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Abstract

This paper analyzes optimal single and multiple stopping rules for a class of correlated
random walks that provides an elementary model for processes exhibiting momentum or di-
rectional reinforcement behavior. Explicit descriptions of optimal stopping rules are given in
several interesting special cases with and without transaction costs. Numerical examples are
presented comparing optimal strategies to simpler buy and hold strategies.
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1 Introduction

This paper investigates optimal stopping rules for a class of correlated random walk processes. The
walks serve as an elementary model for processes exhibiting momentum or directional reinforcement
behavior. Both single and multiple stopping problems are considered, with and without transaction
costs. Optimal stopping rules are characterized for several reinforcement schemes which admit
structurally tractable optimal strategies.

The processes considered here are defined as follows. Let X, X5,... be {—1, 1}-valued random
variables such that P(X; =1) =1/2,and for n >0, 5 > 1, and &1, ...,e,-1 € {-1,1},

PXptjr1 =UXpj=1,..., Xpp1 =1L, X, = -1, X1 = €p1,..., X1 =£1)
=P(Xpyjr1 = 1Xnyy=1,..., X1 =1, X, = -1)
=97 (),
and

PXpyjr1 = —UXppj=—1,... . Xnp =1, X, =1, X 1 =ep_1,..., X1 =¢1)
- P(Xn+j+1 - —1|Xn+] - —].,. . .,Xn+1 - —].,Xn - ].)
=9 ()
Define the walk {Sp},cz+ by So =0, and for n > 1,

s
i=1

Throughout this paper it will be assumed that the sequences {g™(n)} and {g~(n)} are nonde-
creasing, and g*(1),¢g7 (1) > 1/2. With this assumption, the process {S,} is a random walk which
moves one unit per unit of time and for which the current direction of movement is reinforced. The
sequences {g*(n)} and {g~(n)} characterize the strength of the reinforcement in the positive and
negative directions, respectively. Such processes allow the directional reinforcement to change for
successive steps in the same direction instead of remaining constant as in standard definitions of
correlated random walks (CRWs). On the other hand, the conditions assumed on the reinforcement
sequences are more restrictive than in general CRWs. To help distinguish between the version of
CRWs considered here and standard CRWs, {S,,} will be called a directionally reinforced random
walk (DRRW). One objective considered below is, given a finite time horizon N, find a stopping
time 7 < N which maximizes ES;. It is shown that for the special case of g~ (n) = ¢ > 1/2, the
optimal stop rule has a particularly nice form: there exists a time k* < IV such that the player does
nothing until time N — k* — 1, and then sells at the first downward step after that time. This and
other single stop rule results are presented in Section 2.

Multiple stop (buy/sell) rules with or without transaction costs are developed in Section 3.
For example, if transaction costs are ignored, then the optimal strategy is simple: always sell as
soon as the walk takes a step down and always buy as soon as the walk takes a step up. This
holds no matter what form the reinforcement sequences {g*(n)} and {g~(n)} take (as long as they
are nondecreasing and g*(n),g~(n) > 1/2). Transaction costs, as to be expected, complicate the
analysis. However, some reasonably straightforward rules are obtained under various assumptions
on the reinforcement schemes.

Section 4 gives examples comparing the optimal stop rules to simple “buy-and-hold” strategies.
Section 5 suggests natural extensions of the analysis.

Basic properties, such as transition probabilities and first passage times, of correlated random
walks have been examined in a number of papers, including Gillis (1955), Zhang (1992), Chen



and Renshaw (1994), and Bohm (2000). Gambler ruin type problems (in a sense, passive versions
of the problem examined here) for CRWs are considered by Mohan (1955), and Mukherjea and
Steele (1986,1987). Directionally reinforced random walks were analyzed by Mauldin, Monticino
and Von Weizsdcker (1996), and Horvath and Shao (1998). Classical work on multiple stopping
problems includes Chow, Robbins and Siegmund (1971), Mosteller and Gilbert (1966), and Hag-
gstrom (1966). While rather general optimality conditions are obtained in these works, explicit
strategies are derived mainly in the case of independent observations. Starr (1972) considers an
optimal stopping problem in which the underlying process can be modeled by repeated tosses of
a coin with probability p of coming up heads and the reward received is based upon the length
of the terminal run of heads. Ross (1975), Majumdar and Sakaguchi (1983), Majumdar (1983)
and Majumdar (1989) extend Starr (1972) in various ways. For instance, in Majumdar (1983), the
underlying process is an urn model containing ”plus,” ”"minus” and ”cancel” balls and the objective
is stop so as to maximize a function of the terminal success or failure run. Neither Starr (1972)
(and its extensions) nor the model considered here contain each other as special cases. More recent
work on multiple optimal stopping rules includes Kao and Tate (1999), and Bruss and Paindaveine
(2000).

2 Optimal single stopping rules

This section investigates the problem of maximizing the expected return given a finite time horizon
N. Theorem 2.4 establishes the general form of the optimal stop rule, while Theorem 2.6 and
Corollary 2.7 give special cases in which the optimal stop rule has a particularly simple structure.
These include the standard correlated random walks.

Let N < oo be a positive integer and denote the set of stop rules 7 such that 1 <7 < N a.s.
by 7N. (A nonnegative random variable 7 is a stop rule for the process {S,}, if for every k, the
set {7 = k} is measurable with respect to o({S1,...,Sk}), the o-algebra generated by the process
{S,}n until time k.) The objective is to find a stop rule 7* in 7% such that

ES;« =V(N) := sup ES;.
TETN
Note that, for convenience, it is assumed that the process is initialized at time 0 - that is, P(X; =
1) = 1/2. It is straightforward to modify the results given below to account for processes assumed
to have begun prior to that time arbitrarily designated time O.
For 1 <j < N, let T;¥ C TV be the set of stop rules 7 such that j < 7 < N, and define the
following quantities. For 1 <k < N —-1land1<n <N —k,

Wt(k,n)= sup E(S: —Sv-plXn—k=1,..., XNopont1 = L, Xn_pn = —1),

T€7ﬁlk+1
Vt(k,n)= sup E(S;—Sv-i|Xnv-k=1,..., XN p-nt1 =1, XN pn=-1)
TeTH &
=Wt(k,n) VO,
W= (k,n)= sup E(S; —=Sv-i|Xnv-k=-1,..., XN k—nt1 =L XN pn=1),
T€7ﬁlk+1
V=(k,n)= sup E(S; —Sn-i|Xnv-r=—1,..., XN k—nt1 =L, XN pn=1)
TeTH &
=W~ (k,n) V0.

