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(i) wi is measurable in HOD (Solovay).
(i) 62 is strong to © in HOD and © is Woodin in HOD
(Woodin).
(i) HOD|® is a fine structural extender model! (Steel)

(iii) means that HOD|® is a model of the form L[E] where E is a
coherent sequence of extenders.
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Background

Assume AD + V = L(R).
The study of the structure of HOD is one of the hallmarks of
modern set theory.
Some amazing facts about HOD:

(i) wy is measurable in HOD (Solovay).

(i) 62 is strong to © in HOD and © is Woodin in HOD

(Woodin).

(i) HOD|® is a fine structural extender model! (Steel)
(iii) means that HOD|® is a model of the form L[E] where E is a
coherent sequence of extenders.
Steel used the proof of (iii) to show

(iv) If k is a regular cardinal in HOD such that
cof H®)(k) > w, then & is measurable in HOD.
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Background

For all of the incredible things we know about HOD, there is far
more that we don't know.

(i) Besides the results mentioned above, little is known
about the large cardinal structure of HOD. In
particular- what large cardinal properties does wy
have in HOD?.

Conjecture: wy is strong to w,, in HOD and w,, is the
least « s.t. « is Woodin in L[HOD|q].

More generally, how does the large cardinal structure
of HOD interact with the structural theory of L(R)
under AD?

(i) There is a class of naturally arising embeddings of
HOD called external ultrapowers. It is interesting to
consider these maps from the inner model point of
view- can they be viewed as iterations of HOD?
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In attempting to study the large cardinal structure of HOD, it is
natural to study such an external ultrapower embedding and
attempt show that the embedding witnesses some large cardinal
property.
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Background

Questions (i) and (ii) above are related.

In attempting to study the large cardinal structure of HOD, it is
natural to study such an external ultrapower embedding and
attempt show that the embedding witnesses some large cardinal

property.
This is how Woodin originally showed that 5% is strong to © and
that © is Woodin in HOD.
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Recall that AD implies that wy is measurable in L(R) and let W{
denote the unique normal measure.

Definition
The external ultrapower of HOD via Wi, Ext(HOD, Wll), is the
model of set theory with universe

{[flws | F€LR) A f:w— HOD }

and the e-relation defined in the usual ultrapower way.
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Background

Overview

Recall that AD implies that wy is measurable in L(R) and let W{
denote the unique normal measure.

Definition
The external ultrapower of HOD via Wi, Ext(HOD, Wll), is the
model of set theory with universe

{[flws | F€LR) A f:w— HOD }

and the e-relation defined in the usual ultrapower way.

Note that the universe of Ext(HOD, W) consists of equivalence
classes of all such functions in L(R).
Let le1 : HOD — Ext(HOD, W}) denote the canonical embedding

(i.e. jwp(a) = [ca]wz where ¢4 is the constant a function).
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Woodin asked "is jyy1 the map of an iteration tree?”
We show that, for a large initial segment of the embedding, the
answer is "yes".
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Background

Overview

Woodin asked "is jyy1 the map of an iteration tree?”

We show that, for a large initial segment of the embedding, the
answer is "yes".

We use our analysis to answer a question of Jackson-Ketchersid
about which ordinals less than w,, are coded by functions in HOD.
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Background

Notation

Let W] be the n-fold product of Wll.

Let = W11 N HOD (p is the unique normal measure on w; in
HOD).

We define the iterated ultrapower:

For oo + 1 a successor ordinal, let

UIt®TY(HOD, i) = Ult(UIt*(HOD, 1), in (1))

for a a limit ordinal let

Ult*(HOD, i) = DirLim5<a(U/t5(HOD,p)) where

i : HOD — Ult*(HOD, 1) are the canonical embeddings.
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jW11 below ws

Theorem
Let E be the (w1, w2) extender derived from jyy1. Then E is the
extender that comes from iterating | wa-many times.
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jW11 below ws

Theorem
Let E be the (w1, w2) extender derived from jyy1. Then E is the
extender that comes from iterating | wa-many times.

We will use the following theorem of Steel:

Theorem
(Steel) HOD and Ext(HOD, W) have a successful comparison.

We will also make frequent use of the following Lemma, which is a
generalization of a result of Jackson-Ketchersid.

Lemma

Let M be an iterate of HOD, and let k € M be s.t. there are no
total extenders in M, E, with crit(E) < k and Lh(E) > k. Let T be
a proper class of ordinals. Then every A € (P(x))M is definable
from parameters in Kk UT.
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We first show that in the first wy-many steps of the comparison,
Ext(HOD, W}) doesn't move while HOD iterates y wp-many
times.
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Ext(HOD, W}) 2= N

be the comparison given by Steel's Theorem.

