club C C wy and finitely many functions Yo, ..., Trn_1
so that for all f € [C)%", for all g € [C|%*, if €4 = €5 and for all i < n, sup(g [ T;(f)) = sup(f [ T;(f)),
then ®(f) = ®(g).

Proof. Fix ® : [w1]¥" — wy. Let T consists of good sequences (C, Ty, ...,I';,—1) with To(f) = ®(f) for all
f € C. Define an ordering on < on 7 by (D, U, ...,U,,_1) < (C,Tg,...,T,_1) if and only if m < n, D C C,
and for all f € [D]4*, for all i < m, I';(f) = U, (f).

Claim 1: There is a (C, T, ...,I';—1) € T so that I',,_; is pu¥!-almost everywhere constantly 0.

To see Claim 1: Suppose not. Then Lemma implies that (7, <) is a tree with no dead branches. DC
implies there is an infinite <-descending sequence ((C}, F%, . Fi) :j €w). Let C = ﬂj<w C;. Pick f € [C]
Then (T¢(f) : i € w) is an infinite descending sequence of ordinals. Contradiction. This completes the proof
of Claim 1.

Let (C,Tq,...,',—1) be a good sequence so that for all f € [C]¥1, To(f) = ®(f) and T',,—1(f) = 0. Now
suppose f,g € [C]¥* with the property that €, = € and for all 0 < ¢ < n, sup(g | I';(f)) = sup(f | T:(f)).
Let h : w; — w; be defined by h(0) = min{f[w1] U glwi]}. Suppose h | « has been defined. Let h(«)
be the least element of flwi] U g[wi] greater than sup(h | «). Note that h € [C]¥*, i.e. is increasing,
discontinuous, and has uniform cofinality w. For each 0 < i <n —1,let K; = {a: T;41(f) < a < Ty(f)}
and v; = ot(K;) which is either an additively indecomposable ordinal or 1. Therefore for each 0 < i < n—1,
ot({h(a) : @ € K;) = v;. Hence for each 0 < i < n, sup(f | T;(f)) = sup(g | Tui(f)) = sup(h | Tu(f)),
Cr=C; =0, fC h,and g C h.

Claim 2: For all k <n, Tp_1_k(h) =Tp_1-1(f) = Tn-1-x(9).

To see Claim 2: This will be shown by induction on k. If k = 0, then T',_1(h) =Tp—1(f) = Tp—1(h) = 0.
Now suppose k < n and for all j < k, it has been shown that I',,_1_;(h) =T, —1_;(f) = T'—1-;(g). Since it
was shown above that f C h, €y = &, sup(f | T'vi—1—j(h)) = sup(f [ Tn_1—;(f)) = sup(h [ T'yo1—;(f)) =
sup(h | I',—1—;(h)) for each j < k, Definition condition (3) for the pair (f,h) at I'),— 1 r implies that
Ipo1-k(f) = I'n—1-k(h). The same argument for the pair (g, h) implies I';,_1-x(g9) = I'—1-k(h). This
concludes the proof of Claim 2.

Applying Claim 2 for k = n — 1, one has that ®(f) =To(f) = To(h) =To(g) = ®(g). For each i <n —2,
let T; =1;41. Then C and the function Yy, ..., T, _o are the desired objects. O

Next, one will show that the continuity property expressed in Theorem holds under the axiom of
determinacy. The following is a consequence of the Moschovakis coding lemma:

Fact 6.19. Assume AD. P (w) = (gz(oh))L(R)-
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The next fact asserts that every function ® : [w1]$" — w; is equal to a function in L(R) p&!-almost
everywhere.

Fact 6.20. ([2]) Assume AD. Suppose ® : [w1]¥* — wy. Then there is a club C C wy so that ® [ [C]¥* €
L(R).

It is not known if AD implies DCg; however, Kechris showed that L(R) satisfies DC.
Fact 6.21. ([I1]) Assume AD. Then L(R) = AD + DC.

Theorem 6.22. Assume AD. Let ® : [w1]¥* — wy. There is a club C C wy and finitely many function
Lo, ...,Tn_1 so that for all f € [C]¥, for all g € [C]¢r, if €4 = &5 and for alli < n, sup(g | T';(f)) =sup(f |
Li(f)), then ®(f) = (g).

Proof. By Fact there is a club Cy C wy so that ® | [C]¥* € L(R). By Fact L(R) satisfies AD
and DC. AD implies w; —, (wy)%* by Fact The almost everywhere short length club uniformization
for wy holds by Fact Fact implies w; = (wy)*®). Theorem applied inside L(R) for @ | [Cp]4*
will provide a club C; C C and functions I'y,...,I";,—1 which satisfies the required property in L(R). Fact
will imply that these objects continue to have the desired property in the original universe satisfying
determinacy. O
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