Set V*(0,n) =V ~(0,n) = WT(0,n) = W~(0,n) = 0 for all n. Intuitively, WT(k,n) (respectively
W~ (k,n)) is the maximum expected additional return (possibly negative) given that there are k



days left to play, the walk has taken exactly n upward (respectively downward) steps on its current
run, and at least one more observation must be taken. VT (k,n) and V= (k,n) are the corresponding
values if the additional option of stopping immediately is available.

The following recursive relations are easily verified by conditioning on the value of Xy _:

Wk +1,n) =g (){V(k,n+1)+ 1} + (1 - gt () {V (k1) - 1},
Wo(k+1,n)=1—g ){VT(k1)+1}+g ){V " (kn+1) -1},

and, since it is assumed that P(X; =1) = 1/2,

qu):%gﬂxN—1J)+1}+%U”XN—1J%—H
(2)
= LVE - L) V(N 1D}

So, in theory, given reinforcement sequences {g*(n)} and {g~(n)}, the values of V(N), V*(k
V=(k,n), Wt (k,n) and W~ (k,n) can be calculated for all N, 1< k< N-land1<n<N
Examples are given in Section 4.

Several quantities appear repeatedly in the results developed below. Notation for these values
are given in the next definition.

1),
— k.

Definition 2.1 Define the array of numbers {y(k,n)}r>0n>1 by
v(0,n) :=1, n=12,...,
and

y(k,n) =g ({1 +~y(k-1,n+1)},  kn>1
For k=0,1,2,..., let B(k) := v(k,1), and a(k) :=1 — (B(k) + 1)L,

Remark 2.2 An intuitive view of (k) can be given as follows. Let T' be a random variable such
that P(T =1) =1—g*(1) and for k > 2, P(T = k) = g*(1)--- g7 (k—1)(1 — g7 (k)). T can be
interpreted as the length of an upward run in a walk with infinite time horizon. For each integer
k > 1, define the random variable T}, by

fr-1, i T<E,
T k41, if T>E

Then B(k) = ETy. So, given the walk has taken exactly one step to the right, 5(k) is the expected
additional return (including the initial step to the right) under the strategy of stopping the first
time the walk takes a step to the left or at time &, whichever comes first. An explicit expression
for B(k) is
k=1 j k
Bk) = Tls"@+2]]s* .
i=1

j=1i=1

The following lemma collects some useful properties of the sequences defined above. The proofs
are straightforward and therefore omitted.

Lemma 2.3 (i) yv(k,n) > 1 for all k >0 and n > 1;



(ii) {B(k)}r is non-decreasing, and B(k +1) = B(k) iff g* (k+ 1) = 1/2, in which case f(k+1) =
B(1) =1.

(iii) {a(k)}r is non-decreasing.
Define the random variables
R (n) =n-—max{j <n:X; =1}, n=12...,

with the convention that max(#) = 0. R~ (n) is the length of the current downward run at time n,
or zero if the walk is currently on an upward run.

Theorem 2.4 The optimal stop rule T is given by
T =inf{j >1: R (j) >0 and g~ (R (j)) > (N —j)} AN,
where for k=1,2,...,
§(k)y=1—(V*(k-1,1)+2)""
The constants 0(k) satisfy (k) > a(k — 1), with equality for k < 3.

Proof. If R~ (j) = 0 at some time j < N, then the walk is on an upward run of some length n > 1.
Hence the maximum expected additional return after time j is

WHN = jn) =g (m{VH(N—j-Ln+1)+1}+ (1 g ){V (N -j-11) -1}
>2¢"(n) =1+ g (){VF(N —j - Ln+1)}
> 0.
So it is optimal to continue playing. On the other hand, if R=(j) = n > 0, then the optimal

expected return after time j is W~ (N — j,n). Thus, making the substitution N — j = k, the
optimality of 7* will follow by establishing the equivalence

W=(k,n) >0 if g (n) < k). (3)
Suppose first that g~ (n) < 6(k). Then

Wo(k,n) =1 —g ){VTk-1,1)+1}+g (M{V (k-1,n+1) -1}
> —g~(){VHk-1,1)+1} + g (n)(-1)
=Vtk-1,1)+1-g m){V*T(k—1,1)+2}
={VF(k—-1,1)+2}{d(k) — g~ (n)}
> 0.

The converse will be proved by induction on k. Since W~ (1,n) = 1 — 2¢g~(n) < 0 for all n, the
implication is trivial for k = 1. Assume that for some positive integer k£ and for each n,

g~ (n) > 0(k) implies W~ (k,n) < 0.

To complete the inductive step, assume that g~ (n) > §(k
seen to be non-decreasing, this implies g~ (n + 1) > §
W=(k,n +1) < 0. Substituting this in (1) yields W~
optimality of 7* follows.

+ 1). Since the sequence {d(k)} is easily
(k). Hence by the induction hypothesis,
(k+1,n) < 0. Thus (3) holds, and the



That §(k) > a(k — 1) follows from the more general fact that
W+(k7n) > V(kvn) - L (4)

To prove (4), note that W+ (0,n) = 0 = v(0,n) — 1, and if (4) holds for some non-negative k and
all n, then
WHk+1,n) =g " m){VT(k,n+1)+1}+ (1 —g"(n){V (k1) -1}
> gt (n)y(k,n+1) + (1 -g"(n))(=1)
=gtm){1+~k,n+1)}-1
=~v(k+1,n) -1

()

Thus, (4) follows by induction. Taking n = 1 and using Definition 2.1 gives the lower bound
d(k) > a(k—1). Finally, a simple calculation shows that V*(1,1) = 8(1)—1and V(2,1) = 3(2)—1.
Sod(k)=a(k—1) for k<3. O

Remark 2.5 For k > 4, (k) can in general be strictly greater than a(k—1). To see this, fix k > 4,
and assume g+ (k—3) > 1/2. Now let {g~(n)} be a sequence such that 1/2 < g7 (1) < a(k—3) (this
is possible since gt (k — 3) > 1/2 implies a(k — 3) > 1/2), and g~ (n) = a(k — 1) for n = 2,3,....
Clearly, the sequence {g~(n)} is nondecreasing, and for any n > 2, g~ (n) > a(k — 1). However,
(3) (with n = 1) implies V~(k — 2,1) > 0, and it is easily checked, using the equations (1) and (4),
that this implies V'~ (k,n) > 0. Hence a(k — 1) < g~ (n) < §(k).