We first show that in the first wy-many steps of the comparison,
Ext(HOD, W}) doesn't move while HOD iterates y wp-many
times.

First the minimality of HOD implies that M=N.
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Sketching the proof:
Let

HOD —— T s m

Ext(HOD, W}) 2= N

be the comparison given by Steel's Theorem.

We first show that in the first wy-many steps of the comparison,
Ext(HOD, W}) doesn't move while HOD iterates y wp-many
times.

First the minimality of HOD implies that M=N.
This implies that, if b is the branch through 7 leading to M and ¢
is the branch through S leading to N, then neither b nor c drop.
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HOD — s m

Ext(HOD, W}) 2= N

The fact that c does not drop implies that, if Ext(HOD, W{)
moves at all in the comparison, then the first extender applied to
Ext(HOD, W}) has length > w»
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The fact that c does not drop implies that, if Ext(HOD, W{)
moves at all in the comparison, then the first extender applied to
Ext(HOD, W}) has length > w»

This is because w» is the least measurable cardinal of

Ext(HOD, W}).

Similarly, the fact that b does not drop implies that when HOD
movies in the comparison, then the first extender applied to HOD
has length > wy.
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HOD — s m

Ext(HOD, W}) 2= N

The fact that c does not drop implies that, if Ext(HOD, W{)
moves at all in the comparison, then the first extender applied to
Ext(HOD, W}) has length > w»

This is because w» is the least measurable cardinal of

Ext(HOD, W}).

Similarly, the fact that b does not drop implies that when HOD
movies in the comparison, then the first extender applied to HOD
has length > wy.

This is because w; is the least measurable cardinal of HOD.

We exploit these facts repeatedly to show that, in the first

wp — many steps of the comparison, Ext(HOD, W) doesn't move,
while HOD iterates pu.
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The analysis of the comparison shows that
Ext(HOD, Wl)|wa = Ult“2(HOD, 1) |w2, but we would also like to
show that the embeddings are the same.
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show that the embeddings are the same.

l.e., let E be the (w1, w2) extender derived from jy1 and let

{ &a | @ <~ } enumerate its generators.
Let po be the measure on &, derived from the canonical
embedding j, : Ult(HOD, E | &,) — UIt(HOD, E).
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Ext(HOD, W)|wa = Ult“2(HOD, p)|w2, but we would also like to
show that the embeddings are the same.

l.e., let E be the (w1, w2) extender derived from jy1 and let

{ &a | @ <~ } enumerate its generators.

Let po be the measure on &, derived from the canonical
embedding j, : Ult(HOD, E | &,) — UIt(HOD, E).

We complete our analysis of E by showing that v = w»,
o = ia(w1) and piq = ia ().
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The analysis of the comparison shows that

Ext(HOD, W)|wa = Ult“2(HOD, p)|w2, but we would also like to
show that the embeddings are the same.

l.e., let E be the (w1, w2) extender derived from jy1 and let
{ &a | @ <~ } enumerate its generators.

Let po be the measure on &, derived from the canonical
embedding j, : Ult(HOD, E | &,) — UIt(HOD, E).

We complete our analysis of E by showing that v = w»,

o = ia(w1) and piq = ia ().

It is clear that &y = ws.

Let o < wy and assume we have shown that for 8 < «,

fﬁ = ig(wl) and for 8 < «, ug = iﬂ(u).
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The analysis of the comparison shows that

Ext(HOD, W)|wa = Ult“2(HOD, p)|w2, but we would also like to
show that the embeddings are the same.

l.e., let E be the (w1, w2) extender derived from jy1 and let
{ &a | @ <~ } enumerate its generators.

Let po be the measure on &, derived from the canonical
embedding j, : Ult(HOD, E | &,) — UIt(HOD, E).

We complete our analysis of E by showing that v = w»,

o = ia(w1) and piq = ia ().

It is clear that &y = ws.

Let o < wy and assume we have shown that for 8 < «,

fﬁ = ig(wl) and for 8 < q, ug = iﬂ(u).

We conclude the proof by showing ri, = in(pt) and
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The analysis of the comparison shows that

Ext(HOD, W)|wa = Ult“2(HOD, p)|w2, but we would also like to
show that the embeddings are the same.

l.e., let E be the (w1, w2) extender derived from jy1 and let

{ &a | @ <~ } enumerate its generators.

Let po be the measure on &, derived from the canonical
embedding j, : Ult(HOD, E | &,) — UIt(HOD, E).

We complete our analysis of E by showing that v = w»,

o = ia(w1) and piq = ia ().

