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For a Banach space X we denote by L(X) the algebra of all bounded

linear operator on X. In this paper we are concerned with norm closed

two sided ideals in L(X). Banach space X is said to be simple if the

set K(X) of all the compact operators is the only non-trivial proper

closed ideal in L(X). It is known that the spaces `p (1 6 p < +∞) and

c0 are simple (see, e.g., [CPY74]). No other simple spaces are currently

known to the authors.

In this note We consider factorization ideals. In general, the set of

all operators in L(X) that factor through a given Banach space Z need

not be an ideal, as it might be not closed under addition. However, the

set of all the operators in L(X) that factor through a power of Z is an

ideal. Denote this ideal by J Z
0 (X), and let J Z(X) be the closure of

J Z
0 (X) in L(X) in the operator norm. Thus, J Z(X) is a closed ideal

in L(X).

Lemma 1. The following are equivalent

(i) J Z
0 (X) = L(X);

(ii) I ∈ J Z
0 (X);

(iii) X embeds complementably into a power of Z;

(iv) J Z(X) = L(X)

Proof. The implications (i)⇔(ii)⇔(iii)⇒(iv) are straightforward. The

implication (iv)⇒(i) follows from the fact that the closure of a proper

ideal in a unital Banach algebra is again a proper ideal (see, e.g., [Con90,

Corollary VII.2.4]). �
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Remark 2. In the case when Z ∼= Z ⊕ Z, the ideal J Z
0 (X) coincides

with the set of all the operators that factor through Z. Also, in this

case the condition (iii) can be replaced with

(iii)′ X embeds complementably into Z.

Proposition 3. Suppose that X is a Banach space and V is a com-

plemented subspace of X. If X doesn’t embed complementably into a

power of V , then X is not simple.

Proof. J V (X) is a closed ideal in L(X). It is proper by Lemma 1(iii).

To show that J V (X) 6= K(X), let P : X → V be the canonical pro-

jection and let S : V → X be the inclusion map. Put T = SP , then

T ∈ J V (X), but T|V = idV , so that T is not strictly singular, hence

T /∈ K(X). �

Corollary 4. If X is simple then for every complemented subspace

V ⊆ X, X embeds complementably into a power of V .

In view of Remark 2 we also get the following modification of Corol-

lary 4, the proof is similar.

Proposition 5. If X is simple then X embeds complementably into

every its complemented subspace V satisfying V ∼= V ⊕ V .

Corollary 6. Suppose that X is simple and contains a complemented

copy of `p (1 ≤ p < ∞) or c0. Then X is isomorphic to `p or c0.

Proof. Indeed, if V is a complemented subspace of X which is isomor-

phic to `p or c0, then, by Proposition 5, X embeds complementably in

`p or c0. Then X is isomorphis to `p or c0. �

Proposition 7. Suppose that there exists a non-strictly singular opera-

tor T : X → `p for some 1 ≤ p < ∞. Then X contains a complemented

subspace isomorphic to `p.

Proof. Let W be an infinite-dimensional subspace of X such that T1 =

T|W is an isomorphism. Since every subspace of `p contains a com-

plemented copy of `p, then T (W ) contains a subspace V isomorphic
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to ellp. Let P : `p → V be a bounded projection, then T−1
1 PT is a

bounded projection from X to T−1
1 V . Hence, T−1

1 V is a complemented

subspace of X, isomorphic to `p. �

Corollary 8. Suppose that a simple Banach space X have a subspace

and a quotient isomorphic to `p (1 ≤ p < ∞). Then X is isomorphic

to `p.

Proof. Let q be the quotient map from X onto `p,and let S be an

isomorphism from `p onto a subspace V of X. Put T = Sq : X → V .

We can view T as an element of L(X). Clearly, T is not compact. Since

X is simple, then every strictly singular operator is copact, hence T is

not strictly singular either. Then it follows from Proposition 7 that X

contains a complemented copy of `p, so that X ∼= `p by Proposition 6.

�

Next, we are going to apply previous results to Orlicz and Tsirelson

spaces. Recall that an Orlicz function M is a continuous non-decreasing

and convex function defined for t ≥ 0 such that M(0) = 0 and limt→∞ M(t) =

∞. Having an Orlicz function M , the Orlicz sequence space `M is the

space of all scalars x = (a1, a2, . . .) such that
∑∞

n=1 M(|an|/ρ) < ∞ for

some ρ > 0, equipped with the norm

‖x‖ = inf{ρ > 0 |
∞∑

n=1

M(|an|/ρ) ≤ 1}.