The calculation of (k), though easy for k& < 3, becomes increasingly complex for larger k. This
can make calculation of the optimal stop rule tedious for large V. The next two results concern
special cases where the optimal rule has a simple structure.

Theorem 2.6 (i) If g~ (1) > a(K — 1) for some integer K > 2, then
VH(k,n) =~vy(k,n) -1, (6)
and
V= (k,n) =0, (7)
foralll1<k<K andn >1.
(i1) If g~ (1) > a(N —2), then V(N) = (B(N —1) —1)/2, and the optimal stop rule T is given by
™ =inf{n >1: X, =—-1} AN.
That is, stop at the first downward step, or at time N, whichever comes first.

Proof. (6) and (7) will be proved simultaneously, by induction on k. Both statements are readily
checked for k¥ = 1. Suppose then that both (6) and (7) hold for some k, 1 < k < K — 1, and for all
n. By the induction assumption, equality obtains in (5). So

Wtk +1,n) =v(k+1,n) — 1.



Foreachn >1land k<K —1,g (n) > g (1) > a(K —1) > a(k). By this, Definition 2.1 and the
induction assumption,

W k+1ln)=0-g )V (k1D +1)+g (n)(V (k,n+1)—1)
=1 =g (m)v(k,1)+ g7 (n)(-1)
=pB(k) — g~ (n)(B(k) +1)
< B(k) — a(k)(B(k) + 1)
=0.

This completes the proof of (i). Part (ii) follows easily from (i) and (2). O
Corollary 2.7 (i) Suppose that there is a 1/2 < p <1 such that g~ (n) = p for all n. Let
k* =inf{k : a(k) > p} A (N —1).
Then the optimal stop rule T* is given by
™ =inf{n >N —-k*: X,, = -1} AN.

In other words, if k* < N — 1 it is optimal to play at least until day N — k* — 1, and after
that day to stop as soon as the walk takes a step down. If k* > N — 1, it is optimal to stop
the first time the walk takes a downward step (as in Theorem 2.6).

(ii) (Symmetric CWR) If gt(n) = g~ (n) = p for all n > 1 and some p > 1/2, then it is optimal
to stop the first time the walk takes a downward step, and

N-1

1—p R 2p —1

1-p 2(1-p)
Proof. By the definition of k*, g~ (1) = p > a(k* — 1). Hence, by Theorem 2.6 (i), V—(k,n) =0
for all kK < k* and n > 1. On the other hand, if ¥ > k*, g7 (n) = p < a(k —1). So by (3),
V~=(k,n) > 0 for all n > 1. This proves (i). For the proof of (ii), a straightforward calculation
shows that 3(k) —1 = (2p — 1)(1 — p*)/(1 — p) and a(k) = 1 — (1 —p)/(1 — (2p — 1)p*). Since
p > 1/2 implies a(k) < p, the result now follows from Theorem 2.6. O

V(N)=(p—1/2) (as N — 00).

3 Multiple stops: buy/sell strategies

This section investigates the return of a player who is allowed to make multiple stops, alternately
buying and selling a commodity. Each time the player buys or sells, a fixed transaction cost ¢ > 0
is charged. If the player stops at times

0<Tm <M< <71y <N,

then the commodity is bought on day 7»;_1, and sold on day 7, for j = 1,...,m. Thus, the total
return P(N) is given by

m
P(N) = (Sr; = Sr;_,) — 2me.
j=1
The relations (8)-(10) below can be used to recursively derive the optimal expected return for
any time horizon N. And thus optimal strategies can, at least in theory, be (recursively) specified.
However, for arbitrary reinforcement sequences such specification is in general unenlightening. Here



the emphasis is on developing optimal strategies in some interesting special cases which illustrate
the relationship between the structure of the optimal strategy and the form of the reinforcement
sequences and transaction costs.

First the zero-cost case is treated, where the optimal rule is very straightforward: buy at the
start of an upward run, and sell at the start of a downward run. The optimal expected return is
calculated explicitly for the case of a standard correlated random walk. (See Theorem 3.3.)

Next, the case of arbitrary transaction costs is considered under the assumption that g*(n) =
g (n) = p for some constant p. In this case the process {S,} is a standard symmetric correlated
random walk. Here the optimal strategy is to act precisely as in the zero-cost case, except that after
a certain critical time N — k*, depending on the cost ¢ and the reinforcement p, the commodity
should not be bought again. Intuitively, the expected additional return over the remaining £* days
would not compensate for the transaction costs. For this case, too, a closed-form expression for the
optimal expected return is given.

The last two results in this section describe the optimal strategy for arbitrary cost and rein-
forcement, under the condition that the reinforcement probabilities exceed certain threshold val-
ues. When c is small, these thresholds are close to 1/2. For instance, Theorem 3.8 assumes that
g7 (1) > c+1/2. In this case the positive reinforcement is strong enough to compensate for the bur-
den of transaction costs, making it always optimal to buy when the walk takes a step up. Moreover,
there is a fixed, critical negative run length M such that the optimal strategy calls for selling as
soon as a downward run of length M has occurred. Theorem 3.9 assumes g (1) > (2¢+1)/2(c+1).
In this case, it is optimal to sell at the start of a downward run. (The rule specifying when to buy
is more complicated).

3.1 Notation and preliminaries

Before the main results can be stated, a fair amount of notation needs to be developed. First, define
the following states in the “buy/sell” process.

(H,k,n,+): The commodity is currently being held (“holding” state), there are k days
left to play, and the walk has taken exactly n upward steps on its current run.

(Fyk,n,+): The commodity is not currently held (“free” state), there are k days
left to play, and the walk has taken exactly n upward steps on its current run.

States (H, k,n,—) and (F,k,n,—) are defined analogously, except that the walk has taken exactly
n downward steps on its current run.