It is clear that &y = ws.

Let o < wy and assume we have shown that for 8 < «,

fﬁ = iﬂ(wl) and for 8 < q, ug = iﬂ(,lj,).

We conclude the proof by showing ri, = in(pt) and

§at+1= ioz-i—l(wl)-

As a demonstration of our methods, we will show the proof of
ia(1t) = fla-
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fra = ia(f1)

We have the following comparison with factor map j,:

UIt*(HOD, 1) —> M

|

Ext(HOD, W}) 2= N
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fa = Ia(H)

We have the following comparison with factor map j,:

UIt*(HOD, j1) —> M

|

Ext(HOD, W}) 2= N

Again, the minimality of HOD implies M=N.
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We have the following comparison with factor map j,:

UIt*(HOD, j1) —> M

|

Ext(HOD, W}) 2= N

Again, the minimality of HOD implies M=N.
Assume toward contradiction that there is an A C i (w1) s.t.
A € (1) but A ¢ pg.
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fa = Ia(H)

We have the following comparison with factor map j,:

UIt*(HOD, j1) —> M

|

Ext(HOD, W}) 2= N

Again, the minimality of HOD implies M=N.
Assume toward contradiction that there is an A C i (w1) s.t.

A € (1) but A ¢ pg.
This means that iy (w1) € iT(A) but in(w1) € ja(A).
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fra = ia(f1)

We have the following comparison with factor map j,:

UIt*(HOD, j1) —> M

|

Ext(HOD, W}) 2= N

Again, the minimality of HOD implies M=N.

Assume toward contradiction that there is an A C i (w1) s.t.

A € (1) but A ¢ pg.

This means that iy (w1) € iT(A) but iy (w1) € ju(A).

Let I be a proper class of ordinals fixed by all the above
embeddings and let 3 € (I' U iy (w1))< be s.t. A is definable in

UIt(HOD, E | &,) from (.
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fa = Ia(H)

We have the following comparison with factor map j,:

UIt*(HOD, j1) —> M

|

Ext(HOD, W}) 2= N

Again, the minimality of HOD implies M=N.

Assume toward contradiction that there is an A C i (w1) s.t.

A € (1) but A ¢ pg.

This means that iy (w1) € iT(A) but iy (w1) € ju(A).

Let I be a proper class of ordinals fixed by all the above
embeddings and let 3 € (I' U iy (w1))< be s.t. A is definable in
UIt(HOD, E | &) from .

Say A = UI(HOD.El&) ().
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fra = ia(f1)

Ult(HOD, E | £.) > M

|

Ext(HOD, W}) —* = N

()ia(w1) € ir(A) but ig(w1) ¢ jo(A)
(“)A FUIt(HOD, ET¢a) (5)
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fra = ia(f1)

Ult(HOD, E | £.) > M

|

Ext(HOD, W}) —* = N

()ia(w1) € iT(A) but in(w1) ¢ ja(A)
(II)A — 7_Ull‘(HOD,EMa)(ﬂ)

crit(is) > in(w1), so that (i) implies that in(w1) ¢ is(ja(A))
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fra = ia(f1)

Ult(HOD, E | £.) > M

|

Ext(HOD, W}) —* = N

(iVia(e1) € ir(A) but iafw1) ¢ JalA)

(“)A FUIt(HOD,ET ga)(ﬂ)

crit(is) > ia(w1), so that (i) implies that in(w1) ¢ is(a(A))
but iT(A) = T™(B) = 7V(B) = is(ja(A)), a contradiction!
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fa = Ia(H)

Ult(HOD, E | £.) > M

|

Ext(HOD, W}) —* = N

()i (2) € ir(A) but ia(wn) € jalA)

(“)A FUIt(HOD,ET ga)(ﬂ)

crit(is) > ia(w1), so that (i) implies that in(w1) ¢ is(a(A))
but it(A) = 7™ (B) = N( is(ja(A)), a contradiction!

3) =
(ia(w1) € iT(A) but la(wl) ¢ is(a(A)))
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fa = Ia(H)

Ult(HOD, E | £.) > M

|

Ext(HOD, W}) —* = N

()i (2) € ir(A) but ia(wn) € jalA)

(“)A FUIt(HOD,ET ga)(ﬂ)

crit(is) > ia(w1), so that (i) implies that in(w1) ¢ is(a(A))
but it(A) = 7™ (B) = N( is(ja(A)), a contradiction!

3) =
(ia(w1) € iT(A) but 'a(wl) ¢ is(a(A)))
This shows that 1o = in(1).
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Jackson-Ketchersid

Before moving on to a discussion of Ext(HOD, W}) above ws, we
use our analysis thus far to answer a question of
Jackson-Ketchersid.