We will be interested only in isomorphic properties of `M , so we can

assume, for simplicity, that M(1) = 1. In this case, the unit vectors

{en}∞n=1 form a normalized symmetric basic sequence in `M .

By [LT77, Proposition 4.a.4], `M is separable ⇐⇒ `M does not

contain `∞ ⇐⇒ {en}∞n=1 is a boundedly complete basis for `M .

Every Orlicz sequence space `M contains isomorphs of some `p or c0.

In fact, by [LT77, Theorem 4.a.9], the set of p’s for which `p ⊂ `M is a

closed interval (take p = ∞ for c0). Moreover, [LT77, Theorem 4.b.3] Do we use these facts?

asserts that for a reflexive `M , `p ⊂ `M for some p > 1 if and only if

`M has a quotient space isomorphic to `p.
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Corollary 9. Let X = `M be a simple Orlicz sequence space. Then X

is isomorphic to `p for some 1 ≤ p < ∞.
Is there a simpler proof?

Proof. First we observe that `M must be separable. Indeed, otherwise

`M contains `∞ (necessarily complemented because `∞ is injective).

Since `∞ is not simple, X cannot be simple either. (An argument for

`∞ is not simple: L1(0, 1) has a subspace isomorphic to `2 and thus `2

is a quotient of L∞(0, 1) ≈ `∞. Since `∞ also have subspace isomorphic

to `2 but not complemented, the result follows from Proposition 7.)

Let `M be a separable, simple Orlicz sequence space. Then {en}∞n=1

is a symmetric boundedly complete basis for `M . We know that there

exists some 1 ≤ p < ∞ such that `p ⊂ `M (c0 6⊂ `M because the basis

is boundedly complete).

If p = 1, then, since `1 is injective in Banach spaces with an uncon-

ditional basis, we are done by Corollary 6.

Suppose p > 1. This implies that `M is reflexive (by James). Now

by Lindenstaruss and Tzafriri result (mentioned above), `M has also a

quotient isomorphic to `p. Thus by Corollary 8, X must be isomorphic

to `p. �

Note that not every Orlicz sequence space contains a complemented

copy of `p. For the examples of such spaces, see [LT77, 4.c].

Proposition 10. If T is the Tsirelson space, then neither T nor T ∗ is

simple. Indeed, let V be the subspace generated by a lacunary enough

subsequence of the basis.

Proof. It follows from [CS89, Theorem VI.b.4] that there exists a fast

increasing subsequence nk of integers such that the subspace Z =

span{enk
}k spanned by the corresponding subsequence of the basis does

not contain a complemented subspace isomorphic to T . On the other

hand, for every subspace Z spanned by a subsequence we have Z ∼=
Z ⊕ Z. Indeed, taking any subsequence mk such that nk < mk < nk+1

we get another subspace, isomorphic to Z and the subspace correspond-

ing to a subsequence (nk, mk)k is also isomorphic to Z. Formally, letting
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Z1 = span{emk
}k we have Z1

∼= Z and Z ⊕ Z1 = span{enk
, emk

}k
∼= Z.

Now Proposition 5 implies that T is not simple.

Furthermore, notice that Z∗ is a complemented subspace of T ∗, and

Z∗ ∼= Z∗⊕Z∗. Since T is reflexive, we conclude that T does not embed

complementably into Z∗. Hence, T ∗ is also not simple by Proposition 5.

�

If Z is a Banach space, we use the following notation:

`p(Z) =
( ∞⊕

i=1

Z
)

p
and `n

p (Z) =
( n⊕

i=1

Z
)

p
.

Now consider J `p(Z)
0 (X) and J `p(Z)(X). Since `p(Z) ∼= `p(Z)⊕ `p(Z),

Remark 2 implies that J `p(Z)
0 (X) is the set of all operators that factor

through `p(Z). Again, J `p(Z)(X) is proper if and only if J `p(Z)
0 (X) is

proper.

Proposition 11. If X is simple then `p(V ) ∼= `p(X) for every comple-

mented subspace V in X.

Proof. Suppose that X is simple and V is a complemented subspace of

X. Then `p(V ) is a complemented subspace of `p(X), so that `p(X) =

`p(V )⊕Z1 for some Z1.On the other hand, it follows from Corollary 4

that X embeds complementably into `p(V ), so that `p(X) embeds com-

plementably into `p

(
`p(V )

) ∼= `p(V ). Thus, `p(V ) ∼= `p(X)⊕Z2. Now,

using Pe lczyński’s Decomposition method, one can prove a Schröder-

Bernstein-type statement that `p(V ) ∼= `p(X). Indeed,

`p(X)⊕ `p(V ) ∼= `p(X)⊕ `p(X)⊕ Z2
∼= `p(X)⊕ Z2

∼= `p(V ),

and

`p(V )⊕ `p(X) = `p(V )⊕ `p(V )⊕ Z1
∼= `p(V )⊕ Z1 = `p(X).