If the process is in state (H, k,n,+) and the commodity is sold, then the process moves to states
(F,k —1,n+ 1,+) or (F,k — 1,1, —), with respective probabilities g™ (n) and 1 — g*(n). On the
other hand, if the process is in state (H, k,n,+) and no action is taken, then the process moves to
states (H,k—1,n+1,+) or (H,k—1,1,—), with respective probabilities g*(n) and 1 — g™ (n). The
obvious corresponding state transitions hold for the other state and action (buy, sell, do nothing)
combinations.

Let P(N) be the expected gain under the optimal strategy given time horizon N, and let Pg(N)
(respectively Pr(N)) be the optimal expected gain given time horizon N and that the commodity is
bought (respectively not bought) on day zero. Note that Pg(/N) may be negative, while Pp(N) > 0.

For 1 <k < N-1land1l<n <N -k let Wi, (k,n) (respectively W s(k,n)) be the
maximum expected additional gain - possibly negative - given that there are k days left to play,
the walk has taken exactly n upward steps on its current run, the commodity is currently being
hold and is held at least one more day (respectively sold immediately). Let Wi, (k,n) (respectively



Wit (k,n)) be defined analogously, except given that the commodity is not being held and is then
bought (respectively not bought). Quantities Wy (k,n), Wgg(k,n), Wrg(k,n), and Wrp(k,n)
are defined analogously, replacing “upward” with “downward”.

Next, define quantities V;§ (k,n), Vj; (k,n), V;f (k,n), and V- (k,n) by

Vi (k,n) = max{ Wi (k,n), Wizs(k,n)},
Vi (k,n) = max{Wiy(k,n), Win(k,n)}.
From the above definitions the following identities hold.
Wi, (k,n)=WEg(k,n) +¢,  and  Wig(k,n) = Wi, (k,n) —c. (9)
Moreover, we have the recursive relations

Wig (k+1,n) = g*(n){Vy7 (k,n + 1) + 1} + (1 = g" (0){Vp (k, 1) — 1},

(
Wis(k+1,n) = g" (Vi (k,n + 1) + (1 — gt (n))VE (k1) — ¢, (10)
WHH(kJrL") ( 9~ () {Vir (k, 1) + 13 + g~ () {Vir (k,n + 1) = 1},
ns(k+1,n)=(1- _("))Vﬁ(k,l)+g_(")VE(k,n+1) —c

The following intuitively plausible lemma is used to obtain most of the results in this section.
It verifies that in the holding state after a step up it is always optimal to hold; and in the free state
after a step down it is always optimal not to buy. Moreover, in all cases, it is optimal not to buy at
time zero, but to wait at least until the first upward step. Note that the proof of the lemma does
not require monotonicity of the sequences g*(n) and g~ (n).

Lemma 3.1 (a) For all k and n,
(i) Wiy (k,n) > Wis(k,n), and
(it) Wep(k,n) > Weg(k,n).

In other words, in state (H,-,-,+) it is always optimal to continue holding, and in state (F,-,-,—)
it is always optimal not to buy (i.e. to stay “free”).
(b) Pp(N) > Pp(N).

Proof. Statements (i) and (ii) will be proved simultaneously, by induction on k. First, let k = 1.
Then Wi, (1,n) =29+ (n) =1 —c¢ > —c = Wjg(1,n), and Wy(1,n) =0 > 1—2g"(n) —2c =
Wrg(1,n). Next, assume that (i) and (ii) hold for some k and all n. Then
Wig(k,n+1) > max{Wgs(k,n + 1), Wig(k,n+ 1) + ¢}
> max{W;,(k,n+1) — e, Wig(k,n+1) —c} (11)
=Vi(k,n+1) —c,

where the first inequality follows from the induction assumption, the second by (10), and the
equality by (9).

Thus,
Wi (k+1, ")—9+(n Vii (k,n+1) + (1= g (n)Vyg (k1) +2g% (n) — 1
> gt Wiy (k,n+1)+ (1 —g"(n)Wge(k, 1) +2¢" (n) — 1
gt ) {Wep(k,1) —c} +297(n) — 1

+(n {Vi (k,n+1) —c} + (1 — g m){Vp (k1) — ¢}

)
)
=g (M Wgg(kn+1) + (1~
)
;I"S(k:—k 1,n),



where the last inequality follows from (11), the induction assumption and g*(n) > 1/2. The proof
of (ii) is analogous.
Part (b) of the lemma follows easily from part (a). First observe that for all k£ and n,

Vi (k,n) < Wep(k,n) + c.

This follows since V; (k,n) = max{W 5 (k,n), Wg(k,n)} = max{Wpg(k,n)+c, Wgp(k,n)—c} <
Wy p(k,n) + ¢, where the inequality follows by (ii). Thus,

Pp(N) = %{VE(N -L)+14+VF(N-11)-1}-c¢

1 _
= 5{W;B(N ~1L,1)+ V57 (N -1,1)—¢}

IN

SN~ 1,1) + Wip(N — 1,1))
< %{V;(N -1L,1)+ Vs (N-1,1)}=Pp(N). O
The inequalities established in the next lemma are used throughout the rest of the section.
Lemma 3.2 (i) If Wig(k,n+1) > Wi, (k,n+1), then
Wig(k+1,n) —Wi.(k+1,n)>2¢"(n)(1+¢) — (2c+ 1), (12)
with equality if and only if W o(k,1) > Wy (E, 1).
(ii) If Wro(k,n+1) > Wyy(k,n+1), then
Whek+1,n) = Wghg(k+1,n) > 297 (n)(1+c¢) — (2c+ 1), (13)
with equality if and only if Wjig(k,1) > Wi (k,1).
Proof. Suppose Wit (k,n +1) > Wit (k,n +1). Using (9), (10) and Lemma 3.1 it follows that

Wig(k+1,n) — Win(k+1,n)
=g () {VF(k,n+1) =V (k,n+1) + 1}
+ (=g ){Vy (k1) = Vi (k1) =1} — ¢
Z g+(n){W1—JI_H(k’n + 1) - W;B(kvn + 1) + 1}
+ (=gt ) {Wgs(k,1) = Wep(k,1) -1} —c¢
= 29+(n)(1 +¢)—(2¢+1),

with equality if and only if W, ¢(k,1) > Wy, (k,1). The proof of (ii) follows similarly. O
3.2 The case c =0

If no transaction costs are charged, then the optimal strategy is simple.