Cody Dance University of North Texas

The External Ultrapower of HO



Jackson-Ketchersid

Before moving on to a discussion of Ext(HOD, W}) above ws, we
use our analysis thus far to answer a question of
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Jackson-Ketchersid

Before moving on to a discussion of Ext(HOD, W}) above ws, we
use our analysis thus far to answer a question of
Jackson-Ketchersid.

Ultrapowers via the W{" provide a way of coding ordinals less than
w,, via functions f : w{ — wy.

i.e., given such a function, view f as coding the ordinal [f] Wy
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Jackson-Ketchersid

Before moving on to a discussion of Ext(HOD, W}) above ws, we
use our analysis thus far to answer a question of
Jackson-Ketchersid.

Ultrapowers via the W{" provide a way of coding ordinals less than
w,, via functions f : w{ — wy.

i.e., given such a function, view f as coding the ordinal [f]w».
Jackson-Ketchersid asked "what ordinals are coded by functions in

f € HOD?"
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Jackson-Ketchersid

Definition
Let f : wf = w1, f € HOD. We say "there is a gap at " if

Sup(lglwy | £ € HOD A [g] < [f]) < [lwg
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Jackson-Ketchersid

Definition
Let f : wf = w1, f € HOD. We say "there is a gap at " if

Sup(lglwy | £ € HOD A [g] < [f]) < [lwg
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Definition
Let f : wf = w1, f € HOD. We say "there is a gap at " if

Sup(lglwy | £ € HOD A [g] < [f]) < [lwg

Jackson-Ketchersid showed that for all f : w3 — w1, f € HOD,
there is not a gap at f.

i.e. the ordinals less than wy coded by functions in HOD constitute
an initial segment of wy.

We complete the analysis by showing the following:

Theorem
Let f € HOD, f : w{ — wi. Then f begins a gap iff
cof VHHOP)([£],0) € {ir(w1), vy in-1(wn)}
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Jackson-Ketchersid

Definition
Let f : wf = w1, f € HOD. We say "there is a gap at " if

Sup(lglwy | £ € HOD A [g] < [f]) < [lwg

Jackson-Ketchersid showed that for all f : w3 — w1, f € HOD,
there is not a gap at f.

i.e. the ordinals less than wy coded by functions in HOD constitute
an initial segment of wy.

We complete the analysis by showing the following:

Theorem
Let f € HOD, f : w{ — wi. Then f begins a gap iff
cof VHHOP)([£],0) € {ir(w1), vy in-1(wn)}

We will sketch the proof of the representative case n=2.

Cody Dance University of North Texas
The External Ultrapower of HOD via Wl1




Jackson-Ketchersid

Key Idea

niversity of




Jackson-Ketchersid

Key Idea
We have the map

HOD & Ult(HOD, 1u % p)
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Key Idea
We have the map
HOD & Ut(HOD, i x 1)
This extends to

HOD —— & Ult(HOD, ju % p)

wy

Ext(HOD, W?)

where k([f]uxu) = [f]Wf-
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This extends to

HOD —— & Ult(HOD, ju % p)
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Ext(HOD, W?)

where k([f]uxu) = [f]Wf-
There is a gap at f iff k is discontinuous at [f],x .
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Key Idea

HOD —— "% Ult(HOD, ju % p)

wy

Ext(HOD, W?)

where k([f]uxu) = [flwz-
There is a gap at f iff k is discontinuous at [f],x.

Let F be the extender that comes from iterating i1(x) wp — many
times.
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Key Idea

HOD —— "% Ult(HOD, ju % p)

wy

Ext(HOD, W?)

where k([f]uxpu) = [f]le.

There is a gap at f iff k is discontinuous at [f],x.

Let F be the extender that comes from iterating i1(x) wp — many
times.

One can show that F is the (i1(w1),w2) extender derived from k.
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Jackson-Ketchersid

Key Idea

HOD —— "% Ult(HOD, ju % p)

wy

Ext(HOD, W?)

where k([f]uxpu) = [f]le.

There is a gap at f iff k is discontinuous at [f],x.

Let F be the extender that comes from iterating i1(x) wp — many
times.