�

Suppose that T ∈ J Z
0 (X), then T factors through Zn for some n.

Since Zn ∼= `n
p (Z), then T factors through `p(Z). It follows that

J Z
0 (X) ⊆ J `p(Z)

0 (X) and, therefore, J Z(X) ⊆ J `p(Z)(X).
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Proposition 12. Suppose that X is simple, then J Z(X) is proper if

and only if J `p(Z)(X) is proper.

In the proof of Proposition 12 we will need the following result.How should we credit
this theorem?

Theorem 13. Suppose that 1 6 p 6 ∞ and {Xi} is a sequence of

infinite-dimensional Banach spaces. Put X =
(⊕∞

i=1 Xi

)
p

if p < ∞,

or X =
(⊕∞

i=1 Xi

)
c0

if p = ∞. If Y is a complemented subspace of

X then either `p (respectively, c0) embeds complementably into Y , or

Y actually embeds complementably into a finite sum
(⊕n

i=1 Xi

)
p

for

some n.

Proof of Proposition 12. Since J Z(X) ⊆ J `p(Z)(X) is always true, we

only need to prove that if J `p(Z)(X) = L(X) then J Z(X) = L(X).

In view of Lemma 1 it suffices to show that if J `p(Z)
0 (X) = L(X) then

J Z
0 (X) = L(X). Suppose J `p(Z)

0 (X) = L(X), then by Lemma 1 X

embeds complementably into `p(Z). By Theorem 13 and Corollary 6

we conclude that X embeds complementably into `n
p (Z) for some n, so

that J Z
0 (X) = L(X) by Lemma 1. �

Proof of Theorem 13. For an integer n > 1, let Pn : X → X be the

natural projection onto
(⊕n

i=1 Xi

)
p
. By Q : X → X denote a bounded

projection onto the subspace Y . The proof splits into two cases.

(I): ∃δ ∃m0 ‖QPm0y‖ > δ‖y‖ for all y ∈ Y .

(II): ∀ε > 0 ∀m ∃y ∈ Y ‖QPmy‖ 6 ε‖y‖.

Case (I): First note that

(1) ‖Pm0y‖ > δ‖y‖ for all y ∈ Y.

Set F = Pm0(Y ) and T = Pm0|Y . Then (1) immediately implies that

T : Y → F is an isomorphism from Y onto F and ‖T−1‖ 6 δ−1.

Let S = Pm0Q|F . Then S : F → F and we have

(2) ‖Sf‖ > δ2‖f‖ for all f ∈ F.

Indeed, let f ∈ F and let f = Pm0y for some y ∈ Y . Then, by (1),

‖Sf‖ > δ‖Qf‖ = δ‖QPm0y‖ > δ2‖y‖ > δ2‖f‖.
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Thus (2) implies ‖S−1‖ > δ−2. Consider the operator Q̃ = S−1Pm0Q : X →
F . Clearly, Q̃ is a projection from X onto F and ‖Q̃‖ 6 δ−2‖Q‖. Thus

F is isomorphic to Y and complemented in X, in this case.

Case (II): Let Rn = Id − Pn. First observe that if a vector y ∈ Y

satisfies condition (II) then we also have

(3) ‖Rmy‖ > (1− ε)‖Q‖−1‖y‖ =: c‖y‖.

Indeed, ‖QRmy‖ > ‖Qy‖ − ‖QPmy‖ > (1 − ε)‖y‖; and on the other

hand, ‖QRmy‖ 6 ‖Q‖ ‖Rmy‖.

Assume for simplicity that ε = 0 in condition (II) and that all vectors

and functionals involved in the remaining part of the argument have

always finite support. The general case follows from this by a standard

approximation. Under this additional assumption, condition (II) says

(II’): ∀m ∃y ∈ Y QPmy = 0.

Construct by induction a sequence of integers 0 = n0 < n1 < n2 < . . .

and sequences of vectors {uj} in Y and of functionals {u∗j} in X∗ such

that for every j = 1, 2, . . . we have

(i): ‖uj‖ = 1, and QPnj−1
uj = 0, Rnj

uj = 0, and ‖Rnj−1
uj‖ > c;

(ii): ‖u∗j‖ = 1, u∗j(uj) > c, and Pnj−1
u∗j = 0, Rnj

u∗j = 0, and

Rnj
Q∗u∗j = 0.