Proposition 3.3 Assume that ¢ = 0.
(a) An optimal strategy is to buy at time 0, and then: continue holding the commodity in state
(H,-,-,+), sell in state (H,-,-,—), buy in state (F,-,-,+), and do not buy in state (F,-,-, —).

10



In other words, it is always optimal to buy at time 0, and subsequently to sell as soon as the
walk takes a step down, and to buy again as soon as a step up is taken, and so on, repeating this
strategy until time N. At time N the commodity must be sold if it is still being held.

(b) (Symmetric CRW) If for some 1/2<p <1, g™ (n) =g (n) =p for alln > 1, then

P(N) = (N =1)(p—1/2).
Proof. Since ¢ =0, Lemma 3.1 and (9) give

and
WI;S(kvn) = WF_F(k)n) > WF_B(k)n) = WI;H(k’n) (15)

It follows that V= (k,n) = Vi (k,n) for all k and n. In particular,

Pg(N)

%{VJ(N -1, 1)+ 1} + %{VI;(N— 1,1) -1}

- %{V;(N -1, 1)+ V7 (N -1,1)}
= Pp(N).

This, together with Lemma 3.1, (14) and (15) gives part (a) - for instance, in the event of a
downward step in the holding state, (15) implies that it is optimal to sell, etc.

To prove part (b), first note that since the reinforcement sequences are constant, the values of
Vi (k,n), Vif (k,n), Vi (k,n) and Vj (k,n) are independent of n. Let v; denote the common value
of Vi¥ (k,n) = Vi (k,n), and let wy, denote the common value of V}; (k,n) = Vi (k,n). Then

viy1 =p(v; +1) + (1 = p)(w; — 1), (16)
and

wit1 = (1 —p)vj + pwj, (17)

which implies vj41 + wjp1 = v; + wj + (2p — 1) for each j. Since v1 +wy = 2p — 1, it follows
inductively that vp+wy = k(2p—1) for each k. In particular, P(N) = Pg(N) = (vy—1 +wn-1)/2 =
(N-1)(p-1/2). O

Remark 3.4 Notice that the proof of Proposition 3.3 shows that the optimal strategy is not
unique. In fact, it does not matter whether the commodity is bought at time zero, or at the
first upward step. Also, the only structural assumption on the reinforcement probabilities used is
that g*(n),g~(n) > 1/2 for all n. Otherwise, the sequences g*(n) and g~ (n) may be completely
arbitrary.

Remark 3.5 The optimal expected return P(N) can be calculated in the slightly more general
case that g7 (n) =pand g~ (n) =¢q,n > 1, for 1/2 < p,q < 1. In this case, (17) is replaced by

wjt1 = (1 = q)vj + quj. (18)
Solving (16) and (18) using generating functions and the method of partial fractions yields

P(N) = % 20-9)2-p-)(N -1+ (g-p{1-(p+q-1)""}]
~ —(2p2—_11))(i; ?) N, as N — oo.
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3.3 Symmetric CRW with arbitrary transaction costs

In this subsection it will be assumed that {S,} is a standard, symmetric correlated random walk.
That is, g™ (n) = g~ (n) = p for all n > 1 and some fixed p > 1/2. In this case, it is optimal to
utilize the strategy from Proposition 3.3 up till a certain critical time, and after that time to sell
immediately after a downward step, and never buy. Intuitively, after the critical time there is not
sufficient time left to gain enough to compensate for the transaction costs.

Theorem 3.6 Suppose that g*(n) = g~ (n) = p for all n > 1 and some fized p > 1/2. Define

k*:inf{kZO:cg(p—l/Q)<11__Zj>}.

(a) If k* > N the optimal strategy is to do nothing. If k* < N, the optimal strategy is to act as
follows:
(i) Do not buy at time 0.
(ii) In state (F,k,-,+): buy if and only if k > k*.
(iii) In state (F,-,-,—): do not buy.
(iv) In state (H,-,-,+): hold.
(v) In state (H,-,-,—): sell.
In other words, it is optimal to buy as soon as the walk takes a step up, and to sell again as soon
as it takes a step down, repeating this strategy until day N —k*. If on that day the commodity is

held, it should be sold after the next downward step or on day N, whichever comes first. After
day N — k* it is always optimal not to buy.

(b) If k* > N then P(N) = 0. Otherwise,

PO = L[k~ 12— 1 - 20— p)e) + P27 Pflp_pk*)

5 —2c] .

(¢) limy_y00 P(N)/N = max{0,p—1/2 — (1 — p)c}.

Before proving the theorem, note that since the reinforcement probabilities g*(n) and g~ (n) do
not depend on 7, neither do the quantities W (k,n), W;I"S(k:,n), Vit (k,n), etc. Therefore the
notation can be simplified to Wi, (k), Wis(k), Vi (k), etc.

Proof of Theorem 3.6. The optimality of parts (i),(iii) and (iv) follows from Lemma 3.1. To
prove the optimality of (ii) and (v), the following expressions are established.

-1 (L22) —9¢. 1<k <k
W) - whehy < | @~ D (55) ~20 1<k< (19
2p-1-2(1-pe, k*<k<N-1,
and
_ _ (2p — p*~T, L<k<E
Wi (k) = Wiy (k) = 20
s (k) (k) {2;0_1_2(1_1,)0’ k*<k<N-1. (20)

Since k* < oo if and only if ¢ < (2p — 1)/2(1 — p), the definition of k* and (19) imply that
Wiy (k) > Wie(k) if and only if &£ > k*. And (20) implies that W (k) > Wy (k) for all k. The
optimality of (ii) and (v) follows.

12



Formulas (19) and (20) are proved by induction. Note first that Wi, (1)—W; (1) = (2p—1—2¢),
and Wgo(1) = Wghy(1) = —c— (1 —2p —¢) = 2p — 1. Assume next that (19) and (20) hold for
some k < k*. In particular, Wyo(k) > Wy (k). And since k < k*, Wi5(k) < Win(k) by the
definition of £* and the induction hypothesis. Thus

Wig(k+1) = Wik +1)
=p{(Wiip (k) = Wep(k)} + (1= p){Wys(k) = Wep(k)} +2p—1—c
=p{Wip(k) = Wip(k) + e} + (1 -p)(—c) +2p—1—c
ok

{(2—1< ) ] pc+2p—1-—2c
e (52) -

Wye(k+1) = Wgy(k+1)
=(1 _p){W;F(k) - WEH(k)} +p{W1~:F(k) - Wf;s(k)} +2p—-1-c
= (1= p){Wip(k) = Wig(k) —c} +pc+2p—1—c
k

=(1-p) {c—(2p—1) (11__1;3” +2p—1-(1-p)e

=(2p—1)p"

and

This establishes the first case of (19) and (20). Note that both expressions have now been proved
for k = k*.