One can show that F is the (i1(w1),w2) extender derived from k.
Further, Ult(UIt(HOD, u x p), F) = Ult*2*1(HOD, p)
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Key Idea
This yields the following picture:

HOD % Ult(HOD, pu x )

/i

Ext(HOD W?) <— Ut (HOD, 1)

F is the extender that comes from iterating i1 (1) wa — many times
and there is a gap at f iff k is discontinuous at [f],x,
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HOD % Ult(HOD, pu x )

/i

Ext(HOD W?) <— Ut (HOD, 1)

F is the extender that comes from iterating i1 (1) wa — many times
and there is a gap at f iff k is discontinuous at [f],x,
One can show that crit(k") = ig(i2(w1))
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Jackson-Ketchersid

Key Idea
This yields the following picture:

HOD % Ult(HOD, pu x )

/i

Ext(HOD W2) < U t(HOD, 1)

F is the extender that comes from iterating i1 (1) wa — many times
and there is a gap at f iff k is discontinuous at [f],x,

One can show that crit(k") = ig(i2(w1))

So f begins a gap iff iF is discontinuous at [f],x,.
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Jackson-Ketchersid

Key Idea
This yields the following picture:

HOD % Ult(HOD, pu x )

/i

Ext(HOD W2) < U t(HOD, 1)

F is the extender that comes from iterating i1 (1) wa — many times
and there is a gap at f iff k is discontinuous at [f],x,

One can show that crit(k") = ig(i2(w1))

So f begins a gap iff iF is discontinuous at [f],x,.

It is straightforward to check that if is discontinuous at [f],x, iff
COfUIt(HOD’HXM)([f]MXM) = i (w1).
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HOD —— s m

Ext(HOD, W}) 2= N

Cody Dance University of North Texas
The External Ultrapower of HOD via Wl1



Ext(HOD, Wll) above wyp

Ext(HOD, W) above w»

HOD —— s m

Ext(HOD, W}) 2= N

We have shown that in the first wy-many steps of the comparison,
HOD iterates p- what's next?
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Ext(HOD, W) above w»

HOD —— s m

Ext(HOD, W}) 2= N

We have shown that in the first wy-many steps of the comparison,
HOD iterates p- what's next?

Let k2 denote the second measurable cardinal of Ult“2(HOD, )
and let pp denote it's normal measure.
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Ext(HOD, W) above w»

HOD —— s m

Ext(HOD, W}) 2= N

We have shown that in the first wy-many steps of the comparison,
HOD iterates p- what's next?

Let k2 denote the second measurable cardinal of Ult“2(HOD, )
and let pp denote it's normal measure.

One can show k5 is less than the second measurable cardinal of
Ext(HOD, Wll).
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Ext(HOD, Wll) above wyp

Ext(HOD, W) above w»

HOD —— s m

Ext(HOD, W}) 2= N

We have shown that in the first wy-many steps of the comparison,
HOD iterates p- what's next?

Let k2 denote the second measurable cardinal of Ult“2(HOD, )
and let pp denote it's normal measure.

One can show k; is less than the second measurable cardinal of
Ext(HOD, W).

Thus, the next thing that happens in the comparison is that
Ult“2(HOD, 1) iterate o until the image of k2 "lines up” with the
second measurable cardinal of Ext(HOD, W) (an open question is
how long this iteration lasts).
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Indeed, using various methods, one can show that this process
continues for quite a ways.
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Indeed, using various methods, one can show that this process

continues for quite a ways.
We have shown that this process continues until we reach a k such

that there is a v < & such that + is strong past k.
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Indeed, using various methods, one can show that this process
continues for quite a ways.

We have shown that this process continues until we reach a k such
that there is a v < & such that + is strong past k.

The limiting factor is our inability to prove the following Lemma
for such x

Lemma
Let M be an iterate of HOD, and let Kk € M be s.t. there are no

total extenders in M, E, with crit(E) < k and Lh(E) > k. Let T be
a proper class of ordinals. Then every A € (P(x))M is definable
from parameters in Kk UT.
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Some open questions:
(i) What is a full analysis ofjW11?

(i) Let S be the measure on wy coming from Wi and
the strong partition property on ws.
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Some open questions:
(i) What is a full analysis ofjW11?

(i) Let S be the measure on wy coming from Wi and
the strong partition property on ws.
Do HOD and Ext(HOD, S}) have a successful
comparison?
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Some open questions:

(i) What is a full analysis ofjW11?

(i) Let S be the measure on wy coming from Wi and
the strong partition property on ws.
Do HOD and Ext(HOD, S}) have a successful
comparison?
what is js1 : HOD — Ext(HOD, S})?
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Some open questions:

(i) What is a full analysis ofjW11?

(i) Let S be the measure on wy coming from Wi and
the strong partition property on ws.
Do HOD and Ext(HOD, S}) have a successful
comparison?
what is js1 : HOD — Ext(HOD, S})?

(iii) What ordinals less than w3 are coded by f : wy — wy,
f e HOD?
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Thank you!
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