Indeed, given nj−1, let uj be any norm 1 vector satisfying condition

(II’) for m = nj−1, and let n′ be such that Rn′uj = 0. Then by (3),

conditions (i) are satisfied whenever nj > n′. Let u∗j be a norming

functional for Rnj−1
uj, so that Pnj−1

u∗j = 0, Rn′u
∗
j = 0 and ‖u∗j‖ = 1,

and u∗j(uj) = u∗j(Rnj−1
uj) = ‖Rnj−1

uj‖ > c. Finally, let nj > n′ be an

integer such that Rnj
Q∗u∗j = 0. It is clear that (ii) is satisfied.

We shall show that {uj} is equivalent to the unit vector basis in `p,

and its span is complemented in X.

Set wj = Rnj−1
uj, for j = 1, 2, . . .. By (i) we have Quj = Qwj and

wj is supported on the (open) interval (nj−1, nj), for j = 1, 2, . . .. Let
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{aj} be a finite sequence of scalars. Then∥∥∥∑
j

ajuj

∥∥∥ =
∥∥∥∑

j

ajQuj

∥∥∥ = ‖
∑

j

ajQwj‖

6 ‖Q‖
∥∥∥∑

j

ajwj

∥∥∥ 6 ‖Q‖
(∑

j

|aj|p
)1/p

.
(4)

To get the lower `p-estimate, fix a finite sequence of scalars {aj}. For

an arbitrary finite scalar sequence {bj} set x∗ =
∑

j bju
∗
j , and consider

x∗(
∑

k akuk).

Fix k = 1, 2, . . .. Since Rnk
uk and u∗j = Rnk

u∗j = 0 for j > k, we

infer that u∗j(uk) = 0 for all j > k. For j < k we have, by conditions

(i) and (ii),

u∗j(uk) = u∗j(Quk) = Q∗u∗j(uk)

= Pnj
Q∗u∗j(uk) = u∗j(QPnj

uk) = 0.

Thus, x∗
(∑

k akuk

)
=

∑
k akbku

∗
k(uk). Since u∗k(uk) > c for all k, choos-

ing an appropriate sequence {bk} with
∑

k|bk|p
′
= 1 we get

c
(∑

k

|ak|p
)1/p

6
∑

k

akbku
∗
k(uk) 6 ‖x∗‖

∥∥∑
k

akuk

∥∥.

(Here 1/p + 1/p′ = 1, for p > 1 and p′ = ∞, for p = 1, with an

appropriate interpretation of the `p′-norm.)

Finally note that since u∗j is supported on the (open) interval (nj−1, nj),

for j = 1, 2, . . ., for any finite scalar sequence {bj} we have ‖
∑

j bju
∗
j‖ 6(∑

j|bj|p
′
)1/p′

; hence ‖x∗‖ 6 1. Thus

c
(∑

k

|ak|p
)1/p

6
∥∥∑

k

akuk

∥∥.

To show that span{uj} is complemented, set w∗
j = u∗j/u

∗
j(wj), for

j = 1, 2, . . .. Then ‖w∗
j‖ 6 1/c for all j, and for any finite scalar

sequence {bj} we have

(5)
∥∥∑

j

bjw
∗
j

∥∥ 6 (1/c)
(∑

j

|bj|p
)1/p

.
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Define an operator Q̃ : X → span{uj} by Q̃x =
∑

w∗
j (x)uj, for

x ∈ X. For all j we have u∗j = Rnj−1
u∗j , and hence w∗

j (uj) = 1.

As before, u∗j(uk) = 0 whenever k 6= j, j, k = 1, 2, . . .. Thus Q̃ is a

projection. The following estimate for the norm ‖Q̃‖ is standard.

Let x ∈ X. For an appropriate scalar sequence {bj} satisfying∑
j |bj|p = 1 we have, using inequalitiees (4) and (5),

‖Q̃x‖ 6 ‖Q‖
(∑

j

|w∗
j (x)|p′

)1/p′

= ‖Q‖
∣∣∣∑ bjw

∗
j (x)

∣∣∣
6 ‖Q‖

∥∥∥∑
j

bjw
∗
j

∥∥∥ ‖x‖ 6 (1/c)‖Q‖ ‖x‖.

So ‖Q̃‖ 6 (1/c)‖Q‖, and this completes the proof. �
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