If k* > N — 1, the proof of (19) and (20) is complete, since the second case (k* <k < N —1)
can not occur. Suppose then that k* < N — 2. In particular, this means that 2p—1—2(1 —p)c > 0.
Substituting k£ = k* in (19) and using the definition of k* gives

Witg(k*) = Wip(k*) = 2p - 1)(1 = p*")/(1 = p) — 2¢ > 0. (21)
Substituting k = k* in (20) gives
Wirs (k) = Wiy (k%) = (2p = 1)p* =" > 0.

Thus, the hypotheses of both parts of Lemma 3.2 are satisfied for £ = k*, and (12) and (13) hold
with equality. Note that 2g%(n)(1+¢)— (2c+1) =29 (n)(1+¢) —(2¢+1) =2p(1+¢)— (2¢+1) =
2p—1—-2(1—-p)c > 0. The second case in (19) and (20) therefore follows by induction and Lemma
3.2.

To prove (b) for the case k* < N, note that, for k > k*, Vi (k) = Wiy (k) and Vi (k) = Wgg(k).
Hence

PN) = Pr(N) = ZViH(N = 1) 4 Vig (N = D) = LW (N = 1) + Wip(N — 1)

l\DI»—A
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If k* < N — 2, the relations (9) and (10) can be used to obtain

P(N) = S[p(Vi (N =2) + 1} + (L= p){Vz (V = 2) ~ 1)
+ (1 =p) V(N —=2)+pVi (N —2) — ]
2p—1—c+pWip(N —2)+ (1 -p)Wys(N —2)
(1= p)Wi(N = 2) + pWyp(N = 2)
= 2120~ 1= 201~ ple+ Wip(N —2) + Wyp(N ~2)].

1
=3l

Iterating yields

P(N) = (N = K = 1){2p— 1 = 2(1 = p)e} + Wi (k) + Wy (k)] (22)

Since with fewer than k* days left it is optimal not to buy it follows that W, .(k*) = Wit (k*) = 0.
This, together with (21) and (22) finishes the proof of (b). Finally, observe that (c) is a direct
consequence of (b) since k* < oo if and only if 2p — 1 > 2(1 —p)e. O

3.4 Results for more general cases

Finally, this subsection gives optimal strategies when the reinforcement sequences g*(n) and g~ (n)
exceed some threshold. Note that when c is small these thresholds are close to 1/2 and so in this
case the extra conditions are fairly mild.

Lemma 3.7 (i) If g*(1) > c + 1/2, then Wiz (k,n) > Wit.(k,n) for all k and n. In other
words, in state (F,-,-,+) it is optimal to buy.

(ii) If g=(1) > (2¢ +1)/2(c + 1), then Wi g(k,n) > Wy (k,n) for all k and n. In other words,
in state (H,-,-,—) it is best to sell.

Proof. Only the proof of (ii) is outlined here. The proof of (i) is analogous.
Observe that, for each n, Wgg(1,n) — Wgg(1,n) = —c— (1 =297 (n) —c¢) =29~ (n) —1 > 0.
Part (ii) now follows by induction, using Lemma 3.2 and the fact that g~ (n) > ¢ (1). O

Theorem 3.8 Suppose g7 (1) > ¢+ 1/2, and let
M:=inf{n>1:9 (n) > (2c+1)/2(c+1)}.

(M is allowed to take the value co.)
Then

(i) Wig(k,n) > Wi.(k,n) for all k and n.
(ii) Wrs(1,n) > Wy (1,n) for all n.
(iii) For k> 2, Wyo(k,n) > Wyy(k,n) iff n > M.
Thus, the optimal strategy is to act as follows:
e Do not buy at time 0.

o In state (F,-,-,+): buy.
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e In state (F,-,-,—): do not buy.
e In state (H,-,-,+): hold.
e In state (H, k,n,—): sellif k=1 or (k> 2 and n > M); hold otherwise.

Proof. Parts (i) and (ii) follow from Lemma 3.7 and its proof. To prove (iii), note first that by (i),
(ii), and Lemma 3.2 it follows that for all n

Wgee(2,n) =Wy (2,n) =297 (n)(1+¢) — (2c+ 1). (23)

And (23) is non-negative if and only if n > M. Assume the equivalence in (iii) holds for some
k>2 Forn>M-—1 Wge(k,n+1) > Wyg(k,n+ 1), so again by Lemma 3.2,

Wirs(k+1,m) = Wity (k + 1,n) = 29~ (n) (1 +¢) — (2c + 1),

which is again non-negative if and only if n > M. If, on the other hand, n < M — 1, then
Wige(k,n+1) < Wiy (k,n+ 1), and hence

Wys(k+1,n) — Wy, (k+1,n)
=1 =g~ ){Vi (k1) = Vir (k,1) = 1}
+g9 ){Vr(k,n+1)—Vi(k,n+1)+1} —c
= (1= g~ (){Wipk,1) = Wiy (k,1) - 1}
+9 () {Wgplk,n+1) =Whgk,n+1)+ 1} —¢
<@ =g ){Wig(k,1) = Wiy (k,1) -1}
+ 9 (M) {Wgplk,n+1) = Wge(k,n+1)+1} —c
=29 (n)(1+¢)—(2¢+1)
< 0.

The proof now follows by induction. O

Recall the definition of v(k, n) from Definition 2.1.
Theorem 3.9 Suppose g~ (1) > (2¢+1)/2(c+ 1), and define the (possibly infinite) thresholds
My :=inf{n>1:9"(n) > (2c+1)/2(c+ 1)},
and
My :=inf{n >1:g"(n) > c+1/2}.
(Note that My > M,.) Then
(i) Wrg(k,n) > Weg(k,n) for all k and n, and
(ii) Wig(k,n) > Wi (k,n) if and only if n > My and y(k,n) > 2c + 1.
Thus it is optimal to act as follows:
e Do not buy at time 0.
e In state (F,k,n,+): buy if and only if n > M, and y(k,n) > 2c+ 1.
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e In state (F,-,-,—): do not buy.

e In state (H,-,-,+): hold.

o In state (H,-,-,—): sell.
The condition v(k,n) > 2c + 1 is automatically satisfied when n > M; and k+n > Mo + 1.
The proof uses the following lemmas. The first is easily checked using the definition of y(k,n).
Lemma 3.10 (i) If n < My and y(k,n+ 1) < 2c+ 1, then y(k + 1,n) < 2c+ 1.

(i) If n > My and y(k,n+1) > 2c+ 1, then y(k+ 1,n) > 2¢+ 1.
Lemma 3.11 If M; <n < My — k and y(k,n) < 2c+ 1, then
Witg(k,n) — Wi (k,n) = y(k,n) — (2c+1) <0. (24)

Proof. Since W;,(1,n) — Wi, (1,n) =2g7(n) — 1 —2c=y(1,n) — (2c+ 1) < 0 for n < M» — 1,
(24) follows for k = 1. Assume (24) holds for some k > 1. Let M; < n < My — (k+ 1), and assume
v(k+1,n) < 2c¢+ 1. Then v(k,n+ 1) < 2¢+ 1 by Lemma 3.10 (ii). And since n +1 < M, — &,
the induction hypothesis implies Wi, (k,n+1) — Wy (k,n+1) = y(k,n + 1) — (2c+ 1) < 0. This
gives Vi (k,n + 1) = Wj5(k,n + 1). Now applying (10) and the recursive definition of v(k + 1,n),
it follows that Wz (k+ 1,n) — Wia(k+1,n) =v(k+1,n) — (2¢+ 1) < 0. O

Lemma 3.12 Ifn > My and k+n > My + 1, then y(k,n) > 2c¢+ 1.

Proof. The condition k+mn > Ms+1 implies y(1,k+n—1) =2g7(k+n—1) > 2c+1. If k = 1 the
proof is complete. Assume k > 2. Proceeding by induction, suppose that v(j,k+n —j) > 2c+1
for some j < k — 1. Since

k+n—(j+1)>n> M,
Lemma 3.10 (ii) yields v(j + 1,k+n — (j + 1)) > 2c + 1. Substituting k& — 1 for j gives the desired
result. O

Proof of Theorem 3.9. Part (i) follows from Lemma 3.7. For the proof of (ii), observe that
Wiig(1,n) — Wi.(1,n) =v(1,n) — (2¢+ 1). So (ii) holds for k = 1. Assume that the equivalence
(ii) holds for some k > 1 and for all n > 1. There are three possibilities.

Case 1. n+ 1 < M;. By the induction hypothesis, Wiz (k,n + 1) < Wi, (k,n + 1). Using (10) it
follows that
Wig(k+1,n) — Wis(k+1,n)
=g () {W5y(k,n+1) — Wia(k,n+1) + 1}
+ (=g " ()){Wgs(k,1) = Wep(k,1) = 1} —c
=g () {(Wiglk,n+1) = Win(k,n+1) +2c+2} — (2c+ 1)
<29t (n)(1+c¢)— (2c+1)
< 0.
Case 2. M; <n+1< Ms+1— k. There are two subcases.
a) v(k,n+1) < 2¢+ 1. By Lemma 3.11,

Wig(kyn+ 1) = Wip(k,n+1) = y(k,n +1) — (2e+ 1) < 0.
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Hence

Wigk+1,n) — Wia(k+1,n)
=g () {(Wigk,n+1) = Win(k,n+1) + 2+ 2c} — (2c+ 1)
=g m{1+~k,n+1)} - (2c+1)
=7k +1,n) — (2¢+1).
The equivalence (ii) now follows immediately for My <n < My — k. If n = M; — 1, Lemma 3.10
(i) shows that Wig(k + 1,n) < Win(k + 1,n).

b) v(k,n+1) > 2c+ 1. By Lemma 3.10 (ii), 7v(k + 1,n) > 2c+ 1. The induction hypothesis yields
Wiig(k,n+1) > Wia(k,n+1). So Wig(k+1,n) — Wi, (k+1,n) =297 (n)(1+¢c) — (2c+1) by
Lemma 3.2. It thus follows that Wi, (k + 1,n) > Wi, (k + 1,n) if and only if n > M;.

Case 3. n+1> (My+1—k)V (M; +1). Since k+ (n + 1) > M + 1, the induction hypothesis
and Lemma 3.12 imply Wi, (k,n + 1) > Wi, (k,n + 1). Applying Lemma 3.2 gives

Wig(k+1,n) — Win(k+1,n) =2g"(n)(1 +¢) — (2¢+ 1) >0,

since n > M;. O

4 Optimal versus buy-and-hold

In this section, some numeric examples are given comparing the optimal strategies derived in the
previous sections to buy-and-hold strategies. Buy-and-hold strategies buy the commodity on day 0
and hold it until day N when it is sold. The return of such a strategy (ignoring transaction costs)
is just the expected value on day N of a DRRW which starts at 0. Let E(N) denote the expected
value on day N of a DRRW starting at 0 with reinforcement sequences {g*(n)} and {g~(n)}. Then

and, for N > 1,
1 1
E(N) = §{E+(N LD+ 1+ o{ET (N -1,1) - 1},
where ET (k,n) and E~(k,n) denote the expected value of the DRRW after k days, given that the

walk is currently at 0 and has taken exactly n steps in the positive or negative direction, respectively.
For k > 1,

E*(k+1,n) = g* (){E* (k,n+1) + 1} + (1 - g* (){E~ (k,1) - 1},

_ - _ _ (25)
E~(k+1,n)=(1-g (m){E (k1) +1} + g~ (n){E~(k,n+1) — 1}.

So, for any given reinforcement sequences, E(N) can be obtained recursively. For constant rein-
forcement sequences, a closed form solution is available. Suppose that for fixed 1/2 < p,q < 1,
gt (n) =pand g~ (n) = ¢ for all n > 1. Then E*(k,n) and E~(k,n) do not depend on n and the
relations (25) become

E*(k+1) =p(E"(k)+ 1)+ 1 -p)(E (k) - 1),

1
1).
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Thus, in this case, for N > 2,
1 _
EN)=@p-a)+E(N-1)+5p-g{ET(N-2)-E (N -2)}, (26)
Letting F(k) = E*(k) — E~(k) it is straightforward to derive and solve the relation F(k) =

2r + rF(k — 1), yielding
Flk) =2 (12 r*
B 1—r )’

where r = p+ ¢ — 1. Now applying standard techniques to (26) gives

E(N) = 1‘1’:;{ <N - 11__T;V> . (27)

Notice that (27) could also have been established by using explicit expressions for the distribution
of a correlated random walk after N steps. (See Bohm (2000)). The method used here, however, is
more straightforward.

Example 4.1 Suppose g*(n) = .75 and g~ (n) = .70. The return for the single stop strategy is
given in Figure 1 along with the buy-and-hold expected return, E(N), for N = 1,...,25. Notice
that for N > 10 both E(N) and V(NN) appear nearly linear with the same slope. For constant rein-
forcements sequences g (n) = p > q = g~ (n), this is indeed the case, as the following proposition
shows.

Proposition 4.2 If gt (n) = p > q =g~ (n), then

. EWN) _p—q_ .. V(N)

e e (28)
Proof. The first equality in (28) is obvious from (27). To see the second equality, first note that
from the proof of Corollary 2.7 it follows that limy_,o, a(k) = p. Hence there exists a k* such that
a(k) > q for all k > k*. Thus, by Corollary 2.7, for large N it is optimal to continue holding at least
until time N —k* — 1. Since V*(k,n) and V"~ (k,n) do not depend on n, they can be abbreviated to
V*(k) and V'~ (k). By Corollary 2.7, V* (k) > 0 and V"~ (k) > 0 for all k¥ > k*. Hence for N > k*,
(2) gives

VIN)=(p-q)+V(N-1)+ %(p— QO{VH(N —2) - V(N —2)}.

Thus, for large N, V() satisfies the same difference equation as E(N). Solving the equation yields

V(N) = Ci + TN + Car™,

where C; and C, are constants depending only on V*(k*) and V'~ (k*). This completes the proof. O

Thus, any advantage of a single stop optimal strategy over a buy-and-hold strategy is obtained near
the end of the time period. Close to the end of the time period, the optimal strategy will sell at the
start of a downward run, while the buy-and-hold strategy will continue holding to the very end. In
general, this advantage is greatest when p and ¢ are both close to 1. For instance, Figure 2 shows
E(N) and V(N) for g™ (n) = .95 and g~ (n) = .93.

Example 4.3 below compares the buy-and-hold strategy to multiple stop optimal strategies for
several transaction costs. When ¢ > 0, the expected return of the buy-and-hold strategy (buy at
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time 0 and sell at time N) is given by E(N) — 2c¢. As might be expected, generally the larger the
transaction costs, the closer the value of the buy-and-hold strategy is to that of the optimal strategy.
(However, it can be more complicated than this. For large relative transaction costs, it may be
optimal to buy only when the walk is likely to continue on a long upward run. And so a strategy
which waits for such an opportunity will do better than a strategy which buys at time 0.) On the
other hand, when transaction costs are included, the expected return for multiple (and single) stop
strategies is always greater than or equal to 0, while the expected return of a buy-and-hold strategy
may be negative.

Unlike single stop strategies, the value of the optimal multiple stop strategy may asymptotically
diverge from the buy-and-hold strategy (see Figure 3). This can happen when long upward and
downward runs are likely and transaction costs are low enough that successive buying (on an
uptrend) and selling (on a downtrend) is advantageous. The advantage is especially evident for
small transaction costs when the overall trend of the DRRW is downward - for example, when
gt (n) =p < q=g (n), as shown in Figure 6.

Example 4.3 Let g™ (n) = .85 and g~ (n) = .75. The return for the multiple stop optimal strategies
when ¢ = .05, .5 and 1 are shown in Figures 3, 4 and 5 respectively. For these reinforcement
sequences the return from the single stop optimal strategy is nearly the same as the buy-and-hold
strategy.

5 Future work

Some natural questions which would be interesting to pursue include the following.
e Characterize reinforcement sequences for which V(N)/E(N) — 1.
e Characterize reinforcement sequences and transaction costs for which P(N)/E(N) — 1.

e Determine optimal strategies when the unit step of the DRRW is replaced by a random step
size. In this case, it is natural to let the reinforcement probabilities depend not only on the
length of the current run, but also on the step sizes during the current run.

e Determine optimal strategies under a constraint on the number of trades (buying or selling)
that can be made within a given time period.

e Determine optimal strategies when future returns are discounted.
e Include an explicit drift component in the DRRW, and determine optimal strategies.

The last four items in the above list are extensions that make the model more realistic, at the usual
price of complicating the analysis. Of course, in each case, recursive relations analogous to (1) and
(10) can be derived, and so the optimal strategies can always be calculated by a computer program.
But are there cases where the optimal strategies can be expressed by a simple rule or formula?
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Figure 1: Expected return for optimal strategy and buy-and-hold strategy for g*(n) = .75 and
g (n) =.70. E(N) values are denoted by crosses and V(NN) values by circles.
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Figure 2: Expected return for optimal strategy and buy-and-hold strategy for g7 (n) = .95 and
g (n) =.93. E(N) values are denoted by crosses and V(NN) values by circles.
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Figure 3: Expected return for optimal multiple stop strategy and buy-and-hold strategy for g*(n) =
.85, g7 (n) = .75 and ¢ = .05. E(N) values are denoted by crosses and P(N) values by circles.
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Figure 4: Expected return for optimal multiple stop strategy and buy-and-hold strategy for g*(n) =
.85, 97 (n) =.75 and ¢ = .5. E(N) values are denoted by crosses and P(N) values by circles.
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Figure 5: Expected return for optimal multiple stop strategy and buy-and-hold strategy for g*(n) =
.85, 97 (n) =.75 and ¢ = 1. E(N) values are denoted by crosses and P(N) values by circles.
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Figure 6: Expected return for optimal multiple stop strategy and buy-and-hold strategy for g*(n) =
7,97 (n) =.75 and ¢ = .05. E(N) values are denoted by crosses and P(N) values by circles.
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